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ABSTRACT

Design of Generalized Fiber-reinforced Elasto-fluidic Systems

by

Joshua L. Bishop-Moser

Chair: Sridhar Kota

From nature to engineered solutions, the metrics of mechanical systems are often strength,

power density, resilience, adaptability, safety, scalability, and the ability to generate the

necessary forces, motions, and forms. The use of fluidic structures with fiber reinforce-

ment to realize these metrics is seen throughout nature; however, these structures are rarely

used by engineers, in part due to the absence of a generalized understanding of their kine-

matics and forces. Fiber-reinforced elasto-fluidic systems use fluid pressure to actuate an

envelope with tuned compliance to provide desired motion, forces, flexibility, and transmis-

sion of energy. These structures combine the high strain energy utilization and flexibility of

fibers, the versatility and compressive load abilities of fluids, and the continuum nature of

soft materials, exploiting the best features of each. These properties and others combine to

make elasto-fluidic systems without contact friction and losses, free of joint backlash, scal-

able in size, safe for human interaction, resilient to impact, adaptable to external forces and

constraints, low cost, and high in power density. These systems have a wide range of forces

and motions, are able to be combined in parallel, form complex shapes, and eliminate the

need for subsequent mechanisms for geometric or mechanical advantage.
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This dissertation discovered a vast array of previously unknown fiber-reinforced

elasto-fluidic systems, models their mechanical behavior, experimentally verifies the mod-

els, creates methods for easy design synthesis, and applies this knowledge to multiple prac-

tical applications.

A small subset of elasto-fluidic systems, popularly known as McKibben actuators,

has been thoroughly investigated in the past half-a-century. McKibben actuators, gener-

ating extension or compression, represent only a very small portion of possible designs.

Therefore, a vast design space of possible structures with multiple sets of fibers and differ-

ent orientations yielding a rich array of functionality were yet to be investigated and applied

to a wealth of applications. This dissertation develops the mechanics of generalized fiber-

reinforced elasto-fluidic systems by first modeling the relationship of volume change and

fiber orientation to motion kinematics and force generation. The kinematics of motions

including translation, rotation, screw, bending, and helical were all modeled. Fiber con-

figurations spanning the design space were tested to experimentally verify the predicted

forces and motion. The force and kinematics were combined to form a design synthesis

tool that maps the desired motions, freedoms, and constraints to fiber configurations. Syn-

thesis methods were created for parallel combination of fiber-reinforced structures using

discretized force and freedom directions. Lastly, novel applications were created using

these fiber-reinforced elasto-fluidic structures, including an orthosis device for arm rota-

tion contractures, a soft hexapod robot with an actuated flexible spine, and a structure for

anchoring within pipes.
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CHAPTER 1

Introduction

From nature to engineered solutions, the metrics of mechanical systems are often strength,
power density, resilience, adaptability, safety, scalability, and the ability to generate the
necessary forces, motions, and forms. The use of fluidic structures with fiber reinforcement
to realize these metrics is seen throughout nature; however, these structures are rarely used
by engineers, in part due the absence of a generalized understanding of their kinematics
and forces.

1.1 Distributed Compliance

Distributed compliance is the use of material strain across large regions of a mechanism
or structure. This compliance can take many forms, from thin beams to fibers to soft
materials to fluids; yet, they all result in the same advantages of better material utilization,
reduced part count, reduced or eliminated friction, responsiveness to perturbations, ability
to withstand shock loads, and scalability.

1.1.1 Flexibility in Nature

Flexibility is found throughout nature, from plants to animals, from organisms microns to
meters in length, aquatic to aerial to terrestrial. This flexibility can be passive, responding
to changes in the environment, or active, creating force and/or motion. The key inspiration
nature provides for this work is an understanding that flexibility and strength are not mutu-
ally exclusive. Despite the use of rigid structures in most of engineering, flexibility is the
norm in nature. This flexibility takes many forms, sometimes using soft materials, other
times using large aspect ratios, and in many cases using fluids and fibers. The elegant dex-
terity, adaptability, and complex motions of tongues and octopus tentacles, the practicality
and stiffness of the penis, and the strength and intricacy of echinoderm feet all drive the
desire to further understand flexible systems that uses fluids and fibers.
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1.1.2 Compliant Mechanisms

Compliant mechanisms use material deformation to obtain desired motion, stiffness, and
force transmission. There are three main types of compliant mechanisms: hybrid, lumped
compliance, and distributed compliance. Hybrid systems use traditional joints (e.g. pin
joints, sliding joints) and compliant elements. Lumped compliance uses narrow regions
of reduced material to create localized material deformation, mimicking the behavior of a
joint. Compliant mechanisms utilizing distributed compliance exploit material deformation
across a large portion of the mechanism to obtain desired properties.

Distributed compliant mechanisms use the aspect ratio of the material, often using long
thin beams, to obtain large ranges of motion. High aspect ratios allow for large deformation
using materials that have relatively low yield strain, such as plastics and metals. The topol-
ogy of the beams is the primary means to control the kinematics of the output [25] [31]
[42] [80], a concept that can be readily applied to fiber-reinforced elasto-fluidic systems.

1.1.3 Fibers and Fabrics

Fibers use extremely high aspect ratios to ensure sufficient flexibility such that applied
forces act primarily along the fiber direction. This tensile loading optimally distributes
the strain energy, providing the most effective use of the material. The flexibility provides
ample motion ability in directions that are outside of the fiber’s axial direction. Fabrics
extend this advantage to multiple directions, allowing for high flexibility combined with
high strength. Fiber-reinforced composites use the high strengths of fibers and fabrics to
create high strength to weight ratio structures. These advantages drive the desire to use
fibers as integral load bearing components in mechanical systems, especially those with
large deformations.

1.1.4 Soft Materials

Soft materials have a very high strain at failure and often a low ultimate tensile strength.
Examples of these materials are silicone, latex, natural rubber, and other elastomers. These
materials substantially deform while maintaining a continuum surface, which is useful for
containing fluids in distributed compliance systems. The soft material is able to collect and
concentrate distributed loads; the reverse of distributing concentrated loads can also be per-
formed. These advantages present the opportunity to use soft materials as an intermediary
between fluids and high load bearing elements such as fibers. The immense flexibility and
extensibility of these materials ensures their shape can adapt to environmental factors.
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1.1.5 Hydraulics and Pneumatics

Hydraulic and pneumatic systems use pressurized fluid to transfer force and motion through-
out a system. These systems are often utilized for their ability to transduce fluid pressure to
force with high power density, operate many actuated degrees of freedom with a single cen-
tralized pressure source, and withstand impact loads in their actuation direction. The fluid
acts as a transmission member, transferring force and motion from one location and direc-
tion to others, in much the same way a link would in a traditional rigid link mechanism.
However, unlike rigid link mechanisms, fluidic systems are able to easily distribute, con-
centrate, and redirect loads in many directions without requiring a multitude of mechanical
connections. Current hydraulic and pneumatic systems have the drawbacks of expensive
precision machined components, inability to withstand transverse impacts, higher than nec-
essary weight, and use of sliding joints that can wear out. These numerous advantages of
fluidic systems motivate the need for research on how to use soft distributed compliance to
eliminate or reduce the drawbacks.

1.2 Elasto-fluidic Systems

Elasto-fluidic systems use fluid pressure to actuate an envelope with tuned compliance to
provide desired structure, motion, flexibility, and transmission of energy. These systems
can be monolithic, fiber or beam reinforced, fabric reinforced, or rigid element reinforced.
Monolithic systems use only the material distribution to control the system’s behavior,
using thick sections of soft material to act as more rigid constraints, and thin sections to be
more flexible. Fiber or beam reinforced systems use the inextensibility of fibers and beams
to sustain loads in certain directions, while all other directions remain free to deform. These
systems provide a high contrast between the stiff directions and the compliant directions.
Fabric reinforced structures have inextensible surfaces, relying only on the bending of the
surface under load to obtain deformation. Rigid element reinforced systems use plates or
rigid structures to prevent the deformation of an elasto-fluidic system in multiple directions.
These systems often use flexible elastomeric hinges with rigid connecting plates. There is a
trade-off in these methods between control and range of motion, shown in Figure 1.1, with
rigid element reinforced systems maximizing control, while monolithic maximize range of
motion. Fiber-reinforcement provides a desirable combination of highly controlled motion
with highly distributed strain.
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Figure 1.1: Comparison of range of motion to control of motion for different types of
elasto-fluid systems. Fiber-reinforced systems have a desirable combination of properties,
providing controlled motion and a large deflection range.

1.2.1 Advantages

Elasto-fluidic systems do not use discrete joints, which eliminates wear and energy loss
from contact friction, allows for scalability of the design to very large or small sizes, and
eliminates backlash. The soft structure allows for safe human interaction, as there are
no heavy, rigid portions or dangerous joints. The soft continuum nature of the fluid and
exterior ensure resilience against impacts, while providing adaptability of the system to ex-
ternal forces and constraints. This adaptability allows the actuators to be easily combined
in parallel to form more complex motions. In fiber-reinforced systems, the fluid is in pure
compression, the fibers in pure tension, and the soft material under large strain; this ensures
lightweight, high power density structures and actuators through highly distributed strain
energy. The diversity of fiber orientations allows for a wide range of force and deformation
patterns as well as complex shapes, providing the opportunity for numerous applications.
The layout of the fibers provides mechanical or geometric advantage that is integrated into
the actuator, reducing or eliminating the need for further mechanisms. Elasto-fluidic sys-
tems are very low cost due to their simple design and use of inexpensive materials.
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1.2.2 Applications

The advantages and versatility of elasto-fluidic systems, especially when fiber-reinforced,
provide opportunities in a wide range of applications. Medical, aerospace, communica-
tions, manufacturing, robotics, toys, consumer products, energy, and many other areas have
challenges that would substantially benefit from elasto-fluidic systems. Three of these nu-
merous areas are explored in this thesis. An orthosis device for generating torsion at the arm
is discussed in Section 4.4, a mobile robot with a soft spine is developed in Section 5.3, and
a pipe inspection robot body design is developed in Section 6.4. While further research and
development is needed to fully realize these and other applications, the research presented
in this dissertation creates a critical first step in their development. Further engineering and
research on dynamics, controls, manufacturing, and application specific challenges will
need to be performed.

1.3 Literature Review

This section presents a summary of some of the previous work in elasto-fluidic systems.
Section 1.3.1 reviews literature on elasto-fluidics in nature, Section 1.3.2 reviews fiberless
elasto-fluidics, and Section 1.3.3 reviews fiber-reinforced elasto-fluidic systems.

Continuum actuated structures and manipulators have been explored by multiple au-
thors. Greef et al. present a review of flexible fluidic actuators with an interest in their use
as medical instruments [18]. Webster et al. review the literature on continuum constant
curvature robots, focusing on kinematics and modeling [88]. Trivedi et al. review the state
of the art in soft robotics, including the soft fluidic organisms in nature that inspire this
work [81].

1.3.1 Elasto-fluidics in Nature

Nature provides a wealth of examples of fiber-reinforced elasto-fluidic systems in a wide
range of environments and fiber configurations. Kier presents an overview of fiber-reinforced
elasto-fluidic biological structures, commonly known in biology as muscular hydrostats
[35]. Vogel presents another review of hydrostatic mechanisms used in nature [86]. A
fiber-reinforced elasto-fluidic structure that contains no actuating muscles, a close proxy to
engineered solutions with passive fibers, is the penis. Kelly presents a study of fiber ar-
rangement in the fibrous tissue of penises spanning multiple species [33] [34]. Thompson
et al. present the fiber reinforcement of the erectile tissue of the octopus copulatory organ
[77].
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Many animals have fibers in their outer layers. Alexander investigates bending of cylin-
drical animals with helical fibers in their skin (such as worms, fish, and whales), presenting
a model of the kinematics of the fibers when bending [4]. Koehl et al. study the effects
of osmotic pressurization of helically wrapped embryonic notochords [39], demonstrating
the transition from extension to contraction of oppositely wound helical fibers at approx-
imately 54◦ in a biological structure. McCurley et al. examine the structure of starfish
feet, which use fluid pressure to actuate the fiber-reinforced outer structure [53]. Seymour
determines the effect of helical fibers in the cuticles of worms and the resulting effect on
motion, also presenting a simple kinematic model [70]. Shadwick presents a short review
of helical fiber-reinforced organisms with a focus on their contained volume relative to
the maximum potential contained volume [71]. Wainwrite presents an overview and sim-
ple kinematic models of fiber reinforcement in biological structures [87]. Holzapfel et al.
present a model of the fiber reinforcement of the artery wall [28]. While these investiga-
tions into nature provide inspiration, an understanding of the kinematics and forces across
the entire design space has not been explored.

1.3.2 Elasto-fluidics Without Fibers

There are a range of studies on elasto-fluidic systems that do not use fibers. Ilievski et al.
developed a pneumatically actuated soft starfish shaped robot using a monolithic silicone
body. [29]. Kusuda et al. present a monolithic pneumatically actuated elastomeric bending
device [44]. Deng et al. presented a similar device, adding mathematical modeling [19].
These bending actuators have been extended to three inflatable chambers for bending in all
directions by Chen et al. [12] and Martinez et al. [49]. Onoe creates multiple inflatable
chambers in a continuum elastomeric material to generate locomotion [60].

Other work has focused on inextensible surfaces. The first approach is to use inflatable
chambers of air, which have been used by Konishi et al. to actuate a finger like manipulator
[40], Kimura et al. to generate a rolling robot that uses pneumatic bags as both the body
and the actuation [36], Vaidyanathan et al. to create an underwater robot with inflatable
sections [85], Maruyama to create arm-like manipulators [51], and by Laschi et al. to
create an octopus arm inspired robot [46]. There have been many bellow configurations
created, with Granosik et al. actuating a snake robot [24] and Immega et al. actuating a
continuum octopus-like manipulator [30]. Other approaches such as cable driven elastomer
structures by Calisti et al. [11] have been used to create manipulators mimicking octopus
arms. These approaches generally create actuators, robots, and devices that have limited
levels of output position control, as they are under-constrained.
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1.3.3 Fiber Based Elasto-fluidics

There are multiple fiber configurations that have been explored, many captured in review
papers by Daerden et al. [15] and Zhang et al. [90]. The one that has received the most
research and commercial success is the McKibben actuator, patented by Gaylord in 1958
[21]. This configuration of equal and opposite fiber angles has been extensively modeled
and analyzed. Tondu et al. present a review of force and kinematic modeling of the McK-
ibben actuator [79]. Analytical and computational modeling of the McKibben actuator,
with some papers performing experimental testing, have been presented by Adkins et al.
[1], Chou et al. [13], Colbrunn et al. [14], Davis et al. [16], Goulbourne [23], Kawashima
et al. [32], Klute et al. [37] [38], Kothera et al. [41], Kydoniefs [45], Liu et al. [47],
Manuello et al. [48], Moss et al. [55], Nelson et al. [56], Shan et al. [72], Tondu et al.
[78], Tsagarakis et al. [84], and Zhang et al. [90]. Holzapfel investigated fiber-reinforced
cylindrical composite structures with McKibben style fiber layout using similar analysis
methods to those used for the McKibben actuator [27]. All of these models use a single
fiber angle, since the two families of fibers are assumed to be equal and opposite helices.
While these models present a very good starting point for analyzing fiber-reinforced elas-
tomeric enclosures, their underlying assumptions limit their scope. This limitation prevents
the models from being usable in analysis or synthesis across the vast majority of the design
space.

Multiple researchers have studied how to place McKibben actuators in parallel to con-
trol tentacle-like motion. Octarm uses three or six actuators in parallel, and has been exten-
sively studied by Trivedi et al. [83] [82] and McMahan et al. [54]. Zhu combined multiple
McKibben actuators in parallel in a soft medium [91]. Suzumori et al. placed a fiber rein-
forcement around multiple parallel pneumatic chambers [75] [74]. Wedler et al. created a
Stewart platform using McKibben actuators [89]. Peel et al. investigated the application of
McKibben actuators to deformable wings [67]. Peel also studied the fabrication of McK-
ibben actuators [66] [64] and their application to powering an arm [65]. These parallel
manipulators show the potential for soft robots, but their reliance on McKibben actuators
limits them to a small subset of the wide range of possible motions and forces.

Outside of McKibben actuators, Ghoneim et al. investigated the use of a single family
of fibers to reinforce a soft enclosure for pumping [22]. Paynter et al. created rotational
actuation of fiber-reinforced pneumatic structures that have a single family of fibers [62]
[61] [63], and Noritsugu et al. used the same configuration to create rotation for a medical
application [57]. Matsikoudi et al. presented a mathematical analysis of rotation defor-
mation of a single family of fibers [52]. Seok et al. added actuated fibers to a McKibben
configuration to create a peristaltic worm robot [69]. Galloway et al. researched a fabrica-
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tion method for easy creation of bending McKibben actuators [20]. Martinez et al. added
fibers and rigid sections to soft fluid filled enclosures, including adding a single fiber to
create a helical pattern when inflated [50]. These alternative fiber reinforcement designs
show the potential for more complex motions, but do not explore the design space.

I have previously published research on fiber based elasto-fluidic systems. Sections of
these publications are presented in the chapters of this dissertation. Portions of Chapter 2
are seen in [43]. Portions of Chapters 3 and 5 are seen in [8]. Portions of Chapter 5 were
presented in [7]. Work in Chapters 3 and 4 were shown in [9]. Additional sections from
Chapter 4 were published in [10], while most of Chapter 6 was published in [6].

1.4 Problem Statement

A small subset of elasto-fluidic systems, popularly known as McKibben actuators, has
been thoroughly investigated in the past half-a-century. McKibben actuators, employing
fibers at equal and opposite angles, represent only a very small portion of the entire design
space. Therefore, a vast design space of possible structures with multiple sets of fibers
and different orientations yielding a rich array of functionality are yet to be investigated
and applied to a wealth of applications. These actuators have been inaccessible because
of a lack of understanding of their mechanics: kinematics, forces, volumetric effects, and
parallel combinations. An in depth knowledge of these properties as well as their stiffness,
dynamics, and controllability will allow fiber-reinforced elasto-fluidic systems to become
a regular part of mechanical design. Analytical modeling of these actuators is a necessary
first step towards establishing a generalized methodology for the synthesis of an entire class
of elasto-fluidic systems.

1.4.1 Research Goals and Scope

The overarching goal of this research is to understand the mechanics of generalized fiber-
reinforced elasto-fluidic systems in order to realize their numerous advantages. Specific
objectives of this thesis are:

1. Explore the entire design space of fiber-reinforced actuators with multiple sets of
fibers and varying fiber angles.

2. Develop analytical models that relate volume change and fiber orientation to motion
kinematics of fiber-reinforced systems.

3. Experimentally verify analytical kinematic models.
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4. Analytically model and experimentally verify forces and moments generated for all
fiber orientations.

5. Develop design synthesis tools that map desired motions and forces to corresponding
fiber configurations and orientations. Desired motions include translation, rotation,
screw, bending, and helical motions.

6. Create a synthesis model for parallel combinations of fiber-reinforced structures with
one or two families of fibers to generate complex and coordinated motions.

7. Demonstrate novel applications of fiber-reinforced elasto-fluidic systems.

The scope of this dissertation includes the study of kinematics and forces generated.
Material models needed to understand stiffness, dynamics, and controllability of fiber-
reinforced systems are beyond the scope of this thesis.

The scope of fiber reinforcement configurations is limited to single and dual families
of fibers as well as single or dual families of fibers with an additional single fiber added.
Analysis of parallel configurations is limited to single and dual families of fibers placed in
parallel triplets with their primary axis in parallel. Elastomeric effects were not modeled,
limiting the utility of the analysis on configurations containing only a single family of
fibers, as their fluid containment and kinematics are both underconstrained. Three or more
families of fibers were not considered, as this configuration either prevents all actuated
motion or cause no change in behavior from the configuration with two families of fibers.
Configurations with only single fibers, rather than families of fibers, are outside the scope
of this thesis, as their deformation is substantially based on the material and structural
properties of the elastomer, rather than primarily on the fiber reinforcement. Configurations
with two families of fibers and two or more single fibers is overconstrained, thus generating
no motion. Configurations with one family of fibers and two single fibers, while fully
constrained in kinematics, are not fully constrained in fluid containment, thus their behavior
is dependent on material properties. These conditions are summarized in Figure 1.2.

Series combinations of actuators were not considered, as their freedoms, constraints,
and actuation can be easily combined using existing techniques used in robotics and mech-
anism synthesis. Combinations with two actuators in parallel is not presented in this thesis,
but can be easily derived from the analysis of triplets of actuators; this analysis was pre-
sented previously [8]. Four or more actuators in parallel can be understood from triplets of
actuators, since there are no additional constraint couplings that are not already addressed
in this research. Parallel combinations of actuators in which the primary axes of the struc-
tures are not parallel were not addressed since this is still an active topic of research in
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Figure 1.2: Possible fiber reinforcement configurations with their respective constraints of
fluid expansion and actuation. Underconstrained fluids are able to expand between fibers.
Underconstrained actuation is able to expand in multiple directions with the elastomer stiff-
ness controlling the direction of motion. Overconstrained actuation either does not actuate
or has no difference in behavior to the constrained case.
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existing traditional rigid link mechanisms; this area was left to future work.

1.4.2 Organization of Thesis

This thesis is organized by chapters that each cover an aspect of the mechanics modeling
and testing of fiber-reinforced elastomeric enclosures (FREEs), a subset of elastic-fluidic
systems. Chapter 2 discusses the kinematics of the cylindrical FREEs containing one or
two families of fibers. Also presented is the experimental verification of the kinematics
and comparison to the model. Chapter 3 relates the deformation of the FREEs explored
in Chapter 2 to their change in volume. An easy to use design chart mapping fiber layout
to mobility is presented. Chapter 4 models the forces and moments generated for FREEs,
experimentally verifies them, and then compares the experimental values to those predicted
by the model. The design of an orthosis device provides an example of the use of the design
tools for synthesizing FREEs. Chapter 5 describes a constraint based synthesis method for
combining FREEs in parallel to generate desired actuation, freedoms, and constraints. A
soft hexapod robot demonstrates the utility of FREEs and the design tools. Chapter 6
presents the kinematics of helical and bending deformation patterns through the use of a
single fiber in addition to the existing families of fibers. Case studies and an example of a
potential pipe inspection device are presented. Chapter 7 presents future work and potential
applications for this research.
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CHAPTER 2

Kinematics

The kinematics of fluid actuated fiber-reinforced elastomeric enclosures (FREEs) are con-
trolled by the orientation of the fibers. The motion directions and magnitudes are extracted
from an understanding of the underling geometry of the fiber motion as the FREE’s enclo-
sure changes in volume. This chapter first discusses the notation and assumptions used for
modeling of the fiber-reinforcement. The second section shows a derivation of the FREE’s
kinematic behavior. The third section explains experiments used to verify the kinematic
behavior. The final section presents the experimental results with a comparison to those
predicted by the model.

2.1 Notation and Assumptions of Model

The scope of this study encompasses cylindrical FREEs that have circumferentially and
longitudinally repeating fiber topologies. This manifests as sets of longitudinal, circum-
ferential, and helical fiber orientations. These fibers can be described using the fiber helix
angles α and β with respect to the axial direction. Figure 2.1 shows the helical fiber angle
notation for a FREE with two families of fibers. α and β can each range from −90◦ to 90◦,
providing a large design space to explore. Angles that are 90◦ < α < 270◦ can be written
as (α − 180◦) and angles that are 270◦ ≤ α < 360◦ can be written as (α − 360◦). This al-
lows all fiber to be described using the −90◦ ≤ α ≤ 90◦ notation. Helical and longitudinal
fibers are arrayed around the cylinder, while circumferential fibers are repeated along the
axial length of the cylinder.

The deformation and force behavior of FREEs are governed by the inextensibility of
fibers and incompressibility of fluid. Some simplifying assumptions about the FREE’s
geometry and deformation behavior restrict the analysis and conclusions to a certain class
of cylindrical FREEs. These are:

1. Fibers are inextensible with an infinite stiffness.
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Figure 2.1: Fiber-reinforced elastomeric enclosure (FREE) with 2 families of helical fibers
at angles α and β. β can also be written as (β − 360◦). In this example α is approximately
45◦ and β is −45◦.

2. Initial and final geometries are perfect cylinders.

3. The fibers have zero thickness and are closely laid with large volume fractions. They
do not interfere with the motion of the other fibers that they contact.

4. Fluid volume displacement is assumed to be the same as change in enclosed volume
(fluid incompressibility).

5. Fluid pressure is evenly distributed.

6. The effect of the elastomer that encloses the fluid is ignored. The elastomer has
zero stiffness effect on the fiber motion and infinite stiffness against bulging between
fibers.

7. All analysis is quasi-static.

Figure 2.2: (a) Fiber-reinforced elastomeric enclosure (FREE) with 2 families of helical
fibers showing the length and radius parameters. (b) Compressed FREE with stretch ratios
λ1 and λ2 shown.

The length of the FREE is expressed as l, while the radius is r. These are shown in
Figure 2.2(a). The axial and radial deformation of a cylinder are expressed as stretch ratios
λ1 and λ2 respectively, seen in Figure 2.2(b). Stretch ratios λ1 and λ2 express the ratio
of the deformed length to the initial length; thus a λ1 of 1 would describe an undeformed
axial length, while a λ1 of 1.2 would describe an axial length that has extended by an
engineering strain (ε) of 20%. θ is the number of rotations (in radians) that a fiber makes
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while spiraling the length of an unactuated FREE, while θ∗ is the number of rotations for
a deformed FREE. δ is the rotation of one end of a FREE relative to the other due to the
change in volume from the unactuated state (again in radians). This value can also be seen
as the additional rotation of the fibers from the unactuated to actuated state. V is the volume
enclosed in the unactuated state of the FREE, and V ∗ is the volume in the actuated state.

2.2 Kinematic Model

The kinematics of FREEs are understood by first exploring the effect of the inextensibility
of a single fiber. Next, the effect of families of fibers is related to the deformation kine-
matics. Finally, the relationship between the contained volume of the enclosure and the
kinematics of the FREE is analyzed.

2.2.1 Single Helical Fiber

Figure 2.3: (a) A single fiber ‘unrolled’ or flattened from the cylindrical surface with key
parameters shown. (b) The flattened single fiber shown in an actuated state with corre-
sponding changes in parameters.

The inextensibility of a fiber implies that the length of the fiber is the same in the
actuated and unactuated state. Figure 2.3(a) shows the fiber on an ‘unrolled’ or flattened
surface, while Figure 2.3(b) shows the same fiber in an actuated state. The fiber may wrap
around the cylinder multiple times, in which case the figures show a flattened surface that
has multiple ‘layers’ of the cylindrical surface unrolled to flatten the entire fiber. Equation
2.1 shows the derivation of the parameter relationship that must hold for the fiber to remain
constant in length.
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l = s cos (α)

rθ = s sin (α)
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√
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θ
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2(
θ∗

θ
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Figure 2.3(a) shows the relationship between fiber rotations (θ), fiber angle (α), length
(l), and radius(r); this equation is expressed in Eq. 2.2.

θ =
tan (α)l

r
(2.2)

2.2.2 Families of Fibers

When two families of fibers are used to constrain a FREE, the kinematics of the fiber de-
formation dictate the relationship between the radial expansion (λ2) and the axial extension
(λ1) and between the rotation (δ) and axial extension (λ1). With both of these relationships
understood, the pitch (p) is also derived. Equation 2.1 is rewritten using the understanding
that θ∗ = θ + δ; this is shown for both fiber angles, α and β, in Eq. 2.3

λ21(cos (α))
2 + λ22(sin (α))

2(
θ + δ

θ
)2 = 1

λ21(cos (β))
2 + λ22(sin (β))

2(
θ + δ

θ
)2 = 1 (2.3)

Substituting θ from Eq. 2.2 into Eq. 2.3 provides Eq. 2.4, which shows how λ2 (the
radial expansion) is a function of the angles α and β and the axial expansion λ1. Equation
2.5 shows how δ (the rotation caused by actuation) is a function of α, β, and λ1, as well as
the length and radius of the FREE. Equation 2.4 is derived by setting δ to be equal for both
families of fibers in the actuated state; Equation 2.5 uses the same method, except setting
λ2 to be equal for both families. Both of these equations assume that the length of the fiber
remains constant and does not buckle. Relaxation of this assumption is explored in Chapter
3.
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λ2 =

|β|
β
cos (α)

√
1− (cos (β))2λ21 −

|α|
α
cos (β)

√
1− (cos (α))2λ21

sin (α− β)
(2.4)

δ =
l

r

|β|
β
sin (α)

√
1− λ21(cos (β))2 −

|α|
α
sin (β)

√
1− λ21 cos (α)

2

|α|
α
cos (β)

√
1− λ21(cos (α))2 −

|β|
β
cos (α)

√
1− λ21(cos (β))2

(2.5)

For most configurations, a well-defined relationship exists between the axial stretch
and rotation, referred to as the pitch. This implies that the general form of deformation for
these geometries is a screw motion. For small deformations about its initial configuration,
the pitch is defined as Eq. 2.6. For FREEs with a single family of fibers (α = β) and those
that cause fiber buckling, this relationship does not hold, as the equation is indeterminate,
and the pitch is dictated by the elastomer stiffness.

p = lim
λ1→1

ldλ1
dδ

p =
r sin(α) sin(β) sin(α− β)
(sin(α))2 − (sin(β))2

(2.6)

Figure 2.4 plots the screw pitch equation seen in Eq. 2.6. This shows the screw value
(axial change per rotational change) as a function of α and β.

2.2.3 Volume

The volume contained in an unactuated FREE is simply the volume of a cylinder, V = πr2l.
As the FREE is actuated, the new volume (V ∗) is described using stretch ratios λ1 and λ2,
shown in Eq. 2.7

V ∗ = π(λ2r)
2(λ1l)

V ∗ = λ22λ1πr
2l (2.7)

The relationship between the enclosed volume and the axial expansion is shown in Eq.
2.8. This relationship (dV/dλ1) is found by differentiating Eq. 2.7 at the undeformed
position (λ1 = 1), and substituting in Eq. 2.4. The equation again uses the assumption that
the fibers do not buckle, which is addressed further in Chapter 3.
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Figure 2.4: Pitch of the deformation of a FREE under increasing volume. Positive values
indicate a left-hand screw, while negative values are a right-hand screw. Pitch is in mm

rad
.

Radius is set at 6mm. Plot is clipped (cut off at a threshold value) at ±30.
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lim
λ1→1

dV

dλ1
= (1 + 2 cot(α) cot(β))πr2l (2.8)

2.3 Experimental Method

An experiment was run to validate the model of the deformation pitch. A detailed under-
standing of the variables and parameters of the experiment are explored in Section 2.3.1.
The physical experimental setup is detailed in Section 2.3.2. Section 2.3.3 explains the
experimental procedure, including the points tested.

2.3.1 Variables and Parameters

Half of the design space is redundantly labeled (e.g. α = 60◦, β = 40◦ is the same con-
figuration as α = 40◦, β = 60◦ with the fiber labels switched). The design space of angle
configurations is also symmetric about the α = −β line, leading to axial displacements that
are equal, and rotations that are equal in magnitude and opposite in direction. For example,
the axial displacement for α = 30◦, β = 70◦ is the same as for α = −30◦, β = −70◦,
while the rotation about the axial direction of the later are equal in magnitude and opposite
in direction to the former. An experiment was conducted to investigate the effect of helix
angles α and β on the output variable of pitch, derived from the axial displacement and
rotation generated about the axis. The radius parameter of the FREE actuators is fixed at 6
mm.

2.3.2 Experimental Setup

The test setup, shown in Figure 2.5, was used to measure the pitch of the FREE deforma-
tion. The rotational displacement was measured by a rotational optical encoder (US Digital
H5-1250-NE-S 1250 CPR single ended ball bearing encoder). The linear displacement
was measured with a linear encoder (US Digital EM1-0-250-N 250 LPI optical linear en-
coder, US Digital LIN-250-6-N 250 CPI encoder strip). Displacement measurements were
recorded through two US Digital QSB-S Quadrature to USB Adapter boxes. Off-axis ef-
fects on each encoder (i.e. rotation on the linear encoder and linear motion on the rotational
encoder) were tested prior to experimentation and found to be negligible.

A custom translation-rotation stage was fabricated to hold the encoders in place. Addi-
tional custom connections were fabricated to provide a 1

8
NPT tapped hole connecting the
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Figure 2.5: Image of experimental setup for pitch measurement with key components la-
beled.

actuator being tested to the encoder on one end and to the air inlet and pressure measure-
ment on the other. The pressure was controlled manually from a regulated air compressor
(Rigid 5-in-1 dual tank). A visual pressure gauge was attached to help with experimenta-
tion. The encoder setup and the pressure setup were fixed to a rigid surface using mounted
clamps.

2.3.3 Experimental Procedure

The actuator for each test was installed by setting the distance between the threaded con-
nections at the actuator’s deflated length. The actuator was screwed into the threaded con-
nection. The ends were tightened enough to ensure that there was no freedom to rotate,
thus acting as fixed constraints. The pressure was manually adjusted and held at numerous
pressures up to the maximum safe pressure each actuator could withstand without failing
(maximum pressure ranged from 100 to 275 kPa for the different actuators). Five sweeps
were made from zero to maximum pressure to zero pressure, with measurements taken in
each sweep.

As described in Section 2.3.1, this experiment investigated the effect of α and β on
the screw pitch. Only a quarter of this design space requires testing to investigate all α
and β combinations. A checkerboard pattern of 45 α and β combinations were selected
for experimental testing, with the chosen values shown in Figure 2.6. Test points very
near the α = β line were not considered, as α = β points are degenerate cases that are
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Figure 2.6: α and β points tested are shown as black dots (α and β in degrees). α and β
combinations that are mirror images of tested ones are in the bottom region, and α and β
combinations that are redundantly labeled are in the top left region.

underconstrained and exhibits much different behavior than surrounding points. These
points have an additional degree of freedom, which allows the actuators to inflate in an
uncontrolled manner until failure.

2.4 Experimental Results

The direct data from the experimental tests was processed to understand the kinemtic mo-
tion across the entire design space. This data processing is explored in Section 2.4.1. The
resulting experimental screw pitch is shown in Section 2.4.2. Comparisons of the experi-
mental results to the kinematic model are explored in Section 2.4.3

2.4.1 Data Processing

The ratios of the axial to rotational displacement measurements were highly linear for
nearly all tests. Errors created by friction in the measurement equipment were normalized
by increasing and decreasing pressure symmetrically. The resulting pitch ( axial displacement

rotational displacement
)

was calculated for all tests, and these values were used for comparison across α and β val-
ues. The full pitch plot was obtained by taking the negative of the values mirrored across
the α = −β line then mirroring the values across the α = β line.

A high resolution image was created from the data points by first interpolating the
checkerboard pattern (seen in Figure 2.6) to a full grid of points spaced every 10◦ using a
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cubic interpolation. This grid of points was then cubicly interpolation to obtain a final high
resolution grid (every 1.25◦) of screw pitch values.

2.4.2 Experimental Screw Pitch

Figure 2.7: Experimental pitch of the deformation of a FREE under increasing volume.
Positive values indicate a left-hand screw, while negative values are a right-hand screw.
Pitch is in mm

rad
. Radius is fabricated at 6mm. Plot is clipped at ±30.

The resulting screw pitch is shown in Figure 2.7. The regions near the α = −β line
show very high pitch values, indicating mostly translation motion, with minimal rotation.
While these values switch between high positive and high negative values, both indicate a
primarily translation motion, since pitch values asymptotically approach ±infinity for pure
translation. A pitch of 0 indicates pure rotation which is plotted in green. As the fiber
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angles approach either α = −β or α = 90◦, β = 90◦ the pitch gets larger in magnitude
(more translation per rotation).

2.4.3 Comparison of Experimental to Predicted Pitch

Figure 2.8: Residual error measured as difference between pitch of experimental and pre-
dicted deformations. Residual measured in mm

rad
and clipped at ±40.

The first method to compare the experimental pitch presented in Section 2.4.2 to the
modeled pitch is to observe residual pitch (difference between experimental results and
model). The difference is also expressed as the percent error between the experimental and
modeled values. Figure 2.8 shows the residual pitch value (experimental-model). Figure
2.9 shows the absolute percent error of the pitch values (| experimental−model

model
|).
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Figure 2.9: Percent error measured as the absolute value of the difference between pitch of
experimental and modeled screw pitch, all over modeled value (| experimental−model

model
|). Error

shown in percent (%) and clipped at 250%.
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These comparisons present a designer with an understanding of the error in the model.
The plots are limited in their utility as the coordinate system presents asymptotic results.
Pitch values that represent pure translation are infinite, and configurations with fiber angles
close to pure translation have very high pitch values, so any nominal rotation causes a very
large error in pitch. Configurations producing nearly pure rotation values have a modeled
pitch of close to zero, thus any nominal translation cause very large percentage errors in
pitch, as the denominator of the error fraction is near zero.

Figure 2.10: Visualization of the difference in helix angles of two different deformation
trajectories. The purple line is one trajectory, while the orange is the other. The arrow
shows the difference in the angle between them.

A second method to compare experimental values to predicted ones is to use the helix
angle of deformation. This is done by taking tan−1(pitch

r
). The helix angle comparison

allows motions that are similar, such as primarily translation with small rotation in either
direction, to result in similar values. The devices were all fabricated at the same radius,
further removing any error from using this conversion. The helix angle measurement can
also be visualized as observing the relative trajectories of a point placed on the cylindrical
surface of the FREE. The difference of two helix angles is shown in Figure 2.10, with the
trajectories shown in Figure 2.12. The residuals, the difference of the experimental and
predicted helix angles from the model, are shown in Figure 2.11 as the difference in helix
angle, and in Figure 2.13 as the modeled and experimental tangent vectors. The quadrants
of measurements and predictions in Figure 2.11 are set to ensure residuals lie in quadrants
1 or 4. This is done by adding π radians to residuals in quadrants 2 and 3.

Figures 2.11 and 2.13 show discontinuous errors near the line expressed in Eq. 2.9.
FREE configurations along this line cannot increase in volume, as the volume is maximized
and no motion in any direction expands the volume. FREEs near this region generate
small displacement; therefore, any error in motion is very large compared to expected
deformation, thus generating discontinuous errors that are large in magnitude. A substantial
portion of the design space with small, but consistent non-zero residuals are seen where α
and β are both between 0◦ and 54.7◦ or both between 0◦ and −54.7◦. This is likely due
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Figure 2.11: Residual error measured as difference between helix angle of experimental
and predicted deformations. Quadrants of measurements and predictions are set to ensure
residuals lie in quadrants 1 or 4. Residual measured in radians.
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Figure 2.12: Visualization of the difference in helix angles of two different deformation
trajectories. The pink line is one trajectory, while the orange is the other. The black arrow
shows the vector tangent to the pink helical trajectory, while the dashed blue line shows the
vector tangent to the orange trajectory.

Figure 2.13: The tangent vector to the experimental and predicted helical deformations.
The dotted line is the predicted tangent vector, while the solid line is the experimental.
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to one of the families of fibers buckling, creating an underconstrained deformation that
follows different equations than those in the model that does not consider buckling. This
phenomenon and the significance of the −54.7◦ angle are explored in Chapter 3. Outside
of these regions, the experimental pitch aligned closely with the predicted values.

α = cot−1(
−1

2 cot(β)
) (2.9)

2.5 Summary

This chapter presented an understanding of how the configuration of the fibers in a fiber-
reinforced elastomeric enclosure (FREE) effect the deformation kinematics. The axial and
radial expansion, rotation, volume change, and pitch are derived from the angles of the two
families of fibers, α and β, and the unactuated radius and length. A pitch plot was created
to provide an easy design tool for the synthesis of FREEs with desired deformation motion.
The pitch model was tested across the entire design space of FREEs with two families of
fibers, showing good agreement between the model and the experimental data.
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CHAPTER 3

Volumetric Transduction

The volumetric transduction is defined here as the ratio between the motion of FREE output
and the change in enclosed volume. The volumetric transduction is important both for
controlling the displacement of FREEs and for providing an indication of relative stiffness
values of the FREE in the actuated and unactuated directions. This stiffness is seen in
the link between the output displacement and the volume that is held in by the elastomer
surface, thus the fibers and fluid act as a virtual lever on the elastomer. The modeling of
the volumetric transduction continues from the kinematics models explored in Chapter 2.
There are three displacement categories that are considered:

1. Axial extension and compression, in Section 3.1

2. Clockwise and counter-clockwise rotation about the axial direction, in Section 3.2

3. Screw motion with either clockwise or counter-clockwise components combined
with either extension or compression components, in Section 3.3

The final section of this chapter, Section 3.4, describes how the mobilities of all FREEs
in the design space are discretized and mapped.

3.1 Axial Extension and Compression

The volume change per change in λ1 (axial deformation) was shown to be dV/dλ1 from
Eq. 2.8. To examine only axial displacements and not screw motion containing axial
motion, the rotation is locked at zero (δ = 0). The resulting equation is shown in Eq.
3.1. For a single family of fibers in elongation (λ1 > 1), dV/dλ1 is taken directly, while
for compression (λ1 < 1) the negative of the dV/dλ1 is used, as motion in the opposite
direction has an equal and opposite effect on the volume for a single family of fibers.

28



λ21(cos (α))
2 + λ22(sin (α))

2(
θ∗

θ
)2 = 1

δ = 0 =⇒ θ∗ = θ =⇒ θ∗

θ
= 1

λ21(cos (α))
2 + λ22(sin (α))

2 = 1

− λ21(cot (α))2 + (csc (α))2 = λ22

V ∗ = λ22λ1πr
2l

− λ21(cot (α))2 + (csc (α))2 =
V ∗

λ1πr2l

V ∗ = ((csc (α))2λ1 − (cot (α))2λ31)πr
2l

lim
λ1→1

dV

dλ1
= πr2l((csc (α))2 − 3(cot (α))2)

lim
λ1→1

dV

dλ1
= πr2l(1− 2(cot (α))2) (3.1)

For FREEs with two families of fibers (other than for McKibben configurations of α =

−β), under the δ = 0 condition, change in volume with respect to λ1 is different for the
two families of fibers. The family of fibers are assumed to lay on the same FREE radius
as each other, thus the family of fibers that causes less decrease in volume (or a greater
increase in volume) has excess fiber length if placed on the same radius as the other fiber
family. This excess length causes the family of fibers to be in compression, buckle, and
not affect the volume change. Fiber inextensibility prevents the other family of fibers from
increasing in radius. External extension has different fiber angles in this buckled state than
external compression has, leading to different behavior under extension and compression.

A fiber angle of approximately 54.74◦ has a volume change per axial extension of zero
when the rotation is fixed. Higher fiber angles experience increasing volume and lower
angles experience decreasing volume, with 54.74◦ serving as the transition angle. This
phenomenon can be seen from Eq. 3.1. Figure 3.1 shows the volume change under exten-
sion for two families of fibers. This plot shows that for regions with fibers that are both far
from axial (|α| > 54.74◦ and |β| > 54.74◦), volume increases under axial extension. The
maximum volume increase is proportional to πr2, while the maximum volume decrease
in other regions is theoretically infinite, though it is clipped in the figure for clarity. The
dual diagonal symmetry of the plot indicates that a simple comparison of fiber angles de-
termines which family of fibers drives the volume change. For axial extension the fiber
angle closer to the axial direction acts as the driver. Figure 3.2 shows the volume change
under compression for two families of fibers. Compression (Figure 3.2) presents a different
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Figure 3.1: Volume change per unit motion in extension across α and β (in degrees). Plot
is clipped below at -20. Radius is set to 1 and plot is normalized for length.
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Figure 3.2: Volume change per unit motion in compression across α and β (in degrees).
Plot is clipped above at 20. Radius is set to 1 and plot is normalized for length.
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behavior than extension (Figure 3.1), as the volume change for compression is not simply
the negative of volume change for extension when two families of fibers are used. Regions
with both families of fibers near axial (|α| < 54.74◦ and |β| < 54.74◦) experience volume
increase, while all other regions decrease in volume, with the fiber angle further from axial
driving volume change.

3.2 Rotation

The volume change per change in δ (rotation about the axial direction) is dV/dδ. To exam-
ine only rotational displacements and not screw motions containing rotation, the extension
is locked at the initial length (λ1 = 1). The resulting equation is shown in Eq. 3.2. When
the two sets of fibers are combined, the fiber angle causing the greatest drop in fluid volume
(or smallest increase) drives the volume change, as the other fiber set is in compression,
buckle, and not affect the volume change. For counter-clockwise (CCW) rotation (δ > 0),
dV/dδ is taken directly, while for clockwise (CW) rotation (δ < 0), the negative of the
dV/dδ is taken. dV/dδ for CCW rotation is shown in Figure 3.3, while dV/dδ for CW
rotation is shown in Figure 3.4.

λ21(cos (α))
2 + λ22(sin (α))

2(
θ∗

θ
)2 = 1

λ1 = 1 =⇒ (cos (α))2 + λ22(sin (α))
2(
θ∗

θ
)2 = 1

λ22 =
1− (cos (α))2

(sin (α))2( θ+δ
θ
)2

=
(sin (α))2

(sin (α))2( θ+δ
θ
)2

=⇒ λ22 = (
θ

θ + δ
)2

V ∗ = λ22λ1πr
2l = λ22πr

2l = (
θ

θ + δ
)2πr2l

θ =
tan (α)l

r
=⇒ V ∗ =

πl3(tan (α))2

( l tan (α)
r

+ δ)2

lim
δ→0

dV

dδ
= −2πl3(tan (α))2

( l tan (α)
r

+ 0)3
= −2πr3 cot (α) (3.2)

Figure 3.3 shows the applied rotation causing different volume change patterns in each
quadrant. Quadrant 1 has fibers wrapped with rotation in the opposite direction to the
applied rotation, causing the volume to increase under deformation. The larger of the
fiber angles (further from axial) limits the volume increase in this quadrant. Quadrant 3
has fibers wrapped with rotation in the same direction as the applied rotation, causing the
volume to decrease under deformation. The smaller fiber angle (closer to axial) drives the
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Figure 3.3: Volume change per radian of counter-clockwise rotation across α and β (in
degrees). Plot is clipped at ± 20. Radius is set to 1 and plot is normalized for length.
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Figure 3.4: Volume change per radian of clockwise rotation across α and β (in degrees).
Plot is clipped at ± 20. Radius is set to 1 and plot is normalized for length.
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volume change. Quadrants 2 and 4 have one fiber family wrapped with rotation in the same
direction as the applied rotation and the other in the opposite rotation, thus the volume is
driven by the fiber with rotation in the same direction as the applied rotation, causing a
decreasing volume. Figure 3.4 (CW rotation), is derived from the same analysis, but with
opposite volume effects from each family of fibers, thus the figure is the mirror of Figure
3.3 about the α = −β line.

3.3 Screw Translation

Output motions that are screw motions (coordinated axial displacement and rotation) has
differing effects on the volume of the FREE based on their screw path (Sapp), which can be
described using the pitch, denoted here as papp. This pitch represents the proportion of the
axial displacement to the rotational displacement being exerted on the FREE. This pitch is
independent of, and in most cases different than, the actuation pitch of a FREE described
in Eq. 2.6. The volume change per motion in a specified screw path, dV/dSapp, is shown in
Eq. 3.3. The displacement along the path Sapp is the arc length of the travel of a point on the
surface (at the radius) of the FREE. dV/dSapp for screw motions with counter-clockwise
(CCW) rotation and axial extension is shown in Figure 3.5. The absolute value for these
screw motions is shown in Figure 3.6.

pnorm =
√

1 + r2p2app

dV

dSapp
=
rpapp

dV
dλ1

+ dV
dδ

pnorm
=
rpapp

dV
dλ1

+ dV
dδ√

1 + r2p2app

dV

dSapp
=
rpappπr

2l(1− 2(cot (α))2)− 2πr3 cot (α)√
1 + r2p2app

dV

dSapp
=
πr3(lpapp − 2(cot (α))2(lpapp + 1))√

1 + r2p2app
(3.3)

There are four independent variables altering the volume change: α, β, extension (λ1),
and rotation (δ). This five-dimensional space determines the directions of maximum vol-
ume change, no volume change, and a wide range of positive and negative volume changes.
This large space can be reduced to a simplified plot of (α or β) on one axis and papp (or
shown here as ln(papp)) on the other axis. This reduction is possible because the magnitude
of deformation in a specified screw pitch (papp) linearly scales the magnitude of the volume
change, thus reducing the need for both extension (λ1) and rotation (δ). Either α or β is
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Figure 3.5: Volume change per unit screw motion with counter-clockwise rotation and axial
extension across the natural log of applied pitch (ln(papp)) and the α or β (in degrees) that
drives volume change. Plot is clipped at ± 15. Radius is set to 1 and plot is normalized for
length.
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Figure 3.6: Absolute value of volume change per unit screw motion with counter-clockwise
rotation and axial extension across the natural log of applied pitch (ln(papp)) and the α or
β (in degrees) that drives volume change. Plot is clipped above at 15. Radius is set to 1 and
plot is normalized for length.
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Figure 3.7: Graphical determination of whether α or β (in degrees) is driving volume
change under an applied screw with pitch “papp” on a FREE with fiber angles α and β for
extending counter-clockwise screws. Plot is clipped at ± 5. Radius is set to 1.
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α or β to drive dV/dSapp
α if β if

extention and CW rotation
α > |β| |papp| < p |papp| > p
|β| > α > β |papp| > p |papp| < p

extention and CCW rotation
α > |β| |papp| < −p |papp| > −p
|β| > α > β |papp| > −p |papp| < −p

contraction and CW rotation
α > |β| |papp| > −p |papp| < −p
|β| > α > β |papp| < −p |papp| > −p

contraction and CCW rotation
α > |β| |papp| > p |papp| < p
|β| > α > β |papp| < p |papp| > p

Table 3.1: Determination of whether α or β is driving volume change under an applied
screw with pitch “papp” on a FREE with fiber angles α and β. Magnitude of |papp| ( |ldλ1|d|φ| )
is compared to p from Eq. 2.6 for each permutation of rotation and axial directions of papp
and relevant α to β relationship.

used on the other axis, since one of the families of fibers buckles under the applied screw,
causing only a single family to drive the volume change. An additional figure or table de-
scribes whether α or β is the family of fibers causing the greatest decrease in fluid volume
(or smallest increase), consequently driving the volume change. The family of fibers that
causes the greatest decrease in fluid volume depends on α, β, and papp. Figure 3.7 is a
plot indicating whether to use α or β for analysis in extending, CCW rotating screws. The
plot is used by first locating the α or β of the FREE being analyzed, which determines
the X and Y axis location on the plot. Next, the natural log of the applied pitch, ln(papp),
being exerted on the FREE is found on the Z axis of the plot. The volumetric section of the
plot that the X, Y, Z point falls in determines which fiber angle, α or β, drives the volume
change, and should consequently be used in the Y axis of Figures 3.5 and 3.6. The use
of α or β transitions depending on the screw pitch of the actuation direction (Eq. 2.6) for
a given α and β, and Table 3.1 shows which α or β to use for all possible papp. This is
an analytical representation of the determination shown graphically in Figure 3.7. Screws
that are contracting axially (λ1 < 1) modify Eq. 3.3 to use the contraction values for dV

dλ1

rather than extension, and these plots are shown in Figures 3.8 and 3.9. dV/dSapp for screw
motions with extension and CW rotation components is shown in Figure 3.10.

Figure 3.5 shows the large range of volumetric transduction that can be achieved as the
screw path, α, and β are altered. The left side of the plot shows a very small pitch, which
is approximately pure rotation, while the right side has a very large pitch, which is approx-
imately pure extension. The volume change passes through zero, and Figure 3.6 provides
an easy visualization of these regions with no volume change under displacement. These
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Figure 3.8: Volume change per unit screw motion with clockwise rotation and axial con-
traction across the natural log of applied pitch (ln(papp)) and the α or β (in degrees) that
drives volume change. Plot is clipped at ± 15. Radius is set to 1 and plot is normalized for
length.
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Figure 3.9: Volume change per unit screw motion with counter-clockwise rotation and axial
contraction across the natural log of applied pitch (ln(papp)) and the α or β (in degrees) that
drives volume change. Plot is clipped at ± 15. Radius is set to 1 and plot is normalized for
length.
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Figure 3.10: Volume change per unit screw motion with clockwise rotation and axial ex-
tension across the natural log of applied pitch (ln(papp)) and the α or β (in degrees) that
drives volume change. Plot is clipped at ± 15. Radius is set to 1 and plot is normalized for
length.
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plots are important for determining the degree to which different directions of FREEs resist
external motion, especially regions that have zero volume change, as those are freedoms.

3.4 Kinematic Design Space

The motion directions and volumetric effects of the kinematics are mapped to provide a
designer with an intuitive set of tools to synthesize FREEs with desired properties. To
provide an intuitive design tool and a computationally efficient method of synthesizing
FREEs, the continuum design space of FREEs has been discretized into groups with similar
properties.

3.4.1 FREE and Mobility Design Space

The kinematics are discretized into axial, rotational, and screw motions. The degrees of
freedom and constraint are found by discretizing the volumetric transduction. Directions
of motion that provide zero volume change are set to be freedoms, as motion in those
directions does not change the volume. Directions of motion that provide positive vol-
ume change are seen as actuation directions, since increasing volume moves the FREE
along these motions. Directions of motion that provide negative volume change are seen
as constraint directions, as motion in these directions is resisted by fluid, especially if fluid
incompressibility is assumed. An additional direction of motion not addressed is transverse
bending, the bending of the FREE about an axis perpendicular to its axial direction. Along
with this direction is transverse bending coupled with rotation. FREEs with longitudinal
fibers (α = 0◦ or β = 0◦) are constrained against transverse bending, since the volume
decreases under deformation in bending. Rotational motion of these FREEs may increase
the contained volume, which combined with a volume decrease from bending, results in no
net volume change. In these cases, a transverse bend combined with a rotation is a degree
of freedom.

Figure 3.11 visualizes the expansive design space of mobilities possible with FREEs,
with 30 FREE regions that have different mobilities than their neighboring regions. For
instance, region 6 extends and rotate, region 14 purely rotates with no extension or con-
traction, and region 25 produces no motion. Regions 17, 25, and 26 do not actuate in any
direction, since the volume is maximized in the fabricated state.

Regions 16, 17, and 18 exhibit pure contraction, no motion, and pure extension, re-
spectively. These types are called pneumatic air muscles (PAMs) or McKibben actuators.
They do not rotate, exhibiting only contraction, no motion, and extension, respectively.
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Figure 3.11 expands beyond McKibben actuators to show the entire design space for two
fiber family FREEs, with each numbered region exhibiting a set of actuation and freedom
directions.

Figure 3.11: Regions of the two fiber family FREE design space. Each region spans a set
actuation and freedom directions. Neighboring regions will differ in at least one actuation
or freedom direction.

The space of possible mobility directions is shown in Figure 3.12. The regions that
are not along an axis of this figure are screw motions, and have a mobility that is a spe-
cific combination of the motions along the axes. Region (F), for example, has a mobility
in which the FREE simultaneously extends and rotates counter-clockwise in an intercon-
nected manner. Rotation is defined as the direction of motion of the ends of the FREE when
viewed from the center looking outward. The regions of this figure are also discretized as
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discussed above.

Figure 3.12: All mobility directions possible for two fiber family FREEs, shown on a 3-
dimensional plot with each axis representing a mobility direction. Regions shown in cyan
and orange are screw motions.

3.4.2 Mapping FREE to Mobility

A matrix mapping the FREE types to their respective mobility directions for both actuation
and freedoms is shown in Table 3.2. ‘A’ indicates a mobility that the FREEs move under
increasing volume, while ‘F’ indicates a mobility that the FREE is free to move without
changing the volume or extending any fibers. ‘AF’ are directions for underconstrained
FREEs that combine an actuation direction with a freedom direction, thus the FREEs in-
crease in volume in these directions, but it is not in the direction of maximum volume
increase. Unlabeled cells are constraints.

3.5 Summary

The expressions for the volumetric transduction provide an easy method to evaluate the vol-
ume displaced by an external motion. This volume is useful for understanding the response
of the FREE to motions other than the actuation direction. The volumetric transduction
equation is essential in equating the stiffness of the elastomer surface to stiffness at the
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Table 3.2: The mobility mapping for all single FREEs. ‘A’ is an actuation direction that
increases volume; ‘F’ is a freedom direction that keeps volume constant. ‘AF’ is a direction
that combines actuation and freedom components. Unlabeled cells are constraints.

FREE Type Mobility Direction (from Figure 3.12)
(from Figure 3.11) A B C D E F G H I J K

1 . F F F . . . . . . .
2 A . F F F AF AF . . F F
3 . . F F . . . . . . .
4 . A A . F F . A F . AF
5 . A . A F . F F A AF .
6 . . AF . F A . F . . AF
7 . . . AF F . A . F AF .
8 AF . AF . F A . F . . AF
9 AF . . AF F . A . F AF .

10 . . A . F F . F . . AF
11 . . . A F . F . F AF .
12 A . A . F A F F . . AF
13 A . . A F F A . F AF .
14 . . A . . . . F . . F
15 . . . A . . . . F . .
16 . A . . F . . F F . .
17 F F . . F . . . . . .
18 A . . . F F F . . . .
19 . AF . . F . . A F . .
20 . AF . . F . . F A . .
21 . . . . F . . A . . .
22 . . . . F . . . A . .
23 . . F . F A . . . . F
24 . . . F F . A . . F .
25 . . . . F . F F . . .
26 . . . . F F . . F . .
27 . . . . F . A . . . .
28 . . . . F A . . . . .
29 AF . . . F F A . . . .
30 AF . . . F A F . . . .
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FREE output. The volumetric transduction plots provide a designer with an intuitive un-
derstanding of the range of possibilities for quick analysis and synthesis of FREEs. The
plot showing the absolute value of the screw volumetric transduction allows a designer to
quickly understand which directions are freedoms (mobility directions unconstrained by
fluid or fiber constraints), as they show up as having no volume change. The mobility
mapping further allows for rapid synthesis of desired mobility sets.
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CHAPTER 4

Force and Moment Generation

The force and moment generation of fluid actuated fiber-reinforced elastomeric enclosures
(FREEs) are controlled by the fluid pressure and the orientation of the fibers. This chapter
describes modeling and experimental validation of force and moments generated by dif-
ferent FREE configurations. The first section of this chapter continues the modeling of
Chapter 2, using virtual work of the fluid in the derivation of the force and moment models.
The second section explains the experimental procedure used to test the force and moment
generation. The third section describes the experimental results and compares them to the
force models. The fourth section provides an example of the application of Chapters 2
through 4 to the design of an orthosis.

4.1 Force and Moment Models

Force and moment models were developed as an extension of the kinematics models. Re-
lationships between volume and output displacements of the FREEs were determined. The
addition of the virtual work of the fluid contained by the FREE can be applied to the volume
expansion per unit motion to determine the magnitude of the forces and moments exerted.

4.1.1 Moment Model

The kinematics of the unconstrained FREE determines pressure normalized moment of the
FREE about the axial direction. Equation 4.1 shows how the moment term can be derived
starting from the virtual work equation for an expanding fluid, leading to the full expression
of the moment in Eq. 4.2. The figure for this model is shown in Figure 4.1. Pitch, seen
in Eq. 2.6, captures the kinematics of two fiber family FREEs, and is used in the moment
derivation.
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Figure 4.1: Analytical model of the moment per pressure (N−mm
kPa

) across α and β (in
degrees). Radius is set at 6mm. Plot is clipped at ±2.5.
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4.1.2 Force Model

Similar to the moment model, the force model assumes that the volume expansion per unit
motion, through virtual work, determines the magnitude of the force. For the force model,
two different additional assumptions are considered, resulting in two differnt models for
the force behavior. In Model #1, the assumption that the kinematics of the unconstrained

FREE determines the pressure normalized force of the FREE is again used. Model #2 uses
a different assumption, that the kinematics are determined using a constrained rotation

that is fixed at zero (no rotation). The resulting change in volume is driven by pure linear
motion, in this case the negative of compressive motion. Note that additional models can
be created by modifying any of the underlying assumptions. The relative magnitudes of the
force in Model #1 are governed by the pitch, while for Model #2, the compression leads to
one family of fibers buckling, while the other one drives the motion.

This simple change in assumptions, from unconstrained kinematics to constrained rota-
tion, substantially alters the resulting force model. Model #1 is derived in a similar manner
to the moment model (Eqs 4.1 and 4.2), but for force instead. The derivation is seen in Eq.
4.3. The figure for Model #1 is shown in Figure 4.2. The derivation for Model #2 is shown
in Eq. 4.4. dV

dλ1
only acts in the axial direction, since the rotation, and consequently volume

change from rotation, is fixed at zero. The figure for Model #2 is shown in Figure 4.3.
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Figure 4.2: Analytical Model #1 of the force per pressure ( N
kPa

) across α and β (in degrees).
Radius is set at 6mm. Model #1 assumes unconstrained kinematics drives the volume
change magnitude and resulting force magnitude and direction. Plot is clipped below at
-0.6.
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Figure 4.3: Analytical Model #2 of the force per pressure ( N
kPa

) across α and β (in degrees).
Radius is set at 6mm. Model #2 assumes kinematics of fibers with a fixed rotation drives
the volume change magnitude and resulting force magnitude and direction. Plot is clipped
below at -0.6.
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where: χ is α or β that is further from axial

4.2 Experimental Method

The physical experimental setup is detailed in Section 4.2.1. Section 4.2.2 explains the
experimental procedure, including the values of α and β that were experimentally tested.

4.2.1 Experimental Setup

The test setup, shown in Figure 4.4, was used to measure the force and moment. The force
was measured by a steel S beam resistive load cell (Loadstar RAS1-025S Resistive Load
Cell, 25 Lbs capacity, ±0.02% FSO accuracy, universal mode digital calibration). The
moment was measured with a reaction torque sensor (Loadstar RST1-006NM Resistive
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Torque Sensor with 6 Nm max capacity, ±0.2% FSO accuracy, digital torsion calibration).
Force and moment measurements were sent to the computer through two Loadstar DI-1000
Digital Load Cell Interface boxes. Off axis effect on each load cell (e.g. load on the torsion
sensor and torsion on the load cell) were tested prior to experimentation and found to be
negligible.

Figure 4.4: The experimental force and moment setup with key components labeled.

Custom mounting brackets were fabricated to hold the load cells together in series. Ad-
ditional custom connections were fabricated to provide 1

8
NPT tapped holes connecting the

actuator being tested to the load cells on one end, and to the air inlet and pressure measure-
ment on the other. The pressure was controlled manually from a regulated air compressor
(Rigid 5-in-1 dual tank). The resulting pressure was measured using a digital pressure
gauge (Cole Parmer 0 to 50 psig±0.25 PSI accuracy gauge transmitter, 0.5 to 5.5V output,
P/N 68075-46). Measurements were sent to a computer using a Phidget 2/2/2 interface kit.
An additional visual pressure gauge was attached to help with experimentation. The load
cell setup and the pressure setup were fixed to a rigid surface using mounted clamps. The
actuators consist of a hollow rubber core, cotton fibers, and a latex outer coating with 1

8

NPT threaded connections on either side.

4.2.2 Experimental Procedure

The actuator for each test was installed by setting the distance between the threaded con-
nections at the actuator’s deflated length. The actuator was screwed into the threaded con-
nection with no relative rotation between the ends. The ends were tightened enough to
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ensure no freedom to rotate, thus acting as fixed constraints. The pressure was manually
increased, then held at numerous pressures up to the maximum safe pressure each actuator
could withstand without failing or buckling (maximum pressure ranged from 100 to 275
kPa for the different actuators). The pressure was fixed until variables remained near con-
stant over time, and the values at that point were recorded. Three sweeps were made from
zero to maximum pressure, with measurements taken in each sweep.

This experiment investigated the effect of α and β on the force and moment generation.
Only a quarter of this design space requires experimental testing in order to understand all
α and β combinations. A checkerboard pattern of 45 α and β combinations were selected
for experimental testing, with the chosen values shown in Figure 4.5. Red dots indicate
α and β values with six actuators tested, while hollow black dots had one actuator tested.
Points very near the α = β line were not considered, as α = β points are degenerate cases
that are underconstrained, which allows the actuators to inflate in an uncontrolled manner
until failure. The radius parameter of the FREE actuators is fixed at 6 mm.

Figure 4.5: α and β points tested are shown as red dots for α and β combinations with six
actuators tested, while hollow black dots had one actuator tested. α and β combinations
that are redundantly labeled are in the top left region, and α and β combinations that are
mirror images of tested ones are in the bottom region.
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4.3 Results

The direct data from the experimental tests was processed to understand the forces and mo-
ments across the entire design space. This data processing is explored in Section 4.3.1. The
resulting experimental force measurements are shown in Section 4.3.2, while the moment
measurements are shown in Section 4.3.3.

4.3.1 Data Processing

The force and moment measurements were highly linear with pressure for nearly all tests,
most with an R2 (coefficient of determination) over 0.990. The resulting slopes ( force

pressure

and moment
pressure

) were calculated for all tests, and these values were used for comparison across
α and β values. The full force plot was obtained by mirroring the values collected in the
quarter of the design space across the α = β and α = −β lines. The full moment plot
was obtained by mirroring the values across the α = β line, then taking the negative of the
values mirrored across the α = −β line.

A high resolution image was created from the data points by first interpolating the
checkerboard pattern (seen in Figure 4.5) to a full grid of points spaced every 10◦ using a
cubic interpolation. This grid of points was then cubically interpolation to obtain a final
high resolution grid (every 1.25◦) of force or moment per pressure values.

4.3.2 Experimental Force Results

The plot of the force normalized by pressure ( force
pressure

) across α and β helix angles (in
degrees) is shown in Figure 4.6. Positive force indicates the actuator is exerting a force in
the axial elongation direction, while negative is a contraction force. The normalized force
is in Newtons per kilopascal ( N

kPa
).

The force appears to take a square shape, with the forces trending towards contraction
as α and β both head towards zero (fibers aligned along the axial direction). The square
shape indicates that the fiber angle furthest from zero (closer to 90◦ or −90◦) is driving the
force term. An example of this effect is seen in Figure 4.6 where α = 10◦, β = −80◦ has a
similar force to α = 50◦, β = −80◦, since the angle furthest from zero (β = −80◦) is the
same for both points.

The force crosses the zero line at approximately 54 degrees, which can be seen in orange
in Figure 4.6. This aligns closely with existing knowledge about McKibben actuators,
which at α = 54.74◦, β = −54.74◦ produce no force when pressurized (the actuator will
stiffen, but it will not exert force from its uninflated length). Beyond the α = 54.74◦,

56



Figure 4.6: Experimental force per pressure ( N
kPa

) across α and β (in degrees). Mirroring
and cubic interpolation are used to obtain the entire design space from measured points
seen in Figure 4.5. Radius is set at 6mm.
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β = −54.74◦ point, the entire McKibben actuator line of α = −β shows force values that
align very closely with those expected from prior literature [78].

Figure 4.7: Residual of the experimental and analytical Model #2 of the force per pressure
( N
kPa

) across α and β (in degrees). Radius is set at 6mm.

Force Model #2 appears to closely predict the experimental values, while Model #1
substantially deviates. This shows that the assumption underlying Model #2, of using the
fixed rotation and the negative volume change of compression, accurately reflects the be-
havior of a constrained, actuated FREE in force generation. This result is non-intuitive,
as the assumptions that underlie the force model are different from those that represent
the experimental moment values. To verify the quality of the prediction for Model #2, the
residual is computed for all points, and is seen in Figure 4.7. The residual is largest in the
region near the α = β line, which as discussed in Section 4.2.2, were not tested for. The
remaining regions have a low residual, with exceptions from a few data points, implying
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this analytical model is a very good representation of the experimental data.

4.3.3 Experimental Moment Results

Figure 4.8: Experimental moment per pressure (N−mm
kPa

) across α and β (in degrees). Mir-
roring and cubic interpolation are used to obtain the entire design space from measured
points seen in Figure 4.5. Radius is set at 6mm.

The plot of the moment normalized by pressure (moment
pressure

) across α and β helix angles
(α and β in degrees) is shown in Figure 4.8. Positive moment indicates the actuator is
exerting a moment in the counter-clockwise direction when viewed from the actuator facing
outward, while negative is a clockwise moment, again from the middle of the actuator
looking towards the ends. The normalized moment is in Newton-millimeters per kilopascal
(N−mm

kPa
).
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One region in which the moment reaches zero is down the α = −β line, seen in green.
This aligns closely with existing knowledge that McKibben actuators (α = −β) produce
no moment when pressurized (the actuator will stiffen, but it will not exert moment from
its deflated length and rotation).

Figure 4.9: Residual of the experimental and analytical model of the moment per pressure
(N−mm

kPa
) across α and β (in degrees). Radius set at 6mm.

The moment model appears to accurately predict the experimental values. To verify the
quality of the prediction, the residuals were computed for all points, and is seen in Figure
4.9. The residual is largest in the region near the α = β line, which as discussed in Section
4.2.2, were not tested, as these actuators have a tendency to expand uncontrollably. The re-
maining regions have a low residual, with exceptions from a few data points, implying this
analytical model is a very good representation of the experimental data. This further shows
that the model assumption of using the unconstrained kinematics and the volume change
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per motion with virtual work accurately reflects the behavior of a constrained, actuated
FREE in moment generation.

4.4 Orthosis for Limb Torsion

The application of Chapters 2 through 4 is used to design an orthosis device for limb tor-
sion. The clinical need is addressed in Section 4.4.1, the design of the device is examined
in Section 4.4.2, and the final device is shown in Section 4.4.3.

4.4.1 Clinical Need

Incorrectly positioned limbs can have a detrimental effect on quality of life. These condi-
tions affect either the lower limbs (leg torsion) or upper limbs (arm torsion). Some con-
ditions cause the incorrect rotation of limbs, especially in children, while other conditions
prevent the actuation of the muscles that generate the torsion. For arm torsion, injury to C6
vertebrae and above causes paralysis in arm rotation.

This device will focus on arm torsion contractures. This condition is caused by muscles,
tendons, ligaments, joint areas, or skin forcefully rotating the arm. The function and range
of motion of the arm are consequently impaired. There is currently no good orthosis for arm
torsion issues, and existing attempts have been large, heavy, and dangerous. The clinical
requirement for an arm torsion orthosis is summarized as:

1. Generation of a rotational moment at the wrist in a controlled manner.

2. Does not adversely affect other degrees of freedom.

3. Lightweight.

4. Low profile, to the extent of fitting under clothing.

5. Does not risk injury to patient or surrounding environment.

6. Low cost.

4.4.2 Orthosis Design

FREEs provide a good solution to the clinical need, as they are lightweight, low cost,
and safe for human interaction. With a high moment generation per pressure, the device
can be made small enough to maintain a low profile while generating sufficient rotational
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moments. Correct design of fiber reinforcement is necessary to create this high moment
generation while ensuring the remaining degrees of freedom of the arm are not restricted.

To generate a pure rotation without creating adverse extension or contraction, an ac-
tuator that is in regions 14 or 15 of Figure 3.11 is selected. The design focuses on the
counter-clockwise rotation of the arm, which is found in region 14; the opposite rotation is
simply the mirror fiber reinforcement of this design. The next requirement is a high mo-
ment creation, without any contraction or extension force. Region 14 has a family of fibers
at an angle of 0◦, thus the design focuses on the other family of fibers. Figure 4.1 shows
that the family of fibers should be as close to 0◦ as possible to generate maximum moment,
while Figure 4.3 shows the family of fibers should be placed at 54.74◦ from axial. This
configuration creates a pure torsion force.

The contact point with the body is placed on the wrist at one end, and on the upper arm
on the other. This connection to the upper arm requires the device to traverse the elbow
region, and the device must not restrict or actuate the elbow bending motion. To do this the
fiber reinforcement must generate no rotation or translation forces or motion at the joint,
while allowing for easy bending of the elbow. Figures 3.11, 4.1, and 4.3 all show that
setting the fiber angles to be α = 54.74◦, β = −54.74◦ generates these desired properties.
The continuation of one family of fibers at 54.74◦ ensures ease of fabrication. The resulting
fiber reinforcement for the device is shown in Figure 4.10.

Figure 4.10: Fiber angles of a FREE for use as an arm torsion orthosis. The section on the
left generates torsion, while the section on the right allows for rotation at the elbow without
displacement or force generation.

4.4.3 Orthosis Device

Figure 4.11 shows the device attached to the arm. The device was able to successfully
generate large rotational forces at pressures below 250 kPa. There was sufficient flexibility
in the elbow section with no detectible moment, extension, or contraction forces. Further
refinement of this application to a full orthosis system including air pumps and feedback
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control is future work. Further refinement of attachment points to the body, component
integration, and FREE fabrication, as well as human testing are all needed to realize this
application in a clinical environment.

Figure 4.11: Arm torsion orthosis using FREEs for actuation. The section along the fore-
arm generates torsion, while the section near the elbow allows for rotation at the elbow
without displacement or force generation.

4.5 Summary

This chapter used kinematics in conjunction with virtual work to determine analytical mod-
els of the force and moment. Experimental force and moment generation for FREEs with
two families of fibers were tested across the entire design space using a blocking-load
based test. The kinematics of an unconstrained actuator best predicts the moment gener-
ation, while the kinematics of a rotation constrained, compressive load best predicts the
force generation. The results also compared favorably to existing research on McKibben
actuators. This chapter provided:

1. Experimental determination of the force and moment for FREEs with two families
of fibers.

2. Analytical models of the force and moment of FREEs.

3. Graphical representation of the force and moment design spaces, allowing for fast
and intuitive synthesis of FREEs with desired force and/or moment.
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4. Application of the force analysis methods to the development of a soft orthosis.

The experimental and analytical model plots allow a designer to understand the sen-
sitivity of the design to changes in fiber angle. By addressing the full range of FREEs,
beyond just McKibben actuators, a wide range of actuation types are possible, including
pure moment and every type of wrench (combination of moment and force).
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CHAPTER 5

Parallel Combinations

Combining FREEs in parallel allows for complex motions, multiple degrees of actuation,
and freedoms and constraints not possible with single FREEs. To model and generate syn-
thesis methods for parallel FREEs, the design space and mobility mapping seen in Figure
3.11 and Table 3.2 are used. The first section of this chapter discusses the constraint based
method for analyzing and synthesizing FREEs in parallel. The second section describes the
graphic user interface synthesis tool, and the final section provides an example of a walking
robot created with a continuum spine made of parallel FREEs.

5.1 Parallel Synthesis

The design spaces of kinematics, volumetric transductions, and forces are all continuum for
FREEs. To provide a computationally fast and conceptually simple method of synthesizing
FREEs in parallel, these continuum design spaces have been discretized. This discretization
allows for the implementation of a constraint based design method for FREEs in parallel.
The discretized system was shown in Section 3.4. A designer will specify the necessary
degrees of actuation, freedom, and constraint for the parallel FREE system. While a dis-
cretized system will not provide as accurate of motion and constraint predictions, it allows
for the rapid synthesis across the entire design space.

In order to determine the mobility of parallel FREEs, the mobility of all constituent
elements is combined. This is accomplished by combining the four mobility types that are
possible for cylindrical FREEs, with the parallel mobility spanning permutations of these
types. These types are axial translation, bending, rotation, and screw.

5.1.1 Constraint Synthesis

The constraints are determined for triangular triplets of actuators, seen in Figure 5.1. The
parallel system can axial translate, rotate, screw, bend, and/or bend-screw (combination of
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bending and rotating). When treating the pressurization of the actuators as binary (pressur-
ize or unpressurized), there are 44 coordinate dependent mobility directions for triangular
triplets of actuators.

Figure 5.1: Trianglular triplet of parallel FREEs (or actuators).

Four of the motions follow a rather simple set of rules:

1. Axial translation is a parallel mobility if and only if all actuators have mobility in
axial translation in the parallel mobility direction.

2. Rotation is a parallel mobility if and only if all actuators have mobility in rotation in
the parallel mobility direction.

For mobility directions that are screw motions, screw coupling needs to be considered.
For parallel screw mobilities that combine rotation with axial translation, three conditions
need to be met:

1. Each actuator must either axially translate in the parallel mobility direction or have a
coupled translation and rotation identical to the parallel mobility direction.

2. Each actuator must either rotate in the parallel mobility direction or have a coupled
translation and rotation identical to the parallel mobility direction.

3. At least one of the actuators must have a coupled translation and rotation identical to
the parallel mobility direction.

For bending motions, three different planes may serve as the neutral axis. Figure 5.2
shows the two fundamental bending directions for triangular triplets as well as their re-
spective neutral axis planes. For a parallel mobility in bending, the following rules must be
met:

1. All actuators must have mobility in bending.
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2. For bending direction 1, one or more of the following must be true:
(i) Actuator 2 is axially compressing and Actuator 3 is axially extending.
(ii) Actuator 1 and Actuator 3 are axially extending.
(iii) Actuator 1 and Actuator 2 are axially compressing.

3. For bending direction 2, one or more of the following must be true:
(i) Actuator 1 and Actuator 2 are axially compressing.
(ii) Actuator 3 is axially extending.

Figure 5.2: Notation for actuator number, actuation directions, and neutral planes in bend-
ing for triangular triplet actuators. Top view shown.

There are additional mobility sets in the direction opposite to bending directions 1 and
2 by reversing axial extensions and axial compressions in each of their respective set of
rules. For 120◦ rotation of the coordinates defining the bending direction and associated
actuator numbering, the same rules will hold true. Rules for screw motions that coordinate
bending and rotation are the following:

1. The actuators must have axial translations and bending according to the rules used
to determine parallel mobility bending in the correct direction. These mobilities may
be coupled with rotations in the parallel mobility direction.

2. Each actuator must either rotate, have a coupled bend and rotation, or a coupled axial
translation and rotation, with the rotation components all in the parallel mobility
direction and the translations forming the correct bending direction.
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3. At least one of the actuators must have either a coupled translation and rotation or a
coupled bending and rotation, with the rotation components all in the parallel mobil-
ity direction and the axial translations forming the correct bending direction.

5.1.2 Actuation and Freedom

With multiple actuators placed in parallel, constituent actuators undergoing volumetric ex-
pansion will be referred to here as ‘active’ actuators. The parallel rules determined the
mobility directions of the system, while a mechanical designer is interested in the freedom
and actuation directions. In order to determine freedom and actuation directions from the
mobility directions, the properties of the active and inactive actuators are considered. To
accomplish this, the freedom (‘F’), the actuation (‘A’), and the actuation-freedom (‘AF’)
directions taken from the mobility mapping in Table 3.2 are used to determine mobility
directions for all actuators in the rules that dictate the motion of the parallel combination.

The freedom directions are determined by taking the freedom (‘F’) as the mobility
direction for all actuators. The actuation direction may be different depending on which
actuators are active. For a motion direction of the parallel combination to be an actuated
direction, two mobility conditions for the actuators must both be met. First, the mobility of
the active actuators is the union of the freedom (‘F’), the actuation (‘A’), and the actuation-
freedom (‘AF’) directions. The inactive actuators’ mobility is again set to the freedom (‘F’)
direction. The second condition requires that at least one active actuator has actuation (‘A’)
or actuation-freedom (‘AF’) in a mobility direction that meets one of the parallel direction
rules. An example of a triangular triplet parallel FREE is shown in Figure 5.3.
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Figure 5.3: Deformation of a prototype with FREE types 13, 13 and 24 captured to indicate
the combination of bending and screw motion. All images are looking in the same direction.
Active actuators: (a) 1 (b) 2 (c) 3 (d) 1 and 2 (e) 1 and 3 (f) 2 and 3

5.2 Graphic User Interface

The parallel mobility rules provide a full mapping from all actuator type permutations to all
parallel mobility combinations under all activation permutations. The challenge for kine-
matic synthesis remains, as there are 27,000 (303) possible coordinate dependant actuator
configurations for the triangular triplet. A search algorithm is able to parse this large set
to find viable actuator combinations that have a desired parallel mobility. A graphic user
interface (GUI) has been created, allowing users to specify freedom and actuation direc-
tions that are desired for all actuation permutations. The GUI allows users to input the
problem specifications: the desired freedoms, constraints, and actuations for all activation
permutations. Figure 5.4 shows the GUI for a triangular triplet of actuators, with sample
inputs selected and key features labeled. When “Find possibilities” is selected, the output
shown in Figure 5.5(a) is displayed.

The first selection row of the input GUI in Figure 5.4 allows the user to select which
freedom directions the manipulator should have. The second selection row is forbidden
freedoms, which can also be described as required constraints. If a direction is not selected
as necessary or forbidden, it is seen as not important, and can be either a freedom or a
constraint. The third selection row contains necessary directions for the manipulator to
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move when the first actuator (actuator numbering shown in Figure 5.2) is active. The fourth
selection row determines the directions that are forbidden under the same activation pattern.
All the following rows are configured in the same manner. Bend directions are expressed
as polar coordinate angles in the plane perpendicular to the actuator’s axial direction, with
the orientation shown in Figure 5.2 (e.g. bend direction 1 is 60◦).

Figure 5.4: Screenshot of the GUI for triangular triplets of actuators. Sample inputs are
selected, and the key features are labeled.

The output of the GUI, seen in Figure 5.5(a), displays all the viable solutions, one per
column. Figure 5.5(b) shows a viable output solution in detail, with the first three rows
displaying a diagram of the fiber orientations for the constituent actuators. The next row
displays the freedom directions, and the following rows show the actuation directions for
each permutation of actuator activation. Figure 5.5(a) demonstrates that there are a range of
possible solutions for a given parallel FREE specification. Some solutions have no freedom
directions (solutions 1-4, 6, and 7), which is shown by the lack of any mobility arrow in

70



(a)

(b)

Figure 5.5: (a) Screenshot of the output of the GUI for triangular triplets of actuators with
sample inputs selected. The green arrows are the bend directions of counter-clockwise
bend-screw motions, black arrows are bend directions, and blue arrows are the bend direc-
tions of clockwise bend-screw motions. (b) Detailed view of GUI output components.
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the freedom row, while others have multiple freedom directions (solution 5). This output
allows the user to quickly determine not only the viable solutions, but also the detailed
mobility of each one. An ideal solution can be selected from this chart, or if there are too
many solutions, the GUI is still active, and the desired mobility can be refined.

5.2.1 Pick and Place Manipulator

An example of a pick and place manipulator demonstrates the ability of the GUI and em-
bedded method to select viable solutions for practical problems. Pick and place manipu-
lators are the arms attached to end effectors that can move across a desired workspace to
transport objects from one location and orientation to another. They are commonly used in
manufacturing automation and robotics. The use of a soft robotic pick and place manipu-
lator could potentially enable close human-robot interaction in these fields.

Figure 5.6: Top view of the pick and place manipulator case study. The desired workspace
of bend directions and bend-screw motions are shown.

Figure 5.6 shows the desired actuation mobilities for the case study. The manipulator is
mounted vertically, with a desired bend actuation throughout the range from 210◦ to 330◦.
The device should be able to perform a bend-screw motion of rotating counter-clockwise
(CCW) while bending towards 270◦. This combination of motions allows a large workspace
and enables the target object to be rotated CCW a desired amount. This set of motions
would be useful for a food processing manipulator that grabs food from random locations
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on a conveyor belt and places it at the correct orientation in a package. These translate to
parallel FREE design requirements of:

1. No freedom directions

2. Activating Actuator 1 enables actuation towards 330◦

3. Activating Actuator 2 enables actuation towards 210◦

4. Activating Actuators 1 and 2 enables actuation towards 240◦ through 300◦

5. Activating Actuator 3 enables actuation in a CCW bend-screw motion towards 270◦

Figure 5.7 shows the solutions that meet the given specifications. Each of the four
columns is a different solution, and Figure 5.5(b) describes what each row represents. The
first specification of no freedom directions is verified by row 4 (the first row showing mo-
bilities), as there are no vectors indicating any freedom directions. Specification 2 can be
seen in row 5, with a translational actuation direction pointing towards 330◦. Specification
3 can be seen in row 6, and specification 4 is shown in row 8, as there are actuation direc-
tion vectors pointing towards 240◦, 270◦, and 300◦. Row 7 is a green vector indicating a
CCW bend-screw motion, and it points towards 270◦, thus verifying specification 5.

While all 4 solutions completely meet the specifications and provide viable options,
rows 1 and 4 provide better solutions for this pick and place applications because when
actuator 3 is active, the solutions in rows 2 and 3 have vectors pointing in multiple direc-
tions. This output indicates that the manipulator can move in the linear combination of two
independent directions when actuator 3 is active. The resulting motion is under-constrained
and is a function of the elastomer stiffness and external loads on the manipulator. Solutions
1 and 4 instead have only one actuation direction when actuator 3 is active, thus their mo-
tion is fully constrained to one direction, regardless of elastomer properties and external
conditions. The user can input additional requirements into the GUI to narrow results until
a practical number of viable solutions is found.
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Figure 5.7: Screenshot of the GUI output for the pick and place manipulator case study.
All solutions meet the specified criteria.
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5.3 Soft Hexapod

A walking hexapod robot is created to demonstrate the application of the parallel FREE
design method to practical uses. Hexapod (6-legged) robots have applications in search
and rescue, exploration, military, infrastructure monitoring, and a range of other areas.
Creating a lightweight, low cost, and robust robot that is adaptive to its environment poses
a substantial challenge. Existing rigid link mechanisms with numerous actuators are heavy
and expensive. Living hinge based hexapods (e.g. DASH robot [5]) add some compliance
and bring down cost, but they still do not have high levels of environmental adaptability or
the ability to independently control multiple degrees of freedom. Using parallel FREEs as
the spine of a hexapod utilizes the inherent advantages of FREEs, such as low weight and
cost, with high robustness and adaptability.

Figure 5.8: Fiber layout for a parallel FREE spine that generates a walking gait in a hexa-
pod robot through selective pressurization of individual FREEs. Black arrows show actu-
ation direction of individual FREEs, while green arrows show actuation directions of the
combined parallel system.

To generate a walking gait in a sprawl posture robot, rotation about the spine in both
directions is necessary for lifting the legs and applying normal force to the ground. Bending
of the spine in the ground plane generates translation of the feet parallel to the ground.
Bending left and right generates the necessary forward and backward translation for each
foot. These requirements combine to necessitate a parallel FREE system for the spine that
allows for actuation in both rotation and bending, each in two directions.

Four FREEs are combined in parallel. To generate rotation, two FREEs are placed
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Figure 5.9: Hexapod robot with a parallel FREE spine that generates a walking gait through
selective pressurization of individual FREEs.

above and below the center of the spine axis. These actuators must actuate in rotation,
not resist the bending necessary for the other two actuators, and not elongate or contract
substantially, as that would adversely affect the bending motion created by extension or
compression of the other two actuators. To generate rotation for the CCW direction, a type
6 actuator from Figure 3.11 near the α = 54.7◦, β = 0◦ point is selected. This generates
mostly rotation, with minimal elongation, while allowing for bending. A type 7 actuator
is selected to generate the opposing rotation. The bending actuators are placed on either
side of the center of the spine, thus extension or elongation generate a bending motion.
Elongation was chosen to ensure the actuation would not buckle the rotational FREEs.
Type 18 FREEs have been selected near the α = 90◦, β = 90◦ point. The resulting parallel
FREE design is shown in Figure 5.8. The resulting robot is shown in Figure 5.9. Additional
research is required to obtain a robust walking robot from this design concept, including
an understanding of the dynamics and controls of FREEs, tuning of the walking gait, and
creation of a self-contained pressure source.

5.4 Summary

The challenge this chapter addressed was synthesizing FREEs in parallel to obtain a desired
mobility set. There are three main contributions of this chapter:
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1. The development of a universal set of rules for determining the parallel mobilities of
FREE structure with any set of fiber angles in triangular configurations.

2. The creation of a GUI that maps the desired mobility to a full set of viable solutions.

3. Application example of a walking robot using FREEs to generate a flexible actuated
spine.
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CHAPTER 6

Helices and Bending

This study expands on the previous chapters by adding a single fiber to the two fiber family
FREE structure. The two fiber family FREE is fully constrained to one degree of actuation,
with the exception of α = β configurations and those along the line seen in Eq. 2.9. All
configurations also have a degree of freedom in bending, with the exception of configura-
tions with axial fibers. For configurations that are not in one of these exception groups, the
addition of the single fiber will utilize the degree of freedom in bending and cause a con-
trolled bending when pressurized. The angle of the added single fiber, referred to as γ, and
the rotation of the FREE from the two families of fibers will cause the bending direction
to spiral around the FREE. The resulting shape of this new manipulator will be a helical
pattern. Pure bending is still possible, as it is simply a spiral with a helix angle of zero.

The first section of this chapter develops the kinematic model, including the volumetric
effects, for helical FREEs. The second section displays select regions of the design space
spanned by these FREEs. The third section experimentally verifies multiple points in the
design space to validate the kinematic model. The final section explores the application of
helical FREEs to pipe inspection robots.

6.1 Kinematic Model

The addition of a single fiber causes a FREE with two families of fibers to bend due to the
additional constraint imposed by the single fiber. Since this is a single fiber, rather than a
family of fibers, the equation for the inextensibility of the fiber will be different from the
one shown in Eq. 2.1 due to the FREE’s ability to bend toward the fiber constraint. Figure
6.1 shows how the axial extension component of the fiber length constraint is modified
when there is a single fiber added. The two families of FREEs will determine λ1, λ2, and
δ, seen in Figure 6.1(a). The addition of the single fiber will interact at a single point for
any given cross-section, shown in Figure 6.1(b) as point “S”. λ1, λ2, and δ combine with
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Figure 6.1: Derivation of the effect of a single fiber on bend radius ρ. (a) The two families
of the fibers determine stretch ratios λ1, λ2, and rotation δ. (b) The resulting free body
diagram of a small section when a single fiber is applied to the two fiber family FREE. (c)
Diagram of a length normalized section of the FREE, showing the relationship between ρ
and change in displacement in the axial direction.
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the bend radius (ρ), as shown in Figure 6.1(c), to determine the length normalized axial
extension at the single fiber. Equation 6.1 is the fiber inextensibility equation for the single
fiber. It is derived in the same manner as Eq. 2.1, by setting the length before and after
deformation to be equal. Equation 6.2 is Eq. 6.1 rewritten with ρ as the dependent variable,
and α, β, γ, λ1, λ2, and δ as the independent variables. Equation 6.3 further refines ρ to
an expression that is only dependent on the parameters of α and β, γ, and the operational
variable of λ1. This simplification is done using the equations for λ2 and δ (Eqs. 2.4 and
2.5 respectively). Equation 6.4 shows curvature, κ, which is the inverse of ρ. With these
equations in place, the effect of α, β, and γ on the relationship between axial expansion
and bending is established.

λ21(1−
rλ2
ρ

)2(cos(γ))2 + λ22(sin(γ))
2(
θ∗

θ
)2 = 1 (6.1)
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The relationship between the extension (λ1) and the change in volume is derived, as the
controlled variable is volume, not λ1. Equation 6.5 shows λ1 as a function of λ2, which is
derived by rewriting Eq. 2.4. Equation 6.6 is an implicit function defining the relationship
between λ1 and the volume of the FREE. This is derived by substituting the value of λ2
into Eq. 6.5. λ2 is found by rewriting Eq. 2.7 as λ22 = V

λ1πrl
. Equation 6.6 can be solved

explicitly for λ1 as a function of volume. The resulting equation is too large to display. The
explicit form of Eq. 6.6 can be substituted into Eq. 6.3 to derive ρ as a function of volume;
the resulting equation is again too large to display.
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π2r4l2
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The deformed shape of the FREE is a helix, and the two key parameters of the helix for
many applications are the helix angle, φ, and the helix radius, R. Equation 6.7 defines φ
in terms of the rotation caused by the two families of fibers (δ), the number of rotations of
the single fiber (θ), the bend radius (ρ), and the axial length (l) of the FREE. Equation 6.8
defines R using these same variables. Equation 6.9 shows how θ is derived, and it takes the
same form as Eq. 2.2. Equation 6.10 shows φ as a function of parameters α, β, and γ, and
variable λ1. φ is further modified to be a function of α, β, and γ, and the control variable,
volume, by substituting in Eq. 6.6 and Eq. 6.3 into Eq. 6.10. The detailed equation for R
is computed in a similar manner, but these equations are too large to display.
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6.2 Design Space

There are three main design variables of the helical FREEs: α, β, and γ, and one operational
variable of normalized volume (normalized to the unactuated volume). The axial length of
the FREE does not affect the helix angle or helix radius. Radius of the FREE does not affect
the helix angle and is linearly proportional to the helix radius. Material and geometric
properties determine stiffness, which likely have some effect on the motion, but are left
to future work. Assumptions made in Section 2.1 remain in effect. While it is difficult to
simultaneously visualize the effect of four independent variables on the output values, plots
have been created to illustrate various sections of the design space.

Figure 6.2 explores how the helix angle, φ, is effected by the parameters α and β and the
operational variable of volume. This is done by arbitrarily fixing the remaining variable,
γ, at a value of 10◦. The volume is set at five different values, and α and β are plotted
over their entire non-redundantly labeled range. The plot shows α and β on the X and Y
axes and the resulting φ on the Z axis. This is done for the five different volumes, shown
in different colors. Figure 6.3 explores how the helix radius, R, depends on the same
independent variables (α, β, and volume). The helix radius has been normalized for FREE
radius in the plot. The single fiber angle, γ, is arbitrarily set at 7◦. Blank regions with no
color are regions where fiber buckling occurs, thus creating underconstrained motion and
preventing helix variables from being determined.

Figures 6.2 and 6.3 show the wide range of helix angles and radii that are possible,
even without changing the angle of the single fiber. With an increased volume, the helix
angle in Figure 6.2 ranges from π

2
to −π

2
depending only on the angles of the families of

fibers. Some regions, such as those seen for α and β both greater than zero, have a helix
angle that is highly sensitive to volume, while other regions have minimal sensitivity. The
helix radius exhibits similar properties, with the region where α and β are both greater than
zero showing high sensitivity to volume changes. The dependence on volume is highly
non-linear, with some regions expanding in helix radius and then contracting as the volume
is increased.

Figure 6.4 illustrates the effects of the fiber angles β and γ on φ. To do this, α (one of
the two families of fibers) is arbitrarily fixed at 65◦ and volume increase is arbitrarily fixed
at 10%. The resulting contour plot shows the values of φ with respect to β on the X axis
and with respect to γ on the Y axis. The large range of possible φ values, even with both α
and volume fixed, can be seen in the plot. The sensitivity of the helical FREE configuration
to changes in fiber angle can also be readily understood. Small errors are seen in the region
with β between 0◦ and 5◦, as the single fiber passes through the axial configuration.
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Figure 6.2: The effect of percent volume increase and fiber angles α and β (in degrees)
on the device’s helix angle, φ (in radians). The single fiber, γ, is set at 10◦, and the radius
of the device is set at 6mm. Five volume change values: +5%, +10%, +15%, +20%, and
+25% are set and the resulting φ as a function of α and β is plotted.
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Figure 6.3: The effect of percent volume increase and fiber angles α and β (in degrees) on
the device’s helix radius (relative to the radius of the FREE), R/r (normalized radius). The
single fiber, γ, is set at 7◦, and the radius of the device is set at 6mm. Five volume change
values: +5%, +10%, +15%, +20%, and +25% are set and the resulting R/r as a function
of α and β is plotted. Plot is clipped above at 50.
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Figure 6.4: Helix angle, φ (in radians), across fiber angles β and γ (in degrees). One of
the families of fibers, α, is set at 65◦, volume change is set at +10%, and the radius of the
device is set at 6mm
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6.3 Experimental Validation

To verify the accuracy of the model in predicting the kinematics of the helical FREEs, mul-
tiple prototypes were fabricated and analyzed. These prototypes were constructed across a
diverse selection of α, β, and γ. The helix radius was determined through measurement,
while the helix angle was determined by combining this radius with the pitch of the helix.
The first prototype tested has fibers at α = −70◦, β = −30◦, and γ = 1◦. The prototype
has a FREE radius of 6 mm and was inflated to a volume increase of 35% ( Vfinal

Vinitial
= 1.35).

The analytical models predict this configuration and inflation to have a body helix angle of
73.1◦ and coil with a radius of 4.46 mm. The resulting device is shown in Figure 6.5. The
measured body helix angle of the prototype is 59.4◦. The radius is 9.3 mm. The helix angle
has an error of 18.7%.

Figure 6.5: Helical FREE with α = −70◦, β = −30◦, and γ = 1◦. The helical FREE
prototype has a body radius of 6 mm and was inflated to a volume increase of 35%. The
image is the inflated helical FREE (image rotated 90 degrees, gravity going right).

The second prototype has fibers at α = 88◦, β = −60◦, γ = 10◦, a FREE radius of
6 mm, and was inflated to a volume increase of 30%. The analytical models predict this
configuration and inflation to have a body helix angle of 60.94◦ and coil with a radius of
5.74 mm. The resulting device is shown in Figure 6.6. The measured body helix angle of
the prototype is 55.7◦. The radius is 11.43 mm. The helix angle has an error of 8.6%.

The third prototype tested has fibers at α = 65◦, β = −80◦, and γ = 5◦, a FREE radius
of 6 mm, and was inflated to a volume increase of 15%. The analytical models predict this
configuration and inflation to have a body helix angle of 8.13◦ and coil with a radius of
31.9 mm. The resulting device is shown in Figure 6.7. The measured body helix angle of
the prototype is 9.1◦. The radius is 50.8 mm. The helix radius has an error of 11.9%.

These dimensions are highly sensitive to prototype fabrication and material assump-
tions, such as inextensibility of the fibers and exact fiber angles, thus providing opportu-
nities for deviations from values derived from the model. While the helix angles matched
rather closely, the helix radius had larger errors. This is likely caused by the single fiber
not having an infinite stiffness as the model assumes, thus allowing axial extension without
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Figure 6.6: Helical FREE with α = 88◦, β = −60◦, and γ = 10◦. The helical FREE
prototype has a body radius of 6 mm and was inflated to a volume increase of 30%. Top
image is the full helical FREE (image rotated 90 degrees, gravity going right), and the
bottom image compares the helical FREE to a measuring device.

Figure 6.7: Helical FREE with α = 65◦, β = −80◦, and γ = 5◦. The helical FREE
prototype has a body radius of 6 mm and was inflated to a volume increase of 15%. The
image is the inflated helical FREE (image rotated 90 degrees, gravity going right).
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bending. This would result in a larger helix radius than the one predicted, which is seen in
all three prototypes.

Images of additional helical FREE manipulators are shown in Figure 6.8.

Figure 6.8: Helical FREEs demonstrating helical shape generation, rough object grasping,
small object grasping, asymetric object grasping, and pipe anchoring.

6.4 Pipe Inspection

Pipe inspection is a critical component of maintaining infrastructure in a range of industries.
Municipal water and sewage, gas and oil energy, industrial and commercial plumbing, and
chemical refinement all rely on an expansive network of pipelines that require inspection
during the construction and operation phases. In the United States alone, there are over 2.5
million miles of hazardous liquid and natural gas pipeline, of which roughly 2 million miles
is natural gas distribution pipeline [59] (305,000 miles which is high pressure, large diam-
eter gathering and distribution [2]). There are 800,000 miles of water delivery pipelines
and 600,000 to 800,000 miles of sewer pipeline [58]. The United States has 240,000 water
main breaks, and 75,000 sewer overflows every year, leading to the discharge of 3 to 10
billion gallons of untreated sewage, resulting in 5,500 illnesses across the country [3]. A
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better method for the delivery of non-destructive testing methods (e.g. visual inspection)
in these extensive pipeline networks is a critical health, safety, and economic issue.

There are a wide range of pipe inspection mechanisms in use and under development.
For shorter distances in simpler pipeline networks, a cable can be fed into the pipe, but
longer distances and more complex networks present the need for a more complex solu-
tion. Two main approaches have been used. The first approach uses a device that is cen-
tered in the pipe and presses treads or wheels outward towards the walls of the pipe. This
approach has trouble with changing pipe diameters and pipe junctions, limiting its benefits
to primarily simple pipeline systems. The second major approach is to use a snake-like
mechanism that forms a helix or sinusoidal wave pattern to generate contact force between
the inspection mechanism and the pipe. The approach, a helical snake, provides a more
compact robot that can better navigate changing pipe diameters and junctions. Its limited
size and smaller obstruction of the pipe presents the opportunity to insert the inspection
mechanism into an access port while the pipeline is still active, rather than shutting down
operations to perform inspection.

While snake-like inspection devices have many advantages, they have challenges that
still need to be addressed. There are currently two main ways to form the helical or sinu-
soidal pattern necessary to produce contact force on the walls. Those are actively holding
the actuator at the correct position and using a non-backdrivable mechanism. This presents
the first major challenge of a trade-off between energy efficiency and responsiveness. The
active holding of the actuator uses large amounts of energy, while the non-backdrivable
mechanism is unable to passively respond to any changes in pipe diameter or direction. The
lack of responsiveness presents problems with non-flush mating of pipe segments, trapped
debris, and corroded pipe segments. The second major challenge is the use of segmented
mechanisms, which only roughly represent the round pipe cross-sections, leading to force
concentrations on the pipes. The third challenge is producing a lightweight solution. For
applications that require traversing vertically or on slopes, a lightweight device reduces
energy use. A fourth challenge is the cost and questionably reliability of producing these
multi-segmented devices with complex mechanisms. These challenges drive the need for a
low cost, lightweight mechanism that can form and passively hold a desired helical shape
while maintaining flexibility.

Using the equations developed in this chapter, a helical FREE was designed that func-
tions as the main structural component of a pipe inspection device. The body can alter the
shape of the device from a perfectly straight cylinder to a highly coiled helix, with the abil-
ity to remain at any intermediate configuration. Wheels or treads, inspections tools such as
cameras, and drive motors can be attached to this helical body to create a full device. A
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helically expanded FREE is seen in a transparent 2.25 inch inner diameter pipe in Figures
6.9 and 6.10, and the same device inflated to a different volume is shown in a transparent 3
inch inner diameter pipe in Figures 6.11 and 6.12.

Figure 6.9: Helical FREE pipe inspection device is inflated in a 2.25 inch inner diameter
clear pipe, viewed from the side. The device has fiber angles of 88◦ and −80◦ for the
families of fibers and 5◦ for the single fiber.

Figure 6.10: Helical FREE pipe inspection device is inflated in a 2.25 inch inner diameter
clear pipe, viewed inside the pipe. The device has fiber angles of 88◦ and −80◦ for the
families of fibers and 5◦ for the single fiber.

Inflatable devices have been used to expand to different pipe diameters in pipe inspec-
tion devices [68] [17], yet these devices are not helical or snake-like and consequently
obstruct the fluid flow. The proposed mechanism uses inflation to form a desired helical or
sinusoidal shape, rather than simply expanding outward to the diameter of the pipe. Many
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Figure 6.11: Helical FREE pipe inspection device is inflated in a 3 inch inner diameter clear
pipe, viewed from the side. The device has fiber angles of 88◦ and −80◦ for the families of
fibers and 5◦ for the single fiber.

Figure 6.12: Helical FREE pipe inspection device is inflated in a 3 inch inner diameter
clear pipe, viewed inside the pipe. The device has fiber angles of 88◦ and −80◦ for the
families of fibers and 5◦ for the single fiber.
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of these inflatable designs do not have the ability to attach wheels or treads to the expand-
ing members, limiting the device’s locomotion. There have been a substantial number of
studies on snake robots; many are captured in a review by Hirose et al. [26]. Takayama and
Hirose demonstrated some applications and advantages of a helical snake motion for loco-
motion and manipulation, and they addressed the fabrication of a fluid driven snake [76].
The resulting design, however, was segmented, complex, heavy, and not continuum. Suzu-
mori presents multi-segment manipulators with limited helical motion capabilities [73].
There have been other fluid driven cylindrical manipulators that are only able to obtain
bending. The use of helical FREEs enables the design of lightweight, simple, low cost ma-
nipulators that passively hold their shape while maintaining flexibility. An understanding
of the affect of fluid flow, material degradation in harsh environments, dynamic responses
to perturbations, attachment methods for outside objects to FREEs, and numerous other
areas are necessary to realize this concept in an industrial pipe inspection application.

6.5 Summary

This chapter illustrated a kinematics approach to determining the deformation pattern of
continuum helical FREE manipulators. The motion of the helical FREE mechanism was
solved as a function of the contained volume for any given fiber angle α, β, and γ, as well
as for FREE radius. Visual representations of portions of the design space are shown, and
three test cases were fabricated and actuated to show their fit with the analytical model.
Nearly all of the applications require an understanding of how the design parameters of
α, β, γ, and FREE radius, as well as the operational parameter of volume, affect the defor-
mation patterns. The primary contributions of this chapter are:

1. Determination of the kinematic deformation patterns for FREEs with two families of
fibers and an additional single fiber.

2. Creation of simple equations that can be used to both analyze and synthesize helical
FREE fluidic manipulators.

3. Demonstration of potential applications that were previously inaccessible due to a
lack of lightweight, simple, low cost, high power density helical soft robots.
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CHAPTER 7

Conclusion, Contributions, and Future Work

7.1 Conclusions

Elasto-fluidic systems use fluid as a medium to transfer forces and motion within a flexi-
ble body. Looking to nature, many organisms use fiber-reinforced elastomeric enclosures
(FREEs) to control the mechanics of these structures. Engineers have attempted to utilize
this design with the McKibben actuator, a FREE that uses fluid pressure to obtain exten-
sion and contraction. Both the biological organisms and the engineered solutions use the
strength of the fibers, the flexibility of the elastomeric material, and the high compres-
sive load capability of the fluid to produce systems with high power density, resilience,
adaptability, and scalability. The engineered solutions present low cost fabrication, while
biological organisms show the ability to generate a wide range of forces, motions, and
forms. While these systems provide all these advantages, they are rarely used by engineers,
in part due to the absence of a generalized understanding of their mechanics.

This dissertation discovered an entire design space of previously unknown elasto-fluidic
systems. The existing knowledge was limited to only small subsets of the design space,
such as McKibben actuators, impeding engineers from utilizing the immense functional-
ity that the diversity of an entire design space provides. Beyond discovering this design
space of fiber-reinforced elasto-fluidic systems, this dissertation presents analysis, mod-
eling, testing, and a design methodology and tools for their mechanics. The conclusion
drawn from this research is that simple mathematical models that are derived from the un-
derlying kinematics of the fibers determine the mechanical behavior of fluidic FREEs. With
the mathematical models and their respective graphical representations, a designer can not
only analyze a FREE, but also synthesize one with desired mechanics.
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7.1.1 Summary of FREE Mechanics

The modeling of the kinematics of FREEs with two families of fibers in Chapter 2 shows
the relationship between the change in length of a FREE with its change in radius and with
its rotation. From these relationships, the screw pitch of a FREE undergoing deforma-
tion is determined. The screw pitch captures a wide range of motions from pure extension
(screw pitch of infinity) to pure rotation (screw pitch of zero) to coordinated extensions
and rotations with finite screw pitch. The experimental testing verifies these models, also
presenting the helix angle as another way to represent the screw deformation. These kine-
matics combine to provide an analysis and synthesis method for creating two fiber family
FREEs with desired deformation kinematics.

Chapter 3 expands on the kinematic model to produce simple mathematical models for
the volume displaced by output motions. The equations and figures for volumetric trans-
duction under screw motion capture many of the important aspects of the FREE mechanics.
Zero volume change are freedom directions, maximum volume change are actuation direc-
tions, and negative volume change are constraint directions. This mapping captures the
range of behaviors across the range of deformation directions. Section 3.4 groups and de-
scretizes the kinematics and volume models to provide a design tool to quickly and easily
search the design space. This tool enables a designer to intuitively synthesize a FREE with
desired behavior, without needing to understand the underlying equations or complexity of
the screw motion volumetric transduction.

The force and moment generation of these FREEs is important for many applications,
and chapter 4 creates a closed form analytical equation that a designer can readily use.
Experimental testing determined the simplifying assumptions that best model force and
moment generation; unconstrained kinematic models best derive moment generation, while
constrained rotation kinematic models best derive force generation. Complex actuators
with coordinated force and moment can be created by combining the equations or plots.
A case study of an arm torsion orthosis shows the utility of the mechanics equations and
design tools in developing designs for practical applications.

Parallel combinations of FREEs present a wealth of additional motion possibilities, as
seen in Chapter 5. Complicated motions such as bending, screws, and bend-screws can
be generated with parallel FREEs, and they can be analyzed and synthesized from the
kinematics and volumetric transduction of the constituent FREEs. This synthesis method
proves to be computationally efficient at scanning a large design space. A case study of a
walking robot using parallel FREEs as an actuated spine shows the utility of the parallel
FREE synthesis method.

Helical and bending motions are created with the addition of a single fiber to the two
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fiber family FREEs. The key helix properties of helix angle and helix radius are modeled
using the fiber angles and contained volume. While the equations and design spaces seem
complicated, their ability to be written as explicit expressions allows for rapid computa-
tional synthesis. A case study of helical FREE anchoring inside pipes shows the utility of
the equations in synthesizing complex helical FREEs.

7.2 Contributions

This dissertation discovered previously unknown FREE designs, models their behavior,
experimentally verifies the models, and presents the results in a manner that allows others
to understand, use, and expand on the work. The contributions of this dissertation include:

1. Discovery of an entire design space of fiber reinforcement configurations for elasto-
fluidic systems not previously described in literature. This design space includes
all two fiber family FREEs with and without a single fiber added. Prior knowledge
in this space was limited to McKibben actuators and McKibben actuators with a
longitudinal fiber added.

2. Determination of the kinematics and volumetric effects for the entire two fiber family
FREE design space. Analytical models of the kinematics and volumetric transduc-
tion to output motion were developed and the kinematic models were experimentally
verified across the entire design space in the extension-rotation directions.

3. Creation of an easy to use design tool describing the actuation, freedom, and con-
straint directions for each region of the two fiber family FREE design space.

4. Determination of the force and moment generation across the two fiber family FREE
design space. Analytical models of the force and moment were developed and ex-
perimentally verified across the entire design space.

5. Creation of a method for the analysis and synthesis of parallel FREEs.

6. Modeling of an entire design space of helical and bending FREEs that use two fiber
families and an additional single fiber.

These contributions combine to provide a mechanical designer with a vast design space
of structures that are easily synthesized using the models, graphs, and tools presented in
this dissertation. Practical applications were used to verify the utility of the newly dis-
covered FREEs and the models that describe their mechanics. Three different applications
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demonstrated the three different FREE fiber configurations and their respective models.
These applications are an orthosis device for correcting arm contractures, a soft hexapod
with parallel FREEs generating a walking gait, and a structure for pipe inspection devices.
Each of these applications requires further engineering and research to reach applicable
products, but they demonstrate novel and future applications of FREEs generated by this
research.

7.3 Future Work

As Section 1.4.1 described, the goals of this research are beyond what could be accom-
plished in a single dissertation. The overall goal is to enable fiber-reinforced elasto-fluidic
systems to become a regular part of mechanical design, allowing their numerous advan-
tages to be applied to a multitude of applications. There are three main directions for future
work that are necessary for the realization of this aspiration. The first area is further inves-
tigation of the mechanics of FREEs. The second main area is a refinement of the models
presented in this dissertation. These models made numerous simplifying assumptions in
order to capture the behavior of a vast design space with computationally simple expres-
sions. Modeling and analyzing these structures provides essential information for design
synthesis, but still leaves challenges in practical implementation. For broader acceptance
of fiber-reinforced elasto-fluidic systems in engineering design, the third major area of re-
search is in their fabrication and development of their surrounding component ecosystem.

Towards understanding the mechanics, the specific tasks are:

1. Research on the stiffness of FREEs, including the effect of the elastomeric enclosure.
Elastomer stiffness is a complicated and active area of research. The coupling with
the fibers and fluid to determine the overall system stiffness is essential towards using
FREEs as structures, actuators, or mechanisms. Compressibility of the fluid is also
important in the understanding of the stiffness of FREEs.

2. Research on the dynamic response of FREEs. Understanding the dynamics requires
a model of the mass, stiffness, and force distributions. Modeling the visco-elastic
properties of the elastomer and the effect of the fibers on strain tensors of the surface
will help to determine the dynamic response.

3. Development of a model for parallel combinations of FREEs in which the primary
axis is not parallel. This is important for developing systems that have control over
many degrees of motion.
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4. Development of control schemes suitable for elasto-fluidic systems. With the stiff-
ness and dynamics understood, a control scheme that accounts for the non-linear,
highly elastic response of FREEs needs to be conceptualized and refined. This re-
search is important for transforming FREEs from structures to components of a sys-
tem.

Towards refining the developed models, the tasks are:

1. Inclusion of boundary constraints and non-linearity effects of the fiber angles. The
ends of the cylindrical FREEs were assumed to change in radius with the rest of the
device, and the walls were assumed to remain straight. The fiber equations were
simplified by assuming the angles did not change much as the FREE deformed. Re-
fining the model to address these simplifying assumptions will yield more accurate
predictions of kinematics, force, and volumetric transduction.

2. Modeling the fiber behavior. The fiber is treated as infinitely stiff, which presented
some errors, especially with helical configurations of Chapter 6. Modeling the fiber’s
true stiffness profile across deflection will better capture its behavior and conse-
quently refine the overall FREE models.

3. Determining the force-deflection relationship for FREEs. Chapter 2 modeled the un-
forced deflection of the FREEs, while Chapter 4 modeled their undeflected force.
The interaction of force and deflection remains an important characteristic to under-
stand for force and deflection control.

The remaining practical challenges to realizing these structures include:

1. Development of rapid and versatile methods for prototyping and mass production of
FREEs.

2. Fabrication methods for small length scale devices. This includes both the meso- and
mirco- scales.

3. Creation of small scale, lightweight, flexible valves to better control fluid flow, espe-
cially for actuators in series.

4. Development of soft compressors to generate fluid pressure.

In addition to advancing the models of existing FREEs, there are multiple modifications
to the fundamental structure of fibers, elastomers, and fluids that will create new motion
and actuation possibilities. These modifications include:
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1. Replacement of some or all of the fibers with thin beams. Beams are able to withstand
loads in both tension and compression, rather than only tension for fibers. Beam rein-
forcement will allow for FREE deformations that would otherwise buckle the fibers.
For example, a contracting McKibben actuator with a longitudinal fiber would buckle
when pressurized, but with a longitudinal beam, the FREE would bend. Chapter 6
shows large regions with no solutions, but beams could enable the entire design space
with feasible solutions.

2. The addition of active fibers, elastomers, and/or fluids. This includes:
(i) The replacement of some or all fibers with shape memory alloys (SMAs). Seok
et al. [69] demonstrated this concept for a single fiber configuration, but the effect
across the entire design space is not presently understood. Activating the fibers while
simultaneously altering the fluid pressure will more closely mimic the behavior of
many animals, providing many additional degrees of actuation.
(ii) The replacement of some or all of the elastomer with electro-active polymers
(EAPs). EAPs are often sheets of flexible material that have large actuation strains.
They could provide many additional degrees of actuation as well as an integrated
fluid pressure generation method.
(iii) The addition of actuated fluids or gels. This includes ferrofluid (ferromagnetic
fluid) and magnetorheological fluid, as well as phase changing, chemically reactive,
and jamming materials.

3. Integration of FREEs into continuum structures and surfaces. Deformable, deploy-
able, and controllable shapes and surfaces can be generated for numerous applica-
tions.

7.4 Potential Applications

An understanding of the vast design space of FREEs and their respective mechanics pro-
vides the opportunity to develop a wide range of applications. The inherent benefits of
these elasto-fluidic systems provide solutions to existing problems, novel applications, and
enhancements to existing designs. A few of the many application areas for these devices
are:

• Medical devices (e.g. endoscopes) that utilize the diverse motion patterns, human-
safe interactions, scalability, and high force transduction to enable carful manipula-
tion of soft tissues. FREEs can be made very small with kinematics that can be tuned
to match the morphological features.
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• Orthoses (e.g. legs, arms, powered exoskeletons) that use the FREEs for their actua-
tion, variable stiffness, and/or structural behavior. The continuum soft nature enables
them to readily lie along the body with minimal risk of injury. The diversity of kine-
matics enables devices that can be tuned to the clinical need of each patient.

• Prosthetics that use FREEs either as structural elements with integrated stiffness con-
trol, or as actuation elements, providing power dense actuation of joints.

• Soft robots that have advantages in interacting directly with people, handling fragile
objects, and navigating complicated environments.

• Manufacturing automation (seen in Figure 7.1) that provides a very low cost means
to produce many degrees of actuation. FREEs could enable close human-machine
interaction in manufacturing, replacing the current dangerous robots that must be
kept separate from people.

• Deployable structures that have complex deployment, actuation, or freedom require-
ments. Inflatable structures are already widely used to provide compact deployment.
FREEs will expand this area to provide additional functionality to these inflatable
deployable structures.

• Sensing which uses the fluid transduction described in Chapter 3 to provide sensing
in directions that are currently difficult to obtain.

• Grasping that using the FREEs as ‘fingers’ to enclose an object. This can be applied
to agricultural robots (e.g. fruit picking). Anchoring is also possible, especially the
use of helical FREEs to wrap around or inside pipes, the ground, or uneven surfaces.

99



Figure 7.1: Conceptual rendering of an assembly line using a multitude of parallel elasto-
fluidic systems.
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