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ABSTRACT

On the Likelihood of Factor Price Equalization
with Nontraded Goods

by
Alan V. Deardorff
and

Paul N. Courant

The University of Michigan

It is argued that nontraded goods reduce the likelihood of Factor Price
Equalization (FPE). Specifically, the addition of nontraded goods to a small-open-economy
Heckscher-Ohlin model with any number of goods reduces the size of the cone of
diversification by the fraction of income spent on nontraded goods. This in turn may be
regarded as reducing by a comparable amount the likelihood that a country’s factor

endowments will lie within that cone, and thus the likelihood of FPE.
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On the Likelihood of Factor Price Equalization
with Nontraded Goods

by
Alan V. Deardorff
and

Paul N. Courant

The University of Michigan

In the factor-proportions model of international trade, free trade equalizes factor
prices in a pair of countries so long as factor endowments of those countries are sufficiently
similar to permit nonspecialization. Formally the endowments must lie in the same “cone
of diversification.” If the model also includes nontraded goods that are produced using the
same factors of production as the traded goods, then factor price equalization (FPE) implies
that the prices of these nontraded goods are equalized as well. It is tempting to conclude,
therefore, that the addition of nontraded goods to the factor proportions model does not
interfere with the ability of international trade to eliminate differences between countries.
We will argue, however, that the addition of nontraded goods to an otherwise conventional
factor proportions model reduces the likelihood of FPE. Furthermore, using a particular
method of measuring this likelihood, the size of the reduction is equal to the fraction of
income spent on nontraded goods. This occurs because the presence of nontraded goods
reduces the size of the cone of diversification by this fraction, and thus reduces the chance
that two countries with arbitrary factor endowments will lie in the same cone.

Komiya (1967) was apparently the first to note that the tendency for FPE
extends to equalization of the prices of nontraded goods, although he acknowledged that
the result was implicit in Samuelson (1952). In a model of two traded goods and one

nontraded good, the result requires that all three goods be produced, and Ethier (1972)



pointed out that this can be a difficult condition to sa.tisfy.1 More recently, Helpman and
Krugman (1985, pp. 19-22) derived precisely our result of a reduction in the likelihood of
FPE due to nontraded goods in their analysis of a two-country model and its relationship to
the integrated world economy. They did not however quantify the reduction in likelihood,
as we do here; nor did they extend the result to more than two goods and factors. In
addition, their comparison was slightly different from the one done here. They held the
number of goods fixed and noted the effect of making one of them nontraded. We hold the
number of traded goods fixed, and note the effect of adding additional, nontraded goods.2

There is no unique way of defining likelihood in this context. Our approach will be
to take the technologies of producing goods and the tastes for consuming them as given,
and then allow factor endowments to be, in some sense, randomly selected. Alternatively
one could fix endowments and randomly select technologies, or even tastes, and we do not
know what these approaches would imply about the likelihood of FPE.

We will also control for another consideration that might alter our result by
assuming that countries share identical and homothetic preferences. Without this
assumption countries might systematically prefer the nontraded goods produced with their
own abundant factors, and this, it has been suggested, might lead to an increase in the

likelihood of FPE.2

Ethier (1971) came very close to the result of this paper in a geometric analysis of the
two-traded good case, though then in Ethier (1972) he seems to have been diverted from it
by a case where FPE appeared to be impossible.

%Since FPE requires that at least as many goods be traded as there are factors, it is
obvious that reducing the number of traded goods sufficiently will undermine FPE.
Helpman and Krugman showed, however, that the likelihood of FPE falls when traded
goods become nontraded, even when the number of tradeds remains as large as the
number of factors. We show here that the likelihood of FPE falls with the introduction of
nontraded goods, even without any reduction in the number of traded goods.

3This was pointed out to us by Bill Ethier and will be explained further in a footnote
below. Note however that by assuming identical preferences we do not contradict the
common observation that countries do in fact consume disproportionately the nontraded
goods that rely heavily on their abundant factors. This behavior could well arise with
identical preferences due to the absence of FPE and the consequent effects on prices of
nontraded goods. One could also imagine a model in which differences in demands with



Consider, then, a country that uses n factors, \STRTA to produce n traded
goods.4 We make the usual assumptions needed for FPE, including perfect competition,
the absence of factor intensity reversals, and that goods are produced under constant
returns to scale.® Given the prices of the traded goods, there will therefore exist a
unique vector® of factor prices w = (w 1,...,wn)' consistent with zero profit in all n

industries. Let v1 = (vi,...,vrll

), ..., vn=(vx11,...,vg)' be least-cost vectors of inputs for each
industry, subject to these factor prices and corresponding to one dollar’s worth of each of
the outputs. Thus

i . @
w'v =1 ) i=1,..,n

In the absence of nontraded goods, these vectors of inputs define the
diversification cone, which is the set of factor endowment vectors consistent with full
employment of all factors, nonnegative outputs of all goods, and the use in all industries of
only the techniques vi. Thus the cone can be constructed as the set of all factor demand
vectors, v, that arise from nonnegative value-of-production levels, X, in each industry.
Restricting attention to those endowments worth one dollar, a cross-section of these
endowments (for the case of tradables only) is therefore given by

n .
ET = vlwv=1v= Z xivl, x; = 0} . (2)
i=1

identical prices could result, not from differences in tastes, but rather from different past
experiences of relative prices, as in Stigler and Becker’s (1977) account of stability of
tastes in changing environments.

*If there are fewer goods than factors, then FPE is not an issue. If there are more traded
goods than factors, then our argument applies to the diversification cone corresponding to
any n of them. See Vanek and Bertrand (1971) for the culmination of an old debate on the
likelihood of FPE when goods outnumber factors.

5See Samuelson (1949), Ethier (1984), Deardorff (19886).

80ur vectors are column vectors except when transposed by a prime.



From (1) and (2) together we note that the x; must sum to unity in order to get
w'v = 1, and thus that ET is simply the set of convex combinations of the vectors v':

n ) n
El=fp=Y A hz0 S A=1. &)
i=1 i=1

The set ET is a subset of the unit-value simplex, i.e., the set of all vectors whose
values at wages w sum to one. We will identify the likelihood of FPE with the probability
that a country’s endowment vector lies in the diversification cone, and thus that the
normalization of its endowment vector to the unit-value simplex lies in the set ET. Taking
all endowments on the simplex as equally likely — a strong assumption that we relax
below — we will therefore use the size of the diversification cone as our measure of the
likelihood of FPE.

The meaning of size here depends upon the number of factors. The two factor
case is illustrated in Figure 1. The unit-value simplex here is the line AF. With v1 and
v2 as the cost-minimizing techniques in the two industries, the set ET is the line segment
BE. In this case the size of the set is given by the length of this segment, and the
likelihood of FPE is the ratio BE/AF.

With three factors the simplex becomes a triangle, as does the intersection of the
diversification cone with the simplex, and the likelihood of FPE is the ratio of the areas of
these two triangles. In still higher dimensions, both sets become tetrahedrons, and then
the higher dimensional analogues of tetrahedrons, and the likelihood becomes the ratio of
their volumes.

Now consider adding nontraded goods to the model. The factor price vector w
implies prices of both traded and nontraded goods, and therefore a quantity of nontraded

goods demanded for each dollar of the country’s income.” Let the factors used to produce

It is not necessary for this construction that preferences be homothetic so that all
increments to income be spent the same. Since national income will remain fixed in the
analysis of a single country, this bundle of nontraded goods can be the country’s total



this bundle of nontraded goods at factor prices w be given by a vector VN. Then for each
dollar’s worth of the country’s endowment the vector vN must be employed in producing
nontradeds. The range of factor endowments consistent with diversification among traded

goods is therefore altered.

Specifically, let EN be the set of factor endowments on the unit-value simplex
consistent with FPE in the presence of nontraded goods. These endowments must have
the property that what is left after production of nontraded goods, v—vN, can be allocated

across traded-good industries to achieve full employment. That is,
N N, = .
E ' ={wv=1Lv=v + Z xivl, X, = 0} . 4)
i=1

This set is shown in Figure 1 as the segment CD, which has been constructed by drawing
two lines from the tip of the vN vector parallel to v1 and vz. The figure shows clearly, for
the case drawn, how the presence of nontraded goods has shrunk the diversification cone
from HOK to I0J and reduced the likelihood of FPE from BE/AF to CD/AF.

To see the same result for the general case, let

(5)
6=1- w'vN .
We now show that
EN = Vv = N+ GVT, vTeET} (6)
=N 4+ geT ,
which is the main result of the paper. To see it, consider any vOeEN. From (4)
(7
w'v0 =1

and there exists some vector xo = 0 such that

demand for nontradeds, simply divided by the value of national income. However, we do
find it useful to assume homotheticity below in order to make this demand for nontraded
goods independent of the distribution of factor endowments.



n ,
vo = VN + zl x?v1 . (8)
i=

Let yO = xO/G. Then rearranging (8) and dividing by 6,

VO—VN = 0_i
T = Z v . 9)
i=1

Multiplying both sides by w, this becomes

w = Z y_ovv'vi s (10)

in which the left-hand side, by (7) and (5), is one, while the right-hand side, by (1), is the

sum of the y?‘s. Thus
-~ 0
> y; =1 . (11)
i=1

It therefore follows from (3) and (9) that

(12)

or that

0 0 o (13)

0 N T where vT eE".

v =v + 6v

This proves (6).

Equation (6) says that the set EN of normalized endowments consistent with FPE is
identical to the set ET, except that it is scaled down by multiplying by the fraction 8 and
displaced by the vector vN. Therefore the size of EN is 4 times the size of ET, and the
likelihood of FPE is also multiplied by the fraction § when nontraded goods are introduced.

From (5) it then follows that the likelihood of FPE is reduced by the presence of nontraded



goods, and that the size of this reduction is the fraction of income that would be spent on

nontradeds at the prices implied by FPE.

A Caveat

Before concluding we should note the importance of the assumption that all factor
endowments on the unit-value simplex are equally likely. This has made possible the
strong result of being able to quantify the reduction in likelihood of FPE, and in some
exceptional circumstances it has been needed to get that likelihood to reduce at all.

Suppose, then, instead of all factor endowments being equally likely, that there
were a probability density function (pdf) for factor endowments defined over the unit-value
simplex.8 And suppose in addition that the vector vN lay outside of the cone of ET. As
illustrated in Figure 2, the interval of factor endowments consistent with FPE would still
be reduced in length, so that our earlier analysis would still apply if all factor endowments
were equally likely. However, this interval would also be shifted to include endowments
that were not a part of ET. If the probability density of factor endowments happened to be
heavily concentrated in the segment CD, outside of ET but inside EN, then the probability

of FPE could rise, not fall, with the introduction of nontraded goods.9

This possibility arises, however, only if vN lies outside the cone of ET. If instead
the factor intensity of nontraded goods is intermediate between those of traded goods, as in

Figure 1, then the probability of FPE may not fall by the exact amount (1—86), but it will

8The unit-value simplex depends on world prices which in turn depend on factor
endowments in the world economy. Thus this pdf is not independent of endowments
elsewhere.

9A variant of this possibility was suggested by Bill Ethier if preferences for nontraded
goods are not identical across countries. If two countries systematically prefer those
nontraded goods that rely heavily on their own abundant factors, then countries whose
endowments lay on opposite sides of the cone OBE in Figure 2 might also use factors in
nontraded-goods production on opposite sides of the cone as well. Thus they could each
shift the region of nonspecialization but in opposite directions, approaching their respective
factor endowments, and perhaps making FPE more likely.



surely fall, not rise, as long as there is any probability density at all for those portions of

ET that are not in EN. For it is easily seen that'®

N

heET:ENCET. (16)

N, T 70

erN. Then from (6), vO =v 4+ @v- for some v eET. Thus

10Suppose v

N 70

0_ 1_aV
v =(1 6)—1_0+0v ,

and, since ET is convex from (3), it follows that verT.
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