ON TOROIDAL WAVE FUNCTIONS

V. H. Weston

Introduction. A method was developed by Weston [1] for solving the Helm-
holtz equation for a class of non-separable coordinate systems. This method was
applied to the Toroidal coordinate system [2] and a complete set of solutions
were obtained with represented radiation from a ring source. In this paper,
there will be derived from these wave functions, simpler wave functions which
are more useful in practice. Besides having simpler asymptotic values in the
radiation or far field, their asymptotic values for thin rings hold down to smaller
wavelengths.

1. Toroidal Coordinates. The relation between toroidal and cartesian coordi-
nate systems is given by Magnus and Oberhettinger [3],

d sinh ¢ cos 6 y = d sinh ¢ sin 6 s = d sin 9 (1.1)

~ Cosh¢ — cosn’ cosh ¢ — cos ¢’ cosh ¢ — cos g

Domains of the coordinates are 0 £ n < 27,0 £ ¢ < 27, and 0 < ¢ £ oo,
where ¢ = ¢ defines the torus

Z 4 (p — d coth &)° = d° eseh’ ¢
and n = no defines the sphere
(z — d cot ;) + p* = & ese g

where p = (& + )
The metric coefficients are given by the following relations

d _ dsinhy¢

o= b= —— _ _dsiphy
t 7 cosh { — cosn’ * " cosh { — cosn

(1.2)
In order to facilitate the analysis, the variable s will be used instead of ¢,
where the two are related by the equation

cosh { = s. (1.3)

The variable s has more physical significance. If s = s defines a toroidal
surface formed by rotating a circle of radius b about a line in the plane of the
circle and at a distance a from its center, then we have the relation s, = a/b.
For the case of a thin torus or wire we will define a and b as the loop and wire
radii respectively.

The parameter d in the system of equations (1.1) and (1.2) is related to the
radii a and b defined above for a given torus, by

d = (a — b")'"

Hence we see that d represents the radius @ of the limiting torus s = «.
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2. Toroidal Wave Functions. In Weston [2], solutions of the Helmholtz equa-
tion
Viy + Ky =0 (2.1)
where k = 2x/A, were derived in toroidal coordinates. These solutions

eim¢V$+2z(8, n) and 6im¢W:+2l+1(8, n)

with (I = 0, 1, 2, ---), possessed a ring singularity (i.e., singular at s = =)
and satisfied the radiation condition. These wave functions were defined in
terms of auxiliary functions S, T by the relation

Ve = 87+ (=18, Wh= Te + i(-1)""TT.. (22)

These are given explicitly in terms of the following series representation

Sn=cn > 2 ap(m/2 + n/2 + 1), (m/2 — 1/2) P55 caimy2(8) (2.3)

p=0 =

Th = cn 2 sinn(s — cos ) ™2 2. 2 ah(m/2 + n/2 + 1), (m/2
p=0 r=0 (24)

— /2 4 1), Pp¥eam—1/2(8)
where
cn = (n—m-+ I)Zm(kd)"(_1)m1|'1/22_(m+"+2)/2
a, = (kd)*®( — 1)*(s* — 1)""(s — cos y) >~ "™
(p)12°T(n + § + p)(n)!

where P7(s) is the associated Legendre function.
The asymptotic values for large r, i.e., in the radiation field, where (r, 6, ¢)
represents the spherical polar coordinates are

Vg ~ (=)™ % Rrt2 (cos 6) (2.5)
Wisargr ~ (— §)™" f];—,: Rni2141 (cos 6) (26)

where
Rnia: (cos 8) (2.7)
= (2 + Dam(— kd)™ z:,’ (= l)'(”(‘r)f L+ 3 (2 Sin (,), Tontr (I sin 6)
Ry (cos @) (2.8)

De(m+ 14+ 8). (2 sin a)'

d I mtr (kd sin 6)

1
= (20 + 2)om (— kd)™™ cosarz_:o (= OF
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They have the following asymptotic values for s approaching .

Vet ~ i(—=1)"2 + 1)pul(m + 20 + ) (2/m)"

—m~2l~1 _1/2 p—m (2'9)
(kd) S P1_1/2(8) CcoSs ln 1#0

Vo ~ (=17 (1)l (m + 3)(27) 7 (kd) ™" s P)a(s)
Winsar ~ i(—=1)"* (2 4+ 2)pn T'(m + 21 + 3)(2m) ™ (2.10)
(kd) TR P (8) sin (14 1)y

However, for these asymptotic expressions for large s we must place the
wavelength restriction s > (kd)>

If we express the Helmholtz equation in Toroidal coordinates and approxi-
mate it in the region s >> 1, it can be shown {6], that there exist solutions which
have the above asymptotic values (2.9), (2.10) and (2.11), but which hold for
a greater range of wavelength for a particular s, ie. they hold for s > kd or
for thin wires A\ > 2 7 b.

In solving the Helmholtz equation in Toroidal coordinates for solutions satis-
fying the radiation condition [2], the following condition was used. Since a ring
source of radius d approaches a point shource when d approaches zero, the
Toroidal wave functions were required to be identical to the spherical polar
wave functions

™ h (kr) Py (cos 6)

in the limit of vanishing d. This is a necessary condition that the wave functions
satisfy the radiation condition.

However, this places too great a restriction on the wave functions. We expect
that we can obtain simpler wave functions such that their asymptotic values
for large s are similar to that of Eqns. (2.9), (2.10), and (3.11) but hold for a
greater range in wavelength.

Rather than solving the differential equations for the wave function with less
restrictive conditions in the applying the radiation condition, we can make use
of the fact that any simpler set of wave functions must be a linear combination
of the Toroidal wave functions eV, 2 and €™ *Wm o141 .

3. Toroidal Wave Functions Simplified. In the series expansion for 8Z.—z;-1(s, 1)
replace the Legendre functions by their integral representation

r'v—-m-+1) 7

imt 2 . 3 »
2T+ 1) ¢ [s+ (s"— 1) cos " dt (3.1)

Py (s) =

It can be shown that we may invert the order of summation and integration.
The integrand can be summed to give an expression involving spherical Bessel
functions of argument x (defined below) and their derivations. After some
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analysis just involving the integrand, we obtain the following

SZ i _211(8,m) (3.2)
_Cm42D)1kd) ™ miie (—Dpm 1+ 1), ( ) »
= @0) 2n (=" % o) (-1
where
st = [ T () dt (33)
x=kd2*[:s+ Vs — 1 cos t]g (3.4)
8§ — cosS 7

~ (e¢'v/& — 1+ s — cosq)
28(s — cosn)¥ (s + 1/s2 — 1 cos i)}

and j,(z) is the spherical Bessel function of order I. In a similar manner it can
be shown that Sy,2:(S, 1) can be expressed in the form

(2m + 21)1(kd)™™ i (=D, m 4+ 1+ 3),02\ o
@l 2x (= 1) ﬁ‘;ﬁ o (k—d-) sy (36)

(3.3)

Sova (8,1) =
where

st = f_ ™2l gi () dt (37)
Thus we see that the original wave functions Vi (s, 1) can be decomposed

into the new set V7 (s, n)(I = 0,1, 2, 3, ---) where
V7 (s,n) = 8T + i(— 1)™s7, (38)

=f e™ 2 P (z) dt. (3.9)

Also it can be shown that the original wave functions Whig1a(s, 1) can be
decomposed into the set W7(s, 3)(1 = 0, 1, 2, --+) where

Wy =17 +i(— 1) gm (3.10)

= (—S—;S%S—Tﬁ i e™ 2 T B () dt (3.11)

and

m —Sin”] y imt 1
3 = = cosm) dos e™ 2 a7 ju (z) di (3.12)

The relationship between Wni2:41(s, 7) and W™ (s, 5) is given by
Worera (s, ) (3.13)

_(em+2+ 1)!(kd)"”“ (= Dp(m+1+3/2), m
B @I+ D)2r -1 z;o (p)! (kd> Ws
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Their asymptotic values in the far field can be easily obtained from the integral
expressions (3.9) and (3.11). Using the relations

x~lcr+kdcostsin0+0<%), z~e”sin0+0(717>

we obtain
1kr
V(s 7) ~ "2 ekr (sin 8) T pmpi(kd sin 6) (3.14)
Ro>w
Wr(s, 5) ~ —i"2n fi cos 8 (sin 8)'J i (kd sin 8) (3.15)
' e (kd) ker mt

4. Asymptotic Values of U7 and W7 for s approaching . We want to con-
sider the asymptotic values of U7 and W7 for large s. In this paper we will re-
strict ourselves to the frequency range s > kd or X > 2xb. Now it can be shown
that for large s

[z] =1 (4.1

and z has the bounds

kd2M? [s - Vg = 1]1/2

§ — cosq

IA

v < kd2" [ﬁi_\é;:_l]’

s — cos 7

for ¢ in the interval —7 £ ¢t < =.
Hence, using the integral representation Eqn. (3.9) for U7 we have

,Urln(s’ ‘”) = L_é%l()z"—l‘)—‘! f_r ezmtzlx—l—lei: di + ('—’L.)Z-H

4+ 1), (=D [T et
I Sy [ e e a e

_ —i(2D! [T imit~1-1
———2—1(2)_!—‘/‘_76 f2k A dt‘{"R(s,ﬂ)

The remainder R(s, n) comprises of terms of the form
f_ T g r=0,1,2 -, 0 — 1 (43)
and
f_: el e —~ 1) dt (44)
However

! / el dt} < f 7 dt (4.5)
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and
"/::r emZle e = 1) dt% < ‘/:r b dt (46)
But
R A
e e o)
7T (r/2)s r 0

o1 (kT2 F 5’

Hence we see that for large s and s > kd, R(s, 1) is of the order of s"™'/(kd)".
Thus it follows that

m —i(2D! [T imet 1 31H1>
VP~ 501 f_re z dt+0((lc_d)’ , =0 (48)

We will evaluate the remaining integral in (4.8) exactly. Expand z' as a power
series to obtain

[' et gy = ) (S0 (1) = D™

QI £ “(n)l(s — cos p)r i1

i (49)
. / ez(m+n)t(s + /‘—‘—82 — 1 cos t)—l~1/2 di

and using Eqn. (3.1) the expression (4.9) becomes equal to

(kd) " S~ (D=1 — D™ 2aT(=1+ })
2012 o= (n)i(s — cos )2 T(—l + £ — m —

) PIz(s)  (410)

which can be written in the form
1+ Daulkd) ™ 2(=1)"

21—1/2

. {(8 — ¢Os n)H—l/Z i (_l)n(m + { + %)n (s‘z — 1)n/2 )1——1-"1—/;(3)}

=0 {(n)!(s — cos g)*

The expression inside the brackets is identically equal to the following [2]

1/2 : e (2D 1(~1)"
(8 —cos )™ 2, = Sy

P273(s) cos ny (4.11)

where
¢n = 1lwhenn=1,2,3, ---

0.

I

€. = 3 whenn
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Hence from (4.11), (4.9) and (4.8) we have
(_])l+m+lz-(kd)—l-l1r(2l)!(l + %)m
B Qa3 (]) |

-1
- Vs = cos q PiTye(s) cos iy + 0™ + 0 (éﬁ) , 1=0

In a similar manner it can be shown that the asymptotic expression for W7 is
the following

(_I)Hﬂﬁ-li(kd)—l——:ir(zl + 1)'(l + g)m

UV} ~

(4.12)

WT ~

(1) 123+172 (413)
Vs — cos g Pifiz (s) sin (I + 1)y
We will consider the case I = 0 for U5 in more detail.
‘U:Jn — (_1) f ezmHu:x—l dt
- (4.14)

= —y f e™r T dt — @ f eme (e — 1) dt

. 1/2 —
—in2'*/s — cos 9

PZy0(8) — zf €™z e — 1) dt  (4.15)

(3)m(kd)
for s > 1 and s > kd we have that
1/2
z = kd2 <——s-—) cos L+ 0 (E@) (4.16)
§ — Cos 7 2 $

Hence the integral in (4.15) is approximately equal to
L4 . 8 .
ﬁ*l ezmtf ewcost/2 dy dt + O (_’%)
0

—_—

where 8 = 2kd [(s)/(s — cos 7)]'*. We can interchange the order of integration
and then set t = 27 — =, to obtain

8 T L
26.—1(“‘1)"‘/; dyfo 812mT+1meT dt

which equals

8
287 (~1)" [ (an(y) = Banco} dy (417)
where E.,(y) is Weber’s function. Thus the asymptotic value of Uy is
. _ 1/2m
U~ iw(s cos ) " PZy(s) + 2’3—1(_1),,.”

272(3) m(kd) (4.18)

' _/;ﬁ {Jom(y) — 1Eem(y)} dy + O (@)

S
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6. Conclusion. The basic toroidal wave functions

sy =f em(z) dt, ST =f e () di,

. L3
Sin ~1.
37‘ = ;——&7 f e”"tzla; 1_71+1(x) dt,
- —-T
sin i
31:;_1 = __:..._12__. f elm%l(l?—lj_l_z(x) dt
§ — COS 7 Jr

which can be coupled to represent outgoing radiation from a ring source by the
following

VF =87 +(—=1)"s", Wy =37+ (-1,

are more useful and simpler than the ones developed previously [2]. Besides
having a simpler integral representation, and asymptotic values in the far field,
they are orthogonal asymptotically as s approaches <« (i.e., for a thin ring)
for a greater range of wavelengths than the wave functions [2].

Because of their asymptotic values for their rings, these wave functions will
be extremely useful in problems involving radiation from thin rings. The previ-
ous set of Toroidal wave functions {2} have already been used to obtain the
scattered field for an electromagnetic plane wave incident on a perfectly con-
ducting thin ring [5].

Electromagnetic and acoustic radiation problems for thick rings or toroids
are theoretically possible to solve, since the above set of wave functions form a
complete set. However, the practical difficulty is at present in the matehing of
boundary conditions, since the wave functions are not orthogonal for any except
thin rings.
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