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1. Introduction

An econometric model, which has useful applications in production analysis, is the stochastic frontier
function model of Aigner, Lovell and Schmidt [1]. The likelihood function of their model has an irregular
feature at an interest point in the parameter space where the firms are all technically efficient. At such a
point, the scores are linearly dependent, and the information matrix is singular.

The maximum likelihood method (ML) for the estimation of parametric models has been studied ex-
tensively when the information matrix is nonsingular. When the true parameter vector is in the interior
of the parameter space, it is known that the ML estimator (MLE) is asymptotically normal (see, e.g., Rao
[10]). The case where the true parameter vector is on the boundary of the parameter space has been an-
alyzed in Moran [8], Chant [2] and Gourieroux, Holly and Monfort [4]. For the latter case, the MLE has
the usual N1/2-rate of convergence in distribution, and its limiting distribution is a mixture of truncated
normal distributions. More recent developments on the theory of hypothesis testing of inequality constraints
in econometrics can be found in Yancy, Judge, and Bock [20], Kodde and Palm [5], and Wolak [17,18,19].

Silvey [15] has argued that there is a connection between non-identifiability of a parameter vector and
singularity of the information matrix. Rothenberg [11] proved that local non-identifiability of a parameter
vector implies a singular information matrix, and if the true parameter vector is a regular point of the
information matrix, the converse is true. Sargan [12] has constructed examples of simultaneous equation
models which are identifiable, but the information matrices are singular. Sargan has analyzed the asymptotic
distributions of some instrumental variable estimators for his models. The asymptotic distributions turn out
to be nonnormal and are very complicated.

The irregularity in the stochastic frontier function model has been pointed out in Olsen et al [9],
Waldman [16] and Schmidt and Lin [14]. Lee and Chester [6] have suggested some alternative test statistics
and modifications of the classical Lagrange multiplier test and the Wold test, but there are no analyses on
the asymptotic properties of the MLE at such a circumstance. Frontier function models have important
empirical applications in applied econometrics. Literature surveys on the subject can be found in Forsund
et al [3] and Schmidt [13]. Most recent developments are collected in Lewin and Lovell [7]. This article
provides an asymptotic analysis of the maximum likelihood estimator when the irregularity occurs. It fills
in a gap in the econometric literature of stochastic production function models.



2. An Irregularity in the Stochastic Frontier Function Model
The stochastic frontier function model introduced by Aigner, Lovell and Schmidt [1] is specified by
vi=zif+u+v;,, i=1,--- N, (2.1)
where z; is a k-dimensional vector of exogenous variables which contain a constant term; the disturbances u;
and v; are independently distributed; u; < 0 represents technical inefficiency; and v; represents uncontrollable

disturbance. A popular parametric distributional assumption is to assume that u; is half normal with density
function

2 u?
e — — < .
h(u) Toren exp ( 20%’)’ u<0, . (2.2)

and v; is normal N (0, 02). Furthermore, (u;, v;) are assumed to be independently and identically distributed
for all 7. We assume that the exogenous variables {z;} are uniformly bounded; the empirical distribution
of {z;} converges in distribution to a limiting distribution, and imy_.co 7 E,_l zlz; exists and is positive
definite. For simplicity, the exogenous variables are in the deviation form such that 2,_1 zij = 0,j=
2,...,k, where z; = (z1;,22i,...,%ki) with ;; = 1. Let § = o1/02 and 0 = o? + 0% as in Aigner et
al. [1] The parameter space © of (#,02,6)' in R™, where m = k + 2, is assumed to be compact. These
regularity conditions are sufficient to justify our subsequent asymptotic analysis. While the variance o2 is
always positive, the parameter § is nonnegative but can be zero.

The log likelihood function for a random sample of size N is
InL(8) = NIn2 — Nin(2 N ot - 2 In{1-3[s }, 2.3
nL(6) = Nln2 - ZIn(27) — Zlno? — — 2§(y. z:f) +Z:n{ — &[6(s: — z:8)/0] (23)

where 6 = (8',02,6)'. Let ¢; = y; — ;8 and X;(0) = ¢(8€;/a)/[1 — ®(6¢i/7)]. The first order derivatives of
(2.3) are

N
alnL(a) = 'lz Z i(€i +802:(6)), (2.4)
=1
dnL(6 N 1 & s XN
605 ) =792 2_—2-: 243 Z_;'\i(a)fi, (2.5)
and
M =2 Z/\ (O)ei- (2.6)

One of the interests in this model is to investigate whether all the firms are technically efficient or not.
All the firms are technically efficient if and only if § is zero. As é is nonnegative, § = 0 is on the boundary of
the parameter space. From (2.3), the right-hand derivatives of any finite order of the log likelihood function
with respect to & exists. The first order derivatives (2.4)-(2.6) at § = 0 are

BlnL(a 0) 2 z e, (27)
i=1
Lol _ >, z(ez/, -1, (28)
and



because \i(a,0) = y/2/7, where a = (f',0%)'. Any irregularity of the derivatives in (2.7-2.9) is that they
are linearly dependent as

alngf;lx 0)S( )=0, foralla, (2.10)

where S(a) = (04/2/7,0',1)’. This implies that the information matrix at § = 0 is singular. Another
irregularity of the likelihood function occurs on the second order derivatives of the log likelihood at § = 0.
The formulas of the second order derivatives of the log likelihood function for the model can be found in
Aigner et al. [1]. At § = 0, we observe that

N N
_o% D1 TiTi 317 Zz—l i€ i \/;Ex—l z;

8’InL(e,0) _
80460 - * 204 - os 2:-1 2«73 \/—'Zs—l €
* * ,__1 €
It follows that
., +6%*InL(a,0) 2 /o
§'(0) g2 5() = g(l /o). (2.11)

The second irregular feature of the model is that

InL(a InL(a ?InL(a,
(8 6,(6’ ’0), 9 6«52,0)’51((1)@3#5((1)) R(a) =0, foralla, (2.12)
where R(e) = (0/,402/7,1)".

We note that even though the information matrix at § = 0 is singular, the parameters in this model
are identifiable. As shown in Aigner et al. [1], the parameters in this model can be consistently estimated
by using the first three sample moments of the distribution of y conditional on  and hence the parameters
are identifiable. The problem of interest is to derive the asymptotic distribution of the maximum likelihood
estimator when the true parameter vector has § = 0.



3. Simplification and Transformation

To derive the asymptotic distribution of the MLE, we will follow the approach of a Taylor series expansion
in most of the asymptotic analyses. The two irregularity features (2.10) and (2.12) of the model complicate
the picture. However, these irregularities can be simplified with some simple transformations. The following
statements summarize the -useful transformations.

Let L(a,é) denote a general likelihood function with a parameter vector @ and a single parameter §.
The likelihood function is assumed to be continuously differentiable up to the third order.

Proposition 1. Suppose that there ezists a differentiable vector-value function V(a) such that

(aznggm, aln%(:,o)) (V(la)) =0, foralla. (3.1)

Define L*(€,6) = L(E + 6V (£),6). Then

dlnL*(£,0) _ dInL(£,0)  OlaL*(€,0)

%€ ~ da %
and PILLD _ [y1(6), 120260 (V) where 0 = (6.

Proposition 2. Suppose that there ezists a differentiable vector-value function W(a) such that

(alnL(a,O) azlnL(a,O)) (Wga)) =0, foralla. (32)

0o’ '’ 062
Define L*(€,6) = L(€ + £ W(€),6). Then

OInL*(€,0) _ dInL(£,0) dInL*(£,0) _ dlnL(£,0)

o€ da

2 *
ing EInL*(&,0)

a6 a8 062 =0

Proposition 3. Suppose that Qllg%“—’o) =0 and i’;ﬁ%"—’o) = 0. Define L*(,7) = L(a,¥*/3). Then

OL*(a,0) 1 8%InL(a,0)
a‘y T3 88

All the proofs of these results are straightforward and can be found in the appendix. Proposition 1 says
that the linear dependence of the first order derivatives of the log likelihood function in the form of (3.1) can
be simplified to a zero score case after the transformation: a = £ + §V/(€) and § = §. If this transformation
is one-to-one, it provides a useful reparameterization of the model as it simplifies the linear dependency of
the scores of the likelihood function. The irregularity of the likelihood function in the form (3.2) involves the
first and second order derivatives of the log likelihood function. Proposition 2 says that such an irregularity
can be s1mp11ﬁed to a zero second order derivative of the log likelihood function after the transformation:
a=E¢+¢ W({) and § = é. Proposition 3 says if the first and second order derivatives of the log likelihood
function are zero, the third order derivative divided by 6 is the first order derivative of the log likelihood of
a reparameterized model with the reparameterization y = §3.

By combining these transformations, the irregularity of our likelihood function of the stochastic function
model can be simplified and eliminated. Let I; = (1,0,...,0)' be the first unit vector in R¥. Define the

transformation
=p—-b0\/2/7, Ex=02, 6=, (3.3)



from (8,02, 6) to (£,6), where & = (£{,€)’. This transformation is one-to-one. It follows that (§',0%)' =
&+ 6(1/2€2/7,0") which provides the transformation in Proposition 1 to simplify the irregularity in (2.10).

Define L3 (§,6) = L(& + 61/2€2/7l1,€2,6) which is the likelihood on the parameter space of (€, §). It follows
from Proposition 1 that

N

OInLi(£,0) ' OlnL3(¢,0) { 1 2 } oInL;(€,0)
. i —Zik1), ——F— —Wi—z -1, ————==0, (34
6 & ;” wimeb), =5 = Z, g b 35 @4
and .
d%InL3}(£,0) 2 1L 2
=25 {1 g ner). (35)
These first and second order derivatives are linearly dependent as
SInL; (€, 0) aZInL;(e,O)) (W(&)) _
( 66, ) 662 1 - 0) (3'6)

where W(§) = (0’,4€2/7)’, which is equivalent to (2.12). Due to this dependency, these derivatives will not
be sufficient to be used as the leading terms in the Taylor expansion to derive the asymptotic distribution
of the ML estimates. Proposition 2 suggests the further transformation:

m==&, n=(1+26%/7)""6, 6=35, (3.7
which is equivalent to the transformation §{ = n+ %(0’ ,412/7)". The likelihood function of (7, §) is

5(n,6) = L} (m, (1 + 267 /m)ny, 6)

‘ 3.8
= L(n1 + 6[(2/7)(1+ 26%/m)ma] /%1, (1 + 26° /)72, 6). ()
Proposition 2 implies that
dlnL3(n,0) _ dnLy(n,0) 1 o {(y,- — zim)? }
—_— i — T — = 1, 3.9
om ;z'(y zim), Ons 21, g N2 (3.9
%}"—’02 =0, and &n;’éz(io—) = 0. From (3.8), by some tedious calculation,
83InL%(n,0) \/— 4 X e 12 N €
o VTP LEt T
" = (3.10)
2 4y (B —zim)® | 12 (i —2im)
= ;{(1_;)2 2l tr ; e
Finally, with the transformation v = §3, the likelihood function on (5,7) is
L3(n,7) = L3(n,7"%) = L(n +73{@/m) + 2¢*3 /m)m} 2, (14 2023 [m)me, 41 P). (3.11)

Proposition 3 implies that

dlnL3(n,0) _ , dlnLy(n,0) _ 1 & {(y.- — zim)? }
— 2 bt N/ Lt AtLE L/ Y | O 3.12
om ;z (% = zim), 02 2n, Z 72 (3.12)



and

31nL§(n,0)__1_\/§ 4 € 1246
oy T3V (I—W)EU +,.»Z';

" " (3.13)
_ 172 4 (yt —zin) 12 (v — 3:’71)
—y\/;{(l_;)z 3/2 +— E 1/2 :
i=1 M2 i=1
The information matrix of Lj(n,¥) at (7/,0)’ is
N N
,Tl, D iz TiTi 0 7%.-7? Yoz T
In(n,0) = 0 P 0 , (3.14)
N
T im0 G (B-¥+3%)

which is nonsingular. The likelihood function on the reparameterized parameter space of (7,7) does not
have irregularities.



4. Asymptotic Distribution of the Maximum Likelihood Estimator

Let 8 = (B1,3%)' where By is the intercept of the frontier model. The complete reparameterization of
the model consists of the following transformations:

M1 =B — 602/, ma=Pa, n2=0(1+28%/7)7, y=63, (4.1)

where 7; = (111,7}5)’. These define a mapping from (8, 02, 6) to (n,7), which is one-to-one. We have from
(4.1) that

B1 =+ 7 30d 21+ 293 m) 2\ 2]x, By =ma, 0P =m(1+293 /), =413  (42)

Since the model is defined on § > 0 and, correspondingly, v > 0, the corresponding MLE (7, %)’ maximizes
the log likelihood function on the transformed parameter space of (', )’ with v > 0.

For any given sample of finite size, it is possible that the MLE may occur at the boundary with ¥ = 0.
When 7 = 0, §j = § = (B,5%)" where B and 6% are the MLE of the normal linear regression model
yi=ziB+e,i=1,...,N. Asy > 0,9 = 0 only if a—ln—li’,;;}ﬁ’—o2 < 0. An analysis in Waldman [16] has
shown that this necessary condition is also sufficient for ¥ = 0. Equivalently, from (3.13) ¥ = 0 if and
only if Zf’;l & > 0, where & = y; — z;3 is the least square residual. As ¥ = 0 may occur with positive
probability, the asymptotic distribution of \/(1";' —7',%) will be a mixture of certain distributions as in the
general estimation of parametric models with inequality constraints (see, Moran [8] and Gourieroux et al.
[4]). As the exogenous variables are in deviation form such that 4 Eff__l z; = (1,0,...,0). We assume that
My oo & Tiv, 2hei = ((1) 2_;) exists and is nonsingular.

When 7 > 0, the MLE (7, ) satisfies the first order conditions: Lm;,%ﬁl =0 and Lnl%(@ =0. By
a Taylor expansion,

alnL3(n,0)
) . (4.3)

=0\ _ ;-1 ?
\/N( 5 ) =1Iy'(n.0) (alnL‘:gq,oz
oy

The conditional asymptotic distribution of VN (ij' — 7',7) converges in distribution to Fy(t) where Fi(t) is
a m-dimensional truncated multivariate normal distribution defined on —c0 < tj < 0, j =1,...,m -1
and t,, > 0, and has in this region a density function equal to twice the density of a multivariate normal
distribution with means zero, and covariance matrix 1~1(n, 0) where

D 1
R 0 0 2712
I(n,0 li 1] 0 0 ,,%E 0 0 »
(n,0) = Jim FIn(m,0)=1 0 33 0 (4.4)
Zm 00 E6-¥+B)

On the other hand, when ¥ = 0, the MLE (7, 0) satisfies instead the conditions: ‘ﬂ—n%;'fw = 0, and
8—111—1’5;,@9 < 0. From (3.12), it follows that asymptotically

i - ¥ 2?1:1 ziT; T Ef;l Tl
VN (i —n) = ( [N o Zf];l(e??? - ) . (4.5)

2 .o
As the exogenous variables are in deviation form, it follows from (3.13) that é—lo%iéw L —721;;1’1 and

%1;& 2, 0 for any consistent estimate 7j of 7. These properties and the relations in (3.13) and (4.4)

8



imply that by the mean value theorem
_1_dnLy(#,0)
vN 0y
_ 1 9inL3(n,0)
“ VN Oy

S I
R HGHIEOR E“]wm

Since ¢; is normal N (0,02), E(e}) = 30* and E(e7) = 0 for any odd r, we see from (4.4) and (4.5) that

VN(ij — ) and ﬂﬂ_;("—l are asymptotically independent. Therefore, VN (ij — 5) is asymptotically

independent of the event that V%Méém < 0. Hence, conditional on 4 = 0, VN(if' — 1/, %) converges
in distribution to a distribution F3(t) of which its marginal distribution on the subspace —co < t; < oo,

1 621nL§(ﬁ,0) )
1 (4.6)

i=1,...,m—1is a multivariate normal distribution with means zero and covariance matrix Q where
o? 0 0
Q=10 o2x1 0 |,
0 0 204
and its marginal distribution on tm is the indicator function of the set [0,00), where t = (t1,...,tm).

From (4.6), we see that Vl-M is aymptotically normally distributed with zero mean. Hence the

probability of the event 7117 Qlﬁaﬂgﬁ < 0is asymptotically 0.5. It follows that the unconditional distribution
of VN(i' — 1/,%) converges in distribution to a mixture of distributions 3F1(t) + 3 F2(t). This implies,
in particular, that /N7 converges in distribution to a mixture of discrete and half-normal distributions
3Fn(tm) + 1 Fo(tm) where Fy(tm) is a degenerate distribution with unit mass at 0 and Fy(¢,) is the half
normal dlstnbutlon of N(0,3n/[1 — 4/x]?) defined on tn, > 0.

The asymptotic distribution of the MLE (8,52, 8) of (8',02,0) can be derived from (4.2). As VN3 =
VN7 is of order O(1), é has a slow rate of convergence of order O(1/N'/%). Conditional on § > 0, the
limiting distribution of N1/65 is the cubic root of the half normal N (0,37/[1—4/7)?) variable. A mean value
theorem applied to (4.2) implies that

- - LY ~ .
B =B = (1 — 1) + a—f::-(nz - n2) + 3 '?;3 713,

where 8, /91, and 0B, /37"/® are evaluated at a point lying between (i, 7/3) and (7', 0). The con51stency
of the estimates implies that pth_,m;,;& = 0 and plimy_, ., 85, /87'/3 = ¢/2/. 1t follows that for § > 0

i 1 N L9
N2y = 1) = gamage V20 = m) + =gy,

= [@02/m)32N25]' 2 4 0p(1),

1\[1/2(172 _ 172) + ?;3 (N1/2:)-,)1/3

which converges in distribution to the cubic root of a half-normal variable N (0, 240°/(4 — 7)2). When § = 0,
4 =0 and _
~ ~ 0 -
N33y — 1) = NY2 (i1 — 1) + a_gle/z('lz )
= N'Y2(fj11 = m11) + op(1)
= NY2(Byp - B1) + op(1),

9



which is asymptotically normal N(0,0?). The MLE 1 has different rates of convergence depending on the
sign of 6. From (4.2), (4.3) and (4.5),

NY%(By — B) = NY2(f13 — m2) 2 NY%(Bor — Bo).

The MLE J; has the rate of convergence of order O(ﬁ?), independent of the sign of §, and has the same
limiting distribution as the least squares estimate f51 of §2. A mean value theorem applied to o2 in (4.2)
implies that \
952 lil4
~2 2 _ 00" . ~2/3
7t -0’= F (712 — n2) + 672/37 .
Since plimN_.mg;z: =1 and plimN_,oog%‘Z;g = 242, for § > 0,

-1 9
= N1/2-1/3 gy,

= [(26%/m)%2NY25)3 4 0p(1),

- " 952 .
N3(52 — g2) NY2(5y — o) + 37278 (N/25)2/3

which converges in distribution to the square of the cubic root of the half normal variable N (0, 240°/(4—7)?).
On the other hand, conditional on 6 = 0,

. 05? - .
N} - 0% = E,;Nl’z(nz —m2) = NY3(fi — m2) + 0p(1),

which has the same limiting normal N (0, 20*) distribution as the least square estimate % of 0.

Finally we note that as the model can be reparameterized and InL(3, 52, §) = InL}(#, 7), 2[InL(3, 52, §)—
InL(fL, 2, 0)] for the testing of § = 0 has asymptotically a mixture of chi-square distributions 1x2(0)+3x3(1)
where the distribution x2(0) is degenerate with a unit mass at zero and the distribution x2(1) is the square

of a positively truncated standard normal variable N(0, 1) (Chant [2] and Gourieroux et al. [4]).

10



5. Conclusion

This article has analyzed the asymptotic distribution of a maximum likelihood estimator for a stochastic
frontier function model. The disturbance of the stochastic frontier function model is the convolution of two
independent random variables, namely, a normal variable and a half-normal variable. An irregularity of the
likelihood function occurs at the point where all the firms are technically efficient. At that point, there are
linear dependence on the first order derivatives and linear dependence across some of the first and second
order derivatives of the log likelihood function. These irregularities can be simplified into identically zero
first and second order derivatives of a reparameterized likelihood function. The asymptotic distribution of
the MLE can then be derived from a simple Taylor series expansion. Except for the intercept term, the
MLE of the regression coefficients of the stochastic frontier model turn out to be asymptotically normal as
the ordinary least squares estimates. However, the remaining parameter estimates converge in distribution
at much lower rates of convergence and the limiting distributions are nonnormal. Since the model can be
reparameterized, the maximized log likelihood function provides a valid likelihood ratio test statistic as in
the standard case with an inequality constraint.

We note that the asymptotic distribution for the MLE derived in this article is specific to the stochastic
frontier model. Our asymptotic analysis and the simplified transformations have utilized the specific irreg-
ularities of the likelihood function of our model. We have not provided a general asymptotic theory which
is applicable to any model with a singular information matrix. It is unlikely that a general theory can exist.
However, the Taylor series expansion technique may remain useful for many circumstances.

1



Appendix

Proof of Proposition 1. As
OInL* (¢, 6) OInL(§ + 6V (€),6) _
¢ o€

o€ Oa
SInL*(€,6) _ SInL(E + 8V(€),6) OInL(E +6V(€).6)

7 g VT 7
2 * 2
O’InL*(£,6) _ V@), 1)3 InL(€ + 6V (€),6) (Vgg)) ’

OV'(€)] DInL(€ +8V(£),8)

[+

and

062 0000’

where 0 = (o, §)’, it follows that, at 6 = 0, alnré‘f(e,o) = 3lnL(E,0)’

BlnL*(¢,0) _ dlnL(E,0)
% - ow VOt

and ZILE0) _ (y(g), 1)22NLc.0) (ng)). QE.D.

82 3096’

6lnL(£ 0)

=0,

Proof of Proposition 2. For this case, we have

dInL*(£,65) _ [I 52 aw'(g) SInL(E + LW (€), )
O ) B

dlnL*(£,8) _  OlL(E+ ‘—’W(g), 8) AnL(E + S W(€),6)
a6 0 B W)+ 56 !
and

8%InL*(€,8) _ OIL(E + S W (E),9)
062 - a;, W('f)

?InL(E + LW (€),8) OInL(E+ LW (€),6
e {W@) DL+ 5WE.0) | Finle+ SW O )}W@)

8%nL(E + S W(E),6)  OInL(E+ S W(E),6
. {aw,(o LE+EW(E.0) | Pl + W) )}

It follows that, at 6 = 0, 811”3;(5’0) = alngggg), 81“%;(5'0) = alnggf,o)

, and

8%InL*(£,0) _ HlnL(£,0)

d%InL(&,0)
062 T oo

552 =0.

W)+
Q.E.D.

Proof of Proposition 3. By the Taylor expansion up to the third order,

61nL(a,6) OlnL(a, 0) ?InL(a, 0)6 laalnL(a 6)62
as a6 062 2° 98
_ 18°InL(a, 6) 5,
=327 98

where & lies between 6 and 0, as the first two derivatives are zero. It follows that

dlnL*(a,y) 1 8lnL(a,7*/3) _ 16%InL(a,7'/3)

Oy T 34203 06 K] 883 v
where 7 lies bétween 4 and 0. Hence 81m;,7(°' 0 — 3l a’lszﬁ%a,o). Q.E.D.
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