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1. Introduction

The class of plane quasiconformal mappings, introduced by Ahlfors (2)
and Pfluger (20), has been studied rather extensively in the last ten
years. In particular, there exist a surprisingly large number of equivalent
definitions for this class of mappings. The definition of Ahlfors and
Pfluger involves the moduli of quadrilaterals. However, these mappings
can also be characterized by means of the moduli of rings ((11) (22)),
by means of extremal lengths (28), by means of harmonic or hyperbolic
measure (13), or by studying how they distort infinitesimal circles
((6) (19)). There are, in addition, several analytic definitions ((3) (4)
(10) (16) (21)), as well as more qualitative definitions concerning com-
pactness or distortion properties ((7) (8)). See also (9), (23), and (24).

All of the above definitions involve selecting a certain property of
conformal mappings and then studying the class of all homeomorphisms
which enjoy a slightly weakened form of this property. However, until
very recently, no definition for this class has been given which generalizes
the fact that a conformal mapping is an angle-preserving diffeomorphism.
Perhaps one reason for this is that a plane quasiconformal mapping
may have an exceptional set of zero measure at which it is not differen-
tiable. Hence an angle with vertex at an exceptional point may be carried
onto a pair of arcs which do not have tangents at their common end-
point. In order to circumvent this difficulty, one must assign a kind of
measure to each topological angle consisting of two arcs with just one
end-point in common.

One can introduce such an angular measure in several ways. For
example, one might use auxiliary conformal mappings to straighten out
one of the sides of the topological angle; the measure could then be
defined by means of a lower limit as in (2.4).f However, this method
is a little complicated, and in §2 we use the triangle inequality to give

1 This research was supported in part by the National Science Foundation,
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AFOSR-393-63.

1 A charascterization for quasiconformal mappings using such an angular measure
appears in (26).
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a direct geometric definition for the measure of a topological angle. In
§§3, 4, and 5, we consider how this angular measure is changed under
various kinds of mappings. In particular, we establish in §4 a new
distortion theorem for K-quasiconformal mappings of the extended plane
which is of independent interest. Then in §6 we show how quasi-
conformal mappings can be characterized in terms of what they do to
the measure of topological angles, and in §7 we obtain a new theorem
on conformal mappings which is similar to earlier results of Menchoff (15).

2. Inner measure of a topological angle

We say that two arcs y; and y, form a fopological angle at a point z,
if both y, and y, have 2z, as an end-point and if 2, is the only point y,
and y, have in common. We then define the inner measure A(y,,y,) of
this topological angle as follows:

.. . 2, — 2|
2.1 Alyq,v,) = hm1nf2a,rcsm( 21— ), Z; € v
( ) (YI Y2) ey Izl'—zol'i"zz_zol (1 Y‘L

We see that 0 < A(y,,y,) < 7, that A(y,,y,) does not depend upon the
behaviour of y, and vy, outside of a neighbourhood of z;, and that

(2.2) A(f(v1):f(ve)) = Aly1s v2)

when f is a similarity mapping or a reflexion in a line.

To see how this inner measure is related to the usual unsigned measure
of an angle, given two distinct points z,, z, # z,, let 8 = 6(2,, 2,, 2,) denote
the radian measure of the angle at z, in the triangle whose vertices are
24, 29 25. Then by the law of cosines,

( |2, — 2, | )2=1_(4lz1—20|[z2—z0| (cos 10)2,

[21— 20|+ |25 — 2] |2y — 20| +] 25— 2] )2

and we obtain

(2.3) liminfsin}f < sin$A4(y,,v,) < liminf singf, z; ey,

21,8y > 2 21,22—> 2

|2y —2gl = |25—20|
We see from (2.3) that
Ay, ys) = liminf 0(z,, 2y, 25)
21,29~> 29
provided that y, or y, has a tangent at z,. In particular, if both y, and
y, have tangents A, and A, at z,, then A(y,,y,) gives the radian measure
of the smaller of the two angles determined by A; and A, at z,.

As we mentioned earlier, one can use conformal mapping to define
another kind of measure of the topological angle formed by y, and y,.
Let y be the segment joining 0 to 1, and for ¢ = 1, 2 let w = f;(z) map
the complement of y,; conformally onto the complement of y so that z,
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corresponds to the origin. Then if we take 4*(y,,vy,) as the minimum of

liminf O(w,, 0,w,),  wy €y, Wy € filys),
(2.4) Wi,10g=>0

liminf §(w,, 0, w,), wy € folyy), wy €y,

wy,We—>0

we obtain a second kind of inner measure. It is not difficult to show that

A*(y172) = Aly1,72)
whenever y, and y, have tangents at z,.
However, there do not exist any non-trivial relations between
A(yy,vs) and A*(y,,y,) when y, and y, are arbitrary arcs. For example,
if 0 < @ < o0 and if y, and y, are the closures of the logarithmic spirals

2 = e—(a+i)l’ 2 = _e—(a+i)l, 0<t< oo,

then it is easy to show that

am

. [fer"—1
A(‘yl, '}/2) < 2a,rcsm(ea—ﬂ+——l), A*(YDYZ) = 7.

Since the bound for A(y;,y,) tends to 0 as a — 0, there can be no
inequality of the form

(2.5) A(y1,v2) 2 $(A*(y1,72))s

where (t) > 0 for 0 <t < =, relating these two measures. Next a
complicated but elementary construction in the logarithm plane yields
a pair of arcs y, and y, which form a topological angle with

Aly172) > 0, A*(y1,75) = 0.
(See (1).) Hence there can be no inequality of the form

(2.6) A*(y1:72) 2 $(A(y1,72))s

where ¢i(t) > 0 for 0 < ¢ < 7.

On the other hand, if we combine Theorem 3 of §5 with known results
on the behaviour of harmonic measure under quasiconformal mappings
(12), we can show that for each K, 1 < K < oo, there exists a continuous
increasing function i (t) > 0 for 0 < ¢ < = with the following property:
if y, and y, form a topological angle and if, for 7 = 1, 2, there exists a
K-quasiconformal mapping f; of a neighbourhood U, of y, which carries
y; onto a segment, then both (2.5) and (2.6) hold with = .

3. Inner measure under differentiable homeomorphisms

We study here how the inner measure of a topological angle is changed
under a homeomorphism which is differentiable at the vertex of the
angle. We require two preliminary results.
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Lemma 1. Suppose that f is a homeomorphism of a neighbourhood U of
the origin, that
: fR)=z+o(|z])
near the origin, and that y, and y, are two arcs in U which form a topological
angle at the origin. Then f(y,) and f(y,) form a topological angle and

A(f(y1),f(y2)) = Aly1, v2)-

Proof. Given that 0<e< 1, we may choose 8 >0 such that
[f(z)—2z| < e|2| for |2] < 8. Choose z; in y, so that 0 < |2;| <6, 1=1, 2.
Then

|f (z1) —f(2e)| < |21 — 2| + 4e
If@)[+1F ()] ~ 21| +]2]
and letting z,, z, - 0 yields

sin 3A(f (). fva) < sin 340,79+ T

&
Since ¢ is arbitrary, we obtain

A(f(y1).f (72)) < Aly1,72)-
The reverse inequality follows by symmetry.

LeMMA 2. Suppose that D > 1 and that

(3.1) g(z) = Dx +1y.
If K > D, then
(3.2) Algl).90r)) > T Alvar)

for each pair of arcs y, and y, which form a topological angle at the origin.
Conversely, if (3.2) holds for each pair of segments y, and y, which form
an angle at the origin, then K > D

Proof. Choose z, = z, +ty, in y, and z, = z,+ 1y, in y, so that z,, z, # 0,
and set

(3.3) @ = arc sin(—| %1~ 2| ) @' = arc sin(—lg(zl)_g(zZ)| )

|21]+2q1)’ |g(21) | +19(23)]
Then (3.1) and (3.3) yield
1 D) — 3,)2 + (y, — 4,)°
t i
(tang')? = 2 D%x,2p + y1yp + (D)% + y, ) (D%,2 + y,%)t
1 (T — %)%+ (¥, — ¥2)® 1
> = — (t
2D? 2,35+ Yy Y2 + (%12 + 12 2)H (w2 4+ y2) - D? 3 (tan @)
Hence

1
> )
@' = arc tan( D tan go) 2p?
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and we obtain

o A T 1
A(gly), 9lva)) = liminf 2p’ > Zliminf 2 = = A(y,,7,).

21,22—>0 21,22—>0

Thus (3.2) holds if K > D. Next, for § > 0 let y, and y, denote the
segments from 0 to ¢ and e~*. Then

1 1
Algly),glya)) = 2aretan(J; tand) ~ 5 A(y,,72)
D D
as § — 0, and hence (3.2) implies that K > D.
THEOREM 1. Suppose that f is a homeomorphism of a domain G, that f
has a differential at z,, and that
(3.4) max| Dyf(zg)| > 0,
)
where D,f denotes the directional derivative of f. If
(3.5) mng|Daf(zo) P < K|J(z)l,

where J denotes the Jacobian of f, then

(3.6) A ) > 2 Ay 7a)

for each pair of arcs y, and vy, which form a topological angle in G at 2.
Conversely, if (3.6) holds for each pair of segments y, and y, which form
an angle in G at z,, then (3.5) holds.

Proof. Suppose that (3.5) holds. Then (3.4) implies that J(z,) # 0.
Hence by performing preliminary similarity mappings and reflexions,
we may assume that z, = f(z,) = 0 and that, near z, = 0,

(3.7) f(2) =g(@)+o(|2]) =g(z)+0o(l9(z)]),

where ¢ is as in (3.1) and D > 1. Inequality (3.5) implies that D < K,
and with Lemmas 1 and 2 we obtain

A ). Flra)) = AGlya),90r) > ¢ Aly )

for each pair of arcs y, and vy, in G which form a topological angle at
the origin. This completes the proof of the first part of Theorem 1.

For the second part, suppose first that J(z,} # 0. Then again we may
assume that z; = f(z,) = 0 and that (3.7) holds, where g is as in (3.1)
and D > 1. Then Lemma 1 and (3.6) imply that

Alglys),gv2)) = A lr2). f ) > 5 Ay )
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for each pair of segments y, and y, which form an angle in G' at the
origin. Hence D < K by Lemma 2, and we obtain (3.5).

Finally, to complete the proof, we observe that (3.4) and (3.6) imply
that J(zy) # 0. For suppose that J(z)) = 0. Then by performing pre-
liminary similarity mappings, we may assume that z, = f(z,) = 0 and
that, near 2z, = 0,

fl&)=z+o(|2]).
Next, for 0 < § < n/2 and r > 0, let y, and y, denote the segments joining
0 to re® and re~®. Then these segments lie in G for small 7, it is easy to
see that
A(fr1):f(ve)) = 0, Alys,7s) = 26,

and we have a contradiction.

4. A distortion theorem for quasiconformal mappings

We establish next a distortion theorem for quasiconformal mappings
of the extended plane. This will yield a sharp estimate for the change
in the inner measure of a topological angle under a quasiconformal

mapping.
We introduce some notation. Let C(z,, ...,2,) denote the domain which
consists of the extended plane minus the n points z,, ..., z,. Next let

2({) map the half-plane Im({) > 0 conformally onto the universal covering
surface of C(—1,1,00), and for z in C(—1,1,00) set

_ &G
plz) = 2Im {(z)’
where {(z) is a local inverse of 2({). The function p is called the hyperbolic
density for C(—1,1,00); it is easy to show that it does not depend upon
the choice of the local inverse of z({). The hyperbolic distance between
two points z,, 2z, of C(—1, 1,00) is then given by

her,2) = inf [ p(2)|dzl,
Y vy

where y is any rectifiable arc which joins z, and 2, in C(—1, 1, 00).

Suppose next that f is a quasiconformal mapping of C(—1,1,0) onto
itself. Then f can be extended to be a quasiconformal mapping of the
extended plane. We say that f is normalized if for the extended mapping
we have f(—1) =—1, f(1) =1, and f(c0) = 0. Our distortion theorem
is based upon the following fundamental result due to Teichmiiller
((27) 29-31). '

Lrmma 3. If f is a normalized K-quasiconformal mapping of C(—1,1,00)
onto ttself, then

(4.1)

k(2.1 () < 3log K
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for each zy in C(—1,1,00). Moreover, given any pair of points z,, w, of
C(—1,1,00) satisfying

h(zy, wp) < }log K,
there exists a normalized K-quasiconformal mapping f of C(—1,1,00) onto
wtself such that f(z,) = w,.

In order to make use of Lemma 3, we shall establish a result which
yields a lower bound for the hyperbolic distance between pairs of points
in C(—1,1,00). However, first we require some information about the
density p. For {in C(-1,0,1,00), let

(4.2) 10 =5(e+3)

Then f(§) € C(—1,1,00), and we set

(4.3) w(&) = p(fONIF (DI
Lemma 4. For { in C(—1,0,1,00),

(4.4) u(f) = u(z|Z]).

Proof. (Cf. (14).) The function u is continuous, and is symmetric with
respect to the real and imaginary axes, that is

(4.5) w(l) = w(l) = u(—-10)

for { in C(—1,0,1,00). Next, since p satisfies the differential equation
Alog p(z) = 4p(2)*

in C(—1,1,00) ((18) 51), and since log|f’({) | is harmonic in C(—1,0, 1, o),

we see that

(4.8) Alogu(f) = Alog p(f(£)) = 4p(f())21f (L) = 4u(l)?

in C(—1,0,1,00). Now f({) >o0 as { > 0 or o0, and f({) > 1 as { - 1.
Hence, if we compare the asymptotic behaviour of f({) and f'({) near
0, 1, oo with that of p(z) near 1 and oo ((18) 246), we obtain

logl—z—l—log(log %) +(2) near { = 0,

(47) logu(l) =

logl {i 1|—Iog(logrlll)+¢1(§) near { =1,

—log|{]|—log(log| L] )+ () near { = oo,

where i, ¢, Y, are continuous at 0, 1, oo respectively.
Now choose 8,, 8,, r so that 0 < 6, < 8, < 7/2, 0 < r < 00, and reifr 2 1,
We shall show that

(4.8) u(rei) > u(rei).



8 S. B. AGARD AND F. W. GEHRING
For this, let o = 4(6,—6,) and B = 1(0,+6,), and set

(4.9) v() = logu(le®) —log u(le=).

From (4.7) it follows that v has limits at 0 and oo, and from (4.5) we see
that v vanishes on the real and imaginary axes. Hence we can extend v
to be continuous at 0 and co by defining v(0) = v(c0) = 0. Let @ be the
open first quadrant of the {-plane minus the point ¢?. Then v is con-
tinuous in ¢, and since, by (4.7),

lim »({) = — o0,

e
we conclude that v has non-positive boundary values at each point of
9Q. Now suppose that v({) > 0 for some { in ¢. Then v must have a
positive maximum at some point {, of ¢. From (4.6) it follows that

Av(Zo) = H{u(Lee™)? — u(Loe™™)?).

By (4.9), v({,) > 0 implies that wu({ye®) > u({,e~*), and since w is non-
negative, this in turn implies that Awv({,) > 0. On the other hand, since v
has a maximum at {, the second-derivative condition implies that
Av(fy) € 0, and we have a contradiction. Thus » < 0 in @, and (4.8)
follows by setting { = re?? # ¢ in (4.9).

Finally, (4.4) follows from (4.8) for { in C(—1,0,1,00), provided that
0 < arg{ < 3n. The general case then follows from (4.5).

Lemma 5. If 2y, wy € C(—1,1,00) then
(4.10) h(zq, wy) = k(i cota, ¢ cot ),

where
2 ) B—arcsin( 2 )
|zg+ 1] +]29— 1] ’ B |wo+ 1| +|we—11)

Proof. By means of a limiting argument, we may assume that z, and
w, are not on the segment joining —1 to 1. Next, by symmetry, we may
further assume that 8 < «. Let f and « be as in (4.2) and (4.3). Then
we choose @ and b, with 1 < a < b, so that f maps the circles |{| = @ and
|{| =b onto the ellipses which have foci at —1 and 1 and which pass
through icot o and z, and through i cot8 and w,, respectively. Let y be
any rectifiable arc which joins z, and w,in C(—1,1,00). Then there exists
an arc ¢’ in @ < |{| < b which joins the boundary circles and for which
f') € y. Since p and u are non-negative, we have, by (4.4),

« = are sin(

b
@) [ ol > [ p@del = [ w@ldel > [ izl = [ ple)ide,

(y
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where 8 is the segment joining ¢cot« and icotf. Inequality (4.10) then
follows from (4.11).

LeEMMA 6. If 0 < B < a < §m, then
oot i 00t 8) — 3 log(HER2B)
h(icota,tcot B) = % log(p,(sin 10))’
where, for 0 < r < 1, u(r) is the modulus of the unit disk slit along the real
axis from 0 to r.

Proof. It is easy to see that the imaginary axis is a geodesic for the
hyperbolic metric in C(—1,1,c0). Hence, by symmetry, it will be suffi-
cient to show that

(4.12) h(icot «, 0) = %logs,u(sin $a).

Let v(z) be the local inverse of the elliptic modular function which
maps the half plane Im(z) > 0 conformally onto the curvilinear triangle A
which lies in Im({) > 0 and is bounded by Re({) =0, Re({) =1, and
1{—%] = %, so that »(0) = 00, ¥(1) = 0, and v(c0) = 1. Next let

VAR YER _L+u(32t+3)

10 =5-3(5) ) 5 = s,
where we choose the branches of the square roots with non-negative
real part. Then it is easy to verify that both f; and f, map Im(z) > 0
conformally onto a second curvilinear triangle A,, and that f,(0) = f,(0),
£1) = fy(1), and fy(0) = fy(0). Hence fy(2) = fyf2) in Imf(z) > 0, and
setting z = — (cot «)? yields
1+v(dicota+i)
1—v(}icota+4$)’
By (12) and by ((5) 437) or ((17) 319),

(4.13) v((sin 3o)?) =

(4.14) ; p(sin ko) = — iv((sin 3)?).

Now {(z) = v(3z+ %) is alocal inverse of the function which maps Im({) > 0
conformally onto the universal covering surface of C(—1,1,00). Hence
h(icota,0) is equal to the hyperbolic distance in Im({) > 0 between
{(i cot ) and {(0); that is

h(i cot o, 0) = ;510g(|§(i00ta)—m)l+l C(z‘cota)_g(o”)

|£(é cot )~ Z(0) |~ | {(i cot o) — £(0) |/
Since | {(¢cota)| = 1 and {(0) = ¢, an elementary calculation gives

. _ v(3icota+3)+1
(4.15) h{i cota, 0) = %log(z v(icota+3)— 1)’

and (4.12) follows from (4.13), (4.14), and (4.15).




10 S. B. AGARD AND F. W. GEHRING

For 0 < r < 1 and K > 1, we introduce the distortion function

(4.16) er(r) = p~H(Ku(r)),

where, as above, u(r) is the modulus of the unit disk slit along the real
axis from 0 to r, and where p1is the inverse of u. Then ¢ is continuous
and strictly increasing in 0 < r < 1, with boundary values ¢x(0) = 0 and
er(1) = 1. It is also easy to verify that ¢x(f) < ¢, and that

lim PX0) _ g1k
r—>0 77

using known properties of u(r) (12).
If we now combine Lemmas 3, 5, and 6, we obtain the following
distortion theorem.

THEOREM 2. Suppose that f is a K-quasiconformal mapping of the
extended plane, and that f(c0) = co. Then for each triple of distinct finite
POINLS 24, 24, Zg,

(4.17) sin {8 2 gk (sin $a),
where g s as in (4.16) and

) 2 —2
a=arcsm( |21~ 2 ),
|21 — 20|+ |22 — 2]

o |f (21) = £ (25)]
B= &l‘csm(|f(zl) —f(z0)|+|f(z2)—f(zo)l)'

This inequality vs sharp.

Proof. By performing preliminary similarity transformations, we may
assume that z, =f(z;) =—1 and that 2z, =f(2;) = 1. Next, since
px(t) < t, we may assume that B < «, for otherwise (4.17) follows trivially.
Now f is a normalized K-quasiconformal mapping of C(—1,1,00) onto
itself, and hence Lemma 3 implies that

(4.18) Mz, f (20)) < 3log K.
From Lemmas 5 and 6 we obtain

(19) Bew (e > Hlog(“ 5000,

and (4.17) follows from (4.18) and (4.19).

To show that (4.17) is sharp, given that 0 < o < 7 and 1 < K < o0,
we must find a K-quasiconformal mapping of the extended plane, and
three finite points z;, 2,, z,, such that f(co) = o0 and (4.17) holds with
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equality. Choose B, with 0 < B < «, so that sin}f = pg(sin }a), and let
zy = tcoto and w, = tcotB. Then by Lemma 6,

_ Ly (usin %B)) _
h(zg, wy) = % log(p(sin 1d) tlog K,
and hence, by Lemma 3, there exists a normalized K-quasiconformal
mapping f of C(—1,1,00) onto itself such that f(z)) = w,. If we set

z;,=—1 and z, = 1, we see that f is the desired mapping and z,, z,, 2,
the desired triple of points.

5. Inner measure under quasiconformal mappings
We consider next how much the inner measure of a topological angle
is changed under a quasiconformal mapping.

THEOREM 3. Suppose that f is a K-quasiconformal mapping of a
domain G. Then

(5.1) sin }A(f(y1),f (v2)) 2 xr(sin }A(yy,v,))

for each pair of arcs vy, and y, which form a topological angle in G, where
px 15 as in (4.16). This inequality is best possible.

Proof. Suppose that y, and y, are arcs which form a topological angle
at 2, in ¢. By performing a preliminary similarity mapping, we may
assume that z, = 0 and that G contains the unit disk |z| < 1. We may
further assume that y, and y, lie in | z| < 1, since A (y,, y,) does not depend
upon the behaviour of y, and y, outside any neighbourhood of z; = 0.

Now let U denote the image of |z| < 1 under f, and let ¢ map U
conformally onto |w| < 1 so that g(f(0)) = 0. Then gof is a K-quasi-
conformal mapping of |z| < 1 onto |w| < 1 which we can extend, by
reflecting in |2| = 1 and |w| = 1, to obtain a K-quasiconformal mapping h
of the extended plane with A(c0) = 00. For z; in y,, 2, in y,, 21,2, # 0, let

_ . 12— 2] . N RLCARIA]
o = wosin(( A7), 8 = wresin(e )
Then by Theorem 2,
(5.2)  sin}A(h(y,), h(y,)) = liminfsin §B

23,20—>0

> liminf g (sin $a) = @i (sin 24 (y,, v,))-

21,260

Since h = gofin |z| < 1, and since ¢ is conformal,

(5.3) A(h(y1), klye)) = A(f(y1).f (v2))

by virtue of Theorem 1, and (5.1) follows from (5.2) and (5.3).
5388.3.14A B
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To show that (5.1) is best possible, given ¢> 0, 0 < « < }=, and
1 £ K < oo, we shall exhibit a K-quasiconformal mapping % of a domain G,
and two segments y; and vy, which form an angle in & such that
Ay, ys) = 20 and

(5.4) sin }A(h(y,), blyz)) < px(sintA(y;, ve)) +e.
The argument is similar to one given in (14).
First choose B, with 0 < B8 < «, so that
(5.5) sin{f = ng(siﬁ ta).
Then, as in the proof of the last part of Theorem 2, we can find a

normalized K-quasiconformal mapping f of C(— 1,1, 0) onto itself, and a
point 2z, on the imaginary axis, such that

. 2 : 2
(5.6) a=arcsm(|z0+l|+lzo—ll)’ ﬁ—arcs1n(|wo+ll+lw0_ll),

where wy = f(z,). For n > |z,—1], let

1
4, = {z: - < |z—zy| < n},

and let g, map f(4,,) conformally onto an annulus
B, ={w: a, < |w—w,| < b,}

so that ¢,(1) =1 and so that the inner components of 94, and 0B,
correspond under k, = g,of. Given a compact subset E of C(1,w,,c0),
the g, are defined in E for n > n(&) and omit the values 1, w,, co there.
Hence the g, form a normal family in C(1,w,, ), and there exists a
subsequence {g,,} which converges in C(1,w,,00) to a function g which
is easily seen to be the identity mapping. Let

5.7 = arcsin .

¢ P (Tt =ml e

Then since %,(1) = 1 and A, (—1) - —1, we can find an N such that
(5.8) sin 38y < @x(sin fa) + ¢,

by (5.5) and (5.6).
Now h = hy is a K-quasiconformal mapping of 4, onto B, under
which the inner components of 24, and 2B, correspond. Hence by

reflecting successively in the pairs of circles

ay m—1
Om = {ZZ |Z—20| = N—2m+1}, Dm = \|w: |w—'ll)0| = Qy Do s
N

m=1, 2, ..., we can extend h as a K-quasiconformal mapping of
0<|z—2y] <N onto 0 <|w—w,| <by. Then since z, is an isolated
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boundary point, we can further extend A to be K-quasiconformal in
|z—2y| < N by setting h(z,) = w,.

Let y, and y, denote the segments joining z, to —1 and 1, respectively,
and for m =1, 2, ..., let 2;,, and 2,, denote the points obtained by
reflecting — 1 and 1 successively in the circles Cy, Gy, ..., C,,. Then k(z,,,)
and h(z,,,) are obtained by reflecting A(—1) and A(1) successively in the

circles Dy, D,, ..., D,,, and hence with (5.7) we have

. Ik(zl m)—h(ZZm)l )
5.9 arc sin : s =
(:9) (Fee e =wagr) = P
form =1, 2, .... By (5.6), A(y,,y,) = 2«, and since 2, ,, and z,,, converge

to z, along v, and v, respectively, we obtain, from (5.8) and (5.9),

sin 34 (h(y1), ly2)) < sin By < px(sin3d(yy, v2)) +e,
as required.

6. Characterization of quasiconformal mappings
We shall require some properties of the linear measure of plane sets.
For d > 0, let & denote any covering of a plane set £ by sets E,, where

dia Z, < d, and let
AE,d) = inf Y dia K,

where the infimum is taken over all such coverings &. Then A(E,d) is
non-increasing in d, and the outer linear measure of E is defined as

(6.1) A(B) = lim A(E,d).

This is a regular Carathéodory outer measure (25). Hence all Borel sets
are measurable with respect to A.

Lemma 7. If F is a bounded perfect linear set, then for each £ > 0 there
exists a & > 0 with the following property: given that 0 < t < &, there exist
N non-overlapping intervals 1,,, with end-points in F and lengths not greater
than t, such that

N
(6.2) FcUI and Nt <AF)+e.
1

Proof. We may clearly assume that F lies in the positive half of the
real axis A. Then for ¢ > 0 let F'(£) be the set of points of A within distance
t of F. Since F is compact,

F=NF@), AF)=IlmAF{),
>0 t—0

and we can choose 8§ > 0 so that

A(F(@) < A(F)+e¢
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for 0 < t < 8. Pick any such ¢, and let J}, J,, ..., Jy denote the intervals
of the form [(m — 1), mt] which contain at least two points of F. Since F
contains no isolated points, these intervals cover F in F(t), and hence

N
Nt = A(U Jn) S AF(@)) < A(F)+e.

For each n, let I, denote the smallest closed subinterval of J, which
contains the set ' nJ,. It is then easy to see that the intervals I, have
all of the desired properties.

We show now how quasiconformal mappings can be characterized in
terms of what they do to the inner measure of angles.

THEOREM 4. A homeomorphism f of a domain G is K-quasiconformal,
1 < K < oo, if and only if it satisfies the following conditions.

(i) For all zy in G, and for all segments y, and y, which form an angle
n G at z,

(6.3) A(f(v1).f(y2)) > 0.

(il) For almost all z, in G, and for all segments y, and y, which form an
angle in G at 2,

(6.4) A ). fra) > g Aty o)

Proof. Suppose that f is a K-quasiconformal mapping of @, and let £
be the set of points 2, of G at which f is differentiable with

0 < max| Dy (zo)* < K| (2)]

Then m(G\E) = 0 by (10) or (16) and by (3) or (11). Next let y, and y,
be any pair of segments which form an angle in G at z,. Since A(y,,v,) > 0,
(6.3) follows from Theorem 3. Moreover, if z, € E, then (6.4) follows from
Theorem 1, and hence f satisfies both conditions (i) and (ii).

Now suppose that f is & homeomorphism of G' which satisfies these
two conditions. To prove that f is a K-quasiconformal mapping, we must
first show that f is ACL (absolutely continuous on lines) in G.1+ This will
imply that f has finite partial derivatives a.e. in G, and hence, by (10),
that f is differentiable a.e. in ¢. Then we must show that

(6.5) mo&XlDof(z) *< K|J(2)]

a.e.in G.

t A function f is said to be ACL in a domain @ if, for each closed rectangle R c G
with sides parallel to the coordinate axes, f is absolutely continuous on almost all
horizontal and vertical segments in R.
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Since the ACL proof is rather long, we postpone it and consider (6.5)
first. For this, let £ be the set of points 2z, at which (6.4) holds, let F be
the set of points at which f is differentiable, and fix z;in EnF. If

(6.6) max| Dy (zg)| > 0,
(/]

then we see from Theorem 1 that (6.5) holds for z = z,. If (6.6) does not
hold, then (6.5) holds trivially for z = z,. Thus (6.5) holds for zin En F,
and hence a.e. in G.

We turn now to the proof that fis ACL in G. Let R be a closed rectangle
which lies in G' and has sides parallel to the coordinate axes. We must
show that f is absolutely continuous on almost all horizontal and vertical
segments in R. By performing a preliminary similarity transformation,
we may assume that R is the rectangle 0 <z < 1, 0 <y < c¢. Then, by
symmetry, it will be sufficient to prove that f(x+14y) is absolutely con-
tinuous in 0 € z < 1 for almost all yin 0 < ¥ < c.

For 0 < y, < ¢, let I(y,) denote the interval 0 < x < 1, y = ¥,, let R(y,)
denote the rectangle 0 <z < 1, 0 < ¥ < y,, and set g(y,) = m(f(R(y,))).
Since f(R) is compact, g(y) is finite and increasing in 0 < y < ¢. Hence
g'(y,) exists and is finite for almost all y,in 0 < y < ¢. Next fix r so that
0 < r < 3p(R,9GF), where p(R,0G) denotes the distance between R and
0@, and for each z, in R let y; = y,(z,) be the segment joining z, to
2o+ {;, where

Li=r, G=1r, {=—r, {{=—r+ir
By condition (i), we have

A(f(y1):f(v2)) > 0, A(f(va):f(vd)) > 0.

This, in turn, implies that

|f (210) = f (20) | +|f (22) = f (o) |

lim sup — < 00,

7 e }{:z)l7+lj;((z:))l ()l € i
li 3) — 0 4) 0 .
o 7z —f )| <@

Now for each pair of integers p and ¢, with »p > 0 and 0 < 1/q < r, let
H(p, q) denote the set of 2, in R such that

1f (21) —f (20) | +1f (22) = f (20) | < 21f(21) —f(22),

|f (25) = f (20) |+ 1f (20) = f (20) | < D1 (23) —f (2a)];

whenever |z,—2,| < 1/q and z; € y,(z,) for 1 = 1, 2, 3, 4. Then H(p,q) is
compact, and, by (6.7),

(6.9) R=UH(p,9),
X

where the sum is taken over relevant p and g.

(6.8)
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Lemma 8. Suppose that 0 < y, < ¢, that g'(y,) exists and s finite, and
that F' is a compact set in 1(y,) N H(p,q). Then

(6.10) A(f(F))? < 2pg’ (yo) A(F).

Proof of Lemma 8. Suppose that I is a closed subinterval of I(y,) with
end-points a, b in F, where b—a > 0 and

(6.11) 24(b—a) < min(1/q,c—y,),
and let 7' be the open right triangle which has a, b, and a+¢(b—a) as its
vertices. We say that 7 is the triangle associated with the interval I.

Clearly T < R, by (6.11).
We shall show that
(6.12) |f (@) =f(®) F < 2pm(f(T)).
By performing a change of variables, we may assume that f(a) = 0 and
f(®)=1>0. Then for each %, 0 < u, <!, the line u = u, contains an
open interval which lies in f(7') and has end-points w, in f(I) and w,
in f(e)Uf(B), where o and B are the sides of 7' which join a and b to
a+1(b—a), respectively. Suppose that w, € f(«), and let z; = f~}(w;) for
1 =1, 2. Then z; € y,(a), |z,—a| < 1/¢ by (6.11), and hence (6.8) yields
2uy < |wy|+|we| < plwy—w,).
If w, € f(B), a similar argument yields
2(l—up) < |wy— 1 +|wy—1]| < plw;—wyl.
Hence, for 0 < u, <1, the line u = u, contains an open interval which
lies in f(T') and has length not less than (2/p) min(u,, I —w,). By Fubini’s
theorem

12

2.
m(f(T)) > Efomln(u’l—u) du = %

from which (6.12) follows.
Since F is closed, F = F,UF,, where F, is countable and F, is either
perfect or empty. Obviously

A(F) = A(F), A(f(F) = Af(F)),
and hence for the proof of (6.10) we may assume that F is a perfect set.
Fix ¢ > 0, choose the corresponding 6 of Lemma 7, and fix 0 <t < §
so that
(6.13) 23 < min(1/q,¢c—y,).

Next let I, ..., Iy be the covering of F described in Lemma 7, and let
T, be the open right triangle associated with I,. Then each pair of points
a,bin FNnIL, with b—a > 0, bounds a closed interval I whose associated
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triangle 7' lies in 7',. Since b—a < t, (6.13) implies (6.11), and hence
If(@)=f(®)* < 2pm(f(T)) < 2pm(f(T,))
by (6.12). From this it follows that
(6.14) (diaf(B,))?* = d,* < 2pm(f(T,)),

where B, = Fn 1,
Let d = max(d,,...,dy). Then the sets f(&,) form a covering of f(F),
diaf(%,) < d, and hence by (6.2), (6.14), and the Schwarz inequality,

N 2 N
AYE).F < (3 diaf(En)) < NP Tm(f(L,)

If we now let t — 0, then d -> 0 by the continuity of f, and we obtain
A(f(IF))? < 2pg'(Yo)(A(F) +¢)

by (6.1). Since & is arbitrary, this implies (6.10), and the proof of
Lemma 8 is complete.

Lemma 9. Suppose that 0 < y, < ¢, that g'(y,) exists and is finite, and
that B is a subset of I(y,) with A(E) = 0. Then A(f(E)) = 0.

Proof of Lemma 9. Suppose first that E is compact. Then
F =EnH(p,q) is compact for relevant p and ¢, and from (6.9) and
(6.10) we conclude that

Af(B)) < Eq A(f(ENH(p,q))) = 0.

Suppose next that Z is a G;-Borel set. Then, since F = I(y,) N H(p,q)
is compact,

A(f(EnH(p,q))) < 2pg'(yo) AI(ye) N H(p,q)) < 2p9'(y,) < 0

by (6.10). Hence, by (6.9), f(E) is of X-finite linear measure; that is, it is
the countable union of sets of finite outer linear measure. Since f(F)
is itself a G-Borel set, Lemma 2 of (6) implies that
(6.15) A(f(E)) = sup{A(F’): F’ compact, F' < f(E)}.
Now let F’ be any compact subset of f(%), and set F = f~1(#’). Then
F is compact and ¥ < E. Hence A(F) = 0 and A(F’) = 0, by what was
proved above. Thus A(f(E)) = 0 by (6.15).

Finally, in the general case, we can find a G;-Borel set H such that
E < H < I(y)) and A(H) = A(E) = 0. Then A(f(E)) < A(f(H)) =0, and
this completes the proof of Lemma 9.
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With the help of these two lemmas, we can now complete the proof
of the ACL property of f as follows. For each integer p > 0, set

H(p) = quH(p,q),

where the sum is taken over relevant ¢. Then condition (ii) implies that
m(B\H(p)) = 0 whenever p > csc(nr/8K). Fix such a p. Then by Fubini’s
theorem,

(6.16) AI(yo\H(p)) = 0
for almost all y, in 0 <y <c¢. Fix 0 <y, < ¢ so that ¢'(y,) exists and
is finite, and so that (6.16) holds, and let £ be any compact set in I(y,).
Then

E = (EnH(p))u(E\H(p)),
where A(E\H(p)) = 0 by (6.16). Hence, by Lemmas 8 and 9,

(6.17)  A(f(E)? = A(f(EnH(p))* = lim A(f(ENH(p,q)))>

g—>®

< 2pg’(y,) lim A(E N H(p,q)) = 2pg’(y,) AE),
q—> 0

and it follows that f(x +y,) is absolutely continuous in 0 < 2 < 1. Since
(6.17) holds for almost all y, in 0 < y < ¢, f has the desired ACL property,
and the proof of Theorem 4 is complete.

7. Conformal mappings

We conclude with a result on conformal mappings which shows how
the sufficiency part of Theorem 4 could be established under weakened
hypotheses.

We say that two segments y, and y, form an angle at z, parallel to an
angle in a triangle A if there exists a mapping of the form f(z) = az+¥b,
where a > 0, which maps 2, onto a vertex of A and y, and y, into the
corresponding sides of A.

THEOREM 5. Suppose that & is a fived triangle and that f is a sense-
preserving homeomorphism of a domain G which satisfies the following
conditions:

(1) for all zy, in G\E, where E is of Z-finite linear measure, and for all
segments y, and vy, which form an angle in G at z, parallel to an angle in A,

(7.1) A(f(r1):f(re)) > 05

(ii) for almost all zy in @, and for all segments v, and y, which form an
angle in G at z, parallel to an angle in A,

(7.2) A(f(y1):f(v2)) = Alyy, ve)-
Then f is a conformal mapping.
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Proof. We begin by showing that fis ACL in G under the assumption
that the triangle A has its vertices at 0, 1, ¢. For this, let R, I(y), v,
H(p,q), and H(p) be as in the proof of Theorem 4, and set

H =\ H(p).
p

Then Lemma 8 holds as before, and it is easy to verify that Lemma 9
is also valid, provided that I(y,)\H is countable. Since the segments
y1, ¥2 and ys, y, form angles which are parallel to angles in A, condition (i)
implies that R\H is of Z-finite linear measure, and condition (ii) implies
that m(R\H(p)) = 0 for p > csc(n/8). Fix such a p. Then by a theorem
due to Gross ((25) 279), I(y,)\H is countable for almost all y,in 0 < y < ¢.
Hence for almost all y, in 0 < ¥ < ¢, (6.16) holds by Fubini’s theorem,
E c I(y,) and A(E) = 0 imply that A(f(#)) = 0, by Lemma 9, and thus
f(z+1y,) is absolutely continuous in 0 € z < 1. Since A is symmetric
in the line y = 2, the same argument shows that f(x,+dy) is absolutely
continuous in 0 < y < ¢ for almost all z; in 0 < z < 1, and we conclude
that fis ACL in G.

We prove next that f is conformal under the assumption that f is
ACL and A is an arbitrary triangle. For this it is sufficient to show that

(7.3) mO&XIDaf(zo) [* = J(z)

at each point z, of G where (7.2) holds and where f is differentiable with
max|Dyf(z,)| > 0. By performing preliminary similarity transformations,
0

we may assume that z, = f(z,) = 0 and that, near z; = 0,
f() = Dz+iy+o(|z]),

where 0 < D <oo. We must show that D=1. If D> 0, then by
Lemma 1 we may assume that f(z) = Dz +1dy, and (7.2) implies D =1
by elementary trigonometry. If D = 0, it is easy to see that there exist
segments y, and y, which form an angle parallel to an angle in A and for
which

A(f('}’l):f(')’z)) =0.

This contradicts (7.2), and hence the proof for (7.3) is complete.

Finally, to complete the proof of Theorem 5, we must show that f
is ACL under the assumption that A is an arbitrary triangle. For this,
let g be an affine mapping with dilatation K which carries the vertices
of A onto the points 0, 1, 4, and set 2 = fog~L. Then & satisfies conditions
(i) and (ii) with &, G, E replaced by g(2), (@), g(&), and A(y,,y,) by
(1/K)A(yL,vg) in (7.2). Since g(F) is of Z-finite linear measure, and
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since g(&) has its vertices at 0, 1, ¢, a slight modification of the above
arguments shows that 4 is quasiconformal in g(@) with maximal dilatation
dependent upon K. Hence f=hog is quasiconformal and, a fortior:,
ACL in G.
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