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The integral Novikov conjectures for linear groups containing torsion elements

Lizhen Ji

Abstract

In this paper, we show that for any global field k, the generalized integral Novikov conjecture in
both K- and L-theories holds for every finitely generated subgroup Γ of GL(n, k). This implies
that the conjecture holds for every finitely generated subgroup of GL(n, Q), where Q is the
algebraic closure of Q. We also show that for every linear algebraic group G defined over k,
every S-arithmetic subgroup satisfies this generalized integral Novikov conjecture. We note that
the integral Novikov conjecture implies the stable Borel conjecture, in particular, the stable
Borel conjecture holds for all the above torsion-free groups. Most of these subgroups are not
discrete subgroups of Lie groups with finitely many connected components, and some of them
are not finitely generated. When the field k is a function field such as Fp (t), and the k-rank of
G is positive, many of these S-arithmetic subgroups such as SL(n, Fp [t]) do not admit cofinite
universal spaces for proper actions.

1. Introduction

The original Novikov conjecture concerns the homotopy invariance of higher signatures of
oriented manifolds M . If Γ = π1(M) is the fundamental group of M , then the Novikov
conjecture is equivalent to the rational injectivity of the assembly map

A〈−∞〉 : H∗(BΓ, L〈−∞〉(Z)) → L
〈−∞〉
∗ (Z[Γ]), (1.1)

that is, A〈−∞〉⊗Q is injective. (Note that the surgery groups L〈k〉(ZΓ) depend on a decoration
k, 2 � k � −∞. For each decoration k, there is a corresponding assembly map A〈k〉. See [43,
44] for details.) In the following, we often denote the assembly map A〈−∞〉 by A for simplicity.
The injectivity of A〈−∞〉 is called the integral Novikov conjecture for Γ. This integral Novikov
conjecture is useful for various purposes. For example, it allows us to understand part of
the difficult and important groups L

〈−∞〉
∗ (Z[Γ]) in terms of the generalized homology theory

H∗(BΓ, L〈−∞〉(Z)) (see [38] for a comprehensive survey on the Novikov and related conjectures
and their applications); it also implies the stable Borel conjecture (see Proposition 2.8 for the
precise statement and proof.)

Note that in (1.1), the Novikov conjecture only depends on the group Γ. If Γ contains torsion
elements, then A is expected to fail to be injective in general (see [35, 38, 45, p. 602]). In this
case, there is an assembly map associated with the universal space EFΓ (which is also often
denoted by EΓ) for proper actions of Γ, that is, the universal space associated with the family
F of all finite subgroups of Γ:

A : HΓ
∗ (EFΓ, L〈−∞〉(Z)) → L

〈−∞〉
∗ (Z[Γ]). (1.2)

If this assembly map A is injective in (1.2), we say that the generalized integral Novikov
conjecture in L-theory holds for Γ.

Similarly, there is an assembly map in algebraic K-theory:

A : HΓ
∗ (EFΓ, K(Z)) → K∗(Z[Γ]). (1.3)
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If A ⊗ Q is injective in (1.3), we say that the Novikov conjecture holds for Γ; and if A is
injective, we say that the generalized integral Novikov conjecture in algebraic K-theory holds
for Γ.

Among discrete subgroups of Lie groups and related subgroups of algebraic groups that
contain torsion elements, the generalized integral Novikov conjectures in both K- and L-theories
have been shown to hold for the following classes of groups:

(1) S-arithmetic subgroups of reductive algebraic groups defined over a global field and of
rank zero, where by a global field — it means either a number field (that is, a finite
extension of Q) or the function field of a projective curve over a finite field [32];

(2) arithmetic subgroups of reductive algebraic groups over number fields [31];
(3) discrete subgroups of virtually connected Lie groups [2].
A natural problem is to prove this generalized integral Novikov conjecture for S-arithmetic

subgroups of all algebraic groups defined over all global fields without any rank restriction on G
or G being reductive. The class of S-arithmetic subgroups is important in the rigidity theory,
cohomology theory of discrete groups and number theory. See [3, 4, 8, 11, 13, Chapter 7; 39,
41, 42, 48, 49] for various results on S-arithmetic groups and more references.

In this paper, in fact, we prove that the generalized integral Novikov conjecture holds for a
wider class than the class of S-arithmetic groups.

Theorem 1.1. Let k be a global field, that is, either a number field (that is, a finite
extension of Q), or the function field of a projective curve over a finite field Fq (that is, a finite
separable extension of Fq (t)). Let Γ ⊂ GL(n, k) be any finitely generated subgroup. Then the
generalized integral Novikov conjecture in both K- and L-theories holds for Γ.

A special case is the following result.

Corollary 1.2. If Γ ⊂ GL(n, Q) is any finitely generated subgroup, where Q is the
algebraic closure of Q, then the generalized integral Novikov conjecture in both K- and L-
theories holds for Γ.

Proof. Let γ1 , . . . , γm be a set of generators of Γ. Then, there exists a number field k
such that γ1 , . . . , γm ∈ GL(n, k), and hence, Γ ⊂ GL(n, k). Then the corollary follows from
Theorem 1.1.

Theorem 1.3. If G is an algebraic group defined over a global field k, then the generalized
integral Novikov conjecture holds for every S-arithmetic subgroup of G(k).

Remark 1.4. If G is reductive and k is a number field, or k is a function field and the
k-rank of G is zero, then every S-arithmetic subgroup is finitely generated. In other cases, it
is not necessarily finitely generated. In fact, over function fields, the finiteness properties of S-
arithmetic subgroups are weaker. For example, it was conjectured that S-arithmetic subgroups
are not of type FP∞; instead, it is not even of type FPr , where r is the S-rank of G which is the
total sum of the ranks of G over the completions of k over the places in S. These conjectures
are now proved in [15, Theorems 1.1 and 1.2]. The precise value of r such that arithmetic
subgroups are of type FPr−1 but not of type FPr is not completely determined yet. (See [3,
p. 28; 14] and also [4, 13, Chapter 7, § 2, § 4, p. 197; 49] for more details on these conjectures
and related references.)

This conjecture on type FPr implies that for such an S-arithmetic subgroup Γ, it is not
known if Hi(Γ, Z) is finitely generated in every degree i. In particular, the finite generation
conditions in the celebrated result on the Novikov conjecture in K-theory in [6] are not satisfied.
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Therefore, even the rational injectivity of the assembly map in K-theory, that is, in (1.3), is
new for such a natural class of groups, which contains SL(n, Fp [t]), where Fp is a finite field, t
is a free variable, and Fp [t] is contained in the function field Fp(t) of P1 over Fp .

On the other hand, the rational injectivity in L-theory for these S-arithmetic subgroups over
function fields follows from the result in [27].

Remark 1.5. It is worthwhile to point out that if G is an algebraic group defined over
a function field k and of positive k-rank, then G(k) does not admit torsion-free S-arithmetic
subgroups. Hence, no such S-arithmetic subgroup Γ admits a finite BΓ, or equivalently a Γ-
cofinite EΓ, the universal space for proper and free actions. By the above remark and results
in [10, 12], such a Γ does not even admit a Γ-cofinite EFΓ. This is the reason that the
generalized integral Novikov conjecture for this natural class of groups could not be handled
by the criterions (or methods) in [1, 17, 20, 21, 46, 47, 51].

Both Theorems 1.1 and 1.3 are special cases of the following result.

Theorem 1.6. Let Gi , i = 1, . . . ,m be a finite collection of groups, where each Gi is either
a linear real Lie group, that is, a Lie group contained in some GL(n, R), or an algebraic group
G(kν ) ⊂ GL(n, kν ), where k is a global field and ν is a finite place of k, and kν is the completion
of k with respect to a norm associated with ν. Let Γ ⊂

∏m
i=1 Gi be any discrete subgroup.

Then the generalized integral Novikov conjecture in both K- and L-theories holds for Γ.

Remark 1.7. An interesting special case of the above theorem is when m = 1. Then any
discrete subgroup of a locally compact linear group as above, for example, either a linear real
Lie group or a p-adic Lie group, satisfies the generalized integral Novikov conjecture. On the
other hand, considering groups of different types at the same time is important. For example,
GL(n, Z[ 1

p ]), where p is a prime number, is not a discrete subgroup of either GL(n, R) or
GL(n, Qp), but rather a discrete subgroup of the product GL(n, R)×GL(n, Qp). This point of
view of treating multiple places (or primes) of Q at the same time, or more generally a global
field, is natural and important in number theory and the rigidity theory of lattices; see [39, 41].

Theorem 1.6 follows from Theorem 1.9. Recall that a geodesic (length) space is called a
CAT(0)-space if every triangle in it is thinner than a corresponding triangle in R2 of the
same side lengths. It is well known that a simply connected complete Riemannian manifold of
nonpositive curvature is a proper CAT(0)-space. The following result is also well known.

Proposition 1.8. The Bruhat–Tits buildings of reductive algebraic groups over locally
compact, totally disconnected fields are also proper CAT(0)-spaces.

In fact, the Bruhat–Tits buildings are proper metric spaces and Euclidean buildings, that is,
buildings whose apartments are isometric to Euclidean spaces. It is known (see [13, pp. 153–
155; 9, pp. 342–346, Theorem 10A.4]) that an Euclidean building is a CAT(0)-space, and
hence, these Bruhat–Tits buildings are proper CAT(0)-spaces. The basic idea of the proof is
as follows. Let ∆ be such a building. For any apartment E and a chamber C in E, there is
a retraction ρE ,C of ∆ onto E such that it maps every apartment E′ containing C onto E
and acts as the identity map on E′ ∩ E ⊇ C. The crucial point is to observe that ρE ,C is
distance decreasing with respect to the Tits metric d, that is, d(ρE ,C (x), ρE ,C (y)) � d(x, y) for
all x, y ∈ ∆, and d(ρE ,C (x), ρE ,C (y)) = d(x, y) if x or y belongs to C. (See also [9, 35, Chapter
2] for comprehensive discussions on CAT(0)-spaces.)
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Theorem 1.9. Let X be a proper CAT(0)-space, and a discrete group Γ act isometrically
and properly on it. Suppose X has the structure of a Γ-CW-complex and its dimension is finite.
If the asymptotic dimension of X is finite, asd X < +∞, then the generalized integral Novikov
conjecture in both K- and L-theories holds for Γ.

Remark 1.10. It is perhaps worthwhile to point out that in Theorem 1.9, the existence
of an isometric and proper action of Γ on a proper CAT(0)-space with even compact quotient
does not necessarily imply that the integral Novikov conjecture holds for Γ. The existence
of the structure of a Γ-CW-complex on X is important. Given the difficulties in proving the
existence of equivariant triangulations of Γ-manifolds, when Γ acts with some fixed points, in
[28] (see also some discussions in [32]), this latter condition on X is nontrivial.

Remark 1.11. In the Novikov conjectures in (1.2) and (1.3) and the above theorems, we
could replace the ring Z of integers by more general rings R, that is, we have the assembly
maps:

A : HΓ
∗ (EFΓ, L〈−∞〉(R)) → L

〈−∞〉
∗ (R[Γ]), A : HΓ

∗ (EFΓ, K(R)) → K∗(R[Γ]).

For the integral Novikov conjecture in L-theory, we need to assume further that R is a ring
with involution. For the validity of the generalized integral Novikov conjecture in L-theory,
[2, Theorem B] (see Theorem 2.2 below) requires that for every finite subgroup G of Γ, the
algebraic groups K−i(R[G]) = 0 when i � 1. By [19], this is satisfied when R = Z. Therefore,
for simplicity, we only deal with (or rather state the results only for) the ring Z in this paper.

2. Proofs of Theorems 1.9, 1.6, 1.3 and 1.1

In this section, we recall that some definitions and the general results of [2, Theorems A and
B], and use them to prove the theorems stated in the previous section.

More specifically, we first introduce the notion of uniform F-contractiblity of a metric space.
Combined with the notion of the asymptotic dimension of a metric space, we state [2, Theorems
A and B]. To use this result to prove Theorem 1.9 and, hence, Theorem 1.6, the crucial points
are as follows.

(1) Observe that symmetric spaces and Bruhat–Tits buildings, and hence their products,
are proper CAT(0)-spaces.

(2) Apply the Cartan fixed point theorem (or rather a generalization) to proper CAT(0)-
spaces to prove the desired uniform F-contractibility.

Then we recall that the notion of S-arithmetic subgroups and apply Theorem 1.6 to prove
Theorem 1.3 and then Theorem 1.1.

Let Γ be a discrete group, and F the family of all finite subgroups of Γ.

Definition 2.1. Let (X, d) be a metric space, and Γ act isometrically and properly on
X. Then X is called uniformly F-contractible if for any G ∈ F , that is, a finite subgroup of
Γ, and every r > 0, there exists s > 0 such that for every G-invariant subset Ω of X with
diameter less than r, the inclusion Ω ↪→ B(Ω, s) is G-equivariantly null homotopic, where
B(Ω, s) = {x ∈ X | d(Ω, x) � s} is the s-neighborhood of Ω.

Recall that the asymptotic dimension of a metric space (X, d), denoted by asd X, was first
introduced by Gromov [26] and is defined to be the least integer n such that for every r > 0
(meant to be large), there exists a covering of X by uniformly bounded sets {Ui} such that for
every x ∈ X, the metric ball B(x, r) meets at most n + 1 sets from the covering {Ui}.

One of the main results in [2, Theorems A and B] is the following.
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Theorem 2.2. Let Γ be a discrete group. Assume that there exists a finite dimensional
Γ-CW-complex as the universal space EFΓ (also often denoted by EΓ) for proper Γ-actions,
and assume that EFΓ admits a Γ-invariant metric with respect to which EFΓ is uniformly
F-contractible and has finite asymptotic dimension, asd EFΓ < +∞. Then the generalized
integral Novikov conjecture in both K- and L-theories holds for Γ.

Remark 2.3. As pointed out in Remark 1.11 above, [2, Theorems A and B] works for
more general rings R. In this case, for the L-theory, it is required that for every finite subgroup
G ⊂ Γ, K−i(R[G]) = 0 for i � 1. By [19], this is satisfied when R = Z.

Remark 2.4. The above theorem in [2] generalizes the results in [1, 16, 20, 21, 46, 47,
51]. Unlike these papers, Γ is not required to be finitely generated in the above theorem. The
important point is that EFΓ has finite dimension, but no compactness of the quotient Γ\EFΓ
is required.

On the other hand, if Γ\EFΓ is compact and the Γ-action is metrically proper, then Γ
is finitely generated, and hence, asd Γ is well defined and is equal to asd EFΓ. In fact, let
Ω ⊂ EFΓ be a compact subset such that ΓΩ = EFΓ. Let γ1 , . . . , γm be all the elements γ of Γ
such that γΩ ∩ Ω 	= ∅. By the properness of the action, there are only finitely many of them.
Then, it can be shown easily that γ1 , . . . , γm generate Γ.

Remark 2.5. In Theorem 2.2, the usual requirement in [1, 16, 20, 21, 46, 47, 51] that
there is a Γ-cofinite CW-complex model for EFΓ is replaced by the existence of a finite
dimensional EFΓ. This is important for many classes of groups. As pointed out in Remark 1.5,
this is essential for the application to S-arithmetic subgroups of algebraic groups of positive
rank over function fields such as SL(n, Fp [t]), which form a natural class of groups and have
been intensively studied by various people (see [3, 4, 13, Chapter VII]). Another source of
examples of Γ with a finite dimensional EFΓ but no Γ-cofinite CW-complex EFΓ arises as
follows. If Γ has a Γ-cofinite CW-complex model for EFΓ, then for an arbitrary subgroup
Γ′ of Γ, it is expected that Γ′ often does not have a Γ′-cofinite CW-complex model. See [9,
Chapter Γ, §5, Example 5.4] for such examples. In [31], every arithmetic subgroup Γ of a
reductive algebraic group defined over Q has a Γ-cofinite CW-complex model of EFΓ given
by the Borel-Serre (partial) compactification of symmetric spaces in [7]. On the other hand, a
random subgroup of such an arithmetic subgroup Γ will probably not inherit such a finiteness
property.

Proof of Theorem 1.9. It suffices to show that X is uniformly F-contractible. Let G be a
finite subgroup of Γ, and Ω a G-invariant subset with diameter less than r. We claim that we
can take s = 2r and the inclusion Ω ↪→ B(Ω, 2r) is G-equivariantly null homotopic.

Let Ω be the closure of Ω. Clearly, it is also G-invariant. Let CH(Ω) be the convex hull of
Ω. Then it is also G-invariant. Clearly, CH(Ω) ⊂ B(Ω, r) = B(Ω, r).

Since X is a proper CAT(0)-space by [35, Corollary 2.3.1, p. 58], it is a uniform, simply
connected Busemann nonpositively curved space in the sense of [35, Definition 2.2.4, p. 44;
Definition 2.2.6, p. 50]. Hence, by the generalization in [35, Corollary 3.2.1, p. 66] of the famous
Cartan fixed point theorem (see [22, Theorem 1.4.6] for example), there is a fixed point of G
in CH(Ω). Briefly, for any point x ∈ CH(Ω), the center of mass of the G-orbit Gx is fixed by
G. In [35, Lemma 3.3.4, p. 68], this center of mass is contained in their convex hull, and hence,
it is contained in CH(Ω).

Since X is a CAT(0)-space, every point in X can be connected to x0 by a unique geodesic
ray, and X can be contracted to the point x0 along these geodesics. This implies that CH(Ω)
and Ω can be contracted in B(Ω, 2r) to x0 along these rays. Since G fixes x0 and acts on X
by isometry, this contraction of Ω to x0 is G-equivariant.
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This shows that X is uniformly F-contractible and Theorem 2.2 can be applied to prove
Theorem 1.9. �

To prove other theorems, we need a model for EFΓ satisfying the conditions in Theorem 1.9.

Proof of Theorem 1.6. We construct a model of EFΓ satisfying the conditions in The-
orem 1.9 by using either the symmetric space of GL(n, R) or the Bruhat–Tits building of
GL(n, kν ). In fact, for each i = 1, . . . ,m, if Gi ⊂ GL(n, R), let Xi be the symmetric space
GL(n, R)/O(n), which is simply connected and nonpositively curved; if Gi ⊂ GL(n, kν ), where
ν is a finite place of k (recall that a place of k is an equivalence class of valuations of k) and
kν is a locally compact, totally disconnected field with a finite residue field, let Xi be the
Bruhat–Tits building associated with the group GL(n, kν ). It is known that the Bruhat–Tits
building of GL(n, kν ) has a canonical metric, the so-called Tits metric whose restriction to each
apartment is isometric to an Euclidean space Rr . By construction, GL(n, kν ) acts isometrically
and properly on the building Xi (see [13, 34] for basic facts about buildings and other
references).

Define

X =
m∏

i=1

Xi

and endow it with the product metric of the distance function from the invariant Riemannian
metric of the symmetric spaces and the Tits metrics of the buildings. Since Γ is a discrete
subgroup of

∏m
i=1 Gi , and each Gi acts isometrically and properly on Xi , it follows that Γ acts

isometrically and properly on X.
It is well known that if Xi is a simply connected complete Riemannian manifold of nonpositive

curvature, then it is a proper CAT(0)-space; and if Xi is a Bruhat–Tits building, it is also a
proper CAT(0)-space (see Proposition 1.8 and [9, pp. 342–346, Theorem 10A.4; 13, pp. 153–
155]). A basic simple observation is that the product X =

∏m
i=1 Xi is also a proper CAT(0)-

space (see [9, p. 167]). In particular, it is contractible by contracting along rays from a fixed
basepoint.

For any finite subgroup G ⊂ Γ, the fixed point set XG is a totally geodesic subspace and is,
hence, contractible. This implies that X is a EFΓ-space (see [37]).

Next we show that X has the structure of a Γ-CW-complex. If Xi is a Bruhat–Tits building,
by construction, it is a simplicial complex on which Gi acts simplicially, and hence, it has a
canonical CW-complex structure invariant under Gi. Therefore, if there is no factor Xi given
by the symmetric space of GL(n, R), then X has the structure of a Γ-CW-complex. If X does
not contain any factor given by a Bruhat–Tits building, then the existence of a Γ-CW-complex
structure on X follows from the existence of equivariant triangulations in [28, Theorems I
and II].

On the other hand, assume that X contains both the symmetric space factors and the
Bruhat–Tits building factors. Then we need to use arguments similar to those in [32, Propo-
sition 2.13]. For simplicity, assume that m = 2 and X = X1 × X2 , where X1 is the symmetric
space of GL(n, R), and X2 is the Bruhat–Tits building of GL(n, kν ), where kν is a local field.

By assumption, Γ acts properly on X. This implies that for any simplex σ of the building
X2 , the stabilizer Γσ = {γ ∈ Γ | γσ = σ} acts properly on X1 × σ. By using the equivariant
triangulation of X1 × σ with respect to Γσ and modify suitably the CW-complex structures
on the boundary X1 × ∂σ, where ∂σ is the boundary of σ, we can show as in [32, Proposition
2.13] that X has the structure of a Γ-CW-complex.

Clearly, dim X < +∞. To finish the proof, we need to show asd X < +∞. This follows from
the following result. �
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Proposition 2.6. If Xi is either a symmetric space or a Bruhat–Tits building as above,
then asd Xi < +∞.

Proof. If Xi is a symmetric space, then the proof follows from [18, Theorem 3.5; 5].
If Xi is a Bruhat–Tits building, then we can use [40, Theorem 3.21] to show that asd Xi <

+∞. In fact, GL(n) ⊂ SL(n + 1) over k. Hence, GL(kν ) ⊂ SL(n + 1, kν ). Let ∆ν be the
Bruhat–Tits building of SL(n+1, kν ). In [36, Theorem 2.2.1], there is an isometric embedding
of Xi into ∆ν . Hence, Xi can be identified isometrically with a subspace of ∆ν . Therefore, it
suffices to prove asd ∆ν < +∞, which is precisely the result in [40, Theorem 3.21].

Briefly, the proof of the bound asd ∆ν < +∞ in [40, Theorem 3.21] goes as follows. Define
a length function � on SL(n + 1, kν ) by

�(g) = −min{νν (gij ), νν (gij )}, where g = (gij ), g−1 = (gij ).

This length function defines a pseudo-distance function d on SL(n+1, kν ) by d(g, h) = �(g−1h).
Let Okν

be the ring of integers of kν . Then �(g) = 0 if and only if g ∈ SL(n + 1,Okν
).

This implies that the pseudo-distance d on SL(n + 1, kν ) defines a distance on the quotient
SL(n+1, kν )/SL(n+1,Okν

). Since SL(n+1, kν ) acts isometrically on ∆ν and transitively on
the set of chambers of ∆ν with the stabilizers of chambers equal to conjugates of a subgroup
I of SL(n + 1,Okν

) with finite index, it follows that SL(n + 1, kν )/SL(n + 1,Okν
) with the

distance d is coarsely equivalent to ∆ν . Hence, it suffices to show that the asymptotic dimension
of SL(n + 1, kν )/SL(n + 1,Okν

) with respect to d, or equivalently, the asymptotic dimension
of SL(n + 1, kν ) with respect to the pseudo-distance d is finite.

Let B be the subgroup of upper triangular matrices of SL(n + 1, kν ). Then SL(n + 1, kν )
admits the following decomposition

SL(n + 1, kν ) = B SL(n + 1,Okν
).

The restriction of d to B defines a pseudo-distance d on B, and it suffices to show that the
asymptotic dimension of B is finite. Let N be the subgroup of B consisting of matrices with
1s on the diagonal, and A the subgroup of diagonal matrices. Then B = NA.

The crucial observation is that the restriction of d on N is coarsely equivalent to an ultra
metric, and hence, the asymptotic dimension of N is equal to 0 [40, Lemma 3.20, Theorem 3.16].
Since A is coarsely equivalent to an apartment in ∆ν , which is isometric to Rn , asd A = n <
+∞. Then a result of Hurewicz type on asymptotic dimensions in [5] implies that asd ∆ν < ∞.

�

Remark 2.7. In Proposition 2.6, it can be proved that asd Xi = dim Xi and, hence,
asd X = dim X = n. More generally, it can be shown that the asymptotic dimension of the
Bruhat–Tits building of every reductive algebraic group defined over a locally compact field
with a discrete valuation is equal to its dimension. Moreover, sharp bounds on the asymptotic
dimension of S-arithmetic subgroups of reductive groups defined over a global field can also be
obtained as for arithmetic subgroups in [29]. The details are contained in [33].

To prove Theorems 1.1 and 1.3, we need to embed Γ into the product of groups of the type
in Theorem 1.6.

Before proving Theorem 1.3, we first recall the notion of S-arithmetic subgroups. Let k be
a global field. If k is a number field, let S∞ be the set of all infinite (archimedean) places of k.
For example, when k = Q, there is only one infinite place. If k is a function field, there is no
infinite place; in this case, we set S∞ to be an empty set. Let S be a finite set of places of k
containing S∞. If k = Q, we can take S to correspond to {∞, p1 , . . . , pm}, where each pi is a
prime number. Let Sf = S − S∞. If k is a function field, then Sf = S.
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For each place ν of k, denote an associated valuation of k also by ν for convenience. Then
the ring Ok,S of S-integers of k is defined to be

Ok,S = {x ∈ k | ν(x) � 0, for all ν 	∈ S}.

For example, if k = Q and S = {∞, p1 , . . . , pm}, then Ok,S = Z[ 1
p1

, . . . , 1
pm

], the ring of
rational numbers q

p , p, q ∈ Z, with p only divisible by the primes p1 , . . . , pm ; that is, the ring
Z[ 1

p1
, . . . , 1

pm
] is obtained from Z by inverting these finitely many primes p1 , . . . , pm .

For each place ν, let kν be the completion of k with respect to a norm associated with ν.
When ν is an infinite place, kν = R or C. If ν ∈ Sf , that is, a finite place, then kν is a
locally compact, totally disconnected field with a finite residue. For example, if k = Q and ν
corresponds to a prime number p, then kν = Qp , the field of p-adic numbers, and the residue
field is Z/pZ = Fp , the finite field with p elements.

Let G ⊂ GL(n) be an algebraic group defined over k. Then a subgroup Γ of G(k) is called
an S-arithmetic subgroup if it is commensurable with G(Ok,S ) = G(k)∩GL(n,Ok,S ), that is,
the intersection Γ ∩ G(Ok,S ) is of finite index in both Γ and G(Ok,S ).

An important example of S-arithmetic subgroups over number fields is SL(n, Z[ 1
p1

, . . . , 1
pm

]),
which is clearly not a discrete subgroup of the real Lie group GL(n, R); and an important
example over function fields is SL(n, Fp [t]), where t is a free variable and Fp is a finite field,
and the function field is Fp(t).

Proof of Theorem 1.3. Define

GS =
∏

ν∈S

G(kν ).

We note that only when Sf = ∅, GS is a real Lie group. It is known that an S-arithmetic
subgroup Γ can be embedded diagonally into GS as a discrete subgroup. Clearly, GS is a
product group of the type in Theorem 1.6, and hence, by Theorem 1.6 the generalized integral
Novikov conjecture holds for Γ. �

Proof of Theorem 1.1. Let Γ be a finitely generated subgroup of GL(n, k), where k is a global
field. Let {γ1 , . . . , γm} be a symmetric set of generators of Γ, that is, it also contains the inverses
γ−1

1 , . . . , γ−1
m . Then there exists a finite set S of places of k such that the matrix entries of every

generator γi under the embedding into GL(n, k) are S-integers. (When k = Q, we include all
those primes that appear in the denominators of the entries of γi into S.) Then Γ is contained
in the S-arithmetic subgroup GL(n,Ok,S ). Therefore, Theorem 1.6 can be applied and the
generalized integral Novikov conjecture holds for Γ. Theorem 1.1 is proved. �

Finally, we give a proof of the statement mentioned in the introduction that the integral
Novikov conjecture in the surgery theory implies the stable Borel conjecture. The proof of
Proposition 2.8 is provided by Shmuel Weinberger and is related to [23, Corollary B and its
proof on p. 207].

Proposition 2.8. If the assembly map A〈−∞〉 in (1.1) is injective for Γ, then the stable
Borel conjecture holds for Γ, that is, if two closed aspherical manifolds Mn and Nn , n � 5 have
the fundamental group equal to Γ, then M × R3 and N × R3 are homeomorphic.

Proof. The surgery exact sequence for topological manifolds is an exact sequence of abelian
groups:

· · · → Ln+1(ZΓ) → ST OP (M) → [M,G/TOP ]
A〈1〉−→ Ln (ZΓ)
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such that

im(Ln+1(ZΓ) → ST OP (M) ) = ker(ST OP (M) → [M,G/TOP ] ) ⊆ ST OP (M) (2.1)

is the subgroup of the homotopy equivalences N → M for which there exists a normal
cobordism to the identity M → M . The map

A〈1〉 : [M,G/TOP ] = Hn (M, L.〈1〉(Z)) → Ln (ZΓ)

is the assembly map on the 1-connective quadratic L-spectrum L.〈1〉(Z) with 0th space homo-
topy equivalent to G/TOP . This assembly can be factorized as

A〈1〉 : [M,G/TOP ] → [M, Z × G/TOP ] = Hn (M, L(Z)) A−→ Ln (ZΓ)

with L(Z) the 4-periodic quadratic L-spectrum of Z [43, Theorem 18.5 and Chapter 25], and
the map [M,G/TOP ] → [M, Z × G/TOP ] is injective. (Note that A is yet another assembly
map.)

Since the negative K-groups of Z all vanish, L(Z) = L〈−∞〉(Z), and hence

[M, Z × GTOP ] = Hn (M, L(Z)) = Hn (BΓ, L(Z)) = Hn (BΓ, L〈−∞〉(Z)).

(Note that M is aspherical with π1(M) = Γ and can be taken as a BΓ-space.) There is a map
Ln (ZΓ) → L

〈−∞〉
n (ZΓ) (see [44]) such that the assembly map A〈−∞〉 factors as

A〈−∞〉 : Hn (BΓ, L〈−∞〉(Z)) = Hn (M ; L(Z)) A−→ Ln (ZΓ) → L〈−∞〉
n (ZΓ).

Thus, if A〈−∞〉 is injective, then both A and A〈1〉 are also injective. Since every homotopy
equivalence N → M is mapped to zero in Ln (ZΓ), the injectivity of A〈1〉 implies that it belongs
to ker(ST OP (M) → [M,G/TOP ]) and is normal cobordant to the identity M → M as pointed
out above in (2.1).

By the assumption in the proposition, the manifolds M and N are aspherical with the same
fundamental group Γ, and consequently, there is a homotopy equivalence N → M . Therefore,
N and M are cobordant by a normal cobordism W .

Let D be a closed three-dimensional ball. Then W × D is a normal corbordism between
M × D and N × D. Note that the boundary of W × D is the union of M × D, N × D, and
W × S, where S is the boundary of D, a two-dimenmsional sphere. Since the fundamental
groups of W × S and W × D are the same, Wall’s π-π theorem allows us to do surgery to
change W × D into a h-cobordism H between M × D and N × D. Removing a part of the
boundary of H gives a proper h-cobordism K between M×R3 and N×R3 . Since M is compact
and connected, and R3 is simply connected at infinity, the relevant Whitehead group for proper
h-corbordisms on M ×R3 vanishes, and the proper h-corbordism theorem in [50] (see also [25,
pp. 511–512]) implies that K is a cylinder, and hence, M × R3 is homeomorphic to N × R3 .�

Remark 2.9. In Proposition 2.8, we need to impose the condition that dimM � 5. This
condition does not really affect the validity of the stable Borel conjecture for torsion-free groups
Γ in Theorems 1.3, 1.5, 1.8, 1.11 and Corollary 1.4. In fact, if Γ satisfies the conditions in these
results and, hence, the integral Novikov conjecture holds for it, then for m � 3, the integral
Novikov conjecture is also valid for Γ × Zm . Then we can argue as in [34, Corollary B and
its proof on p. 207] that M × Rm and N × Rm are homeomorphic for all closed aspherical
manifolds with π1 equal to Γ.
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