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Linear equations over multiplicative groups, recurrences,
and mixing I

H. Derksen and D. Masser

ABSTRACT

Let K be a field of positive characteristic. When V' is a linear variety in K™ and G is a finitely
generated subgroup of K™, we show how to compute the set VN G" effectively using heights. We
calculate all the estimates explicitly. A special case provides the effective solution of the S-unit
equation in n variables.

1. Introduction

In 2004, Masser [22] published a paper about linear equations over multiplicative groups in
positive characteristic. This was specifically aimed at an application to a problem about mixing
for dynamical systems of algebraic origin, and, as a result about linear equations, it lacked some
of the simplicity of the classical results in zero characteristic. A new feature was the appearance
of n — 1 independently operating Frobenius maps; here, n is the number of variables.

In 2007, Derksen published a paper [7] about recurrences in positive characteristic. He
proved an analogue of the famous Skolem-Mahler-Lech Theorem in zero characteristic. A new
feature was the appearance of integer sequences involving combinations of d — 2 powers of the
characteristic; here, d is the order of the recurrence.

It turns out that these two new features are identical. In positive characteristic the vanishing
of a recurrence with d terms can be regarded as a linear equation in d — 1 variables to be solved
in a multiplicative group (so in particular n — 1 = d — 2). This observation will be developed
in three directions.

In this paper, we give an improved version of the result of Masser [22] in a form more closely
related to that in zero characteristic. In fact, we shall prove some quantitative versions in
which all the estimates are effective and furthermore we shall make them completely explicit.
This is in sharp contrast to the situation in zero characteristic, where even in very simple
circumstances there are no effective upper bounds for the solutions.

In a second paper, we shall apply these results to recover the main theorem of Derksen [7],
which we even generalize to sums of recurrences. In zero characteristic rather little is known
about such sums, and indeed there is a conjecture of Cerlienco, Mignotte and Piras [6] to the
effect that such problems are undecidable. In positive characteristic, we will establish not only
the decidability but also give completely effective algorithms to solve the problem.

In a third paper, we apply our linear equations results to give an algorithm to determine
the smallest order of non-mixing of any basic action associated with a given prime ideal in a
Laurent polynomial ring. From [22], we know that the non-mixing comes from the so-called
non-mixing sets, and our work even provides a way of finding these. Again the algorithms are
completely effective.
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We begin by recalling the classical result for a linear equation in zero characteristic, for
convenience in homogeneous form. For a field K, we write K* for the multiplicative group of
all non-zero elements of K. For any subgroup G of K* and a positive integer n it makes sense
to write P, (G) for the set of points in projective space defined over G.

THEOREM A (Evertse [8], van der Poorten-Schlickewei [25]). Let K be a field of zero
characteristic, and for n > 2 let ag,...,a, be non-zero elements of K. Then for any finitely
generated subgroup G of K* the equation

a0X0—|-a1X1 ++aan =0 (11)

has only finitely many solutions (Xo, X1,...,X,) in P,(G) which satisfy

> aiXi#0 (1.2)

iel

for every non-empty proper subset I of {0,1,...,n}.

We should point out that this remains true even when G is not finitely generated but has
finite Q-dimension. See also a recent paper of Evertse and Zannier [10] for an interesting
function field version.

Theorem A is false in positive characteristic p; for example, in inhomogeneous form for n = 2
the equation

rty=1 (1.3)

has a solution z =¢, y =1—1t over the group G in K = F,(t) generated by ¢,1 —t; and so
thanks to Frobenius infinitely many solutions

r=t", y=1—t" =(1-t)"", e=0,1,2,... (1.4)

which all satisfy (1.2).

We can regard Theorem A as a descent step from the hyperplane H defined by equation (1.1)
to proper linear subvarieties defined by the vanishing of the left-hand sides in (1.2). We can
iterate this descent by introducing special varieties T' defined solely by binary equations of the
shape X; = aXj (i # j,a # 0). For example, T’ could be a single point or, when there are no
equations at all, the full P,,. We could call such varieties linear cosets or just cosets. This word
has a group-theoretical connotation, and indeed T above is a translate of a group subvariety
of the multiplicative group GJ., in P,,. Conversely, it is not difficult to see that every linear
translate of a group subvariety of GI, is a coset in our sense (see, for example, [4, Lemma 9.4,
p. 76]). But we will in this paper make no use of these remarks or indeed hardly any further
reference to group varieties.

Anyway, it is easily seen that the complete descent yields a finite collection of cosets T,
each contained in the original H, such that the full solution set H(G) = H N P,,(G) coincides
with the union of all T(G) =T NP, (G). This is a little closer to the more general context
of Mordell-Lang (see below). No further descent from T'(G) in terms of proper subvarieties is
possible; by way of compensation it is very simple to describe T'(G) explicitly (see, for example,
the discussion towards the end of Section 12).

In positive characteristic, we can establish a descent step similar to Theorem A, but it may
involve Frobenius as in (1.4). This less simple situation makes the iteration more problematic,
and for this reason it is clearer to present our result as a descent now from an arbitrary linear
variety V' to proper linear subvarieties.
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However, the Frobenius does not always generate infinitely many solutions. It does above for
x4y =1, and also for

t"Mr4+y=1 (1.5)

by taking a new variable ¢"x; this is because t lies in G. The situation is slightly more subtle
for (1.5) over the group G, generated by ¢! and 1 — ¢; the above solution of (1.3) certainly leads
to solutions

r=t""" y=(1-t", e=0,1,2,..., (1.6)

but these will not be over GG; unless p¢ =m mod [. This can however happen for infinitely
many e but not necessarily all e in (1.6). This time ¢ may not lie in G; but some positive power
does. Finally, the equation (1 +t)x + y = 1 has a solution x = 1 — ¢,y = t2 over G, but the use
of Frobenius will bring in an extra 1 + ¢, no positive power of which is in G (provided p # 2).

These considerations lead naturally to the radical VG = VG for general G in general K*.
For us this remains in K; thus, it is the set of «v in K for which there exists a positive integer
s such that v° lies in G. Usually, K will be finitely generated over its prime field, and then it
is well known that the finite generation of G is equivalent to that of v/G. We also see the need
for some concept of isotriviality, already present in diophantine geometry at least since Néron’s
1952 proof of the relative Mordell-Weil Theorem and Manin’s 1963 proof of the relative Mordell
Conjecture. In our linear context, the appropriate refinement is G-isotriviality, introduced by
Voloch [29] for n = 2.

Namely, let K be a field of positive characteristic p, and for n > 2 let V' be a linear variety
in P,, defined over K. We say that V' is G-isotrivial if there is an automorphism v of P, (K),
defined by

¢(Xo,...,Xn) = (gOX07~-~7ann) (17)

with go, ..., g, in G, such that ¥(V) is defined over the algebraic closure F,,. Such a ¢ could
be called a G-automorphism. Let us write F ¢ for F, N K; then of course 1(V) is defined over
Fx. So (V) is defined over some F ; and now a point w on V defined over G gives ¢)(w) on
(V) which by Frobenius leads to points ¥ (w)?” (e = 0,1,2,...) on (V) and so

P Wpw)?), e=0,1,2,... (1.8)

on V', all still defined over G.
Of course points over G are nothing other than zero-dimensional G-isotrivial varieties.
Here is a preliminary version of our main descent step on linear equations. For V' as above
write V(G) =V NP, (G) for the set of points of V' defined over G. But it is clearer first to
consider points over the radical VG.

Descent Step over v/G. Let K be a field of positive characteristic, and suppose that the
positive-dimensional linear variety V; defined over K is not a coset. Suppose also that v/G in
K is finitely generated. Then there is an effectively computable finite collection W of proper
v/G-isotrivial linear subvarieties W of V;, also defined over K, with the following property.

(a) If Vp is not v/G-isotrivial, then

WG = [ WVG).

wew

(b) If Vp is v/G-isotrivial and (Vj) is defined over F,, then

Vo(/G) =yt ( U Uw(ww»f) |

Wwew e=0
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Thus (a) says that the points of Vo(v/G) are not Zariski-dense in Vp; and (b) says that the
points on Vo(v/G) such as (1.8), which can be dense, at least arise from a set of w which is not
dense.

Part (a) was essentially proved for n =2 as Theorem 1 by Voloch [29, p. 196], and his
Theorem 2 (p. 198) even covers the more general case of finite Q-dimension; here, one obtains
the finiteness of the solution set. A forerunner of part (b) for n = 2 can be seen in Mason [21,
pp. 107, 108]. The main result of Masser [22] is restricted to a single equation (1.1) and is
expressed in terms of a concept of ‘broad’ set; as we do not need this result here (or even the
concept) we refrain from quoting it. However, these authors do not discuss the effectivity in
our sense (see the discussion below).

A simple example of (b) in inhomogeneous form is (1.3); this represents a line L, clearly
isotrivial and even trivial in that we can take v as the identity automorphism. When G is
generated by t and 1 — ¢ in K = F,(¢), then VG is obtained by adding the elements of F as
generators. Leitner [20] has found that for p > 3 there are p + 4 points W, six of which are like
w = (t,1 —t) in (1.4) and the remaining p — 2 are the w = (z,1 — ) for x =2,3,...,p— 1.

So much for Vo(v/G). In the analogous characterization of Vy(G) there is no longer a clear
separation of cases. In fact it can happen in case (b) above that the actions of Frobenius
through ¢° can get truncated, so that each e remains bounded; but then it is easy to reduce
this to case (a). A simple example is (1.5) for m = 1 in the group G = G, above for [ = p, when
the solutions (1.6) are over G only when e = 0. Here is a general statement.

Descent Step over VG. Let K be a field of positive characteristic, and suppose that the
positive-dimensional linear variety V; defined over K is not a coset. Suppose also that v/G in
K is finitely generated. Then there is an effectively computable finite collection W of proper
V/G-isotrivial linear subvarieties W of V;, also defined over K, such that either

(@) = |J W)
wew

Vo(G) =97t ( U U(w(W)(G))qe>
Wew e=0

for some ¢ and some v/G-automorphism v with (V) defined over Fy.

It may be instructive here to consider the inhomogeneous example
r+y—z=1 (1.9)

still over the group G in K = F,(t) generated by t,1 —¢t. Now (1.9) represents a plane P, also
isotrivial and even trivial. Leitner [20] has found that for p > 5 there are 22 lines W and 8
points W. For example, the line defined by

tr+y=1 z=(1—-t)x (1.10)
is one of these. So is the coset line defined by = = z, y = 1. And so is the point
1—t¢ 1—1t)?
Tr = t7 = —_—, = 7( ) .
t t

We can easily iterate the descent from (1.10). This is isotrivial via the automorphism v taking
x,y and z to & =tx,jy =y and Z = (¢/(1 — t))z, when the equations become Z 4 § =1 and
zZ =2 . Now (1.4) (with e replaced by f) on (1.3) lead to the points w = (z,y, z) of W(G) with

e=t"'1 y=@1-tP, =11 -1t), f=0,1,2,....
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Then from (1.8) (with ¢ = p and the identity automorphism) we obtain the points

w=ta Dy = (1), =t )" (1.11)
of P(G); here, ¢ = p/ and r = p° now indicate independently varying powers of p. This is
precisely the example in [22, p. 202].

With the help of a suitable notation we can after all do the complete descent, also for
linear varieties that are cosets; then the latter arise solely as obstacles. Denote by ¢ = ¢,
the Frobenius with ¢(x) = x9. Let 1)1, ..., be projective automorphisms. Then we imitate
commutator brackets by defining the operator

[wl’---7¢h]:[¢17~-~7¢h U U ¢ lgoelwl (d}hl Ehwh) (112)

e1=0 ep=
with of course the identity interpretation if h = 0. Thls formally resembles [7, Definition 7.7,
p. 208].

THEOREM 1. Let K be a field of positive characteristic p, let V be an arbitrary linear
variety defined over K, and suppose that v/G in K is finitely generated. Then there is a power
g of p such that V(G) is an effectively computable finite union of sets [{1, ..., ¢¥p],T(G) with
v/ G-automorphisms 1, . .., ¥ (0 < h<n-—1), and cosets T contained in V.

Here, we see quite clearly the n — 1 Frobenius operators mentioned in the first paragraph of
Section 1. In general, they act independently because they are separated by automorphisms.
The example

T1+To—T3—...—Tp =1
generalizes (1.3) and (1.9), and it can be used to show that the upper bound n — 1 in Theorem 1
cannot always be improved. This we carry out in Section 13 on limitation results. The same
can also be seen indirectly through the applications to recurrences, where we will see that the
analogous upper bound d — 2 cannot always be improved.

Taking e; =1 in (1.12) and all other zero, we see that 1/)‘11_1 is a G-automorphism.
Similarly for 97", .. .,1/1271. However, it may not always be possible to choose v1,..., 1,
as G-automorphisms. This we also prove in Section 13.

We can also symmetrize the sets in Theorem 1. We explain this with the points (1.11) on P
defined by (1.9). They can be written as

r=t"" y=(1-10)° z=t""1-0)" (1.13)
with s = gr. Here, there is asymmetry because apparently r divides s. However (1.13) has a
meaning for any independent positive powers r, s of p; and it is easily checked that the resulting
points remain on P.
To formulate this in general we introduce another bracket notation more related to the group
law. For points 7y, 71, ..., 7, we define the set

(M0, M1y oy Th) = (T0s M5 -+, Th)g = 0 U U o). (), (1.14)
1L=0  1,=0
with of course the interpretation m itself if h = 0. We introduce more special varieties S
defined solely by binary equations of the shape X; = X;. For example, S could be the single
point with all coordinates equal or the full P,,. We could call such varieties linear subgroups
or just subgroups. As above it is not difficult to see that they are precisely the linear group
subvarieties of G}, but again we do not need to know this.

THEOREM 2. Let K be a field of positive characteristic p, let V be an arbitrary linear
variety defined over K, and suppose that /G in K is finitely generated. Then there is a power
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g of p such that V(G) is an effectively computable finite union of sets (mo, 71, ...,71)qS(G)
with points g, 71, .., 7 (0 < h <n— 1) defined over v/G and subgroups S.

As in Theorem 1, the upper bound n — 1 in Theorem 2 cannot always be improved. We

shall verify this in Section 13. Also one can easily see that wgfl, 7r‘1171, .m0 (as well as the
product mo7y ... 7p) are defined over G. However, this may not always be true of 7, 71, ..., 7h,

as we shall also prove in Section 13.
When V is a hyperplane defined by (1.1) we can even descend to points, provided we restrict
to (1.2) in the style of Theorem A.

THEOREM 3. Let K be a field of positive characteristic p, let H be defined by
Cl0X0—|—CL1X1 +—|—6Lan =0

for non-zero ag,ay,...,a, in K, and write H*(G) for the set of points in P,,(G) satisfying

el

for every non-empty proper subset I of {0,1,...,n}. Suppose that VG in K is finitely
generated. Then there is a power q of p such that H*(G) is contained both in (1) an
effectively computable finite union of sets [1, ..., Yn]o{7} In H(G) with v/ G-automorphisms
U1y, (0< h <n—1) and points 7, and in (2) an effectively computable finite union of
sets (7o, T1, ..., 7h)q in H(G) with points mo, 71, ..., 7, (0 < h<n—1).

We do not prove it here, but in this situation H*(G) is precisely a finite union of
[t1,...,¥n]q{7}. However, there seems to be a strange asymmetry between the asymmetric
part (1) and the symmetric part (2). Namely it seems improbable that H*(G) is precisely
a finite union of (mg, 71, ..., 7). For example, the point (1.13) on H defined by (1.9) is in
H*(G) except for r = s, which disturbs the independence of r and s.

Apart from the work [29] already mentioned, there are other results of this kind, now in the
more general context of Mordell-Lang for arbitrary varieties V' inside arbitrary semiabelian
varieties S. Typically, here one intersects V' with a finitely generated subgroup I' of S; however,
in this paper with S = GJ, we have for simplicity restricted I' to a Cartesian product G".

Thus, the main result Theorem A (p. 104, see also p. 109) of Abramovich and Voloch [1]
almost implies part (a) of our Descent Step over VG, except that they assume that V is not K*-
isotrivial and they have no information about W which would ensure linearity in our situation.
The main result Theorem 1.1 (p. 667) of Hrushovski’s well-known paper [16] gives a similar
implication. The restriction to our (a) corresponds to their restriction to the non-isotrivial case.
Again these authors do not discuss the effectivity in our sense.

After the earlier work by Scanlon, the isotrivial case was treated by Moosa and Scanlon. Their
Theorem B [24, p. 477] implies that our V(G) is what they call an F-set (see also [23]). Indeed

in our situation and notation an F-set is nothing but a finite union of (m, 71, ..., 7)) A(G)
with momy ..., and 7', 70wl " defined over G and an algebraic subgroup A. They

do not mention the bound A < n — 1 and that A is linear when V' is; however, a referee kindly
pointed out that both facts follow from the arguments in their Theorem 7.8 (p. 512). Their
ideas were developed by Ghioca [11], who in addition extended the results to Drinfeld modules.
See also the work of Ghioca and Moosa [12] on division groups. Again there is no mention of
effectivity.
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Now let us discuss this effectivity, a key aspect of this paper.

It is well known that Theorem A (in zero characteristic) is semieffective in the sense that
effective and even explicit upper bounds for the number of solutions of (1.1) subject to (1.2)
can be found. However, it is not fully effective in the sense that no upper bounds are known
for the size of the solutions, even in very simple cases such as K = Q and G generated by
3,5,7; and it is even unknown how to find all the finitely many non-negative integers a,b and
¢ satisfying an equation such as

3% 450 —7¢ =1,

Out of the works in positive characteristic quoted above, only two discuss effectivity, and then
only semieffectivity in the sense above. Voloch [29] in the theorems mentioned above gives
explicit upper bounds for the cardinality of V(G) for n = 2 in case (a) of Theorem 1; these are
uniform in the sense that they are independent of V' and further they depend on G only with
regard to its rank. A similarly uniform bound is given as Theorem 6.1 (p. 687) by Hrushovski
[16] for V' in an abelian variety; however, as it stands it is not completely explicit due to the
use of non-standard analysis. These bounds are in line with the well-known estimates in zero
characteristic - see for example [9, Theorem 1.1, p. 808].

By contrast our results above are fully effective. This should be no surprise; for example, it
is rather easy by differentiating to find all non-negative integers a, b and ¢ with

B+t +GB+t) —(T+t)°=1

in any fixed K = F,(t). We shall work out explicit bounds, at first for the Descent Step over
VG, where the exponents appearing can reasonably be small; and then for the Descent Step over
G and Theorems 1-3. See especially (12.1) and (12.10) later. It would then be a straightforward
matter to deduce bounds for the various cardinalities involved; but more work may be needed
to make these uniform in the sense above.

In fact the size bounds cannot be uniform in this sense. For example, from the non-isotrivial
equation x + ay = 1 with a = (1 —¢"™)/(1 — )™ (m # p°) over the group generated by ¢ and
1 —t¢in Fy(t), with solution x =", y = (1 — )™, we can easily show that the size of solutions
for fixed G must depend on V. Similarly, the isotrivial equation x +y =1 over the group
generated by ¢" and (1 — )™ in F,(¢), with the same solution, demonstrates that the size of
solutions for fixed V' must depend on more than just the rank of G.

Because all our varieties are linear, we can measure them in a traditional way in terms of
certain heights on the Grassmannian. We will show, for example, in the Descent Step over vG
that

h(W) < Ch(Vo)*" (1.15)

if W is no longer required to be v/G-isotrivial, where C' depends only on K,n and G. If we
insist on W being v/G-isotrivial, then the exponent is not so small. The well-known Northcott
Property of heights often implies that the set of W in (1.15) is finite and easily effectively
computable.

Perhaps since the results in zero characteristic are not effective, there is no tradition about
measuring the groups I', even in S = G]. Because our I' = G”, it is here possible to use a
basis-free notion of regulator R(G). We will show that the bounds, at least when G = VG, are
all of polynomial growth in R(G). For example in (1.15) we obtain

C < CR(G)67L+2

again if W is no longer required to be v/G-isotrivial, where ¢ now depends only on K,n and
the rank r of G. In fact here

¢ = 8n2d(10n3(n 4 r)3(nFr))2ntl
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with d depending only mildly on K; for example, d = 1 if K is a field of rational functions in
several independent variables over a finite field.

However, we did find it a small surprise to discover that when G # /G the smallest bounds
can be exponential in R(G). A hint of this can be seen from the above discussion of (1.5) and
(5;. For example, the simplest solution of the equation

tPr+y=1

with # and y in the group generated by 3% and 1 — ¢ in Fy(t) is

_ 83129130742641316365655570 _ 2417851639229258349412352 ,
= (%) y=(1-1) . (116)

)

while the regulator is only 83v/3. For an explanation see the end of Section 11.

In Section 12, we estimate the heights (in a natural sense) of all the quantities occurring in
our theorems. The bounds are polynomial in (V) and R(G) if G = v/G; but otherwise they
may involve an extra, possibly unavoidable, exponential dependence on R(G). Here too there
is a Northcott Property to ensure effectivity.

At first sight it may seem that the methods of Derksen [7] and Masser [22] are unrelated. But
there are close connections, and we give some hints of this in our exposition. Here, we mention
just that Masser [22] works with derivations and Derksen [7] works with p-automata and ‘free
Frobenius splitting’. For example, over F,(t), [22, p. 196] has §; = (d/dt)" (i =0,...,p—1)
while [7, p. 198] splits F,(¢) into a direct sum of one-dimensional F,(¢?)-subspaces V; (i =
0,...,p— 1) and considers the associated projections A;. In the natural case V; = t'F,(t?) one
checks easily that the vectors (8g,td1 ..., t*716,_1) and (Ao, A1, ..., Ap—1) are connected via an
invertible matrix over F,,. So in some sense differentiating is equivalent to projecting. We can
also quote Hrushovski [16, p. 669] ‘Distinguishing a basis for K/KP has the effect of fixing also
a stack of Hasse derivations.” We will follow Masser [22] with derivations, but as a matter of
fact we do not need Hasse derivations in this paper (see the remarks at the end of Section 5).
Neither do we use Model Theory as in [16, 23, 24].

Here is a brief section-by-section account of what follows.

We begin in Section 2 by explaining heights. Then in Section 3 we introduce derivations,
and we use all these to give preliminary effective versions of the two main technical results of
[22] about dependence over the field of differential constants.

In Section 4, we explain regulators, and in Section 5 we use these to refine the work of
Section 3.

Then Section 6 contains a technical result which enables us to identify isotriviality,
and in Section 7 we record some observations about automorphisms and heights of
varieties V.

We are now in a position, in Section 8, to make effective the main argument of Masser [22]
yielding the subvarieties W, at least for points over v/G and when V is either a hyperplane or
trivial. We treat general V in Section 9 but omitting the isotriviality of the W. This omission
is then remedied in Section 10 with a simple inductive argument, and in Section 11 we show
how to treat points over GG. We can then in Section 12 prove effective versions of our Descent
Steps and Theorems.

Finally in Section 13, as already mentioned, we show that various aspects of our results
cannot be further improved.

We would also like to draw attention to a very recent manuscript of Adamczewski and Bell
[2] for further work in the context of p-automata; in particular, this covers also equations (1.1)
and recurrences.
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2. Heights

The theorems above for arbitrary fields can easily be reduced to the case when the field is
finitely generated over its ground field F,, (see Section 12). In general, let K be finitely generated
over a subfield k in any characteristic. We shall define heights on K relative to k; thus, we
suppose that K is a transcendental extension of k. Here, we do not know any basis-free notion
of height, and thus we choose a transcendence basis B of K over k with elements ¢1,...,t,
regarded as independent variables over k. The height h(a) = hp(a) of an element a # 0 of
k[B] = k[t1,...,ty] will be its total degree dega regarded as a polynomial; also h(0) = 0. The
height can be extended to an element x of the quotient field k(B) = k(t1,...,tp) by writing
x = ay/agp for coprime polynomials ag, a; in k[B] and defining

h(x) = hp(z) = max{deg ag, deg a; }. (2.1)

That suffices for most examples, but for mixing problems we have to extend further to all of K.
This is a standard matter using valuations.

There is a valuation on k[B] corresponding to total degree and defined by |a|e =
exp(dega) (a # 0); and of course |0/ = 0. This extends at once to k(B) by multiplicativity.
And for every irreducible p in k[B] there is a valuation defined on k[B] by |a|, =
exp(—wp(a)degp) (a # 0), where w,(a) is the exact power of p dividing a; and again |0/, = 0.
And it too extends to k(B) by multiplicativity. Using v to run over oo and all the p, we have
the product formula [], |z|, =1 (z # 0) and the height formula h(zx) = log [I, max{1, |x|,}.

Now K is a finite extension of k(B), say of degree d. Thus, each valuation v has finitely many
extensions w to K, written w|v. In fact

2w = |N ()], (2.2)

where the norm is from the completion K,, to the completion k(B), and d,, is the relative
degree. We also have > d,, = d. Now the product formula

[Tlalt =1 @+0)

wlv

holds. Further, the formula

h(z) = %logHmax{l, || de )

extends the height i = hj to an absolute height on K. For all these, see (19, pp. 1-19] or [3,
pp. 1-10].
Actually for convenience in estimating we will use from now on the relative height

h(z) = hg(z) = dh(z) > 1.

This can be calculated directly from the minimum polynomial in the following extension
of (2.1).

LEMMA 2.1. Suppose z in K satisfies an equation A(x) =0 with A(t) = aogt®+ ...+
ae for ag,...,a. in k[B] with a9 #0 and A(t) irreducible over k[B]. Then eh(x)=
dmax{degay,...,dega.}.

Proof. Over a splitting field L we have A(t) = ag(t — 1) ... (t — x.), and we can extend,
keeping the same notation, all the valuations to L. Then Gauss’s Lemma gives

max{|ag|w, - - -, [e|w} = |aolw max{l, |x1|y} ... max{1, |2xc|y}-
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If w does not divide oo then the left-hand side is 1 because ay,...,a. are coprime; otherwise
they are all max{|ag|so,- -, |@c|oo}- Taking the product with exponents d,, and then taking
logarithms gives on the left-hand side d max{degao,...,dega.} and on the right-hand side
h(z1)+ ...+ h(x.). This last is just eh(z) because z1, ...,z are conjugate over k(B). O

An immediate consequence of Lemma 2.1 is the Northcott Property; namely that for any H
there are at most finitely many z in K with h(z) < H.
We will also need the standard extensions to vectors. So for x1,...,2; in K we define

Mz, ..., xp) :10gHmax{1,|x1 du,

d
oo

For example, h(ag, ..., a.) in the situation of Lemma 2.1 is just d max{degay,...,dega.}. The
Northcott Property extends at once to K.

3. Dependence with heights

Given K finitely generated and transcendental over k, there is always a separable transcendence
basis B = (t1,...,1); this means that K is separable over k(B). As above write d = [K : k(B)].
On k[B], we have the standard derivations 9/9t1,...,0/0t;,, which extend in the obvious way
to k(B). And by separability they extend uniquely to K. For all these, see [18, pp. 183-184].
For an integer i > 0, we define D(i) as the set of operators

a\" a\"
= () (o)

as i1,...,% run over all non-negative integers with i + ... 4 ¢, < ¢. This is not quite the same
as [22, p. 196], where we had i > 1 and i1 + ... + 4, < 1.
It will be convenient for later calculations to define a quantity h(z;i) as follows. We order
in some way the operators D1,..., D; of D(i), and we define for x # 0
Dix Dlx)

h(x;i)hg(z;i)h< R

of course independent of the ordering.

The next result is an explicit version of [22, Lemma 3, p. 195] however without reference to
any group G. We write C for the field of differential constants in K. For zero characteristic
this is k, but for positive characteristic p it is the set of pth powers of elements of K.

LemMmA 3.1. For m > 2 suppose ¢1, ..., ¢y, are in C and x1,...x,, are in K* with
cxr+ ...+ emr,m = 1. (3.1)

Then either
(a) h(crzt,. . yemem) < (m+1)(h(z;m —1) + ...+ h(zm;m — 1))
or
(b) x1,...,x,, are linearly dependent over C.

Proof. 1If (b) does not hold, then the theory of the generalized Wronskian (see for example
[19, p. 174]) shows that we may find operators D; in D(i) (i =0,...,m — 1) such that the
matrix with entries D;z; (i =0,...,m —1; j=1,...,m) is non-singular. Applying them to
(3.1) we obtain

Dz,
3 x“_%cjxj)zpi(m, (i=0,...,m—1).
j=1




LINEAR EQUATIONS OVER MULTIPLICATIVE GROUPS 1055

These can be solved by Cramer’s Rule to obtain cjz; = (w;/wg) (j =1,...,m), where
wo # 0 is the determinant of the matrix with entries (D;z;/z;) (i=0,....m—1; j=
1,...,m). Noting that this determinant is multilinear in the columns, we find that
h(wo) < h(z1;m — 1)+ ...+ h(xy;m —1). The same bound holds for the h(w;) (j=
1,...,m). We conclude that h(ciz1, ..., cnm) = h(wy /wo, ..., wy/wy) is at most

h(wo) + h(wy) + ... + h(wy) < (m+ D)(h(z1;m —1) + ...+ h(zym;m — 1))

as required. ]

We deduce an explicit version of [22, Lemma 4, p. 197], also without G.

LEMMA 3.2. Form > 2 suppose xg, x1,. .. Ty, are in K* and linearly dependent over C' but
Z1,...T., are linearly independent over C. Then there is a relation

cxry+ ...+ CmTm = x0 (3.2)

with ¢1,...,¢, in C and

h(clxl,...,c’"xm) < (m+1) <h(z1;m—l> +...+h<xm;m_1)>.
To To o To

Proof. There is certainly a relation (3.2) with ¢1,..., ¢, in C, and we apply Lemma 3.1 to
the quotients x1/xq,...,Zm/xo. As 1, ... 2, are linearly independent over C, the conclusion
(b) cannot hold. Now conclusion (a) is just what we need, and this completes the proof.  [J
In Section 5, we shall prove versions of Lemmas 3.1 and 3.2 that are uniform for xg, 21, ...,z

in a finitely generated group G as in [22]. By way of preparation, the next result illustrates
the logarithmic nature of the quantities h(;4).

LEMMA 3.3. For any x #0 and y # 0 in K and any integers i > 0 and e > 0, we have
h(zy;i) < h(x;i) + h(y; i) and h(x€; 1) < ih(x;4).

Proof. Let D be in D(i). By distributing operators over the factors of zy as in Leibniz, we
see that D(xy)/zy is a sum with generalized binomial coeflicients of products (E(z)/z)(F (y)/y)
with operators E and F' also in D(i). Taking D = Dy,...,D; as in the definition of h(xy;1),
we deduce the first inequality of the present lemma by standard height calculations.

When e is a positive integer, a similar argument shows that D(z¢)/z¢ is a sum with
generalized binomial coefficients of products Ey(z)/x...E.(z)/x with operators Fi,..., E.
also in D(i). Here, E; ... E, = D, so that there are at most 7 terms not equal to 1 in this
product. Thus, D(z¢)/z¢ is a polynomial of total degree at most ¢ in the E(x)/x for E in D(7).
The second inequality now follows in a similar way, at least for e > 1. The result is trivial for
e=0. U

LEMMA 3.4. For any x # 0 in K and any integer i > 0, we have h(z;i) < 4idh(z).

Proof. This is trivial for i =0, so we assume from now on 7 > 1. We have an equation
A(z) =0 as in Lemma 2.1, of degree e < d. Denote by A’(t) the derivative with respect to
t. Pick any D in D(i). We claim that B; = (A’(2))?*~!Dx is a polynomial in z and various
derivatives Dga of various coefficients a of A, with coefficients in k& and of degree at most
(20 —1)(e—1)+1 in = and of total degree at most 2i — 1 in the Dga. We prove this by
induction on .
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When i = 1 we have for example D = 9/0t; = 0 (say), and applying this to A(z) = 0 yields
B, =— ijo(aae,j)xj for which the claim is clear.

Assuming Dx = B;/(A’(x))*~! with B; as above, we do the induction step by applying one
more operator, again say 9/9t; = 9. We obtain

(A'())* 0Dz = A'(2)0B; — (2i — 1)B;0(A(2)).

Here OB; involves x to degree at most (2i —1)(e — 1)+ 1 and also z to degree at most
(2i — 1)(e — 1) multiplied by dz = By /A’ (x), together with Dya to total degree at most 2¢ — 1.
Similarly, 9(A’(x)) involves z to degree at most e — 1 and also = to degree at most e — 2 (if
e # 1) multiplied by dz = By /A’(x), together with Dya to total degree at most 1. Multiplying
by A’(x) we obtain (A’(z))?**10Dx involving z to degree at most

e—1l+max{(2i —1)(e—1)+1+(e—1), 2i—1)e—1)+e}=20G+1)—1)(e—1)+1,

and the degree in Dga is at most (2i —1) +1+ 1 =2(i+ 1) — 1. This proves the claim in
general.
There follows at once the estimate

log |Bilw < ((2d — 1)(e — 1) + 1) logmax{1, ||, }

for any w not dividing co; otherwise, we obtain an extra term (2¢ — 1) max{degao, ..., degac}.
The same estimates also hold for log |C|,, where C' = z(A’(z))? 1.
Now write B;; for the B; corresponding to the operators D; (j =1,...,1) of D(4), so that
Djx/x = BU/C Then
h <D1$ D[J?

R ):Zdwmax{log|Bi1|w,...,log|Bu|w,log|C’|w}

which is at most

((2i —1)(e — 1) + 1)h(z) + (2¢ — 1)d max{degap, . ..,dega.}.
Finally by Lemma 2.1 this is at most

(2t = 1)(e = 1)+ 1)h(z) + (2 — 1)eh(x) < dieh(z) < 4idh(zx)

as required. This completes the proof of the present lemma. ]

In view of our consistent use of the relative height (as opposed to the absolute height), the
factor d here looks like a normalization error. However it cannot be avoided, as the example
x=((t+1)/)Y? (t =t;) in K = k(t)(z) = k(x) shows. One finds that the rational function
(1/x)(d'x/0t") has denominator (t(t + 1))’. So its height is at least 2id = 2idh(z), which also
shows that our dependence on i is not too bad. Perhaps even the factor 4 essentially cannot
be avoided.

4. Regulators

Let K be finitely generated and transcendental over k as in the preceding section, and let B
be a transcendence basis. Let G be a subgroup of K™ finitely generated modulo k*; that is,
G /(G Nk*) is finitely generated. We show here how to define a regulator R(G) = Rp(G).

For all w except finitely many we have |g|, =1 for every g in G. Pick a set of N > 1
valuations containing these exceptions. We order the set to produce a map L from G into
R whose typical coordinate is d,, log |g|,. In fact by (2.2) L£(G) lies in Z" and is therefore
discrete. Thus, it is a (full) lattice in the real subspace it generates, whose dimension is the
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rank r of G/(G Nk*). If r > 1, then we define the regulator just as the determinant
R(G) = Rp(G) = det L(G) > 1;

clearly independent of the set above or its ordering, and if » = 0, then we define R(G) = 1. This
does not quite coincide with the standard definition for the unit group in algebraic number
theory, because the latter is obtained by a projection to one dimension lower. But they are
equal up to a constant factor.

The following example will be quoted later. With K = F,(¢) (and the obvious B) and G|
generated by t! and 1 —t we have N = 3 corresponding to valuations at ¢ = 0,1, co; and so
vectors (1,0,1) and (0,1, 1) giving Rg(G;) = 1V/3.

LEMMA 4.1. Let G and G’ in K* be finitely generated modulo k* with G of finite index in
G'. Then

[G': G
[G'NEk* : GNE*]
where we identify G/(G N k*) as a subgroup of G'/(G' N k*).

R(G) =

R(G) = [G'/(G' k) : G/(GNE)IR(E),

Proof. The quotients G/(G Nk*) and G'/(G' Nk*) are torsion-free, both with the same
rank, say r. If » =0, then the lemma is trivial. Otherwise, using elementary divisors we can
find generators 71, ...,7, of G'/(G' N k*) and positive integers dy, . . ., d, such that 7‘111 N
generate G/(G N k*). Then the relationship between £(G’) and L(G) is clear, and the lemma
follows. UJ

LEMMA 4.2. Let G in K* be finitely generated modulo k*, let = be in K*, and let G’ be
the group generated by x and the elements of G. Then R(G') < 2h(z)R(G).

Proof. 1t is geometrically clear that if A is any lattice in euclidean space, then
det(A + Zv) < det(A)|v| for the length, at least if v is not in the space spanned by A. But this
continues to hold for all v provided only |v| > 1 and A + Zv remains discrete. In particular,
it holds for A = £(G) and v = L(z). We conclude R(G’) < |L(z)|R(G). Finally, we have by
definition and the product formula

h(z) = Zmax{(),mw} = %Z || (4.1)

for my, = dy, log |x],. And

L(@)]? =) mi, < (Z |me> = 4(h())*.

w

The lemma follows. ]

We can recover a basis from the regulator as follows.

LEMMA 4.3. Let G be a subgroup of K* finitely generated modulo k* with G/(G Nk*) of
rank r > 1. Then there are g1, ..., g, in G generating G/(G N k*), with

M) hlor) < HO(r)R(CY

for 6(r) = r".



1058 H. DERKSEN AND D. MASSER

Proof. By Minkowski’s Second Theorem (see for example [5, Theorem V, p. 218]) there are
J1, - -+, gr in G multiplicatively independent modulo k*, with

- B r or
1£(g)] - 1£(g)| < 0 det L(G) = 70

for the Euclidean norms and the volume V(r) of the unit ball in R". By geometry V(r) >
(2/4/r)". We obtain a basis in the standard way using the argument of Mahler—Weyl (see for
example [5, Lemma 8, p. 135]); there results

£(o0] < max {1, 5} 1L =1
and so 27/V(r) in (4.2) gets replaced by (r!/27=1)r7/2 < p37/2 /271 Now (4.1) gives

h(g) = max{0,m,} = %Z M|

R(G) (4.2)

for m., = dy,10g|g|w in Z. And |m| < m? for any m in Z, so we obtain
1 2 1 2
ho) < 5 2 = 5l

Therefore
4937 5 1 9
M) - hlor) < o RIG) < S 6()R(G)

as desired. ]

In view of (4.2) it seems a pity that the square of the regulator appears in Lemma 4.3.
But it cannot be avoided. For example, let aq,...,a;, B1,...,05; be different constants in k,
and consider G generated by g =(t —aq)...(t —ay)/(t—01)...(t = F) in K = k(t). Then
R(G) = V/2l. The only possibilities for g; are yg** with 4 constant. But then h(g;) = [, so any
bound h(g1) < §(1)R(G) is impossible.

This leads to the following uniform version of Lemma 3.4 when z lies in G. Write G}, for the
group generated by the elements of G and k*.

LEMMA 4.4. Let G be a subgroup of K* finitely generated modulo k* with G/(G N k™)
of rank v > 1. Then for any g in G we have h(g;i) < 4i%dé(r)R(G)?. Further for any positive
integer | there is gy in Gy and g’ in G with g = gog’* and h(go) < 16(r)R(G)?.

Proof. Choose basis elements g1, ..., g according to Lemma 4.3, and write g = cgi* ... gt
for rational integers eq,...,e, and c in k*. Replacing some of the g; by their inverses, we can
assume that all e; > 0; this does not affect the estimate in Lemma 4.3. Then by Lemma 3.3

h(g;i) = h(gi* .. g;738) < h(g7'50) + ...+ h(grsi) < i(h(g130) + ... + h(gri4)).
This in turn by Lemma 3.4 is at most
4i%d(h(g1) + ... + h(gy)) < 4i*drh(gr) ... h(g,) < 4i%dé(r)R(G)? (4.3)

as required in the first part of the present lemma. And the second part follows by writing e; =
fi+lej with0< f; <1 (j=1,...,7) (compare also [7, p. 197]), taking go = cg{1 gl g =
gi' ... gr" and using the inequality in (4.3). O

The final result of this section will lead easily to a quantitative version of [22, Lemma 2,
p. 193], such as those mentioned in [22, pp. 194, 195]. However, it involves better constants
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and is no longer restricted to positive characteristic. It is here, by the way, that the radical
v/G makes its essential appearance in the whole story.

LEMMA 4.5. Suppose that x and y are in K* with x not in /Gy and y?/x in G for some
positive integer q. Then q < 2h(z)R(G).

Proof. Let G’ be the group generated by x and the elements of G, and let G” be the group
generated by y and the elements of G, so that G’ lies in G”. Since z is not in /G, it is easy
to see that the index [G” : G'] = q. Since z is not even in /Gy, it is even easier to see that
GNk* =G Nk*=G" Nk*. Thus, by Lemma 4.1, we have R(G") = qR(G") > q. On the other
hand, R(G") < 2h(z)R(G) by Lemma 4.2, and the result follows. O

5. Dependence with regulators

Let K be finitely generated and transcendental over k as in the preceding sections, and let
B be a transcendence basis, now assumed separable, with elements ¢4, ...,t,. We continue to
abbreviate the height hg as h, and again we write C' for the field of differential constants of K.

The following result eliminates the height functions h(z,m — 1) from Lemma 3.1, thereby
providing a more useful explicit version of Masser [22, Lemma 3].

LEMMA 5.1. Let G in K* be finitely generated of rank r > 1 modulo k*, and for m > 2
suppose c1,...,Cp are in C and gy, ... gy, are in G with

c1gr+ ...+ cmgm = 1.

Then either
(a) h(c1g1s-- s Cmgm) < 4m4d5(T‘)R(G)2
or
(b) 91,...,9m are linearly dependent over C.

Proof. Just use Lemma 3.1 together with the inequalities
h(g;m —1) < 4(m — 1)%do(r)R(G)? (5.1)
from Lemma 4.4, with g = g1,..., gm- ]

Similarly, we deduce a more useful explicit version of Masser [22, Lemma 4].

LEMMA 5.2. Let G in K* be finitely generated of rank r > 1 modulo k*, and for m > 2
suppose go,9g1,---9m are in G and linearly dependent over C' but gi,...g, are linearly
independent over C. Then there is a relation

€191+ ...+ CmGm = 9o

with ¢y, ...,¢n In C and

h (Clgl, o Cmg’") < Am*ds(r)R(G)2.
go go

Proof. Just use Lemma 3.2 and (5.1), this time with ¢ = ¢1/90, -, 9m/90- |

We have followed the proof in [22] quite closely. It would have been nice to see the well-known
number m(m — 1)/2 in place of 4m*, and also some notion of genus and S-units as in various
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formulations of abc matters over function fields. But despite the considerations of Bombieri and
Gubler [3, Chapter 14] in zero characteristic and those of Hsia and Wang [17] for arbitrary
characteristic we have been unable to supply a satisfactory version. The results of Hsia and
Wang [17] are especially interesting in their use of divided derivatives or hyperderivations,
which, for example, in characteristic p leads to linear dependence over the field of p°th powers,
not just over C with e = 1. If this could be done in our situation, then it would probably lead
to simplifications in the rest of our proof, and possibly to the elimination of the proposition in
Section 8. But it seems that the results of Hsia and Wang [17] cannot be directly applied to
our Lemma 5.1, due to the presence of ¢, ..., ¢, whose heights cannot be controlled.

6. Isotriviality

We take a well-earned break from estimating. From now on K will have positive characteristic
p (actually this assumption is not really needed until Section 8), and, as in Section 1, we write
Fy for F, N K. This field plays the role of k in Sections 2-5.

Suppose n > m > 1. For a(i,j) in K the normalized equations

=

e
Xi=a(i,0)Xo+ ... +a(i,m— )Xy =Y a(i,j)X;, i=mm+1,....n (6.1)
j=0
define in P,, a linear variety V' of dimension m — 1. When G is a subgroup of K*, we need
some conditions which ensure that V is G-isotrivial.

Now any G-automorphism taking (Xo, ..., X,) to (goXo,- .., g9.Xn) leads after renormaliza-
tion to new coefficients (g;/g;)a(i, 7). If the new forms are defined over F g, then every non-zero
a(i, j) has the shape (g;/¢;)a(i, j) for non-zero a(i,j) in Fg. In particular, each equation in
(6.1) defines a G-isotrivial variety. But also each quotient

a(iy, j1)aliz, j2)a(is, js) - - - a(ix—1, jx—1)a(ix, jr)
a(i, j2)a(iz, jz)a(is, ja) - - - alix—1, jx)ali, j1)
with everything in the numerator and denominator non-zero, lies in F i. The following result
gives a converse statement which guarantees that the equations (6.1) become defined over F i
after applying a suitable G-automorphism and renormalizing. In particular, it guarantees that
V' is G-isotrivial; but without the need to recombine the equations.

k=2,...,n+1, (6.2)

LEMMA 6.1. Suppose that each equation in (6.1) defines a G-isotrivial variety, and that
each quotient (6.2) lies in F ¢ provided everything in the numerator and denominator is non-
zero. Then V is G-isotrivial.

Proof. 'We argue by induction on the number n — m + 1 > 1 of equations. If n —m + 1 =1,
then the result is obvious without using (6.2). Suppose we have done it for n — m > 1 equations,
namely the first n —m in (6.1), and let us add another equation, namely the last one in (6.1).

Restricting to ¢ < n and the appropriate j in (6.2), we see from the induction hypothesis that
a suitable G-automorphism trivializes the first n — m equations, without bothering about X,,.
This means that we can assume that all a(,j) # 0 (i <n) are in Fg; while the isotriviality
of the last equation means that all a(n,j) # 0 are in G. We now want to trivialize the last
equation.

How can we trivialize a given coefficient a(n, j) # 0 in the last equation? If all a(i,j) =0 (i <
n), so that the first n —m equations did not involve X, then we can simply replace X; by
a(n, j)X; and this will not change the first n — m equations. We do this for all such j.
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If there is only a single j with some a(%,j) # 0 (i < n), then we can still replace X; by
a(n, j)X;; but we then have to correct the new coefficients a(i, j)/a(n,j) # 0 of X; in the ith
equation by replacing X; by a(n,j)X; (i =m,...,n—1). Things are less easy when there is
more than one such j. Call these ‘bad’.

Now we say for different j and j” in the set {0,...,m — 1} that j ~ j" if there is i < n with

a(i, j)a(i,j') # 0 (6.3)

(in particular then j and j’ are both bad). This relation is symmetric but probably not
transitive. We can extend it via reflexivity and transitivity to a genuine equivalence relation
on the bad elements of {0,...,m — 1}, which we then denote by ~.

We assume for the moment that there is a single equivalence class: any two j and j' are
related.

Let j and j’ be different bad elements, so that a(i,j) #0, a(i,j’) # 0 for some i,i < n.
From our equivalence class assumption j =~ j’. Suppose that

J=ji~Jar~ o~ e~ =4,
where of course we can take 2 < k < n+ 1. Then we obtain from (6.3)

a(iv, ji)alis, j2) # 0, a(iz, j2)aliz, j3) #0,..., alix—1, je-1)a(ic-1,jr) # 0
for some iy,42,...,ix—1 < n. We use (6.2) with i, = n to see that
a(i, ji)aliz, j2)a(is, js) - - - alix—1, jr—1)a(n, j’)
a(i1, je)a(iz, j3)a(is, ja) - - - alix—1, jr)a(n, j)
lies in F . However, the first £k — 1 terms in both numerator and denominator already lie in
Fk, because we trivialized the first n — m equations. Consequently, a(n, j")/a(n, 7) lies in F .

Thus we have shown that all a(n,j) for bad j are multiples of a single one, call it g, by
elements of Fg. Now they can be simultaneously trivialized on replacing X; by ¢X;. Again
we must correct the new coefficients a(4, j)/g # 0 of X in the ith equation by replacing X; by
gX; (it=m,...,n—1).

What happens if there is more than a single equivalence class on the bad elements of
{0,...,m — 1}? Say there are h > 2 classes J; ..., J,. Let I; be the set of 7 in {m,...,n —1}
for which there is j in J; with a(i,j) # 0; and similarly for Io,...,I,. Then I, Is, ..., I}
are disjoint, because for example with any j; in J; and any jo in Jy there can be no i with
a(i, j1)a(i, jo) # 0, else by (6.3) we would have j; ~ ja. (If one wishes, then one can convert the
matrix of the first n — m equations into a block matrix using row and column permutations.)
The argument above, using i1,...,ix_1 in I;, shows that all non-zero a(n,j) (j € J1) are
multiples of a single one, call it g1, by elements of F . Similarly we obtain go, ..., g,. Now we
can trivialize the last row as follows. We replace the X; (j € Ji) by ¢1.X; and we correct the
effect by replacing X; by ¢1X; (i € I1). Similarly, using g¢a, ..., gn we trivialize the remaining
coefficients. This completes the proof. |

7. Automorphisms

As above let K be a field, finitely generated and transcendental over F,, with G a subgroup
of K*. Suppose a linear variety in P,, is defined over K and G-isotrivial. Then by definition
there is a G-automorphism 1) taking it to something defined over Fx = F, N K. To make our
Theorems 1-3 fully effective we have to estimate this 1; indeed, after doing the whole descent
to single points using Theorem 1, for example, it is mainly G-automorphisms that are left.

Now it is convenient to use the projective height hF = hg defined on P;_1(K) by

WP (@, o) = log | [max{lanfye, .. ol ).
w
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This yields at once a height h(¢)) of a G-automorphism ¢, defined by (1.7), as

h(¥) = h¥ (go,- - gn)-

Also if V' is linear in P,, defined over K, then it yields a height A(V') in the standard way
via the Grassmannian coordinates of V; see for example [26, p. 28], which however is in the
context of number fields with euclidean norms at the archimedean valuations. Here, we have
no archimedean valuations, so the norm problem is irrelevant. If m — 1 > 0 is the dimension
of V, then its Grassmannians A(I) correspond to subsets I of {0,...,n} with cardinality
n —m + 1 < n. The Northcott Property extends at once to this height. Also for ¢ in (1.7) the
Grassmannians of (V') are the A(I)/g(I), where g(I) = [],c; g:- It follows easily that

h(W(V) < h(V) +nh(y), h(¥~") < nh(v). (7.1)

Less obvious is the following, which involves a second linear variety W also over K.

LEMMA 7.1. If VNW is non-empty, then we have h(V NW) < h(V) + h(W). If further
Xn—1# 0 on V and the equations of V do not involve X,,, and W is defined by X,, = aX,,_1,
then h(V NW) = max{h(V), h(W)}.

Proof. The upper bound may be compared with the inequality A(V NW) + h(V + W) <
h(V)+ h(W) due independently to Struppeck—Vaaler [27, Theorem 1, p. 493] and Schmidt
[26, Lemma 8A, p. 28]. These are proved over number fields; however, it is easily checked that
the proof in [26] remains valid with trivial modifications. Already a special case was noted by
Thunder [28] whose Lemma 5 (p. 157) implies h(V + W) < h(V) + h(WW) over function fields
of a single variable provided V' N W is empty.

Regarding the lower bound, let A(I) be the Grassmannians of V. Then it is easy to verify
that the Grassmannians of V NW consist of the A(I) together with the aA(J) for J not
containing n — 1. There follows h(V N W) > h(V) at once. Also X,,_1 # 0 on V means that at
least one A = A(J) is non-zero (see for example [15, Theorem 1, p. 298]), so we also obtain
h(VNW) = hP (A, aA) = h(a) = h(W). This completes the proof. O

It is the following result which enables 1 to be estimated in the Descent Steps.

LEMMA 7.2. Suppose that V is defined over K and is G-isotrivial. Then there is a
G-automorphism v with ¢(V') defined over Fg and h(i) < nlh(V).

Proof. Suppose dimV = m — 1 with Grassmannians A(I); then as noted above the Grass-
mannians of (V') are the A(I)/g(I), where g(I) = [[,c; gi- If (V) is defined over Fg, then
these have the shape Aa(I) for A in K* and «(I) in Fg. Thus, we have A(I) = Aa(I)g(I) for
all I; but we can restrict to the set Z of all I with A(I) # 0 (and so «(I) # 0). We can eliminate
the A by fixing I in Z; this gives

g() _ Al) alo)

9(lo) ~ A(lo) a() (rel). (7.2)

Conversely (7.2) implies that (V) is defined over Fg.

To solve (7.2) for go,...,gn, we divide the numerator and denominator of the left-hand
side by gg_mH and write it as (g1/90)* "V ... (gn/g0)*"™ for integers a(I,) which are 0,1

and —1. If the vectors a(I) (I € 7) with coordinates a(1,4) (i = 1...,n) have full rank n, then
we can solve (7.2) by choosing a([3), ..., a(I,) linearly independent and then solving the subset
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of (7.2) with I = Iy, ..., I,. A multiplicative form of Cramer’s Rule gives

b
9i \ _ ~ba bin o A(Ij) a(lp) o
<90> =Q7 ... Q) Q) Aly) a(Ij)7 j=1...,n

with integers b # 0 and b;;. These b;; are minors of a matrix with entries 0,1, -1 and so
‘bij| S (’fl — 1)‘
Now taking heights leads to

(2 22 ) < o+ B Q1 Q)
90 go) "=l

The height on the left is h(¢)) and that on the right is at most h(V'). The result follows at once,

at least under our assumption that the a(l) (I € Z) have full rank n.

If this assumption does not hold, then we simply increase the rank by successively adjoining
unit vectors ey until the rank becomes n; this amounts to the addition of equations gi/go = 1.
Now we take a subset of n independent equations and solve again with Cramer. The resulting
estimates are certainly no larger than before, and this completes the proof. ]

8. A proposition

This, the main result of this section, is a first step in the proof of the Descent Step over VG,
with V' in P,, (n > 2) either a hyperplane or defined over a finite field. We continue with our
assumption that K is finitely generated over F,; thus, F = F, N K is a finite field. Let G in
K™ be finitely generated of rank > 1 modulo F7};; now we may write without confusion simply
that G is finitely generated. It is known that the radical v/G, which by definition lies still in K,
is also finitely generated (see for example [22, p. 195]), also clearly of rank r over FJ. For the
moment, we work exclusively with this radical. We further assume that K is transcendental
over F,, and we choose any separable transcendence basis B; then we are free to apply the
results of Sections 3-5 about heights h = hg and regulators R = Rg.

We say that V' is transversal if every coordinate X; (i =0,...,n) actually occurs in the
defining equations. This property is independent of the choice of equations. Its purpose is to
prevent ‘free variables’ as in (1.1) with a; # 0.

Transversality is a harmless restriction because we could overcome it simply by working in
lower dimensions. Clearly, every linear subvariety of a transversal variety is also transversal.
Also a transversal variety must be proper (that is, not the full P,,).

We recall the function ¢ from Lemma 4.3.

PROPOSITION. Let V be a transversal linear subvariety of P,, defined over K, and suppose
either that V' has dimension n — 1 or that V is defined over some F,. Suppose also that V is
not contained in any coset T # P,,. Let  be any point of V(v/G).

If V' has dimension n — 1, then either

(i) there is a proper linear subvariety W of V, also defined over K, with

h(W) < 8n°4"dd(n + r)h(V)*"R(VG)?,
such that 7 lies in W (V/G),

or
(ii) there is a /G-automorphism v with
h(v) < npd(n + r)R(VG)?,

a point «' and a linear subvariety V' of P,, such that 7 = ¢(x'P) and V = ¢(V'P).
If'V is defined over F, then either
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(i) there is a proper linear subvariety W of V, also defined over K, with
h(W) < 8n°4™dé(n + r)R(VG)?,
such that 7 lies in W (v/G),

or
(iii) there is a point 7' in P, (v/G) with m = n'P.

Proof. Suppose first that V' has dimension n — 1. Then we just have to follow the arguments
of the proof of Masser [22, Lemma 5 (p. 197)]. Because these arguments are expressed in terms
of ‘broad sets’ and this notion is no longer appropriate, we write out all the details.

Because V' is transversal, we may work affinely with a point © = (z1,...,z,) satisfying a
single equation

arxy + ... +apz, =1 (8.1)
with non-zero coefficients. As in Section 3, write C for the field of pth powers in K, and consider
s =dimg(Carzy + ... + Canxy),

so that 1 < s < n.

First suppose that s = n. Then we apply Lemma 5.1 with k=Fg, m=nand ¢c; =... =
cm =1and g1 = a1x1, ..., gm = AmTy. So the group must be enlarged by adjoining aq,...,a,
to VG, becoming of rank at most n + 7. The enlarged regulator R can be estimated by
Lemma 4.2, and we find

R < 2"h(ay) ... h(an)R(VG) < 2"h(V)"R(VG). (8.2)
The conclusion (b) of Lemma 5.1 is ruled out by s = n; and the conclusion (a) shows that
h(aizy, ..., ane,) < 4n*ds(n +r)R2.
It follows that h(mw) = h(x1,...,z,) is at most
4ntds(n+r)R* + h(a7t,. .., a, ") < 4n*dé(n+r)R* + nh(V)

and so from (8.2) we deduce

h(r) < 4n*4™dd(n + r)h(V)*"R(VG)? + nh(V) < 8n*4"dd(n + r)h(V)*"R(VG)?.  (8.3)
So this gives W = {x} for (i) of the proposition; and for these h(W) = h(w) is bounded as

in (8.3).
Next suppose that 1 < s <n. By means of a permutation we can assume that g; =
a1xy,...,gs = asrs are linearly independent over C. Take any k with s+ 1 < k < n; then

we can apply Lemma 5.2 with m = s and go = axzy, VG being enlarged as above. We find
relations

chjajxj =apxrg, k=s+1,....n (8.4)
j=1

with ¢x; in C' and the quotients

fkj:ckjajxj, j=1,....8s k=s+1,....n (8.5)
ATl
satisfying
h(fk?la"'afks) <454d6<n+r)R2a k‘:s—l—l,,n (86)

We use (8.4) to eliminate the arzy (k=s+1,...,n) in (8.1). We find
cla1x1 + ... +csasrs =1 (8.7)
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with
¢ =1+ Z chj, J=1,...,8 (8.8)
k=s+1

also in C.
Next apply Lemma 5.1 with m = s to (8.7) and g; = a;z; (j =1,...,s) also in the enlarged
V/G. Again conclusion (b) is impossible. It follows that the

fj :cjaj:cj, j: 1,...,5 (89)
satisfy
h(fiy. .., fs) < 4s*ds(n +r)R2. (8.10)

So in (8.5) certain quotients z;/xj are bounded modulo C' whereas in (8.9) certain x;
themselves are bounded modulo C. We can eliminate C' by substituting (8.8) into (8.9) and
using (8.5) to obtain

n
fi=azi+ Y frjorze, j=1,....s. (8.11)
k=s+1
Since a; #0 (j =1,...,s) these express the fact that 7 = (x1,...,2,) lies on a linear variety

V' of dimension n — s; and because s # 1 this dimension is strictly less than the dimension
n—1 of V. So we can take W as the intersection of V' with V. This is in fact V’ because if
we add up all the above equations (8.11) and use (8.4), (8.5), (8.7) and (8.9), then we end up
with (8.1).

Now we have to estimate the height of (8.11). In the corresponding matrix, every column
has by (8.6) and (8.10) height at most 4s*dd(n + r)R? + h(V'), which as above in (8.3) we can
estimate by B = 8n*4"dé(n + r)h(V)?"R(V/G)?. Tt follows that

h(W) < sB < 8n°4™d5(n + r)h(V)*"R(VG)>.

This too settles (i) of the proposition.
Finally suppose s = 1. This means that a,x1,...,a,x, are in C. By Lemma 4.4 with [ = p
we can write z; = gj:c;p with g;, 2 in VG (j=1,...,n) and

h(g;) < pd(r)R(VG)*> < pd(n+r)R(VG)?, j=1,...,n.
Then a;g; is in C so has the form a;p (j=1,...,n). Finally,
l=ax1+ ...+ apwy, = ala? +... +aP2’? = (a\2) + ...+ ad,x))P,

and this gives part (ii) of the proposition, with ¢ as in (1.7) above for go = 1, 7’ = (2, ..., 2},),
and V' defined by (8.1) above with the new coefficients af, ..., a,,.

This proves the proposition when V' has dimension n — 1. Incidentally, when the coefficients

in (8.1) are in some F,, then the argument for s = 1 shows that z4,...,z, are in C. So they
are pth powers 27, ..., 2/7; and clearly 2, ...,2/, are in v/G. Thus, we obtain the conclusion

(iii) of the proposition when V has dimension n — 1. And the case s # 1 leads of course to (i).
So it remains only to treat V' of dimension m — 1 < n — 1 defined over some F,.

This we do by expressing the affine equations of V in triangular form, which after a
permutation we can suppose are

€T; :aingailxl+...+ai,m_1zm_1, i:m,m+1,...,n (812)

with the a;; in Fy. This gives V =V, N... NV, for the varieties defined individually by each
equation.

Consider the first equation. There may be some zero coefficients a,,;, but not all are zero,
because V' (v/G) is non-empty. In fact at least two are non-zero otherwise Vwould be contained
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in a coset T' # P, contrary to our assumption. We can thus regard V,,, as a transversal variety
of codimension 1 in some projective space of dimension at least 2 and at most m < n. Applying
the proposition for the cases already proved, we obtain two possibilities (i) and (iii). If (i) holds
for V,,,, then we obtain a proper subvariety W,, of V,,, with

h(Wy,) < 8n°4"d5(n 4+ r)R(VG)?2. (8.13)

But it is not difficult to see that each W,,, intersects the remaining intersection U,,, = ﬂl £m V;in
a proper subspace of V' = V,,, N U,,. For example, the triangular nature of (8.12) makes it clear
that z,,41,...,2, are determined by zi,...,x,,—1 on U,,, and then that z,, is determined
by z1,...,%m_1 on W, in V,,;; but also some non-zero polynomial of degree at most 1 in
1., Tm—1 must vanish on W,,. So W = W, N U,, has dimension strictly less than m — 1.
By Lemma 7.1, we have h(W) < h(W,,). So by (8.13) we obtain (i) of the proposition for the
original V. But what happens if (iii) holds for V,,,?

This means that all the z; actually occurring in the first equation of (8.12) are pth powers,
which certainly goes some way in the direction of (iii) for V. But then we can try the second
equation instead. Either we obtain a W as above, or all the x; actually occurring in the second
equation of (8.12) are pth powers. And so on. In the end, we either obtain W or that all the
x; actually occurring in all the equations (8.12) are pth powers. Because V' is transversal this
does give the full (iii) for V; and so completes the proof of the proposition. ]

9. The main estimate

This is a quantitative version of our Descent Step over /G without the requirement that the
subvarieties W are isotrivial. This leads to a relatively small exponent attached to the height
h(V). As before n > 2, and we continue with our assumption that K is finitely generated and
transcendental over F,, with separable transcendence basis B and Fx = E N K; further G is
finitely generated of rank » > 1 modulo F7.

Main estimate. Let V' be a positive-dimensional linear subvariety of P,, defined over K but

not a coset.
(a) If V is not v/G-isotrivial, then

vVVG) = | WG
wew
for a finite set W of proper linear subvarieties W of V', also defined over K and with
R(W) < 8n2d(10n38(n + )" h(V)"R(VG)5" 2,
(b) If V is v/G-isotrivial and (V) is defined over F,, then

viv@) -7 (Y Qe
wWew e=0
for a finite set W of proper linear subvarieties W of V', also defined over K and with

h(W(W)) < 8n°4"(q/p)dd(n + 1) R(VG)?.

Proof. 'We prove this first when V' is transversal and not contained in any coset T' # P,,.

We start with +/G-isotrivial V. Because we estimate h(y(W)) and not h(W), it clearly
suffices to assume that 1 is the identity, so that V' is defined over F,. Take arbitrary 7 in
V(v/G) not in V(Fg). Then either (i) or (iii) of the proposition holds.

If (i) holds, then (b) looks good with e =0 (and ¢ the identity); at least 7 lies in some
W (V/G) for a proper subvariety W of V, defined over K, with

h(W) < 8n°4"dé(n + r)R(VG)?. (9.1)
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What if (iii) holds? Now any a in F, has a unique pth root a'/? in F,, which is also a
conjugate of a over F,,. We obtain a new point 7’ in V'(V/G), also not in V/(Fg), for a new
variety V' in P, which is a conjugate of V. The new variety has the same dimension as V', and
is also defined over F,. So we can repeat the process, and again we obtain either (i) or (iii) of
the proposition.

If (i) holds, then 7’ lies in some W’ (v/G) again with W’ over K and h(W’) bounded as in
(9.1). So  lies in (W’/(v/G))P as in (b) with e = 1.

Or if (iii) holds, then we obtain a new point 7 in V" (v/G) for a new conjugate V" of V
inP,,.

And so on, in a manner similar to the looping in the p-automata of [7, Section 4]. Because 7
was not in V(Fg), this procedure must eventually stop at some proper subvariety W& over
K of V(E) (here the number L of repetitions might depend on 7). Now the original point 7
lies in (W) (VG))P" with h(W©E)) bounded as in (9.1).

Because 7 was arbitrary in V(v/G) not in the finite set V(Fg), the conclusion so far is

vive e J Umrvay”
WeW L=0
for a collection W of proper subvarieties W of conjugates of V' defined over K and satisfying
(9.1); here we may have to include single points W with hA(W) = 0. To obtain equality, we
write ¢ = pf and L = fe +1for e > 0 and 0 <[ < f — 1; this gives

vive)y o U Jwve)r

Wew e=0
with a new collection W of proper subvarieties W = we' of conjugates of V' with
h(W) = p'h(W) < 8n°4"(q/p)ds(n + r)R(VG)?.

Finally by intersecting each W with V = V7 we can assume that each W is a proper subvariety
of V itself in the above, without increasing the height further. Because V' is defined over F,
the (W (V/G))?" now lie in (V(vVG))? = V(v/G), and so at last the two sides are equal. Now we
have the desired (b); of course, the finiteness of the collection of W follows from the Northcott
Property already noted in Section 7. This settles the case of transversal v/G-isotrivial V not
contained in a proper coset.

Henceforth (until further notice) we will assume that V is not /G-isotrivial (and still
transversal not contained in a proper coset).

Suppose first that V is a hyperplane. Take arbitrary 7 in V(v/G). Then either (i) or (ii) of
the proposition holds. We regard this dichotomy as the starting stage | = 1.

If (i) holds, then as before (a) of the Main Estimate looks good; at least 7 lies in some
W (V/G) for a proper subvariety W of V, defined over K, with

h(W) < Ch(V)*" (9.2)
for
C = 8n°4"d3(n + r)R(VG)>?. (9.3)
What if (ii) holds? We obtain a new point ©’ in V’(v/G) for a new variety V' in P,, with
m=1y(x"), V=yV7?). (9-4)

Here, 1 is a v/ G-automorphism with
h(¢) < pB (9.5)
for

B =nd(n+r)R(VG)> (9.6)
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This V is also a hyperplane, and also not v/G-isotrivial. So we can repeat the process, and
again we obtain either (i) or (ii) of the proposition. This dichotomy is the next stage | = 2.

If (i) holds, then 7’ lies in some W’(v/G). So 7 lies in W (v/G) for W = ¢(W'P), almost as
good as above, except that h(W) could be larger than before. We take care of this later.

Or if (ii) holds, then we obtain a new point 7" in V" (v/G) for a new variety V" in P,,.

And so on. At stage [, we obtain either 7=V in a proper subvariety W (=1 of V=1 with

(WD) < Ch(VE-D)2n (9.7)
as in (9.2) and (9.3), or a new point 7V in VI (v/G) for a new variety V) with
=1 — w(l—l)((ﬂ(l))P), =1 — 2/,(l—l)((v(l))p) (9.8)
as in (9.4), for
h(=Y) <pB (9.9)

as in (9.5) and (9.6).

We claim that this procedure must eventually stop because V is not /G-isotrivial, and after
a certain number L of repetitions which this time is independent of 7. Actually let us define
the integer Lo > 0 by

pro < 2n(V)R(VG) < plott, (9.10)
From (9.8) we obtain V = wl((V(Z))pl) with the v/G-automorphism
=g (DY (9.11)

Writing the hyperplane V' in the affine form (8.1), we know that some coefficient z = a; # 0

does not lie in VG, and = = gypl for some ¢ in VG and some y in K. We can now apply
Lemma 4.5, because /G, there is just v/G. We conclude that

p' < 2h(z)R(VG) < 2n(V)R(VG).

In view of (9.10) this means that (ii) cannot hold for I = Ly + 1. Thus, there is some L with
0 < L < Lo such that (ii) holds at stages [ = 1,..., L (at least if L > 1), and then (i) holds at
stage | = L + 1. We conclude that 7(%) lies in W(¥) | and from (9.7)

(W)Y < Ch(VIE)2m, (9.12)
Thus, 7 = ¢ ((r))P") lies in W = ¢ (WH)?"). By (7.1) and (9.11) we obtain
h(W) < p (W) + nh(r) < p"R(WE) + n(h() + ph(¥') + ...+ p"Th(pFD)),
which using (9.9) and (9.12) yields
W) < CpEh(VIE)N2 L onpl B < C(pPh(V )2 4 2npt B. (9.13)
To estimate h(V1)), we use (7.1), (9.8) and (9.9) to obtain
ph(VO) = () TV D) A VETY) + a2 (@) < A(VETY) 4 n?pB.

If L > 1, then we multiply this by p'~! and sum from [ = 1 to [ = L, obtaining p“h(V ) <
h(V) + 2n2p* B (which holds also if L = 0). Inserting this into (9.13) we obtain

h(W) < C(h(V) + 2n2pEB)*™ 4 2npt' B < 2C(W(V) + 2n%pl B)?",
and then using (9.6) and (9.10) with L < Ly we find
(W) < 2Ch(V)?"(1 + 4n35(n 4+ r)R(VG)?)*™ < 2Ch(V)?"(5n38(n + r)R(VG)?)*™
From (9.3), we obtain finally
(W) < C'"h(V)*"R(VG)5n+2 (9.14)
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with
C' = 16n°4™d5(n 4 r)(5n35(n + r))*™ < 2n2d(10n35(n + r))*" 1.
Because 7 was arbitrary, the conclusion so far is

v(vGe) < | wVa)

wew

for a finite collection W of proper subvarieties W of V satisfying (9.14). But then the two sides
are of course equal. This settles the Main Estimate for transversal hyperplanes V' that are not
V/G-isotrivial and not contained in a proper coset.

Next suppose that V', still not v/G-isotrivial (and still transversal not contained in a proper
coset), has dimension m — 1 for some m < n. So after a permutation of variables it can be
defined by equations (6.1). Each of these equations defines a hyperplane V;, so that V =
VNNV,

We claim that we can assume that all non-zero a(i, j) lie in v/G. Otherwise, for example, V;,
is transversal and not v/G-isotrivial in the projective space with coordinates X ;j corresponding
to j =m and the j with a(m,j) # 0. Since no X,,, —aX,; (m # j,a # 0) vanishes on V, this
projective space has dimension at least 2. So then we could apply the hyperplane result (9.14)
to deduce that all solutions lie in a finite union of proper subspaces W, of this V,, with

h(Wy) < C'h(Vin) 2" R(VG) ™2,

But as in the affine situation just after (8.13), it can be seen that W,,, intersects the remaining
intersection U, = ﬂi#m Vi in a proper subspace of V' = V,, N U,,. For example, the triangular
nature of (6.1) makes it clear that X,,11,..., X, are determined by Xy, ..., X,,—1 on U,,, and
then that X,, is determined by Xo,...,X,,—1 on W,, in V,,; but also some non-zero linear
form in Xy, ..., X;,—1 must vanish on W,,. Therefore, W = W,,, N U,, has dimension strictly
less than m — 1. So we are indeed in a proper subspace as required by (a) of the Main Estimate.
Further, W = W,,, NV and so h(W) < h(W,,) + h(V) by Lemma 7.1; moreover, h(V;,) < h(V)
because the a(m, j) are themselves among the Grassmannian coordinates of V. We end up with
(9.14) with say an extra factor 2.

So indeed from now on we can assume that all non-zero a(i,j) in (6.1) lie in v/G. This
means that we are set up to apply Lemma 6.1. We will see that the effect is to pass to a
proper subvariety of at least one of V,,,, ..., V,, despite their being separately isotrivial. As V
is not v/G-isotrivial by assumption, we find some quotient (6.2), say @, not lying in Fg. Let
7= (£,...,&,) be any point of V(v/G). For a typical factor a(i, j)/a(i, ') in Q we apply part
(b) of the Main Estimate in lower dimensions to V;, with v; determined by 1 and the non-zero
a(i, 7). So here ¢ = p. We find finitely many proper subspaces W; of V; such that 1;(V;(vV/G))
lies in the union of the (J°2, (v;(W;)(VG))P", with

h(: (W) < 8n°4™d8(n + r)R(VG)? (9.15)

(now independent of p). In particular, writing 7; for the projection of 7 to the lower-dimensional
space, we have equations

Yi(mi) = o (9.16)

for o; in some v;(W;) and some power ¢; of p. Thus, a(i,j)§;/a(i, ))& = n% for certain
n=n(i,7,7") in K*. Multiplying all these over the factors in (6.2) we find @ = n{* ...n{* for
certain 7y, ..., n, in K*. Because the fixed @ is not in F g, this forces ¢ = min{q,..., g} to
be bounded above by some quantity depending only on V. In fact h(Q) > ¢, but on the other
hand from (6.2) we see that h(Q) < (n + 1)h(V). Thus,

g < (n+1)h(V). (9.17)
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Say this minimum is ¢ = ¢;. Now (9.16) says that m; and so 7 lies in the variety U =
V71 (i(W;))? of a dimension strictly less than the dimension of V;. This intersects V; in a
proper subvariety W/ of V;. Once more this W/ intersects the remaining intersection [, £i Vis
in a proper subvariety W of V. As for heights, we have W = W/ NV so h(W) < h(W/) + h(V).
Also h(W]) < h(U) + h(V;) < h(U) + h(V), and also

h(U) < qh(1h; (W) + nh(¥; ") < qh(:(W;)) + n®h(V;)

because of the definition of 1);. Putting these together and using (9.15) and (9.17), we conclude
that

h(W) < 8n°(n% 4+ n + 3)4"ds(n + r)h(V)R(VG)?.

This is much smaller than (9.14), and so we have completed the proof of the Main Estimate
when V' is transversal and not contained in a proper coset. In case (a) we have reached so far
the bound h(W) < AW(V)?"R"+2 with R = R(VG) and A = 4n%d(10n35(n + r))?" ! due to
the extra factor 2 encountered after establishing (9.14).

To treat the more general situation when V is transversal and not itself a coset, we
use induction on n > 2, and we will obtain in case (a) the slightly weaker result h(W) <
AR(V)2" RS2 4 nh(V). This leads at once to the bound given in the Main Estimate.

If n = 2, then there is a single equation ap Xy + a1 X1 + a2 X2 = 0, and transversality implies
all a; #0. Thus, no X; —aX; (i # j,a # 0) vanishes on V, and we are done. Thus, we can
suppose that n > 3.

After permuting the variables, we can suppose that X,, — aX,,_1 (a # 0) vanishes on V. In
the remaining equations for V' we may eliminate X,, to obtain a linear variety Vin P,_;. This
V cannot be a coset otherwise V would be. Also V certainly involves the variables Xo, . .., X,_2
and so is transversal in P; for n =n—2 or n =n — 1. Here 7 > 2 unless n = 3; but in that
case if V is not transversal in P, then V would be defined by equations X3 = aXs and by Xg +
b1 X1 = 0 so would be a coset. Thus, we can assume that V is transversal in P; with n > 2.

Suppose first that V is not v/G-isotrivial as in (a). Then V cannot be v/G-isotrivial otherwise
we could transform X,, to make V isotrivial. Thus by induction the Main Estimate holds for
V. It is now relatively straightforward to deduce the Main Estimate for V. Thus by case (a) for
V we obtain

V(VG) = | WG (9.18)
Wew
for a finite set W of proper linear subvarieties W of V, also defined over K and with h(TW) <
AR(V)2" RS2 4 (n — 1)h(V). Now we will check that (a) for V follows with W defined by the
equations of W together with X,, = aX,,_1. First the upper bound of Lemma 7.1 gives

h(W) < h(W) + h(a) < AL(V)*R"*2 4 (n — 1)R(V) + h(a). (9.19)

We can suppose X,,_1 # 0 on VJ else (9.18) would be empty; and so the lower bound of
Lemma 7.1 gives h(V) > max{h(V), h(a)}. Therefore (9.19) implies

h(W) < AR(V)R"2 4 nh(V)

as required.

And in case (b) for v/G-isotrivial V (assuming as above that ¢ is the identity) we see that
V is v/G-isotrivial and a lies in F,. We obtain (b) for V from (b) for V using the analogue
V(VG) = Uwew U2, (W(VG))? of (9.18) with as above W defined by the equations of W
together with X,, = aX,,_1; now h(W) < h(W).

What if V' is not transversal (and of course still not a coset)? Then it is transversal (and
still not a coset) in some projective subspace of dimension n’ < n — 1. Here n’ > 2; otherwise
it would be a coset. The above cases (a) and (b) in dimension n’ now lead immediately to the
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same cases in P,,; we have merely ignored n — n’ projective variables that were never in the
equations anyway.
This finally finishes the proof of the Main Estimate. ]

In view of the fact that the estimate in case (a) is independent of the characteristic p, it may
seem a nuisance that the estimate in case (b) depends on p. But actually this is unavoidable,
and there are even examples to show that the full ¢/p is needed. To see this, take any power
g > 1 of p, and define K = F,(¢t) with G = VG generated by ¢t and 1 — ¢ and a generator ¢ of
F;. Here, we have r = 2, R(\FG) = /3 and, with the obvious transcendence basis, d = 1. The
affine equations

r+y=1, x+(z=1

give rise to a vG-isotrivial line V' (with h(V) =0 and ¢ the identity), and an upper bound
2

B in (b) would mean that all solutions over G are given by w,w?,w? ,... for some w with

h(w) < B. Thus every solution 7 would have either h(7) < B or h(m) > ¢. But

ta/p

™= (xaya Z) = ((1 - t)q/p’tq/p7 C)

is a solution with h(w) = ¢/p. It follows that B > ¢/p.

10. Isotrivial W

We show here how to ensure that all the subvarieties W in the Main Estimate can be made v/G-
isotrivial, at the expense of enlarging the exponents in the upper bounds for their heights. To
simplify the various expressions, we abbreviate the factors in case (a) of the Main Estimate by

A = A(n,r,d) = 8n2d(10n%6(n+r))*"*1 > 1, h=hn(V), R=RWG), (10.1)
and that in case (b) of the Main Estimate by
U = U(n,r,d,p,q) = 8n°4"(q/p)dd(n +r) > 1. (10.2)

We also define some exponents
(2n)™ —1

) = m(m) = 20", m =12,

p(m) = pa(m) =

Main Estimate for isotrivial W. Let V be a linear subvariety of P,, defined over K but not
a coset, with dimension m — 1 > 1.
(a) If V is not v/G-isotrivial, then
vV(VG) = | WG
Wew

for a finite set W of proper linear v/G-isotrivial subvarieties W of V, also defined over
K and with

R(W) < (AR +2)plm) pn(m) (10.3)
(b) If V is v/G-isotrivial and (V) is defined over F,, then
viv@) -7 (Y Qe
Wewe=0

for a finite set W of proper linear v/G-isotrivial subvarieties W of V, also defined over
K and with

h(p(W)) < (ARG"JFQ)P(’"*D (\I,RZ)n(mﬂ).
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Proof. We start with case (a), and now we can write the bound as
h(W) < Ah?" RS2 (10.4)
with W not necessarily v/G-isotrivial. We show by induction on the dimension m —1 > 1 of V
that the increased bound
h(W) < (ARG"H)’)(m)h"(m) (10.5)
as in (10.3) holds where now all the W are v/G-isotrivial.

When m = 2, then the W are points and so automatically v/G-isotrivial as long as W (v/G)
is non-empty.

When m > 3, we are fine unless some W is not V/G-isotrivial. We observe that such a W
cannot be a coset T. For the latter is defined by finitely many X; = a;; X; (a;; # 0), and if
T(v/G) is non-empty, then clearly each a;; lies in V/G. But now it is easy to see that T is v/G-
isotrivial after all. For example, we can rewrite the equations as a; X; = a;X; with a;, a; in VG.
Then we can set up an equivalence relation on {0, 1,...,n} characterized by the equivalence
of such 7 and j . And now we need change only the variables in the equivalence classes of

cardinality at least 2 in order to trivialize T'.
So by induction each of these W satisfies

W(HVG) = W(HG)
ew
with v/G-isotrivial W such that
h(W) < (AR6n+2)p(m*1)h(W)n(mfl).
Therefore, all we have to do is to substitute (10.4) into this. We find the upper bound (10.5)
because
plm —1) +n(m —1) = p(m), 2nn(m —1) = n(m).
For case (b) we write the bound as
h(p(W)) < UR? (10.6)

with W not necessarily v/G-isotrivial. If some W is not v/G-isotrivial, then neither is Y(W),
and we can write

vMVGe) = |J wr(VG)

Wew=
with \/G-isotrivial W* such that
h(W*) < (ARS™F2)Pm=Dp (g (W))ntm =1, (10.7)
Now we can see (without induction) that the bound
h((W)) < (ARS2)etn =0 (w R2ynm =) (10.8)

holds, where now all the W = ¢~ (W*) are v/G-isotrivial. In fact just as above, all we have to
do is to substitute (10.6) into (10.7), and we find at once (10.8). This completes the proof. [

11. Points over G

We show here how to replace V(v/G) and W (+/G) in the Main Estimate by V(G) and W (G)
at the expense of worsening the dependence on the regulator. However, we no longer insist
that the W are isotrivial. If needed, this could be secured just by repeating the arguments of
the previous section. We retain the notations (10.1), (10.2) from that section. Of course n > 2,
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and we continue with our assumption that K is finitely generated over F,, with Fx = F, N K;
further G is finitely generated of rank r > 1 modulo F.

Main Estimate for points over G. There is a positive integer f = fx(G) < [VG : G],
depending only on K and G, with the following property. Let V' be a positive-dimensional
linear subvariety of P,, defined over K but not a coset.

(a) If V is not v/G-isotrivial, then

vie) = |J w
wew
for a finite set VW of proper linear subvarieties W of V', also defined over K and with

(W) < ARPMR(VG)O 2,
(b) If V is v/G-isotrivial and (V) is defined over F, then either
(ba) we have
VG = |J w@)
wew
for a finite set W of proper linear subvarieties W of V, also defined over K and
with
h(p(W)) < |[Fx|VR(G)?
or
(bb) we have

— o fe
V(G) =97 ( U Ukm@) ) (11.1)
Wew e=0
for a finite set W of proper linear subvarieties W of V', also defined over K and

with
h(p(W)) < ¢/ [F|VR(G)?. (11.2)

We need first a simple remark about congruences. Here ¢ is the Euler function.

LEMMA 11.1. For a given power Q >1 of a prime P consider a finite collection of
congruence equations
LQ° = M mod N (11.3)
with N taken from a finite set N of positive integers and L and M taken from Z. Suppose that
the set of solutions e > 0 is non-empty. Then if there is some M # 0 with ordp M < ordp N
this set is
(a) finite with Q° < maxyen N,
otherwise
(b) a finite union of arithmetic progressions e = eg, e + f,eo +2f,... with f = [[ycp (V)
and Q° < Qf maxyecn N.

Proof. Suppose first that there is some M # 0 with ordp M < ordp N. Then the corre-
sponding L # 0, and we obtain
eordp @ < ordp LQ® =ordp M < ordp N

giving case (a).
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Thus we can assume that ordp M > ordp N whenever M # 0. We proceed to verify case (b).
Now the congruences (11.3) can be split into congruences modulo powers of P and congruences
modulo powers P™ of other primes P # P.

The former congruences, if any, will be satisfied as soon as e is sufficiently large. Indeed they
amount to LQ® = 0mod P°"¥# N and so conditions e > A for various real A < ordp N/ordp Q;
that is, Q)‘ < Pordr N < N, Thus, together, they give a single condition e > A for some real A
with Q <maxyen V.

We note that whether e satisfies the other congruences depends only on its congruence class
modulo f. For if P™ divides some N, then ¢(P™) divides ¢(N) which divides f, and so Q/ = 1
mod P™.

Thus the solutions e satisfy e > A and also must lie in a finite number of arithmetic
progressions modulo f. If e is the smallest member of one of these progressions with e > A,
then eg — f < A and this leads to case (b), thereby completing the proof. ]

We can now start on the proof of the Main Estimate for points over G.
Suppose first that V' is not v/G-isotrivial. Then (a) of the Main Estimate gives

U wwe
Wwew

for W satisfying (10.4). Now we can descend to G simply by intersecting with P, (G).

Next suppose that V is v/G-isotrivial and ¢(V') is defined over F,,. Using elementary divisors
we can find generators 1, . .., 7, of v/G modulo constants and positive integers d1, . .., d, such
that Wfll, ...,7% generate G modulo constants. The constants can be taken care of with an
extra 7o generating vG N Fg and 730 generating G N Fg; here dy divides the order of vy as a
root of unity. Thus,

VG :G]=doyd, ...d,. (11.4)
We write
V(Xoy. ooy Xn) = (W0 Xo, ooy U Xp)
with
Vi =yt et i=0,...,n (11.5)
in v/G. Now (b) of the Main Estimate gives

e w( U U<w<wwé>>f> (116)

WeW e=0

for W satisfying (10.6). But we can no longer descend to G simply by intersecting with P, (G).

Consider a point © = (7, ..., m,) of V(G). By (11.6), there is a point o = (09,...,0,) in
some W (+/G) and some e > 0 such that m =1~ (¢)(0))9 . As in (11.5), we write

boi A b1i ri P
=" ’yll oAb (i=0,...,n), (11.7)
however 7 is over G and so
mp = Agoidoyfridy | yenide (=0, ... n).
Equating exponents we find a system of congruences
(ajl-—l—bji)qezajimoddj, ’L'ZO,...,’H; jZO,].,...,T (118)

depending only on 0. We can apply Lemma 11.1, and the argument splits into two according to
the conclusion. As the b;; in (11.7) appear only in the coefficients L, the splitting is independent
of o.
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Suppose first that Lemma 11.1(a) holds. Then
qe < max{do, dl, N ,dr} < d(]d1 NN dr = [\/é : G} (119)

by (11.4). Now 7 lies in the finitely many W ==L (p(W))?", which we can put together into
a set W, and then we have shown that

VG c | WVG).
Wew
Now intersecting with P,,(G) gives the same inclusion but with W (G) on the right-hand side.
On the other hand,

W=y W) o (@(V)T =¢ H (w(V) =V
because (V) is defined over F,. Thus, we conclude
vie) = J W@
Wew
as in (ba) of the Main Estimate for points over G. But now from (11.9) and (10.6) the heights
satisfy

h(p(W)) = ¢*h(p(W)) < dody ... d, YR(VG)?.

Using Lemma 4.1, we see that R(G) = d; ...d,R(v/G), and so we can absorb some terms into
the regulator to obtain

h(p(W)) < doWR(G)? < [Fx[VR(G)*. (11.10)

This completes the proof of (ba).

It remains only to suppose that Lemma 11.1(b) holds. Then we know that e = eq + fé with
€ > 0 and eg bounded as in (11.9) but with an extra ¢/. In particular, taking € = 0, we obtain
a solution of (11.8) and this means that & = ¢~ (1(0))?™ is also defined over G. It lies in

W=y (W) (11.11)
and so in W(G). We also have

for § = ¢f. Thus, we conclude

vie)ce [ | Ywmne)” (11.12)

Wew é=0
for the finite set W of W in (11.11). On the other hand,
ST = (W7 C (V)77 = (V)
again because ¢ (V') is defined over F,. Thus, we conclude equality in (11.12).

Finally, we calculate that h(y(W)) = ¢°°h(y)(W)) is bounded above by
¢f max{dy,dy,...,d,}WR(VG)? < ¢/|Fg|TR(G)? (11.13)
as in (11.10), and of course f = ¢(dg)p(dy) ... #(d,) depends only on K and G with
f<dody...d=[VG:G).

This completes the proof of (bb); and so the Main Estimate for points over G is proved. O
In (11.13), the term ¢/ cannot be so easily absorbed into the regulator without introducing
an exponential dependence on R(G). Let us discuss some aspects of this.
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When G = +/G then f = 1 in (bb) and we are more or less back to (b) of the Main Estimate.
But in general we need the extra f in (11.1). The following example shows that it sometimes
must be almost as large as [V/G : G].

We go back to the equation ¢z 4y =1 of (1.5) over K = F,(¢), with n = 2. It is to be
solved in the group G = G; generated by t and 1 — ¢, so that r = 2. Here, v/G is generated
by ¢ and 1 — together with a generator ¢ of F,. The equation defines a V/G-isotrivial line V/
with ¢ (z,y) = (t™x,y) = (&,7), so that V = ¢(V) is defined by & + § = 1, with ¢ = p.

Now Leitner [20] has found all points on f/(\/é) If p is odd, then there are p — 2 constant
points in Ff, together with six infinite families

(jvg):(jgvgg )7 é:()ala"'a

where (Zg, o) are given by

11—t 1-t 1 1 t t 1
t,1—t), (1—tt - —— —_—— —_— —-—— ).
g b D, (t’ t ) ( t ’t)’ (l—t’ l—t)’ ( l—t’l—t)

The (x,y) = ¥~ (&, ) = (t~™%,7) are all the points on V (v/G). Choosing m not divisible by I,
we see that none of the constant points give rise to points of V(G). Similarly for the second
family above. And the same is true of the last four families above, simply because of the minus
signs. However, the first family gives (t=t?", (1 — t)P"), which is in G2 if and only if

p® = mmodl. (11.14)

Now Artin’s Conjecture implies that given any prime p, there are infinitely many primes [
for which p is a primitive root modulo I. And Heath-Brown’s Corollary 2 of [14, p. 27] implies
that this is true for at least one of p = 3,5,7. We can choose m with 1 <m <[ and p!2 =m
mod I. Now (11.14) implies é=1—2 modl—1so é=1—-2+ (I —1)e (e=0,1,...). Thus,
the surviving points on V' (G) are just the

=yt W))P T, e=0,1,... (11.15)
with W as the single point (¢=™7 (1 — ¢)P' ). This makes it clear that f >1— 1 in (11.1);
almost as big as [V/G : G] = (p — 1)1 for fixed p.

We could also see this from (11.2). For as R(G) = [v/3, it implies that there would be a

point m on V(G) with h(¢(7)) < cpfi® for ¢ absolute. But the point (11.15) has y = § =

1—2 (l—1)e

(1—t)yr P S0
h(ip(m)) = p'2ptDe = pf 2, (11.16)
Making | — oo, we deduce f > [ — ¢ logl, also almost as big as [VG : G] = (p — 1)1
Less precisely, there can be no estimate
h(p(W)) < C(n,r, K)(h(V) + R(G))"

replacing (11.2) which is polynomial in 2(V') and R(G) for fixed n,r, K. For this would give a
point with h(¢ (7)) < "(m + )" < 1", contradicting (11.16). Similarly, one sees that if the
dependence on h(V) is polynomial, then the dependence on R(G) must be exponential. This
explains the large solutions such as (1.16), with p = 2,1 = 83, m = 42.

12. Proof of descent steps and theorems

In the Descent Steps, the variety V is certainly defined over a finitely generated transcendental
extension K of F,, and now we can choose any separable transcendence basis to obtain a height
function. Now the Descent Step over v/G follows from the Main Estimate for isotrivial W. And
the Descent Step over G follows, at least without the assumption that the W are v/G-isotrivial,
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from the Main Estimate for points over . This assumption can be removed by induction just
as in Section 10 (without bothering about estimates): any W that is not v/G-isotrivial can be
replaced by a finite union of /G-isotrivial varieties.

To prove Theorem 1 we may assume that V has positive dimension. We apply the Main
Estimate for points over G repeatedly, taking always ¢ = |Fg|/%(%) for safety. With Vy =V,
an arbitrary point 7 of Vo(G) is either a point of W(G) for finitely many W in V with
dim W < dimV — 1, or a point ¢} '@y (m1) for 7 in Vi(G) for finitely many V; in V; with
dimV; < dimV — 1 and some e; > 0, with ¢ (V}) defined over Fg. Then we argue similarly
with 71; and so on. After at most dim V' < n — 1 steps we descend to cosets T' =V}, and only
finitely many 1, ..., turn up on the way, leading to expressions as in (1.12) and thereby
establishing Theorem 1.

For later use, we note that not just the varieties 7" but also the whole unions [¢1, ..., ¥,|T
lie in the variety V. Why is this? Well, a typical point of the union has the shape m =
(b7 raby) ... (b tptrapy ) (1) for some ey, . . ., ep, and some 7 in 7. The descent for Theorem 1
provides linear varieties V =V, Vi,...,V, =T. Now clearly 7 lies in T inside Vj,_1, so
Py Loy (1) lies in

Uy o (Vim1) = vy Y (Vio1) = Vi

inside Vj,_5. In the same way, (z/J,;llapeh*wh,l)(wglwe“wh)(ﬂ lies in Vj,_o inside Vj,_s.
Continuing backwards we see that 7 = (7 ' ¢®1¢1) ... (¢, 'y, )(7) lies in V.

We leave it to the reader to check, by a straightforward induction argument such as that in
Section 10 and also using Lemma 7.2, that for Theorem 1 one can take

max{h(1h1), ..., h(¥n), M(T)} < (2> AR(G)*"+2)P ™) (7 )(m) (12.1)

in the notation of Section 10. This indeed looks polynomial in R(G) and h(V'); however, as we
noted, an exponential dependence on R(G) may be hiding in ¢ = |F |5 (%),

For the symmetrization argument in the proof of Theorem 2, we need a version of
[7, Lemma 8.1, p. 209], partly removed from its recurrence context.

LEMMA 12.1. Form > 1 and x1,...,%m,Y1,-..,Ym in K suppose that
1

a1y? 4yl =0 (12.2)
for all large . Then this holds for all [ > 0.

Proof. The proof will be by induction on m, the case m = 1 being trivial. For the induction
step we can clearly assume that zq,...,x,, are non-zero. Now we note that (12.2) for any m
consecutive integers [ = g, g+ 1,...,9 +m — 1 implies the linear dependence of y1, .. ., y,, over

F,. For if we regard these as linear equations for x1,...,z,,, then the underlying determinant
j—1

is the ¢9 power of that with entries ny (i,7 =1,...,m), and it is well known that the latter,
a so-called Moore determinant, is up to a constant the product of the Siy1 + ... 4+ Binym
taken over all (B1,...,0mn) in Pp_1(F,) (see for example [13, Corollary 1.3.7, p. 8]). Thus,
after permuting we can suppose that y,, = a1y1 + ... + @m_1Ym—_1 for ai,..., a1 in Fq.
Substituting into (12.2) gives

l l
(z1+ a1zm)y! + .o+ (1 + 12yl =0,

which therefore also holds for all large [. By the induction hypothesis we conclude that this
holds for all I > 0, which leads back to (12.2) for all I > 0 and thus completes the proof.  [J

To prove Theorem 2 consider a single [1)1,...,1%,]|T(G) coming from Theorem 1. Fix 79 in
T(G); then T = 7S for a linear subgroup S.
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We argue first on the geometric level. According to (1.12) a typical point of [¢1, ..., 1¥,]T
has the shape

1)[}?1*1¢glf12*qlwglq243*q1% o le~~Qh,7q1~~~q}1—l (TOO.)QIH-qh

with ¢;=¢% (i=1,...,h) and o in S; here, we are regarding the ¢; (i=1,...,h) as
multiplication by points instead of automorphisms. This expression can be written as

mom it wdrez .ng;'l'qh_lWzl”'qhaql"'qh (12.3)

with
To=UrY, M=y ..., Tho1 =0 Mn_1, T = YR (12.4)
Now when we write ¢ = q1...¢; (i = 1,...,h) we certainly obtain a point of (g, 71, ..., 7)S

according to (1.14); but at the moment we have asymmetry I; < ... <l,. We eliminate the
inequalities here as in [7, p. 212].

Let us start with the last inequality. We can write (12.3) as 577‘11 with £ and 7 independent of
I = 1. We already remarked that [¢1,...,9p]T lies in V', so (12.3) does. Thus, for each linear
form L defining V' we have E(fnql) =0forallly,...,lp_1,lwith0 <y <...< [ <. Fixing
l1,...,lp_1, we see from Lemma 12.1 that this equation for all large [ implies the same equation
for all [ > 0. Thus, the inequality 5,1 < [;, has indeed been eliminated. Similar arguments work
for the other conditions, as is clear from the arguments of [7, p. 212] after equation (22). For
example, the next step fixes l1,...,l,_o,l; but not I =1;_1.

Looking back at (12.3), we have therefore proved that all the points

momtwh? L Lm o (12.5)
lie in V, where the integers r; = ¢' (i =1,...,h) now range independently over all positive
integral powers of ¢. This is the required symmetrization at the geometric level.

It actually shows that the entire (7, 71, ..., 7)S lies in V. For a typical point of the former
has the shape
momyimy? L m G (12.6)

for ¢ in S. And there is ¢ in S with ¢"» = 6. This could be interpreted as something about
the divisibility of group varieties; but for us it is just a simple consequence of the fact that S
is defined by equations X; = X,. And now (12.6) and (12.5) are equal.

At the arithmetic level we claim that (mg, 71, ...,7,)S(G) lies in V(G). In fact every point

T =momying? .. (12.7)
with asymmetry r; < ... < rp has the shape (12.3) (with all coordinates of o equal to 1). It
therefore lies in [t¢)1,...,¢,]T(G) which is in turn contained in V(G). In particular 7 lies in
P,.(G). But why does it continue to lie in P,,(G) when the asymmetry is lifted?

Well, we can take r; = ... =rp =1 1in (12.7) to see that the product
TOML - - - Th, (12.8)
lies in P,,(G). Then taking r; = ... =rp_; = 1,7, = ¢ we can deduce that 71'271 lies in P, (G).
And takingry = ... =r,_o=1,7,_1 = r, = q we deduce that ﬂ'Zj lies in P,,(G). And so on,
until we see that all of
VSR L (12.9)
lie in P, (G) (this was already remarked in Section 1).
And now if rq,..., 7y are arbitrary integral powers of ¢ in (12.7), we can write
= (momy .. .ﬂh)wfrl . 7T}Tlh71

to see from (12.8) and (12.9) that indeed = lies in P, (G).
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Now any point of (mp,m1,...,7,)S(G) by (12.5) has the form mo™ with 7 as above and o
in S(G). It follows that (mp,m1,...,7,)S(G) lies in V(G) as claimed.

On the other hand, taking all coordinates of o as 1 in (12.3) shows that [¢1,...,¥n]{70}
lies in (7o, 71,...,7,)S(G). As we could have fixed 7 arbitrarily in T(G), we see that
[Y1,...,¥p]T(G) lies in (7o, 71, ..., 74)S(G).

It follows that V(@) is indeed the union of the (mg,m1,...,7,)S(G), which completes the
proof of Theorem 2. We note for later use the fact, already observed, that each (7o, 71,...,75,)S
is contained in V.

Here too we leave it to the reader to check using (12.1) that for Theorem 2 one can take

max{h(mo), h(m1), ..., (7))} < (n+ 1)(2¢2AR(G)°"+2)Pm) p(yyn(m), (12.10)

This follows quickly from (12.4) and the easy fact that any T'(G) contains 7o with h(r) < h(T).
To prove part (1) of Theorem 3 we start from Theorem 1 with V' = H. We first claim that if
some 7 in H(G) lies in some [¢)1,...,9,|T(G) with T not a single point, then some (1.2) fails
for 7. To see this, note that if T is not a single point, then there is a partition of {0,1,...,n}
into proper subsets I, J, ... such that T is defined by the proportionality of the homogeneous
coordinates X; (i € I), X; (j € J), and so on. We may suppose that I contains 0 and that the
equations corresponding to I are g; Xy = goX; for ¢ in I. Consider the point 7; in P, whose
coordinates X; = g; for 7 in I but with all other coordinates zero. It also lies in T

Now 7 = (7 ¢teb1) ... (1, "4y, )(7) for some ey, ..., e, and some 7 in T. From our
remark following the proof of Theorem 1, we see that 77 = (Y7 "¢ 41) ... (¥}, ¢ aby)(7) lies
in H. Now 7 and 77 have the same coordinates X; (i € I). It follows that = and m; have the
same coordinates X; (i € I). Since the other coordinates of 77 are zero, this means that (1.2)
fails for 7 as claimed.

Therefore, H*(G) is contained in a finite union of sets [¢1,...,¥n]{7}. And each of these
lies in H(G). This proves part (1) of Theorem 3.

Part (2) follows in a similar way with the help of the remark after the proof of Theorem 2,
with 7 = mo(ph ) ... (@)oo and 77 = mo(@himy) ... (@'nmy)or for o defined by X; =1 for
7 in I but with all other coordinates zero. This shows that we can restrict to single points .S,
and the proof is finished as above. We have therefore proved all of Theorem 3.

It is easy to deduce explicit estimates for Theorem 3 as for Theorems 1 and 2. One obtains
at once (12.1) (with T replaced by 7) and (12.10).

13. Limitation results

We show here that for each n > 2 the bounds h < n — 1 in Theorems 1 and 2 cannot always
be improved; and also that if p > 2 the v¥y,...,%y in Theorem 1 and the my,m,..., 7, in
Theorem 2 cannot always be chosen over G.

We start with h < n — 1. Because Theorem 1 directly implies Theorem 2 and then Theorem 3,
it will suffice to prove the analogous statements for Theorem 3. Also we have seen that each
[t1,...,¢¥p]{7} in Theorem 3(1) is contained in some (my, 71, .., 7p) in Theorem 3(2). So it is
enough to treat Theorem 3(2).

This we do with the affine hyperplane

T1+To—T3—...—Tp, =1 (13.1)
already mentioned.
We need a simple observation. For a prime p let R = R), be the set of points (1,71,...,7,-1)
as the integers r1,...,7,_1 run through all powers of p satisfying the asymmetry conditions
that r; divides r;11 (i =1,...,n — 2) and also the extra conditions

Tn—1 7é Tn—2,Tn—2 +Tn—3,...,Tn—2+Tp_3+...+71. (132)
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LEMMA 13.1. The set R does not lie in a finite union of proper subgroups of Z".

Proof. We can actually disregard (13.2) because their failure would just add more to the
finite union of proper subgroups. Now the falsity of the lemma would lead to an equation

Fpo,...,p1)=0 (13.3)
holding for all non-negative integers ey, ..., e,_1, where F(y1,...,Yn—1) is a finite product of
polynomials

A=ag+ayr +ayiy2 + ...+ an11y2 - Yn-1
corresponding to the proper subgroups of Z" perpendicular to (ag,...,a,—1) # 0. It is clear
that each A # 0 and so F # 0. On the other hand, it is easy to see that the points in (13.3)
are Zariski-dense in R"~!. This contradiction proves the lemma. ]

Take as usual K = F,(t) and G generated by ¢ and 1 — ¢t. We proceed to exhibit many points
on H*(G) with H defined by (13.1).

For integral powers q1, ..., g,—1 of p define
T =qn—1, T2 =(n—-19n—25---, Tn—1 =(dn—1---q1
and
dy =7Tp_1 —Tp_g—...— T2 —T1,
dy=rp_1—Tp2—...— T2,
down to

dn72 =Tn-1—"Tn-2

and

dp—1="Tp—1.
Then
zp=tH, xp=1—td1 gg=tdn-2 _gdnr g =ph e (13.4)
certainly satisfy (13.1), so the point £ = (x1,...,2,) lies in H. It is in H(G) because
xo=1—t"""1t=(1—¢t)"1,
zy =t (1 —tm2) =t (1 — 1),

and so on.
This also leads to a multiplicative representation

=& 60 (13.5)
of the point in (13.4), where

down to
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but
Eno1 =, L —t,t,t,t, ...t ¢, 1).
We can quickly check that &1, ...,&,—1 are multiplicatively independent. Namely, a relation

et = (1L,1,1,1,1,...,1,1,1)

n—1
would lead to a,_1 = 0 on examining the second components, then a,,_o = 0 from the third
components, and so on down to a; = 0.
The case n = 3 with ¢; = ¢, ¢2 = r is of course (1.11) or (1.13).
We can see that (13.4) lies in H*(G) provided (1,71,...,7,—1) lies in R. For the various
exponents of ¢ clearly satisfy d,,_1 > d,,_2 > ... > dy > dy. There is one more exponent 0; but
dp—1 # 0 and from the definition of R we also have d,,_5 # 0,...,d; # 0. Thus, the exponents

dp—1,y...,d1,01n (13.4) are distinct, and it is easy to see that there can be no vanishing subsum
of x1,x9, —23,...,—x, (in fact each of d,,_o = 0,...,d; = 0 does lead to a vanishing subsum).
We already remarked that (1.13) is in H* as long as r # s, that is ¢; # 1, that is ro # 71 as
in (13.2).
Now we can prove as promised that H*(G) does not lie in a finite union of sets
> > l l
II = (7o, m1,...,Th)qg = U U mord ..‘Wzyh (13.6)
=0  1,=0

for some ¢ and points my, w1 ..., 7, with A <n — 1. The idea is to note that each II lies in a

coset of G of dimension at most h < n — 2; whereas the points (13.5) have rank n — 1.

Accordingly, we assume that H*(G) does lie in such a finite union and we shall reach a
contradiction.

Now for each element of R the corresponding (13.5) lies in H*(G) so in some II. This provides
a partition of R into a finite union of subsets Rp. By Lemma 13.1 we will be through if we can
prove that each Ry lies in a proper subgroup of Z™.

Suppose for some IT we are lucky in the sense that the corresponding my in (13.6) is
multiplicatively independent of &1,...,&,_1. The corresponding

Ty te =y te . et
all lie in the group generated by =1, ..., 7, and so the multiplicative rank of the various 7 e
is at most A < n — 2. Since wal, &1,...,&,—1 are independent, it follows that the set Ry cannot

contain n (or even n — 1) independent elements. So it must indeed lie in a proper subgroup
of Z".

In fact we are not so likely to be that lucky, and it is more probable that there is a relation
¢ =& 60" with a # 0. Now the

n—1
7_r0—a§a — ftlzrl—cu . gz":ﬂl—l_an—l

still lie in a group of rank at most n — 2. Since &1,...,&,-1 are independent, we deduce as
above that the set of all (ary — ay,...,ar,—1 — an—1) lie in a proper subgroup of Z" ! And
this implies as above that Ry lies in a proper subgroup of Z".

That finishes the proof of the first limitation result. We could also have argued with a
symmetrized version of R; then the A in the proof of Lemma 13.1 could be taken more simply
as ap + a1y +agy2 + ...+ an—1Yn—1.

We can use similar arguments to prove the second limitation result concerning non-
definability over G. Because the [i)1,...,9¥3]T(G) in Theorem 1 lead to (mg,m1,...,7) in
Theorem 2 with (12.4) for 79 in T'(G), it will again suffice to check the matter for Theorem 3(2).

This we do with the affine line H defined by tz +y =1 also over K = F,(t), now with G
generated by t?~! and 1 — ¢. It is the example treated at the end of Section 11 with m = 1 and
Il =p— 1. We need another simple observation.
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LemMA 13.2.  For an odd prime p suppose that

G+ ata=aqa+G+qs (13.7)

for integral powers q1,q2,q3,q1,G2 and q3 of p. Then ¢i1,G> and §3 are a permutation of qi,qs
and qs.

Proof. If ¢1, g2 and g3 are all different, then the left-hand side of (13.7) has just three ones
in its expansion to base p. So also the right-hand side; which means that ¢, ¢> and g3 are also
all different. The result in this case is now clear (even for p = 2). If say g1 # g2 = g3, then we
obtain a one and a two in the expansion because p # 2; so after a permutation ¢ # G2 = 3
too, and the result is still clear. Similarly, if ¢ = g2 = ¢q3 as long as p # 3. This last case
can also be checked directly when p = 3 and this proves the lemma; however, the example
1+1+4=2+ 2+ 2 shows that p = 2 is not to be saved. ]

Now the analysis in Section 11 before the primitive root business shows easily that the points
of H*(G) = H(G) are given by

r=t""1

o oy=0-=t)" (r=1,p,p%...). (13.8)

This is (z,y) = &&F for &g = (t71,1) and & = (t,1 — t). Assume p # 2. If H*(G) were contained
in a finite union of

> 1
Il = (m,m1)q = U ToT]
=0

for some ¢ and some 7y, w1 over GG, then one of these II would certainly contain at least three
different points (13.8). This gives equations

ol = moms,  &of) =momi, &b =mom] (13.9)

for powers r < 1/ < r” of p and powers s,s" and s” of ¢q. Eliminating 7y and m; leads to

(€00 (&€l " (6otT ) = 13
that is, ¢ =1 for
a=r(s—3s")+1(s" —s)+1"(s—5).

So a = 0; that is,
rs' +1's" +r'"s=rs" +r's+1r"s.

Lemma 13.2 shows in particular that rs’ is one of the terms on the right. But which one?
Certainly rs’ # r”’s’. And rs’ # rs” else ' = s” and (13.9) would imply ' = 7”. Tt follows that

’r‘,—?" 7’/—7‘

rs’ = r's. But now eliminating {; from the first two equations in (13.9) leads to §; ~" = m;
Thus there would be o and 3 in F,, with (at™1, 3) = («a, 8)& = mo; however, this is impossible
because at~! is not in G if p # 2.
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