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ABSTRACT

We study acoustic waveguides with varying cross sections and slowly bending axes.
In particular, we consider waveguides with rough walls and cross sectional width that
varies slowly. Roughness means fast and small fluctuations that occur on the scale
of the wavelength. The roughness in the walls is unknown in applications and so we
model it as a random process to study the propagation of uncertainty in the walls to
uncertainty in the wavefield. The slow variations occur on a scale much larger than
the wavelength and cause jumps in the number of propagating modes supported by
the guide. Here we present a mathematical analysis from first principles of waves in
waveguides with an arbitrary but finite number of turning points.

We use our analysis to quantify randomization of the wavefield and transport
of power in the guide. This is accomplished by obtaining a statistical description
of coupled complex waveguide mode amplitudes in terms of the statistics of the
fluctuations in the walls. Randomization is captured by decay of the means of the
mode amplitudes with distance from the source. Transport of power is studied
through differential equations for the second moments of the mode amplitudes. We
show using these equations that the random fluctuations in the wall may increase or

decrease net transmitted power depending upon the source excitation.

xi



CHAPTER I

Introduction

A waveguide is a structure that directs the propagation of waves along a single
direction. The waveguide effect may be due to reflecting boundaries as in [4] or
variable wavespeed along an axis transverse to the direction of propagation as in [34].
Waveguides of both varieties appear across a diverse set of applications including
underwater acoustics [51], electromagnetics [17, 46|, optics [47, 37], and quantum
waveguides [23]. The classic problem where the waveguide has reflecting straight
walls and known wavespeed which varies only in the cross section of the waveguide
is well-known. However, most applications do not fit this classical setting. Many
waveguides have features such as varying wavespeed, varying cross section, and bends
in the axis of the waveguide. We give in this dissertation a mathematical treatment
of sound wave propagation in a waveguide with varying cross section, bends, and

rough walls.

1.1 Review of Previous Work

We will refer to the classical setting where the waveguide has straight walls and
is filled with a homogeneous medium as an ideal waveguide. One may solve the
wave equation in an ideal waveguide by using separation of variables. This allows

one to represent the wave field inside the waveguide as a superposition of uncoupled



waveguide modes. These modes are either propagating or evanescent, have constant
amplitude, and do not interact with one another.

If one allows for variation in the wavespeed due to filling the waveguide with
a heterogeneous material, or variations in the geometry of the waveguide then the
waveguide modes become coupled. There is a significant literature on solving such
problems using numerical methods. These methods include multimodal techniques
which rely on integrating Riccati equations for admittance or impedance matrices
[42, 5, 24, 25, 41]. There are also finite difference methods as in [33] and numerous
other approaches in the applied literature [15, 9, 18, 38, 16, 32, 8]. However, in
the case where the mode coupling is induced by small fluctuations in wavespeed or
roughness in the walls of the waveguide one can more precisely analyze the effects of
the coupling using asymptotic methods.

Small-scale fluctuations in wavespeed or roughness in the walls of the waveguide
are often unknowable in applications and introduce uncertainty. It then seems nat-
ural to model these features using randomness. One can describe the fluctuations in
the wave speed or roughness in the walls using a random process. This allows for
quantifying the cumulative scattering effects through determining how uncertainty in
the model of the waveguide transfers to uncertainty in the wave field. This amounts
to a statistical description of the pressure field in terms of the statistics of the driving
random process in the model. Results of this sort were obtained for waveguides filled
with random media both for sound [34, 20, 27, 28, 29] and electromagnetic waves
[37, 3]. Further, waveguides with rough walls were studied in [4, 30, 10]. These
types of results can then be used to inform imaging methods in the waveguide as in
(12, 10, 14, 1].

If the walls of the waveguide slowly vary, then as is seen in [2, 50] one can use a



modal decomposition and asymptotic methods to approximate the wavefield in the
waveguide. Here propagating and evanescent mode amplitudes vary along the axis
of the waveguide due to the influence of the variable geometry but are approximately
independent of one another. In this setting, one must also account for turning points
where the number of propagating modes supported by the waveguide jumps. This
jump corresponds to a mode transitioning from propagating to evanescent and vice-
versa as studied in [6]. Further, energy conservation implies that propagating modes
will be reflected at turning points.

Combining the asymptotic methods used to study slowly varying waveguides with
those used to study waveguides with rough walls is nontrivial due to the influence
of the random fluctuations in the vicinity of the turning point. Recently, the case of
weak random fluctuations in walls that affect only the turning modes was studied in
[11]. Here we will consider the case of stronger random fluctuations which couple all

of the waveguide modes.

1.2 Our Problem

We study time-harmonic sound waves in a 2-D waveguide which is slowly bending
and has variations in its cross section. More precisely, we deal with a scalar Helmholtz
equation at fixed frequency. The waveguide exhibits two types of variations in cross
section. There are slow variations where slow means on a scale much larger than the
wavelength. Additionally, there are fast fluctuations where fast means occurring on
a scale comparable to the wavelength. The fast fluctuations correspond to roughness
in the walls and are modeled as random as in [4, 30, 10]. Our goal is to quantify

randomization of the wavefield and transport of power in the waveguide.



1.3 Outline

We address some preliminary material related to waveguides in chapter II. We
begin with a review of wave propagation in an ideal waveguide and provide comments
on the analysis of a waveguide with slowly varying cross section and bends. This
chapter introduces the mode decomposition that we then generalize to the waveguide
that we study when the modes become coupled.

We formulate our problem in chapter III and show how we can state it in an
asymptotic framework. This involves the decomposition of the wavefield into for-
ward /backward propagating modes and evanescent modes. The coefficients in the
mode decomposition are random fields which satisfy a coupled system of equations
driven by the random fluctuations of the boundary. We then use a technical con-
struction to solve for the evanescent modes in terms of the propagating modes. This
gives us a finite dimensional system for the propagating mode amplitudes and the
tool for analyzing this system in an asymptotic setting is a diffusion limit theorem.

We then use our characterization of the limit mode amplitudes in chapter III to
study the transport and reflection of power in the waveguide in chapter IV. We can
use the infinitesimal generators of the limit mode amplitudes and the Kolmogorov
backward equation to compute moments of the limit mode amplitudes. These mo-
ments allow us to quantify the effects of cumulative scattering at the random walls.
We use these results to examine the power transmitted through the waveguide to the
left of the source as well as the power going to the right of the source which is due
both to the source excitation and reflection at turning points. We then demonstrate
quantitatively how interactions with the random walls affect the net power trans-

mitted through the waveguide with a few numerical illustrations at the end of the



chapter.

In the remainder of this dissertation we address the mathematical tools that en-
abled our analysis in chapters III and IV. In chapter V we state and provide a proof
of the diffusion limit theorem used in chapter III. The theorem is an extension of
similar results found in [43, 26]. The proof of the theorem follows the format of the
perturbed test function method described in [35, 26]. Chapter VI gives the analy-
sis of the evanescent modes needed to close the system for the propagating modes
in chapter III. Finally, we include as appendices material from stochastic analysis
and the detailed computation of the infinitesimal generator used to calculate the

moments of the mode amplitudes.



CHAPTER II

Preliminaries

Here we summarize the basic facts about wave propagation in waveguides. These
form the foundation for our study of wave propagation in random waveguides with

turning points in chapters III and IV.

2.1 The Ideal Waveguide

We begin with a review of sound wave propagation in a two-dimensional waveguide
with straight walls and filled with a homogeneous medium. We refer to such a guide
as an ideal waveguide. This is a classical problem whose solution can be found
in many places but our presentation follows that of [14] as this setup is the most

convenient later on.
2.1.1 Setup
We consider a two-dimensional acoustic waveguide with sound-soft boundary,

filled with a homogeneous medium, and straight walls as illustrated in Figure 2.1.

The acoustic pressure field in the guide p(t,r, z) satisfies
1 D D
(33 + 0% — §8t2> p(t,r,z) = f()d(r —r)d(z), z€R, re <—§, 5) . (2.1)

where the right-hand side models a point source at (r, z) = (74, 0) emitting pulse f(¢).

The parameter ¢ is the wavespeed which is constant since we assume the guide to



Figure 2.1: Tllustration of an ideal waveguide

An ideal waveguide with horizontal axis z and vertical axis . The source of waves is at z = 0.

be filled with a homogeneous medium. The waveguide effect is due to the sound-soft

boundaries, modeled mathematically using Dirichlet boundary conditions

D D

p(t,——,2) = p(t, o 2)=0, t,zeR. (2.2)

Prior to the source excitation the medium is quiet

p(t,r,z) =0, t<O0. (2.3)

—twt

We consider time-harmonic waves p(t, r, z) = e "“'p(w, r, z) where p(w, r, z) satis-

fies the Helmholtz equation

o~

(02 + 02 + k?) Plw, 7, 2) = F(w)d(r — 1)3(2), (2.4)

with Dirichlet conditions

D
ﬁ(W,i;,Z) = 07 (25)

and radiation conditions for |z| — co. The parameter k is given by k = w/c and is
called the wavenumber. This equation may be solved by separation of variables and

decomposing p into 1-D wavefields called modes.

2.1.2 Mode Decomposition

We decompose p(w,, z) into modes using Dirichlet eigenfunctions y; of the dif-

ferential operator 9? + k* with eigenvalues \;(w). Each y; solves

272

(D) e (2) -0 o

(02 + K)y,(r) = M@y (), 7 e (—D D) , (2.6



Explicitly, the y; and A; are given by

yi(r) = \/%sm (g (r+§>), (2.8)
\j(w) = k? — (g) - (2.9)

Since (2.6)—(2.7) is a regular Sturm-Liouville problem, these eigenfunctions form a
complete orthonormal set in the function space L? (—%, %) Thus, we have the

decomposition
Dlw,r, 2) Zuj w, 2)y;(r (2.10)

where the modes are 1-D waves u;(w, z)e‘“" with

u(w, 2) = (P, y;) (w, 2), (2.11)

and (-,-) is the L* (=2, 2) inner product given by

D

(f.g) = / " drf(r)g(). (2.12)

ol

The sign of the eigenvalues A; determines whether the corresponding j-th mode
is propagating or evanescent. The \;(w) will be positive when j < kD/m. Thus, we

can define the number of propagating modes N(w) by

kDJ . (2.13)

V)= |22

™

We assume in what follows that none of the \;(w) = 0 so that there are no standing

waves.

2.1.3 Analysis of the Propagating and Evanescent Modes

From the decomposition (2.10), we obtain the 1-D Helmholtz equations

(02 + B2(w)] uj(w, 2) =0, zeR\{0} (2.14)



where 37(w) := Aj(w), and j < N. We rewrite these equations in first order system

form as
uj(w, 2) 0 1 uj(w, 2)
o. |’ = ! (2.15)
Uj(w>z) BJQ(W) 0 Uj(wa'Z)
where v;(w, z) = —id,u;. We require this system to satisfy radiation conditions as

|z| = oo and jump conditions at z = 0

ui(w, 2 uj(w, 2 0
lim it )—lim ia)) _ (2.16)

z—0t v; (w’ Z) z—0~ v (w’ Z) %f(w)yj(r*)

The solution of (2.15) can be written explicitly using the propagator matrices

1 eiﬁj (w)z - 1 e—iﬁj (w)z
Mj(w,z) - By (w) v Bi(w) (2'17)

VBB

satisfying
0 1
O.M;(w, z) =1 M;(w, 2). (2.18)
Fw) 0
The solution is
SN oy [P (2.19)
vj(w, 2) bj(w)

where a;,b; are mode amplitudes. Using the radiation conditions, which say that

the wave is outgoing from the source we get

a;i(W) 5 (01s
uj(w, 2) = L(0,00)(2) GO — 10,0 (2)

fi(w) V(W)
The mode amplitudes are obtained from (2.16) and (2.20) as

1 ~

a;i(w) = —bj(w) = ————f(w)y;(ry). 2.21
j(w) j(w) 2@\/mf( )y; (1) ( )
For j > N, the modes are evanescent and solve

(02 — B2 (w)] uj(w,2) =0, zeR\{0} (2.22)
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Figure 2.2: Illustration of a slowly varying waveguide

The guide has slowly varying width D and bending axis parametrized by the arc length z. The boundary
09 is the union of the curves 9Q~ (the bottom boundary) and Q" (the top boundary). The unit tangent
to the axis of the waveguide is denoted by 7 and the unit normal n points toward the upper boundary.
The source of waves is at x,.

where (2(w) 1= —\;(w). We require the u; to satisfy decay conditions |Zl|1inoo uj(w, z) =

0 as well as source conditions similar to (2.16). The evanescent waves both to the

left and right of the source are given by

u;(w, z) = %eﬂj(wnz, zeR (2.23)
where
e;(w) = - ﬁj( )7 W)y (r)- (2.24)

Altogether, we have a full characterization of the time-harmonic wave field in the

ideal waveguide. In particular, we may write

plw,r, 2) L eiBiw)z _ 5 b;(w) o8 @)2] (1
Z 0sal2) s e () o™ Ty 0)

€5W) gl
+§V 2o y; (). (2.25)

Thus, the time-harmonic pressure field in the ideal waveguide is a superposition of

constant amplitude 1-D waves that do not interact with one another.

2.2 Waveguides with Slowly Varying Geometry

One can extend the analysis in the previous sections to waveguides with slowly

varying geometry (see Figure 2.2) as was done in [2, 50]. This case serves as a bridge
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between the problem in the ideal guide and the problem studied in this dissertation.
We omit a detailed analysis as it can be recovered from the our analysis of a slowly
varying guide with rough walls in the following chapter.

The wave equation will be the same as in (2.1) except that now the boundary
changes along the axis of the guide. Also, since the waveguide may bend we work in
curvilinear coordinates. The Sturm-Liouville operator in the radial direction remains
the same and we have a local mode decomposition at each point along the axis of
the guide. The slowly varying geometry means that changes in cross section or
bending occur over distances that are very large with respect to the wavelength.
This introduces a small parameter, the ratio of the wavelength to the length scale of
the variations, that allows us to solve the problem using asymptotic methods. Here
the mode amplitudes and eigenfunctions in the local mode decomposition will vary
along the axis of the guide but the waveguide modes remain uncoupled [50]. When
comparing to the ideal waveguide, the most notable difference in this setting is that
the number of propagating modes in such a guide may change. These changes occur

at turning points which were studied in [6].



CHAPTER III

Propagation in Random Waveguides with Turning Points

In this chapter we give the mathematical model for time-harmonic waves in a
random waveguide with variable cross-section and bending axis. We begin in section
3.1 with the setup, and describe the scaling in section 3.2 in terms of a small, dimen-
sionless parameter €. We use this scaling in section 3.3 to write the wave problem in
a form that can be analyzed in the asymptotic limit ¢ — 0.

To analyze the solution of the perturbed wave equation obtained in section 3.3 we
begin section 3.4 with the mode decomposition of the wavefield. These modes repre-
sent propagating and evanescent waves which are coupled by perturbation operators,
as explained in section 3.5. We are interested in the propagating modes, which are
left and right going waves with random amplitudes satisfying a stochastic system of
equations derived in section 3.6. It is this system that we analyze in the asymptotic
limit to quantify the cumulative scattering effects in the waveguide.

The limit is taken in each sector of the waveguide, bounded by two consecutive
turning points, as explained in section 3.7. We introduce in section 3.8 a simplifi-
cation, known as the forward scattering approximation, which applies to sufficiently
smooth random fluctuations v. Finally, the limit of the mode amplitudes under this

approximation is described in section 3.9.

12
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o)~

Figure 3.1: Illustration of a random waveguide with turning points

The guide has slowly varying width D and bending axis parametrized by the arc length z. The boundary
09 is the union of the curves 9Q~ (the bottom boundary) and Q7" (the top boundary). The top boundary
is perturbed by small random fluctuations. The unit tangent to the axis of the waveguide is denoted by 7
and the unit normal n points toward the upper boundary. The source of waves is at x,.

3.1 Setup

We consider a two-dimensional acoustic waveguide with sound-soft boundary. The
waveguide occupies the semi-infinite domain €2, bounded above and below by two
curves 00" and 9, as shown in Figure 3.1. The top boundary Q7 is perturbed by
small random fluctuations about the curve 9§ shown in the figure with the dotted
line. The axis of the waveguide is at half the distance D between 9Qf and 9Q~. Tt
is a smooth curve parametrized by the arc length z € R, that bends slowly, meaning
that its tangent 7(z/L) and curvature x(z/L) vary on a scale L which is large with
respect to the waveguide width D(z/L). The width function D has bounded first
two derivatives, and to avoid complications in the analysis of scattering of the waves
at the random boundary, we also assume that it is monotonically increasing.

Because of the changing geometry, it is convenient to use orthogonal curvilinear
coordinates with axes along 7(z/L) and n(z/L), where m is the unit vector orthog-
onal to 7, pointing toward the upper boundary. We assume any x € (), written

henceforth as = (7, z), can be written uniquely as

x =x(2) + rn(%), (3.1)
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where )(2) is along the waveguide axis at arc length z, satisfying

z

0.2 (2) = T<Z), (3.2)

and r is the coordinate in the normal direction. This holds provided that the bends

in the axis of the guide are mild. The domain 2 is the set

Q:={(r,2): z€R, re(r (2),r(2)}, (3.3)
where
() = - 2, (3.4
2
is at the bottom boundary 02~ and
rt(z) = D(Z/L) [1 + 1~ zy.22)(2) UI/(%)} , (3.5)

is at the randomly perturbed top boundary 9Q". The perturbation is modeled
by the random process v and it extends over the interval (—Zys, Zy), the support
of the indicator function 1(_z,, z,,)(2), where Zy; > L is a long scale needed to
impose outgoing boundary conditions on the waves. This truncation is practically
motivated by the relationship between distance over which the wave is influenced
by the fluctuations and the duration of the observation time of the wave, using
hyperbolicity of the wave equation in the time domain. The single-frequency wave
that we analyze is the Fourier transform of the time-dependent wavefield. We let the
boundaries of the waveguide be straight and parallel for |z| > Z);.

The random process v is stationary with zero mean

E[v(¢)] = 0. (3.6)

Its auto-correlation function is given by
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We assume that v is mixing, with rapidly decaying mixing rate, as defined for example
in [43, section 2|, and it is bounded, with bounded first two derivatives, almost
surely. This implies in particular that R is integrable and has at least four bounded
derivatives. We normalize v by
R(0) =1, (3.8)
so that o in (3.5) is the standard deviation of the fluctuations of 902", and ¢ quantifies
their correlation length.
The waves are generated by a point source at x, = (7, z, = 0) € €, which emits
a complex signal f(w) at frequency w. We take the origin of z at the source, so that
2, = 0. The waveguide is filled with a homogeneous medium with wave speed ¢, and
the wavefield p(w, x) satisfies the Helmholtz equation (we refer here to the principle

of limit amplitude, see [21, 39, 40] and references therein)
Ap(w,x) + k*p(w, ) = f(W)i(x — =), = (rz)€Q, (3.9)

where k = w/c is the wavenumber.
We then make a change of variables to (r, z)-coordinates. The vectors in our

coordinate frame are related through the Frenet-Serret formulas

z

Ozz)(2) = T(E)’
z 1 /=2 z
o7(2) = o2 (z)
on(z) = -p+(2)7 ()
and from (3.1) we obtain that the vectors 0,x = n(%) and 0,x = [1 - %m(%)} ‘r(%)
are orthogonal. Their norm defines the Lamé coefficients h, := |0,x| = 1 and
he = o] = |1 54(3)

ear coordinates [48] A = ﬁhz [ar (Z—i&) + 0, <Z—z8z>] . We can also express the delta

, which in turn define the Laplacian operator in curvilin-

function on the right-hand side of (3.9) as é(x — x,) = ﬁé(z)é(r — ).
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Thus, in curvilinear coordinates (3.9) takes the form

1. .(z 2 Ttz
o —ff(i)(a!)* RN
) -2e(3)] [1-36(3)]

f(w)d(2)o(r —ry), (3.10)

where ' is the derivative of the curvature x. The sound-soft boundary 992 U 9~

is modeled by the homogeneous Dirichlet boundary conditions
p(w,r"(2),2) = p(w,r (2),2) =0, (3.11)

and at points = (r, z) with |z| > Z); we have radiation conditions that state that

p(w,, 2) is outgoing and bounded.

3.2 Scaling

There are four length scales in the problem: The wavelength A = 27/k, the width
of the waveguide D, the scale L of the slow variations of the waveguide, and the

correlation length ¢ of the random fluctuations of the boundary 9Q2". They satisfy
L>D~\~U, (3.12)

where ~ denotes “of the same order as”!, and we model the separation of scales

using the dimensionless parameter

14
€= 7, 0<ex (3.13)
Our analysis of the wavefield p(w,r, z) is in the asymptotic limit ¢ — 0.
As shown in section 3.5, the ratio of D and A\/2 defines N(z) := [2D(z/L)/\],

the number of propagating components of the wave, called modes, where | | denotes

the integer part. The assumption D ~ A in (3.12) means that

Nmin S N(Z) S NmaX7 (314)

1To be precise, we write a ~ b if there exists positive constants ¢ and C such that cb < a < Cb.
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for all z, where N, and Ny. are natural numbers, independent of ¢.

The scales A and ¢ are of the same order in (3.12) so that the waves interact
efficiently with the random fluctuations of the boundary. This interaction, called
cumulative scattering, randomizes the wavefield as it propagates in the waveguide.
The distance from the source at which the randomization occurs depends on the

standard deviation o of the fluctuations. We scale o as
o=+ea, =0(1), (3.15)

so that we observe the randomization at distances z ~ L.

The scaled variables are defined as follows: The arc length z is scaled by L,
Z:=— (3.16)

and the similar lengths D, r and A are scaled by ¢, to obtain

D(%) = D(Z/L>, 7=

%, k= kL. (3.17)
We also introduce the scaled bound Zy, := Zuy /L of the support of the random

fluctuations, which is a large number, independent of ¢.
3.3 Asymptotic model
Let us multiply equation (3.10) by L?[1 — rx/L]* and use the scaling relations

(3.15)-(3.17). Dropping the tilde to simplify notation, because all variables are scaled

henceforth, we obtain

,  (1—ern(2))? oy K(2)(1 —erk(z)) erk/(z)
az +€—2(8r +k ) - c 87’"' (1—57”/{(2))82] p(w7fr’ 2)
= fW)I — ers(0)] o(r —r.)d(z2), (3.18)

€
with homogeneous Dirichlet boundary conditions (3.11) at

D(z)

rt(z) = 5 1+ 1(_ZM’ZM)(Z>\/EO'V<§)] , (3.19)
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and appropriate radiation conditions for |z| > Zj;. These equations define the
asymptotic model for the wavefield, and we wish to analyze it in the limit ¢ — 0.
The boundary has e-dependent fluctuations, so to ensure that the boundary con-

ditions are satisfied at all orders of €, we change variables to

T:p+[2p+D( 2)]

\/—O'V< > (3.20)

for |z| < Zyr, and denote the transformed wavefield by

P (w, p, 2) izp(w,p+w\/_au< ) ) (3.21)

Note that with this change of variables when p = —D(z)/2 we have r = r~(z), and
when p = D(2)/2 we have r = r*(z). At |z| > Zy there are no fluctuations so the
transformation is the identity r = p. We use the same notation p® for the wave field
at all z € R, and analyze it separately in the regions with the random fluctuations
and without. The results are connected by continuity at z = +2,,.

In the region |z| < Zy, (3.20) and the chain rule give

_ appe((*}?p? Z) 2 — 8§p€<w7pv Z)
M T T e T
and
[[2p+ D(= )] V' (2) + D'(2)eov(2)] )
0.p = {32 - [2 e ()] 8,,}19 (w, p, 2),
2 [[2P+D( )] ( ) /(Z)\/EO'V(EH 2 _
{0 ERvETE) hy ¥ 0:2),
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Substituting in (3.18) we get

(20 + D(2)] 57 (2) + D'(2)Veow(2)]”

8Zp€(w,p,z)+ [Q—I—\/_O'I/(E)]2 apps(w,z)
B [[2p+D(z)]%l/(§) + D'(z)\/eov(Z )} .2)
2+ VEor (7)) Gl
{120+ DENZV2(2) + D)o (2)v(2) }
5 0,p°(w, p, 2
+ ot Ve (D) P (w, p, 2)
20+ D(2)]Z=v" (%) +2D'(z 2) v V' (%) + D (2)\/eov (%)
_ o,p°(w, p, z
PENCTE) )

2

{1—5/@(2)[p+ BotDE feou(2)] {(‘92]9 2)
[

L+ %W(;)]

+ 2 +k2p5(w7paz)}

e2

Ii(Z) 1-— 5/{(,2) -+ M\/EUV §
- { ’ NG | )]}3,)195(%/), ?)
e[l + —O'V( )]

er!(2) [p + Bl f ov(2)]
(1 en(z) [p + B2 V(i)]}{a o)
[[2p+D<z>]%v’( ) + D'(2)y/zov(2)]
2[ +\/_01/( )}
F@){1=e|p. + 22O eou(0)] }

= 5[1+§W(0)] 6(p — pe)o(2).

Opp” (w; p, Z)}

By assumption v, v/ and v" are bounded almost surely. Moreover, £’ and D', D"

are bounded uniformly in R. Thus, we can expand the coefficients of the differential
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operator in powers of € and obtain after multiplying through by ¢,
1 (>
~[(20.)2 + 02 + B[, p. 2) — 208(2) [L + O(VE)] (2 + &)

—r(2)[1 +O(\/_)]3pp5(w P,z )—6% (2)[1 + O(Ve)](£0.)p" (w, p, 2)
B[ () (2] ot

3

) B e
PO () -5 () o () oot
= @)1+ 0(/3)]3(p = p.)3(2), (3:22)

for |z| < Zys, where for brevity we display only the terms in the expansions up to

We may express the wave equation (3.22) more compactly using an asymptotic

series of differential operators which includes the full expansions of the coefficients

o0

D P P (wp,2) =

J=0

-~

@[1+0WA0p—p)o(z), (323
for |p| < D(z)/2 and |z| < Zp, with the leading term in the expansion of the operator
L= (20.)" + & + k2. (3.24)

This is the Helmholtz operator in a perfect waveguide, with straight and parallel

boundaries. The random fluctuations appear in the first perturbation operator,

£ —ofu(2)or s BEPEN (D, v ()]} 2w)

The second perturbation operator has a deterministic part, due to the curvature of

the axis of the waveguide, and a random part, quadratic in the random fluctuations,

L5 :=—r(2)[20(0) + k*) + 0, + 0—2{31/2 <E> + [2/)+—lwy'2(§) }85

4 € 4

N W{VG) ,/G)gaﬁz + [ﬁ(é) + %y"(g)y(gﬂa,,}. (3.26)
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The remaining operators in the asymptotic series in (3.23) depend on higher powers
of the fluctuations v, but play no role in the limit ¢ — 0.

In the region |z| > Zj, there are no variations of the waveguide and so the
operator in the left hand side of (3.23) reduces to £ in this region.

In all, the change of variables (3.20) makes the boundary conditions independent
of g,

p%w,i@,z) =0, (3.27)

and maps the random fluctuations to the differential operator in the wave equation.
3.4 Mode decomposition
The second two terms in (3.24) are the Sturm-Liouville operator 85 + k? acting

on functions that vanish at p = £D(2)/2, for any given z. Its eigenvalues \; are real

and distinct

Ai(z) = kK = p3(2), pi(z) = Do)’ j=12... (3.28)

and the eigenfunctions

2 “in {(Qp + D(2))
D(z) 2

yilp: 2) = pi(2) | (3.29)

form an orthonormal L? basis in [—D(z)/2, D(z)/2]. We use this basis to decompose

the solution of (3.24) in one dimensional waves P; (w, z) called modes, for each z,

P (w,p, 2) = ij(% 2)yi(p, 2). (3.30)

Substituting (3.30) in (3.23), taking the inner product with y;(p, z) and using the
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identities (3.137)-(3.142) we obtain the following system of equations for the modes

e () + () 4 et

e (D) + [+ D+ O O
_ J—U<E>V'<§>€8Zp§(w, 2) & C5(w, 2) + f(w)yi(pse, 0)(2), (3.31)

3

at |z| < Zy, where the approximation is because we neglect the O(/2) terms that

vanish in the limit ¢ — 0. The coupling term is

Cilyim 3 (U2 (5) L) (o

L D'2) 2jafl + (= 1)7+]
D(z) (® —j%)
1)t r o 2 o 2\ 4 (Z\] .
v WO HOROILEE
LI (qﬁ;fl_?]gj)ﬂ ‘o—2u’2(§>p2(w,z)
g((?) 2jq[1 — (—1)]""(‘1;2[]i ;;32(]2 — 4(%@)) }pz(% z)}, (3.32)

£0.p5(w, 2)

where we obtained from (3.143)-(3.147) that

(20 + D)y;, 0,pyq) = 4j;[( J)jq,
D'(z) jq[l + (=1)"*]
<yj> 6ZyQ> - D(Z j2 _ q2
1a(2) (2o + DPyjye) (20 + D)yj Opya) _ ja(® + ¢*)(=1)*
16 1 @ —ﬁ)? |
(8 = 020) (@0 + D) + () = 0]

kD 2
" [jz L3 4< (Z)> ]
T
We now use integrating factors to simplify equations (3.31). Specifically, we define

u§(w, 2) == p5(w, z) exp [UT\/EV<§> - 61—2681/2(?)} = p5(w, 2)[1+O0(Ve)], (3.33)
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and obtain after substituting in (3.31) that these modes satisfy a coupled system of

one dimensional wave equations

NG

%[(582)2 +k* — u?(z)]uj(w, z) + %u?(z)y(g)uj(w, 2) + 0% g5 (w, 2)us(w, 2)

~ Ci(w, 2) + f(w)y;(ps, 0)9(2). (3.34)
The coeflicient g;? in the left-hand side is
g5(w, 2) = —§u2(2)v2<3> - [W)Q + i} V(%) (3.35)
J 9 . 4 J c 12 16 - 5 .
and
€ = ol’; z z Y .
Cilwa) =Y | \/Z?q”"(g) +02%’q(g> 75 (2) g, 2)
q:17Q7éj
(3.36)

5 () PE) s i

models the coupling between the modes. The leading coupling coefficients are the

constants
jq(=1)7*4 2jq(—=1)*1
. = . , O. = - 3.37
(2= 52 (2 -2 (3:57)

The second order coefficients, due to the random fluctuations, are

jq(z) _ jq(—1)7+a [(Bj +q )V,2(§> _%f),//(f)}, (3.38)

€ 2> = 7*) L(¢® = 7%) £ 3 3
z jq(—1)%9 rz\ /2
0ia() = —%”@” (2) (3:39)

and those due to the slow changes in the waveguide are

() 27gl — (=1)i+4][ ;2 2 _ 4 (kD(2))2
Wé;(z) — l)izg QJQ[l ( 1) (;g?__;;ig 4( 7 ) }’ (3'40)
6.(2) = gé;) 2] Q[(lqj_(_j;))m]. (3.41)
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In the region |z| > Z);, where the waveguide has straight and parallel boundaries,

the wave equation simplifies to
1 2, 12 2 €
B (€0.)" + k% — pj(2)|u5(w, 2) = 0. (3.42)

Depending on the index j, its solution is either an outgoing propagating wave or a
decaying evanescent wave. This wave is connected to the solution of (3.34) by the

continuity of u§ and d,u$ at z = £Z).

3.5 Random mode amplitudes

Equations (3.34) are perturbations of the wave equation with operator (£9,)*+k*—
,u?(z), where the perturbation term models the coupling of the modes. This coupling
is similar to that in waveguides with randomly perturbed parallel boundaries, studied
in [4, 14], but the slow variation of the waveguide introduces two differences: The
first is the presence of the extra terms 7% (2) and 0, (2) in (3.36), given by (3.40)-
(3.41), which turn out to play no role in the limit ¢ — 0. The second difference is

important, as it gives a z dependent number

N(z) = {WJ (3.43)

7
of mode indices j = 1,..., N(z) for which k*—pi%(2) > 0. These modes are oscillatory
functions in z, and represent left and right going waves. For indices j > N(z) the
modes are decaying evanescent waves.
3.5.1 Turning points

The function (3.43) that defines the number of propagating modes is piecewise

constant. Starting from the origin, where we denote the number of propagating

modes by N := N(0), the function (3.43) increases by 1 at arc lengths ZS:) > 0, for
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t=1,...,t},, and decreases by 1 at U < 0, for t =1,...,t,,. The jump locations

zgf ), ordered as

(2) (1) (1) (2)

2
— Iy < ... <20 <2l <0<z <2 <. <y,

are the zeroes of the eigenvalues (3.28), and are called turning points [36, 6]. We

assume henceforth that the monotonically increasing D(z) satisfies
D'(z{) >0, vt>1, (3.44)

so that the turning points are simple and isolated. Consistent with our scaling, they

are spaced at order one scaled distances.

Between any two consecutive turning points zit*l) and zg), where we set by con-

(0)
+

vention z)’ = 0, the number of propagating modes equals the constant

NI = NO £ (¢ - 1). (3.45)

This number is bounded above and below as in (3.14), with Ny, = N(—Z)) and

Nuax = N(Zy), so the bounds ¢}, and ¢, on the indices ¢ are
tyy = NO — Ny + 1 and t§; = Nypay — N 4 1. (3.46)

Beginning from the source location z = 0, which we assume is not a turning point,

2" is defined as the unique, negative arc-length satisfying

A
= D)

k t=1,....,ty, (3.47)

where the uniqueness is due to the monotonicity of D(z). Similarly, the jump location

Zﬁ) is defined as the unique, positive arc length satisfying

(V41

L ot=1,...,t. 3.48
DiD) v )
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The analysis of the modes is similar on the left and right of the source, so we
focus attention in this section on a sector z € (zg), zg_l)) of the waveguide, for some

1 <t <t,,, and simplify the notation for the number (3.45) of propagating modes
N = N, (3.49)

These modes are a superposition of right and left going waves, with random ampli-
tudes that model cumulative scattering in the waveguide, as we explain in the next

section.

3.5.2 The left and right going waves

We decompose the propagating modes in left and right going waves, using a flow

of smooth and invertible matrices M5 (w, 2),

) [
i = M7 (w, 2) i : (3.50)
bj(wvz) Uj(wuz)

where Mj’_l denotes the inverse of Mj and
v5(w, 2) 1= —igd.u5(w, 2), j=1,...,N. (3.51)

We obtain from (3.34) that

a5(w, 2) o i 0 1 _ .
0. i =M, (w,2) = ) M;(w, 2) — 0.M5(w, 2)
b (. 2) B~ i2(z) 0
; 00 as(w, 2)
+ [%,u?(z)y<z> +i029§(w,z)1 M (w, z) ’
c c 10 b5(w, z)
- e e,—1 O
—iCj(w, )M (w, 2) : (3.52)
1

and the decomposition is achieved by a flow M5(w, 2) that removes to leading order

the large deterministic term in (3.52), the first line in the right hand side.
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The matrix M5(w, 2) has the structure

Mt (w,z) —M¢(w, 2)
Me(w,2) = | 7" # , (3.53)
Mja,21(waz) Mj€,21(waz)
where the bar denotes complex conjugate, so that the decomposition (3.50) conserves

energy. The expression of the components in (3.53) depends on the mode index, more

precisely on the mode wavenumber denoted by
Bi(w.2) = /2 — 2(2) (3.54)

Note that f8; is bounded away from zero for all j = 1,..., N — 1, and it approaches
ZEeTo as z \ ZY), for j = N. This last mode is a turning wave which transitions
from a propagating wave at z € (zg), zgfl)) to an evanescent wave at z < zg), as
described in section 3.5.3. Here we give the decomposition of the modes indexed by

J<N -1

The entries of (3.53) are defined by

1 i [F
M (w,2) := ——=exp [—/ dz’ﬂ(w,z’)],
Mje,m(waz) = 5j(w>z)Mﬁ11(W7 z), (3.55)
for j = 1,...,N — 1. This definition looks the same as in perfect waveguides with

straight and parallel boundary, except that the mode wavenumber (; varies with z.

We obtain from (3.53)-(3.55) that the determinant of Mj(w, z) is constant
det M5(w, 2) = 2, Vze (z@, z_t_l)), (3.56)
so the matrix is invertible, and the decomposition (3.50) can be rewritten as

1 i [ g ’ A ’
ui(w, z) = “(w, z)e< Jo 48wz _ b5 (w, z)e = Jo d2'Pi(wz )], (3.57)

’ Bj(w, z) [a]
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and

e0.u5(w, 2) = iy/ Bj(w, 2) [aj(w, z)eg Jo d2'Bi(w2) 4 b5 (w, z)e’é Jo dz,ﬁj(w’zl)]. (3.58)

The equations (3.57)-(3.58) are precisely what one would obtain using the method
of variation of parameters for the perturbed wave equation satisfied by the j-th mode
subject to the appropriate source and radiation conditions, which are given in detail
in a later section. They decompose the mode in a right going wave with amplitude
a5 and a left going wave with amplitude b5. In perfect waveguides these amplitudes
would be constant, meaning physically that the waves are independent. In our case

the amplitudes are random fields, satisfying the system of stochastic differential

equations
a;(w, z) a;(w,2) | M: o, (w, 2)
a. |’ = H5(w, 2) ’ - §C§(w, 2) ’ ) (3.59)
b5 (w, z) b5 (w, 2) M; 1 (w, 2)

obtained by substituting (3.53) and (3.55) in (3.52). Here HS(w, z) is the matrix-

valued random process

H: (w, 2) H;(ab) (w, 2)

Hi(w,z) = | ’ , (3.60)

e(ba) e(bd)
H; " (w,2) H;7(w, 2)

with entries satisfying the relations

H " (w,2) = H'"(w,2), H"(w,2) = H“(w,z2), (3.61)

J J

and taking the values

J

H " w, 2) ~ o [i/ﬁ(z)z/(g) + 0% g5 (w, z)], (3.62)
and

H;(ab)(% 2) ~ ;(aa)(w’ ) — M] exp [— %/Z dz’ﬂj(w, z/)} (3.63)
0
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As before, the approximation means up to negligible terms in the limit ¢ — 0.
Equations (3.59) show that the amplitudes of the j-th mode are coupled to each
other by the process H$, and to the other modes by C5, defined by the series (3.36).
The first terms in this series involve the propagating waves ug(w, z), for ¢ # j,
decomposed as in (3.57)-(3.58). We describe in the next two sections the turning

and the evanescent waves.

3.5.3 The turning waves

The mode indexed by j = N transitions at z = 29 from propagating to evanes-
cent. This transition is captured by the matrix M5,(w, z), which has the same struc-
ture as in (3.53), but its entries are defined in terms of Airy functions [19, chapter
9]. This is because near the simple turning point z(_t), equation (3.34) for j = N is
a perturbation of Airy’s equation. We refer to [6, 47] for classic studies of turning
waves in waveguides, and to [11] for an analysis of their interaction with the random
boundary. The setup in [11] is the same as here, with the exception that we consider
a larger standard deviation of the random fluctuations, to observe mode coupling in

the waveguide.

We use the same M5/ (w, z) as in [11], with entries

M1 (w, 2) = e V5 /mQun(w, z) exp [ — ZM + %}
x| Ai( = i, ) = iBi( = nl(w, 2) | (3.64)
and
My o1 (w, 2) 1= —id. M 1 (w, 2), (3.65)

for z € (z@ — 90, z(_t_l)), where 0 is a small, positive number, independent of . We

go slightly beyond the turning point to capture the transition of the wave to an
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evanescent one. The phase in definition (3.64) is given by the function

onlwz) = [ d Ik = (), (3.60)

evaluated at the source location z = 0, and the amplitude factor

. ’3¢N(w,z)/2‘1/6
R = )

Qn(w, 2) (3.67)

is shown in [11, Section 3.1.1] to be bounded, and at least twice continuously differ-

entiable. The Airy functions Ai and Bi are evaluated at

(3.68)

3l (w, 2)|1**
2e ] ’

Ny (w, z) = sign(z - z@) [

where |n°(w, z)| is of order one in the vicinity ‘z — zg){ < 0(82/3) of the turning
point, and it is much larger than one in the rest of the domain (z(_t) — 9, zgfl)).

We summarize here a few facts about M5/ (w, z) from [11] and refer to section
3.10.2 in an appendix included at the end of this chapter for details. We have from

[11, Lemma 3.1] that the matrix M§,(w, 2) is invertible, with constant determinant

det M (w, 2) = 2, Vze (z(t) — 9, zgfl)), (3.69)

so the decomposition (3.50) is well defined. Moreover, [11, Lemma 3.2] shows that

at z — 2 > £2/3 the expressions (3.64)-(3.65) become like (3.55),

Mgy (. 2) = ﬁ oxp [2 [ (e, )] +00e),
M./a\/,21<wvz) = ﬁN(waz)MJ&\/’,H(waz) +O(€)v (370)

so the turning wave behaves just like any other propagating wave until it reaches the

vicinity of the turning point from the right. On the left side of the turning point, at

20— 2> %3 the entries of M5, (w, 2) grow exponentially, as given in [11, Lemma
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3.3]. The wave is evanescent in this region, and must be decaying in order to have

energy conservation. This is ensured by the radiation condition
9
af\/(w, 20— 5) =i exp [—ZQSN(w, O)}bf\/(w, 20— 5), (3.71)
€

which sets to zero the coefficients of the growing Airy function Bi and its derivative
Bi' in the expression of u$, and d,u5, at the end 29— § of the domain. We refer to
[11, Section 3.1] for more details, and for the proof that the result does not depend
on the particular choice of 4 which is small, but bounded away from 0 in the limit
e — 0.

The evolution equation of the turning mode amplitudes is of the same form as in

(3.59), with the following entries of the matrix (3.60)-(3.61) indexed by j = N,

HE (w, 2) = [%,u?(z)y<§) + azgj-(w,z)}, (3.72)

NG

and

Hj}ab) (w, 2) ~ _i[Mﬁ/le(w, 2)}2 [i,u?(z)y(g) +0°g (w, z)] (3.73)

These expressions reduce to those in (3.62)-(3.63) at z — 2 > 223 with the extra
term involving 0,8y in (3.63) coming from an O(e) correction of the amplitudes,

induced by the residual in (3.70).
3.5.4 Coupling with the evanescent waves

The modes indexed by j > N in equations (3.34) are evanescent waves, with

wavenumber
B(.2) = \12(2) - . (3.74)

In order to close our system for the propagating modes we will show that these waves

can be expressed in terms of the propagating ones.
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Let us begin by rewriting equation (3.34) in first order system form, for the
unknown vector with components u5(w, z) and

_c
ﬁj (w? Z)
where j > N and z € (zg),zg_l)). The mode wavenumber j; is defined in (3.74),

Vi (w, 2) i= 0.u5(w, 2), (3.75)

and the system is

CBiw2) [0 1) o) ey Pgiw2)y (000 | [ 2)
%% il e L A Y
10 I I 10 V5 (w, 2)
Ci(w,z) [0
= - w,2) (3.76)
6j (UJ, Z) 1
1
The matrix in the leading term has the eigenvalues +1, and the orthonormal
10
1
eigenfunctions \/Li . Expanding the solution in the basis of these eigenfunctions
+1
us(w, Z) a'." w, 2 1 o w, 2 1
’ == E/_ ) + L= f[ ) , (3.77)
V5 (w, 2) 2 1 2 -1

and substituting in (3.76) gives the following equations for the coefficients

Bi(w, 2) B Cj(w,z) [a}“(w, z) + Ozj_(w,z)]
{az T } ;t( 2 = i\/ﬁgj(w’z) - 26;(w, 2)

X [%;@(z)y<§> + 0% (w, z)} (3.78)

These are complemented with the boundary conditions

oz;r(w,zg_l)) = \/§c§t)+, o

(w,2") =0, (3.79)

with constant cg-t) to be determined later, indexed by ¢ to remind us that we work in

the sector z € (z(_t), z(_t_l)). In (3.79) we set to zero the component «; at the farther

end 2% from the source, to suppress the growing part of the solution.
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We obtain after integration of (3.78) that

47 LD exp | — L [¢ (w,
e -V [ ] [ prad jailfg(w L

[aj(w,o:/rﬁa}(w,()} [%M?(g)’/( )Jrazg;(w’o}}, (3.80)

¢

3

X {Cj(wv C) o
and

) 2 exp [— %f; dsﬁj(W,S)} _ [aj(w,{)—l—ozj_(w,g)]
aj (w,2) = — /z<_t>d( V28;(w, €) {Cj ) V2

[ Z2ow(S) + otgiw@.0)] V- (381)
NG £

All the exponential terms in these equations are decaying in z, so we can change the
variable of integration as ( = z + ¢, and note that only £ = O(1) contributes to the

result. Equation (3.80) becomes

L(t=1)

~ /50 L e , B € X 8wy
of (w, 2) = \/§cj exp [ €/z d¢ ﬁ](w,g)] V2 (0. 7) /o d¢ e=Pi(w2)
,u?(z)y<§ + 5) + 025 (w, 2+ 55)] } . (3.82)

g

X {Cj(w,z +e€) — uj(w, z +e€) [\/E

where we used (3.77) in the integrand, and the approximation means that we neglect

terms that vanish in the limit € — 0. Similarly, equation (3.81) becomes

0
a; (W, 2) ~ —m /_Oodf ethi(w2) {Cf(w, z+¢ef) — uj(w, z + €§)

X [%,@(;;p(é + 5) + 0% (w, 2 + 55)] } . (3.83)

The expression of 5 follows from these equations and (3.77),

(t—1)
t 1 [* & Ciela
@M&Vﬂ?@hw[—;/ “@W‘ﬂ—ﬂiigf de €18 )
z ] ) —00

o

X {Cj(w,z +&€) — uj(w, z + €§) [\/gﬂ?(z)y<§ + 5) + 029§(w,z + 55)] } . (3.84)
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The derivative e0,uj is obtained from (3.75), (3.77), (3.82)-(3.83) and integration by

parts

.. 2) ~ i e [ 2 [ dCBiw,0)] - T [ aeemen

g

X sﬁz{Cj(w, z+¢ef) — uj(w, z + €§) [\/Euf(z)z/(g + f) +0%g5 (w, 2 + 56)] } (3.85)

Now let us recall the expression (3.36) of C5(w, ), which models the coupling with

the other modes, and write it as the sum of two terms:
€ _. pe(p) e(e)
Ci(w,2) =: ;" (w, 2) +C; 7 (w, 2). (3.86)

The first term is the coupling with the propagating modes, and is given by restricting
the sum in (3.36) to ¢ < N. The second term is the remaining series, with terms
indexed by ¢ > N, and ¢ # j. Each term in this series involves uf(w,z) and
0. ug(w, z) that have expressions like (3.84)-(3.85). Stringing all the unknowns in
the infinite-dimensional vector U := (U Wit Unga, ... ,) where U = (u5,e0.u5),

for j > N, we can write equations (3.84)-(3.85) in compact form as

(1 - \/EK>U(w, 2) = F(w,2), (3.87)

with right hand side given by the concatenation of

=1

1 —
Fiw,2) = e[~ / ¢ B3(w, €)
53 (wv Z) z
*° 1
_ m / e 1618 () CoP (w, 2 + <€), (3.88)
J ) _

o0 €0,
for 7 > N. In the left hand side of (3.87) we have the perturbation of the identity I
by the integral operator K, whose kernel follows easily from the (uf )y~ dependent

terms in the integrand in (3.84)-(3.85), including those in Cj(e). This integral operator
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is similar to that analyzed in [4, Lemma 3.1], and we show in chapter VI it is bounded
independent of ¢ sufficiently small with respect to an appropriate norm. This means

that we can solve (3.87) using Neumann series and obtain
U(w,z) = F(w,z2)+ O0(e). (3.89)

The first term in (3.88) matters only in the O(e) vicinity of 27V over which the

() is determined by continuity conditions

mode coupling is negligible. The constant c;
(t—1) (t—1) 1) . )

at z= 7 as follows: If ¢ = 1, so that 2= 7 = 0, ¢; is determined by the source

excitation, and it equals the coefficient of the j-th evanescent mode in the perfect

waveguide with width D(0). If ¢ > 1, then c§t) is determined by continuity of the

wavefield at the turning point P

(t=1)

Assuming that z= "~/ — z > £, so we can neglect the first term in (3.88), we have

us(w, z 1
s 5 c / dge 8185 (2) CP (w2 +2€),  (3.90)
£0.u5(w, 2) 28w, 2) €0,

with
gc;‘(p) (w, 2 + £€) %U\/gi [quyﬂ<z + g) + @qu/<f T 5) 882} ug(w, z +€€), (3.91)
g £ €

obtained from (3.36). Here the modes u; and their derivative 0,uf(w, z) are given
n (3.57)-(3.58), and the constant coefficients I';, and ©,, are defined in (3.37).
Substituting in (3.91) and then (3.90), and using that the derivatives of the mode

amplitudes given in (3.59) are at most O(¢~'/2), we obtain

as(w, z)

z 11z 3.0 N
(W, 2) ~ E: d z )q— L[ 4 By(e.2') +iEBy (w:2)
u5(w, 2) ~ 25] 0, 7) / 5[%(1 2 +¢ ﬁq(w,z)e

—_— £
_,y(?(w’i n 5)Me—;fozdz'ﬁqw')—iwq(w,z) el (3.99)
! By(w, 2)
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Here we introduced the notation

e z . 4
%(q) (w ~+ 5) = qul/"<g + f) + 15, (w, z)@qu/<g + 5)), (3.93)
with coefficients I';, and ©, defined in (3.37), and recall that the bar denotes complex
conjugate.
The derivative in the integrand in (3.90) is

0. eC; W (w, 2 + 2€)| = ov/E i [rjq;/”(g +€) + (o + 050)" (g +¢)ed

q=1

— /Bq?(w, 2)0;,V <§ + 5)} ug (w, z + €§), (3.94)

where we used equation (3.34) for (e0.)%u;. Substituting (3.57)-(3.58) in (3.94) and

then in (3.90), we obtain

N 0o c
A E € < a(w,z) L2 d2 By (w,2" ) +i€Bq(w,z
58,3”;(6&), Z) ~— ——— / d£ [9](.(1) ((,4,)7 g —+ g)q—es Jo d2'By(w,2")+i&Bq(w,2)
q=1""

263'(("}7 Z) 0o 6(1(("}7 Z)
_p e>< 4 5) %e—i s dz'ﬂqw,z’)—isﬁq(w,z)] eIl (). (3.95)
€ g W, 2

with notation

TR P R TR oY)
i, (w0, 2)(Tjg + 0,00 (S +9)). (3.96)

3.6 Closed system for the propagating modes

The propagating mode amplitudes satisfy the system of equations (3.59), with
coupling modeled by the series (3.36). Substituting the expressions (3.92) and (3.95)
of the evanescent waves in (3.36), we obtain a closed system of equations for the

propagating modes, as we now explain.
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3.6.1 Propagation between turning points

We begin with z € (z@, 29—1)) satisfying z — 2> 28 and 2V — 2> e In

this region the turning wave indexed by 7 = N behaves like all the other propagating
modes, and the evanescent modes have the expression (3.92) and (3.95). The system

of equations for the right- and left-going amplitudes is

af(w, z2) a‘(w, z)
0, =Y (w, 2) , (3.97)
b (w, 2) b*(w, z)
where a® and b° are the complex column vectors in CV with entries a5 and 0, for

1 < j < N. The complex matrix Y¢(w, z) depends on the random fluctuations v

and the slow changes of the waveguide, and has the block structure

'ra(aa) (w’ Z) Ta(ab) (W7 Z)
Yo (w,2) = , (3.98)

Ts(ba) (w7 Z) Ts(bb) (w’ 2)

with A/ x N blocks satisfying the relations
YTt (w, 2) = Ye@d)(w, 2), T (w, 2) = Yel@)(w, 2). (3.99)

Their entries are defined as follows: Off the diagonal, we have

elae) (w,2) = —

ieé Jo dz’ (Bq(wvzl)_ﬁj("J’Z/)) { o :
Jaq

2v/By(w. 2)By(w,z) L VE [quV”G) + iy (w, 2)8jqv <E>}

4o [f%q (w, g) +iB,0;, (w, g)} +70,(2) + wq(w,z)a;q(z)}, j#q, (3.100)
and

T (w, 2) i= T (w, 2)e= % o @' Pi(w?) J#4, (3.101)

Jjq Jjq

and on the diagonal we have

;2

e(aa) . rre(aa) 2% z
T (@, 2) 1= H (w,z)+mnj<w,—), (3.102)
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and

(ab)  [yetaa) 085w, 2)1 2 17 4t w0,
Tjj (W,Z) = Tjj (w, Z) — W]e € fO ( ) (3103)

The coefficients in these definitions are given in (3.62), and (3.37)-(3.41), except for

Nj, Vjq and 0,,, which include the interaction with the evanescent modes. These are

Jas

defined by

~ zZ z Fjl ,/<Z) /oo (e)( z | .
Aw, 2 = (2 - (2 d w, 2+ )e 1B (w:2) +i€Ba(w:2)
%q( 5) %q(g> bZNQBl(W,Z) 2] £y - 3

and

0, (w,5> -y (5) _Z&yf@) /Oodgel(@) (%E _|_5)6—\§|5z(w72)+i£ﬁq(wvz)’
TN g 1\ e l>N261(w,z) e ) o €

and

Z 1 > )
T T o B o T (O R o)
i <w, 6) Z 26)(w, 2) /_ Le

I>N >
AWCIE: AVCIE:
<[P ()i (.2 + ) + 0 (2)05 (w2 +)
with 7;, and 6}, given in (3.38)-(3.39) and 4", 6} given in (3.93) and (3.96). Note
that the coefficients I';;/3; and O/, decay as 1/1% for [ > 1, and the integrals in £

are bounded, so the series defining 7;q, gjq and 7); are absolutely convergent.

3.6.2 Vicinity of turning points

Let us consider a vicinity |z — 2| = O(e®) of the turning point 2, for some

s > 0, and change for a moment variables to z = 29 4 e%C, so that ¢ = O(1). In the
new variable, we observe that the coupling terms in the evolution equations (3.59) for

the turning wave indexed by j = N, modeled by the series (3.36), are proportional

to

17( : > +0(e%), v:=1v"orv. (3.104)
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In the limit € — 0, described in detail in sections 3.7-3.9, all these terms tend to
zero. Thus, the turning wave does not interact with the other modes near the turning
point.

We also obtain that the right-hand side of equation (3.59) for 1 < j < N —1

tends to zero as € — 0, so the propagating mode amplitudes remain constant as they

®)

traverse the vicinity of the turning point z'’. A similar argument shows that the

propagating mode amplitudes remain constant as they traverse the vicinity of the

(t—

turning point z Y at the other end of the interval.

(®)

It remains to describe the turning mode that undergoes a transition near z’. To
do so, we return to the original coordinate z, but stay in the vicinity of 2P We

obtain from (3.59) with j = N, after neglecting the coupling terms, that

asr(w, z asr(w, z
0, wlw»2) ~ HE (w, 2) ww2) , (3.105)

by (w, 2) by (w, 2)

where the matrix H5, is defined by (3.60) and (3.72)-(3.73). These equations give
0. |ase(w, 2)[* = [bie(w, 2)[*] = 0, (3.106)

and using the radiation condition (3.71), we conclude that near the turning point we

have energy conservation
&€ 2 (3 2
|aie(w, 2)|” & | (w, 2)|". (3.107)

We note that all the energy conservation relations are approximate at a finite ¢, due
to the interaction with the evanescent modes. However, we will see in section 3.9
that there is no energy loss in the limit ¢ — 0. Due to the energy conservation, the
impinging left going wave with amplitude b° is reflected back at the turning point to

give the right going wave with amplitude a®, determined by the reflection coefficient

Ry (w, z) == % A i exp [%gb/\/(w, 0) + i (w, 2)]. (3.108)
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This is a complex number with modulus |R§/(w, z)| & 1, because there is no loss of
power in the limit ¢ — 0, and with random phase ¥5/(w, z).

The phase ¥ is described in detail in [11, Lemmas 4.1 and 4.2], for the purpose
of characterizing the reflection of a broad-band pulse at the turning point. The
standard deviation of the random boundary fluctuations considered in [11] is smaller
than what we have in (3.15), by a factor of |Ing|'/2, so that as ¢ — 0 there is no
mode coupling at any z, small or order one. Here we have mode coupling away from
the turning points, due to the stronger random boundary fluctuations, and we are
interested in the transport of energy by single frequency modes in the waveguide.
The mode powers are not affected by the phase, so the details of ¥/ (w, z) are not

important in the context of this dissertation.

3.6.3 Source excitation and matching conditions

The evolution equations of the left and right going mode amplitudes, described
above, are complemented by matching conditions at the turning points, by radiation
conditions at |z| > Zj,, and by initial conditions at z = 0, where the source lies.

Starting from the source location z = 0, which is not a turning point, we have the

jump conditions,

~

F(@)y;(ps, 0)

2i+/B;(w,0)

~

3 3 f(w)y(p*70) .
b5 (w, 04) — bi(w,0—) = ==L 2 1 < < NO), (3.109)

2i+/B;(w,0)

where we recall that N(© is the number of propagating modes at z = 0 and we denote

a5(w, 0+) — a5(w,0—) =

a(0+) = lim.\ o a(2) and a(0—) = lim, »a(z).

On the left of the source, at turning points Z@, for 1 <t < t,;, we have the
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continuity relations
aj(w,z@Jr) = a5(w, 20, bj(w,zg)Jr) = bj(w,z@—), (3.110)

for 1 < j < N“ — 1, where we recall definition (3.45) of N We also have the

reflection of the turning mode, modeled by the equation
a (W, 274) = RS oy (w, 20 0y (w, 27 4) (3.111)
N(_t—l) y ~— N(t—l) 9~ N(t—l) ) ~— ) .

where Ry is the complex reflection coefficient defined as in (3.108).
At z < —Z), where the waveguide has straight and parallel boundaries and
supports Ny, propagating modes, the wave is outgoing (propagating to the left), so

we have the conditions
CLj(Z) = CL](—ZM—F) =0, b](Z) = bj(—ZM—i—), z < —Zy, (3112)

for j=1,..., Nun.
Similarly, on the right of the source, at turning points sz), for 1 <t < tf;, we
have the continuity relations

af(w, 24) = a5(w, 20 =), B, 204) = B (w, 20 -), (3.113)

for 1 < j < Nf_l), where we recall definition (3.45) of Nf_l). The number of
propagating modes increases by one at zsrt), to equal Nf), and the amplitude of the

turning wave, indexed by 7 = Nf), starts from zero there

aj\]g) (w, Zg)) = ?VJ(:) (w, Z$)+) = 0. (3.114)

At z > Zj;, where the waveguide has straight and parallel boundaries and sup-
ports Npyax propagating modes, the wave is outgoing (propagating to the right), so

we have the conditions
aj(z) = a;(Zy—), bi(z) =b;(Zy—) =0, z > Zy, (3.115)

for 7 =1,..., Npax-
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3.7 The propagator matrix

The discussion below applies to any sector of the waveguide, so let us consider
as in section 3.5.2 the sector z € (z(_t), z(_t_l)), supporting N' = NG propagating
modes.

The mode amplitudes satisfy the system of equations (3.97), with 2N x 2N ran-

=1y

dom propagator matrix P¢(w, z; z . This solves the equation

8. P (w, z; 271y = T (w, 2)P(w, z;zg_l)), (3.116)
backward in z, starting from

Pe(w, 22y = 1, (3.117)

where I is the 2N x 2N identity matrix and Y¢(w, z) is defined in (3.98)-(3.103).

The propagator defines the solution of (3.97),

€ € (t=1)
a‘(w, z) at(w,z2"")
= P(w, 2 2" : (3.118)
b*(w, 2) be (w, 2" Y)
and due to the symmetry relations (3.99) of the blocks of Y¢, we note that
b (w,2) b (w, 217
= P (w, 2; 2" 7Y) (3.119)
@ (w, 2) @ (w, 2 Y)

is also a solution. Writing explicitly these equations, and using the uniqueness of

solution of (3.97), we conclude that the propagator has the block form

Pt (w, 2 217Y) Pl (w, 2217Y)
P (w, z; z(_tfl)) = _ (3.120)

P (w, 2; zg_l)) P (w, z; zg_l))

The blocks are N'x A complex matrices, where P=() describes the coupling between

the components of b°, the vector of left-going mode amplitudes, and P=(® describes
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the coupling between the components of b° and of a®, the vector of right-going mode
amplitudes.

The limit of P¢(w, z; z(_tfl)) as € — 0 can be obtained and identified as a multi-
dimensional diffusion process, meaning that the entries of the limit matrix satisfy
a system of linear stochastic equations. This follows from the application of an
extension of the diffusion approximation theorem proved in [43] and presented in
[26, Chapter 6]. This extension is stated in Theorem V.1 and is proved in section V
for a general system of equations with real-valued unknown vector X*¢. In our case

X¢ is obtained by concatenating the moduli and arguments of the entries in P=(*)

and Pea)

3.8 The forward scattering approximation

When we use Theorem V.1, we obtain that the limit entries of P=(*?) are coupled
to the limit entries of P#®® through coefficients that are proportional to the power
spectral density? R of the random fluctuations v, evaluated at the sum of the mode

wavenumbers,

ﬁ(ﬁj(w, 2) + 5w, z)) = 2/000 d¢ R(C) cos[(B;(w, z) + Bi(w, 2))(], (3.121)

for 5,1 =1,...,N. This can be traced back to the phase factors

: /OZ dz'[B(w, 2') + Bilw, 2)]

5
in the matrix Y*®(w, ) defined in (3.101). The limit entries of P(**)(2) are coupled
to each other through ﬁ(ﬁj(w, 2)— B (w, z)), because the phase factors in Y (w, 2)
defined in (3.99)-(3.100) are

L . ) - ),

0

2The power spectral density is the Fourier transform of the auto-correlation function R defined in (3.7). Tt is a
non-negative and even function that decays rapidly when R and therefore v are smooth in z.
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for j,l=1,...,N.
To simplify the analysis of the cumulative scattering effects in the limit ¢ — 0,
we assume that the power spectral density R peaks at zero and decays rapidly away

from it3, so that
R(Bi(w,2) + Biw,2)) =0, Vjl=1,... N (3.122)

With this assumption we can neglect the coupling between the blocks P<(*?)(w, 2)

and P (w, 2) of the propagator. Since P*®® starts from zero at z = zgfl), we
obtain
P (1, z; 27V 0
P (w, z; 2971)) R~ , (3.123)
0 P (w, z; zg_l))
and equation (3.118) gives
b (w,2) = PEO (0w, 2 2N (w, 27, 2 < 2T, (3.124)

This is the forward scattering approximation. It describes the left going amplitudes
b (w, z) of the waves, propagating forward from the source, independent of the right-
going amplitudes a®(w, z) of the waves, propagating backward, toward the source.
Note that since ; decrease monotonically with j, the smallest argument of the
power spectral density in (3.122) is at j = [ = N. The wavenumber Sy (z) is of order
k/v/N away from the turning point z(_t), but tends to zero as z Y\ 2. The left- and
right-going amplitudes of the turning mode are coupled near 2 , as described by the
reflection coefficient (3.108). We assume that this coupling holds only at z — 9 <4,

where ¢ is a small and positive number, independent of €. Over the small distance §

there is negligible interaction between the turning mode and the others, as explained

3An example is the Fourier transform of the Gaussian auto-correlation function used in the numerical simulations
in section IV.
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Figure 3.2: Plots of the matrices with entries 8; + 5; and |8; — i

The matrix with entries 8;45; is on the left and |8; —3;| is on the right, both are plotted v.s. 5,1 =1,..., /N,
for the case of N' = 40 propagating modes. The scaled wavenumber is k = 27 and the waveguide width is
D = 20.25. Note that the entries in the left plot are larger than 285 = 1.97, whereas the entries near the
diagonal in the right plot are small.

in section 3.6.2. In the remaining interval z € (z@ + 9, zg_l)) we have
R(28n(w, 2)) S R(2Bx(w, 2 +4)) ~ 0, (3.125)

so we can use the forward scattering approximation.

Note that there is mode coupling in this approximation, but only between the
forward-going mode amplitudes. This is due to the fact that |§;(w, z) — Bi(w, 2)]| is
small at least for nearby indices j, [, as illustrated in Figure 3.2. The power spectral
density evaluated at such differences is not negligible, and the net coupling effect is

described in the next section.
3.9 The coupled mode diffusion process

The ¢ — 0 limit of the forward-going mode amplitudes is stated in the next
theorem. We derive it using Theorem V.1 for the vector X¢ € R*V obtained by

concatenating the moduli and arguments of b5, with j =1,... ,N. The differential

equations for X°¢ follow from the system

0.6 (w, 2) ~ Y (w, 2)b%(w, 2), =z <27V, (3.126)
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with given b (w, zgfl)). As explained in the previous section, the approximation in

(3.126) means that there is an error that vanishes in the limit € — 0.

Theorem IT1.1. The complex mode amplitudes {b5(w, 2) };2, converge in distribution
as € — 0 to an inhomogeneous diffusion Markov process {b;(w, z)}j\il with generator

—LN given below.
Let us write the limit process as
bj(w,z) = Pl/Q(w,z)eid’j(“”z), j=1,...,/N,

in terms of the power P; := |b;|?> and the phase 1; := argb;. Then, we can express

the infinitesimal generator of the limit diffusion as the sum of two operators
£ =y + L. (3.127)

The first is a partial differential operator in the powers

S o 9\ 0 0
N c
::E 4 PP\ =— =)=+ —F)=— 12
EP,z jllc:jl (W,Z) |: ity (apj apl) 6.P] +( l j)apj ’ (3 8)
i
with symmetric matrix G©(w, z) = (Gﬁ)(w,z))x:l of coefficients that are non-

negative off the diagonal

RIBj(w,2) = Bulw, 2)], G #L, (3.129)

(c) L U2#§(Z)N12(Z)
il 2) = e ) B, )

and sum to zero in the rows

N
G§-§)(w, z) = — Z Ggf)(w, 2). (3.130)

=1
I#]

4The minus sign in front of the generator is because we solve the Kolmogorov equation for the moments of the

limit process backward in z, starting from z(j_l)
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The second partial differential operator in (3.127) is with respect to the phases

P. 82 pl 82 62 1 N 0 82
L=y Gw, 2 [—’ + 5o +2 }+— (w2
) 8],71:1 jl ( ) P, aw? Pjaw? a¢]a¢l 2]; Jl ( )a,l/}jawl
J#l
1 (s)
+ - G (w, 2) + K (w, 2) 3.131
205 Z 8% .
J#

with coeflicients

© o uRei(z) 5 .
) = e D ) T BN (3.132)

and

(W, z) = az,u?(z),u%(z) N sin |(B;(w, 2) — Bi(w, 2
67w 2) = g s TR sin (B 2) = A )] (3159

for j,l=1,...,N and j # [. The coefficient /ié-v in the last term of (3.131) is

o w2 1N, 313(2)
R (w.2) = 25j(w,z){< 12 +E>R (0) == R(O)}

X K2(E(2) R'(0)

=2 10 9.2 B . ) — A7) RO+ 5o 7 T AT
J#l

022 (2)d(2) )

+ QJ Bi(w, 2)R"(0) + [ d¢R"(()e =)k

,>2N 26,3118 (w, 2) + B} (w, 2)]2 i /

X [[ﬁlz(wv z) — 5?(&1, z)] COS(ﬁj(w> 2)¢) — 25]‘((*)» z)fi(w, 2) Sin(ﬁj(“—’a Z)C)} } (3.134)

Note that the coefficients of the partial derivatives with respect to the mode powers
P; are independent of the phases t;. This implies that {[b5(w, 2)[? } Y| converge
in distribution in the limit ¢ — 0 to the inhomogeneous diffusion Markov process
{Pj(w, z)}é\gl with infinitesimal generator —EJ}D(Z defined in (3.128). The total power
of the propagating modes satisfies
N N
cy, [ij(w, z)] =3 @9 w.2) [Pl(w, 2) - Py(w, z)] —0, (3.135)
j=1

Ji=1
J#l



48

where we used (3.130) and the symmetry of matrix G(©)(w, z). This implies that the

total power is conserved

N
Z Pj(w, z) = constant, z € (zg), z(tfl)). (3.136)

j=1

The evanescent waves do not contribute to the expression of the infinitesimal
generator EJI\D{ ., so they do not exchange energy with the propagating modes in the
limit € — 0. However, they appear in the last coefficient (3.134) of the operator EQ{ 2
so they affect the phases of the mode amplitudes.

The limit Markov process {b;(w, Z)}é\; is inhomogeneous due to the slow varia-
tions of the waveguide which make the coefficients of the operators (3.128) and (3.131)
z dependent. The slow variations also change the number of propagating modes at
the turning points, and this leads to partial reflection of power, as described in the

next chapter.

3.10 Appendix

Here we collect some integral identities and facts about the matrix M5,(w, z) that
were used earlier in this chapter. The integral identities are for the eigenfunctions
(3.29) and were used in the derivation of (3.31). The facts about M5/ (w, z) were

used in our discussion of the turning waves in 3.5.3.

3.10.1 A Few Useful Identities

The first identity is just the statement that the eigenfunctions are orthonormal

D(z)/2
/ dpy;(p, 2)yq(p, 2) = bjq, (3.137)
—D(z)/2

where 0}, is the Kronecker delta symbol. The second identity

D(2)/2
/ dp py3(p, z) =0, (3.138)
—D(2)/2
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is because the integrand is odd. The third identity follows from the fundamental

theorem of calculus,

(2)/2 1 [P&)/2 )
/ dpy;(p, 2)0py;(p, 2) = 5 / dp 8,y (p, 2) = 0, (3.139)

—D(z)/2 —D(z)/2

because the eigenfunctions vanish at p = £D(z)/2. The fourth identity is

D(z)/2 D(z)/2
/ dp [2p + D(2)]y;(p, 2)9,y;(p, 2) = / dp pdyy; (p, 2)
—D(2)/2 —D(z)/2
(2)/2
= /D( . dp {9, [pvi (0, 2)] = vi(p,2)} = —1, (3.140)

where we used integration by parts. The fifth identity is
D(2)/2
/ dpy;(p, 2)0.y;(p, z) = 0. (3.141)
—D(2)/2
To derive it, we take the z derivative in (3.137), for ¢ = j, and obtain that

D(2)/ D(2)/2
/ dpy] p,z) =2 / dpy;(p, 2)0.y;(p, 2)
D(2)/ ~D(2)/2

/ Z) ) D(z)/2
S DG 22 2 (-D)2.9] =2 [ douslp.0(p. )

—D(2)/2

We also have from (3.137), (3.138), and definition (3.29) that

[ wto Do =0+ s [ gt (4 5 ]
_D(2)/2 D(2) J_p() 2 D(z) 2

= D?(2) E - #} . (3.142)

For j # q we have from definition (3.29) of the eigenfunctions that

[ g+ Do, o) =2mg [ 2
dp2p+ D(2)]yi(p, 2)0,y,(p, 2 :27rq/ [ +1]
_D()/2 ’ P _p(zy2 D(2) LD(2)

X sin K% + %) ﬂj] cos Kﬁ + %) Wq} - —%. (3.143)

Similarly, we obtain after taking the derivative with respect to z of y,(p, z) and

substituting in the integral below that

(3.144)

D(z2)/2 D'(2) jq[(—l)j+q + 1]
dpyi(p,z)0, , , .
/_D(Z)/2 pyj(ﬂ ) yq(p ) D(Z) 42 — qQ
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We also calculate using the expression (3.29) that

D=/ 32D2%(z2) jq(—1)i+
/ dp [2p + D(2)]*y;(p, 2)yq(p, z) = 2( ) J .§_>2 , (3.145)
~D(2)/2 ™ (j2 = ¢%)
and
D(2)/2 2jq(1 — (=1)"*]
dpy;(p, 2)0pyq(p, 2) = . : 3.146
/—D(z>/2 puiler 20, 2) = "B e — ) (3.146)
and
per 8D(2)jq[l — (—=1)*
dp(2p+ D(2))yi(p, 2)yq.(p,2) = — ; . 3.147
[y, 020+ Do ) = G (3.147)

3.10.2 Properties of M5, (w, 2)

We restate some lemmas from [11] for ease of reference. They are formulated here

to fit directly their application in section 3.5.3.

Lemma II1.2. Let M5 (w, 2) be as defined in (3.64) and (3.65). Then
det M5 (w, z) = 2 (3.148)
for all z € (z(_t) — 0, Zg_l)), where 0 is a small, positive number, independent of ¢.

Proof. We will compute the determinant of M5/(w, z) directly, though one could also

obtain the result through an application of Abel’s theorem. We have that
det M (w, z) = 2Re [Mﬁ/,n(w, z)m] :
Using the definitions (3.64) and (3.65) of the entries of M, (w, z) we have
My 4, (w, z)Mf\/’Ql(w, z) = —im [Ai( — N (w, z)) - z'Bi( — N (w, z))}
x [Al'( =1y (w, 2)) +iBi' (= niy(w, 2))]
+ ime?BQur(w, 2)Qy(w, 2)

x [Ai*( = niy(w,2)) + B ( = ni(w, 2))].
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Taking the real part we obtain
Re Mﬁml(w, z)MﬁQl(w, z)} = W[Ai( — Ni(w, z))Bi’( — N5 (w, z))
— Ai'( — i (w, z))Bi( — iy (w, z))]

where the bracketed terms are the Wronskian of the Airy functions. This is constant
and equal to 1/7 and thus the desired result is achieved.

]

Lemma IIL3. For z — 2" > £2/3, we have that the entries of M (w, 2) are given

by
1 [
Mﬁ/711(w, Z) = m exp |:é/0v dzlﬁN((,u,z/)] + O<€),
Mja\/,21<wa z) = By (w, Z)Mf\/,n(wa z) + O(e). (3.149)

Proof. For z — PR %3 the functions ¢n-(w,z) and 15 (w, 2) satisfy ¢ (w,z) =
O(1) and n5/(w, 2) = O(e7%3) > 1. Asymptotic expansions for the Airy functions

at large, negative arguments as given in [19, chapter 9] yield

Ai( = 1io(w.2)) = : 7 { E(nw, )"+ ﬂ
+0 ((nfv(w,z))_?’/z)} , (3.150)
Ai’( — i (w, z)) = —M {cos E (nfv(w, z))3/2 + g]

+0 ((nf\/(w, z))_3/2>} , (3.151)
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and

+0 ((nj\,(w,z))‘3/2>} . (3.153)

We also have

(nielw, 2)) " = &0k = 3e(2)] " Quelw, 2) (3.154)
and
2, . 32
5(77/\/(%2)) =¢ ¢n(w,2). (3.155)

The result follows from the definition of the entries of M5, (w, z) in (3.64) and (3.65)

and the expressions above.

Lemma IIL4. For 29 — 2> /3, the entries of M5/ (w, z) are given by

2 ,
M) (i) ) o[£ [ e ke -0 ]

(®)

M5 91 (w, 2) = [ui/(z) — kQ]_IM exp E/ CdY pa(z') — k? — ZM + %],

with relative error of order €.

Proof. For 2" — z > ¢%/3 the function Ny (w, 2) is negative and satisfies |1 (w, 2)| =
O(e7%/3) > 1. Asymptotic expansions for the Airy functions at large, positive argu-

ments as in [19, chapter 9] yield

Ai(nielw, 2)] ) = i 140 (Infe(w. )| ™). (3.156)
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3/2

1/4 [1 +0 (}77/6\/(“)7 2)|_3/2>} ; (3.158)

2.
V|0 (w, )]
3/2

) 11
BY' ([ni(w, 2)| ) = %eﬁ\@(mﬂ [1 40 (|77f\[(w,z)‘_3/2)] . (3.159)

[, 2)| = eV 1i3i(2) — K4 Qur(w, 2) (3.160)
and
2
§|777\/(w7 27 = eV ow(w, 2)- (3.161)

The result follows from the definition of the entries of M, (w, 2) in (3.64) and (3.65)

and the expressions above.



CHAPTER IV

Transport and Reflection of Power

We now use the infinitesimal generator (3.127) to quantify the cumulative scat-
tering effects in the waveguide. We begin in section 4.1 with the modes transmitted
through the left part of the waveguide. The right-going modes are discussed in 4.4.
They are defined by the direct excitation from the source and the reflection at the

turning points. We end with some numerical illustrations in section 4.7.

4.1 The left-going waves

The wave propagation from the source at z = 0 to the end 2z = —Z;; of the
support of variations of the waveguide can be described in the limit ¢ — 0 as follows:

The left-going mode amplitudes start with the values

by(w, 0—) = byo(w) = —LWWeeO) s o), (4.1)

2i/Bj(w,0)

obtained from equation (3.109) and the observation that at z > 0, where the opening
D(z) increases, the waves are right going.

In the sector (z(_l), 0) the amplitudes {b;(w, z)}é\’:(? evolve according to the diffu-
sion Markovian dynamics with generator —£Y"” | starting from {bj0(w) ;V:((i) The

first N(© — 1 left-going modes pass through the turning point

W) =bi(w,2Y4),  j=1,... NO—1, (4.2)
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but the last mode is reflected back.

In the sector (Z(,Q), Z(,l)) there are N = N© — 1 left going modes, with ampli-

: : - . . . N®
tudes evolving according to the diffusion Markovian dynamics with generator — L, ~ ,

@ ), only the

starting from the values (4.2) at z = 2. At the next turning point 2

first N — 1 modes pass through

and the last mode is reflected back.

Nrnin

We continue this way until we reach z = —Z), with amplitudes {b;(w, —Zr)};24

obtained from the diffusion Markovian dynamics with generator —£Nmin over the

interval (—ZM,zg;”)), starting with the values {bj(w,zYM)—)}jy:mf“ determined as
explained above, from the previous waveguide sectors.
The waveguide has no variations at z < —Z), so the left-going mode amplitudes

remain equal to their values at —Z), as stated in equation (3.112). The emerging

wave is obtained from (3.30) and (3.57),

Nmin . —
(W, p, 2) ~ — Z Yi(p, —Zm)bj(w, —Znr) exp [_ 1/ Znt 05 )
s M ~ J 9
j=1 6j(w7 _ZM) €Jo

—éﬁj(W, —Zm) (2 + ZM)}, for z < —Zy.  (4.4)
4.2 The mean transmitted wave field

With the infinitesimal generator (3.127) and Kolmogorov’s equation we can cal-

culate the mean mode amplitudes

(bj(w, 2)) =E[bj(w, z)]. (4.5)

We first recall the Kolmogorov backward equation (A.4). If we consider the diffusion

process (Z(—z),b(—z)) where Z(z) := z this will be a homogeneous process with
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generator £ := —0z + LY ® which must have a corresponding solution to (A.4). We
can use this equation to obtain equations for the mean mode amplitudes by choosing
test functions f(Z,b) := b; foreach 1 < j < N ), We note equations satisfied by
higher order moments of the mode amplitudes b; can be obtained similarly as one
only needs to make a different choice of test function. The backward equation with

our current choice of test function is given by

0.(bj(w, 2)) = —L{bj(w, 2)). (4.6)

Then by exchanging the order of expectation and the generator we can simplify the

right-hand side

—£<bj(w,z)> = —E[Lb;(w, 2)]

= —E[(=07 + LY )bj(w, 2)]

= E[-LY"b;(w, 2)]

_ (©) (0)
= —|Gjj(w,2) = G} (w, )
Elby(w,2)]

+ iGg? (w, 2) + 2i/<a§-v(0) (w, 2)

(4.7)

In the first sector (z(_l ), 0), the mean mode amplitudes then satisfy the evolution

equations
b
9.(bj(w,z)) = — [Gﬁ(w, z)—Gﬁ)(w,z)—i—iGg.;i)(w,z)—l—%ﬁ;y(O) (w,z)} M7 (4.8)
solved backward in z, for z € (z(_l), O), starting from the values
(bj(w,0-)) =bjo(w), j=1,...,NO. (4.9)
The coefficients in (4.8) are defined by (3.130), (3.132), (3.134) and
N(0)
G;f;) (w,2) == — Z Gl(;.) (w, 2), (4.10)

=1
I#j
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with Gl(js.) (w, 2) given in (3.133). Because —Gg»';) (w, z)—i—Gﬁ? (w, z) > 0 (by the Wiener-
Khintchine theorem), we conclude from (4.18) that the mean mode amplitudes decay

with |z|, and therefore

)<bj(w,z(_1))>‘ < |bjo(w)|, 1<j<NO. (4.11)

This decay models the randomization of the left-going modes, and occurs on a j
dependent length scale, as illustrated in section 4.7. Similar to the case of waveguides
with random perturbations of straight boundaries [4, Section 5|, the modes with
larger index j randomize faster. Intuitively, this is because these modes propagate
slowly along z, at group velocity 1/9,,5;(w, z) that is small with respect to the wave
speed, and bounce more often at the random boundary.

A similar calculation applies to the other sectors (z(_t), zg_l)) of the waveguide,
indexed by ¢t = 1,...%¢,,. The only difference is that the starting values of the mode

amplitudes are random, so we use conditional expectations

(bj(w,2)) :=E [E [bj(w, Z)|fz(_t—1)j|i| , z < 27V, (4.12)

where F -1 denotes the o-algebra (information) generated by the Markov limit

N1 (t—1

=1 atz=2z_

process {b,(w, )} ). We obtain that (bj(w, z)) satisfies an equation
like (4.8), with redefined coefficients for the N number of propagating modes,
and starting value (b;(w, 2! _1))> calculated in the previous waveguide sector.
Proceeding this way we reach z = —Z);. The mean transmitted wave is the
expectation of (4.4), with (b;(w, —Zy)) obtained by solving equations (4.8) for all

the sectors of the waveguide. The scattering effects at the random boundary add up

in each sector, and the mean mode amplitudes decay, as explained above,

(=2} < [t =) << )]s 1S5S N (433)



58

4.3 The transmitted power

Using the infinitesimal generator (3.128) of the Markov process {P;(w, z)}, the
e — 0 limit of the left-going mode powers, we now calculate the mean and standard
deviation of the transmitted power at z < 0.

We proceed as in the previous section, one sector of the waveguide at a time,

starting from the source. In the first sector z € (z(_l), O), the mean powers
(Pyw,2)) =E[P(w,2)],  j=1,...,NO, (4.14)
evolve from the initial values (Pj(w,0—)) = |b;o(w)[* according to equation

(Py(w, 2)) (Py(w, 2))
o.| - cOwa| | (4.15)
<PN<0) (w, z)> <PN(0) (w, z)>
with matrix G(®(w, z) defined in (3.129)-(3.130), for N' = N©.

In the next sectors (z(_t), z(_t_l)) we use conditional expectations

(Pj(w,z)) :=E [IE [%(W,Z)‘Fzg—l)]} : z <2, (4.16)

and obtain that the mean powers satisfy an equation like (4.15), with N e
knowns and N x N matrix G© (w, z). These equations are solved backward
in z, starting from the values <Pj(w, Zg_l))> computed in the previous sectors. Pro-
ceeding this way, we reach z = —Z),, and obtain <Pj(w, —ZM)>, for j=1,..., Nmn.

Note that unlike the expectations (4.5), the mean powers are coupled by the
matrix G (w, 2). This coupling models the exchange of power between the left-going
modes, induced by cumulative scattering at the random boundary of the waveguide.
The exchange depends on the mode index, as illustrated in section 4.7. Specifically,

the higher indexed modes transfer power more quickly than the others.
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(_)’ (t— ))

How much power is exchanged depends on the length of the sectors (z
of the waveguide. In short sectors, the exchange is mostly among the higher indexed
modes. The longer the sectors, the more modes participate in the exchange and the
power may become evenly distributed among the modes, independent of the starting

(t—1)

value at 2z /. This equipartition of energy has been explained in waveguides with
straight walls in [26, Section 20.3], for a matrix G( with non-zero off diagonal
entries. By the Perron-Frobenius theorem, and due to energy conservation, such a
matrix has a simple eigenvalue equal to zero, and the other eigenvalues are negative.
It is straightforward to see from equation (4.15) that the solution converges at large
|z| to a vector in the nullspace of G(9. Equation (3.130) gives that this space
is spanned by the vector of all ones, so the power becomes evenly distributed at
distances that exceed the equipartition distance. This length scale is defined by the
inverse of the absolute value of the largest, non-zero eigenvalue of G(©

By the energy conservation (3.136), the transmitted power in the first sector of

the waveguide is

N©O© N
Prrans(W, 2) = ZP wz) =Y |how)?,  ze (0, (4.17)
j=1

where the right hand side is the deterministic, total left going power emitted by the
source. At the turning point 2% the N©_th mode is reflected back. The transmitted
power to the next sector of the waveguide, carried by the remaining ND = NO

modes, is random and given by

N (1)
Ptrans w Z ZP w, Z ZP (CU Z(_1)>, S (Z(_Q),Z(_1)> (418)
Jj=1
This repeats for the other sectors, and beyond z = —Z,; we have

mln

7Dtrams w Z Z P z < _ZM (419)
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In summary, the transmitted power is a piecewise constant function with jumps
at the turning points, and random values determined by the sum of the mode powers
entering each sector of the waveguide. Its mean is obtained by taking expectations
in (4.17)-(4.19), and using the mean mode powers calculated as explained above.

The random fluctuations of Pyans(w, 2) about the mean are quantified by its stan-

dard deviation

NG

StD [Pyrans(w, 2)] = { Z [<73ﬂ(w, z)> — <Pj(w,z)><Pz(w, z)>] }1/2 (4.20)

=1

for z € (zg), zg_l)) and 1 <t <t,,. To calculate it we need the second moments
(Pjl(w,2)) :== E[Pj(w, 2) P(w, 2)]. (4.21)

Again, these are obtained in one sector of the waveguide at a time, starting from the

source, where

(Pii(w,0)) = |bjo(w)*|bow)*,  4l=1,...,NO. (4.22)
The evolution equations of the moments (4.21) at z € (zg), zg_l)) are
NED
0.(Pjj(w,z)) = 2G§-;)(w, 2)(Pji(w, z)) — 4 Z G;? (w, 2)(Pij(w, 2)), (4.23)
=1
and
N(_t—l)
0-(Pjg(w, 2)) = 2G§.;) (w, 2)(Pjg(w, 2)) — Z [Gg.? (w, 2)(Pig(w, 2))
=1

—i—Gl(;:) (w, 2)(Pj(w, z)>] : (4.24)

for j,q =1,... ,Nﬁt_l) and j # q. These equations are solved backward in z, with

the starting values (Pjq(w, 2971)» calculated from the previous sector.
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4.4 The right-going waves

Even though we consider the forward scattering approximation in each sector of
the waveguide, there are both left- and right-going modes at z < 0, due to reflection
at the turning points. At z > 0 we also have the right-going waves emitted from the
source. The analysis of the reflected mode amplitudes is more complicated, because
they quantify cumulative scattering in the waveguide sectors traversed both ways:
to the left by the incoming wave and to the right by the reflected wave.

(1) ,t=1)

In each sector (2, ) we obtain from (3.123) that the right-going mode am-

plitudes satisfy
as(w, 2) = Pe®) (), 2 2 V)al (w, 2071, t=1,...,t. (4.25)

This looks similar to equation (3.124) that describes the evolution of the left-going
waves, but we have different boundary conditions, as we now explain.
Starting from the leftmost turning point z(_t;f), and denoting N' = Ngt;fl), we

obtain from (3.111) the initial condition

a‘?(w,z@ﬂ) = Rf\/(w,z@f))bf\/(w,ng))djN, j=1,....N, (4.26)

J

for the vector a®(w, z) € CN, where d;n is the Kronecker delta symbol and Rj is
reflection coefficient defined in (3.108). The amplitudes of the right-going modes

impinging on the next turning point are obtained from (4.25)
_ _ _ T _
a®(w, ZYM_l)—) ~ [Pa(bb) (w, ng); ng_l))] a®(w, ZYM)), (4.27)

using that the propagator P¢®) is approximately unitary. This follows from the
energy conservation relation (3.136), which holds in the limit ¢ — 0, independent of

the initial conditions.
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(tar—

On the right of the turning point z Y there is an extra right-going mode.

Renaming N = Ngt;/’ _2), we obtain the following initial condition for the vector

a®(w, 2): Tts first N/ — 1 components are given in (4.27), and the last component is

£

asy (w, z(t&fl)) =R (w, z(t&fl)) b (w, 29&71)) . (4.28)

Car 72)) determine the am-

These amplitudes and the A/ x N propagator P=®*) (w, z; 2

(t;{_Q)

plitudes of the right-going modes impinging on the turning point z and so
on.

Proceeding this way we obtain the amplitudes {a5(w, 0—)}?’:(? on the left of the
source. The amplitudes at z = 0+ are given by these and the source conditions
(3.109). The analysis of forward propagation at z > 0 is similar to that in section
4.1, with the exception that at the turning points zsrt), for 1 < ¢ < t},, there is

no reflection. We add instead a new mode with zero initial condition, as stated in

(3.114).

4.5 The net reflected power

The calculation of the statistical moments of the right-going mode amplitudes in
the limit ¢ — 0 requires the infinitesimal generator of the limit propagator P=®® in
each sector of the waveguide. This operator can be obtained using Theorem V.1, but
the calculation is complex. Here we quantify only the net reflected power at each
turning point, without asking how this power gets distributed among the modes as
they propagate toward the right. This is an easier task as the net reflected power
can be completely characterized in terms of the initial power to the left of the source
and the power transmitted through the left part of the waveguide, whose statistics

we have previously computed.
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The net reflected power is determined by the transmitted power in the left part
of the waveguide, using energy conservation. Specifically, starting from the leftmost

turning point, the net reflected power is

Peett(@,2) = P =y (w, 2 4),  ze (0, 7Yy, (4.29)
N

where the right hand side is the power of the left-going turning mode, analyzed in

section 4.1. Here we used the conservation relation

(tpr—1
N_
ll_r}(l) ‘a;(uhz)’Q = constant, for z € (ZYM)’ZgM—l))’
=1

derived the same way as (3.136), equation (4.26) and lim._,¢ |R5/| = 1.

-1)

At the next turning point z(_t]_” we add a new mode amplitude, and the net

reflected power increases to

(tar) (tar—1)
Prei(w, 2) = PN(_t?Wl)(w’ 22M4) + PN@IQ) (w, 22" 7 4), (4.30)
for z € (z(_t’;’_l),zg;”_m), and so on. Proceeding this way we obtain that the net

reflected power is a piecewise constant function at z < 0, with jumps at the turning

points 2 indexed by 1 <t <t,,. At the source location this equals

t
Prea(,0) = > Py (w, 24), (4.31)
t=1

and its mean and standard deviation are determined by those of the turning wave
powers, calculated in section 4.1. By comparing with (4.17-4.19) we obtain the global

conservation of energy relation

N(0)

7)reﬂ(wa O) + Ptrans(wa _ZM) = Z ’bj,()(w)|2' (432>
j=1

Therefore the first two moments of the net transmitted and reflected powers are
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related through:

N(O)
<Pr€ﬂ(w7 0)> = Z |bj o\w Ptrans( ) _ZM>> ) (433)
StD [Preﬂ( 0)] = StD [Ptrans( ZM)] (434)

4.6 The net power transmitted to the right

There is no mode reflection at z > 0, and the net transmitted power to the right

is
N(0)
_ 1 e 2
Ptrans,right(wa Z) - }:EI(I) Z: |a’j(wa O+)| ) z > Oa (435)

where the equality means having the same statistical distribution, and

o~

J(@)y;(ps, 0).
' Bj (("}7 0)

The calculation of the statistical moments of (4.35) is as complicated as the calcula-

a5 (w,0+) = a5(w,0—) + aj,(w), ajo(w) = (4.36)

tion of the moments of the limit right-going mode amplitudes. Specifically, it requires
the infinitesimal generator of the ¢ — 0 limit of the propagator P in particu-
lar, we need to characterize the phases of the reflection coefficients R‘;V = (w, zg)),
t=1,...,t,,. By extrapolating the results given in [11] (in which the standard devi-
ation of the fluctuations of the boundary was smaller), we expect that these phases
are independent and uniformly distributed over [0,27]. We could then expect that

the mean power transmitted to the right is

N(0)
<Ptrans,right (wa Z)> = reﬂ + Z ’@] o
N(O) N(O)

= > lajo(w) + Z 1bj.0(W)[" = (Prrans(w, —=Znr)) , (4.37)
j=1

for any z > 0.
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4.7 Numerical illustration

In this section we illustrate with some plots the exchange of power among the
propagating modes in the left part z < 0 of the waveguide, due to a point source at
x, = (D(0)/7,0). For comparison, we also consider other initial conditions, where
the excitation at z = 0 is for a single mode at a time.

We take a waveguide with a straight axis that has a single turning point, at arc
length M= [ = —1000A, where A is the wavelength. The waveguide opening
D(z/L) increases linearly in z in the interval [—L, 0], from the value 20\ to 20.49),
and transitions as a cubic polynomial to the constant 19.999\ at z < —L — 0.2\ and
20.491\ at z > 0.2)\. Thus, there are N© = 40 propagating modes at z > —L and
N = 39 modes at z < —L. The top and bottom boundaries of the waveguide are
straight and parallel at z € (—oo, =L — 0.2X) U (0.2}, 00).

The auto-correlation function R of the process v(() is a Gaussian with standard
deviation 1. The correlation length of the fluctuations is ¢ = 3\, so ¢ = ¢/L = 0.003,
and the standard deviation o of the fluctuations equals /z.

We can describe approximately what to expect in terms of the randomization of
the mode amplitudes and the exchange of power among the modes by looking at
the following length scales calculated in a waveguide with constant opening equal to
D(0):

1. The mode-dependent scattering mean free path

2
(0) (©) ’
Gji (w,0) = G} (w,0)

JJ

j=1,...,40, (4.38)

Lj,smf =

which is the scale of decay of the mean mode amplitudes, as seen from (4.8).
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Figure 4.1: Plot of the characteristic length scales

These three length scales quantify net scattering in a waveguide with constant opening D(0). The solid
blue line is for the scattering mean free path (4.38). The dashed red line is for the transport mean free path
(4.39). The yellow dashed line is for the equipartition distance. The abscissa is the mode index j = 1,...,40
and the ordinate is in units of A.

2. The mode-dependent transport mean free paths,

2
Ljwm = ==, J=1,...,40, (4.39)
§j (w,0)
defined in terms of the diffusion coefficient —Gg»j) of the mode power infinitesimal

generator (3.128). The modes exchange power with their neighbors as they propagate

at distances of order (4.39).

3. The equipartition distance Ley, which is defined as the inverse of the absolute
value of the largest, non-zero eigenvalue of matrix G (w,0). At distances of order
L.q, we expect that the power gets evenly distributed among the modes, independent

of the excitation at z = 0.

We display these scales in Figure 4.1 and observe that at the distance L = 1000\

between the source and the turning point, we have
L > Ljsmt, Ljtmf, J=9,...,40.

Thus, these modes should be randomized and moreover, they should share their

power with the other modes. Because L < Lq, we expect that at least the first five
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Figure 4.2: Display of |(b;(w, z))| and (P;j(w, z)) v.s. the mode index j

The absolute value of the mean mode amplitudes [(b;(w, z))| (left) and the mean mode powers (P;(w, z))
v.s. the mode index j at three different distances from the source: The blue circles correspond to the initial
values at z = 0, due to a point source at location (D(0)/7,0). The red crosses are for |z| = 100X and the
yellow squares are for |z] = L = 1000\. The abscissa is the mode index j =1,...,40.

modes have not shared all their power with the other modes.

These expectations are confirmed by the results displayed in Figure 4.2, where we
show the absolute values |(b;(w, z))| of the mean mode amplitudes (left plot) and the
mean mode powers (P;(w, z)) (right plot) at three distances from the point source.
The dashed blue line is for z = 0, so it corresponds to the initial values (4.1) of the

mode amplitudes, which oscillate in 7 due to the factor

y](p*vo)_ D(O) S |:<D(O) +2>7Tjj|7 j_1a7N y Px = 7 .

As we increase the distance |z| from the source, the left plot in Figure 4.2 illustrates
the decay of the mean mode amplitudes. We note that at |z| = 100\, the modes
indexed by j > 15 have negligible mean, and at the turning point |z| = L = 1000,
the modes indexed by j > 5 have negligible mean. This is as expected from Figure
4.1, because because L;gnt < 100X for j > 15 and L;gne < 1000A for j > 5. The
right plot in Figure 4.2 illustrates the effect of exchange of power among the modes.
The scattering mean free path and the transport mean free path are almost the same

in this simulation, as shown in Figure 4.1, and we note that at the turning point
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Figure 4.3: Display of mode power statistics for a point source

The mean net power of the transmitted modes is in dashed blue line, the standard deviation of this power
in dashed red line, and the mean power of the turning mode, indexed by j = 40. The abscissa is the arc
length in units of A (in logarithmic scale).

|z| = L = 1000\ the modes indexed by j > 5 have almost the same power.

In Figure 4.3 we display the mean and standard deviation of the net power
Z;’il Pj(w, z) of the modes that are transmitted through the turning point, and
the mean power of the turning mode, as functions of z. At |z| = L = 1000\, these
determine the transmitter power (4.18) beyond the turning point, and the reflected
power (4.31). Note that in this case cumulative scattering at the random boundary
is beneficial for power transmission through the waveguide. In the absence of the
random fluctuations there would be no power exchange between the modes, and the
transmitted power would equal Z?il Pj(w,0). As seen in Figure 4.2, the turning
mode has the largest mode amplitude initially, and all its power would be reflected
back. The cumulative scattering at the random boundary leads to rapid exchange
of the power of the turning mode, as shown in the right plot of Figure 4.2, and
much less power is reflected. The standard deviation of the net power of the first 39
modes, shown with the red dashed line in Figure 4.3, is smaller than its mean. Thus,

Z?ile(w,z) R~ Z?il (Pj(w,z)), with less than 10% relative error (i.e., random
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Figure 4.4: Display of mode power statistics for single mode excitations

The mean net power of the transmitted modes is in dashed blue line, of the standard deviation of this
power in dashed red line, and the mean power of the turning mode, indexed by j = 40. The abscissa is the
arc length in units of A (in logarithmic scale). Only one mode was excited initially, the 39-th one in the left
plot and the 40-th one in the right plot.

fluctuations).

The last illustration, in Figure 4.4, shows the mean and standard deviation of
Z?il Pj(w, z), and the mean power <P40(w,z)> of the turning mode, as functions
of z, for initial excitations of a single mode. In the left plot the 39-th mode is
excited, and in the right plot the 40-th mode is excited. In the absence of the
random fluctuations, these initial conditions would determine the transmitted power
at the turning point. Specifically, in the first case the power would stay in the 39-th
mode and would propagate through, whereas in the second case the power of the
40-th mode would be totally reflected. The cumulative scattering in the random
waveguide distributes the power among the modes, and we note in the left plot of
Figure 4.4 that slightly less power is transmitted, due to the power transfer to the
turning mode, whereas in the right plot, most of the power is transmitted, due to

the transfer of power from the turning mode to the other modes.
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4.8 Universal transmission properties for strong scattering

In case of strong scattering, the mean transmitted power through the left part of
. . )
the waveguide becomes universal and equal to Py Ny, /N©, where Py := Z;V:i |bj0(w)[?
is the power transmitted to the left by the source. More exactly, if scattering is so
strong that equipartition is reached in each section between two turning points, in

the sense that z(_t_l)

— 20 Lt forallt =1,... ty (where L, is the equipartition

() Zg—l)))

distance in the section (22 , then the fraction of mean power transmitted

through the ¢-th turning point A1 — 1/N£t71), because the N V_th mode car-

rying a fraction 1 /Nﬁt_l) of the mean power is reflected. By denoting <73t(f;lls)> the

z@, 29—1))

net transmitted power in the ¢-th section ( , we get the recursive relation

(Pl ) = (PR ) (N =1 N1y, (440)

which gives that the mean transmitted power at —Z; is PoNpin/N ©),



CHAPTER V

Diffusion Approximation Theorem

In this chapter we state and prove the diffusion approximation theorem used to
obtain the asymptotic limit of the mode amplitudes in sections 3.7 - 3.9. Similar
results were proven in [43, 7] and summarized in [26, chapter 6]. The proof relies

upon the perturbed test function method of [44].

5.1 Statement of the Theorem

We state the theorem for a general system of random differential equations

%1(2) - %F<X€(z)7qe(2),9€(z),z), z2>0, X°(0)=x, (5.1)

with unknown vector X¢ € R?, and right hand side defined by a function of the form

p

F(X,q,@,z) = ZF(j) (X,q,é’j,z), for 0 := (Qj)p € RP. (5.2)

j=1
j=1

The second argument of F' is defined by ¢°(z) := ¢(z/e), where ¢(z) is a sta-

tionary and ergodic Markov process taking values in a space E, with generator ()

and stationary distribution m,. We assume that () satisfies the Fredholm alternative,

which holds true for many different classes of Markov processes [26, section 6.3.3].

Note that the Markovian assumption on the driving process q is convenient for the

proof, but the statement of the diffusion approximation theorem V.1 generalizes to

a process ¢ that is not Markovian, but ¢-mixing with ¢ € L'/? [35, Sec. 4.6.2].

71
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The third argument of F' is the vector valued function 6%(z) taking values in R?,

with components satisfying the equation

Tolse, =
dz_gjzv ]_7"'ap7

where (;(z) is a R-valued smooth function, bounded as C' < §;(z) < 1/C for some
constant C' > 0.
We assume that the components FU) in (5.2) satisfy the following conditions, for

all j=1,...,p:

1. The mappings (x, 2) € R? x R +— FU)(x,q,0;,2) € R? are smooth for all ¢ € F

and 0; € R.

2. The mappings ¢ € E +— FU)(x, q,0;,z) are centered with respect to the sta-

tionary distribution m,

E[F9) (2, q(0),0, 2)] = [E FU (2, q,0;,2)m,(dq) = 0,

for any x € R%, 6; € R and z € R.

3. The mappings 6; € R — FU)(x, q,0;, ) are periodic with period 1 for all z € R?

and g € E.

Theorem V.1. Let X¢(z) be the solution of (5.1), with right-hand side F' defined in
terms of the functions F9Was in (5.2), and FY) satisfying the three properties above.

In the limit € — 0, the continuous processes (X(2)).>0 converge in distribution to
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the Markov diffusion process (X (z)),>o0 with the inhomogeneous generator

d d
th x,2)0,, f(x)+ Z amn(x, 2)02 . f(z), (5.3)
(@, 2) 1= / E [F(@,(0), - ) P (. 4(C), - + B)C, 2 dC) 5 . (5.5)

where <>ﬂ 1s the mean value for almost periodic functions,

<H()>ﬁ lim —/ H(6 + Bs)ds

S—o00 S

Note that the mean values for the terms involved in (5.4-5.5) exist and are inde-

pendent of 0, since the functions

Grm(s) = / E[Fu(2,(0),0 + Bs, z) Fu(x, q(¢), 6 + Bs + B¢, 2)] d¢,
0
én,m(s) = / E [F'IZ(w? Q(O), 0 + /387 z)@mnFm(a:, Q<<)7 0 + IBS + BC? Z)] dC?
0
are periodic or almost periodic in s, for any fixed  and gq.

5.2 The Proof

Proof. Let us define the projection on the torus S ~ R/Z:
feR—0:=0fmod1€S,

and observe that if a function f : R — R is periodic with period 1, then f(0) =
f(8). We also define °(z) := 6°(z) mod 1, and Z(z) := 2. The joint process
(X<(2),¢°(2),0°(2), Z(2)).0 is a Markov process with values in R? x E x SP x R

and infinitesimal generator

1 .
—F(X,Q,O,Z>'Vx+az. (56)

ﬁ:§@+ﬁwyv@+¢g
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One can show by the perturbed test function method [26, Section 6.3.2] (see
also the appendix at the end of this chapter) and Lemma V.3 that the continuous
processes (X¢(2), Z(2)).>o converge in distribution to the Markov diffusion process

(X (2), Z(2)).>0 with the homogeneous generator:

Lf(x,Z)=0zf(x,2Z) (5.7)

([ EIF@0(0)..2) Vo (FlaalQ). + B 2)- Taf (@, 2)] )

Since (Z(z)).>o is deterministic, we conclude that (X (z)),>o is a Markov process

and its inhomogeneous generator is

ﬁzf<33) = </OOOE [F<w> q<0)a ) Z) Vg (F(w> Q<C)7 Tt B(Z)Ca Z) ’ me(ﬂl))] dC>,@(z)
(5.8)

or equivalently (5.3).

Lemma V.2. We have the following two statements:

1. Let p € R\{0}. Let g(q,0) be a bounded function, periodic in 6 € R with period
1, such that

E[g(q(0),0)] =0 for all € R.

The Poisson equation
(Q+89)f=g

has a unique solution f, periodic in 6, up to an additive constant. The solution with

mean zero is

o

F(a.6) = / Elg(q(C),6 + BO)la(0) = qldC (5.9)



(0]

2. Let B € R? with non-zero entries. Let g(q,0) be a bounded function, periodic

in 6@ € R? with period 1, such that
E[g(q(0),0)] = 0 for all 8 € R?.

The Poisson equation
(Q+B-Vy)f=yg

has a unique solution f, periodic in @, up to an additive constant. The solution with

mean zero is

£(0.6) =~ [ Blg(a().6 + BOIa(0) = ldc. (5.10)

0
Note that in the second item of Lemma V.2 it is important to assume that
Elg(q(0),0)] = 0 for all & € R?, and not only that [, E[g(¢(0),8)]d0 = 0. The

latter weaker hypothesis ensures the desired result only when (3;/f, is irrational.

Proof. To prove statement 1. let § € R be fixed. We denote by 05(() the solution
to % — B and by 05(¢) := 05(¢) mod 1. The process (¢(C),05(¢))cso is a Markov
process with values in £ x S and with generator @ + $9;. It is a stationary pro-
cess with the stationary distribution 7, ® vs where vg is the uniform distribution
over the torus S. It is also an ergodic process with respect to the stationary distri-
bution 7, ® vs. Since g satisfies [ g(q,é)ﬂq(dq) = 0 for all 0, it a fortiori satisfies
[ 9(q,0)m,(dq)vs(df) = 0, and the result then follows from standard arguments [26,

section 6.5.2]:

F(do,b5) = — / TE[9((0). 85(0))|(0) = qo. 85(0) = 6] dC

which gives (5.9).
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To prove statement 2. let B3 € R? be fixed. We denote by 65(¢) the solution to
daﬁ = B and by 85(¢) := 05(¢) mod 1. The process (¢(¢),05(¢))cso is a Markov
process with values in £ x S§? and with generator Q + 3 - V.

If the ratio 51/, of the entries of 55 of 3 is irrational, the process (¢((), éﬁ(C))CZO
is stationary and ergodic, with the stationary distribution m, ® vs2, where vg2 is the
uniform distribution over the torus S?. Since g satisfies [ (g, 8)7,(dg) = 0 for all
8, it a fortiori satisfies [[ g(q, 8)7,(dg)vs2(d@) = 0, and the result then follows from

standard arguments [26, section 6.5.2]:

F(do,60) = — / “Elg(a(0). 65(0))[a(0) = g0, 65(0) = BoldC

which gives (5.10).

If the ratio 31 /s of the entries of 3 is rational, that is to say, if there exist nonzero
integers ny,ny such that ni5; = ny3s, then (éﬁ(g))czo is not ergodic over the torus
S?. However, for a given starting point 6y, it satisfies the ergodic theorem over the
compact manifold Séo = {90 + Bs mod 1, s € R}, with the uniform distribution
over the manifold Sl- Since g satisfies [ g(q,0 Wq(dq) = 0 for all @, it a fortiori

satisfies [[ g(q,0 Wq(dq)ug1 (d@) = 0. We can then define

Fla0,60) = — /0 " Elg(a(C), 85(C)1g(0) = g0 B5(0) = BuldC

which gives (5.10).

We can now state the lemma used in the proof of Theorem III.1:

Lemma V.3. For all f € C°(RY x R, R), and all compact sets K of R x R, there
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exists a family f¢ such that:

sup 1fe(z,q,6,2) — f(z,2)] =20, (5.11)
(x,Z)eK,qeE,0cSP
sup \ﬁaf‘f(a:,q,é,Z) Lf(x,Z) — =9 0, (5.12)

(x,2)eK,qeE,0eSP

where LF is the generator (5.6) and L is the generator (5.7).

Proof. Let f € C°(R? x R, R), and define
where f1, fo, and f§ will be specified later on. Applying £° to f°, we get

£ f7(2,0,60,2) = —= ((Q+ B(2) - Vo) + F(2,0.6.2) - Vo f (2. 2)

1
NG
n ((Q +B(2)- V) fo+ F(x,9,6,2) - Vo fi(w, .0, Z))
+B8(2)-Vyfi(x,0,2) + 0zf(xz, Z) + O(/e). (5.14)

Now let us define the correction f; as

fi(w,q,0,7) Zf (5.15)

where

P (@,q,0,,2) = —(Q + 5j(Z)39’j)_1 (F(j)(x’ 0.0;,2) - Vof (2, Z)> '

These functions are well-defined and admit the representation

1 (@,q,05,2) = /:OE [FO(@,9(Q).0; + 8;(2)C, 2) - Val (2, 2)|a(0) = g]dc,

by Lemma V.2.

The second correction fs is defined by

p

folw,q.0,2) = > f9(x,q,0,,6,, 7). (5.16)

=1
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where

f(]l)( .q, Qj,el, ) = —(Q+6j(Z)8éj —|—61(Z>89~l>—1
< (FO(@,q,0,2) - Vo (@, 0,0, 2) = E[FD(,4(0),0;, 2) - Vo " (,4(0),01, 2)] ).
These functions are well defined by Lemma V.2 since the argument of the operator

(Q + 5;(2)0; o+ Bi(2)0, ) ' has mean zero for all @.

Substituting (5.15) and (5.16) in (5.14) we obtain

Lofe(w,q,0,7) = ng 05,0, 2) + B(2)-Vfi(x,0,2)

jl=1
+02f(w, Z) + O(V3), (5.17)
with
99" (@, 05,60, Z) = B[F9(x,4(0),0;, Z) - Vo " (2, 4(0), 6, Z)]. (5.18)
We now define the third correction function
fi(x,0,2) Zf;l x,0;,0,7), (5.19)

7,l1=1

with terms

féjl)7a($,éj,él,2) I:/ _\[S ( 9 +B]( )879l+5l(z)572)d87
0
defined by
”g’é]l) (.’.U, 0]7 él’ Z) = géﬂ) (.fC, 03, él, Z) — g{gjl) (m’ Z)?

where

géjl)(a:,Z) lim %/ (]l( 0; + B(Z)s,0, + Bi(Z)s, Z)ds. (5.20)

S—o00
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These are are well defined because s — g3 ( 0,4 B;(Z)s, 0+ Bi(Z)s, Z) are almost
periodic mappings.

Note that /e féjl)’ is uniformly bounded because g3 is bounded. This and
definitions (5.15), (5.16) of the corrections f; and fs used in equation (5.13) imply
that f© satisfies (5.11). Note also that /e f3 (). goes to zero as € — 0, because the
mapping s — g3 ( 0 + B(Z)s, 0, + 5,(2)s, Z) is almost periodic and with mean

zero. Moreover, using the chain rule and integration by parts, we obtain

(8;(2)0; +ﬁz( )0 )féjl)’e(%éj,éz,z)
:/OO e VE0,[G9 (@, 6, + B,(2)s, 6, + Bi(2)s, 7)) ds

= — 35" (2. 0;,0, 2) + VELS ' (2,0;.0,. 2).

Gathering the results, equation (5.17) becomes

CF = 0@, 2) +0sf(@,7) + VEfi(w.8.2) + O(VE).

ji=1
The result (5.12) follows from this equation and definitions (5.18), (5.20) and (5.15),

because /2 f5 goes to zero as e — 0.

5.3 Appendix: The Perturbed Test Function Method

The perturbed test function method consists of two main steps as was stated in
[44, 7, 35, 26]. The first is showing tightness of the laws of the processes X\E(z) =
(X<(2),¢°(2),0°(2), Z(2)). The second is to show that the martingale problem asso-
ciated with L° yields the martingale problem associated with £ in the limit ¢ — 0.
These two steps combined yield convergence in distribution. We outline these two

steps here and give references for where one can find more detailed accounts.
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With regard to proving tightness, a sufficient condition is that the family of pro-

cesses X° (z) satisfy the Kolmogorov moment estimate
B X*(2) - X*()|*) < Cle = 2 (5.21)

for 0 < 2/ <z < Z, constant independent of €, and o,y > 0 [45]. Showing (5.21) re-
quires e-independent estimates for moments of X £(z). One can prove such estimates

by using that

My ()= F(RE() = @) — [ st (X (s) (5.22)

0

is a martingale for all test functions f¢ where X £(0) = .
In particular, if we take f¢ = Z + /e f1(Z) where & = (z, q, 0, Z) and f; is as in

(5.15) we can write

—~

X(2) = @ - VLX) = fil@n) + [ ds () + M), (529
Moments of X ¢(z) can then be estimated by estimating the right hand side of (5.23)
using growth properties of the test functions which are inherited from F' in (5.1),
Gronwall’s inequality, and Doob’s martingale inequality as was done in [26, Section
6.3.5]. It then remains to show (5.21). However, the test function f; in the represen-
tation (5.23) for X () prevents us from obtaining such an estimate. Instead, one
can prove (5.21) for a process which is uniformly close to X ¢(2) in probability and
this will suffice for tightness. Such a process can be obtained by omitting the terms
involving f in (5.23) and this process will be close to X ¢(2) since their difference
—VE(Fi(XE(2)) — £i(#@o)) will be small [26, Section 6.3.5].

The argument for showing that the martingale problem associated with £° con-

verges to that of £ is as in [26, Section 6.3.4]. We use that (5.22) to say that in

particular for f¢ as in Lemma V.3 we have from the martingale property that

E[M;-(2") — My (2)|F.] = 0 (5.24)
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where F, 1= 0(5(\ (s),s < z). Further, by restricting to the o-algebra generated by

((X=(s), Z(s))) for s < z and properties of conditional expectation we have

n

E[(My-(2) = My=(2)) [ [ (X5 (25), Z(2;))] = 0 (5.25)
j=1
for all bounded, continuous h;, 0 < z; < ... < z, < z < 2. Then using Lemma

V.3 and e-independent moment estimates obtained in the proof of tightness one can

write (5.25) as

n

E[(M (') = My(2)) [T hi(X=(2)), Z(2))) = O(e) (5.26)

=1
where f is as in Lemma V.3.

Expanding My we have

’

B, Z(2) — [(XC(2). 2(2) - [ dsL(X°(). 2(5))
< [T ), 2] = 0 (5.27)
Then the limit (X (2), Z(z)) of any weakly convergent subsequence of (X¢(z), Z(z))

satisfies

x [T 7i(X (z), Z(z))] = 0. (5.28)

j=1
for all bounded, continuous hj, 0 < 2z < ... <z, <z < 2. This in turn implies that

/

E[f(X(2), 2() = f(X(2), Z(2)) — / dsLf(X(s), Z(s))|Fz] = 0. (5.29)

z

where F, .= a((X(s), Z(s)),s < z). Thus,

f(X(2),2(2)) — f(X(0), Z(0)) - / dsLf(X(s), Z(s)), 220 (5.30)

0
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is a martingale for any limit process (X (z), Z(z)) and test function f € C°(R? x
R,R).

If the generator £ given in (5.7) has diffusion coefficients which are at most
quadratically growing in @ and drift coefficients are at most linearly growing in
@ then the limit process (X (z), Z(z)) will be the unique diffusion process with gen-
erator L. Combining this with tightness yields the desired result (see [22, Section

4.8)).



CHAPTER VI

Boundedness of the Operator K

Here we prove that the integral operator K which appears in the analysis of
the evanescent modes in section 3.5.4 is bounded in an appropriate function space.
Boundedness of the operator K allows us to invert the the operator (I — \/EK) using
a Neumann series which in turn gives us a way of expressing the evanescent modes
in terms of the propagating modes and a term which depends on the source. We
include this as a separate chapter so as not to interrupt the flow of chapter III with

a long technical aside.

6.1 Setup

In (3.87) the integral operator K is given component-wise by

[KU]j(w7Z> = _#Ej)z) /OO déeiﬁj(“”z)m
J ’ —00
1
. Vi +e0) — o (Z+E)Uy . (6)
€0,

83
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Vel (w, 2) = 1w, 2) + O(V/2), (6.2)

20,05 (w, 2) = £0.C\ (w, 2) + O(V/5), (6.3)

(e) %%[UFMV < ) w,z) + a@]qu <Z>€azug(w’z) (6.4)

e0, C Z ol lv ”’< ) o(w, 2) + V”(S)aazuZ(w, 2)]

>N
q#j

+ ga@jq[y/f(g)gazu2<w,z)+,/<§>gzagug(w,z)]. (6.5)
q97]

In what follows, we will neglect the O(y/€) parts of (6.2) and (6.3) as they can be
shown to decay to 0 as ¢ — 0 using similar arguments to those we give in Section
6.3. We will also suppress the dependence on w since it is assumed fixed.

It will be helpful to break up the first component of KU,(2), which we denote by

[KU]gl)(z), into three terms. We have that

KUL(2) = 52 [ aee 009 [0z c6) = udlew ( -+ €)us(e+ <6

=: [KU]'"V(2) + KU (2) + KUY (2) (6.6)

where [KU]gl’l)(z), [KU];-172)(Z) , and [KU]§-1’3)(Z) are as given below. We have

KU (2) ;:_011<Z>/ dee=IE S, "(“”tfg) £ (2 +&6)

28;(2) J- =
qa#]
_ ol(z) B slfe N (1T sy
280 / e q;:v 72— ¢ ( c )“q(*’:*s) (6.7)

q#]j
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KU (2) = —g;j((g / T dee NS 0, (Z tgf)aﬁzUZ(z + &€)

>N
qsﬁj
I
q#J
KU () o= 8 [ e 008 (2 4 €+ <0
;ﬁlf(f)l / dse (LY V(i s). 09)

We decompose similarly the second component of KU;(z), which we denote by

[KU]gQ)(z). We have that

[KU]g-Q)(z): 21513(( ))/ dge1E18s (2 [58(3 (z +€€)

_ UM?@)V(; + f)e@zuj(z + 55)}

oli(2) /_ ‘: dse O | 37 [3,() sem(s) (rjqu“(z%s)u;(z +5)

Qﬂj(Z)g TN

q#j
+ @quf(z_—i_s)gazuZ(z + 3))} — MJQ-(Z)I/(Z il S)sazuj(z + s) (6.10)
=: [KU]*Y(2) + [KU]*?(2) + [KU]*?(2) (6.11)

where we used integration by parts to obtain (6.10). The three terms in (6.11) are
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given by

1 [ee)
[KU]EQ,I)(Z) — o I(Z)/ ds sgn( ) —Bj(2)|s|/e

qu i <Z+S>u2(z+s) (6.12)

TSN 72— ¢ €
q#]
1 [ee]
[KU];ZQ)(Z) =2 I(Z)/ dse Pilsl/e
€
]q ]+q z4+ s .
X Z o ( . )es@uq(z—l—s) (6.13)
>N
q#]
0'1[(2’)

/ h dge—\ﬁlﬁﬂzmg(z)y(g + 5) £ (2 + £€)

(
_ oli(z) /OO dse~1518i(2)/¢ (%)2,/('2 1_ 8)58Zu§(z +s). (6.14)

6.2 A Few Useful Estimates

As was the case in [4], we can estimate the operator K in terms of operators
for which there are well known estimates, such as convolutions and discrete Hilbert
transforms. Here we will define a few of these simpler operators and prove some
intermediate estimates on them. Many of these operators and estimates are either
analogous or identical to those that appeared in [4]. These will all be put together
in section 6.3 to show boundedness of K.

The discrete Hilbert transform of a sequence {a, },ez is given by

a*— _Z n (6.15)

j—n
The discrete Hilbert transform is a bounded operator from ¢?(Z) to (*(Z) satisfying
the estimate

|a < 7THCLHZQ (6.16)

Y

an elementary proof of which can be found in [31].
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The operator T : (*(Z) — (*(7Z) is defined by

Jq
qF+j J q

As was noted in [4], this operator is essentially a sum of discrete Hilbert transforms

and we may write

[Tal; = 5[(~qag) x4 (qag) < 7]+ Fla - a). (6.18)

Then we have using the estimate on the discrete Hilbert transform that
1 .
ITalle < (5 +7)lialle. (6.19)
The the convolution operator T will be given component-wise by
[Tal;(2) := ([|Tal]; * e V) (2)1jony (6.20)

where Ej = Bj(zgfl)). Then Young’s inequality for convolutions and He_B”"/sHLl(R) =

28/@- implies

~ 2e
ITaljll 2wy < —=l[Tal;ll2m (6.21)
jC
where we used that for j > N
~ g7 kD 2 g
>yl =) =:4C 6.22
@_D¢ (o) =7 (6:22)

and D := D(zgfl)).

If we consider a slight variant on T given by

[Talj(z) = /_00 ds[Tal;(z + 8)11(z)e‘ﬁj(z)|sl/51{j>/\/} (6.23)

oo

we can obtain a similar estimate on its L?(R) norm. In particular, we can use

11(2)6—@'(3)\8\/8 < o~ Pilsl/e (6.24)
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to obtain

[T al;ll2m) < || [fa]jHLZ(R)- (6.25)

Now let

Raly(z) = 1) / dse B2

€

3

% (—1)1 3 L0 (0P (FE oz 45). (6:20)

(Raly(2) = M YT f2agt s 2) (6.27)
Then
I(Ralllisey < P15 /2)agd o llse (6.28)
jC
and so

Y FlKall e < IIT(=1)5(-/e)agligonyli 1o )

JEZ C JE€L

4 [ ~ 2

- = / =Y (N o]

JEZ

4 /1 2

ST(_+7T> / dz z/e)ja;(z) s
Z2\2 JGZZ’ (z/e)ja; {J> }|
4 /1 2 91~

== (5 + 7T> > I /)asl oIz
c? jez.
4 /1 2 .

< E(E—Fﬂ') ||I/H%oo(R)Z]2”ajH%2(]R) (629>

JET

6.3 Proof of Boundedness

We will show that K is bounded in the Banach space X := ¢*(L*(R;R?), w), that

is the space of square summable sequences of the L*(R) functions taking values in
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R? with linear weights w := {j},ez, equipped with the norm

: 1 2 1/2
IV = (3 720V ey + 1V aw))

jEZ

Lemma VI.1. The operator given component-wise by

[KV];(w

72) 26](

1

€0,

18 bounded in the space X .

L1(2) o B2l
e A

\/EC](G)(w, z+e) — Uui(z)y<§ + §>VJ

Proof. We begin with a use of the triangle inequality

2 2,1
1KV 2@ < IKVIEPY 2@ + KV

||L2(R) + ||[KV]

N 2w

We then square both sides and use an elementary inequality to obtain

1KV 220 < 4(IKVIEY 200 + IKVIP? 2@ + 1KV 220

Multiplying by j? and summing over j we obtain

Z] Il KV ||L2

JEZL

<40 2KV @

JEZ

. 2,2 . 2,3
+ 3 FIEVIE 2 + Y 2KV [ w))-

JEZ

Repeating this argument also gets us

> R2IKVI @

=

. 1,1
<40 2KV @

jez

. 1,2 . 1,3
+ 3 PIKV? [Za + D 52 INE VIS 2 w))-

JEZ

JEZ

JEL

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)
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We then bound each term on the right-hand side of (6.34) separately. Using (6.29)

we have
(2,1) 011
Z] I KV HL?(R < Z 2” —1) [ (— 1)qV//(‘/5)‘/(1(1)1{q>N}]jH%?(R)
JEZL JEZ
: 1
<C Y PVl e (6.36)
jEL
where
o? /1
Oy = 02( +7r) 1122 - (6.37)

Similarly, again using (6.29) for the second term

3 IKVIE oy < 32 321 7L P T 00 V10 ) e

JET jEL
. 2
<y 2]2”‘/}( )H%Q(R)
jEZ
where
402 /1
Cai= L (5+7) Ilivieiey

As for the last term, we use Young’s inequality to show

on?j?
2 EJDQ
on?j?

223; D2

< 5= M0/ e

oT
< SVl ® 1V, |2 @)-

273 —_ SE
1K V]| o) < e~ P17 s [u(- /e )V 2 ey

IN

e Ve | eyl (/) V2 | 2y

Then multiplying by 7, squaring both sides, and summing over j yields

. 2,3 . 2
> AIEVIE 0 < 0> 2V 12w

jez jez
where

o’nt

Cs = 6454” HL°° (R)*

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)



91

We now return to (6.34) and use (6.36), (6.38), and (6.41) to obtain

> PINEVIP g < 400> IV @ +4(C2 +C3) Y 21V 3o (6.43)

JEZ JEZ JEZ

We can reuse many of these estimates to bound the terms on the right-hand side

of (6.35). We note that

, ol;(:) :
KV | 2 = | (1Y [T (=1)%"(-/e)V I o)l 22y
255]()
1 ol ,
< SN T VP bl
J
oly(- A
< IZ P T Vel (644)
Then we have
SRV 2w < 00> 21V R m), (6.45)
JEZ JEL

and nearly the same argument gets us that

. 1,2 . 2
> PIKVE D em < G IV m)- (6.46)
JEL JEZ
Finally, we can estimate [KV](1 %) in the same manner as [KV] ) to obtain
. 1,3 . 1
> PRV em < G PV m)- (6.47)
JEL JEZ

Returning to (6.35) and using (6.45), (6.46), and (6.47) yields

> IV 3o < 4C+ )Y 21V ew +4C D IV (3o (6.48)

JEZ JEZ JEZ

We have using (6.43) and (6.48)

. 2
IKVIZ = 20KV 12w + 1KV [122m)

JEZ
<4201+ C3) Y IV R amy + 420 + C5) D PV 2o
JEL JEZ
. 1 2
<Y UV + IV 2 m) (6.49)

JEZ
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where

C = /max{4(20C, + Cs),4(2C, + Cs)}. (6.50)

Thus, we have

IKVlx < Cl[V|x (6.51)



CHAPTER VII

Conclusion

We considered time-harmonic sound waves emitted by a point source in a two-
dimensional random waveguide with turning points. The waveguide has sound-soft
boundaries, a slowly bending axis and variable cross-section. The variation consists
of a slow and monotone change of the opening D of the waveguide, and small ampli-
tude random fluctuations of the boundary. The slow variations are on a long scale
with respect to the wavelength A\, whereas the random fluctuations are on a scale
comparable to A\. The wavelength X is chosen smaller than D, so that the wavefield
is a superposition of multiple propagating modes, and infinitely many evanescent
modes. The turning points are the locations along the axis of the waveguide where
the number of propagating modes decreases by 1 in the direction of decrease of D,
or increases by 1 in the direction of increase of D. The change in the number of
propagating modes means that there are modes that transition from propagating to
evanescent. Due to energy conservation, the incoming such waves are turned back
i.e., they are reflected at the turning points.

We analyzed the transmitted and reflected propagating modes in the waveguide
and quantified their interaction with the random boundary. This interaction is called

cumulative scattering and it manifests as mode coupling which causes randomization

93
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of the wavefield and exchange of power between the modes. We analyzed these effects
from first principles, starting from the wave equation, using stochastic asymptotic
analysis. We focused attention on the transport of power in the waveguide and
showed that cumulative scattering may increase or decrease the transmitted power
depending on the source.

One could apply this work to the study of inverse problems in random waveguides.
In this application the goal is to determine the waveguide geometry and scatterers
from sensor array measurements. Techniques for this have already been developed

in [27, 13, 12, 1] for random waveguides with straight walls.



APPENDICES
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APPENDIX A

Markov Diffusions and the Kolmogorov Backward Equation

Some of the content of chapters III - V requires a small amount of stochastic
analysis which we review in this section. The material as stated here is primarily

sourced from [26, Chapter 6]. More detailed accounts are given in [49, 22].

A.1 Infinitesimal Generators

The infinitesimal generator of a Markov diffusion process X (z) is a partial differ-

ential operator defined by

Lf (@) = tim P EMIX(0) = 2] - ()

lim . (A.1)
where f is an appropriate test function for which the limit on the right-hand side is
defined. The theorem in chapter V gives us an explicit expression for the infinitesimal
generator for the limit complex mode amplitude diffusion processes for the problem
in chapter III. The generator encodes statistical information about the process X

which one can access through the Kolmogorov backward equations described in the

next section.

A.2 Kolmogorov Backward Equation

Let X(z) be a Markov diffusion process in R" with infinitesimal generator £

whose coefficients are smooth and let Z € R be given. We have that u(z,x) :=
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E[f(X(Z))|X(z) = x] where f is a bounded smooth function will solve

du(z,x) + Lu(z,z) =0, z<Z, (A.2)

u(Z,x) = f(x). (A.3)

The equation above is the Kolmogorov backward equation so called because it is
solved backward in z from Z. The requirement that (A.3) hold is referred to as a
terminal condition.

In the case where X(z) is a homogeneous Markov diffusion process we can make

a change of variables 2/ = Z — z and obtain an initial value problem

Oou(z,x) = Lu(2',z), 2 >0, (A4)

u(0,2) = f(z). (A.5)

We will use this version of the backward equation to obtain differential equations
for moments of the limit complex mode amplitude diffusion processes in section IV.
Though the process we consider in that case is not homogeneous we can instead

consider (z, X(z)) as a process with state space R"™! which will be homogeneous.
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APPENDIX B

Computation of the Infinitesimal Generator

Here we give a detailed computation of the infinitesimal generator of the limit com-
plex mode amplitude process b(w, z) € CV in the sector of the guide 2 € (zg), zg_l)).
We split the generator computation into leading order and second order terms. We

then combine them and rewrite the generator in polar coordinates.

B.1 Real-Valued System for the Mode Amplitudes

Let F; and G; are the j-th components of the O(1//e) and O(1) terms of
Y=t (w, 2)b°(w, 2), respectively. After applying the forward scattering approxima-

tion, we have that b5(w, z) satisfies

005(02) = 2B b (. 2).(2).0°(2). ) + Gy (b (0,2). /(2.6 2). - (B)

for z € (z(_t),z(tfl)), and j =1,..., N where

vi(z) = V<E>, (B.2)

3

05(2) = é/z dsBj(w, s). (B.3)

0

To apply the theorem of chapter V we have to rewrite the system above in terms of
real-valued quantities.

We can rewrite the system above as

- 1 - -
0.b° = —F (b5, 05, 6%, 2) + G (b%, 17, 6°, 2) (B.4)
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where
b = [b>F bo!]", F:= [FEF]", G .= [GF G, (B.5)
and
b*f := Re(b®), F# := Re(F), G := Re(G), (B.6)
b* .= Im(b°), F! := Im(F), G’ := Im(G). (B.7)

We may now apply the theorem of chapter V to (B.4) to compute the infinitesimal
generator of b(w, z). We will compute the generator in two parts splitting up the first
and second order terms which we will denote by Ly, L,, respectively. We note that
in what follows if a sum is written without specifying the starting and final indices

one should assume it is from 1 to N.

B.2 First Order Terms

The first order terms of the generator are given by
8

. ()
L= nggo—/ / dsd(E ;FJ} (B.8)

where
Flj) o= Ff{(b.(0).6 + Bs. 2) Fff(b,1(C). 6 + B(s + 0). )| 1y (B.9)
Fij) = Ef'(b.0(0).6 + Bs, 2)E} (b, 1(C).0 + Bls + ). )5, (B.10)
Fy5) = F(0,1(0).0 + 85, 2) FJl(b.1(¢). 8 + B(s + ). 2]} s (B.11)
Fyj) = F/(5,1(0),0 + Bs, ) F} (b,v(¢), 8 + B(s +¢), 2)]5}; o (B.12)
F) = Ff(b,v(0),0 + Bs, 2)0,r Ff (b, v(¢),0 + B(s + ¢), 2)y (B.13)
F) = Ff(b,1(0),0 + Bs, 2)0p (b, v(C), 0 + B(s + ¢), 2)0y, (B.14)
Fi) = FJ(b,0(0),0 + Bs, 2)0 Ffi(b,v(C). 6 + B(s + (), 2) 0y (B.15)

FY) = FI(b,v(0),0 + Bs, )0y Fy (b, (), 0+ B(s + (), 2)dy, (B.16)
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Towards computing the F Jgﬁ) we need

R _ O 2 ! Re cos(0:) + O sin(0,
F(b,0,2) = 5 6jujybj+;2 = (qu cos(6;,) + C% sm(ejq)> (B.17)

1 c s .
Fj[(b’ v,0,z2) = _QLﬁjﬂngf + ; NG (C'j[q’ cos(6j,) + Cj[é sm(éjq)) (B.18)
where
CRA(C) = —CR(CIB, — CL(OE, (B.19)
Ol (€)= CR(QbE — CJ,(C)by, (B.20)
CLE(C) = CR(OBE — CL (Ol (B.21)
Cl(C) = CR(OE + CL(OBE, (B.22)
Cla(¢) = oL (C), (B.23)
C]{I(C) 1= —0 3,94V (C), (B.24)
and
B i= [ dsBifios) = By(es) (B.25)
We also define the following notation
0 = 0ig + (B — B))s (B.26)
07 = 050+ (B, — ) (s +¢) (B.27)

which will simply be used to keep our expressions from becoming too long.
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We begin with computing F]( ) through F . We have

FU) = ﬁ@ugy(op(g)b;b;
T 0 Y e () cos(03) + I3 ) sin(01)
26577 q'#5’ By By e

d 1 ¢ s . (1)
+2ﬁf’ugm(0y; = (G O cos(0)) + G 0)sin(8)

+ Z Cﬁ’C(O)Cﬁ(’;(C) COS(Q](-(IJ)) cos(QJ(-,Qq)/)
q#aqsﬁj ﬁjﬁqﬁjﬁq [

+CEH0)CH Q) sin(e;}))sm(e( )+ CE0)CH(C) sin(eg.;))cos(eg.?;,)

J'q

HCR(0)CF(C) cos(6y)) sin(67))]

J

o (B.28)

R R
bt bR

F = | = 2202w (0)w ()b,

T S (Chi(Q) cos(0l2) + Cli (O sin(03)) )

26 q #J BJ By
g pR R, e8] R,S (1)
S——— Z C;. (0) cos(8;,)) + C;.°(0) sin(6,,)
26y 7 qsﬁy 2 B]Bq ( )

+ Z ﬁjﬁqﬁj T [Cﬁ’C(O)C}’g,(C) cos(H( N 005(9](23,)

q#3,q #J

Jq

R,s I,s . (1) R,s Ic . (1) (2)
+ 5 (O)Cj,q,(C) sin(0, )Sln(9 )+ C (0 )C’j,q,(C) sin(6: ") cos(6377,)

+CR(0)C12(¢) cos(8Y) sin(6% ,)] T, (B.29)

J'd
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2

gﬁ;) -~ 15 ——— 22 v (0)v ()b,
0 9 R 1 R.c (2) R,s . n(2)
_ Q—Bj,ujv(o)bj ; R <C /(€) cos(0,,) + Cji (€) 81n(0j,q,)>
g 9 I 1 Ic Is (1)
+ 35,18 g — (€10 cos@ly)) + CJy"(0) sin(611) )
q7#J q
+ Z Cff(())C'i’;(C) cos(Qﬁ?)cos(QQi,)
q#]qsﬁj /836‘153561 [ ’ !

+ O (0)C1 (C) sin(65)) sin(05)) + C*(0)C5(¢) sin(6')) cos(6%7))

+Cj]{f(0)0ﬁ’;(§) cos(&J(.;)) sin(9 ,)} 8{;1 o (B.30)

R 1 I,c . 9
_ Q—Bj#jv(o)bj Z SN (C],q (<) Cos(9 )+ C 7€) Sm(f)}g/))

=23, 150 (C)bl; Z ! (CJIqC(O) Cos(Q N+ C’I 20 )Siﬂ(@}?))

E : ! Ie os(Y) 2)
qaéj,q’séj BiBqBj By [ ( ) (Q ¢ S( )COS< J'q )

+ CI(0)C5 () sin(05)) sin(07)) + CL* (0)CLE () sin(65)) cos(05),)

%, (B.31)

Jq J'q

FOLO)CH(0) ot sin(6 )
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To compute the terms F ]'(]'5/) through F j(;,), we will need

abfﬂﬁ(bv V(C)a 0+ 6(5 + C)v Z)

1 I R . 2
ng-[ () cos(82)) + O (g)sm(ej,,;)] (B.32)

abgF;I’%(ba V(C)ae + 5(8 + C)? Z)
1

_ %@ng(g)aj, +5 \/Wé[ C () cos(8)) — C1() sm(f);?})} (B.33)
abfﬂl’(bv V(<)7 0 + B(S + C)? Z)
_ _2%@(@5 1@6, [Ch(© cos(6D) + Cy(0sin(62)] (B34
abgF;{(b7 V(C)? 0 + 5(3 + C)v Z)
[ Q) cos(02) + O (0 sin(6) (B.35)

B;5;
Then Fr ) through F ® are given by

g

4,/ 53 By

FO —

JJ

2 (0)6] (= €1, () cos(8) + O (C) sin(05) )

+ C’flc( )C4 (<) COS(QJ(-;))COS(Q('/Q?)
;4 /—ﬁ 5.5, [ j 3

+ CR2(0)CE(¢) sin(60)) sin(07) — CR#(0)CL,(¢) sin(6))) cos(05))

J'J

+OR(0)CE(C) cos(6')) sm(e;?})} ] Oy (B.36)
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2
(6) A ;
Fyy = [_ 4B, By v (01 (C)b3055

g
+

o (O] (CH(Q) cos(63)) + €1y (¢) sin(62))

’ < (Y in (gD
~ g Qi ) 5= @ﬁq (Clec(0) cos(6y)) + €2 (0) sin(6y)

a7j
+ CﬁC(O)C’@-(C) COS(QJ(;)) cos(6%))
; . /—52/8,]5] [ 3 3

+ O (0)Ch () sin(04))) sin(05)) + CI* (0)C,(¢) sin(04))) cos(057))

Jq

+CR(0)CL(C) cos(6))) sin (6% )] O, (B.37)

o
B = | = g g Oy

+ T 13v(0)b] (cﬁj(g) cos(0)) + CL(C) sin(e§?;)>

+ Tﬁjﬂjy(C)(Sj,j’ Z 2—% (CJIZ’C( )008(9 ) + CR s< )Sin(ej(-;)))

. ; 1, /ﬁ?ﬁqﬁj

+ CRH0)CL(¢) sin(83)) sin(605)) + O (0)CHF(¢) sin(64)) cos(67))

[ ’C(O)CJRJ ) COS(HJ(;)) COS(QJ(QJ))

+CLe(0)C () cos(01) sin(9§?;)] Ons (B.38)
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P = | - — =
4./ 83 B;

2(0)f (= C1,(Q) cos(6%)) + CE (¢ sin(6))

T CLE(0)CH,(€) cos(0Ly)) cos(67))
;W@ <

+CL(0)CE Q) sin(0)) sin(6'7) — CL2(0)CL(C) sin(65)) cos(6'7))

J°J 77

+CLA0)CE(C) cos (6l )sm(e%} ] Oy, (B.39)

We then apply the trigonometric identities

2 cos(ay) cos(ae) = cos(ay — a) + cos(ay + am) (B.40)
2sin(a ) sin(ag) = cos(ag — ag) — cos(a + az) (B.41)
2sin(aq) cos(ae) = sin(ag + az) + sin(a; — as) (B.42)

to put the F J(jlf,) into a form that we can average with respect to s. We define the

notation

0\ ) =00 — o), (B.43)

Jjai'qd’

o) e g 4 o2 (B.44)

Jjai'q



106

to again keep our expressions from becoming too long. We have

) = 450] 5, w51 (0)(C)bjb;
O 3 ; 575 (ORI eos0) + Ol sme)
+ 57 u,u@)b;,; 1% (Ce(0) cos(6y) + €1 (0) sinel}))
3 s (GO0 + R OC0) st

+ (Oﬁ’c(o)cﬁg;f@) — CRH(0)CHQ)) cos(0LL),)

Jjai'd

+ (CRO)CQ) + CRAOCHC) ) sin(6F),)

jai'q
+ (Cﬁ]vS(O)Cﬁ’;(C) — C’ﬁ}’%@)(]ﬁj(@“)) SO )} ] Op o (B.45)
F(Q) _ 02 2,2 bRbI
it T 4ﬂjﬂjlujﬂj'V(O)V<<) ;01
+ LMQV(O)bI Z 1 (C]c (C) COS(H(-Q) ) + C-I’S (C) Sin(H(z) )>
2/8] J /# /BJ /Bq ,] q qu/ j/q/ qu/
J
u,u ObEY” ; ((JRC( ) cos(6)) + C(0 )sin(eg.;)))
q#] 636‘1

Y ST ﬁ — [(CRA0) Q) + CR0)CR(Q)) cos(0ly))
iPqri P’

q#£3,q #J
+ (CRAOCHQ) = CltO)C(C) ) cos(0l)y)

+ (CRAO)Ch(€) + CRAOICTL(C)) sin(d), )

J47°9

374!

+ (Cﬁ;""’(O)CJ/’;(C ) — ij;’%o)cj;;(()) sin(6',),, )} ] e i (B.46)
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1 e s i
. QO-EILLJQV(O)Z)R(]%]: 5] 5(] <CR (C) COS(GJ(?q)/) + Cﬁ(’]’(() Sln(ej('?;/))

O Y 15 — (Cl0) o6 + €3 (0)sin(e))
q#] I

o S(0)CRe )
+q%;] : @ﬁqﬁ] = (CRAOCTAQ) + e ()T () cos(@l, )

+ (GO = Ol OCHC) ) cos(0),)

+ (OO0 + L) CR0) sin(el),)

J7497°9

+ (CIOCHQ) = Clr O ) sin(@),),)] ] T on (B.47)

g 1 C S :
— O Y e (Calc)cos(05) + Clin () sin(6))

M
2/8] / q+j ﬂj,ﬂql
g 1 C ,S :
_ ﬁﬂ?'y(obﬁ i (C’j[q’ (0) cos(0; 1)) + C’I (0 )sm(é’](,ll])))
7 q;«éj Hily

R,c R.c R.s Rus o
23 ST ﬁq S [(CRA0) Q) + CR0)CR(Q)) cos(0ly))

q#J,q #J
+ (CIO)CHa(0) = CL ) (Q) ) cos(0l))
+ (c]?és(O)Oj;;(C ) + cjiéc(o)c;,v;,(g)> sin(6),.)

+ (C;és(O)Cj’;;(C) - cj;(o)cj;;,(g)) sin(6',),, )] ]abI o (B.48)
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o 2

155,

+ Y e [(CE OO + CEOCEQ) cos(dl))

45 81/ B3 BBy

+ (~CRAO0)CI(Q) = CRP()CH Q) cos(ely),)

Jag'y

(O] (= €l (C) cos(82)) + CF (C) sin(82))

Jai'i

+ (00050 + C OO ©)) sin()),)

+ (—0;35(0)0;,].(@) - cj;ﬁ(())cﬁj(g)) sin(6.) j)] ]a,,ﬁ (B.49)

g
~ 55 (0)w()b; 055

2 1 (AR @) ; )
+ T 115v(0)b; (Cj,j(C) cos(0;,;) + Cj;(C) sm(ej,j))

g 4 1 c 1) Ris o o (1)
T 2000 ST e (CRe(0) cos(01) + O (0) sin(6)
25] J 257 ;2 635(1( 79 Jq 79 Jq )

T p—— (CRAO)CE Q) + Cl(0)C,(0)) cos(8l,))

a5, 84/ B3 BBy

+ (CRAOCHQ) = CR0)CH(Q)) cos(6s),)

jai'i
+ (CRAO)CI Q)+ CR0)CL,(0)) sin(6(2),)

Jjai'i

+ (Cﬁ’S(O)Oﬁj(C ) — Cj}c(o)cj,j(c)) sin(egj,j)} ] Oy, (B.50)
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2
(M _ g 2,2 R
Foi = — m%uﬂ(o)”(()bj 055
O- .
=20 (CF () cos(07)) + C, (¢)sin(02))
44/ 55 5;
0 9 1 ¢ (1) R.s . (1)
+ —p;v(C)0; —— (C.7°(0) cos(6;,”) + C.°(0) sin(0;,”)
STRUAS §2 5 (G @ cos(6)) + 5 0)sn(6})

Y [(CEOCE Q) + L0 (0)) cos(ely))

a7, 8\/%
+ (COC Q) = OO0 cstel)

+ (€l OCHQ) + Chr(0)CH,(Q)) sin(6s),)

Jai'y
- (cfés(o)Oﬁj(C) - cj;(o)cj,j(g)) sin(egj),j)} ]a,,ﬁ (B.51)
O- .
Fy = - v (OB (= Chy(C) cos(6) + CI(C) sin(637)))

£ (OO0 + CEOCE©) oslél))

o7 84/ B3 B4B;

+ (—ij(())cj,j(o - cj;(())c;?j(g)) sin(6.) j)] ]abf (B.52)
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Then we average with respect to s.

.1 [F 1) o 5, 131 52
D Jim 7 / AsEyl = D g5, 1k O Ob ) Oy
g3’

5’

1 c c ,8 )8
+ 3 g7 [(CR 000 + O (@) os(y = 80

+ (OO0 = OO Q) sinl(8; = B)0)| G

£ Y o [(Chr e Q) — 0 () cos (6, - )

+ (Ol OO +Clr O (©)) sin((8; — 8)0)] g
2
= > OB Oy
J J
+ >
J:4:97#7
+ (CLOCE(Q) = CROICHQ) sin((85 = 8] (6 + (1)) By

1 ROVOR(6) — L (0VCL(Y) cos( (B —
55,5, L0 = (005 (Q)) eos((8; — B)0)

1 R R I 1 o
55,7, LCROCH(Q) + Ol (0T ()) eos((8; = 5,)¢)

p

J,9,97]
+(CH(0)C35(Q) + C(0)CE(Q)) sin((8; — 5)C)] (biby — b105) Oy

Y g7 [CROCHO + CLOCHO) eost(8, = 3)0

J,9,97]

+ (Cl(0)C5(0) = CROCH(Q) sin((8; — B,)C)] (b0 + b5bg) Dy (B.53)
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1t (2) 0?5 I3,R A2
S g ) ) == X g OO

57

1 c ,C ,8 ,8
+ 3 g, (G OC0 + O O0TO) eos( = )0

+ <C£’S(O)Cff(€) - CﬁvC(O)ij(CD sin((ﬂj — ﬁq)o] 8g?b§

1 c N ,58 ,8
+ 3 g, (G000 - o) o, - 250

+ <C£75<O)C;§C(C) + Cﬁjc(O)C’qu’_s(O) sin((ﬁj — ﬁq)()] 35?1)5

2

=3 45(?@»/ w55 (O (b Dy,
1
+ 2 557 [ (GO0 = CROC(0) cos((85 = 8))
5:0,4%3 !

+ (CRO)CAC) + ChO0CH(©O) sin((8; = 8)O] (0F)° + (47)°) Oy

L [(CRO)CL(0) + CLO0)CEQ) cos((B; — B2)0)

- Z ﬁjﬁq

8
74,977
— (C(0)C5(Q) = C1,(0)C,(Q) sin((B; = By)Q)] (bjbg — bj'by) Oy

+ ) 1, [(C1(0)CL(C) — CR0)CE(C)) cos((B; — B4)C)
3,0,0#7 806;0,

— (CROCH(Q) + CJO0CHQ) sin((B; — B)C)] (b0 + bby) Ty (B.54)
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1t (3) o’ 5 R[ 2

+ Z ﬁ 5 [(cfc )cRc<<>+cjj<0>CﬁS<c>) cos((8; — B;)C)
gaa#i 0T
+(cho )CR’C(C) = CRO)C Q) sin((8; = B,)0)]| 05y

£y s B 5 (GO0 (©) = OO () cosl(85 = 5)0)
gasa#i T

+ <Cjés(0)C£w(c) + qu,c(o)cg’s«» sin((B; — ﬁq)g)] a%bg
2
- Z 450,&, 'MJZMJZ'/V <<)bRbI 8§IbR

23

J: 4,977
— (CR(0 >cR<o + CLIO)CHQ) sin((8 = B)Q)] ((0F) + (80)") D2y
[(CH0)C5(C) + CJ,(0)C(C)) cos((B; — By)C)

ﬁ,ﬁq 0)CHH(¢) = CH(0)CH,(C)) cos((8; = By)C)

+
Js8,97]

— (o >cR-<c> = CJ,(0)C;(0)) sin((8; = B)O)] (bjbs — b'bF) Ty
+ 23 0)CL(C) — CRO)CE(C)) cos((B; — B4)C)

J:0,97]

— (CRO)C3(Q) + CJ,(0)CH(Q)) sin((8; = 5,)0)] (bbF + b'b) Ry (B-55)

ﬁg Bq

Bgﬁq
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1t (4) a5 R1R 92
Z Jim — / dsF; :Z B U5 O (OB 05y

23

(ChrO)CL Q) + Cly 00 eos((8 — 50

3,4:4%#3 ﬁ%ﬁq
(C(’s( )CIC( C’IC CIS )Sln C}alif.béf

=Y g7 l(@rocio - aroc (C))COS((ﬁj—ﬁq)C)
daa#i T

+(CH O + CO)ICH Q) sinl(8; = 5)C) |
2
- Z 450.5., #5v(0) <C)bRbRa§be

23

J:2:97#7
+(CJ,0)C(C) = CR0)C,(Q)) sin((8; — 5,))] ((b§)2 + (bé)2> Oy

: - (O - - Ci L cos((p; —
553, |~ (CROCEQ) = CLOICHO) os((5; = A)C)

Bjﬁq 0)CHH(Q) + CJ,(0)C,(C)) cos((B; — 5,)C)

+
J,4,977

— (%0 >cf-<<> + CJ(0)CH(C)) sin((8; = 8,)0)] (bjby — biby) 35y
+ 2.3 11(0)C5(C) + CH0)CE(Q)) cos((B; = By)C)

J,9,977

— (CL0)C3(C) = CHO)CE(Q) sin((8; = B,)0)] (bJbf +b'b}) 0y (B.56)

ﬁjﬁq
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N R o
Z Jim 1 / dsF) = — Z TS OO0

23

Js8,97]

ﬁjﬁq [( C(0)CL(¢) — Cj}s@)Cf}(()) cos((B; — By)C)

+ (—OR’S<0>01-<<> + OR*C<0>OR-<<>) sin((8; = 5,)C) | Oug
_— Z e v (0)CL (b0

+ 3 55,5, (CHOCHO ~ CHOCHE) o3 = )0

+(=C5(0 >Of (Q) = C(O)CE(Q)) sin((B; — B,)C)] bl
[(CR0)CH(O) + CL0)C(C)) cos((B; — B,)C)

23
74,977

B]@q
+(CL(0)CL(C) = CR(0)CLE(Q)) sin((8; — B,)C)] by (B.57)
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1 [ o2
Z,LeooL 0 VY ;45]2'% 0)v(C) Vbl

+ Z 452% bjIC'f;(C)(?b§

t 23 5 [(CRC (0)CE(C) = Cla*(0)CH(Q)) cos((8; — 5,)C)
Ja.a#i, 7
(OR,S( )CR(O + CR,C( )C’é}@)) sin((8; — ﬁq)g)} 355

- Z 52'% b abf

+ 30 T OCHOo,

+ (=, (0)CE(C) = CR(0)Cy;(Q)) sin((B; — By)¢)] by (B.58)
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1 [ o2
lim — / dsFD) = = ST 2400w (O)bRa,R
Z'/L%OOL 0 37 ;45]2/1“] ( ) (C) J bj

+ Z 452 :uj bfcﬁ(g)abf‘

=Y o [(CrOeR© - O cosl(8; - 5)0)

3,:0:0%3, 804

+(cho >OR<c> + CIHO)CH(Q) sin((8; = B)C)] Dug

- Z 52/“% b abR

+ Z 452 ,lL] )bRabR

- ¥ 51 - [(CHO)CEO ~ CLOCKE) eost(5, — )
gaa#s, I

+(CHOICH() + CLOCEQ) sin((8; — B)0)] oy

= 3 o [(CCLOCHE) ~ ChOICHO) cos(5; - )
gaa#s, I

+(CHO)CH(C) = CJ,(0)C5(Q) sin((B; — B,)0)] bjdeg (B.59)
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_ Z SOy
+ Y 8/31,5 [(~CRO)ICL(0) ~ CLOCEC) cos(5, — A)C)
daa#i 7

+ (CR<0>O£<<“> C,(0)CL(Q)) sin((8; — B,)C)] bl Dy
[(CIL(0)CL(C) — CR0)CE(C)) cos((B; — By)C)

+ (=, (0)CE Q) = Cia(0)C;(Q)) sin((B; — By)C)] by (B.60)

We can shorten our expression so far by rewriting it using complex derivatives.

Let
By, = {abR - Zabz} , (B.61)

O, =

l\:>|>—ll\'>|+—k

{abg + zabf] . (B.62)
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In particular, we will make use of the following identities

ARe (b0,0R.5, ) = (D0F = BIVE) Oy + (01101 + DIF) Oy
+ (0505 + 05'0y) Fymyy + (0505 — b5'05') Dy

A1 (b0,0%.5, ) = (0] + bI6) Oy + (b10] — OJF) Oy
o+ (bbf — bR gy — (BIBE + b01) Oy,

Re (bq5q35j5j> = ()" + (bg)*) Fyryre + ((0)* + (03)%) gy,

W

2Re (bby0y 5, = bjbyOyy, — bﬁbﬁja‘/)
— bI/ blabRbR bI bRabIbR bRbIabRbI + bRbRabIbI
J ]’

- b§ab],5 — bl Dy

Using the complex derivative identities we have

L—oo [,

2365

JJ’

+ > w 1 (0)C53() + CJ(0)C5,(0)) cos(5; = <)

J,9,97]

+ (CLO)CEQ) = CRO)CH(Q)) sin((8; — 8,)0)] Re (bibydE;)

= 3 557 CHOCHO - CL0CH(©) cosl(8— )0)

gaati I
+ <OR<o>cf<c> + CLOCR(Q) sin((8; — B)O)] Re (8,05, + b, )
+ 5 5 7 LOROC(Q) + (0 (Q)) cos((8; = 5u)¢)

5 8,9#7

+ (CJIQ<O>CJJ<C) - CJ]Z(O)C£ (C)) Sin((ﬁj - ﬁq)Cﬂ Im (bjbqagjbq + bjabj)
- Z 252/@ 1) Im (0;05,) + Z 252;@ v(0)CTE(¢) Re (b;0y,) -

1 _
lim — / dsZFk) = ZU iy v(0)v(¢) Re (bjbj,agjg,, —biby i,

(B.63)

(B.64)
(B.65)
(B.66)

(B.67)

(B.68)

— b;O, 5jj'>

(B.69)
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We then take expectation. We will require the following identities

E [CR0)CL(Q) — Cr(0)CH(Q)] = 0 (TjeT gy RM(C) + 88,0404 R"(C))  (B.70)

E [CE0)CL(C) + CLO0)CE(Q)] = 0® (8,91l RP Q) — BT 10, RP(C))  (B.T1)

E [CE0)CE(C) + CL(0)CL(Q)] = o (T2, RW(() — B202,R"(()) (B.72)
E [C1,(0)CE(() — CE0)CL(Q)] = 20%B,T140;R¥(C) (B.73)

where R(¢) := E[v(0)v(()].
Applying these identities we have

222

: k O [ g0 =
Z Jim — / ds ZE 71 Z 5 ﬁjﬁj R(C) Re (bjbj’azizj/ — bjby0y,, — b0, 055

p

J,9,973

+ (28,0005 R () sin((8; — B)0)] Re (b0 )
2

- Z % [(qurqu(4)(<) + Bjﬂq@jq@qu”(O) cos((j = B4)C)

37 (TR0 = BOLRQ) cos((3 = £)0)

(—ﬁijq@qu(?’)(( ) + 849;4T R (Q)) sin((8; — 5,)¢)] Re <bjbqagjbq + bjabj)

+ ) (—=BiTjg04 RV (C) + 8,054 ;R (C)) cos((8; — B4)¢)

J:4,977
- (ququR(4)(C) + Bjﬂq@jq@qu”(O) sin((ﬁ- - ﬁq)o} Im (bjbqagjbq + bjabj>

+Z2B 120,/R'(¢) Im (b;d, ) +2252,MJF”R” ¢) Re (b;0y,) - (B.74)

Qﬁgﬁq
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We can simplify using that ©,, = 2I';, and obtain

222

Znggo—/ dSZE 7] Z 2;;2? R(¢) Re (bjl_?j’aszj, — by 5, — bﬁbﬁjy”)
YT T ROQ) — 4ERO) cos( (5 — )0
J

J,4,97]
+ (48,RO(O) sin((8; — 8)0)] Re (b,2a0E

-3 ;ﬁr [(R(Q) +48;8,R"(Q)) cos((B; = )C)
J:4,97#] I

+04@R@@H4@R®@»m«@—@xﬂmﬁwwﬁ%+@%)
7. .
£ 37 TUn (L8R (C) 4+ 26,ROC) cos((B; — ,)C)

53,4075 25,04
—@@@H%ﬁ@ﬂ%»mﬂﬁ-@@ﬁm@b%b+@%>
+ Z ﬁ] FJ]R, Im b 8b + Z ZﬂQMJF]JRH Re (bj&bj) ' <B75)
Further, we have I'j; = —I';, and so we may write

1 k) UG _
2 Jim —/ dSZE 7)) Z 2@]@3 R(¢) Re (bjbj’aszj, —bjby0y,, — bﬁbﬁjj’)

+ Y 2 25 (€) = 4BIR"(C)) cos((B; — B4)C)
74,977 ]
—1—45(1 (C) sin((5; — 5q)()] Re (bql_}qalil?)

272
GFM

+ 20 55 [RYQ+ 488, Q) cos((5; — )0
gagwa#i ~ I
+2.(8, — B) RO sin((8; — B)C)] Re (bjbydR, +bih, )
21‘\2
+ 2 35 2B = B RUQ) cos((8; = 5)0)
gag#i Y

+ (RY(Q) +48,8,R"(Q)) sin((8; — B,))] I (b5, + by, )

+ZB 3T R (¢) Im (b;0%,) +Z%2%FHR” ) Re (b;05,) . (B.76)



121

We can eliminate some terms by noting that

021“?(1 ) RO
m [ (B — By) (€) cos((B; — By)¢)

J:9,977

4 (ROQ) + 48,6,R(Q)) sinl(8; — 5,)0)] Tm (B,8,08,,) =0

after swapping indices and using that sine is odd. We are left with

. (k Iujluj T a2 2
> g / dsZEF =3 G RO (biby 0%, — bibsdR,,

21‘\2
+ 30 S RO — 48R (Q)) cos((8, = £,)C)
Jaazi 7
+48,RE Q) sin((8; — 6,)0)] Re (b,8,02)
21“2
+ 20 Gt [ROQ) +48,8R"(O) cos((8; — A)])
gaa#s ~ I
+2.(5, — ;) RO(C)sin((8; — B,))] Re (b0, + b, )
21“2
+ Z - B)R (O cos((B; — B,4)C)
J:,0#3 ﬁj

+ (RW (C) +48;8,R"(¢)) sin((8; — ﬁqm} Tm (b;0,)
-+ Z B PJ]R/ III] (b ab —|— Z 62 M2F R//(<> Re (bjabj) '

We now integrate with respect to (. We have
00 1 ~
| ario) = 5R0)
0
| ar© =~
/0 ACR"(¢) = 0

(B.77)

— b;o, 5jj'>

(B.78)

(B.79)
(B.80)

(B.81)

We will need the following identities which follow from integration by parts for the
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remaining terms

| acr©sin(s; - 5)0) = 5 AR (5, - ) (B.52)
[ acrr e (- o) = P R 5, ) (B.83)
[ acmo@un, - 800 = - B2 R 5, ) (B.84)
[ acrO Qe 6, -0 = BB R 5, ) (B.85)

| deR ©cos (5, - 3)6) = ~R(O

- G=B) [ dCRQsin((5 - 8)0) (B3
| derr@sin (35 = 8)0) = = (5, - ) RO

~G=B) [ ARQsin((5 - 5)0) (B8T)
| aRO) eos (5 - 5)0) = ~R"(0) + (5, - 5)* R(0)

(6= 0" [ dCRQsin (5 - 6,)0) (B59)

0

/OOO dCRYW(C)sin (85 — B1)¢) = — (B, — B;) R"(0) + (B, — 8;)" R(0)

+uz—@f/ dCR(C)sin ((8; — B)C)  (B.89)

0
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Using the identities above we have

/ e (RW(¢) —4B2R"(€)) cos((B; — By)C) + 4B, RP(¢) sin((8; — B,)C)

0
1

~ 2
/ e (RW(C) +48;8,R"(C)) cos((B; — By)C) +2 (B, — B;) RD(C) sin((B; — B4)C)

0

(B, — B;)*(By + Bi)*R(B; — By) (B.90)

= 2 (B~ BB+ 8RB, — ) (B.91)
| e 28, = 28) RO cos((By = 5)0) + (RO +45,5,R"(O)sin((5, — 5)3)

— (B — BIR(0) — (B, — B,)(5y + B)*R(0)

— Gy BB+ 5 [ dCRC)sin (5, - ) (B.92)

Then we have

2202, -
L= Z 04;;5/? R(0) Re (bjbj'az?jaj, = bibydy, — bjabjéjjf>
+ Z Zﬂ;ﬁ’q (By — Bi)*(By + B;)*R(B; — By) Re <bqbq8§j1}j)
daa#y 0
UQF?Q 2 25 2
N Z 48, q(ﬁq — B5)°(By + B;)"R(B; — By) Re <bjbqab]~bq + bjabj)
59977
JZF?Q " 2
+ 20 5 1B = BYRYO) = (B, = 5)(By + 5, R(O)] Tm (5,0,
54,977 i .
_j’%;éj 5.0, é‘; {(ﬁq — B;)%(By + B;)? /0 dCR(C) sin ((B; — @,)g)] Tm (b;05,) (B.93)

We then use that

212 2,2,2
T By BB+ ) = T

5.5, (B.94)
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and write
2 2,2
o’ i3 .
Li=) Bjﬁjj R(0) Re <bjbj'3§j5j, = bjbj 0y, — bjabjfsjj’)
2 2,,2
o’ .
+ 155, RAB; = ) Re (baba2s,)
gaati I
2 2 2
i
S 4qu ~ ) Re (b;0,02,, + bidh, )
5,4:97#7 I
o1 [ R"(0) }
- —R(0) 4+ | Tm (b;d),
2 B0 - | ROt G g %)
i [ [ .
- ¥ P [T R - )| ) B9
5,4:97#7 /Bjﬁq 0

Using the notation from chapter III and relabeling indices in the first sum we have
Z GO Re (b B2 5, — bibadR,, — bjabjajq)

+ 3 G (Re (bgbdEy, ) — Re (02R, + 150, ) )

J,4,9#7
0’2/!?#3 R”(O) }
- —R(0) + ————5 | Im (b;0,
j,%éj 20;8,(B; — By) { (0) + YA m (b0, )
-3 GY1m (b0,) m96)
J,4,9#37

B.3 Second Order Terms

Now we compute the second order terms of the generator. These terms will be

given by
1 [* 2
N L (k)
L= ngiloL/O dsE[ZG] } (B.97)
J k=1
where
GV = GJi(b,1(0),0 + Bs, 2)dy, (B.98)

G = Gj(b,v(0),0 + Bs,2)0. (B.99)
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Due to the averaging in the s variable only “diagonal” terms of G and G} will

remain. More precisely, we will have

1 2 3 )2 1
im 1 [ ascty = [2@{ S - (S ) yﬂ(c)} b

B [ )
)

bt

C1(¢.€) — sin(B;€)

2

60
Bill
315 [ dee 8 (cos(,)CH¢.©) + sin(3,6)C

1 [t 213 HN2oo1
Lliilgoz/o dsG) = [20@ [ 1) + (%—FE) V’Q(C)} by’

23T [ e (cos(3,)CH(C.€) —sin(B,CHC. ) o

! ]abf (B.100)

I>N 4ﬁjﬁl -0
0.2 [e's) _ N
-y 0 / dge el (coswj&)c*ﬁ(c,f) +sin(ﬁj5>cj,(g,g)) bf] Oy (B.101)
I>N T —00

CR(C.€) =TIy (V" (C +€) + O/ (OV (¢ +€)
— 370041 (V' (¢ +€) (B.102)
Ch(C.&) = =BT uOur" (V¢ + &) — Bi(OL1; + €0,V (V" (C + &) (B.103)

Then

212 oo
+ DZN ﬁfﬁl / df@_ﬁlﬁ [(R(@(g) _ 45]27?,”(5)) COS(ij)

—48;RP (&) sin(B;¢)] bﬁ-] Oy (B.104)
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and

.1 fF ) o’ [3 , (mj)? | 1 " R
LIEEOE/O dSEIGY)] = Q—Bj[ZujR(o)—( 2 +E>R(O)] b

B Z o’T%

I>N 25jﬁl

/0 " dee € [(RW(€) — 4B2R(E)) cos(5,6)

—48,RP (&) sin(8;¢)] b?] Oy (B.105)
where we used

E[v*(0)] = R(0) (B.106)
E[v?(0)] = —R"(0) (B.107)
E[C1(0,€)] = (Pl — ©;0)RW () + 570,0,R"(€)
=T% (RW(€) — 487R"(¢)) (B.108)
E[C4(0,€)] = 8;(0;Ty; + ©;101; — TjO)R" ()

= —4B TR (¢) (B.109)

as well as properties of even and odd functions.

Then

L=3" {;—j l—g,@R(O) + ((7;];2 + 1—16> R”(O)}

Py TS /°° dee e [(RW(€) — 4B2R"(€)) cos(B;€)
I>N @ﬂl 0 ] j

—4B;RP(€) sin(3;€)] } Im (b;0y,) - (B.110)
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We can simplify further using integration by parts and obtain
? g; | 4" 12 16

+25W%Up“”“kﬁqﬂﬂ—@ww%o

—43;8sin(3;€)] Im (b; 0y, ) — 25lR”(o)] } Im (b;0y,)

{5 Lo ()

g ,ujﬂl &0 M Y - 2 |
+g%@@ﬂ?+@>ﬁ/ dgR"(§)e™ ¢ [2 (57 — B) cos(B;¢)

—4Bj61 sm(ﬂjf)] Im (bjabj) — 25”?///(0)] } Im (bjabj) (Bll].)
B.4 Change of Variables

We can express the generator in polar coordinates by writing the backward going

1
mode amplitudes as b; = P?e™*s. Then

L @e‘“f’J
Oy, = PPe”"10p, — —0y,, (B.112)
2
1. 1ei
O, = PFe"idp, + —0y,. (B.113)
2
Then we can write
1
Re (bjbqagjbq + bjabj) = PiPO}r, = 7080, + PO, (B.114)
P
<b b2, ) = PP}, + P, + 3, (B.115)
J
_ 1
Re <b 5,02 ) Re (b b0k, ) —Re (bj0h,) by = 505, (B.116)
Im (b;0,) = —§agj (B.117)

Combining expressions (B.95), (B.111) and using the identites above generator can

then be written as in section 3.9.
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