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Supplementary: Treatment Effect using Partly Conditional Regression

1. Notation and XX Assumptions

We begin by reviewing the essential notation:

i: subject (i =1,...,n)

n: number of subjects

D;: death time for the ith subject

C;: independent censoring time for the ith subject

T;: treatment time for the i¢th subject

X;: min{D;, C;}: observation time for the ith subject

Z7(t): covariate for ith subject at follow-up time ¢

Ei(t): treatment eligibility indicator of ith subject at time ¢

NE(t) = I(T; < t,T; < X;); note that dNT'(t) = & (t)dNL (t)

H(t) ={Z:(s),E(s);s € [0,t)}: history up to time ¢

T: pre-specified constant satisfying P(X; > 7) > 0 for all 7.

k: cross section (k =1,..., K); K: number of cross-sections

Six: follow-up time at calendar date of the kth cross section

D, = D; — S;i, death time measured from date of kth cross section
Ty =T, — S, treatment time measured from date of kth cross section
Cir, = C; — Sik, independent censoring time measured from date of kth cross section
Niok(t) = N; (S +t)1(T; > Sir, + 1)

Eu = E(Sa)

Tok: pre-specified constant satisfying P(Dj; A Ty, A Cig = Tox) > 0
Na(t) = I(1; < Xi) Ni(Ti + 1)

1y: pre-specified constant satisfying P(D; —T; > m|T;, T; < D;) >0

1
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The following hazard functions are modeled:

Pre-treatment death hazard: \o(¢; s|H;(s), Ei(s) = 1)
Cross-section stratified version: Ao (¢; s|H;(Sik), Ei(Sik) = 1)
Post-treatment death hazard: Ay (¢; T;|Hi(T;), T;)

Treatment initiation hazard: A (¢|H;(¢), & (t))

Independent censoring hazard: \{ (¢).

The following models are assumed:

MG TIH(T). 1) = Aa(t) exp{B1Z:a(13)}

Aot s|Hi(s), Ei(s) = 1) = Aoo(t) exp{ByZio(5)}
Aok (15 5|Hi(Sik), E(Siw) = 1) = Aoor(t) exp{B Zio(Sik) }
A1), &) = Ei(6)Ag (1) exp{05Z:(1)}

M (1) = AG(t) exp{agZi(0)}.

XX We assume strong ignorability, which essentially equates hazard functions correspond-
ing to the counterfactuals (through which the target treatment effect is described) and hazard

functions based on observed data. Specifically, we assume that

}iit%P{t < (D' —s) <t+dt|(D' —s) > t,H(s), T = s}

= }%P{tg (D—s)<t+dt|(D—s)=t,H(s),TAND=s,T <D}

and that

llitri%P{t < (DY —s) <t+dt|(D°—s) > t,H(s), T = s}

= yﬁ%P{tg (DAT —s)<t+dt,D<T|(DAT —s) > t,H(s),E(s) =1}.
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2. Regularity Conditions

In deriving the asymptotic properties of the proposed estimators the following conditions
are assumed fort=1,...nand k=1,.... K

(a) The vectors {X;, N;(X;), NI (X;),H:(X; A T;)} are independent and identically dis-
tributed.

(b) |Z}(t)| < ki, for t € [0, 7] and Z}(¢t) is the [th element of Z; (¢).

() Jo™ Aor(t)dt < o0, [ Ao1(t)dt < oo, [ NG ()dt < oo and [] AT (t)dt < oo.

(d) Continuity of the following functions:

A0) = 20,
D) = 00
T 0606" T 7

and rg)) (t;0), where
rif) (1:0) = EIE(1)Yi(1) Z:(1)™ exp{0 Zi(1)}].
is the limiting value of
RV (1 *125 ()7 exp{0'Zi(1)},

for p = 0,1, 2, with rg})(t; 0) and rg?) (t; @) bounded and rg)) (t; @) bounded away from 0 for
€ [0,7] and @ in an open set, with z®° = 1, 2®! = z and 2%? = 22’ for a vector z.

Continuity of the following functions:

"'(()?(tb@;W) = ;ﬂr(m (t; 8, W),
82
i (5B W) = Gaagrin (5.6.17),

and r(()(,? (t; B, W), where

"'(()Zl)e) (t; B,W) = E[&kmﬁ( )Zzok eXp(/BIZiOk:)];
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is the limiting value of
Ok (t BW)=n" Z&kT/VZﬁ t)Zr. exp(B'Z o),

for p =0,1,2, with rOk (t; B, W) and rOk (t; B, W) bounded and 7“(()(,? (t; B, W) bounded away
from 0 for ¢ € [0, ;] and B in an open set.

Continuity of the following functions:

r(8) = 75" O ),
). 0 )
1 (t’IB) = 8,38,3 (t IB)

and r'% (t; B) where

r(t:8,) = BYi () Z5) exp(BLZ)),

is the limiting value of

n

RV (t8) =0 Y Ya() ZF exp(B, Z2),

i=1
for p = 0,1, 2, with rl ( B,) and r§2) (t; B,) bounded and r§°) (t; B1) bounded away from 0

for t € [0, 71] and B in an open set.

Continuity of the following functions:

0
re(la) = oorg (e,
2) ? o
ro (ta) = aaaa,rc (t; @),

and rg)) (t; o) where
rl (1 &) = E[Yi(t) Z:(0)™ exp{e Zi(0)})],
is the limiting value of

RY (t0) =n™" ) Vi(t) Z:(0)* exp{e’ Z;(0)},

i=1

for p=0,1,2, with 'r(cl)(t; ) and 'r(cz) (; &) bounded and T(CO) (t; &) bounded away from 0 for

€ [0,7] and « in an open set.



Supplementary: Treatment Effect using Partly Conditional Regression

(e) Positive-definiteness of the matrices Q7(6y), Q0(B8,), 21(B;) and Q¢(a), where

0 -2 [ {M ~2(:0)* aN! (1)

i (t;0)
2(:0) = i) (1;0)/r) (t: 6),

K

r Tok (2) 4.
O —F M —Zo(t:B. W ®2}dNi ]
o(B) kz_;/o {T(()(,)C)(t;,@,W) Zok(t; B, W) ok (1)

Zon(t; B, W) = #3001 B, W) /r (1 B, ),
B T1 (2) .
_ ™1 (t,ﬁ)_z . 3\ ®2 A
(8- [ { D)% (:8) }dmw].
(tﬁ)—rl (t/B)/l( )

acle)—£| [ E(( ; zoltio)® JaN2 ().
/r8

Zo(t; o) = rl (ta) /rd) (o),

(f) P{Y;(t) =1} > 0 for t € (0, 7]

3. Outline of Asymptotic Derivation

We derive the influence functions of terms of interest as summations of independent and
identical distributed (i.i.d.) terms plus a term which converges to zero in probability. The

terms are as follows:

(1) n2(8 — 6y)

7) n%{//iio(t; Si) — Nio(t; Si) }

(8) n2{Si(t; S;) — Sio(t; S;)}

~—~
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(11) 2 {Ros(t) — Aor(t)}

(12) n2 {8 (5 T) = A (6 T)}
(13) n#{Sa(t;T3) — Su (£ 1)}
(14) n2{fin (L) — pa(T3)}
(15) n2 (@ — a)

(16) n2{AG (1) — A§ (1)}

(17) n3{AC (1) — AC(1)}

(18) n2{Gi(t) ' = Gi(t) ™}
(19) n={5;(t) — 6i(1)}

(20) n2{Ay(L) — Ay(L)}

(21) n>{8(t) — 5()}

1

(22) n2(A(L) - A(L)

The parameter @y is consistently estimated by b\, the solution to UT(H) = 0, where

Z/ (Z4(t) — Z(t:0)}ANT (1),

where Z(t;0) = Ry (t;0)/R{(1:0), RY (t:0) = n™' S, Yi(t)E(t) Zi(t) ™ exp{0' Z,(1)}
for p=0,1,2,. The Breslow (1972) estimator of Al(¢) is given by

A§(t) =n~ S0, fy Ry (w;0)71dNT (u).

The parameter 3, is consistently estimated by Bl, the solution to U;(8) = 0, where

>N () / N Zu(T) — Z0(t: B)}AN (1), 0

with N;;(t) = N;(T; + t)I(C; > T;) denoting the counting process for post-treatment death;



Supplementary: Treatment Effect using Partly Conditional Regression

7 is chosen to satisfy P(C; > 7) > 0 and will often be set to the maximum follow-
up time; Z,(: 8,) = R{"(6:8,)/R"(1:8,), Ya(t) = Yi(Ti + )I(C; > T): R (1) =
n Y NE(D)Ya () Za (T;)%P exp{B1Z 1 (1;)}, for p =0, 1,2, where, for a vector z, 250 =
1, 2% = z, 2% = zz' and 7 satisfies P{Y;;(r;1) = 1} > 0 and will typically be set
to the maximum post-treatment follow-up time. The cumulative baseline hazard, Ag(t) is

consistently estimated by the Breslow (1972) estimator,
Aoi(t) = n_IZNT / R (u; B,) ™" dNi (u).
The following quantities are pertinent to Theorem 1:
S0 = VO {0+ 10 + [ 1860 - 30160 av w
L
w0 = [ s,
0

where

eh(t) = St {Nio()Z:(S:)' Q" (Bo)U jo(Bo) — exp{BLZ:i(t)}2j0(t)},
—Si(H{Ai (1) Z5, Q27 (B)U1(B)) — exp{B' Z:1}®;1 (1)},

with ©1(81), Qo(Bo), U (81), Ujo(By). ir (1) io(t), @y (t), ®jo(t), DY (1), (o), U (exo)

and J{(t) are defined in derivation provided in the next subsection.

4. Derivation of Asymptotic Properties

Several parts of the proof regarding the proportional hazards model are well-established

results. Therefore, they are simply listed without proof. For details, please refer to Andersen
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and Gill (1982), Fleming and Harrington (1991) and Andersen et al. (1993).

4.1 n2 (6 — 6y)
As n — 0o, we have

nz (6 — 6,) = Qr(0y)"'n~ %ZUT (80) + 0,(1),
=1
where

/ (Z:(t) — Z(t: 0)}dMT (£ 0),
dM; (1) = dN] (t) = Yi(t)dA (1),
This is now a well-established Cox model result, derived through Martingale theory.
12 n3(R5() - A7)
We induce the following decomposition:
n (A5 (1) - AT (1)}
= n2{A7(6:0) - A{(:60)} (2)
+n= {A7 (1:80) — AT (1)}, (3)
We can express the first term as
0 = n i [ R0~ By yant )

= hy(t;00)Q0(6,) ZUTHO

= h..(t;00)(0) 'n 2ZUT 6,) + 0,(1).

=1

where the third line follows from the convergence in probability of

Rot; 6) *12 [ w0 Zw ot w = - [ Zw ol se)

=Z [ {m—ia, 0 an? (o)

o)}
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where Z(t;0) = R(Tl)(t; 0)/Rg)) (t; ), to the quantities

R(t;0) = — / 2(u; 0)dAT (u),

and Qp(0) respectively, with Q7(0) defined in Regularity Condition (e).

With respect to the second term in the decomposition, we have,

n
1

® = 0> [ R o) M )

t
=iy [P0t ant! ) + 0,0,

where the second line follows from continuity and Condition (d). Combining results, for the

decomposition, we have

ne (AT () — AT (D)} =n72 Y @7 (£:60) + 0,(1),

1=1

where
t t
&7(t:9) = By (t;0)0:(8) U (6) + / PO (s 0) ' dMT (u) = / 197 (1 6),
0 0
and

d®7 (u; 0) = —7'(u; 0)dAL (u)Qr(8) U (0) + 1\ (u; 0) ' dMT (u).

13 n3 A7 (1) - AT (1))
We begin with another decomposition,

/\

nH(AT (1) — AT (1)}
{ [ @z it - [ o6z} 0 ()

+n5{/0 exp{6}Z(u) }dAG (u) —/OteXP{OSZi(U)}dAoT(U)}- (5)

m\»-A

-

Considering the first term,

n} / {exp{8 Zi(u)} — exp{0)Z:(u)}}dAS (u).
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By a Taylor series expansion,
n {exp{8 Zi(u)} — exp{0'Zi(w)}} = Z}(u) exp{0'Zi(u)}n’ (0 - 0) + (1)
= Zj(u) exp{0'Z;(u)} 21 (6 Z U7 (6) +o0,(1
Since AT(t) -2 AT(t) for ¢ € [0, 7], we obtain
/Z' YAA] (u TLZZUT +0,(1
By using Result 4.2, the second term can be written as
t
) = nt [ explonzin)a(3fn - A3 ()
= [ oozt S ant 00 + 0,0

=1

Combining results from the decomposition leads to
n2{AT(t) - AT(t)} = / {Z:(u) — Z(u; 00) VAT () Q7 (0) ' ZZUT (80)
+n 2 Z/ exp{0,Z:(u) i (u; 80) " dM] (u) + 0,(1)

= (Zf 00 QT 00 ZUT 00 +TL ZJ tg() +0p( ),

where we define

i(t; ) /{Z z(u; 0)YdAT (u) = /0th (u; 9),

J5(1:) = / exp{0'Z:(u)}r® (u; 0)~ dMT (u).
0
4.4 2 {WiL(0) = Wi(1)})

Consistent with the notation set in Section 1, when the subscript of quantities does not

involve the cross section notation £, t refers the time from study entry. If £ is present in the

subscript, then ¢ denotes the time from the kth cross section date.

Since W (1) = exp{AT(t + Si) — AT(Si)} and WA(t) = exp{AT (¢t + Six) — AT (Si)}, we
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then have

2 {Wi(t) — Wi(t)}
= 2 {exp{AT(t + Si) — AT(Si)} — exp{AT(t + Sip) — AT(Si)}}
= Wi [{AT(t + Si) — AT(t + Sa)} — {AT(Si) — AT (i) }] + 0p(1)

= tyn”> Z{D (t;00)Q2r(80) "' U (80) + J iy (£:80) } + 0,(1),

where we define

Din(1:0) = /S " Zuw) — Z(u: 0)V AT (u) = /0 dD;(u: 0),

ik

S+t
Tou(t:0)= [ expl0Ziw}rt? s 0) M (w)
S,

ik

4.5 n%(go — Bo)

It is straightforward to show that

%(/@ /30) (IBO n 2 ZzgkuZOk /607 )+ Op(l)?

i=1 k=1

where we define

Ui(B, W) = / Ok{ZiOk — Zow(t; B, W) IWin (t)d Mior(t),
0

dMor(t) = dNiow(t) — Yior () dNior ().
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The term n~3 o, Z,f:l EiU 018, ﬁ/\) can be decomposed as follows,

n K
n: Z ZgikUiOk(lga /W)

1=1 k=1

Y Y s | 2w =zt BT )b 0

i=1 k=1

_ oYY | i =zt 8 WO 1) (©)

i=1 k=1

-n zZZé’m/ (Zou(t; B, W) — Zou(t; B, W) YW (£)d Migr (1) (7)

i=1 k=1

iy e | 2 =zt BT - Wh M) (9

1=1 k=1
+0,(1).

Now, through the Functional Delta Method, combined with a lot of tedious algebra, (7)
converges in probability to 0.

Using Result 4.4

n K

DI |z =z g
XN 12613 t;00)Qr(00) UL (00)d Mg, (t) (9)

n

+nézz&k/ {Zior, — Zow(t; B, W) I W, (1)

=1 k=1

xnt Z T (4 00)d Mg (). (10)
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Switching the order of summation, we have

9 = 1Y | i =zt WO 03 80) M 1)

i=1 k=1

XQTO() HZZUTO()
= H,(t; 8, W) (00) nzZUTeo

= H\(t;8,W)Q(6) 'n2 Z UT(6,) + 0,(1),

=1

where the last equality follows from the convergence in probability of

By g —n '3 S gy | Z = 2t BV ) Dis )M,

i=1 k=1

to the quantity

H (8, W) {Zak / {Z ok — Zox(t; B. W) WA () Dl (t; 00)d Mok (t) |

Switching the order of summation and integration

T*Sik

(10) = n zZ/ [ 1;;5kexp{0 2} [ 2 w8, W)
xWig(t)dMM(t)] s (u; 80) " dM]T (u)
_ pd zn: / Gou, 7: B)r0 (s 60) 1 dMT (u)
- 22/ Golu, 7: B)r0 (s 80) dMT () + 0, (1),

where the last equality follows from the convergence in probability of

-~ —Sik
Go(ti,ta; B) =n"" Z Z Eik exp{0,Z( t1)} {ZiOk: — Zou(t; B, W)} Wi (t)dMior (1),
1=1 k=1
to the quantity
K to—Si
Go(ti,te; B) = E[Z Eix exp{0Zi(t1) } {Ziok — Zow(t; B, W)} Wi (£)d Mok (1) |
— t1—Sik

Combining the equations (6) (9) and (10), we obtain

n®(Bo = Bo) = Ro(Bo) 02 D _Uin(By) +0p(1),

13
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where

K Tok

Uin(By) = Z/ Eid{ Ziok — Zok(t; B, W) Wi (£)d Moy (t)
k=170
+H\(t; By, W) (0y) U (00)

+ / Golt, 7 Bo)rY (1 06) " dMT (1),
S,

ik

4.6 n2{Ag(t) — Ago(t)}

We define

n K

Aoo (t; By) = _122/ Ro w; Bo) T Ex Wit (u)d Nigy, (u)
k=

=1 1

for ¢t € (0, L], where R(()O) (u; By) = 25:1 R(()%)(u; Bo)-

We begin another decomposition,

nz {Aoo(t) — Aoo(t)}

= n2[Aoo{t; W, Ro(Bo, W)} — Roo{t W, Ro(By, W)}
+n 2 [Roo{t; W, Ro(By, W)} — Koo {t: W, Ro(By, W)}
+n2 [Roo{t; W, Ro(By, W)} — Aoo{t; W, Ro(Bo, W)}

+n2 [Roo{t; W, Ro(Bo, W)} — Moo (1)]

By using Result 4.5, we can express the first term as

1) = 030 [ el BB T B 0, T TR 0N

i=1 k=1

=~ [ 2y B0 (B0 0 S Ua(8) + o)

= hi(t: Bo, W)(By) 2 Z Uio(Bo) + 0,(1),
=1

(11)
(12)
(13)

(14)
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where we define
Zo(t; B, W) = RV (158, W) /R (1 B, W).
K
D8, W)= Ry (t:8,W),
k=1
Zo(t; B.W) = v (18, W) /ri (1 B,W).
K
v (8. W) =Y Bt B.W),
k=1
t
o(t:8.W) = — [ 24(us B,W)dAun(u).
0
By using Result 4.4, we have
. n K t
(12) = n‘?ZZc‘fm/{Wii‘(u)—Wii‘(U)}Ré (u; By, W)™ d Ny (1)
i=1 k=1
=SS [ R By ) W0 D 0200201
i=1 k=1
xn? Z U7 (6)dNigr, () (15)
=1
+n- Zzgzk/ (u; By, W) W)
i=1 k=1
xn 2 Z T fia (03 60) ANk (1) + 0,(1). (16)
=1

Switching the order of summation, we have

(15) = By(t; B,)r(00) ZUT (6,)
= By(t; Bo)Qr(00)” ZUz (60) + 0p(1),
=1

where the last equality follows from the convergence in probability of

o(t: B) = n_lzz&k / (u; B W)~ WA () Dl (11 8)d N (1)

=1 k=1

to the quantity

t
Bo(t; B) :E[Sik / O (u; B, W) WA (w) DY, (u; 8)dNor (u) |
0

15
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Switching the order of summation and integration

(16) = 22/ Rolu, t; B,)r® (us )~ dMT ()

m\»-a

= n

Z / Kol Bt (u 86)~dM] (u) + 0,(1),

where the last equality follows from the convergence in probability of

R n K t2—Sik
Kot t;8) =07 ) " exp{0'Zi(t1)} / ExWit(w) R (u; B, W) ™ dNox (u),
t1—S,

i=1 k=1 ik
to the quantity

t2—Si
Kolt, 12 B) = E | expl0),Z:(t1)} € / WAy (us B, W)~ dNigy () |

t1—Sik

Combining equations (15) and (16), we obtain

(12) = Bj(t; B,)r(8,) '3 ZUT 6,)

+nTe Z/ Ko(u,t; ,Bo)rgf])(u; 00) ' dM] (u) + 0,(1).
1=1 70

We can write

n K

18) =5 30> e [ WARY 80, TT) " — R (0 0 ) i),
0

i=1 k=1
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Now, through the Functional Delta Method,

2 {RQ (us B,W) ™" = RE (u; B,W) ™'}
n K
= —R{ (s B.W) 207 0" Eexp{B Zuoint {Wik(u) — Wik(u)}

i=1 k=1
n K
= —R(uw; B, W) 20! Z Z Eix exp{B' Zios Wi (u)n~2
i=1 k=1
X Z{D w)Qr(60) " U (8o) + Ty (u)}
= R B,W)2F, (u; B)Qr(8,)” ZUTOO
(0) -2,,-1 s (0) 1T
+Ry (u; B, W)™ “n"2 Z/ Qo(s,u; 8)ry’ (s, 80) dM; (s)

= R (u; B, W)"2F) (u; B)Q(8y)” nZZUl (6o)

) u+S;k
+RY (u; B, W) 2"z Z/ Qols, u; B0)ri (s, 85) 'dM] (s) + 0,(1),

where the last line follows from the convergence in probability of

3

]~

Fo(u; B) = —n"" Eir exp{B' Ziow Wi (u) Dy, (u; ),

=1 1

K
S Ewexp{@Z,(t)} P Zowil(t),

1 k=1

M:ﬁ

Q(tht% =—n!

[

to the quantities

Fo(u; 8) = —E {&'k exp{B' Zior }Wip(u) D}y (u; 9)] :

Qo(t1,t2;0) = —E{&'k eXP{OIZi(tl)}eﬂ’ZiO’“W{?(b)}-
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Substituting this result into the expansion of (13), we obtain

oYY e / W) R (u; By W) 2 (13 B,) R (6)'n

i=1 k=1

X Z UT(00)dNiop(u)

=1

AL u+Sik
+n- Zzgzk/ szllg U 607 27122/(; Q0(87u; 00)
=1

i=1 k=1

><7“T (s 0,) 1dMl (s)dN;or(u).

Switching the order of summation for the first term, and the order of summation and

integration in the second term, we have

(13) = Eo(t; B,)(680) ZUT (6)
Iy / Pylu, 15 B)riY (u, 85) M (u)
=1
= Eo(t; 8,)r(60)” ZUT 6,)

+n_% Z/ PO(U7 t7 IBO)ng) (U, 00)_1dMlT(u) + Op(l)’
1=1 70

where the last line follows from the convergence in probability of

* WA (u)Fo(u; B)
t — —1 gz zk 0 dNZ ,
we 2; k/ Ty
n K to—Sik WA( )Qo(tl u; 0)
Py(ty, ts: B) = N> s ik ’ dNior (u),
(12 =n Z1k1k/ (u,BW) Ok(u)

to the quantities

b Sik WA ti,u; 0
Py(tr,t;8) = E [&'k/ ““(E) )QO( Lz )dNiOk(u):| :
t—Sx 1y (u; B, W)?
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We can also express

n K WA
(14) = n 2 &k/ i dMior(u),
=1 kz:; 0 R ) ’LL /607 )
. n K t W{g
= n 2 Zzglk/ 0 ! dMZ()k(u) +0p(1),
i=1 k=1 0 7" (u; By, W

Combining the results of equations (11) (12) (13) and (14), we obtain

n2{Aoo(t) — Aoo(t)}

= hl (t ,30, ZUZO /60
+[By(t; Bo) + Ey(t; Bo)|r(0) 072 > UT(8o)
=1

noopt
e Z/ [Ko(u, t; By) + Po(u, t; /30)]7"59)(1“ 60) ™ dM;' (u)

+n~ 2226@/ 1o (us By, W)™ Wik (u)d Mgy (u)

i=1 k=1

- n—%; /0 db0(11)

where

Dio(t) = hy(t; Bo, W) (By)Uio(By)
+[Bj(t; By) + Ei(t; By) 12 (80) U (60)

t
+ / Ko, t; By) + Polu, t; Bo)r (us 80) dMY ()
0

+Zezk / (s By, W)™ Wi (w)d Mo (w)

= /0 : Ay (w).

19
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4.7 n2{Aio(t; S;) — Aio(t; S;)}

We begin with another decomposition

+n7 {Nio(t, Bo; Si) — A ()}

Consider the first term and using Result 4.5

(17) = Roo(t)n? {exp{ByZi(S)} — exp{ByZ:(5:)}}
= Noo(t) exp{BYZi(S:)} Z:(Si)'n* (B — Bo) + 0,(1)
= Noolt) exp{ByZi(S)}Z:(S)' Q5" (Bo)n 2 D Un(Bo) + 0p(1):

By using Result 4.6, the second term can be written as

(18) = exp{ByZ;(Si)}In? {Aoo(t) — Aoo(t)}

= exp{ﬁi) }n ZZ(PJO

Combining equations (17) and (18), we obtain

lv\»—\

{/A\ (t; Si) — Nio(t; S5) }

= Aa(t;S)Z:(S)' Q% (Bo)n™2 Y Ujo(By) + exp{BiZ;

j=1

48 n%{gz{)(t; Sl) — Sig(t; Sz)}

Using the Functional Delta Method and Result 4.7, we have

nz{S(t; S;) — Sio(t; Si)} = —Sio(t; Si)n2 {Aio(t; ;)

M»—A

+ 0,(1).

}n 2 Z(I)jo

+0p
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4.9 n%{ﬁio(si) — 1i0(Si)}

Define p;0(S;) = fOL Sio(u; S;)du. By continuity and Results 4.7 and 4.8, we have

n? {fio(Si) — pio(S3)}

- %/ (8(t: 5) — St S:) e

_ /0 Siolt: Syt Rt S5) — Auo(t: i) Vit + 0,(1)

- /0 ' Sio(t; S:) Ao (£; si)zi(si)'ngl(ﬁo)niino(ﬂo)dt (19)
_ /OL Sio(t; S;) exp{B)Z:(Si)}n > zi;/ot d®jo(u)dt + 0,(1). (20)

For the second term, switching the order of integration and summation

(20) = —n QZ / / Sio(t: S5) exp{ By Z:(S:) }tdd 0 (u)

- Z [ esotgizsi {mwts) [ Sat Sy avote

Combining equations (19) and (20), we have

0 {Bio(S:) — o (S0} = / Sin(t: 5 A(t: 5) Z4(5:)' g (Bo)n ZUjowo)dt
—n"z Z/ exp{ByZ; }{Mzo / Sio(u; S)du} d®;o(1)

= n éE:S%O(Si)-

j=1
where
L
SOijO(Si) = Zi(Si)lQo_l(Bo)Ujo(ﬂo)/ Sio(t;si)AiO(t;Si)dt
L ‘ t
—exp(B,2.(5)} | {ui()(sz-) - [ Sutu s»du}d@jo(t).
4.10 n2 (B, — By)

It is straightforward to show that

n

n2 (B, — B) = Q7 (Bn 2 Y Ua(By) +0,(1),

=1

21
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where

/ (Zo — 20(t: B) M (1),

dMi (t) = dNyy (t) — Y (1) dAa (2).

This is now a well-established Cox model result, derived through Martingale theory.

411 n2{Aoy(t) — Ao ()}

We begin with another decomposition,

2 {Nop (t) — Ao (1)}
= n2[An(tB) — Aou(t: By)] (21)

2[R (1 B1) — Ao (1)) (22)
Consider the first term,
1) = i / RO B - RO (s 8)7 VN ()
= hy(t; B)u(B,) 72 ZUH
= K (t;8,)%(B nZZUﬂ ) + 0,(1),
where the third line follows from the convergence in probability of
= t
By 8,) = / 2 8, >dAm< )
& (B)) = ! Z | { /3 - 3(:8) a0,
» M1

to the quantities
t
(6 8) == | (i B)dAan(w)
0

and €;(8,) respectively, with €2;(8,) defined in Regularity Condition (e).
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With respect to the second term in the decomposition, we have,

(22) = Z/ dM“
s [ i, dMﬂ -

where the second line follows from continuity and Condition (d). Combining equations (21)

and (22), for the decomposition, we have

n2{Aor(t) — Aoy (1)}

— B(58)(8) n 5ZUH

+n~ zn:/ D) M (w)
- n—éiz:; / 0%, (1)

0

where

412 ns{Aq (6 T;) — An (£ T))}

We begin with another decomposition

—

n {N (6 T3) — A (6T0)}

lv

= n#{Ma(t, B 1) — Ka(t. By To)}
+n2 K (4, B o) — Au(t) ).
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Considering the first term, by a Taylor series expansion and Result 4.10, and Km(t) SN

Ap1(t) for t € [0, 7], we obtain
(23) = Ao()n{exp{BZa} — exp{B)Zn}}
= Ao (1) exp{B.Zi} Zin? (B, — B1) + 0,(1)

= Ao(t)exp{B1Zi}Z;; (B ZUjl ) +0p(1).
By using Result 4.11, the second term can be written as
(24) = exp{B)Zi}n> {Rou(t) — Aoa(1)}
— exp{B Zi}n} Z% +0,(1).

Combining results from the decomposition leads to,

2 {An (6 T) - Aa (6 T0))

lv\»—‘

n

= Az’l(tQTi)Zglﬂl(ﬁﬁilni%ZU 1(B1) +exp{B1Zu}n" ZZ(I)Jl )+ 0p(1).

j=1 j=1
413 n2{Sa(t: T)) — Su(t: Ty}
Using the Functional Delta Method

{§ (t:1;) — Su(t;13) } = _Sil(tTi)n%{Kﬂ(t;Ti) — A (t;T5) } + 0p(1).

lv\b—l

4.14 n2 {7in (T;) — par (T)}
Define p;,(1;) = fOL Si1(u; T;)du. By continuity and Results 4.12 and 4.13,

0t (i (T3) — i ()} = / (8(t:T) — Su (T Yot

= / Szl t T)All(t T)Z“Ql n 2 ZUJI (25)

L
- / St 1) exp{ B Za 3 / 4. (u) . (26)
0 =10
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For the second term, switching the order of integration and summation
L Lol
(26) = —n} Z / / Sn(£:T) exp{ B Zur Yt ()
; 0 U

R Z/ exp{ B, u}{lm /Sﬂ ” T)du}dcbﬂ()

Combining equations (25) and (26), we obtain
1 L 1 "
n2{in(T;) — pa (1)} = / Sin(t; T A (6 T3) Z5,Q1(B,) 'n 2 Z U;i(By)dt
0 =
—n? Z/ exp{B1Z} {/,1/11 / St (u; T)du}dfbﬂ( )
= n2 Z eij (1
7j=1

where

L
ein(T;) = Z;191(,31)1Uj1(ﬂ1)/ Sin (6 T) Ny (85 T5)dt

~explf! 11}/ {uﬂ /Sﬂ ” T)du} 4% (8).

4.15 nz (& — ay)

It is straightforward to show that

n

n (& — o) = Qelag) 072 Y UL (o) +0,(1),

i=1

where we define

U (a / {Z:(0) — Zc(t; @) }AME (t; @),

dM;,(t) = ANy (1) — Vi ()dAu(t).

This is now a well-established Cox model result, derived through Martingale theory.
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416 nz{AS(t) — AS(t)}

We start the following decomposition

= n3{RS(ta) — AS( o)} (27)
+n3 {AS (# a0) — A5 (1)), (28)
We can express the first term as
1) = oS [ 1A wa) !~ A anEw
=1

- h o(t; ) (ag) ™ 'n ZZUC )

= R (t0g)Qc(ag) 'ne Z US () + 0,(1),

=1

where the third line follows from the convergence in probability of

n t t
ho(tio) =—n"Y / RY (u: )" Ze(u; ) dNE (u) = — / Zo(u; )dAS (u; @),
i=1 70 0

noopT (2) (4.
~ t
QC(a) :7’7,_12/ {w_zcgaﬂl)@g}d]vzc(t)a
i1 /0 LRe (G a)
to the quantities
t
he(t; @) = —/ zo(u; a)dA§ (u),
0
and Q¢ () respectively, with Q¢ (a) defined in Regularity Condition (e).

With respect to the second term in the decomposition, we have
nooa
(28) = n"% Z/ R((?) (u; o)~ dME (u)

= n72 Z/ (u; ) THdME (u) + 0,(1),

where the second line follows from continuity and Condition (d). Combining equations (27)

and (28), for the decomposition, we have

n

n2 {A§(1) = AF ()} =n 2 Bt ) + 0,(1),

=1
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where
t t
BC (1 @) = Bo(t: @) Qe (ag) U () + / rO (s ag) dME () = / 45 (u; o),
0 0
and

49 (u; o) = —Z¢(u; @) dAS (1) Qe (a) U (o) + r (u; o) 'dME (u).

417 n2 {AC(1) — AS(1)}

We start with another decomposition,

{
- o {Rfa - B (20)
+n? {T\f(t; o) — Af(t)}. (30)
Considering the first term,

(29) = Koc(t)n%{exp{alzi(())} —exp{ayZ;(0)}}.

By a Taylor series expansion,

n? {exp{& Zi(0)} — exp{aZi(0)}} = Z}(0) exp{ayZi(0)}n? (& — ) + 0,(1)

= Z,(0) exp{y Z;(0)}Qc () ' 2 D U (o) + 0,(1).
j=1
As AS () 2 AS(t) for ¢ € [0,7], we obtain

n

(20) = Z(0)AL (1) exp{at Z:(0)}Rclao) ™ Y0 US () + 0y (1),

By using Result 4.16, the second term can be written as

(30) = exp{apZ;(0)}nz{AT(t) — AT (t)}

= exp{a)Z;(0)}n"2 Y dOY (u; arg) + 0,(1).

j=1
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Combining result leads to

n

AL A0} = [ {210~ Zeusen) VA W) e(ao) " E YU (o)

i=1

+n"2 Z/ exp{a,Z; }rC (u; eg)™ 1deC(u) + 0,(1)

= DZ-C,( Qe ()™ 'n ZZUC ag) +n” ZZ t) +0,(1

where we define

D0 = [0 zetman)ant ) = [ apf ()

0

JE (1) = / exp{ 0y Z:(0) 1 (s x0) M ().

418 nz{G;(t)" — G;(1)"'}

Since G;(1) ! = €™ and G;(t) ' = exp{AC(¢)}, we then have

n#{Gi(t) "~ G(t) Y} = nE{exp{AC(1)} — exp{AL(1)}}
= Gi(t) ' {AC(1) — AT ()} + 0,(1)

= Gi(t)y"'n"2 Z{Dicl (1) () ' US (@) + IS (1)} + 0,(1)

= n ;ngm +Op

where

05 (t) = Gi(1) " {DY ()R (o) U (exo) + 5 (1)}

419 n2{5:(t) — &(1)}

From Results 4.8 and 4.13, we have

lv\»—l

2 {Sio(t; o) = Suo(t: o)} = =Suo(t T2 {Rio (5 T) = Mo(15T0)} + 0,(1),

02 {Su (6 T) = Su(t: T} = =Su(t: T)n? {Ra (5 T) = Aa (5T} + 0,(1),

lv\»—l
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then using Results 4.7 and 4.12, we obtain
n2{0i(t) — ai(1)}
= 03 {8a(t:T) = Su (BT} — 02 {So(t:T) — St T5)} + 0p(1)
= So(t; T {Ao (6 1) — At T} = Sa(6Tom (A (5T3) — A (6 T)} + 0p(1)

= n ZZQOU +0p

where

wi(t) = S{Mio()Zi(S)' Q" (Be)U jo(By) — exp{ByZ:(t)}2j0(1)}
—Sa () {An () Z3H QN (B)U 1 (By) — exp{B1Zin } 0, (1) }.

4.20 n2{A;(L) — Ay(L)}

Since A fo u)du and A( fo u)du, using Result 4.19, we have

/{5 u) }du,
= 5/ ngw u)du + 0,(1),

where switch the integration and summation sign, we obtain

M»—

n2{A(L) = ML)} =

l\J\»—l

n2{A(L) - =n zz% )+ 0,(1

where

4.21 n3{8(t) — §(¢)}

First define

Vir) = n_IZ/OT@Z-(u)_IdNiT(u),

V(r) = P(T; <t,T, <Dy,
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and
oy ey [T (dNE (@)
V(t) — E|\|—=—=| =P <t,T; < D;) =V(1).
0 Gi(t)
Then by Slutsky’s Theorem, we can write
5(t) = ! —12/ (t;u)Gi(w) T AN (1) + 0,(1).

Since we define 6(¢) = E[6(t; T, Z(T))], 0(t) — 6(t) can then be decomposed as follows:

n2{8(t) — (1)}
;[z;;fmt; <u>—1de<u>_2?zlfJ@- Gy(u) " dN] (u >]

nV T/)\ (T)
Py i Jy 6t u)Gy(u) AN (u) B S fo 6t u)Gy(u) AN (u)
o [ V() V() }
ot [k MWL O 0] 40,0
Then we can write
nz{3(t) — o(t)}
() 'n 12/ 0t (5t ) — 83(t: )} Ga(w) AN () (31)
)it Z / 5t )t {Gi(u) ™! — Gi(u)~}ANT () (32)
O [0 - 06 AN ) o) (39

By Result 4.19 and Slutsky Theorem, we have the following decomposition

(31) = néV(T)lnlzn:/ Z% W) dNT () + 0,(1)
- Z” Z/ 25 (0Gi(u) ANT (u) + 0,(1)
= ZVu +0,(1
= ZVu +0,(1
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where

() = -12 / o5 ()G () dNT (1),
v = £ / gozju)GZ(u)ldN?(u)].

By Result 4.18 we have
(32) = n_%V(T)_ln_1 2”: /OT 8;(t; u) 2”: gog(u)dNZT(u) + 0,(1)
i=1 Jj=1
= () Zn Z / 500 ()N (1) + 0y (1)
= n ZVQJ + 0,(1
= n- Z‘/ZJ +0,(1

where
Tsl) = 0 'Y [ dtueG Ny w)
i=1 /0

i = B| [ st o)

0

Combining all the results above, we can have

n2{o(t) — &(t)}

= nézn:V( ) {Vlj + V3,(1) /{6 (t;u) — (1) }Gj(u)~ 1cl]\ij(u)}+01,,(1)

j=1
n

j=1

where
60 = Vi {10+ 10+ [ 160 - 5016, @) T}

4.22 3 {A(L) — A(L)}

Finally, since A(L) = fOL 5(tydt and A(L) = [ 6(t)dt, we can have

0

n+{A(L) - Zm +0y(1
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= [ g

where

5. Simplified variance estimator
Simplified variance estimators for 6(t) and A(L) are given by n=2 3" | £ ()2 and n=2 37| 772

respectively, where

) = Z | 506 ant ) (34)
/ 5t ) — 8(0)} G, () dNT (1),
- / g (35)
P = 'y | G ranto,

with

e (1) = S®){Ai(t)Z:(S) Q" (Bo)Ujo(Bo) — exp{BrZi(t)} 5o (t)}

—Su(O{An () Z, Q7 (B)U 1 (B)) — exp{B1 Z: } ¥} (t )}
Pip(t) = —/OtEB(U;&W)dAoo( ) (Bo)U i0(By) +Z/ Sir Wfﬂ dM;Ok( ).
Pilt) = _/Ot?l(w B1)dNoy (W) (B)Un(By) + F NI (r)dMi (u )7

0 T§0)(U5 B1)
dMior(t) = dNor(t) — Yiow(t)dAi (1),

where Zo(¢; B, W), r (t Bo, W), Z1(t; B,) and r§°) (t; B,) are the limiting values of Z,(t; 8, W),

R (t; By, W), Z,(1; B,) and RV(t; B,), respectively.
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6. Simulation results under model misspecification

In Tables 1 and 2 we evaluate the degree of bias introduced by mis-specifying the hazard
model for either pre-transplant death (3rd last column), post-transplant death (2nd last
column) or transplant (last column). In each case, a Bernoulli(0.5) is added to the data
generator, but not the fitted models; the unobserved covariate has either a strong (Table )
or moderate (Table 1) impact on the hazard process affected. Results are biased, although
not considerably. The degree of bias seems to be impacted most through misspecification of

the transplant hazard model.
[Table 1 about here.]

[Table 2 about here.]

7. Additional analysis of liver transplant data

[Table 3 about here.]

[Table 4 about here.]
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Figure 1 present observed MELD trajectories by time since wait listing for 20 randomly

selected patients with initial MELD (at listing) of 15.

[Figure 1 about here.]

Figure 2 presents MELD trajectories for 8 randomly selected patients from those from

Figure 1 (initial MELD of 15).

[Figure 2 about here.]

[Figure 3 about here.]

The baseline hazard for death in the absence of transplantation is displayed in Figure
4. Note that the time axis is ¢ time since transplantation (in days), such that the plot is
interpreted as being averaged over the transplanted patients, and depicting the hazard to
which their mortality experience would have been subject to had liver transplantation not

existed as a treatment option.

[Figure 4 about here.]

The baseline transplant hazard is presented in Figure 5.

[Figure 5 about here.]

Average cumulative incidence of transplant is shown in Figure 6. The subdistribution seems

to plateau at approximately 3 years post-wait-listing.

[Figure 6 about here.]

The post-transplant death hazard is presented in Figure 7.

[Figure 7 about here.]
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MELD

Figure 1. XX Spaghetti plot of MELD various randomly selected patients with MELD=15
at wait-listing (s = 0). The time axis is s, time since wait listing (in days).
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Figure 2. MELD trajectories for various randomly selected patients with MELD=15 at
wait listing. The time axis is s, time since wait listing (in days).
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Figure 4. Smoothed estimator of Ao (%), the baseline hazard for death in the absence of
transplantation, given by (12) in main manuscript; i.e., smooth increments of Ay (t; By),
given by (19) in the main manuscript. The time axis is ¢, time since cross-section (in days).
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Figure 5. Smoothed estimator of \] (¢), given by (14) in the main manuscript: the baseline
transplant hazard. The time axis is time since wait listing (in days).
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Figure 6. Average cumulative incidence of liver transplantation, given by (22) of the main
manuscript. The time axis represents time since wait listing (in days).

41



42 Biometrics, January 2012

0.00018 4
0.00017 4
0.00016
0.00015
0.00014 4
0.00013 4
0.00012 4
0.00011 4
0.00010 4
0.00009 4
0.00008
0.00007 4
0.00006
0.00005
0.00004
0.00003
0.00002 4
0.00001 4
0.00000 4

Hazard Function

T T T T T T T T T T T T T T T T T T
100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800

Time (bondwidth= 700.00)

Figure 7. Smoothed estimator of Agi(¢) from (11) in the main manuscript: the post-
transplant death hazard. The time axis is time since liver transplant (in days)
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Table 1
Raw Bias (year) Comparison for Moderate Mis-specified Models. Bar: The coefficient of the extra dichotomous
variables in pre-/post-treatment/transplant model. Besides the two variables described in the manuscript, there is
one extra dichotomous variable with coefficient Bar, which we mis-specified in the modeling process.
By = —0.70,—0.70,—0.70 in pre, post and transplant model respectively.

E[NE(r)] E[NF(r)] Case Term Pre  Post Tran

10% 10% A>0 A 0025 -0.004 0.050
§(1) 0.011 -0.001 0.018
§(2)  0.010 -0.001 0.021
§(3)  0.010 0.001 0.019

o~~~

15% 15% A>0 A 0016 0.029 0.009
§(1)  0.007 0.007 0.009
§(2)  0.008 0.012 0.001
5(3)  0.007 0.016 -0.008
20% 20% A>0 A 0016 -0.008 0.013
§(1)  0.003 -0.006 0.001
5(2)  0.008 -0.002 0.007
§(3)  0.011 -0.001 0.003
10% 0% A=0 A 0023 003 0.029
§(1)  0.004 0.008 0.013
5(2) 0011 0.013 0.011
§(3)  0.015 0.018 0.012
15% 15% A=0 A -0.003 0.022 0.033
§(1)  0.006 0.006 0.012
§(2) -0.001 0.011 0.014
§(3)  -0.006 0.019 0.011
20% 20% A=0 A 0016 -0.027 0.014
(1)  0.008 -0.006 0.007

[\]
~—

0.006 -0.013 0.003
0.005 -0.007 0.005

Sy O O
N N
w
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Table 2
Raw Bias (year) Comparison for Mild Mis-specified Models. Bar: The coefficient of the extra dichotomous variables
in pre-/post-treatment/transplant model. Besides the two variables described in the manuscript, there is one extra
dichotomous variable with coefficient B, which we mis-specified in the modeling process. Bu = —0.32, —0.20, —0.32
in pre, post and transplant model respectively.

E[NE(r)] E[NF(r)] Case Term Pre  Post Tran

10% 10% A>0 A 0017 -0.068 0.021
§(1)  0.010 -0.006 -0.001
§(2)  0.004 0.001 0.017
5(3)  0.001 -0.004 0.017

o~~~

15% 15% A>0 A 0.008 0029 -0.004
§(1)  0.004 0.008 -0.001
§(2)  0.005 0.012 0.001
§(3)  -0.001 0.014 -0.001
20% 20% A>0 A 0001 0012 0.030
§(1)  0.004 0.008 0.012
§(2)  0.001 0.004 0.007
5(3)  -0.001 0.004 0.012
10% 10% A=0 A 0036 0.008 0.019
5(1)  0.014 0.001 0.007
5(2)  0.014 0.004 0.012
5(3)  0.005 0.006 0.009
15% 15% A=0 A 0012 0005 0.004
§(1)  0.004 -0.001 0.003
§(2)  0.003 -0.001 -0.004
§(3)  0.008 0.009 0.006
20% 20% A=0 A 0011 0020 0.066
§(1)  0.003 0.001 0.007
§(2)  0.010 0.011 0.010
§(3)  0.001 0.011 0.019
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Table 3
Mean and Total Patient Years (Out of 5 Years) Saved by Observed Transplants

MELD A(5) Transplants Total Years Saved

68 0.1 2,874 316
9-11  0.29 3,687 1,069
1214 0.59 4,000 2,360
15-17  1.00 5,028 5,028
1819  1.06 2,985 3,164
20-22  1.23 3,633 1,168
2325  1.07 3,303 3,534
26-29  0.99 2,748 2,720
30-35  1.45 3,067 4,447
36-40  2.38 3,214 7,649

Total 34,539 34,757
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Table 4
Results based on Sequential Stratification. The method is described in Schaubel et al. (2009), and the analysis
followed closely the description in Sharma et al. (2015). Results are based on a stratified proportional hazards model
with MELD-category-specific liver transplant effects, indexed by the parameter @g.

j MELD 6, SE p  exp{f;}
6-8 071 0.15 <10* 2.04

—_

2 911 -0.34 0.12 0.004 0.71
3 12-14 -0.82 0.08 <101 0.44
4 15-17 -1.22 0.06 <107 0.30
5 1819 -1.40 0.07 <10™ 0.25
6 20-29 -1.50 0.04 <10 0.22
7 30-39 -1.88 0.06 < 107* 0.15

8 40 -2.05 0.07 <101 0.13




