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ABSTRACT

Functional Analytic Perspectives on Nonparametric Density Estimation
by

Robert A. Vandermeulen

Chair: Clayton Scott

Nonparametric density estimation is a classic problem in statistics. In the standard
estimation setting, when one has access to iid samples from an unknown distribution,
there exist several established and well-studied nonparametric density estimators. Yet
there remains interesting alternative settings which are less well-studied. This work
considers two such settings. First we consider the case where the data contains some
contamination, i.e. a portion of the data is not distributed according to the density we
would like to estimate. In this setting one would like an estimator which is robust to
the contaminating data. An approach to this was suggested in Kim and Scott (2012).
The estimator in that paper was analytically and experimentally shown to be robust,
but no consistency result was presented. In Chapter II it is demonstrated that this
estimator is indeed consistent for a class of convex losses. Chapter I1I introduces a new
robust kernel density estimator based on scaling and projection in Hilbert space. This
estimator is proven to be consistent and will converge to the true density provided
certain assumptions on the contaminating distribution. Its efficacy is demonstrated
experimentally by applying it to several datasets. Chapter IV considers a different

setting which can be thought of as nonparametric mixture modelling. Here one would



like to estimate multiple densities with access to groups of samples where each sample
in a group is known to be distributed according the same unknown density. Tight
identifiability bounds and a highly general algorithm for recovery of the densities are
presented for this setting.

Functional analysis is a unifying theme of these problems. Hilbert spaces in partic-

ular are used extensively for the construction of estimators and mathematical analysis.
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CHAPTER I

Introduction

There are two major thrusts of research presented in this thesis and they will be

introduced separately.

1.1 Kernel Density Estimation

Density estimation is one of the oldest problems in statistics. Given data one
would like to estimate its underlying distribution. Oftentimes the data is known to
come from a parametric class of distributions, such as the class Gaussian distributions.
In this case one simply needs to estimate the parameters of the distribution. When
the data come form a class which is too complicated to effectively model, or perhaps
wholly unknown distribution, one resorts to using a nonparametric density estimator.
There are several examples of such estimators, but arguably the most commonly used
estimator is the kernel density estimator. The estimator is as follows. Let f : R? — R
be a pdf and Xi,..., X, be iid samples from f. Let k, (z,2’) be a radial smoothing
kernel of the form k, (z,2') = 0% ||z — 2’|, /o) for some function ¢ > 0 such that

q (||||2) is a pdf on R?. Then



is the well-known kernel density estimator (KDE) (Silverman (1986), Scott (1992),
Devroye and Lugosi (2001)).

This estimator has many desirable properties. Foremost it is universally consis-
tent. If we allow n — oo and o — 0 with a rate satisfying no? — oo then we have
that Hf — f;‘” 2 0 in both the 1 and 2 norms Devroye and Lugosi (2001). With more
restrictive assumptions on the kernel, density f, and rate on ¢ the consistency extends
further to the oo norm Giné and Guillou (2002). The KDE also avoids boundary is-
sues associated with another popular nonparametric density estimator, the histogram
Silverman (1986).

One issue with kernel density estimators is a lack of robustness. This work contains
two major contributions to the problem of robust kernel density estimation. The first
contribution is proving the consistency of a previously proposed robust kernel density

estimator.

1.1.1 Consistency of The Robust Kernel Density Estimator

In Kim and Scott (2012) the authors suggest a modification of the KDE to in-
duce robustness. In order to construct this estimator we additionally assume that
ko is positive-semidefinite. Thus k, (z,2') = (@, (v), P, (2')),, , where H, is the
reproducing kernel Hilbert space (RKHS) associated with k, (Aronszajn, 1950), and
®, (x) := k, (-,x) is the canonical feature map (Steinwart and Christmann, 2008).
Some kernels satisfying these properties include the multivariate Gaussian, Laplacian,
and Student kernels.

With this notation, the KDE may be written as
-tye.x)
o — n L o i)

the mean of the mapped data. The sample mean is easily shown to be the unique



solution of a least squares problem

_ 1l
J3 = argmin = [lg — @, (Xo)[3,, -

9eHs T

Replacing the squared loss with a robust loss p, yields a robust kernel density estima-

tor:

gE€EHs

Iz Zargmin%Zp(Hg—@a (Xi)llag,) - (1.1)
=1

This construction was first introduced by Kim and Scott (2012) where they established
several properties including a representer theorem, a convergent iterative algorithm,

and the influence function. The representer theorem states that
n
1= ad, (X)),
i=1

where a; > 0 and > [ a; = 1.
In this work we will establish consistency of the RKDE in the L! norm for a class

of convex losses.

1.1.2 Related Work

The consistency of kernel density estimators has been established under the L!
norm with very weak assumptions on distribution and kernel (Devroye and Lugosi,
2001). Necessary conditions on n and o for L' consistency of the KDE are n — oo
with ¢ — 0 and rate on bandwidth no? — co. Sup-norm consistency has also been
established for a less general class of kernels and densities requiring more restrictive
regularity conditions (Silverman (1978), Stute (1982), Einmahl and Mason (2000),
Deheuvels (2000), Giné and Guillou (2002), Gine et al. (2004), Wied and Weissbach
(2012)).



Consistency proofs tend to proceed by decomposing the error into a stochastic

estimation error and a non-stochastic approximation error, namely

Y

75—l <Nz =fll+ =1

Where f, = [k, (-,z) f (z)dz = [ @, (x) f (z)dz. The right summand is shown to
go to zero analytically and the left summand is shown to go to zero with techniques
from empirical process theory. We will show a simple proof of the consistency of the
KDE using this decomposition and Bennett’s inequality for Hilbert space to control
the stochastic term. However, this decomposition is less fruitful for the RKDE, for
which f, does not have a closed form expression (see Section 5.1). Instead, we use
a completely different technique by investigating the convergent iterative algorithm

used to compute the RKDE in Kim and Scott (2012).

1.1.3 Scale and Project Kernel Density Estimator

In Chapter III we introduce a new robust kernel density estimator. We consider
the situation where most observations come from a target density f;,. but some
observations are drawn from a contaminating density f.,,, so our observed samples
come from the density fops = (1 — €) fiar + € feon- It is not known which component a
given observation comes from. When considering this scenario in the infinite sample
setting we would like to construct some transform that, when applied to fus, yields
fiar- We introduce a new formalism to describe transformations that “decontaminate”
fobs under sufficient conditions on f,,. and f..,. We focus on a specific nonparametric
condition on fi,, and f.,, that reflects the intuition that the contamination manifests
in low density regions of fi,.. In the finite sample setting, we seek a nonparametric
density estimator that converges to f;,, asymptotically. Thus, we construct a weighted

KDE where the kernel weights are lower in low density regions and higher in high



density regions. To do this we multiply the standard KDE by a real value greater than
one (scale) and then find the closest pdf to the scaled KDE in the L? norm (project),
resulting in a scaled and projected kernel density estimator (SPKDE). Because the
squared L? norm penalizes point-wise differences between functions quadratically,
this causes the SPKDE to draw weight from the low density areas of the KDE and
move it to high density areas to get a more uniform difference to the scaled KDE.
The asymptotic limit of the SPKDE is a scaled and shifted version of f,. Given
our proposed sufficient conditions on f;,. and f.,,, the SPKDE can asymptotically
recover fiq.

In this work we present a new formalism for nonparametric density estimation,
necessary and sufficient conditions for decontamination, the construction of the SP-
KDE, and a proof of consistency. We also include experimental results applying the
algorithm to benchmark datasets with comparisons to the RKDE, traditional KDE,
and an alternative robust KDE implementation. Many of our results and proof tech-

niques are novel in KDE literature.

1.2 Nonparametric Mixture Models

Chapter IV addresses a different sort of problem which is related to mixture mod-
elling. A finite mixture model & is a probability measure over a space of probability
measures where & ({p;}) = w; > 0 for some finite collection of probability measures
Py s fln and >0 w; = 1. A realization from this mixture model first randomly
selects some mixture component p ~ & and then draws from pu. Mixture models
have seen extensive use in statistics and machine learning.

A central theoretical question concerning mixture models is that of identifiability.
A mixture model is said to be identifiable if there is no other mixture model that
defines the same distribution over the observed data. Classically mixture models

were concerned with the case where the observed data Xi, Xo,... are iid with X



distributed according to some unobserved random measure p; with u; % 2. This
situation is equivalent to X; & Z;n:l w;p;.  If we impose no restrictions on the
mixture components fy, ..., ft,, one could easily concoct many choices of p; and w;
which yield an identical distribution on X;. Because of this, most previous work
on identifiability assumes some sort of structure on p1, ..., f,,, such as Gaussianity
Anderson et al. (2014); Bruni and Koch (1985); Yakowitz and Spragins (1968). In
this work we consider an alternative scenario where we make no assumptions on
W1, ..., My and instead have access to groups of samples that are known to come
from the same component. We will call these groups of samples “random groups.”
Mathematically a random group is a random element X; where X; = (X;1,...,X;,)

. id
with Xi,h ce 7Xi,n ~

i and Y.

In this setting identifiability is now concerned with the distribution over X; and
the value of n, the number of samples in each random group. We call a mixture of
measures & n-identifiable if it is the simplest mixture model (in terms of number of
mixture components) that yields the observed distribution on X;. We also introduce a
concept which is stronger than identifiability. We call &2 n-determined if it is the only
mixture model that yields the observed distribution on X;. In this work we show that
every mixture model with m components is (2m — 1)-identifiable and 2m-determined.
Furthermore we show that any mixture model with linearly independent components
is 3-identifiable and 4-determined. We also show that a mixture model with jointly
irreducible components is 2-determined. These results hold for any mixture model
over any space and cannot be improved. Finally, using these results, we demonstrate
some new and old results on the identifiability of multinomial mixture models.

We also include algorithms for the recovery of the mixture components culmi-
nating in a algorithm for the recovery of mixtures of categorical distributions with

m arbitrary mixture components provided 2m — 1 samples per group. We include

experimental results showing that this algorithm does indeed recover the mixture



components from data.

1.2.1 Previous Work

In classical mixture model theory identifiability is achieved by making assumptions
about the mixture components. Some assumptions which yield identifiability are
Gaussian or binomial mixture components Bruni and Koch (1985); Teicher (1963).
If one makes no assumptions on the mixture components then one must leverage some
other type of structure in order to achieve identifiability. An example of such structure
exists in the context of multiview models. In a multiview model samples have the
form X; = (X;1,...,X;,) and the distribution of X; is defined by > 1" w; H;;l Mf
In Allman et al. (2009) it was shown that if u} are probability distributions on R with
,u{, ..., 12 linearly independent for all j and n > 3, then the model is identifiable.

The setting which we investigate is a special case of the multiview model where
,ug = pjl for all 7,j,j'. If the sample space of the p; is finite then this problem is
exactly the topic modelling problem with a finite number of topics and one topic for
each document. In topic modelling each p; is a “topic” and the sample space is a
finite collection of words. This setting is well studied and it has been shown that one
can recover the true topics provided certain assumptions on the topics Allman et al.
(2009); Anandkumar et al. (2014); Arora et al. (2012). This problem was studied
for arbitrary topics in Rabani et al. (2014). In this paper the authors introduce an
algorithm that recovers any mixture of m topics provided 2m—1 words per document.
They also show, in a result analogous to our own, that this 2m — 1 value cannot be
improved. Our proof techniques are quite different than those used in Rabani et al.
(2014), hold for arbitrary sample spaces, and are less complex. Additional connections

to previous work are given in Chapter IV.



CHAPTER II

Consistency of Robust Kernel Density Estimators

In this chapter we present a proof of the consistency of the robust kernel density
estimator (RKDE) described in Kim and Scott (2012). First we will introduce the
statistical setting for the estimator and quickly review the classic kernel density es-
timator (KDE). Next we demonstrate a new proof of the consistency of the KDE.
Components of this proof will be useful for proving the consistency of the RKDE. Af-
ter this we introduce the RKDE and a few results from Kim and Scott (2012). Then
we will prove the consistency of the RKDE. For readability many of the lemmas will
only include proof sketches and full proofs can be found at the end of the chapter.

Let f: RY — R be a pdf and X1, ..., X, beiid samples from f. Let k, (x,2) be a
radial smoothing kernel of the form k, (z,2") = 0% (||x — 2||, /o) for some function

q > 0 such that ¢ (||-]|,) is a pdf on R%. Then
. 1 <&
=03 ke ()
i=1

is the well-known KDE (Silverman (1986), Scott (1992), Devroye and Lugosi (2001)).
We will additionally assume that k, is positive semi-definite. Thus k, (z,2') =
(@o (), Py ('), where H, is the reproducing kernel Hilbert space (RKHS) as-
sociated with k, (Aronszajn, 1950), and ®, () := k, (-, x) is the canonical feature

map (Steinwart and Christmann, 2008). With this notation we have that the KDE



can be represented as

fi =S e, (x).
=1

Using basic techniques from calculus of variations it is straightforward to show that

the KDE is equal to the minimizer of a least squares problem

B 1 n )
"= min — — o, (X; .
fs arggela n ;1 lg ( )HHU

By replacing the squared loss with a robust loss p we arrive at the RKDE from Kim
and Scott (2012)

SR
arg min — ;p (lg = ®o (X)ly,) -

Note that for radial kernels we have

1®5 @)y, =10~ (|l — 2]l, /o)
=\/q(0)o~ "

which does not depend on z. Because of this, we will abuse notation slightly and let
1965, = |6 (2)]l4, - Note that as o — 0, ||®,]l,, grows without bound, a fact we
will use frequently. Throughout this chapter ¢ will implicitly be a function of n, such
that o — 0 as n — co. We will use f7' to denote the RKDE for a general loss p and

£ to denote the special case corresponding to p(-) = (-)°, i.e. the classic KDE.



2.1 Novel KDE Consistency Proof

First we will introduce a construction that will be used frequently throughout the

chapter:
D, = {/ @U(x)dy(x)‘u is a probability measure} :

Note that this and all Hilbert space valued integrals are Bochner integrals; see Stein-
wart and Christmann (2008) for a basic introduction to Bochner integrals. For this
chapter these integrals can be thought of as the convolution of the kernel with a mea-
sure. This in turn implies that all elements of D, are pdfs. In fact all of the density
estimators in this chapter will be an element of some D, .

We will now present a novel proof of L' consistency of the kernel density estimator.
Theorem IL.1. If n — oo and o — 0 with no® — oo then || f2 — f||, 50.

Proof. Let f, = Ex.s[®, (X)]. By the triangle inequality we have
17 =72l < 1 = Folly + 175 = ol

The left term in the sum goes to zero by elementary analysis (Devroye and Lugost,
2001). We only need to show that Hf;‘ - ﬁ,”l % 0. First we show convergence in the
RKHS.

Lemma 11.2. Let ¢ > 0. For sufficiently small o,

2

" - ne
P (|77~ Foll, =) < P{‘W}

Therefore if n — oo and o — 0 with no® — oo, then Hff; — ngH 0.

10



Proof Sketch. Observe that

n

% Z CI)U (Xz)

1

E[f;] =E = Ex~y [P (X)] = fo

This fact combined with Bennett’s inequality for Hilbert space yields the inequality
in the lemma, after some trivial manipulations. The second part of the lemma is a

simple consequence of the inequality. O

The previous lemma follows from Bennett’s inequality for Hilbert space, but Ho-
effding’s or Bernstein’s inequality for Hilbert space would also suffice (Pinelis, 1994).
For other examples of simple proofs using concentration inequalities see Caponnetto
and Vito (2007) and Bauer et al. (2007). The next lemma allows us to bound L'

norms over sets of finite Lebesgue measure. Let A denote Lebesgue measure.

Lemma I1.3. Let S € R? be a set with finite Lebesque measure and g € H,. Then
[ 9@z < 2/XS) gl
5

Proof Sketch. We will present a proof for the situation where g > 0. For the general

case we can split the following integral into two parts corresponding to the subsets of

11



S where g is positive and g is negative. We have,

2 2

[o@iz) = [ @ (@).a, ds

S S

Ho

s
://@a (2), Do (a))y, dada’[|g]5,,
s s

/ by (2,2) dada ],
S

—_

2
dx HQHHG

I
>

() lgll5., -

]

For pdfs embedded in RKHSs, Lemma II.3 allows us to show that H, convergence

implies L' convergence.

Lemma I1.4. Let f : RY — R be a pdf and g" and h? be sequences of (possibly
random) densities in a sequence of spaces D, (again o is implicitly a function of n).

If llgn = fll, 0 and ||g2 — h2|ly, 0 then |lg7 — hZ|l, 20 .

Proof Sketch. Define B (y,r) to be the open ball centered at y with radius r and xg
to be the indicator function on the set S. Let ¢ > 0. Choose r large enough that

fB(O ne J (x) dx < £/3 (this is possible by Lemma II.11 in Section 2.3). Since B (0, )

12



and B (0,7) partition R? we have

I = 51 = | (95 = 1) (xeon + xmone )|

(2.1)

= [1tgz = 12 xmom l, + || (52 = b2 Xz

The left summand goes to zero in probability by Lemma II.3 so it becomes bounded

by €/3 with probability going to one. Since H(f—g;‘) XB(0,r)¢

|

them are converging to have the same amount of mass in B (0,r), their mass in

‘ 1 ‘

becomes bounded by /3 with probability going to one. Thus the right
1

20 we have
1

9o X B(0,)C TS HfXB(O el < €/3. Since ¢ and h! are densities and both of
T lh T

B (0,7)° must also be converging. This means

|

summand of (2.1) becomes bounded by 2¢/3 with high probability. Putting these

n n p
haX B(o.r)© 9o X B(0,r)C 1’ — 0 s0

hZXB(O,r)C

results together we have ||g? — hl||, < e with probability going to one.

]

The previous lemma is a bit more general than is necessary for the current theorem,
but it will be handy later. In this case g7 in the last lemma is replaced by f, and h”

is replaced with f7 thus completing our proof of Theorem II.1. O

It is worth noting that Lemma II.2 also implies consistency with respect to L2
and L norms, assuming suitable conditions ensuring that the approximation error
goes to zero. L* consistency is implied as long as k, (-,z) € L* (RY) for all z € R?,
(in particular, k, need not be a reproducing kernel) because Lemma I1.2 holds for

general Hilbert spaces. L™ consistency follows from the Cauchy-Schwarz inequality,

o () = fo ()] =[{@0 (), [7 = Fo )|

<N @oll, 15 = Folly, -
Unfortunately the |[®,||,, term in the last line yields a suboptimal rate on the band-

13



width, no?? — co.

2.2 RKDE Consistency

We begin by reviewing some results about the RKDE.

2.2.1 Previous Results

Before we prove consistency of the RKDE, we will introduce some additional
technical background on the RKDE from Kim and Scott (2012). First we will define
some properties p may have. Let p : [0,00) — [0,00), ¥ £ o/, and ¢ (x) 2 () /z.
Consider the following properties:

B1) p is strictly convex
B2) p is strictly increasing, p(0) = 0 and p(x)/z — 0 as z — 0
B4) ¢ is bounded

(
(
(
(
(B5) p” exists and is nonincreasing on (0, 00)
(

)
)
B3) ¢(0) := lim, o @ exists and is finite
) ¥
)
) ¢

B6) ¢ is nonincreasing.

Some examples of losses satisfying all of these properties are p () = Vi +1-1,
p(z) = xarctan (x), and p () = z—log (1 + ). It is easy to show that property (B1)
guarantees the existence and uniqueness of f2 (Kim and Scott, 2012). Let f be a pdf
and Xq,---, X, be iid samples from f. Let J” (-) be the empirical risk introduced in

(1.1). Taking the Gateaux derivative of the risk gives us
0.7 (g; h) < Zs@ 195 (Xi) = glly,) (@6 (Xi) = 9), h>
Ho

If (B2) and (B3) are satisfied then a necessary condition for ¢ = f7 is that the
Gateaux derivative at g is 0 for all directions h, which is equivalent to left term in the

inner product being 0 (Lemma 1 Kim and Scott (2012)). A straightforward algebraic

14



manipulation of the last condition gives us

Z?@ (||¢’a (Xi) — 9”%[,) Dy (X5) _
1o (195 (X5) = glly,,)

With this in mind we introduce the following functional,

o _ wi v e (1Ps(2) = gllyy,) Polw)dpn ()
B o = Ho g 2 Bol0) = 0 00, 0) = 9lhe) dbn(®)

= i (9) ko (- X5)

where

_ ¥ (HCI)U(XZ') - 9”7—[0)
e (190(X5) = glly,)

@; (g)

and p, is the empirical measure corresponding to the sample. This function is the
Iterated Reweighted Least Squares algorithm (IRWLS) from Kim and Scott (2012),
which is used to compute the RKDE in practice. From Corollary 6 in Kim and Scott
(2012) it is easy to show that if (B1), (B2), (B3), (B5), and (B6) are satisfied (note
that (B4) is used later), the sequence {R! (0), R? (R (0)),...} converges in H, to

~, which is the unique fixed point of R}.

2.2.2 Consistency Theorem and Proof

Theorem IL5. Let f € L* (RY) and let p satisfy (B1)-(B6). If no® — oo and o — 0

as n — oo then || f? — f|l, 20.

We know that 1 is bounded by (B4). In the proofs that follow it will be assumed,
for simplicity, that sup, ¢ (x) = 1. Note that any loss with bounded v can be adapted
such that sup, ¢ (x) = 1. This is done by dividing p by sup, ¥ (z) and does not affect

the RKDE. The longer and more technical proof sketches are contained in a subsection
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after this one.
The following lemma helps us establish the behavior of elements in D, with large

norms.
Lemma I1.6. For all g € D,, HgHiU <19l -

Proof. By the definition of D,, let g = [ ®,(z)dv(z), where v is a probability mea-

sure.

912, = (9. 9}, = < / <1>a<x>dv<x>,g>m = [(@ole).gh, vl
~ [ s@ivia) < [ gl dviz) = g]...

O

This lemma allows us to show that an element in D, with large norm will have
most of its mass concentrated around one point. An element of D, having most of the
mass around one point causes its general risk to be large. The Vapnik-Chervonenkis
inequality allows us to show that all such elements will, with high probability, have

high empirical risk.

Lemma I1.7. If 0 — 0 and n — oo then P (Hf;‘”ig > 5 H@UHZU) — 0.

The constant % was chosen simply for convenience, it could be replaced with any
positive value less than one.

The following result will be used to prove Lemma I1.9 and Theorem II.5.
Lemma IL8. | f, |, < Ifl,-

Proof. Using the Cauchy-Schwarz inequality and Young’s inequality (Devroye and

16



Lugosi, 2001) we have

I, = { [ setoris | ore.iar)
:/f(m) <<I>a(x),/f(y)(pa(y)dy>HU A
/f (x)dz

= (f, [ ko),
< AN 1 Kol
< AU 1N 1Ko 1y
=If1l5-

]

Lemma I1.7 shows that f7" is, with high probability, in a ball of radius y /55 [|®s 4. -

Lemma II.9 shows that, on that ball, R} is a contraction mapping.

Lemma II.9. Let n — oo, 0 — 0, and no? — co. There exists Cg such that, with
probability going to one, the restriction of R} to By, (0, \/ 1% ||(I>U||HJ> is Lipschitz

continuous with Lipschitz constant Cg ||<I)a||7_.[1
This lemma is the final key to proving Theorem IL.5.

Proof of Theorem I1.5. Using the triangle inequality we get
1= £ <= Flly + 1 = 221

We know the left term of the summand goes to zero in probability by Theorem II.1,
so it is sufficient to show that the right summand goes to zero in probability. By

Lemma I1.4 it is sufficient to show that H fo— ff;HH goes to zero in probability.

17



Notice that R?(0) = f7 and recall R? (f?) = f7. Using Lemma IL.7 and I11.9, with

probability going to 1, the following holds

175 = 2, = 1 R2(0) = RE (£2) s,

< 1£2 = Ollge, @6l Cr

9 -1
</ 19 1®olla, I1®slly, Cr
9
=4/ ECR'
Since || f2 — fUHH 20 and HfoHH < ||flly < oo (by Lemma IL.8), for arbitrary

s > 0 we have Hf;“HH < ||flly + s with probability going to one. Applying the

contraction mapping steps again we get, with probability going to 1, that

£z = £l = I1REO) = RE (S,
< |1£7 = Ollag, 1% ll5, Cr

< (115 =l + 1720, ) 12l

9 _
< <\/ 1_OOR + [ fll; + 3) H(I)aHH(l, Ckr.

The last line goes to zero as 0 — 0, completing our proof. O

2.2.3 Proof Sketches

Proof Sketch of Lemma I1.7. We know that f' € D,, so to prove this lemma we will
show that as n — oo and ¢ — 0, all vectors in D, with H,-norm greater than or
equal to /15 [|®ol;, will have empirical risk greater than the zero vector. Define

J? : H, — R as the empirical risk function

I () = %Zp (126 (X:) = glly,) -

18



Let g} be the minimizer of J)' when restricted to vectors in D, with H,-norm greater
than or equal to \/% |55, - By Lemma II.6 there must exist #* such that g7 (%) >
2|0, ||§{U, this causes most of of the mass of g7 to reside near 2*. It is possible to show
that, given any r > 0 and & > 0, for sufficiently small o, that sup,c g, o g5 (2) <

% H@aﬂia + ¢. As n gets large, JJ' becomes well approximated by J, where

I2(0) = [ o (100 (2) = gll,) f (2)da 22)

We will substitute J, for J” (in the formal proof we work with J” and invoke the
VC inequality to relate it to the population risk). Since p is increasing, the following

holds for sufficiently small o,

J, (g7) > / 0 (10 (2) = g%l () da

B(z* )¢

> D2 —2(gn, n|2 d

> P\ 1Pl —2(98. o (2))yy, + lgill5, ) f(2)da
B(z* )¢

> o, 02 —2 (2|5, |2 n||2 d
> p A IPoll5, 50 1®alla, + ) +llgzlly, | f () da.
B(x*,r)o

Since ¢ can be set to be arbitrarily small and Hg?”?_ld > % HCDUH;U the last term has

an approximate lower bound of

6 9
> @0. 2 o @U 2 - @U 2
~ / P (\/H H'HU 20 H HHU + 10 H H’Ho. f(x) da:

B(z* )¢

> (ucbau% \/% wt [ f@d

B(y,r)°

19



Finally 7 can be chosen to be sufficiently small so that inf, [ Byr)© f (z) dz is arbi-

trarily close to one. Thus as n — co and o — 0, with probability going to one

non 32
JO' (gcr> Z P (H(I)UH’HU %) .

Now, notice that

n

7 (0) = %ZP (I1©5 (X:) = 0]l

1

= (I1®all,) -

It then follows that, with probability going to one, JZ (¢7) > J» (0). O

(e

Proof Sketch of Lemma I1.9. Let g, h € By, (O, \/ 5 H(bO'H’HO_)- We have

175 (9) = By (W)l

J o (126 (2) = glly,) @ (2) dpin () [ 0 (|6 (2) = hlly,, ) P (2) dpn (2)
Jo (19 () — glly, ) dpn (v) Jo (195 () = hlly, ) dpn ()

(2.3)

Note that all integrals are over the same measure. Consider the situation if the

integrals were evaluated at one point, we have that

¢ (125 () = glly,) @ (120 (2) = Ally,,)

¢ (125 (W) = 9glla,) @ (196 (y) = hlly,)
N

o (125 (v) = gll,) @ (126 () = Rlly, ) ‘

20



where

N = (1 (x) = glly,) @ (12 (v) = Rllyy,) - -

= ¢ (196 (2) = hlly,, ) ¢ (125 (4) = gllay,) -

We will now find a lower bound on the denominator. Note that since g and A live in
B, (o, 1%, \/%) that ||y (y) — g5, and | @, (y) — gll,,. grow without bound
as 0 — 0. Since p is convex 1 must be increasing and since ¢ has a supremum of
1, ¥ (2) is well approximated by 1 for large z. Thus we have, for small ¢ that the
denominator is well approximated as follows

o, (y) — D, (y)—h
o (1% ) = sl (12 () — i) =0 =) LB ) Ll

1

N2o () — gl 126 () — Bl
1

>
= 2
I3, (1+/9/10)

-2
=Cp [|Pslly,

—2
where Cp = (1 + \/9/10> . We will now find an upper bound on the numerator.

By the triangle inequality

o (119 () = gllo,. ) ¢ (195 (1) = hlly,.) -
=@ (12 (&) = hlly,,) @ (120 (4) = gll3,,)|

< [ (12 () = glla, ) (190 () = hll,) -
— o (195 () = gllyy,) @ (1P () = gllyy, )| ---
+ | (120 () = glla,) # (126 () = glla,) - -

— 0 (195 (2) = Ally.) @ (10 () = gll.) .
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Consider the second summand,

o (196 (2) = gl ) © (190 () = gll5,) - (2.5)
— ¢ ([|P6 (2) = hlly.) @ (195 () — gll3,) |
=0 (125 () = glly,) @ (1Ps () = glly.) = @ (2o (y) = hlly, )]

o (120 () = gllz.) — @ (120 () = hll;,)]

1
<
o H(DU (y) - g“’HU
1

<
1@ll, (1= /%)

Just as ¢ (z) becomes well approximated by - L for large 2, ¢’ (2) becomes well approx-

o (120 () = gllyr.) — @ (10 () — Rl |.

imated by — L. Using this it can be shown that there exists C, > 0 such that, for suffi-

ciently small o, ¢ (|[®, (y) — - [l5, ) is Lipschitz continuous on By, (O, \/ 16 ||(I>(,||Hg>

with Lipschitz constant H‘I)qu_{i Cr. Now we have

|0 (125 (2) = gllas,) = ¢ (190 (@) = hllz, )| < llg = Pl 19615 Cr.

It now follows that (2.5) is less than or equal to ||<I>U||7_{i Cy for some Cy > 0. Return-

f 2||®o ”7.[ Cn Hq) HH1 2Cn

ing to (2.4), we can now show that it has an upper bound o 15,120 T

This generally describes the behavior of the values found in (2.3). To take care of the
[ ®, (x) du, (z) terms, note that by Theorem I1.1 || [ @, () dp, (2) fUHH 50 if

no? — co. By Lemma IL.8, HfUHHU <\ fllyso || f @0 (2) dpta (2 becomes bounded

)|,

with high probability, thus completing our proof sketch. O]

2.3 Proofs of Lemmas

For convenience the proofs have been split up into two subsections, one for proofs

from the KDE section and the other for proofs from the RKDE section.
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2.3.1 KDE Consistency Proofs

The following lemma is a Hilbert space version of Bennett’s inequality (Smale and

Zhou, 2007) and will be used in the proof of Lemma II.2.

Lemma I1.10. Let ‘H be a Hilbert space and {&}", be m (m < oo) independent
random variables with values in H. Also, assume that for each i, ||&|ly < B < o0

almost surely. Let 6* = > F[||&]13,]. Then

B
( ZE) Sexp{—%log(1+m52€)},‘v’5>0.

Proof of Lemma 11.2. We will apply Lemma II.10. From the lemma statement let

1 m
m 26

H

& = O,(X;) and m = n yielding, for all ¢ > 0

7 ne n Py, €
P72 = Folly, 2 ) Sexp {1 tog 14 2ol
||fo’ f ”HU—S _eXp{ 2 1%l 0g< + TL||(I>J||§{
ne g
= — 1 —— ).
eXp{ 2@, ][5, Og( HMHU)}

As o0 — 0 then 1+ m — 1 so for sufficiently small o

log (1 + c ) > c
1ol /)~ 201Polly,

and

2
10y 2 <o)
| b 4|7,

which goes to zero as — 00, or equivalently no? — co. So Hf? - fUHHG 0.

_n__
2
1013,

]
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Proof of Lemma I1.3. Let ST = {s|s € S,g(s) > 0} and S~ = 5\ ST. We have

[lstde= [ gas+ [ g
S

S+t S—

— [0 @)y, do+ [ (~g.0a()y, o

St S-
= <g,/(I>J(:B)d:U> + <—g,/<bg(x’)dx'>
S+ Ho S Ho
< llglly, L/@U(x)dx + L/ ®, (' )da' (2.6)
+ Ho - Ho
Now consider
2
L/ O, (z)dx|| = </<I>U(x)d:p,/@(,(x')dx'>
+ Ho 'S+ S+ Ho

_ / / (o (), o (1)) did’
St S+

= //ka (x,2") deda’
St S+

< /1dm'
S+

= A(ST)

and a similar result can be shown for S~. Plugging back into (2.6) we get
[ 1@l ds < lgl, (VAG) + VATS)
s
< [lglly, 2V A (S)-
[
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Lemma II.11. Let f be a pdf, € > 0, and y € RY. There exists v > 0 such that

/ flz)de > 1—e.
B(yr)

or equivalently
/ f(z)dx < e.
B(y,r)©
Proof. We will prove the second statement. Consider the following, where ¢ € N,
/ f(z)dz = /XB(y,i)C (x) f (z) dz.
B(y,i)®

Clearly as 1 — o0, XB(y,i)Cf — 0 pointwise. Since XB(y,i)Cf is dominated by f,
fXB(y,i)C (z) f (x)dx — [0dx = 0 by the dominated convergence theorem. Thus

there exists n € N where fB(y e S (x)dzx < e. O

Proof of Lemma I1.4. Let € > 0; by Lemma II.11 let » > 0 such that HfXB(OJ“)CH1 <

¢/3. From Lemma I1.3 we have

(g2 = h)xBon]|, =0.
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Since ||g? — f|l;, 20, we have chrrLXB(OW)H1 TN HfXB(Oﬂ")Hv and therefore

lexaonell, = [xsonell| = [ = Ixmonll) = 0= I fxsanll)
= | xmnll, = ool
< ||(h = ) xBon |,
< ||(h2 = g2 xBon ||, + (92 = £) xBon]l;
50.
Thus, {[Agx g0, |, 2 |7x50me - since | fxsonell, < 2/3, we have

P (||rex B0l > €5/12) — 0. (2.7)
Now to finish the proof,

P(||hy — g7, > )
=P (H(hZ - QSL)XB(O,T)H1 + H(hﬁ - 4,) XB(O,T)C”l > 5)

<P (H(hg - 4,) XB(O,r)Hl > 8/4) + P (||(h§ — g7 XB(07T)0H1 > 35/4)

We’ve already shown the left summand goes to zero, now we take care of the right

term

P (||(hy = g5) xBonel|, > 32/4)
<P (|[hexsonell, + lgexsonell, > 3¢/4)

<P (||hgxsonc|, = 5e/12) + P (|95 xs0omne], > </3)

The left summand goes to zero by (2.7). Since 9o X B0, — [ XB0.r)C

< ¢/3 and the
1

— 0 and
1

HfXB(O,r)C ) < 5, with probability going to one, we have

ggXB(O,r)C
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right summand goes to zero. This completes our proof. O]

2.3.2 RKDE Consistency Proofs

Lemma I1.12. Let f : RY — R be a pdf. For all € > 0, there exists s > 0 such that

fB(Z 5) f(z)de <e forall z € R?.

Proof. We will proceed by contradiction. Let {z;}° be a sequence in R? such that
Il Blas1/i) f(z)dx > e. Clearly the sequence must be bounded or else f would not
be a pdf. Let x;, be a convergent subsequence and let z’ be its limit. Let {r;}"
be a sequence in R* converging to zero with B (z;,,1/i;) C B(2/,r;). So we have

fB(x, ) f(z)dz > ¢, for all j. We know

[ t@rde = [xneey @) f ) ds
)

B(a/,rj

and fXB(r;) — 0 pointwise. Since fXp(r,,) is dominated by f, the dominated

convergence theorem yields

im [ f@de =l [ @) xnerry (o) da
j—00 j—o0
B(a!,rj)
= / lim £ (2) Xy () do
= /Od:c
=0
but [y, vy (£) dz > £, a contradiction. O

Corollary II1.13. Let f : R — R be a pdf with associated measure pi, € > 0 and

r > 0. There exists s > 0 such that for all z € R¢, u(B (z,r +s)\ B (z,r)) < €.

Proof. We will omit a full proof; the general strategy is the same as the previous

proof. Find a series of annuli with width decreasing to zero that have probability
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greater than . Next find a convergent subsequence of annuli centers, let its limit be
2’. Finally construct a series of annuli centered at 2’ with probability measure greater

than € and width going to zero and arrive at the same contradiction. ]
Lemma I1.14. Let s > 0. If o — 0 then 0% (s/c) — 0.

Proof. We will proceed by contradiction. Suppose o~% (s/0) does not converge to

zero, then there exists C' > 0 such that we can find arbitrarily small o satistying
o % (s/o) > C. (2.8)

It is well known that there exists Cj; such that the Lebesgue measure of a ball in R?
of radius r is Cygr?. Since ¢ is nonincreasing (Scovel et al., 2010) this along with (2.8)

implies that there exists arbitrarily small o satisfying

[ o allelyfo)dn = [ o ia(s/o)ds

B(0,s) B(0,s)

>CdeC

where the last term must be less than or equal to 1. Now, by Lemma II.11, there

exists r > 0 such that

CysC
[ allelyas= [ o talalyfmyde = 1- 4

B(0,r) B(0,ro)
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For sufficiently small o we have

1> / o~ (Jall, /o) dz

B(0,ro)
> [ ol od s [ ol o) de
B(0,ro) B(0,s)\B(0,ro)

CystC _
1= [ (el o) do

B(0,s)\B(0,ro)

Because ¢ is nonincreasing this is greater than or equal to

_ CdeC
2

1

+Cy <sd’ - (ra)d> o= (s/0) .

Aso — 0, Cy <sd - (ra)d> — Cys%, so by (2.8) we can find some o where the last

term is greater than or equal to

The last line is greater than 1, a contradiction.

Proof of Lemma I1.7. Let conv be the convex hull operator. Define

C
Q2 = conv (Py(X1), ..., 0,(X,)) () Br, (0, \/%\|<I>UIIHU> :

Clearly Q" C D, since @, (X;) is a density for all i. By the representer theorem in
Kim and Scott (2012), f € conv (P, (X1),...,P, (X,)). We also know that f7 is

the minimizer of J, where J? : H, — R is the empirical risk function

T =23 (18, ()~ gll,)
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From these facts if we can show
P(J;(0) < J}'(g),Vg € Qy) — 0

then we have proven the lemma.

Since Q7 is compact and J2' is continuous (Kim and Scott, 2012) the set

arg min J
g min J; (9)

contains at least one element. Let ¢} be an arbitrary minimizer of J' restricted to Q7.
Let i be the measure associated with f. From Lemma I1.12 we can choose r > 0 such

that p (B (z,7)) < for all z € R%. Choose s > 0 such that (B (x, 7+ s)o) > %,

16
for all x € R%. The previous statement is satisfied by finding s such that, for all z,
(B (z,r+s)\ B(z,r)) < 15, which is possible by Corollary 11.13. By Lemma II.6
we know there exists z* such that g7'(z*) > = H(I%Hia (z* is implicitly a function of

n). By the definition of Q7, let g7 = > " | 3P, (X;) with §; > 0 and > 7 5 = 1.

Since g (z*) > & ||<I>U||io and ¢ is nonincreasing we have

9
E Hq)a”i[a S ZB@ XZ,ZL‘

= Z BikU(Xi,ZL‘*) + Z 5ij(Xj7I*>

:X;€B(z*,r) j:X;€B(z*,r)¢
= Y Bk(Xuz)+ Y Bio Y (I1X -2, /o)
: X, €B(x*,r) j:X;€B(z*,r)¢

IN

Y. Bilel, +o (/o)

: X, €B(x*,r)

The last line is due to the fact ¢ must be nonincreasing (Scovel et al., 2010). From

Lemma, I1.14 we know that o~%¢(r/o) — 0 as ¢ — 0 , so for sufficiently small o we
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have

17
oo 120113, < Bill®s 13,
20

©:X;€B(x*,r)

and thus

17

— ;- 2.

20 < > B (2.9)
:X;€B(x*,r)

Again, since ¢ nonincreasing, for sufficiently small o

sup  gh(y) = sup ZﬁzaXl,y

yEB(z*,r+s)¢ yEB(a*,r+5)° 2

= sup Z Biks (Xi,y)

* C
yEB(z*,r+s) :X;€B(x*,r)

+ Z 5j <(I)U (y) ) (I)a (Xj>>7-[a

j:X;€B(z*,r)¢

<o lq(s/o)+ D Bl -

j:X;€B(z*,r)¢
From this, (2.9) and because o~%q(s/0) — 0 as ¢ — 0, for arbitrary ¢ > 0 we

have, for sufficiently small o,

" 3
) < e [0,
yeB(z*,r+s)¢

Recall that we assumed that sup, ¢ (x) = sup, p' () = 1 and p (0) = 0. Because p is
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strictly increasing, for sufficiently small o,

Iy (95) = ZP ||CI) _gaH’HU)

= (1)~ )

:X;€B(x*,r+s)

S (12— gill)

j:X;EB(z*,r+s)¢

Y a1 — 2l

J:X;€B(z*,r+s)C¢

1 5 5
Y p (Vo —2000) + Izl )

(z*,r+s)¢

1 2 3 2 9 2

E D, -2 =P, — || P,

n P (JH ||'Ha <20 || ||'HU +8> + 10 || ||Hu>
Jj:X;€B(z*,r+s)C¢

— o (Bl + 5)° (\/||<1> 2 )
Zil;lf,un<B(x r+s)° (\/H‘P ||H )

IV

<
ky>.<
m
o

v
I

Since p is strictly convex we know that 1 is strictly increasing. Because ¢ has a
supremum of 1 and is strictly increasing we know that for any 1 > ¢, > 0 there exists

by such that for all x > by, ¥(z) > 1 — e,. Then, for sufficiently small o,

]
HCDJHHU%—%

an@aui%—ze)— [ vww

0

2 32
195113, 55—2¢

/ W () dx
(1<) <\/ 1,15, 52— 22 - b¢> 2.10)
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For sufficiently small o we have

32 32
2
Il 2 oo a1y, 2 2

Since the complements of all open balls, in this case, all balls with radius r + s,

have a finite shattering dimension (Devroye and Lugosi, 2001), and by our choice
of r and s we know, with probability going to one, that inf, u, <B (x,r+ S)C) —
inf, p <B (x,7 + s)c) > (.8. Because of this for any eg > 0 we have, with probability
going to one, that inf, p, (B (x,r+ S)C) > 0.8 —ep. Since ‘é\/% > 1, we can choose
ey and ep such that (3 —ep) (1 —¢ey) \/gig > 1. Using these facts with (2.10) we

have, for sufficiently small o, with probability going to one

3 (95) = inf iy (B (z,7 + 3)0) (1—¢y) <\/||®U||;U g~ 2% b¢)

> <§ — 63) (1—eyp) (Hq’aﬂya \/3—(2) — 2 — bw)

> (195l -

Now consider

T2 0) =+ 3 p (120 (X) = 0l),)

=1

= (1%lly,)

[Pl

- / b (z) dz + p (0)

%0 I,
< / ldx

0

= [|Polly, -
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Soasn — oo and o — 0 we have
P (J7(g5) < J7(0)) — 0,

thus finishing the proof. O

Proof of Lemma I1.9. Let g,h € H, such that ||g||§{a < 2 ||<I>J||§{g and ||h||3_la <

2 ||(I)GH3-[U. Cross multiplication gives us

1525 (9) = By (W)l

(19 (2) = gllay,) Po(@)dpn(z) [ @ (IPo(a’) = hllyy, ) Po(a’)dpn(2')
o (12:(y) = gl ) din(y) o (19:(y) = hlly, ) dun(y’)
A
_ ' A
where

a=[ [ o012 @) = i) 0 @ ain )] | [ o000 6) =l don )]
[0 020 @) = bl 00 @i )] | [ 6122 ) = gl din )]

Ho

and

5= | [0 120~ Hhe) i) | [0 (10006) = gl ) )]

Note that A € H, and B € R™. We will now find a lower bound on B. As shown in

the proof for Lemma I1.7 there exists b > 0 such that ¢ (x) > 1/2 for all > b. By
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the reverse triangle inequality

126 (y") = hllag, = [I®ally, — 7l |

9
> (18, (1 -y 1—0>

which grows without bound as ¢ — 0. So for sufficiently small o

Y (124() = hlly,)

o (126 (y) = hllyy,) =

126 (y") — hlly,
S 1
— 2 ||q)a(y/) - hH’HU

. 1
2 ([1sl5, + lI7lls,)

1
> .
1@, 2 (1+ /%)

A similar result can be shown for ¢ ([|®4(y) — gl ), so there exists Cp > 0 such

that, for sufficiently small o,
B > ||, |32 Cs.
Now we will focus on A. To make the following manipulations simpler we will let

o (105 (2) = Kllyy,) = To (2, k) .
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A is equal to

[ 1w @] | [ 100 )] -
-t @] | [ 12 0.0 )]

:/{Tg (z,9) Po(z) {/ T, (/. h) dun(y’)}

) (o) | [ 72 (.9) oo dia0)

_ / B, (z)

— T, (x,h) [/ T, (y,9) dun(y)}

T, (z,9) UTU (', h) dun(y)}

dpin ()

_ / / () [T, (2, 9) Ty (5, h) — Ty (2, 1) T (5, 9)] dp ()t ().

We will now bound the inner term. Using the triangle inequality we have

T, (2,9) Ty (y,h) = T, (2,h) Ty, (y, 9)] (2.11)
<|T, (2,9) T5 (y, ) = T (2,9) Ty (y, 9)| + | T (2, 9) T (y, 9) — Tor (2, 1) Ty, (y, 9)|

=T, (2,9) [T, (y,h) = Ty (y,9)| + T» (v, 9) | T, (2, 9) = T, (2, h)].

We will bound the second summand in the last equality; a similar technique can

36



bound the first summand.

U ([|95(y) — gll20,)

¢ (|12:(y) — gll5.) =

195 (y) — glls,
_ 1
B cho'(y) - g“?-lg
1
<
= 1®ell, — gl |
1

< : (2.12)
9
[@lly, (1 /%)

A similar result can be shown for ¢ (|| @, () — gl )-

Consider z > ||, ||, (1 — ,/%), then

e = |(22)

REORIC
< R E

We will now analyze the behaviour of ', specifically, there exists sufficiently large r
such that ¢/ (z) < % for all x > r. We will proceed by contradiction. Suppose this
is not the case. Then there exist positive numbers ¢1,ts and t3 such that ¢’ (¢;) > tl

and tfj < % We know 7’ is nonincreasing by (B5) and nonnegative; we also know
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is bounded above by 1 so

t2

z/w'<x>dx+fw'<y>dy

t1

to — ¢ —
Sh=h t3 — o
B2 t3

b2 2
- 3

a contradiction. From this we have that for sufficiently large z,

2 () + [ ()] _ 2t 1
22 - 22
2
T2

Thus, for sufficiently small o, on the space[(l - \/1%> Dol ,oo>, ¢ is Lipschitz

-2
continuous with Lipschitz constant 2 <1 — ,/%) ||d>a||;i Therefore we have

| (126(2) = gll) — ¢ (|25 () = R])]

-2
9 _
< (120 (@) — gl — 190 (2) — By, |2 <1 - \/E) @, 52
)
<lg—nl 2 (112 @052
g g Ho 10 O'Hd'

Combining the last inequality with (2.12) we have that for sufficiently small o, (2.11)

is less than or equal to

-3
9 _
4llg =y, (1— m) Il
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Using this bound we can do the following. Let

T &[T, (x,9) T, (y, h) = T, (z,h) T, (y, 9)].

and
T & (T, (¢, 9) T, (y,h) = T, (', h) T, (', 9)].
and »
5 2 4llg bl (1— %) 19157
we have

2

1415, H// 2)Tdpn () dpin (y)
< / / ) 7d i () dpn (y / / ') 7' dpi (2 )dun(z/)>Ho
- / / / / 77 ( Qo (2), o (7)) 5y, dptn(Y)dptn (Y dpin () dpn ().

Since (®, (1), Ps(7))5, > 0 for all z,2’, for sufficiently small o, the last line is less

than or equal to

[ [ [ ]2 @) 000, diriin o)
// (")), dptn () dpin (2)

/@()%()2

:l‘f,

Ho

Returning to the original notation, this means, for sufficiently small o

-3

9 _

41, < | [ 200 o 4||g—h||%<1— E) 1,157
Ho
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From our proof of the consistency of the KDE we know that

[

and from Lemma II.8 HfJHHU < || flly so || J @o(z)dpu(

20

Ho

z)|| 5, is bounded by some
constant with probability going to one. Note that this is the only probabilistic step,
which does not depend on g or h, so the result holds over the whole ball in H,. So

there exists C'4 > 0 such that
-3
HAHHU <llg— hHHU ”CDJHHU Ca

with probability going to one (we can omit “for sufficiently small ¢” since ¢ — 0 as

n — o0). Finally we get with probability going to one as no? — oo

HAHH

B Cyl|®s H
o
Cp || P07

= llg = Alls, Crll®sll3, -

<llg -
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CHAPTER III

Robust Kernel Density Estimation by Scaling and

Projection in Hilbert Space

In this chapter we introduce a new type of robust kernel density estimator we
call the scale and project kernel density estimator. To do this we first introduce
and analyze general contamination models for nonparametric density estimation and
propose a contamination model for our estimator. Next we construct an estimator
and show that it will asymptotically approach the desired decontaminated density if
the assumptions of the contamination model are satisfied. Finally we demonstrate
that the estimator is effective, even when the contamination model is not satisfied,
by applying the algorithm to several datasets with varying amounts of contamination

and comparing its performance to other estimators.

3.1 Nonparametric Contamination Models and Decontami-
nation Procedures for Density Estimation

What assumptions are necessary and sufficient on a target and contaminating

density in order to theoretically recover the target density is a question that, to the

best of our knowledge, is completely unexplored in a nonparametric setting. We

will approach this problem in the infinite sample setting, where we know fu,s =
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(1 =€) fiar + € feon and g, but do not know fi4 or feon. To this end we introduce a new
formalism. Let D be the set of all pdfs on R?. We use the term contamination model
to refer to any subset V C D x D, i.e. a set of pairs (fiar, feon). Let Re : D — D be
a set of transformations on D indexed by € € [0,1). We say that R. decontaminates
V if for all (fiar, feon) € V and € € [0,1) we have R.((1 — €) fiar + €feon) = frar-

One may wonder whether there exists some set of contaminating densities, D,
and a transformation, R., such that R. decontaminates D X D.,,. In other words,
does there exist some set of contaminating densities for which we can recover any

target density? It turns out this is impossible if D.,, contains at least two elements.

Proposition II1.1. Let D.,, C D contain at least two elements. There does not exist

any transformation R. which decontaminates D X D.,,.

Proof. Let f € D and g,9' € Deyp, such that g # ¢g/. Let ¢ € (0,3). Clearly

frar & f(l_lzf?gg and fI = f(l_ffa);ag/ are both elements of D. Note that

(1 =€) fiar + eg = (1— €>ft/ar +&g.

In order for R, to decontaminate D with respect to D,,,, we need

RE ((1 - 5>ftar + gg/) = ftar

and

R. ((1 - g)ft/ar + Eg) = ft/ar7
which is impossible since fior 7# fi,,- O

This proposition imposes significant limitations on what contamination models
can be decontaminated. For example, suppose we know that f.,, is Gaussian with
known covariance matrix and unknown mean. Proposition III.1 says we cannot design

R. so that it can decontaminate (1 — €) fior + € feon for all fi, € D. In other words,
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it is impossible to design an algorithm capable of removing Gaussian contamination
(for example) from arbitrary target densities. Furthermore, if R. decontaminates V
and V is fully nonparametric (i.e. for all f € D there exists some [ € D such that
(f,f") € V) then for each (fiar, feon) PAIT, feon must satisfy some properties which

depend on fig;.

3.1.1 Proposed Contamination Model

For a function f : RY — R let supp(f) denote the support of f. We introduce the

following contamination assumption:

Assumption (A). For the pair (fiar, feon), there exists u such that fe,(x) = u for

almost all (in the Lebesgue sense) z € supp(fir) and feon(z') < u for almost all
o' ¢ supp( frar)-

See Figure 3.1 for an example of a density satisfying this assumption. Because
feon must be uniform over the support of f;,,. a consequence of Assumption A is that
supp( fiar) has finite Lebesgue measure. Let V4 be the contamination model contain-
ing all pairs of densities which satisfy Assumption A. Note that U( frar foon)EVA frar 18
exactly all densities whose support has finite Lebesgue measure, which includes all
densities with compact support.

The uniformity assumption on f., is a common “noninformative” assumption
on the contamination. Furthermore, this assumption is supported by connections to
one-class classification. In that problem, only one class (corresponding to our fi,,.) is
observed for training, but the testing data is drawn from f,,, and must be classified.
The dominant paradigm for nonparametric one-class classification is to estimate a
level set of fi,, from the one observed training class Theiler and Cai (2003); Lanckriet
et al. (2003); Steinwart et al. (2005); Vert and Vert (2006); Sricharan and Hero (2011);
Schélkopf et al. (2001), and classify test data according to that level set. Yet level

sets only yield optimal classifiers (i.e. likelihood ratio tests) under the uniformity
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tar

Figure 3.1: Density with contamination satisfying Assumption A

assumption on f.,,, so that these methods are implicitly adopting this assumption.
Furthermore, a uniform contamination prior has been shown to optimize the worst-
case detection rate among all choices for the unknown contamination density El-Yaniv
and Nisenson (2007). Finally, our experiments demonstrate that the SPKDE works

well in practice, even when Assumption A is significantly violated.

3.1.2 Decontamination Procedure

Under Assumption A fi,, is present in fus and its shape is left unmodified (up
to a multiplicative factor) by fen. To recover fi,, it is necessary to first scale fus by

g = l—ie yielding

1

£
1—_5 ((1 - E)ftar + 5fcon) = ftar + 1—_€fcon'

After scaling we would like to slice off ;= feo,, from the bottom of fi. + 7= feon. This

transform is achieved by

max{07fta7‘+1i€fcan_a}7 (31)

where « is set such that (3.1) is a pdf (which in this case is achieved with a = r=).

We will now show that this transform is well defined in a general sense. Let f be a
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Original Density Scaled Density Shifted to pdf

Figure 3.2: Infinite sample SPKDE transform. Arrows indicate the area under the
line.

pdf and let

95, = Max {O’Bf () - a}

where the max is defined pointwise. The following lemma shows that it is possible
to slice off the bottom of any scaled pdf to get a transformed pdf and that the

transformed pdf is unique.
Lemma IIL.2. For fized 3 > 1 there exists a unique o > 0 such that ||gg ||, = 1.

Figure 3.2 demonstrates this transformation applied to a pdf. We define the
following transform RZ : D — D where R2(f) = max {=f(-) — o, 0} where o is
such that RA(f) is a pdf. The remaining mathematical proofs for this chapter are

deferred to Appendix A.
Proposition II1.3. R? decontaminates V4.

The proof of this proposition is an intermediate step for the proof for Theorem
II1.8. For any two subsets of V, V' C D x D, R. decontaminates } and V" iff R, decon-
taminates V| JV'. Because of this, every decontaminating transform has a maximal
set which it can decontaminate. Assumption A is both sufficient and necessary for

decontamination by R4, i.e. the set V4 is maximal.

Proposition I11.4. Let {(¢,¢')} € DxD and (q,q') ¢ Va. R? cannot decontaminate

{(¢. )}

45



3.1.3 Other Possible Contamination Models

The model described previously is just one of many possible models. An obvious
approach to robust kernel density estimation is to use an anomaly detection algorithm
and construct the KDE using only non-anomalous samples. We will investigate this
model under a couple of anomaly detection schemes and describe their properties.

One of the most common methods for anomaly detection is the level set method.
For a probability measure p this method attempts to find the set S with smallest
Lebesgue measure such that p(.S) is above some threshold, ¢, and declares samples
outside of that set as being anomalous. For a density f this is equivalent to finding
A such that f{zlf(x)Z/\} f(y)dy = t and declaring samples were f(X) < A as being
anomalous. Let X7,..., X, be iid samples from f,s. Using the level set method for
a robust KDE, we would construct a density fObS which is an estimate of f,,,. Next
we would select some threshold A > 0 and declare a sample, X;, as being anoma-
lous if fobS(Xi) < A. Finally we would construct a KDE using the non-anomalous
samples. Let x() be the indicator function. Applying this method in the infinite

sample situation, i.e. fos = fops, Would cause our non-anomalous samples to come

fobs (I)X{fobs (@)>2}
g

from the density p(z) = where 7 = [ x{r@)>af(y)dy. See Figure

3.3. Perfect recovery of fi,. using this method requires € fe,,(z) < fior(x) (1 — ) for
all x and that f.,, and fi,. have disjoint supports. The first assumption means that
this density estimator can only recover f;,, if it has a drop off on the boundary of
its support, whereas Assumption A only requires that f;,,. have finite support. See
the last diagram in Figure 3.3. Although these assumptions may be reasonable in
certain situations, we find them less palatable than Assumption A. We also evaluate
this approach experimentally later and find that it performs poorly.

Another approach based on anomaly detection would be to find the connected
components of f,,s and declare those that are, in some sense, small as being anoma-

lous. A “small” connected component may be one that integrates to a small value, or
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Figure 3.3: Infinite sample version of the level set rejection KDE
which has a small mode. Unfortunately this approach also assumes that f;.. and fe.,

have disjoint supports. There are also computational issues with this anomaly detec-
tion scheme; finding connected components, finding modes, and numerical integration
are computationally difficult.

To some degree, RZ actually achieves the objectives of the previous two robust
KDEs. For the first model, the R4 does indeed set those regions of the pdf that are
below some threshold to zero. For the second, if the magnitude of the level at which
we choose to slice off the bottom of the contaminated density is larger than the mode

of the anomalous component then the anomalous component will be eliminated.

3.2 Scaled Projection Kernel Density Estimator

Here we consider approximating RZ in a finite sample situation. Let f € L? (R?)
be a pdf and X1, ..., X,, be iid samples from f. Let k, (z, ") be a radial smoothing
kernel with bandwidth o such that k, (z,2') = 074 (||x — 2'||, /o), where ¢ (|-||,) €

L? (Rd) and is a pdf. The classic kernel density estimator is:
IS SN
o n - o I 1)

In practice ¢ is usually not known and Assumption A is violated. Because of this
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we will scale our density by # > 1 rather than ﬁ For a density f define

Qs(f) £ max {Bf (-) — a, 0},

where a = «(f) is set such that the RHS is a pdf.  can be used to tune robust-
ness with larger 8 corresponding to more robustness (setting § to all the following
transforms simply yields the KDE). Given a KDE we would ideally like to apply
Qs directly and search over a until max {ﬂf(’f () — a, O} integrates to 1. Such an
estimate requires multidimensional numerical integration and is not computationally
tractable. The SPKDE is an alternative approach that always yields a density and
manifests the transformed density in its asymptotic limit.

We now introduce the construction of the SPKDE. Let D be the convex hull
of ko (,X1),..., ks (-, X,,) (the space of weighted kernel density estimators). The

SPKDE is defined as

f;ﬁ = arggnellDl;lL Hﬁf; _9HL2’

which is guaranteed to have a unique minimizer since D7 is closed and convex and
we are projecting in a Hilbert space (Bauschke and Combettes (2011) Theorem 3.14).

If we represent f; in the form

Te= Y aiky (- X)),
1

then the minimization problem is a quadratic program over the vector a =

lai, ... ,an]T, with a restricted to the probabilistic simplex, A™. Let G be the Gram
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matrix of k, (-, X1),..., ks (-, X,,), that is

Gij = (kg (‘7 Xz) o (" Xj)>L2

= /k:g (, X;) ko (2, X;) dx.
Let 1 be the ones vector and b = Glg7 then the quadratic program is

min a’ Ga — 2b" a.
acA™

Since G is a Gram matrix, and therefore positive-semidefinite, this quadratic program
is convex. Furthermore, the integral defining G;; can be computed in closed form for

many kernels of interest. For example for the Gaussian kernel
2y~ 4 — ||z — ')
ko- (.CE,I/) = (27T0' ) 2 exXp 52 — Gij = k\/ig-(Xiyxj)7
o

and for the Cauchy kernel Berry et al. (1996)

1+4+d

m2\ 2
(1 + ”x * H > - Gij - k’QU(Xi,Xj).

by (.a) = & (59

T opld+n/2 . 4d o2

We now present some results on the asymptotic behavior of the SPKDE. Let D
be the set of all pdfs in L* (R?). The infinite sample version of the SPKDE is

. 2
fs = argmin [[5f —hl[;. .

It is worth noting that projection operators in Hilbert space, like the one above, are
known to be well defined if the convex set we are projecting onto is closed and convex.
D is not closed in L? (Rd), but this turns out not to be an issue because of the form

of B f. For details see the proof of Lemma III.5 in the supplemental material.
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Lemma IIL5. fj = max{8f (-) — a,0} where o is set such that max {3f (-) — a,0}

s a pdf.

Given the same rate on bandwidth necessary for consistency of the traditional

KDE, the SPKDE converges to its infinite sample version in its asymptotic limit.

Theorem II1.6. Let f € L*(RY). If n — oo and 0 — 0 with no® — oo then

1155 = J3ll = 0.

Because fl'5 is a sequence of pdfs and f} € L? (]Rd), it is possible to show L?

convergence implies L' convergence.

Corollary IIL.7. Given the conditions in the previous theorem statement,

17 = Jall 11 0.

To summarize, the SPKDE converges to a transformed version of f. In the next
section we will show that under Assumption A and with § = 1% the SPKDE con-

I

verges to fiqr.

3.2.1 SPKDE Decontamination

Let fio € L? (]Rd) be a pdf having support with finite Lebesgue measure and let
frar and f.,, satisfy Assumption A. Let Xi, Xs,..., X, be iid samples from f s =
(1 =€) fiar + €fcon with e € [0,1). Finally let fa5 be the SPKDE constructed from

Xq,...,X,, having bandwidth ¢ and robustness parameter 5. We have

Theorem IIL.8. Let B = . Ifn — oo and 0 — 0 with no? — oo then

=
1155 = far||,, 0

To our knowledge this result is the first of its kind, wherein a nonparametric
density estimator is able to asymptotically recover the underlying density in the

presence of contaminated data.
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Figure 3.4: KDE and SPKDE in the presence of uniform noise

3.3 Experiments

For all of the experiments optimization was performed using projected gradient
descent. The projection onto the probabilistic simplex was done using the algo-
rithm developed in Duchi et al. (2008) (which was actually originally discovered a

few decades ago Brucker (1984); Pardalos and Kovoor (1990)).

3.3.1 Synthetic Data

To show that the SPKDE’s theoretical properties are manifested in practice we
conducted an idealized experiment where the contamination is uniform and the con-
tamination proportion is known. Figure 3.4 exhibits the ability of the SPKDE to
compensate for uniform noise. Samples for the density estimator came from a mix-
ture of the “Target” density with a uniform contamination on [—2, 2], sampling from
the contamination with probability € = 0.2. This experiment used 500 samples and

1

the robustness parameter 8 was set to ;— = % (the value for perfect asymptotic

decontamination).
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The SPKDE performs well in this situation and yields a scaled and shifted version
of the standard KDE. This scale and shift is especially evident in the preservation of

the bump on the right hand side of Figure 3.4.

3.3.2 Datasets

In our remaining experiments we investigate two performance metrics for different
amounts of contamination. We perform our experiments on 12 classification datasets
(names given in the supplemental material) where the 0 label is used as the target
density and the 1 label is the anomalous contamination. This experimental setup
does not satisfy Assumption A. The training datasets are constructed with ny sam-
ples from label 0 and ;=-ng samples from label 1, thus making an € proportion of
our samples come from the contaminating density. For our experiments we use the
values ¢ = 0,0.05,0.1,0.15,0.20,0.25,0.30. Given some dataset we are interested in
how well our density estimators festimate the density of the 0 class of our dataset,
fiar- Each test is performed on 15 permutations of the dataset. The experimental
setup here is similar to the setup in Kim & Scott Kim and Scott (2012), the most

significant difference being that o is set differently.

3.3.3 Performance Criteria

First we investigate the Kullback-Leibler (KL) divergence

Dk (J/C\Hf0> = /]?(95) log <JJ‘?0((Z))> dx.

This KL divergence is large when f estimates fy to have mass where it does not.

For example, in our context, f makes mistakes because of outlying contamination.
We estimate this KL divergence as follows. Since we do not have access to fy, it

is estimated from the testing sample using a KDE, %. The bandwidth for % is set
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using the testing data with a LOOCYV line search minimizing Dy, ( fon()), which
is described in more detail below. We then approximate the integral using a sample

mean by generating samples from J?, {x;}?/ and using the estimate

Dgy, (ﬂ|f0) ~ %ilog (fT(—x;/))) :

1 fo (2}

The number of generated samples n’ is set to double the number of training samples.

Since KL divergence isn’t symmetric we also investigate

D1, (fo”f) = /fo () log (?;;C))) dr =C — /fo (y) log (]?(Z/)) dy,

where C' is a constant not depending on ]? This KL divergence is large when f
has mass where f does not. The final term is easy to estimate using expectation.
Let {z/ }?H be testing samples from fy (not used for training). The following is a

reasonable approximation

- / fo(y)log <f(y)> dy ~ —% ilog (f(a:;’)) :

For a given performance metric and contamination amount, we compare the mean
performance of two density estimators across datasets using the Wilcoxon signed rank
test Wilcoxon (1945). Given N datasets we first rank the datasets according to the
absolute difference between performance criterion, with h; being the rank of the ith
dataset. For example if the jth dataset has the largest absolute difference we set
h; = N and if the kth dataset has the smallest absolute difference we set hj, = 1. We
let R; be the sum of the h;s where method one’s metric is greater than metric two’s
and Ry be the sum of the h;s where method two’s metric is larger. The test statistic
is min(Ry, Ry), which we do not report. Instead we report R; and Ry and the p-value

that the two methods do not perform the same on average. R; < R; is indicative of
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method ¢ performing better than method j.

3.3.4 Methods

The data were preprocessed by scaling to fit in the unit cube. This scaling tech-
nique was chosen over whitening because of issues with singular covariance matrices.
The Gaussian kernel was used for all density estimates. For each permutation of each
dataset, the bandwidth parameter is set using the training data with a LOOCYV line
search minimizing D, ( fobst), where f is the KDE based on the contaminated
data and f, is the observed density. This metric was used in order to maximize the
performance of the traditional KDE in KL divergence metrics. For the SPKDE the
parameter 3 was chosen to be 2 for all experiments. This choice of 8 is based on
a few preliminary experiments for which it yielded good results over various sample
contamination amounts. The construction of the RKDE follows exactly the methods
outlined in the “Experiments” section of Kim & Scott Kim and Scott (2012). It is
worth noting that the RKDE depends on the loss function used and that the Hampel
loss used in these experiments very aggressively suppresses the kernel weights on the
tails. Because of this we expect that RKDE performs well on the D, (ﬂ | f0> metric.
We also compare the SPKDE to a kernel density estimator constructed from samples
declared non-anomalous by a level set anomaly detection as described in Section 3.1.3.
To do this we first construct the classic KDE, f? and then reject those samples in the
lower 10th percentile of f7(X;). Those samples not rejected are used in a new KDE,

the “rejKDE” using the same o parameter.

3.3.5 Results

We present the results of the Wilcoxon signed rank tests in Table 3.1. Exper-
imental results for each dataset can be found in the supplemental material. From

the results it is clear that the SPKDE is effective at compensating for contamination
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Table 3.1: Wilcoxon signed rank test results
Wilcoxon Test Applied to D, <f|| f0>

€ 0 0.05| 0.1 | 0.15 | 0.2 | 0.25 | 0.3
SPKDE 5 0 1 2 0 0 0
KDE 73 78 7 76 78 78 78
p-value | .0049 | 5e-4 | 1e-3 | .0015 | be-4 | He-4 | He-4
SPKDE | 53 29 58 67 63 61 63
RKDE 25 19 20 11 15 17 15
p-value | 0.31 | 0.13 | 0.15 | .027 | .064 | .092 | .064
SPKDE 0 0 1 1 0 2 0
rejKDE | 78 78 7 77 78 76 78
p-value | be-4 | He-4 | 1e-3 | le-3 | be-4 | .0015 | He-4

Wilcoxon Test Applied to Dy, ( foHJ?>

€ 0 0.05| 0.1 | 0.15 | 0.2 | 0.25 | 0.3
SPKDE | 37 30 | 27 21 17 16 17
KDE 41 48 | 51 57 61 62 61
p-value | .91 b2 | .38 A8 1.092 | .078 | .092
SPKDE | 14 14 14 10 10 12 12
RKDE 64 64 | 64 68 68 66 66
p-value | .052 | .052 | .052 | .021 | .021 | .034 | .034
SPKDE | 29 21 19 15 13 9 11
rejKDE | 49 57 | 59 63 65 69 67
p-value | .47 | .18 | .13 | .064 | .043 | .016 | .027

in the Dy, <f|| fo) metric, albeit not quite as well as the RKDE. The main advan-
tage of the SPKDE over the RKDE is that it significantly outperforms the RKDE in
the Dgr, <f0||f) metric. The rejKDE performs significantly worse than the SPKDE
on almost every experiment. Remarkably the SPKDE outperforms the KDE in the

situation with no contamination (¢ = 0) for both performance metrics.
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CHAPTER IV

An Operator Theoretic Approach to

Nonparametric Mixture Models

We begin this chapter by formally developing a notion of identifiability for non-
parametric mixture models. Next we state several tight bounds for the identifiability
of finite mixture models. After a quick introduction to tensor products of Hilbert
spaces we prove these bounds. Next we introduce a highly general method for re-
covering nonparametric mixture components and demonstrate that that this method
will asymptotically recover the mixture components in a finite discrete sample space.
Finally we include experimental results demonstrating that the recovery method does

indeed work in practice.

4.1 Problem Setup

We treat this problem in a general setting. For any measurable space we define
0, as the Dirac measure at x. For T a set, o-algebra, or measure, we denote Y *¢
to be the standard a-fold product associated with that object. Let N be the set of
integers greater than or equal to zero and N, be the integers strictly greater than
0. For k € Ny, we define [k] & N, N [1,k]. Let © be a set containing more than

one element. This set is the sample space of our data. Let F be a g-algebra over
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Q. Assume F # {0),Q}, i.e. F contains nontrivial events. We denote the space of
probability measures over this space as D (Q2, F), which we will shorten to D. We
will equip D with the o-algebra 2P so that each Dirac measure over D is unique.
Define A (D) = span ({0, : # € D}). This is the ambient space where our mixtures
of probability measures live. Let & = > w;d,, be a probability measure in A (D).
Let p ~ & and X4,..., X, b . Here X is a random group sample, which was
described in the introduction. We will denote X = (X7,..., X,,).

We now derive the probability law of X. Let A € F*". Letting P reflect both the

draw of y ~ & and Xl,...,Xn%u, we have

P(Xed) = ZP(X € Alp = p)P(p =)

=1

= S w (4).
=1

The second equality follows from Lemma 3.10 in Kallenberg (2002). So the probability

law of X is

i wip " (4.1)
i=1

We want to view the probability law of X as a function of & in a mathematically
rigorous way, which requires a bit of technical buildup. Let 2 € A (D). From the

definition of A (D) it follows that 2 admits the representation

2 = i Oéid,ji.
i=1

From the well-ordering principle there must exist some representation with minimal r
and we define this r as the order of 2. We can show that the minimal representation

of any 2 € A (D) is unique up to permutation of its indices.
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Lemma IV.1. Let 2 € A (D) and admit minimal representations 2 = ., a;0,, =
> i1 ;0. There exists some permutation ¥ : [r] — [r] such that vy = v; and
ey = o for all i.

Henceforth when we define an element of A (D) with a summation we will assume

that the summation is a minimal representation.

Definition IV.2. We call & = Y~ w;d,,, a mizture of measures if it is a probability

measure in A (D). The elements p1, .. ., fy,, are called mizture components.

Any minimal representation of a mixture of measures &2 with m components
satisfies & = Y ", w;0,, with w; > 0 for all ¢ and ) ;" w; = 1. Hence any mixture
of measures is a convex combination of Dirac measures at elements in D.

For a measurable space (¥,G) we define .Z (V,G) as the space of all finite
signed measures over (U,G). We can now introduce the operator V,, : A (D) —
A (", F*™). For a minimal representation 2 = »"'_, a;0,,, we define V,,, with

n € N, as

Vo(2) = i ;"
i=1

This mapping is well defined as a consequence of Lemma IV.1. From this definition
we have that V,, () is simply the law of X which we derived earlier. In the following
definitions, two mixtures of measures are considered equal if they define the same

measure.

Definition IV.3. We call a mixture of measures, &, n-identifiable if there does not

exist a different mixture of measures &?’, with order no greater than the order of &,

such that V,, (22) =V, (27').

Definition IV.4. We call a mixture of measures, &, n-determined if there exists no

other mixture of measures &’ such that V,, (£) =V, (Z).
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Definition IV.3 and IV.4 are central objects of interest in this work. Given a mix-
ture of measures, & =3 " w;d,, then V, () is equal to > ", w;p, ", the measure
from which X is drawn. If & is not n-identifiable then we know that there exists a
different mixture of measures that is no more complex (in terms of number of mix-
ture components) than & which induces the same distribution on X. Practically
speaking this means we need more samples in each random group X in order for the
full richness of & to be manifested in X. A stronger version of n-identifiability is
n-determinedness where we enforce the requirement that our mixture of measures be
the only mixture of measures (of any order) that admits the distribution on X.

A quick note on terminology. We use the term “mixture of measures” rather than
“mixture model” to emphasize that a mixture of measures should be interpreted a bit
differently than a typical mixture model. A “mixture model” connotes a probability
measure on the sample space of observed data €2, whereas a “mixture of measures”

connotes a probability measure on the sample space of the unobserved latent measures

D.

4.2 Main Results

The first result is a bound on the n-identifiability of all mixtures of measures with

m or fewer components. This bound cannot be uniformly improved.

Theorem IV.5. Let (2, F) be a measurable space. Mixtures of measures with m

components are (2m — 1)-identifiable.

Theorem IV.6. Let (0, F) be a measurable space with F # {0,Q}. For all m, there

exists a mizture of measures with m > 2 components that is not (2m — 2)-identifiable.

The following lemmas convey the unsurprising fact that n-identifiability is, in

some sense, monotonic.
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Lemma IV.7. If a mixture of measures is n-identifiable then it is q-identifiable for

all ¢ > n.

Lemma IV.8. If a mizture of measures is not n-identifiable then it is not g-

identifiable for any q < n.

Viewed alternatively these results say that n = 2m — 1 is the smallest value for
which V,, is injective over the set of mixtures of measures with m or fewer components.
We also present an analogous bound for n-determinedness. This bound also cannot

be improved.

Theorem IV.9. Let (2, F) be a measurable space. Mixtures of measures with m

components are 2m-determined.

Theorem IV.10. Let (Q, F) be a measurable space with F # {0, Q}. For all m, there

exists a mizture of measures with m components that is not (2m — 1)-determined.
Again n-determinedness is monotonic in the number of samples per group.

Lemma IV.11. If a mixture of measures is n-determined then it is q-determined for

all ¢ > n.

Lemma IV.12. If a muxture of measures is not n-determined then it is not q-

determined for any q < n.

This collection of results can be interpreted in an alternative way. Consider some
pair of mixtures of measures &, 2. If n > 2m and either mixture of measures is of
order m or less, then V,, (Z2) =V, (2?') implies & = &’. Furthermore n = 2m is the
smallest value of n for which the previous statement is true for all pairs of mixtures
of measures.

Our definitions of n-identifiability, n-determinedness, and their relation to pre-

vious works on identifiability deserve a bit of discussion. Some previous works on
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identifiability contain results related to what we call “identifiability” and others con-
tain results related what we call “determinedness.” Both of these are simply called
“identifiability” in these works. For example in Yakowitz and Spragins (1968) it is
shown that different finite mixtures of multivariate Gaussian distributions will always
yield different distributions, a result which we could call “determinedness.” Alterna-
tively, in Teicher (1963) it is demonstrated that mixtures of binomial distributions,
with a fixed number of trials n for every mixture component, are identifiable pro-
vided we only consider mixtures with m mixture components and n > 2m — 1. In
this result allowing for more mixture components may destroy identifiability and thus
this is what we would call an “identifiability” result. The fact that the value 2m — 1
occurs in both the previous binomial mixture model result and Theorem IV.5 is not a
coincidence. We will demonstrate a new determinedness result for multinomial mix-
tures models later in the chapter, under the assumption that n > 2m. We will prove
these results using Theorems IV.5 and IV.9. To our knowledge our work is the first
to consider both identifiability and determinedness.

Finally we also include results that are analogous to previously shown results for
the discrete setting. We note that our proof techniques are markedly different than

the previous proofs for the discrete case.

Theorem IV.13. If & = Y"" w;0,, is a mizture of measures where i1, ..., fm are

linearly independent then &2 is 3-identifiable.

This bound is tight as a consequence of Theorem IV.6 with m = 2 since any pair
of distinct measures must be linearly independent.

A version of this theorem was first proven in Allman et al. (2009) by making
use of Kruskal’s Theorem Kruskal (1977). Kruskal’s Theorem demonstrates that
order 3 tensors over R? admit unique decompositions (up to scaling and permutation)
given certain linear independence assumptions. Our proof makes no use of Kruskal’s

Theorem and demonstrates that n-identifiability for linearly independent mixture
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components need not be attached to the discrete version in any way. An efficient
algorithm for recovering linearly independent mixture components for discrete sample
spaces with 3 samples per random group is described in Anandkumar et al. (2014).
Interestingly, with one more sample per group, these mixtures of measures become

determined.

Theorem IV.14. If &7 = """ w;d,, is a mizture of measures where jiy, ..., fi, are

linearly independent then &2 is 4-determined.

This bound is tight as a result of Theorem IV.10 with m = 2.

Our final result is related to the “separability condition” found in Donoho and
Stodden (2003). The separability condition in the discrete case requires that, for each
mixture component f;, there exists B; € F such that p; (B;) > 0 and p; (B;) = 0 for
all 7 # j. There exists a generalization of the separability condition, known as joint

wrreducibility.

Definition IV.15. A collection of probability measures uq, ..., u,, are said to be

jointly irreducible if Y w;p; being a probability measure implies w; > 0.

In other words, any probability measure in the span of puq,...,u, must be a
convex combination of those measures. It was shown in Blanchard and Scott (2014)
that separability implies joint irreducibility, but not visa-versa. In that paper it was
also shown that joint irreducibility implies linear independence, but the converse does

not hold.

Theorem IV.16. If & = Y""" w;0,, is a mizture of measures where i1, ..., [y are

jointly wrreducible then & is 2-determined.

A straightforward consequence of the corollary of Theorem 1 in Donoho and Stod-
den (2003) is that any mixture of measures on a finite discrete space with jointly

irreducible components is 2-identifiable. The result in Donoho and Stodden (2003)
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is concerned with the uniqueness of nonnegative matrix factorizations and Theorem
IV.16, when applied to a finite discrete space, can be posed as a special case of the
result in Donoho and Stodden (2003). In the context of nonnegative matrix factoriza-
tion the result in Donoho and Stodden (2003) is significantly more general than our
result. In another sense our result is more general since it applies to spaces where
joint irreducibility and the separability condition are not equivalent. Furthermore
Donoho and Stodden (2003) only implies that the mixture of measures in Theorem

IV.16 are identifiable. The determinedness result is, as far as we know, totally new.

4.3 Tensor Products of Hilbert Spaces

Our proofs will rely heavily on the geometry of tensor products of Hilbert spaces

which we will introduce in this section.

4.3.1 Overview of Tensor Products

First we introduce tensor products of Hilbert spaces. To our knowledge there
does not exist a rigorous construction of the tensor product Hilbert space which is
both succinct and intuitive. Because of this we will simply state some basic facts
about tensor products of Hilbert spaces and hopefully instill some intuition for the
uninitiated by way of example. A thorough treatment of tensor products of Hilbert
spaces can be found in Kadison and Ringrose (1983).

Let H and H’ be Hilbert spaces. From these two Hilbert spaces the “simple
tensors” are elements of the form h ® A’ with h € H and b’ € H'. We can treat the
simple tensors as being the basis for some inner product space Hp, with the inner

product of simple tensors satisfying

(h1 @ hi, hy @ Ry) = (hy, ha) (R, ) .
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The tensor product of H and H’ is the completion of Hy and is denoted H ® H'.
To avoid potential confusion we note that the notation just described is standard
in operator theory literature. In some literature our definition of Hj is denoted as
H ® H' and our definition of H ® H' is denoted H®H'.

As an illustrative example we consider the tensor product L*(R) ® L*(R). Tt
can be shown that there exists an isomorphism between L? (R) ® L? (R) and L?*(R?)
that maps the simple tensors to separable functions Kadison and Ringrose (1983),
fef — f(-)f'(-). We can demonstrate this isomorphism with a simple example. Let
1,9, f',g € L*(R). Taking the L?*(R?) inner product of f(-)f'(-) and g(-)¢'(-) gives

us

/ / (@) ' W) (9(2)g (9))dxdy = / f(@)g(x)dz / ) (w)dy
(. 9) (o)

= (fef,g0d).

Beyond tensor product we will need to define tensor power. To begin we will
first show that tensor products are, in a certain sense, associative. Let Hy, Hy, H3 be
Hilbert spaces. Proposition 2.6.5 in Kadison and Ringrose (1983) states that there is
a unique unitary operator, U : (H; ® Hs) ® Hy — H; ® (Hy ® H3), that satisfies the
following for all hy € Hy, ho € Ho, hg € H,

U((h1 ® hy) @ hg) = h1 ® (hy ® h3) .

This implies that for any collection of Hilbert spaces, Hy,..., H,, the Hilbert space
H, ®---® H, is defined unambiguously regardless of how we decide to associate the
products. In the space H; ® --- ® H, we define a simple tensor as a vector of the

form h; ® -+ ® h,, with h; € H;. In Kadison and Ringrose (1983) it is shown that
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H, ® ---® H, is the closure of the span of these simple tensors. To conclude this
primer on tensor products we introduce the following notation. For a Hilbert space

H we denote H*" = HQH®---® H andforhe H,h*" =h @ h®---® h.

n times n times

4.3.2 Tensor Rank

A tool we will use frequently in our proofs is tensor rank, which behaves similarly

to matrix rank.

Definition IV.17. Let h € H®" where H is a Hilbert space. The rank of h is the

smallest natural number r such that h = Z:zl h; where h; are simple tensors.

In an infinite dimensional Hilbert space it is possible for a tensor to have infinite

rank. We will only be concerned with finite rank tensors.

4.3.3 Some Results for Tensor Product Spaces

We derive some technical results concerning tensor product spaces that will be
useful for the rest of the chapter. These lemmas are similar to or are straightforward
extensions of previous results which we needed to modify for our particular purposes.
Let (¥, G, ) be a o-finite measure space. We have the following lemma that connects
tensor power of a L? space to the L? space of the product measure. Proofs of many

of the lemmas in this chapter are deferred to the Appendix B.1.

Lemma IV.18. There exists a unitary transform
U - L2 (\I/, g,,}/)®n N LZ (\IJX”’ gxn’,yxn)
such that, for all fi,..., fn € L*(9,G,7),

Ulh®-@fu) = [) - ful)-
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The following lemma is used in the proof of Lemma IV.18 as well as the proof of

Theorem IV.6.

Lemma IV.19. Let Hy,...,H,, H{,...,H be a collection of Hilbert spaces and
Ui, ..., U, a collection of unitary operators with U; : H; — H! for all i. There exists
a unitary operator U : Hy ® -+ @ H, — H{ ®---® H], satisfying U (hy ® -+ @ hy,) =
Ui(hy) @ -+ @ Up(hy) for all hy € Hy,. .., h, € H,.

A statement of the following lemma for R? can be found in Comon et al. (2008).

We present our own proof for the Hilbert space setting.

Lemma IV.20. Let n > 1 and let hq,. .., h, be elements of a Hilbert space such that
no elements are zero and no pairs of elements are collinear. Then hY™ ', ... hE"1

are linearly independent.

The following lemma is a Hilbert space version of a well known property for

positive semi-definite matrices.

Lemma IV.21. Let hy,. .., hy, be elements of a Hilbert space. The rank of Y .-, hE?

is the dimension of span ({hy, ..., hpy}).

4.4 Proofs of Theorems

With the tools developed in the previous sections we can now prove our theorems.
First we introduce one additional piece of notation. For a function f on a domain
X we define f** as simply the product of the function k times on the domain X **,

f(-)--- f(-). For a set, o-algebra, or measure the notation continues to denote the
—_——

k times

standard k-fold product.
In these proofs we will be making extensive use of various L? spaces. These spaces
will be equivalence classes of functions which are equal almost everywhere with respect

to the measure associated with that space. When considering elements of these spaces,
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equality will always mean almost everywhere equality with respect to the measure
associated with that space. When performing integrals or other manipulations of
elements in L? spaces, we will be performing operations that do not depend on the

representative of the equivalence class. The following lemma will be quite useful.

Lemma IV.22. Let v, ...,Vm, T ..., 7 be probability measures on a measurable space

(U, G), a1...,am,b1,...00 ER, andn € N,. If

Z aiy; " Z bym ;"

=1
then for all n' € N, with n’ < n we have that

m

I

xn' xn/

g a;"; zg bym ;™.
=1

=1

Proof of Theorem IV.5. We proceed by contradiction. Suppose there exist m,l € N,
with | < m such that there two different mixtures of measures & = 2111 a;0,, #

P = Zé.:l b;0,,, and

Zaz,uzxzm 1 Zb I/X2m L (4.2)

By the well-ordering principle there exists a minimal m such that the previous state-
ment holds. For that minimal m there exists a minimal [ such that the previous
statement holds. We will assume that the m and [ are both minimal in this way.
This assumption implies that p; # v; for all ¢, 7. To prove this we will assume that
there exists ¢, j such that p; = v;, and show that this assumption leads to a contra-
diction. Without loss of generality we will assume that p,, = v;. We will consider the

three cases where a,, = b;, a,, > b;, and a,, < b;.
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Case 1. If a,, = b; then we have that

m—1 -1 b
@ x2m—1 _ i x2m—1
1-— Am Hi N 1-— bly
=1 j=1

and from Lemma 1V.22 we have

m—1 -1
b

Q; x2(m-1)-1 _ - J x2(m—1)—1
2 Tk 2Ty
=1 7j=1
Setting 2 = 327" -0, and &' = Zé;ll 15—%(%, we have that

Vaim—1)-1 (Z2) = Vagm-1)-1 (Z')

which contradicts the minimality of m.

Case 2. If a,, > b; then we have

m—1 -1
b

a; wom—1 | Qm —bi x2m—1 __ j x2m—1
Z1—bl“" Ty M _Zl—blyj

i=1 j=1

which contradicts the minimality of [ by an argument similar to that in Case 1.

Case 3 If a,, < b; we have that

m—1 -1 b b
Z @i pem=1 z: i yxem—1 0T Amoxomo
1—a, ' 1—a,, ’ 1—a, !

i=1 j=1

Again we will use arguments similar to the one used in Case 1. If [ = m then
swapping the mixtures associated with m and [ gives us a pair of mixtures of

measures which violates the minimality of [. If [ < m then from Lemma V.22
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we have that

m—1 -1
Q; x2(m—1)—1 b; x2(m—1)—1 by — am x2(m—1)—1
e D

, 1—a, ’ 1—a, ’
i=1 7j=1

which violates the minimality of m.

We have now established that p; # v;, for all 4, j. We will use the following lemma

to embed the mixture components in a Hilbert space.

Lemma IV.23. Let 7,...,7, be finite measures on a measurable space (V,G).

There exists a finite measure © and non-negative functions fi,..., fn € L* (¥, G, )N

L% (W, G, m) such that, for all i and all B € G
B

From Lemma IV.23 there exists a finite measure ¢ and non-negative functions
DPlye s Dms Qs - @t € LY (Q, F, &) N L% (9, F,€) such that, for all B € F, p;(B) =
[ pid§ and vj(B) = [, q;d€ for all i,j. Clearly no two of these functions are equal
(in the {-almost everywhere sense). If one of the functions were a scalar multiple of

another, for example p; = ap, for some a # 1, it would imply

p1 (€2) = /pldf = /apzd§ = .

This is not true so no pair of these functions are collinear.

We can use the following lemma to extend this new representation to a product

measure.

Lemma IV.24. Let (V,G) be a measurable space, v and 7 a pair of finite measures

on that space, and f a nonnegative function in L' (¥, G, ) such that, for all A € G,
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v (A) = [, fdr. Then for alln, for all B € G*" we have

— /fxndﬂ_xn‘
B

Thus for any R € F*?™~1 we have

m

/ZaszQm 1d§x2m 1 _ ZazuZXZm I(R)

i=1

_ Zb V><2m 1
_ /ij X 2m— 1d§><2m 1

The following lemma is a well known result in real analysis (Proposition 2.23 in

Folland (1999)), but it is worth mentioning explicitly.

Lemma IV.25. Let (V,G,v) be a measure space and f,g € L' (V,G,~). Then f =g

y-almost everywhere iff, for all A€ G, [, fdy = [, gdv.
From this lemma it follows that

x2m—1 ><2m 1
>, Z bit;
i=1
Applying the U~! operator from Lemma IV.18 to the previous equation yields
Z zpfmm 1 Z b] ®2m—1

i=1

Since [ + m < 2m Lemma IV.20 states that

®2m—1 ®R2m—1 _®2m—1 ®2m—1
pl 7"'7pm 7CJ1 7"'7q1
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are all linearly independent and thus a; = 0 and b; = 0 for all 7, j, a contradiction. [

Proof of Theorem IV.6. To prove this theorem we will construct a pair of mixture
of measures, & # &’ which both contain m components and satisfy V5, o (&) =
Vom—2 (£'). From our definition of (2, F) we know there exists F' € F such that I’
and F¢ are nonempty. Let z € F and 2’ € FC. It follows that d, and d,/ are different
probability measures on (€2, ). The theorem follows from the next lemma. We will

prove the lemma after the theorem proof.

Lemma IV.26. Let (V,G) be a measurable space and ~,~" be distinct probability
measures on that space. Let y,...,&; be t > 3 distinct values in [0,1]. Then there

exist By, ..., B, a permutation o : [t] — [t], and | € N, such that

t

Zﬁz 50 @) + <’50(1)) 7 )XtiZ = Z Bj (SU(J'),Y + (1 - EU(J')) ’7/) e

j=l+1

where ;> 0 for alli, i Bi =3, B =1, and 1,t —1 > |}].

Let €1,...,89m € [0,1] be distinct and let p; = £;0, + (1 — ;) 0 for i € [2m].
From Lemma IV.26 with ¢ = 2m there exists a permutation o : [2m] — [2m] and

B1, ..., Bam such that

Zﬁz ><2m 2 _ Z B]MXQm 2

j=m+1

with Y, 6 = ZJ " i1 Bi = 1and §; > 0 for all 4.
If welet & =3"", Bid,, ., and &' = Z] Snt1 Bilu, .y, we have that Va2 (97) =
Vom—2 (') and & # &' since py, . . ., fign, are distinct. O

For the next proof we will introduce some notation. For a tensor U € R1®- - -@R%

we define U;, _; to be the entry in the [iy, ..., ] location of U.

-----
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Proof of Lemma 1V.26. From Lemma IV.23, there exists a finite measure 7 and non-
negative functions f, f' € L' (U, G, 7) N L* (¥, G, 7) such that, for all A € G, v (A) =
[ fdm and v (A) = [, fldr.

Let H, be the Hilbert space associated with the subspace in L? (¥, G, 7) spanned
by f and f’. Let (f;)!_, be non-negative functions in L'(¥, G, 7) N L*(¥, G, 7) with
fi = ef + (1 —¢;) f. Clearly f; is a pdf over m for all ¢ and there are no pair
in this collection which are collinear. Since Hs is isomorphic to R? there exists a
unitary operator U : Hy, — R?. From Lemma IV.19 there exists a unitary operator
Upg: HE2 5 R2%? with Up_g (hy @ -+ @ hy_y) = U(h1) @ - - @ U(hy_3). Because

U is unitary it follows that

U,_s (span ({h®t’2 “he Hg})) = span ({x®t’2 = Rz}) )

An order r tensor, A;, . ., is symmetricif A, _; =A for any 41, ...,7, and

Ty (1) 5ty (r)
permutation ¢ : [r] — [r]. A consequence of Lemma 4.2 in Comon et al. (2008) is that
span ({z®%: x € R?}) C S'"2(C?), the space of all symmetric order ¢ — 2 tensors
over C2. Complex symmetric tensor spaces will always be viewed as a vector space
over the complex numbers and real symmetric tensor spaces will be always be viewed

as a vector space over the real numbers.

From Proposition 3.4 in Comon et al. (2008) it follows that the dimension of

24+t—2—-1
S2(C?) is = t—1. From this it follows that dim S*~2 (R?) < t—1.
t—2
To see this consider some set of linearly dependent tensors zy, ..., z, € St=2 (C?) each

containing only real valued entries, i.e. the tensors are in S*~2 (R?). Then it follows

that there exists ¢y, ..., ¢, € C such that

r

Z C,L; = 0.

=1
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Let R denote the real component when applied to an element of C, and the real

component applied entrywise when applied to a tensor. We have that

0=R (Z cl-mi> = Z R (cix;) = Z R (¢;) ;.

Thus it follows that xy, ...z, are linearly dependent in S*~2 (R?) and thus the dimen-

sionality bound holds. From this we get that

dim (span ({h®t_2 che Hg})) <t-—1.

The bound on the dimension of span ({h®*~2 : h € Hs}) implies that ( fl®t_2)t are

i=1
linearly dependent. Conversely Lemma IV.20 implies that removing a single vector
from ( fz-@)t_z)f:1 yields a set of vectors which are linearly independent. It follows that

there exists (o;)!_, with a; # 0 for all i and

t
> aiff =0 (4.3)
i=1

There exists a permutation o : [t] = [t] such that o, ) < 0 for all 7 € [[] and aq;y > 0
for all j > [ with [ < L%J (ensuring that [ < L%J may also require multiplying (4.3)
by —1). This o appears in the lemma statement, but for the remainder of the proof

we will simply assume without loss of generality that a; < 0 for i € [I] with [ < [%J
From this we have
! t
St = 3 afe m
i=1 j=1+1
From Lemma IV.18 we have
1 t

I

i=1 j=l+1
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and thus

l t
/ E —Oéz‘fiXt_Qdﬂ'Xt_Q — / E ajfj><t—2dﬂ_><t—2
i=1 j

j=l+1
l t
= Z —Q; = Z Q.
i=1 j=l+1

Let r = Zi’:l —a;. We know r > 0 so dividing both sides of (4.4) by r gives us

l t

I
r T

i=1 G=l+1

where the left and the right side are convex combinations. Let (ﬁ,)f:1 be positive

numbers with 3; = =% for i € [I] and §; = =2 for j € [t] \ []]. This gives us

r

l t
DB =Y B (4.5)
=1

j=l+1
We will now consider 3 cases for the value of t.

Ift =3 then{=1andl,t—1> L] is satisfied.

If ¢ is divisible by two then we can do the following,

l t

®L-1 ®L-1 ®i-1 ®t-1
NBLEE e = Y BT @f
=1

j=l+1

Consider the elements in the last inequality as order two tensors in L? (¥, G, 7T)®%_1 ®
L?(V,3, 7r)®%_1. From Lemma IV.20 and Lemma IV.21 we have that the RHS of the
previous equation has rank at least £ and since [ < £ it follows that [ = £. Again we
have that ,t —1 > [§].

If ¢ is greater than 3 and not divisible by 2 then we can apply Lemma IV.18 to
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get

l

[ annwina) = [ 3 a5 hwny

v b v J=l+1
l t
=Y BT =Y B
i=1 j=l+1

Applying Lemma IV.18 again we get

l t
DB = Y B
=1

j=l+1

l t
. | @51 @51 @1
=Y BT el T = Y B wef T
i=1 j=l+1

Recall that L J > [ so we also have that

t
2

t 1

S > —Z

2 - 2
=t—1 > t—1
p— 2 .

From Lemma IV.20 and Lemma IV.21 we have that the RHS of (4.6) has rank at

least % and thus [ > % From this we have that ¢t — [, > [%J once again. So

I,t —1>|%] for any t > 3. Applying Lemma IV.18 to (4.5) we have

l t
Zﬁifixt72 _ Z ijsz‘fQ.
=1

j=I+1

From Lemma IV.24 we have

l
Y Biley+1—e)y) " = D Bilegy+1—e)y)
i=1 j
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Proof of Theorem IV.9. Let & = Y " a;0,, and &' = 22:1 bjd,, be mixtures of
measures such that &’ # &. We will proceed by contradiction. Suppose that
St = Zé’:l bjijzm. From Theorem IV.5 we know that & is 2m — 1-
identifiable and therefore 2m-identifiable by Lemma IV.7. It follows that [ > m.
From Lemma IV.23 there exists a finite measure ¢ and non-negative functions
Py P Qs - @ € LY, F &) NL2(Q, F,€) such that, for all B € F, u(B) =
[ pid€ and v;(B) = [, q;d€ for all i, 5. Using Lemmas IV.24 and IV.25 we have

m

l
Z zp1><2m Zb]q;dm
j=1

i=1
By Lemma IV.18 we have

m

Z sz®2m Z b] q§§2m

i=1
and therefore

m

Z aip;”" ® Z b; q]

i=1
Consider the elements in the last inequality as order two tensors in L* (Q, F, & )®m ®
L2 (Q, F,€)®™. Since no pair of vectors in py, . . . , p are collinear, from Lemma IV.20
and Lemma IV.21 we know that the LHS has rank m. On the other hand, no pair
of vectors q1, ..., q are collinear either, so Lemma IV.20 says that there is a subset
of {¢f™,...,¢/™} which contains at least m + 1 linearly independent elements. By

Lemma IV.21 it follows that the RHS has rank at least m + 1, a contradiction.  []

Proof of Theorem IV.10. To prove this theorem we will construct a pair of mixture of

measures, & # &' which contain m and m + 1 components respectively and satisfy

Vom—1 (2) = Vo1 (£?"). From our definition of (Q2, F) we know there exists F' € F
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such that F, F¢ are nonempty. Let z € F and 2/ € F¢. It follows that &, and d,
are different probability measures on (2, F). Let 1,..., 9,41 be distinct values in

[0,1]. Applying Lemma IV.26 with ¢t = 2m + 1 and letting u; = €;0, + (1 — &;) 0,

there exists a permutation o : 2m + 1] — [2m + 1] and i, ..., Boms1, with 8; > 0
for all i and >7" 3 = Z?Z’;lﬂ B; = 1, such that
m 2m+1
xX2m—1 __ L, X2m—1
DBt =Y By
i=1 j=m+1

If we let & = 37", By, and &' = ZQmHlﬁj%m), we have that V5, 1 (£) =

j=m+

Vam—1 (). o
To prove the remaining theorems we will need to make use of bounded linear
operators on Hilbert spaces. Given a pair of Hilbert spaces H, H' we define L(H, H’)
as the space of bounded linear operators from H to H'. An operator, T, is in this
space if there exists a nonnegative number C' such that ||Tz| 5 < C| x|, for all
x € H. The space of bounded linear operators is a Banach space when equipped with

the norm

T
711 £ sup 1721
0 Tl

We will also need to employ Hilbert-Schmidt operators which are a subspace of the

bounded linear operators.

Definition IV.27. Let H, H' be Hilbert spaces and 7' € L(H, H'). T is called a
Hilbert-Schmidt operator if )~ _, |T2||* < oo for an orthonormal basis J C H. We

denote the set of Hilbert-Schmidt operators in £ (H, H'") by 7. (H, H').

This definition does not depend on the choice of orthonormal basis: the sum
Y owes 1T () ||* will always yield the same value regardless of the choice of orthonormal

basis J.
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The following properties of Hilbert-Schmidt operators will not be used in the next
proof, but they will be useful later. The set of Hilbert-Schmidt operators is itself a

Hilbert space when equipped with the inner product

Z (T'z, Sx)

zeJ

where J is an orthonormal basis. The Hilbert-Schmidt norm will be denoted as |-

HS
and the standard operator norm will have no subscript. There is a well known bound

relating the two norms: for a Hilbert-Schmidt operator 1" we have that
1T < (17| yp.sr -

Proof of Theorem IV.13. Let & = 3 " a;0,, be a mixture of measures with lin-
early independent components. Let &' = 22:1 b;o,; be a mixture of measures with
V3(22) = V3(2’) and | < m. From Lemma IV.23 there exists a finite measure £ and
non-negative functions py, ..., pm, q1, ..., q € L' (Q, F,&)NL* (Q, F, &) such that, for
all Be F, [,pidé = p;(B) and [, q;dé = v; for all ¢, j. Using Lemma IV.22, IV.24

and IV.25 as we did in the previous theorem proofs it follows that

m

!
San? = b
i=1 j=1
From Lemma IV.18 we have
m l
St = Y
i=1 j=1
By Lemma IV.21 we now know that [ = m and qq,...,q, are linearly indepen-

dent. We will now show that ¢; € span({p1,...,pn}) for all j. Suppose that

q: ¢ span ({p1,...,pm}). Then there exists z € L? (Q, F,€) such that z L py,... pn
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but z / ¢;. Now we have

m

> = ibﬂa@
j=1

=1

= <Zaipi®pz-,z®z> = <ijqj®qj7z®z>

i=1 j=1

=Y ai{pi®p,20z) = Y bilg©q,20:2)

i=1 Jj=1
m

=Y ai(pi,2)' = Y bilg2)"
i=1 =1

We know that the LHS of the last equation is zero but the RHS is not, a contradiction.
We will find the following well known property of tensor products to be useful for

continuing the proof (Kadison and Ringrose (1983) Proposition 2.6.9).

Lemma IV.28. Let H, H' be Hilbert spaces. There exists a unitary operator U :
H®H' — 7. (H, H') such that, for any simple tensor h@h' € HQH', U (h® h') =
(h,-) .

Because pq,...,p, are linearly independent we can do the following: for each
k € [m] let z € span ({p1,...,pm}) be such that z, L {p;, : i # k} and (zy,px) = 1.
By considering elements of L2 (Q, F,£)®* as elements of L? (0, F,£) @ L? (Q, F, )2,
we can use Lemma IV.28 to transform elements in L? (Q, F,£)® into elements of

HS (L2 (O, F.€) L2 (Q,F.%),

m

m
®3 ®3
E a;p; = E bj 4,
i=1 j=1

m

=Y ap (pi) = Y b (g,
j=1

=1
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It now follows that

> aipf (pia) = Y biad (g, %)
i=1

i=1

= apd® = Y big? (g5, ) -
j=1

Using Lemma IV.28 we have

m

apr (pro) = Y bi (a5 %) 45 (a5, - (4.6)

j=1

The LHS of (4.6) is a rank one operator and thus the RHS must have exactly one
nonzero summand, since ¢, . .., g, are linearly independent. Let ¢ : [m] — [m] be a

function such that, for all k,

arpi? = (Qoth)s 2k) Dot 4500
From Lemma IV.24 we have

aty” = (o) 2) Do) V)

for all k. By Lemma IV.22 we have that apup = <q¢(;€),zk> by(k)V(k) for all k and
thus py, = vy). Because p; # p; for all 4, j we have that ¢ must be a bijection. Let

o = ¢!, By Lemma IV.22 we have that

Z aifly = Z bjto(j)-
i=1 j=1

Since i1, . .., ft, are linearly independent the last equation only has one solution for
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bi, ..., by, which is by = a,), for all k. Thus

which is equal to Z. O

Proof of Theorem IV.14. Let & = 3"" a;0,, be a mixture of measures with linearly
independent components. We will proceed by contradiction: let &' = 22:1 bjd,, #
2 be a mixture of measures with Vy(#) = V,(<”’). From Theorem IV.5 we know
that &2 is 3-identifiable. By Lemma IV.7 it follows that & is 4-identifiable and
thus I > m. From Lemma IV.23 there exists a finite measure ¢ and non-negative
functions p1,...,Ppm, q1,-..,q € LY (Q, F,&) N L*(Q, F,§) such that, for all B € F,
[ pidé = pi(B) and [ ¢;dé = v; (B) for all 4, 5.

Proceeding as we did in the proof of Theorem IV.13 we have that

m l

®4 __ ®4
E a;p; —E biq;".
i=1 j=1

Suppose that there exists k such that vy ¢ span ({f, ..., pm}). From this it would
follow that there exists z such that z L {p1,...,pn} and z £ q. Then we would

have that

m l
(Soawtset) = (=)
i=1 j=1
l

=D ai(p2)t = Y bilg2),
=1

j=1

but the LHS of the last equation is 0 and the RHS is positive, a contradiction. Thus
we have that g, € span ({p1,...,pm}) for all k.
Since [ > m and no pair of elements in ¢y,...,q, are collinear, there must a

vector in ¢y, ...,q which is a nontrivial linear combination of py,...,p,. Without
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loss of generality we will assume that ¢, = >, ¢;p; with ¢; and ¢, nonzero. By the
linear independence of py, ..., p,, there must exist vectors zy, zo such that (z;,p1) =1

J

21 LApi:i#1}, (22,p2) =1, and 2z L {p; : i # 2}. Now consider

<Za1pf@47’zl ®2> _ <ijqj 721 ®2>
l

:Z%(pi,zl)z(m@f = ) b g5, 2)* (g5, 22)*

i=1 j=1
The LHS of the last equation is 0 and the RHS is positive, a contradiction. O

Proof of Theorem IV.16. Let & =" a;0,, be a mixture of measures with jointly
irreducible components. Consider a mixture of measures &' = Zé.:l b;o,; with
Vo(Z2) = Vo(&?"). From Lemma IV.23 there exists a finite measure & and non-
negative functions py, ..., pm, @1, .., q € LY (Q, F,&) N L2 (Q, F, &) such that, for all
B e F, [ppid = pi(B) and [, q;d§ = v; (B) for all 4,j. From Lemmas IV.24 and
IV.25 we have

m

l
Zaipi X pi = ij%‘ X qj-
j=1

=1

From Lemma IV.18 we have
m l
Y api®@pi=) bjg®q; (4.7)
i=1 j=1

Suppose for a moment that &’ contains a mixture component which does not
lie in span ({p1,..., m}). Without loss of generality we will assume that vy ¢
span ({f1, ..., tm}). Recall that joint irreducibility implies linear independence so
Vi, 41, - - - M are a linearly independent set of measures and thus q,p1, ..., pn are

linearly independent. It follows that we can find some z € L?(Q,F,&) such that
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(z,q1) #0 and z L {p; : i € [m]} for all i. From (4.7) we have the following

<Z ;P Q Pis 2 & Z>

=1

l
<Z bjg; ® 4,7 ® 2>
j=1

l

> bilg©45,2®2)

=>ZCLZ' (pi®pi,z®z>

i=1 j=1
m l
2 2
=Y ai(p2)’ = Y bilg2)
i=1 j=1

All the summands on both sides of the last equation are nonnegative. By our con-
struction of z the LHS of the previous equation is zero and the first summand on the
RHS is positive, a contradiction. Thus, each component in &2’ must lie in the span
of the components of &.

Now we have, for all j, ¢; = >." ¢pi. From joint irreducibility we have that

i=1 G
CZ > 0 for all 7 and j. Now suppose that there exists r,s,s’ such that ¢, ¢, > 0.

5778

From the linear independence of py,...,p, we can find a z such that (ps,2z) = 1 and

z L {py:q€[m]\{s}}. Applying Lemma IV.28 to (4.7) we have

m l

doawi(pi) = ) b (a50)
i—1 j=1

m l

:>Za¢pi (pi,z) = Zbﬂj (g5, 2)

i=1 j=1
l [ m T m

= AsPs = Z bj Z C'Zpt <Z chpzu Z>

= AsPs = Z bj Z C{pt C*;
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Let oy = 23:1 bjcz ¢l for all t and note that each summand is nonnegative. Now we

have

m
AsPs = E QtPg.
t=1

We know that ay > 0 since b.cicl, > 0. This violates the linear independence of
P1,---,Dm. Now we have that for all ¢ there exists j such that p; = ¢;. From the
minimality of the representation of mixtures of measures it follows that [ = m and
without loss of generality we can assert that p; = ¢; for all ¢+ and thus u; = v; for
all . Because pq, ..., p, are linearly independent it follows that p; ® p1,...pm Q@ Pm
are linearly independent. We can show this by the contrapositive, suppose p; ®
D1y -y Pm @ Py are not linearly independent then there exists a nontrivial linear
combination such that Y ", k;p; ® p; = 0. Assume without loss of generality that

k1 # 0. Applying Lemma IV.28 we get that

i=1
= Zﬁipi (pisp1) = 0
i=1

= rap ;i ll7> + Z"‘%’pi (pisp1) = 0
i=2

and thus pq,...,p, are not linearly independent.
Since p1 @ p1, ..., Pm ® p, are linearly independent it follows that a; = b; for all ¢
and thus & = &',
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4.5 Identifiability and Determinedness of Mixtures of Multi-

nomial Distributions

Using the previous results we can show analogous identifiability and determined-
ness results for mixtures of multinomial distributions. The identifiability of mixtures
of multinomial distributions was originally studied in Kim (1984) which contains a
proof of Corollary IV.30 from this paper. An alternative proof of this corollary can
be found in Elmore and Wang (2003). These results are analogous to identifiability
results presented in this paper. Our proofs use techniques which are very different
from those used in Kim (1984); Elmore and Wang (2003). These techniques can also
be used to prove a determinedness style result, Corollary IV.31, which we have not
seen addressed elsewhere in the multinomial mixture model literature.

Before our proof we must first introduce some definitions and notation. Any
multinomial distribution is completely characterized by positive integers n and ¢ and
a probability vector in R?, p = [py,... ,pq]T A multinomial random variable can
be thought of as totalling the outcomes of repeated iid sampling from a categorical
distribution. With this view the value ¢ represents the number of possible outcomes
of a trial, p is the likelihood of each outcome on a trial, and n is the number of
trials. For whole numbers £, we define Cy; = {x e Nxt. 22:1 T; = k:} These are
vectors of the form [zq,...,2;] where Zizl x; = k. Using the values n and ¢ above,
the multinomial distribution is a probability measure over C,, ;. If ) is a multinomial
distribution with parameters n, p, ¢ as defined above then its probability mass function
is

n!

T ——. xl... L
Q({[xla---,l’q] }) _xl!"'xq!pl pqq
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for x € C,, ;. We will denote this measure as @), 4. Let
M (n,q) = {Qnpq : pis a probability vector in R},

i.e. the space of all multinomial distributions with n and ¢ fixed.

To show identifiability and determinedness of mixtures of multinomial dis-
tributions we will construct a linear operator T, from span (D (C,4,29)) to
span (D ([q] e Z[Q]Xn>) and use it to show that non-identifiable mixtures of multino-
mial distributions yield non-identifiable mixtures of measures, and likewise for non-
determined mixtures of multinomial distributions.

Since C), 4 is a finite set, the vector space of finite signed measures on (C’mq, 20"#)
is a finite dimensional space and the set {0, : 2 € C,,} is a basis for this space.
Note that {0, : x € C,,} is the set of all point masses on C, 4, not vectors in the
ambient space of (), ,. Thus, to completely define the operator 7, ,, we need only
define T, , (9,) for all x € C,,. To this end let x = C,,,. We define the function
Fog:Cuyg = [q]"" as F, (x) = 1" x -+ x ¢*% where the exponents represent
Cartesian powers. The definition of F}, ; is a bit dense so we will do a simple example.
Suppose n = 6,q = 4 and =z = [1,0, 3, Q]T then F, , (x) = [1, 3,3,3,4,4]T. Let S,, be

the symmetric group on n symbols. We define our linear operator as follows

1
Tnaq (5([) - m Z 50'(F7L,q(-77))7

’ O'ESn

where ¢ is permuting the entries of F), , (z). This operator is similar to the projection
operator onto the set of order n symmetric tensors Comon et al. (2008). The following
lemma makes the crucial connection between the space of multinomial distributions

and the probability measures of grouped samples.
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Lemma IV.29. Let Q,,, € # (n,q), then

Tng (Qnpg) = Va <5Z§:1pi§i> )

Proof of Lemma 1V.29. For brevity’s sake let

Q= Tn,q (Qn,pvq)

and

R=V, (¥, pa.)

Let y € [q]™" be arbitrary. We will prove that Q({y}) = R({y}) which, since y
is arbitrary, clearly generalizes to () = R. From the definition of V,, we have that
R({y}) = L, pi) ™" ({y}) = ITizy py.-

Let y € C,4 be the element such that y; = [{j : y; = 4}| for all 7, i.e. the ith
index of ¢ contains the number of times the value 7 occurs in y. We define x to be
the indicator function, which is equal to 1 if its subscript is true and 0 otherwise.

Consider some z # . We have

Loy 6 () = 3 Gotron ([9)

oESy

1
= D Xo(a()=v

" oES,

From our definition of F,, ;, and ¢ it is clear that, there must exist some r such that
the number of entries of F,, ,(z) which equal r is different from the number of indices

of y which equal r. Because of this no permutation of F,, ,(z) can equal y and thus

T4 (6:) {y}) = 0. From this it follows that T, , (9.) ({y}) = 0 for all z # 7.
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Now we will consider T}, , (d;) ({y}). Again we have

( {y} | jg: Xﬁ'Fﬁq

gESy

so we need only determine how many permutations of F,, , () are equal to y. Basic
combinatorics tells us that there are ¢;! - - - g,! such permutations. The coefficient of d;

in Qpqis yl,L'yq,p?{1 -+ p¥n so we have that Q({y}) = R({y}) by direct evaluation. [

This lemma allows us to make some assertions about the identifiability of mixtures
of multinomial distributions.

In the following we will assume that all multinomial mixture models under con-
sideration have only nonzero summands and distinct components. In the context of
multinomial mixture models, a multinomial mixture model Y " | @;Q p, 4 is identifi-

able if it being equal to a different multinomial mixture model,

m

S
Z a’LQTl,p“q - Z ijn7Tj7q7
j=1

i=1

with s < m implies that s = m and there exists some permutation ¢ such that
ai = by(y and Qnyp,q = @nir,yq for all & The mixture model is determined if the
previous statement holds without the restriction s < m.

Multinomial mixture models are identifiable if the number of components m and

the number of trials in each component n satisfy n > 2m — 1.

Corollary IV.30. Let m € N, , n>2m — 1, and fir ¢ € N,. Let

Qn,pl,qa c 7Qn,pm,qa QTL,T’l,l]) e 7QTL,7‘S,(] e ‘% (n7 q)
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With Qnpi.g -+ s Qropm.g distinet, Qnr, g, - s Quyr,q distinct, and s < m. If

m

S
Z @i Qnpig = Z bjQnyrjq
j=1

i=1

with a; > 0,b; > 0 for all i and Y " a; = Z;:l bj =1, then s = m and there exists

some permutation o such that a; = by;y and p; = 4.

Alternatively this corollary says that, given two different finite mixtures with
components in .# (n,q), one mixture with m components and the other with s com-

ponents, if n > 2m — 1 and n > 2s — 1 then the mixtures induce different measures.

Proof of Corollary IV.30. We will proceed by contradiction and assume that there

exists two mixtures of the form above,

m S
i=1 j=1
but s # m or s = m and there exists no permutation such that a;,Q,,,, =

bo(i)@n,ryyq- 1t we apply T, 4 defined earlier, from Lemma IV.29 it follows that

Vi (Z aiaZZ—lpiMk) =V (Z bjéZ?—Nj,l(Sl) :
i=1 =1

We have that & = > 7", a;0y and &' = " bjdsa . 5 are mixtures of

_1Pik0k

measures which are not n-identifiable. Our contradiction hypothesis implies that

P+ P From Lemma IV.8 we have that

Vom-1 (Z aﬁzg_lpi’k&k) = Vom—1 (Z bj(szlq_lrj,15,> )
j=1

i=1
which contradicts Theorem IV.5. ]

Additionally multinomial mixture models are determined if the number of com-
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ponents m and the number of trials in each component n satisfy n > 2m.

Corollary IV.31. Let n > 2m and fixr ¢ € N.  Let Quprqs---»@npm,g and
Qniings s Qniryqg be elements of A (n,q) with Qup,g,-- -, Qupmg distinct and

Quirvgs -+ s Quro g distinet. If

m S
E :aiQn,pi,q = E :bJQn,Tj,q
i=1 j=1

with a; > 0,b; > 0 for all i and >_"  a; = Z;nzl b; = 1, then m = s and there exists

some permutation o such that a; = by;y and p; = ry3).

The proof is almost identical to the proof of Corollary I1V.30, so we will
omit it. Using these proof techniques one could establish additional identifiabil-
ity /determinedness style results for multinomial mixture models along the lines of
Theorems 1V.13, IV.14, and IV.16. Furthermore it seems likely that one could use
the algorithms described in the next section or from Anandkumar et al. (2014); Arora
et al. (2012); Rabani et al. (2014) to recover these components, using the transform
T,

n,q-

4.6 Meta-Algorithms

Here we will present a few algorithms for the recovery of mixture components and
proportions from data. The algorithms are quite general and can be applied to any
measurable space. Unfortunately, due to the generality of the proposed algorithms,
some of the implementation details are setting specific which makes in-depth theo-
retical analysis difficult. As one concrete illustration, we will show consistency for
categorical measures.

Let Y ", w;0,, be an arbitrary mixture of measures on some measurable space

(Q, F), which we are interested in recovering. Let pi,...,p, be square integrable
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densities with respect to a dominating measure &, with [ A Pid§ = p; (A) for all i € [m)]
and A € F. A measure £ and densities py, ..., p, satisfying these properties are
guaranteed to exist as a consequence of Lemma IV.23.

We will initially consider the situation where we have 2m samples per random
group and have access to the tensors Y i, w;p$>™ and Y7 w;pP?™ 2. In a finite
discrete space, estimating these tensors is equivalent to estimating moment tensors of
order 2m and 2m —2. For measures over R? dominated by the Lebesgue measure, one
could estimate these tensors using a kernel density estimator in R4?™) and R*?m—2)
using each sample group as a kernel center. We will also assume that py,...,p, have
distinct norms. We will need to introduce tensor products of bounded linear operators.

The following lemma is exactly proposition 2.6.12 from Kadison and Ringrose (1983).

Lemma IV.32. Let Hy,...,H,, H},..., H be Hilbert spaces and let U; € L (H;, H})

for alli € [n]. There exists a unique

UelL(H ® - ®H, H ® ®H,),

such that U (hy ® -+ ®@ hy,) = Uy (1) @ -+ @ Uy, (hy,) for all hy € Hy, ... h, € Hy,.

Definition IV.33. The operator constructed in Lemma IV.32 is called the tensor

product of Uy, ..., U, and is denoted U; ® - - - ® U,,.
The following equality is mentioned in Kadison and Ringrose (1983).

Lemma IV.34. Let Uy, ..., U, be defined as in Lemma [V.32. Then

102 @ -+ @ Unl| = U U] - - U]l

Before we introduce the meta-algorithms we will discuss an important point re-
garding computational implementation and Lemmas IV.28 and 1V.32. For the re-

mainder of this paragraph we will assume that Euclidean spaces are equipped with
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the standard inner product. Vectors in a space of tensor products of Euclidean space,
for example R ®- - -@R% are easily represented on computers as elements of R4 % *ds
Comon et al. (2008). Linear operators from some Euclidean tensor space to another
can also be easily represented. Furthermore the transformation in Lemma IV.28 and
the construction of new operators from Lemma IV.32 can be implemented in com-
puters by “unfolding” the tensors into matrices, applying common linear algebraic
manipulations and “folding” them back into tensors. The inner workings of these
manipulations are beyond the scope of this paper and we refer the reader to Golub
and Van Loan (1996) for details. Practically speaking this means the manipulations
mentioned in Lemmas V.28 and 1V.32 are straightforward to implement with a bit
of tensor programming knowhow. Implementation may also be streamlined by using
programming libraries that assist with these tensor manipulations such as the NumPy
library for Python.

Because of the points mentioned in the previous paragraph the following algo-
rithms are readily implementable for estimating categorical distributions, where the
measures can be represented as probability vectors on a Euclidean space. We will
go into this point in more detail later. Similarly, we expect that these techniques
could be extended to probability densities on Euclidean space using kernel density
estimators with a kernel function that can be evaluated in closed form (although
implementation may be significantly more involved).

To begin our analysis we will apply the transform from Lemma V.28 to get the

operator
C =Y wp?™ (pPm ) =Y Vwp™ T (VwpET )
i=1 i=1

Here C' is a positive semi-definite (PSD) operator in £ (L* (€, F, §)®m_1). Let CT

be the (Moore-Penrose) pseudoinverse of C' and W = v/CT. Now W is an operator
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that whitens \/wip™ !, ..., wmp®™~t. That is, W /wp™ ', ..., W /wupZm=?

are orthonormal vectors. Using the operator construction from Lemma IV.32 we can

construct I @ W @ I ® W where, for all simple tensors in L? (Q, F, & )®2m we have,

TQWRIQW) (11 ® - @ Tap)

=21 QW (22 Q@ Ty) @ Typy1 QW (g1 ® + -+ @ Tayy,)
Applying @ W @ I @ W to 327 w;pP*™ yields

Z wip; @ Wpi™ ™' @ pi @ Wpe™ !,
=1
which can again be represented as a PSD operator

S 2 szpz@)Wp@m 1<p1®Wp®m 1 >

=1

= > p @ W wipd™ ! (i @ W/wp?™ ) .
i—1
For i # j it follows that p; @ \/w;Wpi™ ' L p; @ W /w;p$™ . To see this

(pi @ W/wip?™ 1, p; @ W fwips™ )
= (pi,pj) (W wipd™ W Swsps™ )
= (pi, ;) 0

=0.
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Also note that

HZ%‘@W\/E Z@m—lHZ _ <pZ®W\/UzP®m 1’pi®W\/E ;@m_l
) (W W)

2
= lpill™-

If p1, ..., pn have distinct norms then it follows that

> p @ W/wip?™ " (pi @ W/wp?™ )
=1

is the unique spectral decomposition of S since the vectors py @W /w pP™ ', ..., pp®

W /W,p2™~1 are orthogonal, have distinct norms, and thus distinct positive eigen-

values. Given an eigenvector of S, p; @ W /w;p{™ !

, we need only view it as a linear
operator p; <W\/Ep®m ! > and apply this operator to some vector z which is not
orthogonal to W' /w; w;pP™ !, thus yielding p; scaled by <W\/Ep®m ! >

Were the norms of pq, ..., p, not distinct, then there would not be a spectral gap
between some of the eigenvalues in S, and a spectral decomposition of S may contain
some eigenvectors that are not p; ® W,/w; wipt" L pm @ W\ Wr,pE™~1, but are
instead linear combinations of these vectors.

Once the mixture components py, .. ., p,, are recovered form the spectral decompo-
sition we can estimate the mixture proportions. From these mixture components we

®2m—2 XR2m— 2

can construct the tensors pj e Do These tensors are linearly independent

by Lemma IV.20. The tensor > ", w;p?®™ =% is known. By the linear independence

of the components there is exactly one solution for a,...,a,, in the equation

m

E @2m—2 __ § ®2m— 2
wlpz a/]p

=1
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over ai,...,a, will give

. e e m ®2m—2 m ®2m—2
so simply minimizing HZizl W;P; — ijl a;p;
us the mixture proportions. We could also use a different tensor power
m Xr m Qr
HZ@':I wip; — Zj:l a;p;

the components.

, so long as r > m — 1 to guarantee independence of

We can construct a similar algorithm with 4 samples per group when the mixture
components are known to be linearly independent. The details of this algorithm
are in Appendix B.2. In such a setting it would be advisable to use the algorithms
from Anandkumar et al. (2014); Song et al. (2014) since they better studied. We
mention our algorithm for purely theoretical interest. There are likely a multitude of
possible algorithms for the recovery of mixture components whose necessary group
size depends on the geometry of the mixture components.

Taking inspiration from Anandkumar et al. (2014) and Song et al. (2014) we
can suggest yet another algorithm. The previous papers demonstrate algorithms for
recovering mixture components which are measures on discrete spaces and R?, from
random groups of size 3, provided the mixture components are linearly independent.
Given a mixture of measures & = Y " w;d,, with density functions pi,...,pm,

®m—1 QRQm—1

the tensors p;y RPN 1 are linearly independent. Thus, with 3m — 3 samples

per random group, we can estimate the tensors » ., wip;@?’m_g and we can use the
algorithms from the previous papers to recover p™ ' ... p&™~! from which it is
straightforward to recover py, ..., pm.

We can also recover the components with 2m —1 samples per group. We will adopt
the same setting as in our first algorithm, but with 2m — 1 samples per group in stead
of 2m. Let W be as before. Using Lemma I'V.32 we can construct the operator /@ W &

W on the space L? (22, F, £)®2m_1 which maps simple tensors in the following way:

IQWW)(11® - Qap_1) =21 QW (22 @+ @ X)) QW (T30 @ -+ - @ Toyp—1).

®R2m—1

Applying this operator to Y ", w;p; gives us the tensor
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AED wp @ W (pP™) @ W (pPm)

=1

=Y neW (Vup{™ ) @ W (Vep™).
=1

From Lemma IV.28 we can transform the tensor A into the operator T,

T = me V™) (W (V™) ) (4.8)

Now the operator TT is

sz®W V™) (W (Vo™ ™),

SOW () () © W (). ->>

J=1
m

—sz®W (Vwp™ ) (s @ W (Vwip?™ ") ,-)

which is simply the operator S from the previous section. The last step is justified

since the vectors W (,/ M 1) LW (1 /W, %m_l) are orthonormal. This tensor
is precisely the tensor from which we recovered the mixture components in the first

algorithm.

4.6.1 Spreading the eigenvalue gaps for categorical distributions

Here we will introduce a trick to guarantee that the norms of the mixture
component distributions are distinct. Let (Q,QQ) be a finite discrete measurable
space with Q = {wy,...,wq}. Let py,..., 1y, be distinct measures on this space.
Let y1,..., %4 “ unif (1,2) and let £ be a random measure on (Q,2Q) defined by

€ {wi}) = y; for all i. Clearly ¢ dominates all py,. .., 1, and thus we can define
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Radon-Nikodym derivatives p; = ‘il‘g . We will treat these Radon-Nikodym

derivatives as being elements in L? (Q, 2, 5). We have the following lemma

Lemma IV.35. With probability one

[ piwrice # [ pwraee

for all i # j.

Proof. Observe that, for all ¢, 7,

/ pdé = pilw))€ ({w;}) = pilwi)ys = s ({w;})
{w;}

and thus p; (w;) = ({w7}

. We will show that ||p1||£2(Rd) # Hp2||€2(Rd) with probability
one, which implies || sz () # ||p;l| () for all ¢ # j with probability one (here and
for the rest of the paper |[|-|| (R4) will denote the standard Euclidean norm on R and
(-, ) ¢ () the standard inner product).

Because 1 # po it follows that there exists some j such that jq ({w;}) # pe ({w;}).

Without loss of generality we will assume that j = 1 in the previous statement. Now

we have

which is clearly zero since (p1 ({w1}))” — (2 ({w1}))? # 0 and gy, .. ., yq are all inde-

pendent random variables and from a non-atomic measure. O]
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Applying the previous trick with the recovery algorithm for groups of size 2m —
1 we have an algorithm for recovering mixtures on finite measure spaces with m
components. The paper Rabani et al. (2014) recovers the mixture components given a
setting almost identical to ours, but we feel that our algorithm is more straightforward

and easily extended to non-discrete spaces.

4.6.2 Recovery Algorithm For Discrete Spaces

Let (€2,2%) be a finite measurable space with |Q| = d. To simplify exposition we
will assume that €2 is simply the set of d dimensional indicator vectors in R%, ey, .. ., eq.
Note that Euclidean space with the standard inner product is L? (Q, 29 Zle 561.) =
(? (R?). Let i1, ..., pun, be distinet probability measures on Q. Let & = 37", w;d,,,
be a mixture of measures. Let p; = E,.,, [z] for all i. Note that p;; = u; ({e;}) for

all i, 7. Let X1, Xa, ... "% Va1 (P) with X; = [Xi1, .-, Xiom1)-
To begin we construct the random dominating measure described in Section 4.6.1.

Let y1,..., Y4 % unif (1,2). The random dominating measure ¢ is defined by £ ({e;}) =

y; for all i. Let p; = id%, ie. p;(e;) = yJ for all i« and j. There is a bit of a
J
computational issue with this representation for the densities py,...,p, since the

new dominating measure changes the inner product from the standard inner product.

We can remedy this with the following lemma.

Lemma IV.36. Let z,v € (* (RY), ¢ be as above, and

- _
= 0 0 -« 0

1
0 T o --- 0

B = 0 0
0
1
|00 0 7

Then (B, Bv) 2090 ¢) = <$7U>£2(Rd)'
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Proof of Lemma 1V.36. We have

(Br, Bv) pgang = / (Ba)(i)(Bo) (i)de (i)
d

]

From this lemma we have that B, when considered as an operator in
L (2 (RY),L?(9,29,¢)), is a unitary transform. We are interested in estimating
the tensor 1", wip?m_l, but in order to keep the algorithm operating in standard
Euclidean space we will instead transform it into ¢2 (Rd). To this end consider an

arbitrary ¢. We have

B7'p; = B! [pi,ly---api,d]T

~ ~ T
_ p-! []ﬂ pi,d:|

v Y
_ |:I5i,1 ﬁi,d }T

\/E,...,\/%

and thus B~'p; = Bp; for all j.

We will use the following lemma to find the expected value of

E [BXi,l ® v ® BXi,mel]

Lemma IV.37. Let n > 1 and Zi,...,7Z, be independent random wvectors in
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R%, ... R¥™ such that E[Z;] exists for alli. ThenE[Z, @ - - ® Z,| =E[Z)]® -+ ®
E[Z,].

Proof of Lemma IV.37. Let [iy,...,i,] € R% x --. x R be arbitrary. We have that

E[Z1®®Zn] . = E[ZLZ‘l"'Zn,in]

L1500y in

= EZ1y]-ElZy].

Since i1, ...,4, were arbitrary it implies that all entries of E[Z; ® --- ® Z,] and

E[Z]®---®@E[Z,] are equal. O

Recall that X; 1, ..., Xjom—1 i @ with g ~ &2. From the previous lemma and the

definition of p; it follows that

E [BXM K- BXi,Zm—l]
=Euv2 [E[BX;1 ® -+ @ BXjam-1]| ]
=Euvz [E[BX1|pu] ® - @ E[BX; am—1]|p]

= Euv [BE [X;1|pu] ® -+ @ BE [X; 2m1|p]]

=Y wiBE [Xii|p = ] ® - @ BE[Xigm1|n = 1]

Let YV;; = BX,,;. Now we will construct the whitening operator. To do this first

construct the operator

1 ] —
S —— Y, QY o
R (2m—1)!nz Y. Yoy ® - ® Yigmo)
C — =1 U€S27n71

<}/;,O'(m) Q- ® }/;7‘7(27’”_2)’ > '

There are some repeated terms in the previous summation, which is not an issue.
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Instead we could have set C to be equal to

2m_2 'n Z Z Y;‘U ..'®Yi’o—(m_1) <}{Lv‘7(m) O ®}/;:,O'(2m—2)7'>7

1=1 0€ESam_2

but this would not utilize all the data, specifically Y} 21—1,- .., Y 2m—1. In the second
operator the average over S,,, o functions as a projection onto the space of sym-
metric tensors and the summation over Ss,,_; in the definition of C serves a similar
purpose. Viewed alternatively, the distribution of [Y; 1, ..., Y;2,_1]" does not change
if we reorder the entries of the vector, so the summation is considering all possible
orderings of random groups. This symmetrization conveniently assures that Cisa
Hermitian operator. This C is estimating the C' mentioned in the meta-algorithm.
Let )\5’1, cee )\am be the top m eigenvalues of C and V612V m be their associated

eigenvectors. We can now construct the whitening operator

m

_1

2 -~ .
Z &iv <Ucw>'

Now construct the tensor

_ 2m_1.n2 D Yioty @ W (Vi @+ @ Yigmy) © -
A

e i=1 0€Som_1

—

w (Y;,o’(erl) Ry Y;;,O‘(ZWL71)) .

Using simple unfolding techniques we can transform A in to the operator T

T- 2m—1lnz D View @W (Yot @+ @ Yigm) -+

i=1 0€Som—1

</V[7 (}/7;70'(771-"-1) K- Yi,U(Qm—l)) ) > )
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as well as its Hermitian, 7:

2m—1lnz Z W zo’m+1)® ®Yi,o(2m—1))"-

1=1 0€S2m_1

<Y;l,cr(1) @ W (Yio@ ® @ Yiom) > :

Let wvq,...,v,, be the top m eigenvectors of TTH (4.8), which will be

elements of ¢* (R?) o These vectors are estimates of |Bp |, Bp1 ®
W/ (Bp)™ . Bhmlly" Bhm © W /W (Bpm)®™ " (possibly multiplied by

—1). The factors in front of the tensors normalize the tensors to have norm 1.

Using a transform of the form in Lemma IV.28, we can implement a transform
U R o o (2 (R 2 (RY)

which maps simple tensors x1 ® -+ ® z,, to 1 (X2 @ -+ ® Xy, ). Applying this
transform to wq,...,v,, yields estimates of HB@H;;(RC[) Bp; </V[7\/E (Bﬁi)@nfl : .>’
for all 1. At this point one simply needs to find vectors gqi,...,¢qm
which are not orthogonal to /V[?\/w_l (Bpy)®™ ... ,W\/w_m (Bpm)®™ " to get
||B]52~||;21(Rd) Bp; </I/I7\/E~(Bﬁi)®mfl ,qi>, which is Bp;,...,Bp; up to scaling. Such
vectors can be found by simply using a tensor populated by iid standard normal ran-
dom variables. After this we can recover py, ..., pnm, up to scaling, by simply applying
B~!, which we would then want to normalize to sum to one. Alternatively we could

take the largest left singular vector of these operators. We will call these estimates

2/9\17 s aﬁm-
Using the data we can estimate the tensor Y ;" w;pe™ ' with the estimator
T 2m—1n Z > Xio @ ® Xigmo)
1=1 0€S2m_1
To estimate the mixture proportions we find the value of a = (ay, ..., a;,) which
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minimizes

m
P ~®@m—1
E— E ip;

=1

4.6.3 Consistency of Recovery Algorithm

We will now show that the recovery algorithm for categorical distributions is
consistent. Let C,@,T, T\,I/V, and W be as they were defined in the first part of
this section. The crux of our algorithm is the recovery of the eigenvectors of TTH
from which we then recover the mixture components through the application of linear
and continuous transforms to the eigenvectors. In order to simplify the notation in
our explanation we will assume that the norms of py,...,p, are distinct. We do
this so that there are gaps in the spectral decomposition of TT* thus making the
random dominating measure trick unnecessary. Were this not the case, we could
simply represent the probability vectors as densities with respect to some dominating
measure which makes their norms distinct, as we did in the previous section. Because
of this assumption we can simply set B to be the identity operator. From this we
have that p; = p; for all i and X;; = Y;; for all ¢ and j. The following theorem

demonstrates that the algorithm does indeed recover the eigenvectors of TTH.

Theorem IV.38. With T and T defined as above, as n — oo then
HTTH - TfHH 2.

HS

Proof of Theorem 1V.38. Let
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and

@ = 2m — 1 ‘ n Z Z Xi ,o(1) K- Xi,a(2m—l)~

i=1 0€Som—1

Note that

(IeWaW)(Q) = iwime@W(p;@ml)@W(@m )

=1

and

(I@A W) (@)

2m—1 vnz Y Xioy ® W (Xiop

i=1 0€Som_1

Q)

—

w (Xi,a(erl) Q@ Xi,U(mel)) .

Xi’g(m)) R---

Since the transform in Lemma IV.28 is unitary, we have that

i, =Jrewom@- (oo

We will now show that

] < |7

A
=
®
=
®
=
<
=
®
S
®
, S

IN

( )®2m71
+HI®W®W I®W®WH HQ
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We have that E [Q\] = (@ so the first summand goes to zero in probability by the law

of large numbers. All we need to show is that HI SWRW-IeWe W‘ 0.

From Lemma IV.34 we have that

W®W®W41®W®W”SMWW®W—W®WH
:WW®W—W®WH
< HW@W—W@WH T
HW@W—W@W”
= i w =]+ ][ 7]

= (w14 [ ) v - 7]

The left factor converges in probability to 2 ||IW]| and the right factor converges to

0 in probability and so we have that HT — f’ %0. From this we also have that

HffH-—TTH‘lSQ 0

As demonstrated earlier in this section the mixture components are recovered by
applying a composition of linear and continuous operators to the eigenvectors of TT*
thus consistent estimation of the eigenvectors of TT* gives us consistent estimation

of the mixture components.

4.6.4 Experiments

Here we will present some experimental results of our algorithm applied to a simple
synthetic dataset. The sample space for the experiments is 2 = {0, 1,2}. The mixture
components of our dataset are piq, io, 3 with uq distributed according to a binomial
distribution with n = 2 and p = 0.2, ps is similar with p = 0.8 and puz = %ul + %ug.
The component weights are w; = 0.5, ws = 0.3, w3 = 0.2. So our mixture of measures

is Z =32 wd,,. Our samples come from Vi (), and we will apply the algorithm
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described previously with a random dominating measure and using the left singular
value estimator rather than the application of a random vector.

When considered as vectors in R?, y; and gy have the same norm. The mixture
components are also not linearly independent. We will construct our own performance
measure which measures the recovery of all the components jointly. Let fiy, fia, iz be
the three estimates of the mixture components from some algorithm. We will view
these estimates as vectors in R3. Our metric is minycg, % Z?:l ||'“l — Ho(i) H ((R3)" That
is, we take the sum of total variations of the best matching of the estimated mixture

components to the true components.

4.6.5 Proposed Algorithm Experiments

We include two different implementations of our proposed algorithm with two
different sample sizes. For our first experiment we generate the dominating measure
from the square of Gaussian random variables with mean 0 and standard deviation
0.03 This experiment was performed with a sample size of 50,000 random groups. We
used the Gaussian random variables instead of a uniform distribution for the random
dominating measure because the Gaussian random measure performed better. For
our second experiment we fix our dominating measure £ as £ ({0}) = 3%, £ ({1}) = 22
and € ({2}) = 1 with 50,000 random groups. For our third and fourth experiments
repeated the previous two experiments but increased the number of random groups
to 10,000,000. The purpose of the last two experiments is to demonstrate that a well
chosen dominating measure can significantly affect performance. For our proposed
algorithm we repeat the experiment 20 times and report relevant statistics. We make
one additional adjustment to the algorithm described earlier. If the estimator yields
a component which has a negative entry, we simply set the negative entry to zero and

renormalise.
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Table 4.1: Experimental Results

Method

Performance

Random Dominating Measure, 50,000 samples

Mean:0.1407, Variance:0.0169

Fixed Dominating Measure, 50,000 samples

Mean:0.0524, Variance:0.0011

Random Dominating Measure, 10,000,000 samples

Mean:0.0433, Variance:0.0062

Fixed Dominating Measure, 10,000,000 samples

Mean:0.0037, Variance: 4e—6

Randomly Selected Measures

Mean:0.5323, Variance:0.0203

Anandkumar, et al. Anandkumar et al. (2014)

0.3214 or 0.1758

4.6.6 Competing Algorithms

We compare our algorithm to the algorithm from Anandkumar et al. (2014) as

well as simply choosing 3 measures uniformly at random from the probabilistic sim-

plex. The randomly selected components algorithm was repeated 1000 times. The

algorithm in Anandkumar et al. (2014) is executed on the true population measures.

Note that this algorithm is not intended to be used on mixtures of measures with

linearly dependent components.

4.6.7 Results

The Results are summarized in Table 1. As expected the algorithm from Anand-

kumar et al. (2014) is not capable of recovering components which are not linearly

independent. We chose the initial vector for tensor power iteration in Anandkumar

et al. (2014) randomly and the performance of this algorithm seems to depend on the

choice of initial vector.
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CHAPTER V

Future Work, Discussion, and Conclusion

This chapter contains possible directions for future research related to the results

presented in this thesis and concluding remarks.

5.1 Robust Kernel Density Estimator Consistency

In this work we have shown that the limit of the RKDE, as n — oo and o — 0,
is the distribution f. Therefore the robustness of the RKDE is not manifested in its
asymptotic limit, at least for the class of strictly convex losses we study. Rather, the
robustness of the RKDE is manifested for finite sample sizes as demonstrated by Kim
and Scott (2012).

A key feature of our work is our nonstandard analysis. Standard analysis proceeds
by the decomposition, || f — 2|, < ||f — folli +fo — f2Il;, where f, is the minimizer
of J, (defined in Eqn. (2.2)). Using proof techniques from Kim and Scott (2012) it

is easy to show that there exists a pdf, p,, satisfying

fo= [ 12 @2, @) s
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and

2 (H(I)a (1’) - fUHHJ) f (ZL’)
¢ (106 () = folly,) £ (y)dy

po (x) = f

In the case of the classic KDE, ¢ is a constant so p, = f. For a robust loss however, ¢
is a non-constant function so p, does not have a closed form expression. The fact that
fo and f}' do not have closed form expressions makes the standard analysis difficult.

The function R]} is of some interest of its own. It is mentioned in Kim and Scott
(2012) that the IRWLS algorithm converges to the RKDE after very few iterations.
This phenomenon may be explained by the small contraction constant exhibited by
R? in Lemma I1.9. It is also worth noting that the density estimator generated by
applying the IRWLS algorithm a fixed number of times is also consistent. More
precisely, let f™* = R"(--- R (R"(0)) - --), where R" is applied k times, then, given
o= g, %o

the same consistency requirements for the RKDE,
The last line of the proof for Theorem II.5 allows us to say something about the

RKDE rate of convergence. From the proof, if no? — oo, there exists C' > 0 such

that, with probability going to one, ||f — f]}HH < Co¥?. Letting o¥/? = s

NG
gives us Hﬁ? — fg”HU % < (), a rate of convergence of the RKDE to the KDE. We

anticipate that this result can be extended to L' convergence of the RKDE to f and
will be a focus of future work.

We also note that just as f7 is a robust version of f* so is f, a robust version of f,.
To see this consider the expression for p,. For the traditional KDE ¢ is a constant,
yielding p, = f. When using a robust loss ¢ is a decreasing function causing p, ()
to be smaller for more outlying x. We can consider p, to be a robust version of f
since it suppresses low density regions of f.

The primary thrust of future work will focus on extending this result to nonconvex

functions. In Kim and Scott (2012) it was demonstrated that the RKDE performed
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well when using a Hampel loss. Though optimization in a nonconvex setting is typi-
cally difficult to analyze, a proof using the fixed point techniques from this work seem

to be a promising tool for tackling such a challenge.

5.2 Scale and Project Kernel Density Estimator

Previous works have demonstrated that adaptive kernels can significantly improve
the performance of the KDE (Terrell and Scott, 1992; Liu et al., 2007; Mahapatruni
and Gray, 2011). Considering that the SPKDE already outperforms standard KDE,
it would be interesting to see if coupling the SPKDE with some adaptive kernel
technique could yield performance superior to both the SPKDE and adaptive kernel
methods.

There are a few interesting theoretical questions regarding the SPKDE. Most
obviously one would want to know why the performance of the SPKDE is generally
superior to that of the standard KDE, even with no contaminating data. In the case
of no contamination the SPKDE does not converge to the true density, which seems
to imply that the bias of the SPKDE is somehow superior to that of the standard
KDE. A better understanding of this could lead to even better nonparametric density
estimators. A second question would be that of the sample complexity. How does
the scaling and projection affect the convergence of the density estimator?

Algorithmically it would be desirable the accelerate the optimization for finding
the kernel weights, but since the optimization is a simple quadratic program this

avenue for research is subsumed by standard optimization theory.

5.3 An Operator Theoretic Approach to Nonparametric

Mixture Models

This chapter in particular presents many possibilities for future work.
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5.3.1 Future Work Related to the Recovery Algorithm

We feel that there is significant room left for improving our proposed algorithm.
Though we do not include these experiments, we observed a phenomena that having
a large separation between the norms of the components significantly improves the
ability for the algorithm to recover the mixture components. As the experiments
demonstrate, choosing a good dominating measure which separates the norms can
improve performance. An avenue for possible improvement is intelligent selection
of a dominating measure. One possible disadvantage of choosing the dominating
measure with iid random variables is that a sort of central limit type of effect occurs
which draws the norms together. Perhaps there is some way to select the dominating
measure from the data which will improve performance.

A second improvement may come from better estimates of the C' and T opera-
tors in the algorithm. Principally, estimating these depends on good estimates of
symmetric tensors which represent categorical distributions. It has been shown that
the estimation of discrete distributions can be improved by not simply using the fre-
quencies of each occurrence of each category (Lehmann and Casella, 2003; Valiant
and Valiant, 2016; Orlitsky and Suresh, 2015; Kamath et al., 2015; Han et al., 2014;
Paninski, 2005). It seems possible that leveraging the techniques used for estimating
categorical distributions with the structure of symmetric tensors can yield improved
estimates of the symmetric tensors we use and thus improve the performance of the
algorithm.

Additionally it would be desirable to find some sample complexity bounds and

convergence rates for our recovery algorithms.

5.3.2 Additional Identifiability Results

While we have derived several core identifiability and determinedness there are still

many possibilities for other such results. For example, can the techniques presented
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here be extended to identifiability results for mixture models which are not “finite”
mixture models? What happens if a mixture of measures &2 has an infinite number
of components or is non-atomic? Additionally it would be interesting to see if we can
derive similar results for hidden Markov models, which are essentially the stochastic
stochastic version of finite mixture models.

Returning to the realm of finite nonparametric mixture models, there are a couple
of questions worth investigating. One of these is the notion of “identifiable sub-
spaces.” Given a mixture of measures & and access to V,, (), is it possible that
some mixture components are identifiable while others are not? We can pose a simi-
lar question. Given some mixture of measures, &2, what mixture components can we
add to & so that these new components are identifiable? What does this subspace
of identifiable components look like? Given data, can we hope to recover components
in these identifiable subspaces and know with certainty that we are indeed recovering
a true mixture component? Finally we would like to completely characterize the n-
identifiability and n-determinedness of a mixture of measures based on the geometry

of its components.

5.3.3 Potential Statistical Test and Estimator

The results on determinedness suggest the possibility of a goodness of fit test.
Suppose we have grouped samples from some mixture of measures &' = ZZZI wgé% :

Further suppose some null hypothesis
H(] . r@/ = = Zwléﬂl
i=1

We may be able to reject the null hypothesis provided we have 2m samples per group
m X

if we have some way of consistently estimating M = Do Wit 2m from the groups

of samples. We will call such an estimator M. If M does not converge to M then we
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can reject the null hypothesis.

One interesting observation from the proof of Theorem IV.9 is that, if &2 =
>, w;d,, is a mixture of measures, p; is a pdf for p; for all 4, and n > m, then the
rank of Y a;pf™ @ pi" will be exactly m. This suggests a statistical estimator for
the number of mixture components. The form of this tensor is amenable to spectral
methods since it is a positive semi-definite tensor of order 2, which is akin to a
positive semi-definite matrix. Embedding the data with the kernel mean mapping,
using a universal kernel Micchelli et al. (2006), seems like a promising approach to

constructing such a test or estimator.

5.3.4 Identifiability and the Value 2n — 1

The value 2n — 1 seems to carry some significance for identifiability beyond the
setting we proposed. This value can also be found in results concerning metrics
on trees Pachter and Speyer (2004), hidden Markov models Paz (1971), and frame
theory, with applications to signal processing Balan et al. (2006). All of these results
are related to identifiability of an object or the injectivity of an operator. We can
offer no further insight as to why this value recurs, but it appears to be an algebraic

phenomenon.

5.4 Conclusion

This work has presented results concerning two extensions of the question of non-
parametric density estimation. The first extension was adapting kernel density esti-
mation to be robust to contamination and outliers. To this end we demonstrated the
asymptotic behavior of a proposed robust kernel density estimator, with optimal rate
on bandwidth. We also proposed a new robust kernel density estimator, the SPKDE.
The asymptotic behavior of this estimator was analysed, and was shown to converge

to a transformed version of the sample distribution. Provided certain assumptions
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on contaminating data, this transform will converge to the uncontaminated distri-
bution. This estimator was also shown to perform well experimentally, oftentimes
outperforming the standard KDE, even with no contamination.

The second extension was concerned with nonparametric mixture modelling. In
this setting we had access to groups of samples which were known to come from
the same density. Using measure theoretic techniques we could embed this setting
into a Hilbert space and apply functional theoretic techniques. We demonstrated
several tight bounds for identifiability and determinedness as well as a highly general
algorithm, with a proof of concept experiment, for recovering the densities. These
techniques relied heavily on the Hilbert space embedding and demonstrated the power

of this technique.
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APPENDIX A

Chapter III Additional Proofs and Experimental

Results

A.1 Proofs

Proof of Lemma I11.2 and II1.5. We will prove these lemmas simultaneously. The f
in lemmas II1.2 and II1.5 are the same and all notation is consistent between the two
lemmas. First we will show that [|g, ||, is continuous in . Let {a;};° be a non-
negative sequence in R converging to arbitrary a > 0. Since g,, 3 is dominated by 3 f

and g,, g converges to g, g pointwise, by the dominated convergence theorem we know

gaisllzr = 19asll 11, thus proving the continuity of ||gas||,.. Since ||gosl = B8 > 1
and ||gasll;: — 0 as a — oo, by the intermediate value theorem there exists o such
that ||gasll;1 = 1. This proves the existence part of Lemma II1.2. Let f5 = gus.
Clearly D is convex so the closure (in L?) D is also convex. Since D is a closed

and convex set in a Hilbert space, arg min,ep ||g — 8]/ ,» admits a unique minimizer.

Note that f;; being the unique minimizer is equivalent to showing that, for all ¢ in D
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(Theorem 3.14 in Bauschke and Combettes (2011))
(c=JsBf = T5) <0

Because this is continuous over the ¢ term and D is dense in D we need only show

that the inequality holds over all ¢ € D. To this end, note that for all x,

and that if f(z) > 0 then

falz) = Bf(z) —

From this we have

(c=Ja.B5 = Ts)

= (eBF~F5) = (FoBf = J3)

— [ew@ (ﬁf(:v)—fﬁ(x))dw
[ B@ (3@ - F@) e
/ r) ol dz

/ Jo (2) (Bf (@) — (Bf (2) — ') dz

:Oé—Oé

= 0.

From this we get that ﬁ; is the unique minimizer. If there existed o” # o’ such that
gar,p Was also a pdf, then there would be two minimizers of argmingep [|g — Bf| 2,

which is impossible since the minimizer is unique, thus proving the uniqueness of
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o O

Proof of Proposition III.4. In this proof we will be working with a hypothetical fi,.
and feon in D. Define “Assumption B” to be that there exists two sets S C supp( fiar)
and T C R?, which have nonzero Lebesgue measure, such that fep,(T) > feon(S). We
will now show that Assumption A not holding is equivalent to Assumption B.

A=not B: Let S C supp(fiar) and T' C R? both have nonzero Lebesgue measure.
From Assumption A we know for Lebesgue almost all s € S that f.,,(s) = u, for
some u and feon(T) < u Lebesgue almost everywhere.

not A=-B: If Assumption A is not satisfied either f.,, is not almost Lebesgue
everywhere uniform over supp(fio) or feon is Lebesgue almost everywhere uniform
on supp (fier) with value u but there exists some set  C R? of nonzero Lebesgue
measure such that f.,, (@) > u. Both of these situations clearly imply Assumption
B.

This proves that the negation of Assumption A is Assumption B.

Let feon and fi,, satisfy Assumption B and € € (0, 1) be arbitrary. By Lemma I11.2
we know there exists a unique a such that max { = (1 = &) fiar(-) + € feon) — @, 0 }
is a pdf. First we will show that a < esssup, 7= feon(¥). If esssup, 1% feon(7) = 00
then clearly o < esssup, 15 feon (). Let r = esssup, 1= feon(z) < 00. Let S, T C R?

satisfy the properties in the definition of Assumption B. Observe that

[ {2 (=l + et 0

-/ max{fm@)
-/ max{fm(w

+S[ max {ftar(l') +

dx

-0

}
}

(z) r,O} dz.
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Note that on the set S we have that max {fmr(x) + 7= feon(T) — 1, 0} < fiar- Now

we have

1—¢

/max{ftar(aj)—{— 2 fcon(x)_r70} dr...
S
+ /max {ftar(x) + 1L_€fcon(x) - T’,O} dx
e
< ftar(x)dx_’_ ftar(x)dx
[t ]

<1

and thus a < r (i.e. the cutoff value for R2 ( f,p,) is lower than the essential supremum
of feon). Because a < esssup, 1= feon(), on the set for which = feon(-) > o (which

has nonzero Lebesgue measure) we have that max { Jrar (") + 152 feon — @, O} > frar,

SO max {ftar(') + éfcon - 05’0} 7é ftar- D

Proof of Theorem II1.6. Given a set S C L* (R?) let Ps be the projection operator

onto S. Consider the following decomposition

fzs = fill o = NIPozBfs = Pobfll

< HPDZ;B]?;L - PDQBf”Lz + HPDI}ﬁf - P@ﬂfHLz

Note that we are projecting onto D rather than D does not matter as was shown
in the proof of Lemma III.2 and II1.5. Furthermore note that fé = Pspf. The
projection operator onto a closed convex set is Lipschitz continuous with constant 1
(Proposition 4.8 in Bauschke and Combettes (2011)) so the first term goes to zero by
standard KDE consistency (which we prove later). Convergence of the second term

is a bit more involved. First we will show that HPpgﬂf - BfHL2 L NPsBf — Bl 2
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and then we will show that this implies ||P’Dg/6f — féHL2 50

We know D" C D so ||Ppgﬁf - BfHL2 > ||PsBf — Bfll;2- We also know that for
all 6 € D, HPpnﬁf — B]‘"HL2 < |[6 = Bf||;2. Because of these two facts, in order to
show ||Ppnﬁf 6f||L2 |PpBf — Bfll 2, it is sufficient to find a sequence {g?} C
D such that Hgg — fé”L2 %0. Since B8f > f5 we can generate g; by applying

rejection sampling to X7i,..., X, to generate a subsample X{,..., X! which are

iid from f3. For all i the event of X; getting rejected is independent with equal
probability. The probability of a sample not being rejected is greater than zero so
there exists a b > 0 such that E [m,] > bn. From this and the strong law of large
numbers we have that P (mnad — oo) = 1. Using this subsample we can construct

gt & LNk, (4, X]) € D? which is a KDE of f5, so by standard KDE consistency

15— g2||,. 20, and thus ||Ppy 8f — Bf||,. = IPsBf — Bf| 2.

Let f” 5= PDn B f. Finally we are going to show that

|PosBf — Bf||. 2 I1PoBf — Bf 2
implies that

The functional ||Sf — -||3, is strongly convex with convexity constant 2 (Example

Bauschke and Combettes (2011)). This means that for any a € (0,1), we have

o (et 0 - ), o0t
<al|ps = o, + (1-a) 7 - féHL2 -

Letting a = 1/2 gives us

= /2
fos+ 1 <5 ler Tl + 5 lBs - sl

n /
ﬂ_fﬁ

s -

L2
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Since

67 - il < [Jor - o,

and _ )
n + /
67 = il < s - =22
L2
we have
1|2 = |12
18 = #3113 + <|jpr -7z,
or equivalently
A <Hﬁf Fooll,. - llos - fBHLQ).

The right side of the last equation goes to zero in probability, thus finishing our

proof. O]

Proof of KDE L? consistency. Let f, = E[k = [ky r) dz. Using the

triangle inequality we have

1 = Folle < W7 = ol o+ 1o = T2l o-

The left summand goes to zero as ¢ — 0 by elementary analysis (see Theorem 8.14
in Folland (1999)). To take care of the right side with use the following lemma which
is a Hilbert space version of Hoeffding’s inequality from Steinwart and Christmann

(2008), Corollary 6.15.

Lemma A.1 (Hoeffding’s inequality in Hilbert space). Let (2, A, P) be a
probability space, H be a separable Hilbert space, and B > 0 . Furthermore, let

&,...& Q@ = H be independent H-valued random variables satisfying ||&||, < B
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for all i. Then, for all T > 0, we have

2 1 4B
P( ZB\/—TJrB\/j—F—T)Se_T..
" n n 3n

Note that [|&]|, = esssupyeq ||& (W) - Plugging in & = k, (-, X;) we get

o 2
P( 175 = Foll = = 1Ko - Xl 2 \/;

L Ake G Xl 7 -
. X - <e T,
+||ko(> 'L)HLZ \/;‘i‘ 3 S e

It is straightforward to show that there exists ¢) > 0 such that ||k, (-, X;)||;2 =

=) DI:13)

Qo2 giving us

(LR

n
—d/2
—|—Q0'd/2\/1+ 4QU T) S e*T.
n 3n

Letting no? — oo sends all of the summands in the previous expression to zero for
fixed 7. Because of this there exists a positive sequence {7;}7" such that 7, — oo and
but increases slowly enough that Qo %2 2%4—@0_6”2\/%—1-4@”;# — 0asn — oo,

where o depends implicitly on n. From this it is clear that H fr— ng 12 20. O

Proof of Corollary II1.7. Let X\ be the Lebesgue measure. Let S C R? be such that

A (S) < co. By Hélders inequality we have

175 = F2a) xsll < 15 = Foislla lIxs e

= 145 = fosll 2 VAS).

From this we have that, that f; converges in probability to fj in L' norm, when

restricted to a set of finite Lebesgue measure. Let 6 > 0 be arbitrary. Choose S to be
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a set of finite measure large enough that [, f5 (z)dz < §/8. Note that this implies

}}féX5||L1 > gé, a fact we will use later. Notice that

175 = F2sll o = [1(F5 = Fo0) xsl o+ 1 (F5 = £2) xse -

We have already shown that the left summand in the converges in probability to zero,
so it becomes bounded by §/8 with probability going to one. To finish the proof we
need only show that the right summand is bounded by 55 with probability going to

one. Using the triangle inequality we have

1(F5 = fo) xsellp < I axsell, + [l /7axse |l s

< 08+ | faaxsel

Now it is sufficient to show that H I3 sXsc || | becomes bounded by %6 with probability

going to one. To finish the proof,

175 axsl o+ [ foaxsell =1
therefore

1fZaxsell =1 = fzsxsll

and we know that Hf;l,BXSHLI LS ||]”[’5,X5||L1 > gd so with probability going to one

[l 2 /2 and s | 72, < /2 1

Proof of Theorem II1.8. By the triangle inequality we have

17 = frarll o < 1125 = Foll oo+ 175 = frarl -
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The left summand in the previous inequality goes to zero by Corollary II1.7, so it is
sufficient to show that the right term is zero. The rest of this proof will effectively
prove Proposition I11.3. Again let g, 5 (-) = max {0, 8 fus (-) — a}. From Assumption
A we know that Lebesgue almost everywhere on the support of f,,, that f.,, is equal
to some value u and that f.,, is less than or equal to u Lebesgue almost everywhere
on R¢. We will show that, o/ = 1=, gives us gorp = fior Which, by Lemma TIIL.2,
implies fi,, = fé Let K be the support of fi,,.

First consider z € K¢. Almost everywhere on K¢ have

ga’,ﬁ(x) = maX{Ovﬁfobs(m)_léijlg}

1—¢

< 0 1 cu
max UeE —
- "1—¢ 1—c¢

1
= max {O, 1—_€fcon (Z') g — v }

= 0.

S0 go g 1s zero almost everywhere not on the support of fi,.. Now let x € K, then

Lebesgue almost everywhere in K we have

1—¢ 1—¢

1—¢ 1—¢

0, (1= &) fur () + ue) — “}

{

- maX{O, (1= 2) fror (2) + foon (2) ) — }
{
{

= max <0, fir (x) + v s }

From this we have that g, g = fior which is a pdf, which by Lemma III.2 is therefore

equal to fj. ]
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A.2 Experimental Results

Tabte A1 Mean and Standard Deviation of Dy, <ﬂ|f0>

. e
Dataset Algorithm 0.00 0.05 0.10 0.15 0.20 0.25 0.30
SPKDE 0.1940.04 0.154+0.03 0.1440.03 0.1740.07 0.2340.08 0.354+0.1 0.514+0.2
banana KDE 0.1940.1 0.3240.1 0.5340.2 0.66+0.2 0.8440.2 1.14+0.2 1.240.2
RKDE 0.814+0.3 0.78+0.3 0.774+0.3 0.714+0.4 0.61+0.3 0.634+0.3 0.66+0.3
rejKDE 0.1940.2 0.3540.2 0.5240.2 0.740.2 0.8440.2 1.1£0.2 1.3+0.2
SPKDE 3.240.7 3.440.8 3.240.8 3.54+0.9 3.7+1 3.9+1 4.2+1
breast-cancer KDE 440.9 4.1+1 4+1 4.3+1 4.6+1 4.8+1 5+1
RKDE 3.1+0.7 3.240.7 3+0.5 3.240.6 3.5+0.8 3.7+0.9 4+40.9
rejKDE 440.8 4.1+1 4.1+1 4.3+1 4.6+1 4.8+1 4.94+1
SPKDE 0.840.05 0.8440.09 0.84+0.1 0.8440.1 0.87+0.1 0.91£0.08 0.8940.09
diabetis KDE 1.5+0.2 1.6+0.3 1.84+0.3 1.84£0.4 1.94+0.4 2+0.3 2+0.4
RKDE 0.9940.1 14+0.1 0.964+0.1 0.984+0.1 14+0.1 1+0.1 0.984+0.1
rejKDE 1.5+0.2 1.6+0.2 1.84+0.4 1.940.5 1.940.5 2+0.4 2.14+0.5
SPKDE 6.61+0.9 6.8+1 6.9+0.9 74+0.9 6.9+1 7.240.7 7.440.7
german KDE 7+1 7+1 7.3+0.9 7.4+1 7.4+1 7.61+0.8 7.84£0.8
RKDE 5.440.7 5.6+£0.8 5.840.7 5.840.8 5.940.8 6+0.7 6.240.6
rejKDE 7+1 7.2+1 7.4+1 7.5+1 7.5+1 7.740.8 7.84£0.7
SPKDE 4+£0.7 440.9 4.240.7 4.5£0.8 4.8+1 5.1+1 5.1+1
heart KDE 4.7+1 5.1£1 5.3+1 5.6+1 5.8+1 6.2+1 6.6+1
RKDE 3.84+0.9 3.84+0.8 3.91+0.6 4.240.8 4.240.9 4.5+1 4.9+1
rejKDE 4.84£0.9 5.3+1 5.2+1 5.6+1 5.6t1 6.3+1 6.4+1
SPKDE 13+2 13+2 13+2 13+2 12+2 11+2 11+1
ionosphere scale KDE 15+2 1442 14+2 15+2 14+2 13+2 1442
RKDE 10+2 10+2 9.9+2 9.24+2 8+3 6.7+2 7.5+3
rejKDE 16+2 15+2 15+2 1441 14+2 1442 1442
SPKDE 4.8+£0.4 5.31+0.9 6.3+1 7.3+1 8+1 9.2+1 9+0.9
ringnorm KDE 4.940.4 5.74+0.9 7.4+1 8.6+1 11+2 13+2 1440.7
RKDE 4.4+0.2 3.8+0.6 44+0.6 4.1£0.6 4.7+1 5.7+0.6 6.1£0.5
rejKDE 540.3 5.84+0.8 7.3+1 8.5+1 10+2 13+1 144+0.8
SPKDE 307 31+8 30+8 33+7 33+7 3317 357
sonar scale KDE 31+6 3149 31+8 32+8 34+7 35+8 35+8
RKDE 3249 3247 3247 31+7 33+8 3447 3547
rejKDE 31+9 3248 3249 3447 3348 3317 3648
SPKDE 21+0.3 21+0.2 2140.3 21+0.3 21+0.2 214+0.2 20+0.4
splice KDE 21+0.3 21+0.2 214+0.2 21+0.3 21+0.3 214+0.2 20+0.2
RKDE 21+0.5 21+0.5 21+0.6 214+0.4 2140.4 20+0.6 2040.6
rejKDE 21+0.3 21+0.3 21+0.2 21+0.2 21+0.3 214+0.2 20+0.2
SPKDE 0.5940.2 0.69+0.4 1.14+0.8 1.3£0.8 1.240.7 1.14+0.7 1.3+£0.6
thyroid KDE 0.6+0.2 4.5+3 1147 16+7 20+7 2245 3248
RKDE 0.56+0.1 0.88+0.5 1.34+0.9 1.6+1 1.5+0.8 1.34+0.6 1.440.8
rejKDE 0.5940.2 4.943 8.6+5 17+6 2249 2547 3348
SPKDE 4.840.4 4.61+0.5 4.64+0.5 4.840.7 5+0.9 5.440.9 6.2+1
twonorm KDE 4.84£0.4 4.840.5 4.940.5 5.14+0.6 5.240.9 5.7+0.9 6.6+1
RKDE 4.240.4 3.8+0.4 3.940.5 4+0.5 4.140.7 4.7+0.9 5.54+0.8
rejKDE 4.940.5 4.740.6 4.940.5 540.7 5.240.8 5.7+0.9 6.6+1
SPKDE 4.840.8 4.84+0.8 5.2+1 5.6+0.9 6.1+0.8 6.21+0.8 6.7£0.5
waveform KDE 5+0.7 4.940.7 5.3+1 5.7+1 6.3+0.9 6.24+0.8 6.84+0.4
RKDE 4.5+0.7 4.440.6 4.740.9 5.241 5.6+£0.8 5.74+0.7 6.14+0.4
rejKDE 4.940.7 4.940.7 5.4+1 5.840.9 6.2+0.9 6.3+0.8 6.84+0.4
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tapte .22 Mean and Standard Deviation of Dy, < f0||fA>

Dataset

Algorithm

€

0.00 0.05 0.10 0.15 0.20 0.25 0.30
SPKDE -0.57+0.2 -0.69+0.2 -0.731+0.2 -0.78+0.2 -0.81+0.2 -0.794+0.2 -0.75+0.2
banana KDE -0.85+0.2 -0.831+0.2 -0.8+0.1 -0.840.1 -0.840.1 -0.774+0.1 -0.744+0.1
RKDE 15+1e+401 1249 1149 8.61+9 5.7+7 6.51+9 7.1+9
rejKDE -0.73+0.2 -0.8£0.2 -0.840.2 -0.8240.1 -0.82+0.1 -0.7940.1 -0.7540.1
SPKDE -1.7£0.7 -1.8£0.7 -2+0.6 -240.6 -2.240.6 -2.440.6 -2.6£0.7
breast-cancer KDE -1.84+0.7 -1.940.6 -2.14+0.6 -2.14+0.6 -2.3£0.6 -2.4£0.6 -2.64+0.7
RKDE 2.24+2 1.843 1.4+2 0.77+2 0.2942 -0.025+2 -0.43+2
rejKDE 0.442 0.1+2 -0.35+2 -0.69+1 -141 -1.24+1 -1.4+1
SPKDE -3.440.8 -3.74£0.7 -44+0.6 -4.240.6 -4.5£0.5 -4.6£0.4 -4.84+0.5
diabetis KDE -3.940.5 -4.1£0.5 -4.3+£0.4 -4.440.3 -4.6+0.4 -4.740.3 -5+0.3
RKDE -1.3+1 -1.7+2 -1.7+1 -2+1 -2.1+2 -2.6+2 -2.5+1
rejKDE -3.7+0.7 -3.940.6 -4.2+0.5 -4.3+0.4 -4.54+0.4 -4.61+0.4 -4.9+0.4
SPKDE -0.0674+0.4 -0.15+0.4 -0.21+0.4 -0.261+0.4 -0.32+0.4 -0.41+0.4 -0.484+0.4
german KDE -0.0434+0.4 -0.124+0.4 -0.194+0.4 -0.23+0.4 -0.2940.4 -0.38+0.4 -0.454+0.4
RKDE 0.71+£0.5 0.621+0.5 0.56+0.7 0.524+0.6 0.451+0.6 0.351+0.6 0.2940.6
rejKDE 0.261+0.5 0.164+0.5 0.07+0.5 0.039+0.5 -0.026+0.5 -0.124+0.5 -0.240.5
SPKDE 0.74+0.7 0.4440.9 0.17£0.7 0.071£0.7 -0.0444+0.8 -0.214+0.8 -0.324+0.8
heart KDE 0.714+0.7 0.46+0.8 0.240.7 0.1240.7 0.0049+0.8 -0.15+0.8 -0.264+0.7
RKDE 2.4+1 1.940.9 1.5+0.8 1.4+1 1.24+0.8 1+0.9 0.8240.8
rejKDE 1.3+0.9 1+0.9 0.684+0.9 0.64+0.9 0.424+0.9 0.231+0.9 0.1240.8
SPKDE 7.5+1 7.3£1 7.2+1 7.1+1 71 7+1 7.5+2
ionosphere scale KDE 7.8+1 7.6+1 7.5+1 7.3+1 7.3+1 7.3+1 7.7+2
RKDE 7.6t1 7.5+1 7.4+1 7.44+2 7.6+2 8.94+4 9.9+4
rejKDE 7.7£1 7.6+£1 7.4+1 7.2+1 7.2+1 7.2+1 7.6+2
SPKDE -31+0.4 -8%1 -104+0.8 -1240.8 -13+0.7 -13+0.4 -144+0.4
ringnorm KDE -3+0.4 -7.8%1 -9.840.8 -1140.8 -1240.7 -13+0.4 -144+0.4
RKDE -3.2+0.4 -8.1%1 -10£0.8 -1240.8 -134+0.7 -134+0.4 -144+0.4
rejKDE -3.1+0.4 -7.9+1 -9.940.8 -1240.8 -1240.7 -134+0.4 -1440.4
SPKDE -16+6 -16+5 -17+5 -17+5 -18+5 -19+£5 -19+5
sonar scale KDE -16+6 -16+5 -17+5 -17+5 -18+5 -19+5 -19+5
RKDE -16+6 -16+5 -17+5 -16+7 -18+5 -19+5 -19+5
rejKDE -8.2+9 -9.448 -9.6+8 -10+8 -11+8 -11+8 -11+8
SPKDE 34+0.3 34+0.3 34+0.3 34+0.2 3440.2 34+0.2 34+0.2
splice KDE 34£0.3 3440.3 34+0.3 34+0.2 34+£0.2 34+0.2 34+0.2
RKDE 34£0.3 3440.3 34+0.2 3440.2 3440.2 3440.2 3440.2
rejKDE 3440.3 3440.3 3440.3 3440.2 34+0.2 34+0.2 34+0.2
SPKDE -0.86+0.9 -4.1£0.9 -5.1+1 -5.9£0.5 -6.4+0.4 -6.7£0.2 -6.8£0.2
thyroid KDE -0.89+0.7 -4+0.7 -5+0.8 -5.6+£0.4 -6.1£0.3 -6.3+0.2 -6.4£0.2
RKDE -0.71£0.9 -3.940.9 -5+1 -5.840.4 -6.3+0.3 -6.6+0.2 -6.84+0.2
rejKDE -0.88+0.8 -4.1£0.7 -5.14+0.8 -5.74£0.4 -6.1+£0.3 -6.4+0.2 -6.54+0.2
SPKDE -3.240.6 -3.8£0.5 -4+0.5 -4.4+0.4 -4.6+0.3 -4.84+0.4 -5.1£0.4
twonorm KDE -3.1£0.6 -3.7£0.5 -3.9+0.4 -4.3+0.4 -4.540.3 -4.74£0.4 -5+0.5
RKDE -3.3+£0.6 -3.940.5 -4.1£0.5 -4.5+0.4 -4.740.3 -4.940.4 -5.240.5
rejKDE -3.240.6 -3.84+0.5 -4+0.5 -4.34+0.4 -4.6+0.3 -4.840.4 -5.1£0.5
SPKDE -7.6+0.3 -7.7£0.3 -7.940.3 -8+0.4 -8.1+0.3 -8.3+0.3 -8.3£0.3
waveform KDE -7.540.3 -7.7£0.4 -7.84£0.4 -8+0.4 -8.1+£0.4 -8.240.4 -8.3£0.3
RKDE -7.6+0.3 -7.84£0.3 -8+0.4 -8.1£0.4 -8.240.4 -8.4+0.4 -8.4+0.3
rejKDE -7.6+0.3 -7.840.4 -7.940.4 -8+0.4 -8.240.4 -8.3+0.4 -8.4+0.3
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APPENDIX B

Chapter IV Additional Proofs and Algorithm

B.1 Additional Proofs

Some of the proofs use Hilbert-Schmidt operators. See Definition IV.27 for the

definition of Hilbert-Schmidt operator.

Proof of Lemma IV.1. Because both representations are minimal it follows that o/ #
0 for all ¢ and v] # v} for all i # j. From this we know 2 ({v/}) # 0 for all .
Because 2 ({v}}) # 0 for all ¢ it follows that for any i there exists some j such that
v; = v;. Let ¢ : [r] = [r] be a function satisfying v = vy(;). Because the elements
vy, ...,V are also distinct, ¢» must be injective and thus a permutation. Again from

this distinctness we get that, for all i, 2 ({v/}) = o = ;) and we are done. O

Proof of Lemma IV.7 and IV.11. We will proceed by contradiction. Let & =
>, aid,, be n-identifiable/determined, let &' = 2321 b;d,, be a different mixture

of measures, with [ < m for the n-identifiable case, and
m l
St = Y
i=1 j=1
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for some g > n. Let A € F*" be arbitrary. We have

m l

xXq  _ xq
E ap; = E bjv;
i=1 j=1

=) ap(Ax Q) = 2}” (A x Q=)

i=1
- S = Y
j=1
This implies that & is not n-identifiable/determined, a contradiction. O

Proof of Lemma IV.8 and IV.12. Let a mixture of measures & = 3" a;0,, not be
n-identifiable/determined. It follows that there exists a different mixture of measures

P = 22:1 bjd,,, with [ < m for the n-identifiability case, such that

St = S

Let A € F*? be arbitrary, we have
Zazﬂl (Ax Q77 = Zb v (A x Q)
=1
= Zam?q (A) = Zb v (A
i=1

and therefore & is not ¢-identifiable/determined. ]

Proof of Lemma IV.18. Example 2.6.11 in Kadison and Ringrose (1983) states that
for any two o-finite measure spaces (S,.,m),(S’,.#',m’) there exists a unitary
operator U : L*(S,. m)®L? (S",.",m') — L*(S x S, x ', m x m’) such that,
for all f,g,

Ulf@g)=f()g().
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Because (V,G,v) is a o-finite measure space it follows that (U*™ G*™ ~*™) is
a o-finite measure space for all m € N. We will now proceed by induction.
Clearly the lemma holds for n = 1. Suppose the lemma holds for n — 1. From
the induction hypothesis we know that there exists a unitary transform U,_; :
L2 (U, G, 7)®" " — L2 (=1 Gxn=1 4xn=1) guch that for all simple tensors fi®- - -®
fo1 € L2 (W,G,7)*" " wehave Up_1 (f1 @ -+ @ fue1) = fi(-) -+ fu_1 (-). Combining
U,—1 with the identity map via Lemma IV.19 we can construct a unitary operator
T, : L2 (U, G, 1) '@ L (V,G, ) — L (W71 Gxn=1 yxn=1) @ [2(U, G, ~), which
maps f1 ® -+ ® fu1 ® fu = f1() - faoa () @ fa
From the aforementioned example there exists a unitary transform K,

L2 (Wrn=t Gxn=l axn=ly @ [2(F, G ) — L2 (U1 x U, GX"1 x G, %" x )
which maps simple tensors g ® ¢ € L?(Uxn=1 Gxn=l ~>n=1) @ [2(V G v) as
K,(g®d)=g()d(). Defining U,(-) = K, (T}, (+)) yields our desired unitary trans-

form. O

Proof of Lemma 1V.19. Lemma IV.32 states that there exists a continuous linear
operator U : Hi ® --- ® H, — H| ® --- ® H’ such that U (1 ®--- @ hy) =
Up(h) ® -+- @ Uy(hy,) for all hy € Hy,--- ,h, € H,. Let H be the set of simple
tensors in H; ® - -- ® H, and H’' be the set of simple tensors in Hl ®---® H]. Be-
cause U; is surjective for all i, clearly U (PAI ) = H'. The linearity of U implies that
ﬁ(span(ﬁ)) = span(ﬁ’). Because span(ﬁ]’) is dense in H{®- - -® H], the continuity of
U implies that U(H,®---®H,) = H|®---@H! so U is surjective. All that remains to
be shown is that U preserves the inner product (see Theorem 4.18 in Young (1988)).
By the continuity of inner product we need only show that (h,g) = <U (h),U (g)>

~

for h,g € span(H). With this in mind let hy, ..., hy, ¢1,..., gy be simple tensors in
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H, ®---® H,. We have the following

(5] o (o))

Il
—
WE
h
=
M=
h
&
~_

We have now shown that U is unitary which completes our proof. O]

Proof of Lemma IV.20. We will proceed by induction. For n = 2 the lemma clearly
holds. Suppose the lemma holds for n — 1 and let hq, ..., h, satisfy the assumptions

in the lemma statement. Let a, ..., a, satisfy

> Pt =0 (B.1)
=1

To finish the proof we will show that «; must be zero which can be generalized to

any «;. Applying Lemma IV.28 to (B.1) we get

Z aih?"fz <hl, > =0. (B2)
i=1

Because h; and h,, are linearly independent we can choose z such that (hy,z) # 0

and z L h,. Plugging z into (B.2) yields
n—1
Z Oéihl@n_2 <hl, Z> =0

=1

and therefore a; = 0 by the inductive hypothesis. O
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Proof of Lemma IV.21. Let dim (span (hy, ..., hy)) =land let h = >""  h¥?. With-
out loss of generality assume that hq,..., h; are linearly independent and nonzero.
From Lemma IV.28 there exists a unitary transform U : H ® H — 2. (H,H)
which, for any simple tensor z ® y, we have U(z ® y) = z (y, -).

First we will show that the rank is greater than or equal to [ by contradiction.

Suppose that g = Zi;l x; ®y; = h with I’ < [. Since I’ < [ there must exist some j

such that h; ¢ span (zy,...,2y). Let z L 21,...,2p and z [ h;. Now we have

m

(z®@2,h) =Y (z.h)* > (2, ;)" >0,

i=1
but

l/

(z®2z,9) = Z (z,2:) (z,9:) =0,

i=1

a contradiction.

For the other direction, observe that U(h) is a compact Hermitian operator and
thus admits an spectral decomposition ( Young (1988) Theorem 8.15). From this we
have that U(h) = >0 by (hiy ) = D ooy Ni (i, ) ¥y with (¢;);2, orthonormal and
Ai > 0 for all i since U(h) is PSD. Clearly the dimension of the span of U (h) is less
than or equal to [ and thus this decomposition has exactly [ nonzero terms. From this
we can let U(h) = S0, A (¢, -) ¢; and applying U~" we have that h = 320 N2,

From this it follows that the rank of A is less than or equal to [ and we are done. [

Proof of Lemma IV.22. The lemma is obvious when n = n/. Assume that n’ < n.
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Let A € G be arbitrary. We have that

m l
Samr (Ax vy = S (ax v
i=1

j=1

m l
=Y an " (A) (‘I’H> = Y by (A (po)
=1 =1
m l
=D an " (A) = Yobm(4).
=1 j=1

Since A was chosen arbitrarily we have that > ", al-fyf"/ = 2;21 bjwj*"/. m

Proof of Lemma IV.23. Let m = > | ;. Because 7 is o-finite for all ¢ we can define

fi= Ccl;:, where the derivatives are Radon-Nikodym derivatives. Let fi; be arbitrary.

We will first show that fr < 1 m-almost everywhere. Suppose there exists a non m-null

set A € G such that f;(A) > 1. Then we would have

w) = [ hdn

> /1d7r

A

= Z%(A)

> n(4)

a contradiction. From this we have

/ fidrn < / ldr

< Z%(‘I’)

< 0.
From our construction it is clear that f; > 0 &-almost everywhere so we can assert
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fi > 0 without issue. -

Proof of Lemma 1V.24. The fact that f is non-negative and integrable implies that
the map S +— [ f*"dm*" is a bounded measure on (U*", G*") (see Folland (1999)
Exercise 2.12).

Let R = Ry X --- X R, be a rectangle in G*". Let 1g be the indicator function

for a set S. Integrating over R and using Tonelli’s theorem we get

/va’)’Ldﬂ_X’n — /]lRandﬂXn

R

Il
—
—
=

3
&
\_/
==
k’ﬁ
@
v
Q.
3
X
3
53
S
3

Any product probability measure is uniquely determined by its measure over the rect-
angles (this is a consequence of Lemma 1.17 in Kallenberg (2002) and the definition

of product o-algebra) therefore, for all B € G*"

— /fxndﬂ_xn.
B
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B.2 Spectral Algorithm for Linearly Independent Compo-

nents

Let p1,...,pm € L2(Q, F,&) be linearly independent pdfs with distinct norms.
Their associated mixture proportions are wi, ..., w,,. With four samples per random

group we will have access to the tensors
> wpdt (B.3)
i=1
and
Z w;p?. (B.4)
i=1
We can transform the tensor in (B.4) to an operator
C £ Zwipi (pis )
i=1
= Z VWip;i (\/wipi, ) -
i=1

Letting W = v/ C we have that W /wpy, ..., W /W, p, are orthonormal. Applying

I®W ®I®W to the tensor in (B.3) we can construct the tensor

D wip; @ Wp;@p; @ Wp =Y pi @ Wy/wip; @ p; @ Wy/wip;.
=1

=1

which can be transformed into the operator

Zpi @ Wy/wip; (pi @ W/wp;, -) . (B.5)
i=1
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Note that for ¢ # j we have

(pi @ Wy/wipi,p; @ W/w;p;) = (pi, pj) (W wipi, W /w;) = 0.

We also have that, for all ¢

i @ Wy/wipi|| = 1/ {pi @ W/ wip;i, pi @ Wr/w;p;)
<piapi> <W\/Uz i,W\/Epz)

= (ps, pi)

= =

= |pi

and thus the tensors p1 @ W /wip1, ..., pm @ W /Wypm have distinct norms. Because
of this the spectral decomposition of the operator in (B.5) will yield the eigenvectors
p1 @ W/ wip1,...,pm @ W/Wypm. Then, using the techniques from Section 4.6, we

can recover the mixture components and mixture proportions.
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