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The scattered field, when a plane wave is incident along the axis of a slotted, perfectly conducting,
semi-infinite cone, is vbtained by a superposition of the scattered field from an unslotied cone and the
radiation field from the slot on the cone. The slot is a finite, thin, circumferential slot backed by a
cavity which is characterized by an admittance. The induced voltage is represented by a sinusoidal
distribution. The amplitude of the induced voltage is then related to the incident field by expressing it
in terms of the radiating and load admittances of the slot. Expressions for the radiation admittance
and the scattered far fields are derived.

1. Introduction

It is often desired to know the scattering properties of slots which ordinarily serve as radiating
apertures. In this paper we will consider a semi-infinite cone with a finite, thin slot in the cir-
cumferential direction, as shown in figure 1. The slot is located at a distance a from the apex, sub-
tends an angle 2¢g. has a width of 2A, and is backed by a cavity that is characterized by a load
admittance Y,. If the incident wave frequency is such that the slot has a resonant length, a sinu-
soidal distribution is a valid representation for the induced voltage. However, for slot length other
than resonant, this distribution should also be a good approximation. The scattered field from the
slotted cone will then be a superposition of the scattered field from an unslotted cone and the
radiation field from the slot. The amplitude of the slot voltage is then related to the incident field
by expressing it in terms of the radiation and load admittances of the slot.

2. The Scattered Field From a Semi-infinite Cone

Let us first consider an unslotted perfectly conducting semi-infinite cone whose apex is at
the origin of a Cartesian coordinate system (x, y, z), and whose axis is parallel to the z axis. A plane
electromagnetic wave is assumed incident in the direction of the negative z axis, and. since there
is no loss of generality in taking its electric vector to lie in the x direction, we choose

e 2 " : i i1
ﬁ'=L1~€'l‘z and H':—LyYB'l‘z (1)
where Y is the intrinsic admittance of free space and a time factor ¢’ has been suppressed.

The total diffracted field can be given in terms of the Debye potentials (i, v) (Goryanov, 1961)
as follows:

w = ™ cos ¢ 2 (2v,+ el 5 P} (—cosbo) P! (cos 0 \
Tk : - cos 3 :
ik?r < wvvatDsinmy, 0 Plicosfy) “n W, (kr) {2)
dv,
' The work reported in this paper was sponsored by Ballistic Systems Division. Deputy fur Ballistic Missile Re-Entry Systems, AFSC. Norton Air Force Base.
Calif.. under contruet AF 04694)-834.
2 On leave from Department of Electrical Engineering. Northwestern Uiniversity, Evanston. 1Il. 60201, U.S.A.
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where Pl(cos x) is the associated Legendre function, y(x) is the Bessel function connected
with the ordinary Bessel function according to

Uulz) = /G Jusal) = xjulx) _ )

and the numbers v, and u, appear as the eigenvalues of the boundary problem and are deter-
mined from the equations

P}, (cos 6,) = 0, Pl,(cos 8y =0. (5)

9
Senior and Wilcox (1967) have programmed the computation of the roots v, and w, of

Pl (cos 6)and o5 P, (cos 6) i

respectively, as well as the values
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-E;:)—VP,',"(cos 80)

, and g ( 25 P(cos 6) )

Hn
The induced current J on the cone surface is related to the total magnetic field by
J=—ixH (6)
so that Jr=—Hs, Js=H: (1)

The components of an electromagnetic field in a spherical system of coordinates are given by

E,(wﬁwﬂ(m> (8a)
Ee=7 51111 9 6r8d> (ru) + i 55 ae (8c)
Hﬁ=6%+kﬁ<m) . ©a)

iwe du 1 &
sin § d¢p rorad

6=

(rv) (9b)

du 1 . 9%
Hy=—iwe 22—
LY R e

(rv). (9c)

The magnetic field on the cone surface can then be given as

H,=Y sin ¢T,(r) (10
Hs=Y cos ¢Tu(r) (1)
g PL(—cos 6)
- 2u+1)et 80
where T =in $ o 8 pqwswp”“”““““”+¢“”” )
0,

a6,

= (2v+1)eis- PL(—cos 6,) 9

To(r) =—2=
2(r) kr "El v(v+1) sin mv 6 P‘ (cos 0)8
o

— P} (cos o)y, (kr)

o= (Qut+l)e® aoop (= cos 6o)

+1i ;
"kr sin o 21 p(pn+1) sin T 92
andbo

P} (cos B, (kr) = (13)
———= P} (cos 60)
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and the primes denote differentiation with respect to the entire argument. From this point on we
will delete the subscripts on the eigenvalues; therefore it should be understood that u = u, and
V= v,

In (12) and (13) we split off the incident field (Goryanov 1961) and obtain the scattered far
field by replacing {(kr) and its derivative by the leading term of their asymptotic expression for

large kr, where {,(x) = \/227—6 H{)y ;5 (x). The scattered far field is then

E§=1i cos ¢> 53(0) (14)
: iwr.é_Pl 0
wher B 2w +1 € 59 b3 (cos 6)
ere <~ | v(v+1) 3P, (cos 6g) 3P, (cos 6)
n sin 60
390 v
iumw P1
4 2(;&-_:-_1) e Pl (cos 6) } 15)
Kk sin 8 sin 6y ——— 0 P (cos 6y)
e—ikr
and Ey=—1i sin 9"‘];;— S5(0) (16)
where
einm 9 Pl(cos 6)
S3(6) =— i 2pn+1 60 2v+1 e*™ Pl(cos )
a=t | m(pt ) v(iv+1) .. 90P,(cos 6,) OP,(cos 6y)
L n g —60 3 P.{cos 6) sin @ sin 6, 30, >
(17)
. P:‘)(COS 9) d
S =+ p
ince S0 o iao Pi(cos 6) oo (18)
6=m b=m
we note that S3(0y=S3(0

implying that for backscattering, the field has the same linear polarization as the incident field.
In all other directions, however, the field is elliptically polarized and the component cross sec-
tions are

A2

oo= ‘ S§(8) | cos®¢p

(20)

A 2
To=— S$6) | sin2¢ @1

with the complete scattering cross section given by

o=09+0¢ . (22)
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3. The Radiation Field of a Resonant Slot on a Cone

Let us consider a cavity-backed resonant slot centered at ¢,. The slot is narrow and in the
circumferential direction, i.e., a thin finite circumferential slot defined by | r' —a | <A, | ¢'— ¢ |
< ¢by, where 2¢ is the angle the slot subtends and the primes denote coordinates on the surface
of the cone. If the source frequency is so chosen that the slot is a half-wavelength long, a good
representation for the induced slot voltage distribution is a sinusoidal one. Although it is expected
that a sinusoidal distribution is still a good approximation for larger slots, and especially for smaller
slots it should provide us with useful results. Hence we shall consider

E.(r', ¢')=E, cos Z"Z_ d);j’l

for | ¢'— 1 | =< ¢o (23)

where the length of a resonant slot is 2¢ea sin o= A/2. Since the slot width is much smaller than
one wavelength, the slot voltage v across the gap can be considered a constant, i.e., v=—2AF,.
The distribution at the slot can then be stated as

-—_l 7T(¢’_¢1)
E.= 2 €08 ———-—2¢0 (24)

where v is the maximum slot voltage at the center of the slot. This voltage must be related to the
radiation and loading admittance of the slot, which characterize the cavity backing the slot.
The potentials IT and IT* which describe radiation from a cone when the aperture fields have r

components only are given by (Bailin and Silver, 1956):

8

_ & —ik(2v+ 1) Py (cos )
H_,,Zo ,,21 v(v+1) (14 8om) 7 sin 6o3P} (cos 6o)/dv

a+d (d +d
f f CYE(r, ¢) cos m(p—')j,(kre) KO (krs)r' sin fodr'dd’ (25)
a—-A Jédi—do

where 1, r< symbolize the larger and smaller of the coordinates r, r', respectively, and

T*= = & Ym(2u+1)PT (cos 6)
- E E w(p+1) sin? §,8%P7% (cos 6o)/30d (1 + Som)

m=0 n=1

a+8 [b,+d,
f N f E.(r', d")Yi(r, r') sin m{¢dp'—d)dr'do’ (26)

$1-do

Ju(kr)LAkr') r<r
where Ti(r, )=
Ju (kP ) hr VAP k) R (k") r>r.

The primes denote derivatives with respect to the entire argument and {(x) =xh{?(x). Since both
TM and TE modes are excited by the slot distribution (24), we have for the components of the
electromagnetic field
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_1 & iwp 9 X
Ee r 6r60(rn) r sin 064)( riT®)
1 a?

oy 6 *)
Es= r sin 0ara¢> ) +== r (H

E =("’—2+k2) 1
"\ "

=__l£€__i l a *
r sin 6‘8¢(rn)+ (rIT*)

—_lwed 1 *
He= r 60( m+ r51n06r6¢(n)

H,= (" ,+k2) AT, @7)

For the slot distribution given by (24) the integrations give

7 [4%% (¢ —y) w8 m(¢=¢1) cos 21ca”:i; 9
go_A_—Ll—d;o ©os 2¢ho cos m($—¢")dé o (ka sin )2 — m? (28)

where ka sin 0= m/(2¢,), and

e k) (k) kD (ka) > a
I'i(r a)-—-2 f Ti(r, r')dr ~{f:(kr)CL(ka) r<a (29)
T b1+ 7r(¢'—d>1) T sin m(¢py— ) cos mey
EBzL‘_d,o C0S T o e 2¢o SIn m(¢ ¢)d¢ ¢ (W/2¢0)2—m2 (30)

The potentials can then be expressed as

a2 ikav(2v+1)P2(cos 9) hr IRDhr A
II E 2 dov(v+ 1)1 + Som)dP Y (cos )/ v lhr <R kr ) . (31)

m=0 n=1

where rs, r< symbolize the larger and smaller of the coordinates r, a respectively; 8o =0 for
m# 0, and Som=1 for m=0; and

M= % Yom(2u+1) P2(cos 6)T(r, a)B
; ; p(p+1) sin? 8032 P7(cos 60)/ 3600 (1 + Som)

(32)

From (27) the magnetic field Hy on the surface is given by

Hy=YvT5(r, ¢) (33)
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- A k2a(2v+1)aP7(cos 6q) /360
where Ti(r. &) = % 27‘: bo(1+ 8om) [ v(v+ 1)aP P (cos 8y)/on

juthr h k) —o 2+ D Pt (cos 60T (7, o) ] (34)

rsin® Goplu+ 1) 32P% (cos 6p) /36001

L (kr)ju(ka) Gu(ka)[KP(ka)  r>a

o i _ .
where e, a)= arrrl(r, a)_{¢;(kr)§;(ka) r<a

In the far field where r> a we have

h(’)(kr) - el(v+l)1r/2
kr

With this substitution the potentials can be expressed as

_ ke s (2v+ 1) 2P (cos 6)
B0 3 D ) a1+ 80P (cos Bayay P (k)4 (85)
R i X < Bm (2 + 1) P7 (cos 0)ei* %, (ka)l, (ka)
and WY 2 2 50T+ bom) sin Bo(w+ 1)0%PY (cos 6a)/0000nh (ka) (36)
The components of the electric field can now be obtained. The 8-component is
1 ik 8 e
Ey= r6r60( ) = Y sin oa¢n =ik kr S 110, &) 7)
1 & & A (2v+1)e™23P™ (cos 6)/36
r = — v k
where Si(6, ¢)=3 2 X (1+ao,,.)[ o (s + 1)3PY (cos bajov V(D)
__im*(2u+ 1) Py (cos O)ei ), (ka) L, (ka) ] (38)
sin @ sin? Gou(p+ 1)3%P% (cos 60)/36,0hP (ka)
The 6-component is Ep=—2 () +2£ 2 ey 550,
®" rsin Barad) Y 3¢ ik S — 2(6, @) (39)
. ___1_ 2\ & (2v+1)e™2Pm(cos 6)
where 556, ) =3 2 37 1+aom) [sm 6 (v + 1)oPy (cos 6/ ¥ (F2)
_ i(2u+1)3P2(cos 8)/30eir 2, (ka){, (ka) } (40)
sin? Gou(p+1)32P % (cos 6o)/3003uh P (ka)

4. The Radiation and Loading Admittances

To calculate the radiation and loading admittance, we will first define admittance as twice
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the ratio of the complex power flow across the aperture to the square of the maximum voltage.
The complex power radiated is

t+A (o +dy - -
w,=-1 f f CEex HT - Toa sin 0o’ dr 1)

where ~ denotes the complex conjugate. Substituting for the aperture field from (24)
a+A (d;+do ~
,—“ sin 9°” f f cos [ (¢ — )] Hyde'dr'. 42)

The radiation admittance is then

Y, =22 =Yosin 9”[[ os[ (¢’ d))]T’(r ¢')do'dr’ 43)

where (33) was substituted for H§. To evaluate the admittance we will need the following integra-
tions (see appendix):

T cos méo

b0 (7/2a)? —m? (44)

[ cos mig 1) cos [ ('~ )]d¢ -

1 []

f U, a)dr = AL (ka) (W, (ka) + Ll ka)ju(Ka) (k) + 0AY~ Ay, (45)

a-A

The radiation admittance becomes then

Y’ZYE,E:: : 7 sin 6 <( cos may )2 [k2a2(2v+ 1)oP™(cos 00)/60°j,,(ka)h§,2)(ka)

1+ 8om) 3 \(7/2¢ho)% —m? v(v+1)aP™(cos 8o)/dv

m2(2u+1)P(cos Go)yu ] (46)
“

2 sin® Gou (e + 1)32Pi2(cos 6o)/363

To determine the loading admittance, the power that enters the slot must be known. It is here

that v will be related to the incoming wave, for it is the incident field that induces the slot voltage.
Since the component of the current that excites the slot is given by

Jr(r, ¢) = cos ¢J(r) ' @7

a slot placed at ¢ = /2 will have little voltage induced and hence will scatter little. The power
entering the slot is

a+d ¢|+¢o —~ "
W= I f 3 (EXH) - 14a sin Gode’dr’. 48)
~-o, - -

Substituting the slot field (24), we have

__vasin 80[]005[ (@'— ¢ )] [:[,,,dd;’dr’. (49)
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The load admittance is then

_asin oo“ vos [ z (d)’“‘d")] (Hy+ Hy+ Hy) do'dr’

~_y, _asin 9°fjcos [de &' —¢) ] (Hj+ H3)de'dr'. (50)

The total magnetic field of the unslotted cone is given by (11). The load admittance is then

Y, =—Y,— Ya;;:aoff os[ ('~ 1) ]cos &' Ta(r'Yde' dr'

Yma sin 6y cos ¢ cos peT{(a)
=—Y,— ; . 51
vbal (/20— 1] oD
This permits us now to solve for v.
Thus the induced slot voltage is

_ Yma sin 6 cos @1 cos daTa(a) (52)
T Y )l (w2002 — 1]

This expression when used in (24) now gives the entire electric field distribution in the slot. It is
seen that in this approximation, a slot placed at ¢;=n/2 does not scatter since the incident field
does not excite the assumed symmetric mode (24) in the slot. In reality, some weak scattering will
be produced by a slot at ¢, =/2, since an odd mode of small amplitude will be excited. Although
the component of the surface current (11) that excites the slot is equal to zero at ¢ = 7/2, it increases
to a small but finite value either side of ¢ =m/2. For a slot of finite length, an odd mode

E9=§2 sin 7w(¢' — )

would then be induced. The radiation from such a slot distribution can be readily obtained by
following the procedure of the previous sections. If this were done, one would find that v; < v,
that v, is largest for ¢y =/2, and that it vanishes as ¢, approaches zero. Therefore, it is the even
mode considered here which gives rise to the dominant scatter. The expression (52) for v also
shows that the induced amplitude v is 2 maximum when the slot is placed at ¢, =0. From symmetry
considerations one can also deduce that for slot positions near ¢; =1 the even mode becomes an
accurate representation for induced voltage, with the error increasing as ¢; = m/2 is approached.

One should also note that v is indeterminate for ¢o= 7/2, which corresponds to slots with a
length of a half circumference. However, the limit as ¢, — 7/2 does exist.

5. The Total Scattered Field

The total scattered far field can be written as the superposition of the scattered fields from
the unslotted cone and the radiated field from the slotted one. Using (14) and (37) we obtain for the
0 component

E9=

—ikr
i - |cos $S3(6) + kuS116, )] (53)



1446 Plonus and Goodrich

and similarly with (16) and (39) we obtain the ¢-component

" [sin 6S1(6) + kiS50, )] )

Ed,:“‘i

The two preceeding equations represent the solution to the scattered field of a slotted, semi-infinite
cone for a plane-wave incident along the axis of the cone. They can be used, for example, to solve
for the loading admittance when scattering in certain directions is to be minimized. If zero scatter-
ing is desired in the (6, ¢) direction, we can set Eg and E4 equal to zero and obtain two solutions for

Y, , which are

Ymka sin 6o cos ¢1 cos poT2(a) S7(6, ¢)

-, 55
Y= w260 —Tcos 6 Si(0) (55)
Yarka sin 6 cos ¢, cos poT2(a) S;(0, ¢)
=—Y, : . 56
Ve e (i2g0) —1sin ¢ Si(6) )
‘These two statements will give the admittance for Y, " if

cos ¢pS{(6) -sin ¢S5(6)

If (57) can be satisfied, zer6 scattering is obtained in the (8, ¢) direction.

6. Concluding Remarks

For a discussion of loading by reactive, semiactive, or active slots, the reader should consult
Liepa and Senior (1966). The impedance ¥, which characterizes the cavity backing the slot can
usually be obtained from waveguide theory once its physical dimensions are known. For example,
if the backing is a piece of waveguide terminated in its characteristic impedance, the cone surface
currents would excite the TE;, mode in the guide. The loading admittance, using the definition of
admittance adapted in this paper would then be (Ramo, Whinnery, and Van Duzer, 1965)

boa sin 6o [ ( . ) ]
TE X2~~~ —_ |2 |1/2
Y7 A 1 2¢oka sin Gy ’ . (58)

. Note that this admittance is purely reactive for slots slightly shorter than A/2, and resistive for
2¢poa sin 6o > /2. For 2¢oa sin fo=\/2 it is zero; however, including losses and other effects it
is small but not zero. If the backing cavity is a piece of shorted waveguide of length d, the load
admittance would be

Y, =j cot BdYE. (59)

Most likely, the slot:on the cone surface will be backed by a waveguide with a cross section larger

than that of the slot. The slot could also coincide with a narrow radiating slot in the broad face of

a backing ractangular waveguide, mounted along the inside surface of the cone. In these cases

the determination of Y, is more complicated, but an abundance of published material exists which
" can be readily applied to this case, as for example, Oliner (1957).
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We have tacitly assumed that the slot backing, say a waveguide, can be described in terms
of a load admittance which is a “lumped” parameter which carries the essential information about
the interior fields vis-a-vis the scattering problem. To describe the interior in any greater detail
would add great complication and in fact would be a restriction to a single problem depending upon
the geometry and electrical properties of the interior. Such an approach has been carried out by
various authors (Liepa and Senior, 1966) leading to the justification of our lumped approach.

On the basis of experiments with slots on a finite cone-sphere (Goodrich et al., 1967), the semi-
infinite coneé results can be applied to the finite cone provided the slot is directly illuminated by
the incident field, the slot lies more than two wavelengths forward of the cone termination, and
provided the scattered field is observed directly or if not directly then in the forward hemisphere
of the cone.

Many helpful discussions with V. V. Liepa are gratefully acknowledged.

7. Appendix

For computational purposes it might be convenient to retain the slot width dependence A
explicitly in the expression for the radiation admittance Y, given by (46). Performing the integration
of (45), we obtain

O Gl [ (k) _
e ey =S g ) ke 0]+ B ke D) -] A

If we were to expand $[k(a—A)] and {[k(a+A)] in a Taylor series and substitute the first
two terms in the above right-hand side, the result would be the right-hand side of (45), namely Ay,.
The A dependence can now be shown explicitly in Y; by substituting for the first factor vy, in (46)
the expression

“'=5f"k%’§“—) L. (A.2)

where the braces are those of (A.1).
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