AN OPERATIONAL REPRESENTATION OF THE ADDITION
THEOREMS FOR SPHERICAL WAVES*

By Arr BEN-MENAHEM

1. Introduction. In problems of wave propagation, it is sometimes necessary
to transform the wave-functions in one coordinate system into another system
which is convenient for the boundary-value problem in question. Such a trans-
formation is usually achieved by an “addition theorem” which relates the eigen
functions of the two systems. Sato' has obtained an addition theorem for
" (kR) P7 (cos 6)e'™ valid for a translation of the origin along the Z-axis.
Friedman and Russek® obtained addition theorems for standing, converging and
diverging spherical waves under conditions of a combined rotation and transla-
tion of the spherical coérdinate system. It will be shown here that their results
can be condensed into a relatively simple form which is advantageous in many
applications. For the reader’s benefit, we have preserved the notation of Fried-
man and Russek® with minor changes.

2. The Expansion for j,(xR)Pn(cos 6)e*™. Consider a point P which has the
spherical coordinates (R, 6, ¢) with respect to the origin 0. A new origin 0’ has
the codrdinates (ry, 6o, ¢o) With respect to O. Let the spherical coérdinates of
P with respect to O’ be (r, ¢, ¢’). Then, the eigen functions j, (xB) Py (cos 6) e""'f
with respect to O are expressed in terms of the eigen functions j, (xr) P’ (cos 6') e™*
with tespect to 0, through the expansion®:

Jn(kR)Py(cos 8)e™
(i _ ) H 'y ,—ine’
N §,§. @+ 1) (—_i_-i_#%Jr(xr)Pr(COS 8 )e 1)

X {e“’"+“)"’° 225l ml, | ul;p, m, »)jp(kro) Py (cos 00)}
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with
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a(|ml, lul; p,n, ») =
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% E( )(n +itlm Do = |m| =7+ P! _cpeto-ntinits)
= \J/(n—j— |mDi+|m|+j— p)!
where p runs over the set v +n, v +n — 2 .- v —n,p=p — |m| = | 4]

and (s)!! = s(s —2) ---20r1, (0)!! = (—1)!! = 1. Note that the expression
inside the curly braces in eq. (1) depend on the codrdinates (ro, 6o, o) alone.
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We wish now to transform this expression into one in which the coefficients
a(lm|, | u!;p, n,v) do not appear. We make use of an interesting result given
by Erdelyi’:

7o (kre) P (cos 60) "™ = (— D)™™ P (3/8ikz) jo (o) (3)
with
jo(KTo) - SIn K7To (4)
Kro

a a 1

3= cosoo—o—-;; 00;3—0- (5)
y . ] cos O 0 % d
D = ¢ — —

¢ {sm b0 dukry Rl 1Ko 660 = KTy Sin G am} (6)

The plus sign in eq. (6) corresponds to the case m + p > 0 while the minus
sign corresponds to the case m + u < 0. The right side of eq. (3) is the opera-
tional interpretation of P (3/dixz)jo(kro). Po** stands for the (m 4+ u)th
derivative of the Legendre polynomial P, with respect to its argument. Thus

P is an operationa] polynomial of the degree p — |m | — | u|.
Substituting the relation given in eq. (3) into eq. (1) and using the theorem®
Pi@)Pi@) = Ze(ml lulipn )P @) (7)
we obtain at once
jn(kR)Prn(cos 6)e™
- ot . (8)
=" Z (2 4+ 1) (_-_I__I“‘—Ilj).‘_ Fo(xr)Pi(cos 8"~ P {7,(kro) P4(cos Bo)e™}

where PT is the differential operator P7(9/dikz) = (—D)™P&™(3/dixz). For
the special case m = 0, 6, = 0 one has for example:

n=20 PR) = Ta (2v + 1) (kr)js (kro) Py (cos ) (9)
n=1 F1(xkR) cos 6 = > 20 @v + 1)7,(kr)js (kro) P, (cos 6")  (10)
which are the well-known classical expansions.
3. The Expansions for kS’ (xR)P%(cos 6)¢™* and h' (xR)P7r(cos 6)e™?. The
addition theorems for the case r < roare™:

R (kR) Py (cos 6)e™
Ko - ll‘l) " I\ —ipp’
= E)PZ_, @2 + 1) AP J(xr) Py (cos 8')eé (11)
X {97 Y Pa(|m), | k| p, 7, )RS (kro) Pyt (cos 60)}

3 A. Erdelyi, Physica 4, 107-120 (1937).
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Making use again of eq. (7) and the relations’:
PhY (kro) P (cos 60) 6™ ™% = (—D)" P (3/ikz) he"® (kro)  (12)
with

Do) = B ere) = (13)
KTy —1KTo
we obtain for r < 7y
h P (kR )P',':(cos 0)e™
(14)

—_— 'L"E (2 + 1) ( + il I II; ' ]y(KT)P':(COS el)e—iﬂtp'P: {hl(lLZ)(KTO)P‘:(COS 00)61.‘“’0}

where P7 has the same meaning as before. Note that equations (8) and (14)
have the same form. The special case m = 0, 6, = 0 yields results similar to
equations (9) and (10).

The case r > 1o is different; the addition theorems yield*:

R (kR) P (cos 6)e™
=3 3 e+ ) E D gt s ) 19)
=1 G+ 1eD!
X {e‘t(ﬂl'i'll)lpo Z z'pa(l m I’ I o ‘; o, n, V)h(pl'z)(Kr)P;rH‘ (COS 00)}
P

The presence of b5 (xr) inside the curly braces does not permit us to repeat
the former procedure for the general case. However, for m = 0, 6, = 0 we have,
similar to the derivation of equations (8) and (14):

R (kR)Pa(cos 8) = " D20 (20 + 1)7, (kre) P, (cos 8') P, (3/dikr) B P (k) (16)

4. Transformation of the Field-Potentials. Let the potential ¢(R, 6, ¢) be
expanded into a series of spherical wave functions in the spherical coordinate
system O.

¢ = Dp0 2 mmn{Amnjn(kR) + Buahl’ («R)} P (cos 6)e™ 17

Since the physical field is independent of the cosrdinate system used to express
it, we may write for r < ro:

b= 2o D ony {ouis (k1) + Bugs (xr)} Pi(cos §)e™* (18)

where ¢ is now being expanded with respect to the spherical codrdinate system
0’. Using the addition theorems given above, together with the orthogonality
properties of the Legendre polynomials, it is not difficult to verify that for the
case r < 7o,

Ay - I lad |)' { aq} q { Jv (kro) m iwo}
{5m} (2 + 1)( " l)';()q;s P ( ) D (e )P,(coseo)e (19)
with P2 = (—D)*P® as before.
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For the case r > roand m = 0, 6, = 0, we represent ¢ in the form:

¢ = 2veo{ous () + B (r)» (ko) } P, (cos &) (20)
where the coefficients a, and 8, (r) are found to be:

a = 2v + 1) 200 5" AP, (3/dikro)j, (xro) (1)

B, = (2v + 1) 220 4"B.P,(3/dixr) B (xr) (22)

Comparing the original addition theorems as given in equations (1), (11) and
(15) to their operational representation as given in equations (8), (14) and
(16), we may conclude that while the original theorems are better fitted for
numerical computations, the operational representation facilitates algebraic
as well as analytic manipulations with the field expansions. To this extent the
two representations are supplementary.
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