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Abstract

We consider the axial compression of a thin elastic cylinder placed about a hard
cylindrical core. Treating the core as an obstacle, we prove upper and lower
bounds on the minimum energy of the cylinder that depend on its relative thick-
ness and the magnitude of axial compression. We focus exclusively on the setting
where the radius of the core is greater than or equal to the natural radius of the
cylinder. We consider two cases: the “large mandrel” case, where the radius
of the core exceeds that of the cylinder, and the “neutral mandrel” case, where
the radii of the core and cylinder are the same. In the large mandrel case, our
upper and lower bounds match in their scaling with respect to thickness, com-
pression, and the magnitude of pre-strain induced by the core. We construct
three types of axisymmetric wrinkling patterns whose energy scales as the min-
imum in different parameter regimes, corresponding to the presence of many
wrinkles, few wrinkles, or no wrinkles at all. In the neutral mandrel case, our
upper and lower bounds match in a certain regime in which the compression is
small as compared to the thickness; in this regime, the minimum energy scales
as that of the unbuckled configuration. We achieve these results for both the
von Kdrman—Donnell model and a geometrically nonlinear model of elasticity.
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1 Introduction

In many controlled experiments involving the axial compression of thin elastic
cylinders, one observes complex folding patterns (see, e.g., [9L[15L[23L[25]). It is

Communications on Pure and Applied Mathematics, Vol. LXXI, 0304-0355 (2018)
© 2017 Wiley Periodicals, Inc.



COMPRESSION OF A THIN ELASTIC CYLINDER 305

natural to wonder if such patterns are required to minimize elastic energy, or if they
are instead due to loading history. Before we can begin to answer these questions,
we need to understand the minimum energy and in particular its dependence on
external parameters. This paper offers progress towards this goal.

Since the work of Horton and Durham [[15]], it is a common experimental prac-
tice to place the elastic cylinder about a hard inner core that stabilizes its defor-
mation during loading. In this paper, we consider the minimum energy of a com-
pressed thin elastic cylinder fit about a hard cylindrical core (which we also refer
to as the “mandrel”). We prove upper and lower bounds on the minimum energy
which quantify its dependence on the thickness of the cylinder /& and the amount
of axial compression A. Ultimately, our goal is to identify the first term in the as-
ymptotic expansion of the minimum energy about #,A = 0. A more modest goal,
closer to what we achieve, is to prove upper and lower bounds that match in scaling
but not necessarily in prefactor, e.g.,

ChoAP <minE < C'h®)P ash.) — 0.

When our bounds match, which they do in some cases, we will have identified the
minimum energy scaling law along with test functions that achieve this scaling.

There is a growing mathematical literature on minimum energy scaling laws for
thin elastic sheets. Some recent studies have considered problems in which the
presence and direction of wrinkling is known in advance. This could be due to the
presence of a tensile boundary condition [3] or a tensile body force such as gravity
pulling on a heavy curtain [4]]. Such a tensile force acts as a stabilizing mechanism,
in that it pulls the wrinkles taut and sets their direction. Then, the question is
typically: at what wavelengths should the sheet wrinkle—and how should these
be arranged—in order to achieve (nearly) minimal energy? Other works concern
problems in which the presence of wrinkling, as opposed to some other type of
microstructure, is unknown a priori. These include works on blistering patterns
[5,/17]), delamination [1f], herringbone patterns [19]], and crumpling and folding of
paper [6,27]]. In these papers, an important point is the construction of energetically
favorable microstructures made to accommodate biaxial compressive loads.

In our view, the cylinder-mandrel problem belongs to either category, as a func-
tion of whether the cylinder is fit snugly onto the mandrel or not. Our analysis
addresses the following two cases: the “large mandrel” case, in which the natural
radius of the cylinder is smaller than that of the core, and the “neutral mandrel”
case, in which the radii of the cylinder and the core are the same. In the first case,
the mandrel pre-strains the cylinder along its hoops and, in the presence of axial
compression, this drives the formation of axisymmetric wrinkles. In this setting,
we prove upper and lower bounds on the minimum energy (less a known “bulk
energy”’ induced by the mandrel) that match in their scaling.

The neutral mandrel case is different, as there is no pre-strain to set the direction
of wrinkling. In this case, our best upper and lower bounds do not match (so that at
least one of them is suboptimal). Nevertheless, our lower bound is among the few
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examples thus far of ansatz-free lower bounds in problems involving confinement
with the possibility of crumpling. The cylinder-mandrel problem is similar in spirit
to that of [19]: in some sense, the obstacle in our analysis plays the role of their
elastic substrate. A key difference, however, is that in the present paper the cost of
deviating from the mandrel is felt internally by the elastic cylinder, whereas in [[19]]
the cost of deviating from the substrate is included as a separate bulk effect. In
this sense, our discussion is also similar to that in [|1]], where the delaminated set is
unknown.

These problems belong to a larger class in which the emergence of microstruc-
ture is modeled using a nonconvex variational problem regularized by higher-order
terms (see, e.g., [8./18/26]). While we would like to understand energy minimizers,
and eventually local minimizers, a natural first step is to understand how the value
of the minimum energy depends on the problem’s external parameters. Proving
upper bounds is conceptually straightforward, as it involves evaluating the energy
of suitable test functions; proving lower bounds is more difficult, as the argument
must be ansatz-free.

The presence of the mandrel core in the cylinder-mandrel setup has a stabilizing
effect. This has been exploited in experiments that explore both the incipient buck-
ling load [[15]], as well as buckled states deep into the bifurcation diagram [25[]. In
practice, there is a gap between the cylinder and the core (we call this the “small
mandrel” case). In the recent experimental work [25]], the authors explore the effect
of the gap’s size on the resulting buckling patterns. The character of the observed
patterns depends strongly on the size of the gap between the cylinder and the core:
in some cases the resulting structures resemble origami folding patterns (e.g., the
Yoshimura pattern), while in other cases they resemble delamination patterns (e.g.,
the “telephone cord” patterns discussed in [20]).

The effect of imposing a cylindrical geometry on a confined thin elastic sheet
has also been explored in the literature. In the experimental work [24]], Roman and
Pocheau consider the axial compression of a sheet trapped between two cylindrical
obstacles. The authors explore the effect of the size of the gap between the obsta-
cles on the compression-driven deformation of the sheet. When the gap is large, the
sheet exhibits crumples and folds; as the gap shrinks, the sheet “uncrumples” in a
striking fashion. At the smallest reported gap sizes, the sheet appears to be (almost)
axially symmetric. This raises the question of whether the deformations from [25]]
would also become axially symmetric if the size of the gap between the cylinder
and mandrel were reduced to zero. In the large mandrel case of the present paper,
we prove that axially symmetric wrinkling patterns achieve the minimum energy
scaling law. Our upper bounds in the neutral mandrel case also use axisymmetric
wrinkling patterns, but we wonder if optimal deformations must be axisymmetric
there.

In the recent paper [21]], Paulsen et al. consider the axial compression of a thin
elastic sheet bonded to a cylindrical substrate. The substrate acts as a Winkler foun-
dation and sets the effective shape in the vanishing thickness limit. The effective
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cylindrical geometry, in turn, gives rise to an additional geometric stiffness that
adds to the inherent stiffness of the substrate. The authors also consider the effect
of applying tension along the wrinkles; the result is a local prediction for the opti-
mal wavelength of wrinkles in the sheet via the “far-from-threshold” approach [[7].

The cylinder-mandrel problem offers a similar opportunity to discuss the com-
petition between stiffness of geometrical and physical origin. In particular, in the
neutral mandrel case, our lower bounds quantify the additional stability afforded by
the cylindrical obstacle. While a flat sheet placed along a planar obstacle is imme-
diately unstable to compressive uniaxial loads, the same is not true in the presence
of cylindrical obstacles: superimposing wrinkles onto a curved shape costs addi-
tional stretching energy. In the large mandrel case, our upper and lower bounds
balance the pre-strain induced stiffness against the bending resistance. Since the
resulting bounds match up to prefactor, our prediction for the wavelength of wrin-
kling is optimal in its scaling.

The present paper is not a study of the buckling load of a thin elastic cylinder un-
der axial compression, though this is an interesting problem in its own right. This
is the subject of the recent papers by Grabovsky and Harutyunyan [11}/12]], which
give a rigorous derivation of Koiter’s formula for the buckling load from a fully
nonlinear model of elasticity. These papers also discuss the sensitivity of buckling
to imperfections; in the context of the von Kdrmadn—Donnell equations, this is dis-
cussed in [13]. (See also [[14L[16] for related work.) The existence of a large family
of buckling modes associated with the incipient buckling load of a thin cylinder
is consistent with the development of geometric complexity when buckling first
occurs. One might imagine that the complexity seen experimentally reflects the
initial and perhaps subsequent bifurcations. Nevertheless, it still makes sense to
ask whether this complexity is required for, or even consistent with, achievement
of minimal energy. We cannot begin to answer this question without first under-
standing the energy scaling law.

In this paper, we prove upper and lower bounds on the minimum energy in the
cylinder-mandrel problem. Our upper bounds are ansatz-driven, and we achieve
them by constructing competitive test functions. In contrast, our lower bounds are
ansatz-free. Given enough compression, low-energy test functions must buckle.
Buckling in the presence of the mandrel requires “outwards” displacement, and
this leads to tensile hoop stresses that cost elastic energy at leading order. Thus,
the mandrel drives buckling patterns to refine their length scales to minimize elas-
tic energy; this is compensated for by bending effects, which prefer larger length
scales overall. Through the use of various Gagliardo-Nirenberg interpolation in-
equalities, we deduce lower bounds by balancing these effects. In the large man-
drel case, this argument proves the minimum energy scaling law. In the neutral
mandrel case, the optimal such argument leads to matching bounds only when the
compression is small as compared to the thickness. For a more detailed discussion
of these ideas, we refer the reader to Section [[.3] following the statements of the
main results.
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1.1 The Elastic Energies

We now describe the energy functionals that will be discussed in this paper. Each
is a model for the elastic energy per thickness of a unit cylinder. Throughout this
paper, we let 6 € Iy = [0, 2] be the reference coordinate along the “hoops” of the
cylinderand z € I; = [—%, %] be the reference coordinate along the generators.
The reference domain is Q2 = Ig x I5.

The von Karman-Donnell Model

The first model we consider is a geometrically linear model of elasticity, which
we refer to as the von Kdrman—Donnell (vKD) model. Let ¢ : Q — R3 be a
displacement field, given in cylindrical coordinates by ¢ = (¢, g, ¢). Treating
the “in-cylinder” displacements ¢y and ¢, as “in-plane” displacements, the elastic
strain tensor is given in the vKD model by

1
(1.1) 6:e(¢9’¢z)+§D¢p®D¢p+¢peG®€9-

Assuming a trivial Hooke’s law, the elastic energy per thickness is given in this
model by

(1.2) E;;KD(qs)=/|e|2+h2|02¢p|2d9dz.
Q

Here, the symmetric linear strain tensor ¢ = e(¢yg, ¢;) is given in (8, z)-coordi-
nates by e;; = (0;¢p; +0;¢i)/2,i, j € {0, z}, and the vectors {eg, e, } are the ref-
erence coordinate basis vectors. The first term in (I.2)) is known as the “membrane
term,” the second is the “bending term,” and the parameter / is the (nondimension-
alized) thickness of the sheet. The primary interest in this functional as a model of
elasticity is in the “thin” regime & < 1.

We note here that, as in [[13,/14,|16]], we choose to call this the von Karman—
Donnell model of elasticity. In doing so, we invite comparison with the well-known
Foppl-von Karman model for the elastic energy of a thin plate. In the Foppl-von
Karman model, the elastic strain tensor is given by

1
€ =e(ux,uy) + EDw ® Dw,

where u = (uy,uy) and w are the in-plane and out-of-plane displacements, re-
spectively. The elastic energy per thickness is then given by the direct analogue of
(T.2). The key difference between this model and the vKD model described above
is the presence of the last term in (I.T). This term is of geometrical origin: it arises
as ¢, describes the radial, or “out-of-cylinder,” displacement in the present work.

To model axial confinement of the elastic cylinder in the presence of the man-
drel, we consider the minimization of £ ;;) KD 4yer the admissible set

AL ={0:Q > R>: ¢, € H2(Q).¢9.¢; + Az € Hp (Q)}

N > R—1, max 0idill7 00 < m}.
= 0. 0 0190 L= }

(1.3)
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The parameter A € (0, 1) is the relative axial confinement of the cylinder. The pa-
rameter R € (0, 00) is the radius of the mandrel, which we treat as an obstacle. The
parameter m € (0, co] gives an a priori bound on the “slope” of the displacement
D¢. (As we will show, minimization of £} KD ynder axial confinement prefers
unbounded slopes as 7 — 0. We introduce the hypothesis m < oo in order to
systematically discuss sequences of test functions that do not feature exploding
slopes.) The assumption of periodicity in the z-direction is for simplicity and does
not change the essential features of the problem.

A Nonlinear Model of Elasticity

The vKD model described in the previous section fails to be physically valid
when the slope of the displacement D¢ is too large. In this paper, we also consider
the following nonlinear model for the elastic energy per thickness:

(1.4) E,ZIVL(CD)=/|D<I>TD<I>—id|2+h2|D2<I>|2d9dz
Q

where ® : Q@ — R3 is the deformation of the cylinder. This is related to the
displacement ¢ through the formulas

Op=1+¢p Pg=0+¢. and @ =2+ ¢,

The functional ENT is a widely used replacement for the fully nonlinear elastic

energy of a thin sheet (see, e.g., [2,/6]). We note two simplifications from a fully
nonlinear model: the energy is written as the sum of a membrane term and a bend-
ing term; where in the bending term a second fundamental form would usually
appear, it has been replaced by the full matrix of second partial derivatives of the
deformation, D2 ®.

Let us comment briefly on this choice of bending term. In the case of vanishing
displacement, the nonlinear model achieves an elastic energy of #2|Q2|. Such
a situation could occur if, e.g., the cylinder were manufactured by rolling up a
naturally planar elastic sheet into a tube and joining the ends (as is done in [25]]).
If instead the cylinder were manufactured as a naturally curved elastic shell (as is
done in [[15] via electroforming), then the case of vanishing displacement should
achieve zero elastic energy. In such a setting, one could substitute in the bending
term a difference of second fundamental forms (or, keeping with our simplification,
of second partial derivative matrices) between that of the deformed and that of the
natural state.

In parallel with the vKD model, we consider the minimization of £ }]lv L over the
admissible set

ANL

AR,m
(15) = {(I) Q= RS . qu, q>9 - 6, Cbz - (1 - A‘)Z € szel‘(Q)}
N{®, > R, max 10; @ [l Loo() < m. 3P, > 0Leb-ae.}.

i€{f,z}, je{p.0.2}
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As above, A € (0, 1) is the relative axial confinement, R € (0, 00) is the radius of
the mandrel, and m € (0, o0] is an L °°—a priori bound on D ®. The final hypoth-
esis, on the sign of 3, ®,, has no analogue in and deserves some additional
discussion.

One might imagine that the cylinder should fold over itself to accommodate
axial compression. Indeed, if z — &, need not be invertible, one can construct
test functions that have significantly lower energy than given in Theorem [I.3] or
Theorem [I.9] (In the notation of these results, such test functions can be made
to have excess energy no larger than C(Rg) max{[(R2 — 1) v h2]}/3p*/3 p3/2}
whenever R € [1, Ro] and h, A € (0, %].) In order to avoid this, and to facilitate a
direct comparison with the geometrically linear setting, we introduce the hypoth-
esis that 3,®, > 0 in the definition of (I.5). We remark that such a hypothesis
can be relaxed; as discussed in Remark [3.10] one only needs to prevent d;®, from
approaching the well at —1 in order to obtain our results.

1.2 Statement of Results

We prove quantitative bounds on the minimum energy of E ;;KD and E ;lv L in
two cases: the large mandrel case, where R > 1, and the neutral mandrel case,
where R = 1. The small mandrel case, where R < 1, is close to the poorly
understood question of the energy scaling law of a crumpled sheet of paper, which
is still a matter of conjecture (despite significant recent progress offered in [[6]).

The Large Mandrel Case

We begin with the case where R > 1. In this setting, our methods prove the
minimum energy scaling law. We state the results first for the vKD model. Define
(1.6) EPEP(R) = 1Q|(R - 1)?
and let co(X, h, m) = min{A}/2p1/4 m1/2p1/2},
THEOREM 1.1. Let h,A € (0, %] R € [1,00), and m € [2, 00). Then we have that

min E;:KD — gKD ~m min{kz’ max{(R _ 1)4/7],16/7}’5/7’ (R _ 1)2/3]12/3}’}}

whenever R — 1 > co(A, h, m). In the case that m = oo, we have that

min EUKD _ vKD ~ min AZ’ R _ 1 4/7h6/7k5/7
Agke, " ’ D }

whenever R — 1 > co(A, h, 00).

Remark 1.2. Note that the scaling law (R — 1)2/3h2/3 ) disappears from the result
when one does not assume an a priori L°-bound on D¢. Indeed, this assumption
changes the character of minimizing sequences. A consequence of our methods
is a quantification of the blowup rate of || D¢||p as & — 0. For instance, if we
fix R € (1,00) and A € (0, %], then the minimizers {¢p} of E;;KD over AK{%,)oo
satisfy || D¢pllre ZR.A h=2/7 as h — 0. The interested reader is directed to
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FIGURE 1.1. This figure depicts the three types of axisymmetric wrin-
kling patterns that achieve the minimum energy scaling laws from The-
orem In each, a thin elastic cylinder of unit radius and thickness A
is compressed axially by amount A and lies entirely outside of an inner
cylindrical mandrel of radius R > 1. (A) shows the trivial wrinkling pat-
tern, i.e., the unbuckled configuration, which achieves an excess energy
scaling as A2. (B) is made up of one wrinkle, and achieves an excess
energy scaling as (R — 1)*/7h%/715/7_(C) features many wrinkles, and
achieves an excess energy scaling as (R — 1)2/312/3). In this pattern,
the number of wrinkles scales as (R—1)'/3h72/3A. A similar discussion
applies for Theorem where R — 1 is replaced by (R? — 1) Vv h2.

Corollary [3.5]for a precise statement of the full result. In any case, we are led by
this observation to include the parameter m in the definition of the admissible set,
AK{%D’m, in order to prevent the nonphysical explosion of slope that is energetically
preferred in the large mandrel vKD problem.

PROOF. Theorem follows from Proposition [2.1| and Proposition (3.1} once
we note that

Ah < max{hS 75T (R — D7 V3R — 122023 —
min{AV2RY4 m /2R 2y < R — 1. O

This theorem shows that there are three types of patterns (three “phases”) that
achieve the minimum energy scaling law, and that there are two types of patterns if
m = oo. As we will see in the proof of the upper bounds, these patterns consist of
axisymmetric wrinkles. Roughly speaking, the phases correspond to the absence of
wrinkles, the presence of one or a few wrinkles, or the presence of many wrinkles.
The distinction between “few” and “many” is made clear in Section 2] (see Lemma
[2.4]and Lemma[2.3). See Figure[I.T|for a depiction of these wrinkling patterns.

A similar result can be proved for the nonlinear energy. Define

(1.7) ENL(R, h) = |Q|(R? - 1)* + |Q|R*h?
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and recall the definition of ¢ given immediately before the statement of Theorem

[[.Tlabove.

THEOREM 1.3. Let Ry € [1,00), and let h, € (0,3], R € [, Ro], and m €
[1,00). Then we have that
min E,IlVL —Séw‘ ~Ro.m

NL
AA,R.m

min{A2, max{[(R? — 1) v B34 ThS/ 72517 [(R? — 1) v h?]?/3h?/30}
whenever (R? — 1) v h% > co(A, h, 1).

Remark 1.4. In contrast with Theorem [I.1} we do not address the case m = oo
in this result. As the reader will observe, our proof of the lower bound part of
Theorem [I.3] rests on the assumption that m < oo. However, in the proof of the
upper bound part, the successful test functions belong to Aiv I;e , uniformly in 4. It
does not appear to us that one can improve the scaling of these upper bounds by
considering test functions with exploding slopes. This should be contrasted with
the blowup estimates discussed for the vKD model in Remark[1.2]

PROOF. Theorem I.3|follows from Proposition[2.7)and Proposition [3.6/once we
observe that
Ah < max{h® 7237 (R? = 1) v B21*7 [(R? = 1) v 2P an?3) —
min{A/2RY4 B2 < (R2 = 1) v W2 O

The Neutral Mandrel Case

Next we turn to the borderline case between the large and small mandrel cases,
given by R = 1. In this case, our methods prove upper and lower bounds on the
minimum energy that fail to match in general, though they do match in a regime in
which the thickness % is large as compared to the compression A.

We begin with the results for the vKD model.

THEOREM 1.5. Let h, A € (0, %] and m € [2,00). Then we have that
min{max{hA3/2, (hA)1?/111 22} <, min EYED < min{hA, A%}
A lm
In the case that m = oo, we have that
min{(hA)12/11 22} < min EYED < min{hi, A%}
A.1,00

Remark 1.6. Although the lower bound in this result changes when m = o0, in this
case it does not imply a blowup rate for || D¢| o as h — 0. Indeed, as discussed
in Remark [2.6] minimizing sequences need not have exploding slopes in the neutral
mandrel case.
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PROOF. Taking R = 1 in Proposition [2.1| proves the upper bound part of Theo-
rem[I.5] To prove the lower bound part, we first observe that if we define

(1.8) FSp(¢) = / leap|? + lezz|? + 1| D?¢p|* d6 dz,
Q

then
EpRP(¢) = FSu(¢) Vo € %D,
vKD

Proposition identifies the minimum energy scaling law of F'Sy over 4 Adm
and this proves the result. O

As the reader will note, the argument in the proof above uses only the 66- and
zz-components of the membrane term. As far as scaling is concerned, the lower
bounds given in Theorem [I.5] are the optimal bounds that can be proved by such
a method. This is discussed in more detail in Section .1} the essential point is
that our lower bounds arise as the minimum energy scaling law of what we call the
free-shear functional, defined in (1.8) above.

The upper and lower bounds from Theorem 1.5 match in a certain regime of the
form h > A%.

COROLLARY 1.7. Let h, A € (0, 3] and m € [2,00). If h > A>/S, we have that

min FE
vKD
AA.l,nz

KD 2
VKD 32,

The same result holds in the case that m = oo.

Remark 1.8. We note here a possible connection between our analysis and that
of [11}|12], which derives Koiter’s formula for the incipient buckling load of a
(perfect) thin cylinder via an analysis of the fully nonlinear model. Although our
focus is not on buckling as such, Corollaryproves that, in the regime A < ho/5,
the minimum energy scales as that of the unbuckled deformation. In comparison,
the buckling load of a thin elastic cylinder scales linearly with 4. If the effect of
the neutral mandrel is to improve local to global stability, then perhaps the upper
bound from Theorem|[I.5]is optimal in its scaling.

PROOF. Corollary follows from Theorem [I.5] after observing that, since
A<,
h > 25/ = max{hA3/2, (h2)'12/11} > A2, O

Now we state the corresponding results for the nonlinear energy.
THEOREM 1.9. Let h, A € (0, %] and m € [1, 00). Then we have that

min{max{h13/2, (hA)12/11} 22} <,, min ENE—eNE(1, h) <, min{Ah, A%}
A/\,l,m

Remark 1.10. As discussed in Remark[I.4] the lower bound in the case that m = oo
is not addressed for the nonlinear model by our methods.
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PROOF. Taking R = Ry = 1 in Proposition gives the upper bound part,
once we observe that

A <1 = Ah>min{h?2%/7 1%},
The lower bound part follows from Proposition i.12] O

COROLLARY 1.11. Let h, A € (0, %] andm € [1,00). If h > )\5/6, then we have
that
min ENE — ENE(1,h) ~m A2

NL
A/\.l,oo

PROOF. Arguing as in the proof of Corollary we see that the result follows
from Theorem [1.9] O

1.3 Discussion of the Proofs

We turn now to a discussion of the mathematical ideas behind the proofs of these
results. To fix ideas, we focus exclusively in this section on the nonlinear model,
given in (1.4). For added clarity, we consider only the case where & — 0 while
A € (0, %], R € [1,00), and m € [1,00) are held fixed. Under these additional
assumptions, Theorem [I.3]and Theorem [I.9]imply the following results:

e If R > 1, there are constants ¢, C depending only on A, R, m such that

(1.9) ch?/® < min ENL _gNL < cp2/3 a5 — 0.
AQ’% h b

e If R = 1, there are constants ¢, C depending only on A, m such that

(1.10) ch < min ENF—gNl <Ch ash — 0.
AX
Bulk Energy

We see from ll that Eév L is of the form
ENE = by (R) + be(R)M.

The first factor, b, is the “bulk membrane energy” that remains in the limit 7 — 0.
The second factor, b, /42, is the “bulk bending energy” and appears in £ év L due to
our choice of bending term.

The bulk membrane energy can be found by solving the relaxed problem

(1.11) bm = min /QW(DCD)dx.
Q

NL
qDeAA.R,m

Here, QW is the quasi-convexification of W(F) = |FTF —id|?. It follows from
the results of [[22] that

2 2

OW(F) = (AT =1} + (A3 -1

where {A; }i—1 > are the singular values of F'.
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Regardless of whether we consider the large, neutral, or small mandrel cases,
the deformation

Der(0,2) = (1 + (R—1)4.0.(1-2)z)

is a minimizer of (I.11). The effective (first Piola-Kirchhoff) stress field is given
by

(1.12) Oeit = DOW (D ®et) = 4R(R* — 1)1 Eg ® eg,
and the bulk membrane energy satisfies
bm = |Q|(R* — 14

We note here that in the large mandrel case, where R > 1, both o and by, are
nonzero, whereas for the small or neutral mandrels these both vanish. As will
become clear, the appearance of different power laws for the scaling of the excess
energy in (1.9) and (I.10) is due precisely to the vanishing or nonvanishing of ocfr.

Upper Bounds

To achieve the upper bounds from (I.9) and (I.10), one must construct a good
test function and estimate its elastic energy. The particular test functions that we
use are of the form

(1.13) ®0,2) = (R+w(z),0,(1 —A)z + u(z)).

We refer to such constructions as “axisymmetric wrinkling patterns” (see Fig-
ure . By construction, the metric tensor g = D®TD® satisfies gg, = 0
and by choosing u, w suitably we can ensure that g,, = 0 as well.

In Section 2] we estimate the elastic energy of (I.13). The result is that the
excess energy is bounded above by a multiple of

[ @ =l + o+ 2Pz,
I,

where |w’||z2 > ¢(X). Minimizing over all such w leads to the desired upper
bounds. Evidently, both the character of the optimal w and the scaling in / of the
resulting upper bound depend crucially on whether R > 1.

Ansatz-Free Lower Bounds
The proofs of the lower bounds from (I.9) and (I.I0) require an ansatz-free
argument. We start by establishing the following claims:

(1) With enough axial confinement, low-energy configurations must buckle.
(2) Buckling in the presence of the mandrel induces excess hoop stress and
COsts energy.

The first claim is quantified in Corollary [3.12] with the result being that low-energy
configurations must satisfy

(1.14) ID®pllL2 = c(R).
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The second claim is quantified in Lemma [3.8} this result implies in particular that
the excess energy is bounded below by a multiple of

(1.15) (R* = D)+ [|®p = RllL1@) + 19 = RlI72 -

The anisotropic norm appearing here is characteristic of our neutral mandrel anal-

ysis. It arises because we consider the stretching of each 6-hoop individually in

this case, a choice that may be suboptimal in general as it ignores the cost of shear.
Finally, we prove in Lemma [3.13]that, for low-energy configurations, the excess

energy is bounded below by a multiple of

(1.16) 12| D@y} 20

While such a bound comes for free when we consider £} KD it requires some extra

work for £ ]i\' L due to the nonlinearities in the bending term.
Combining (T.14)), (T.13), and (1.16) with various Gagliardo-Nirenberg interpo-
lation inequalities (see the Appendix), we conclude the desired lower bounds.

Role of ot in Lower Bounds

As described above, the vanishing of the effective applied stress, o.fr, affects
both the scaling law of the excess energy as well as the character of low energy
sequences. We wish now to present a short argument for the first part of (I.15).
While this argument is not strictly necessary for the proof of the main results, we
believe that it helps to clarify the role of o.f in the lower bounds.

It turns out that

E,ﬁVL(qn—ggVLz/ W(D®) — by,
Q

Indeed, the excess energy can be split into its membrane and bending parts (see
Lemma[3.7). Since QW < W, we have that

| woe) by = [ owne)- oWDow.
If et #~ 0, then to first order
(1.17) OW(D®) — QW(D Degr) = (Oetr, D(P — Degr)) + higher-order terms,
and in fact we have that
QW(D®) — QW(D Pefr) > (0efr, D(P — Defr))

since QW is convex (this also follows from [22]]). Integrating by parts with the
formula @) and using that &, > R, we conclude that

/ (0uits D(® — o)) = / (oui| |, — R].
Q Q
Hence,

Eyt (@) — &) = |owrl|9p — RllLi@) VP € AR oo
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While this argument succeeds in proving the first part of (I.15), it fails to prove
the second part since, essentially, the expansion fails to capture the leading-
order behavior of QW in the neutral mandrel case. Nevertheless, one can prove
the full power of (I.15]) assuming only that the cylinder is at least as large as the
mandrel, i.e., R > 1. The argument we give in Section [3.2] establishes both parts
at once, using only familiar calculus and Sobolev-type inequalities along with the
basic definitions.

1.4 Outline

In Section [2| we give the proofs of the upper bound parts of Theorem The-
orem Theorem|[1.5] and Theorem In Section [3| we prove the lower bounds
in the large mandrel case, i.e., the lower bound parts of Theorem [I.1]and Theorem
[1.3] In Section ] we consider the analysis of lower bounds in the neutral mandrel
case. There, we prove the lower bound parts of Theorem [I.5]and Theorem[1.9] as
well as the energy scaling law for the free-shear functional. We end with a short
appendix that contains the various interpolation inequalities that we use.

1.5 Notation

The notation X < Y means that there exists a positive numerical constant C
such that X < CY, and the notation X <, Y means that there exists a positive
constant C’ depending only on a such that X < C’(a)Y. The notation X ~ Y
means that X < Y and ¥ < X, and similarly for X ~;, Y. We sometimes
abbreviate max{X,Y}by X VY and min{X,Y}by X A Y.

When the meaning is clear, we sometimes abbreviate function spaces on 2
by dropping the dependence on the domain, e.g., H k = H k(Q). The space
H;‘er = Hé‘er(Q) is the space of periodic Sobolev functions on 2 of order k£ and
integrability 2. We employ the following notation regarding mixed L?-norms:

e = ([ ([ 1o dn) ™ dx)

171z, 62 = ([ 173017 )

and

=

We refer to the unit basis vectors for the reference (6, z)-coordinates on 2 as
{ei}ie(s,z)> and the unit frame of coordinate vectors for the cylindrical (p, 0, z)-
coordinates on R3 as {E; Vie{p,0,z)- Note that E, = Ey(x) and Eg = Eg(x)
depend on x € R3 through its #-coordinate xg; our convention is that £ p points in
the direction of increasing radial coordinate p, and Ey in the direction of increasing
azimuthal coordinate 6, so that in particular x = x,E,(x) + xzE;. We will
sometimes perform Lebesgue averages of a function f : 2 — R over the reference
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f-coordinate. We denote this by

Fo) =

— 0,z)do.
o] /I J.2)

The notation |A| denotes the euclidean volume of the (Lebesgue-measurable) set A.
The set B(U) denotes the set of Lebesgue-measurable subsets A C U.

2 Elastic Energy of Axisymmetric Wrinkling Patterns

We begin our analysis of the compressed cylinder by estimating the elastic en-
ergy of various axisymmetric wrinkling patterns. This amounts to considering test
functions that depend only on the z-coordinate. The results in this section con-
stitute the upper bound parts of Theorem [I.T} Theorem [I.3] Theorem [I.5 and
Theorem[I.91 We consider the vKD model in Section [2.1]and the nonlinear model
in Section

2.1 vKD Model

Recall the definitions of E ;:KD , AKKRDm, and SZKD , given in li ll and

(1.6), respectively. In this section, we prove the following upper bound:

PROPOSITION 2.1. We have that

min EZKD—S;;KD <
AK{<RD.W1

min{A2, max{Ah, BT AT(R — 1)*7 m™V3(R — 1)2/3 00?3}
whenever h, A € (0, %], R € [1,00), and m € [2, c0].

PROOF. The upper bound of A2 is achieved by the unbuckled configuration ¢p =
(R —1,0,—Az). To prove the remainder of the upper bound, note first that it
suffices to achieve it for (h, A, R, m) € (0, ho] x (0, %] x [1,00) X [2, o0] for some

ho € (0, %] We apply Lemma Lemma and Lemma to deduce the

required upper bound in the stated parameter range with sy = >3- U

In the remainder of this section, we will assume that

h e (0, 2%1] Ae (0, %] R e[l,00), and m € [2, ]

unless otherwise explicitly stated.

We begin by defining a two-scale axisymmetric wrinkling pattern. We will refer
to the parameters n € N and § € (0, 1], which are the number of wrinkles and
their relative extent. We refer the reader to Figure [2.1] for a schematic of this
construction.

Fix f € C°°(R) such that

e f is nonnegative and one-periodic,
o supp f N[~3.5] C (=3.3),
o || f'llLee <2, and
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FIGURE 2.1. This schematic depicts the axisymmetric wrinkle con-
struction used in the proof of the upper bounds. The pattern features n
wrinkles in the e;-direction with volume fraction §. The optimal choice
of § and n depends on the axial compression A, the thickness /4, the man-
drel’s radius R, and the a priori L*° slope bound m.

o ”f,”iz(Bl/z) =1,
and define f5 , € C*°(R) by
V8 (n
Jon(t) = 7f(§t)]lt€36/z-
Define wg , o, Us p.a - 2 — R by

ws,n,A(0.2) = V24 f5,1(2),
1
usnp 0.2 = [ A= @ ®.2)) a2
—i=<z'<z 2

Finally, define ¢ , 1 r : @ — R> by
¢sna,R = (Wspr+ R—1,0,—AZ +ug, 1)

in cylindrical coordinates.
Now, we estimate the elastic energy of this construction in the vKD model.

Define
24 21
mi(A,8) = 2max{‘/§, ?§

AvKD

ARy Furthermore,

LEMMA 2.2. We have that ¢s , 5 R €

A1/283/2 )&52 /\n2
EYXP (¢s.n.R) — EPFP < max{(R - 2 }

) n_z’ 5_2 .
PROOF. Abbreviate ¢ , 1 r by ¢, ws , 2 by w, and us , 5 by u. We claim that
¢p € Hppo g € Hp,p, and ¢z + A2 € H,,. To see this, observe that

per*
1
| gewsaalaz =i [ 1 Par=a ifPar=a
1.2 Bs;» By,
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forall 6 € Iy,sothatu € leer. Thatw € szer follows from its definition. Observe
also that ¢, > R — 1, since w > 0.
Now we check the slope bounds. By construction, we have that

1 W
€7 = 070 + 5(E)Z(;Sp)2 =0 andthat 0;¢, = d;w = 2Af8/,n'

Hence,

21
10z¢pllLoe < V2AIl £, llLoe <2 5

and
41
||az¢z||L°° = )L”fg,’n”%oo < ?
It follows that

max 0i¢i||lLe < mi(A,96),
i€{9,z},je{p,9,z}” idjllLee < mi(A,8)

vKD
and therefore that ¢ € A} Romy

Now we bound the elastic energy of this construction. Since €;; = €g, = 0 and
w depends only on z, we see that

EPXP(¢) = /Q“” + R— 11>+ h22w|> do dz
and hence that
EPEP () — €2KP < max{(R — D+ l|wlli ). 1wlZ2.) 21020250 -

Now we conclude the desired result from the elementary bounds

11/283/2 5 2 5 . n2
i@ £ == Iwli2q) T —5 and [I0zwll>g) £ =5 U

We make three choices of the parameters 7, § in what follows. First, we consider
a construction which features many wrinkles as 2z — 0.

LEMMA 2.3. Assume that m < oo and that
m V3 (R = 1?2 An?3 > max{Ah, k%7257 (R — 1)*7).
Letn € N and § € (0, 1] satisfy
ne[(R—1DYVPAR™2Bm=70 2(R — )VEART23m™7/0] and  § = 4am™".

Then, ¢s AR € AKKRDm and

(R . 1)2/3h2/3l
ml/3

KD KD
E)* (s nar) —Ep 0 S
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PROOF. Rearranging the inequality
m_1/3(R _ 1)2/3Ah2/3 > h6/7/\5/7(R _ 1)4/7’

we find that (R —1)Y/3Ah=2/3m~7/6 > 1 so that there exists such an n € N. Also,
with our choice of § we have that m1(8, A) = m. We note that indeed § < 1 since
A< % and m > 2.

It follows from Lemma that ¢s , A R € Azﬁl’)m, and that

KD KD
E} 5 (psnar) —Ep- " S

214/3,.7/3 3 2/3
maX{(R— 1)2/3hz/3m7/653/2 L St AR / }

21727 (R _ 1)2/3/\’ §2m7/3
A

Using that § ~ 7, we have that

(R— 1)2/3h2/3l 13 h4/3 %

vKD _ cvKD -~
Eh (¢8,n,)t,R) gb ~ Mmax m1/3 s AMm (R _ 1)2/3
Since
(R —1)2/3p2/3), 13 W3 2/3 1/3,1/3
/3 > Am m <~ (R-1) >m' h”,
the result follows. O

Next, we consider a construction consisting of one wrinkle.
LEMMA 2.4. Assume that
RO/7251T(R — )7 > max{Ah, m™ 3 (R — 1)2/3 0?13y,
Letn = 1 and let § € (0, 1] be given by
§ =4 VT(R—1)"2Tp47.

Then, ¢s n.A R € AXKRDm and

E}IZKD(QS(S,n,A,R) _EgKD 5 h6/7)t5/7(R _ 1)4/7.

PROOEF. First, we check that § < 1. Note that 4A1/7p4/7 (R— 1)_2/7 < lifand
only if \h* < (R— 1)22%. By assumption, we have that Ah < h%/7A5/7(R—1)4/7
so that Ahl/2 < (R —1)%. Since h < 2%, it follows that h* < Z%hl/z and hence
that Ah* < 2—}4(R — 1)? as required.

Now we check the slope bounds. We have that

m1(A.8) = max{~2237(R — )M7h=2/7 28/T(R — 1)2/Th=4/7).
By assumption, we have that m~/3(R — 1)2/31h2/3 < p®/7)5/T(R — 1)*/7 so
that (R — 1)2/7)L6/7h_4/7 < m. Also, m > 2 so that m2 > 2m and therefore

2(R—1)?/7A8/Th=4/7 < 2m < m?. It follows that ~/2(R— 1)1/ 713/ Th=2/7 < m.
Hence, m1(A,8) < m.
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Using Lemma we conclude that ¢p5 , A g € A:{KRD 1, and that

E;;KD((]ﬁ) _ gll’)KD S max{(R _ 1)4/7}(5/7]16/7’}’9/7(1? _ 1)_4/7]’18/7}.
Since

(R . 1)4/7)L5/7h6/7 > /\9/7(R _ l)—4/7h8/7 — (R - 1)2 > Ahl/z,
we conclude the desired result. O

The previous two results fail to cover the neutral mandrel case, where R = 1.
Our next result includes this case.

LEMMA 2.5. Assume that
Ah = max{m ™3 (R — 1)2/3Ah2/3 1®/735/7(R — 1)*/7}.

If A < mh'/2, then upon taking n = 1 and § = 4pl/2 ¢ (0, 1] we find that
bs.n.r € AYSP  and that

Ey P bs.n2,R) = E5P < Ah.
IfA > mh'/2, then upon taking n € N and § € (0, 1] that satisfy

ne M 2m™ V22 2m™ Y and 8 = 4am™Y,

we find that ¢s , ) R € AXKRDm and that

EYED (5 0.2.R) — EVEP < A,

Remark 2.6. We note here that if R — 1 is small enough, then the scaling law of Ah
can be achieved by a construction with uniformly bounded slopes. Indeed, if one
takes 1 ~ h~1/2 and § = 1, then the resulting ®5.n,1,R belongs to AKKRDm for all

A € [0, %] and m € [2, 00], and the excess energy is bounded by a multiple of A&
whenever R — 1 < A1/2p1/2,

PROOF. We prove this in two parts. Assume first that A < mh'/2. Then let
n =1and§ = 4h'/2. Note that § € (0, 1] if and only if & < 2L4. Also,

[ 2A 41 [ 20 A
ml(k,8):max{2 W’W} :max{ m,m}

Since m > 2, 2m < m?. Thus, A < mh'/? = 21 < 2mh'/?2 < m2hp'/2
so that 2Ah~1/2)1/2 < . Thus, my(A,8) < m. By Lemma we have that

bs.n,r € AP and that

EYED (¢5 n.3.8) — EYEP < max{(R — DAY2R3/4 Ak},

Note that (R — 1)AY/2h3/4 < Ah is a rearrangement of Ak > h%/7A5/7(R —1)4/7.
Thus,
E}5P (85 ,0,0,8) — EJKP < Ah.
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Now assume that A > mh'/2. Letn € N and § € (0, 1] satisfy
neM™V2m™ 2207 2m ™ and 8 = 4Am~ L.

Note that Ah~1/2m~1 > 1 is a rearrangement of A > h'/2m, so that such an n
exists. Also, note that § < 1since m > 2 and A < %, and that m(6, 1) = m.

Hence by Lemma we have that ¢s , 1 g € AKKRDm and that

vKD vKD khl/z
E; " (sna,R) — & < max (R — l)m,kh .
Since (R — 1)):11}’1—1//22 < Ah is a rearrangement of Ah > m~1/3(R — 1)2/31h2/3, we
conclude that
EY P ($s.0,2,8) — ELKP < Ah.

O
2.2 Nonlinear Model

Recall the definitions of E ;lv L Aﬁ{ %’m, and Eév L given in ll 1) and 1|

In this section, we prove the following upper bound:

PROPOSITION 2.7. Let Ry € [1, 00). Then we have that

min E;]lVL— ]ﬁVL <Ro
ANL
A.R.m

min{A2, max{Ah, h® "X T[(R? — 1) v h21*7 [(R? — 1) v k2?3 Ah?/3})
whenever h, A € (0, %], R € [1, Ro], and m € [1, 00].

PROOF. Note that since Aiv Iie m C Aiv Iie g fm =< m’, we only need to prove

the claim for the case of m = 1. The upper bound of A2 is achieved by the
unbuckled configuration ® = (R, 6, (1—A1)z). To prove the remainder of the upper
bound, note first that it suffices to achieve it for (&, A, R) € (0, ko] x (0, %] x[1, Ro]
for some Ay € (0, %] We apply Lemma , Lemma [2.10} and Lemma [2.11f to

deduce the required upper bound in the stated parameter range with 7o = 3. Note
that the dependence of the constants in these lemmas on f can be dropped, since
f is fixed in the subsequent paragraphs. 0

In the remainder of this section, we fix Ro € [1,00) as in the claim. Further-
more, we assume that

he(0,%]. A€(0.3]. and R €[l Ro]

unless otherwise explicitly stated.

As in the analysis of the vKD model, we define a two-scale axisymmetric wrin-
kling pattern. We refer ton € N and § € (0, 1], which represent the number of
wrinkles and their relative extent, respectively. Again, we refer the reader to Figure
2.1l for a schematic of this construction.

We start by fixing f € C°°(R) such that
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o fis nonnegative and one-periodic,

osuppfﬂ[— ]C—l%

. ||f Lo <1, and

1/2
[, VT=Fde =

Define fg,n € C®(R) by

8§ ./n
Jon () = ,_Zf(gt)]lteBS/z'
Let S : [0, 1] — R be defined by

1
2
=1 —g2 {2
sw=1-[ i-area

and observe that Sy is a bijection of [0, 1] < [0, %]. Hence, if § € [2A, 1], we can
define ws , 3, us .2 : 2 — R by

A
w5 n,2(0,2) = S; ! (_)fB,n (2).

usni.2= [ oo V1 a5 0207 = (1= 20

Finally, we define ®s ,, , g : Q2 — R3 by
Ps5.na,R = (Wspa+ RO, (1 =)z +usp i)

in cylindrical coordinates.
We now estimate the elastic energy of this wrinkling pattern.

LEMMA 2.8. Let§ € [2A, 1]. Then we have that ®s , 5 r € A,\ R Furthermore,
AV/283/2 )82 an?
By (@5 p) = & " Sro,y max[(R? = 1) VA2 =———, =5 1=

PROOF. Abbreviate ®s , 1 r by @, ws , 2 by w, and us, e 2 by u. By its defi-
nition, ®, € H2, &g — 6 € H2 . and ®, — (1 - 1)z € HZ,. To see these, note

per> per>

that w,u € szer Indeed, we have that

/_21 1= @000, 2)) dz

2
/ 1dt +/ \/ fS n(t))
[—1,i1\Bs,> Bs/»

_2(_-- +5/ \/ (57! )Z(f(t)) dt
=1—5SfoSJ:1( )

P
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for each 6 € Ig. Also, we have that ®, > R since w > 0, and that

0,0, =1—A+0du=4/1—(d;w)?>0.

Now we check the slope bounds. Note that

(A
az®p = azw - Sf l(g)fgl’n(Z)
so that
[0z Ppllee =<

1A
57 (5 ) 1l <15 huoe <1

Also, by the above, we have that
0, P, = /1—(0;w)? €[0,1].

max [0; ®jllLe <1,
i€{0,z}, je{p,0,z}

and it follows that ® € A)Zt],];z,l'

Now we bound the energy of this construction. Since g, = 1, gg, = 0, and
u, w are functions of z alone, we have that

Hence,

EN (@) = / (R +w)* — 117+ h*(|R + w|* + |0Zw|* + 2|0, w|* + [02u|*)d6 dz.
Q
Hence,

ENE(@) = E)F <o max{[(R2 = 1) v ][]y [w]25q):

201192, 1% 2 2,112
h (HaszLZ(Q) v ||azw”LZ(Q) v HBZMHU(Q))}'
(Here we used that ||w| o < 1, which follows from its definition and our choice
of f.) By definition, we have that
8§u _ azwaﬁw
V1= (0;w)?
so that
19zullL2@) <f Haﬁwum(g)-
Also, we have that

1) 8 A\ 83
-1 2 —1
ol 557 (5) 5 1ol = (57(5)) 2=

(M) 2 A\ 2n2
||azw||§2(g)g (sfl(g)) §, and HangLz(Q),S (Sfl(g)) =

Since

512 2
1By = 5@,

2°2



326 I. TOBASCO

A. )L 1/2
-1
5 (5) ~f (3) -

Combining the above, we conclude that

)&1/283/2 182 An2
ENE(@) — ENL <p max{[(Rz — DV iE——. n—z,hz((si2 v A)}

it follows that

and the result immediately follows. U

Next, we choose 7, § that are optimal for our construction in various regimes.
Our first choice exhibits many wrinkles and is the nonlinear analogue of Lemma

23l
LEMMA 2.9. Assume that
[(R? — 1) v B2 AR%13 > max{Ah, i 725 T[(R? — 1) v h2]*/7).
Letn € N and § € (0, 1] satisfy
ne[[(R?—1) v h2 V323 2[(R? — 1) v B2)V3Ah™2/3] and 6§ = 2.

NL
Then, ®sn R € A} R, and

EN (@5 na,8) — € Sro.s [(RZ = 1) v RPPPPAR25,
PROOF. Rearranging the inequality
[(R2 . 1) Vv h2]2/3kh2/3 > h6/7ks/7[(R2 . 1) Vv h2]4/7,

we find that [(R2 — 1) v h2]Y/3Ah=2/3 > 1 so that there exists such an n € N.
Also, with our choice of § we have that 6 € [24, 1]. It follows immediately from
Lemma 2.8|that ®s ,, 5 r € Aﬁ{ ];2,1' Finally, the bound on the energy follows from
Lemma|2.8|as in the proof of Lemma where R — 1 is replaced by (R? —1) v h?
and m is replaced by the number 1. U

Next, we consider a pattern consisting of one wrinkle.
LEMMA 2.10. Assume that
RO/TXSITI(R? — 1) v h2Y7 > max{Ah, [(R? — 1) v k223 0n2/3).
Letn = 1 andlet § € [2A, 1] be given by
§ =22V [(R? = 1) v W22/ Tp#/7.
Then, ®s , A R € Aﬁ%’l and

ENL(®5.,4.8) — ENE <Ry KO TASITI(R? — 1) v W24,
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PROOF. First, we check that § € [2A, 1]. For the upper bound, note that
2R = 1) v 22T <

if and only if Ah* < 2l7[(R2 — 1) v h?]%2. By assumption, we have that Ah <
hSTASIT[(R? — 1) v h2]*/7 so that Ah1/2 < [(R? — 1) v h?]?. Since h < 1, it
follows that h* < Z%hl/z and hence that Ah* < 2l7[(R2 — 1) Vv h?)? as required.
For the lower bound, we note that 2AY/7[(R% — 1) v h2]=2/7h*/7 > 2 if and only
if h* > A8[(R? — 1) v h?]?. As this is a rearrangement of

[(R2 = 1) v K223 ah2/3 < hSTASIT[(R2 — 1) v K27,

we conclude the lower bound.

It follows from Lemma that &5, A r € Aiv % - The bound on the energy
also follows from Lemma [2.8] as in the proof of Lemma 2.4 but where R — 1 is
replaced by (R — 1) v h2. O

Finally, we discuss the neutral mandrel case, where R = 1.
LEMMA 2.11. Assume that
Al > max{[(R? — 1) v k2123 An?/3 17057 [(R? — 1) v b4,
If A < h'Y2, then upon taking n = 1 and § = 2hY/? e [2A,1] we find that
s n AR E A,]lv,lie,l and that
Ep" (®,00,8) = 5 " SRo,s A
IfA > hY2, then upon taking n € N and § € [2, 1] that satisfy
neM V2207 V? and § =22,
we find that ®5 , 3 r € A)]tj,lie,l and that
E (®@s.n0.8) — €0 SRous M.

PROOF. We prove this in two parts. Assume first that A < h'/2 Thenletn = 1
and § = 2h1/2. Note that § € [2A,1] if and only if & < % and h'/2 > A It
follows from Lemma that s , A R € AiV, %,1, and the bound on the energy
follows from Lemma[2.8]as in the proof of Lemma[2.5] where R — 1 is replaced by
(R —1) Vv h2.

Now assume that A > h'/2. Letn € N and § € [2A, 1] that satisfy
neM V220072 and §=2A.

Note that Ah~1/2 > 1 is a rearrangement of A > h'/2, so that such an n exists.
It follows immediately from Lemma [2.8| that @5, 2 g € AY% . The bound on
the energy follows from Lemma [2.8] as in the proof of Lemma[2.5] where R — 1 is

replaced by (R? — 1) v h? and m is replaced by the number 1. U
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3 Ansatz-Free Lower Bounds in the Large Mandrel Case

We turn now to prove the ansatz-free lower bounds from Theorem [I.T] and
Theorem The key idea behind their proof is that buckling in the presence
of the mandrel requires “outwards” displacement, i.e., displacement in the direc-
tion of increasing p, and that this results in the presence of nontrivial tensile hoop
stresses. This observation leads to lower bounds on E ;l’KD in Section and
on £ }Il\f L in Section These bounds are optimal in certain regimes of the form
R—1 > c¢;,(A, h) > 0 (for the precise statements, we refer the reader to the section
entitled “The Large Mandrel Case” on page of the Introduction).

3.1 vKD model

Recall the definitions of E ;Z’KD , AK{{R[,) e and 8;; KD from li 1| and li
nd:

In this section, we prove the following ansatz-free lower bou

PROPOSITION 3.1. We have that

min{max{m~2/3(R — 1)2/3h2/31, 25/T(R — )" Th®/7}, A2} <

min E;I’KD— ;;KD
AUKD
A.R.m

whenever h, . € (0,00), R € [1,00), and m € (0, ].

We also prove an estimate on the blowup rate of D¢ as h — 0 for the minimizers
of the m = oo problem.

Proof of the Ansatz-Free Lower Bound
We begin by controlling various features of the radial displacement, ¢,. Given
S AXKRDm we call

which is the excess elastic energy in the vKD model.

LEMMA 3.2. Let ¢ € AKKRDoo‘ Then we have that

2
AVKD > max{(R = Dligp = (R =Dl h*[ D*¢p12(q)-

2 }
L (
Ly

1
A

PROOF. Make the substitution
¢=(w+R—1,ug,u; —A2),

given in cylindrical coordinates. By definition, the vKD strain tensor € satisfies

1 1
€gp = Dpup + E(agw)2 +w4+(R—1) and €5, = du; — A+ 5(azw)z.
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Since ug € leer, we have that

EPED (¢) > /Q ool + lezz? + B2| D?w]?

> /Q(R — 1% +2(R— 1)(89u9 + %(agw)2 + w)
+ |€zz|2 + h2|D2w|2
> kD 4 /Q 2(R — Dw + |ezz|*> + h?|D?w|?.
Since w is nonnegative, we conclude that
AYED > max{2(R = Dl|wllz1(a)- lecz |22y h2 D2 w22 )

By applying Jensen’s inequality and using that u, € H1 . it follows that

per>

2 2
1|1
2 2
€ > — €22dz| df = — | z|0;w|5, — A
[ ZZ”LZ(Q) A /Iz. 7z 42 A 2” z ”L% :
Since |1;| = 1, the result follows. O

Next, we apply the Gagliardo-Nirenberg interpolation inequalities from the Ap-
pendix to deduce the desired lower bounds.

COROLLARY 3.3. If ¢ € AYKD  then

AYKD > min{m=2/3(R — 1)2/3h%/3),22).

: KD
In fact, if ¢ € AK,R,oo’ then

AYKD > min{|| D, || 23 (R — 1?2121, 22},

PROOF. Observe that by Lemma 3.2 and an application of Holder’s inequality,
we have that

_ _ 1
(APEPYUZ = |1 71211 |72 0217, — A

6

Hence, by the triangle inequality,
1
19200l 2q) + 12112 (AVEPYZ = A1),

Now we perform a case analysis. If ¢ satisfies ||0;¢,
conclude by the above that AVKD > 22,

If, on the other hand, ¢ satisfies ||8Z¢p||22(9) > A|lg|, then we can combine
the interpolation inequality from Lemma (applied to f* = ¢, — (R — 1)) with

||I%2(Q) < A|lg], then we
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Lemma[3.2]to conclude that
2 1 2/3 /4 1/3
L2100, ) (7707) (0%
5 m2/3(R _ 1)_2/3]’1_2/3AUKD.

These observations combine to prove the desired result. U
KD
COROLLARY 34. If ¢ € Aj{’R’m, then

AVED > min{A5/7(R — )" 7h/7 )2},
PROOF. Evidently, it suffices to prove that
AUKD < |10|A2 — AUKD > 15/7(R . 1)4/7/,16/7.

Assume that AVKD < | 15|12, and define the set

1
2 =6 ¢ to:|50:0,12, -

> ﬁx}.

We claim that |Ig\Z| > %|I g|. Indeed, by Chebyshev’s inequality and Lemma
[3.2] we have that
2
< |Ip|A?
L3

1
2212) < |04l ~

so that | Z]| < %|I@| as desired. It follows that

W1l 5 [ 10:00l Y7 a0 < [ 1ocol Y7 as.
Io\Z = Io <

Applying the first interpolation inequality from Lemmato f =¢p—(R-1),
we conclude that

23711 5 /1 LI (027175 46 < o = (R—=Dhig, | D20 ] 100y
6 i '

Note that we used Holder’s inequality in the second step. Finally, Lemma [3.2]
proves that

5/7 1 o\ ( 1 okp)’ —4/7,,—6/7 AvKD
A7 < [ ——AY h—2A” = (R—1)"*7Tp=0/TpY
R—1

and the lower bound follows. O

PROOF OF PROPOSITION[3.1l. Recall from (3.1) the definition of the excess
elastic energy, AV Corollary and Corollary 3.4/ combine to prove that

AYED > max{min{m ™23 (R — 1)23h2/3%, 22}, min{A>/7 (R — 1)*/7h%/7 223}

forall ¢ € AXKRDm, which is equivalent to the desired result. U
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Blowup Rate of D¢ ash — 0

We can now make Remark precise, regarding the claim that £ ;I’K D prefers
exploding slopes in the limit # — 0. The following result can be seen to justify the
introduction of the parameter m in the definition of the admissible set, A:{KRDm.
COROLLARY 3.5. Let {(ha. Aa- Ra)}ger , be suchthat hy, Ao € (0, 5] and Ry >

1+/\é/2h§/4. Assume that hg < (Ry— 1)_2/313/2 asa — 0o, and let {¢* }qeRr ;.
satisfy

o vKD vKD /oy . vKD
% € A} R, 00 and Ey’ (%) = min E, "
Al)
Ao Ry .00

Then we have that
(R = )"0 > "0}7 < | Dy

HLOO as o — oo.

PROOF. For ease of notation, we omit the index « in what follows. By Proposi-
tion 2.1l we have that

E;;KD((b) _ ggKD < S/7)5/T(R —1)*/7.
Hence, by Corollary [3.3] it follows that
A2 < KHSITASIT(R—1)47 or ||D¢p||Z§!3(R _1)2/3R213) < pSITH5/T(R — 1)4)7.
Rearranging, we have that
hz (R=1)72PR2 or (R—1D)YVh™?7337 <Dy oo
By assumption the first inequality does not hold, and the result follows. O

3.2 Nonlinear Model

Recall the definitions of E }llv L Ai\" Iie,m’ and SZIJV L given in ti ib and 1;
d:

In this section, we prove the following ansatz-free lower boun

PROPOSITION 3.6. Let Rg € [1,00). Then we have that
min{max{[(R? — 1) v B2]>/312/3 ), 25/7[(R? — 1) v h?*/Th®/ 7}, 22}

< min ENL — gNL
~m,Ro NI h b
A.R.m

whenever h, A € (0,1], R € [1, Ry], and m € (0, 00).

The reader may notice that, although it is certainly more involved, the following
argument shares the same overall structure as the one given for the vKD model in
Section 3.1} For more on this, we refer to the discussion in Section[1.3

In the remainder of this section, we assume that

O0<hA<1l, 1<R<Ryp<oo, and 0<m < o0.

. NL
Given @ € AA,R,m we call

(3.2) ANE = ENL(@) — &NE,
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which is the excess elastic energy in the nonlinear model. Observe we may assume
that
® satisfies ANL <1,

since otherwise the desired bound is clear. As the reader will note, this assumption
simplifies the discussion throughout.

We will make frequent use of the following identities concerning the compo-
nents of the metric tensor g = D®' D ® in (0, z)-coordinates:

go9 = (09 ®p)* + P2(9gPp)” + (09 P2)°.
(3.3) 8zz = (0 ch)z + CD,Z)(az CDO)Z + (9, CDZ)Z’
8oz = 09D, P, + D209 DPgd; Dy + Ig P70, D

We will also make use of the following identities concerning the components of
D?® in (0, z)-coordinates:

Z0 = (050, — Dp(0gPg)?) E(P)
+ (209 @09 Pp + Ppdz D) Eg(P) + 03P, E,
2D = (20, — (0, Dg)?) Ep(P)
+ (20,0, Py + P,02Pg) Eg(®) + 320, E,
3ez‘1’ = (39z (Dp - q’paeq’e dz q’e)Ep(q’)
+ (80q)pazq)0 + 30¢93z¢p + <Dp89zq>0)E0(<D) + a@zq)zEz-

(3.4)

Here, {E; };c{p,0,7) denotes the unit frame of coordinate vectors for the cylindrical
(p, 0, z)-coordinates on R> (as defined in Section|L.5).

Controlling the Radial Deformation
We begin by proving that the excess energy controls the membrane and bending
terms individually.

LEMMA 3.7. If ® € AYE _ then

ANE > max{ /Q 206 — 1 — (R* = 1)*, l|g6z 117 2 ) 1 822 — 1||iz(m},

ANE > 2 max%/ﬁ\()ﬁ@!z — R?, [196: 1720 | agd’”i%sz)}'

PROOF. By the definition of ANL in (3.2)), it suffices to prove the following two
inequalities to conclude the result:

/ lgoo — 1> = (R?—1)2>0 and / \agq>|2 —R?>0.

Q Q

To see the first inequality, we begin by noting that

(3.5) (69 — 1)* — (R* — 1)> = 2(R* — 1)(gog — R?) + (290 — R*)’
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and

(3.6) 899 — R? = (39Pp)* + ®5(09Pg)” + (99 P;)*> — R?

by (3.3). It follows that

(3.7) (89—1)*—(R*=1)* = 2(R*~1)(07(39 Pp)*—R*+ (g ©p)* + (09 ©2)°).
Using the hypothesis that ®, > R and applying Jensen’s inequality, we see that

2 2 p2o R? 2 2
| oz@0e02 - &2 = ([ 20wa) ~128)

R2
= el —1eP =o.

Since R > 1, the first inequality follows.
To see the second inequality, note that by (3.4) we have that

930] = (30, - ,(099)2].

(3.8)

Hence, by Jensen’s inequality and since @, € szer, it follows that

1 2
/]agcbf—Rzz—(/ agq>p—q>p<aeq>e>2) ~|QIR?
Q 12[ \Jq

2
=ﬁ(/ﬂq>p(agq>9)2) QIR

Using that ®, > R and applying Jensen’s inequality again, we conclude that

22 _p2 o K 2\’ 2 R? o 2
/|39q’\ - R = = /(30%) — QP )= =(QP - 12" =0
Q 121\ \Ja |€2]

as desired. O

Next, we establish control on the radial component of the deformation, ®,. As
we will require the uniform-in-mandrel estimates from this result to complete the
proof of Proposition [3.6] we record these alongside the large mandrel estimates
now.

LEMMA 3.8. Let ® € Aﬁ%’w. Then we have that

max{]|®, — R| 196 @172 (cy- 100 Pe — 11172y 190 P27 20y )
P LY(Q): 199 Fplip2(q): 1960 L2(Q) 190zl 2(q)
and that
NL
(A2 2 max{|9, — Rl 21y 10612 .

09 ®g — 1124 .5, 109, || )
09 Pg IILéLg [0g z||L§L(%}
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PROOF. We begin by proving the first estimate. Recall Lemma([3.7]and relations
(3.7) and (3.8). All together, these imply that

ANE > 2(R2 - 1) max{/ 2(0gPg)”> — R,
(3.9) @
”30@;0”%2(9)’ 09 P, ||i2(9) .

Introduce the displacements ¢, = ®, — R and ¢y = ®y — 0. In these variables,
(3.10)  ®)(39DPg)* — R* = R*(29¢h + (99¢ps)”) + 2R, (B9 + 1)°.

Since the second term is nonnegative, and since ¢g € H, 2 and R > 1, we conclude

per
from (3.10) that
G 1= [ 020600~ R = | R2Cloga + @ao)?) = 1adull: q
Q Q

In a similar manner, we can conclude from (3.10) that

= /Q IRGp(Dode + 1)? = /Q $o(20p5 + 1)

and, since ¢, > 0, that

2 ol

I+ ‘ /Q bodode

Recall the notation f_ for the 6-average of a function f, introduced in Section
[[.5] Integrating by parts and applying Poincaré’s inequality, we see that

| #otot| = ‘ | 906060 —8)| = W00l ~ Bl
< 196®pllL2() 10690 | L2(0)-
Hence,
(3.12) L+ [06PpllL2()106P6lL2(2) 2 19011 (0)-

Combining (3.9), (3.T1), and (3.12) gives the required bound.
We turn now to prove the second estimate. First, we observe that by (3.6) and

/ goo — R* > / 2 (9gPg)> — R*> = 0.
Q Q
Hence, by Lemma[3.7]and (3.5)), and since R > 1, we have that
ANE > / 860 — 11> = (R* = 1)* > / (g60 — R).
Q Q
Applying Jensen’s inequality along the slices {z} x Ig, we find that
(3.13) (AN 2 |lggo — R2|l 2.
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Now we estimate the integrand in the line above. It follows from (3.6)) that
go9 — R? > max{®2(35Pg)? — R?, ||30‘Dp||i5, ||89q)z||ig}
for a.e. z € I;. Here we used that
In= @%(89@9)2 —R2>0

for a.e. z € I, which follows from Jensen’s inequality (as in the proof of (3.8)).

Now, we apply the same reasoning to II as for I above. The analogue of (3.11)
is that

> ||39¢9||i5 a.e.,
and this is implied by (3.10). The analogue of (3.12) is that
T+ [196¢plL2110600l12 Z ol e

This also follows from (3.10)), by an integration-by-parts argument, and Poincaré’s
inequality. It follows that

2 2 2 2
goo — R* 2 max{||¢p||Lé, ||80¢9||L5, ||89q>p||L5» ||80q)z||L%} a.c.
Combining this with (3.13)) proves the required bound. O

Now, we turn to quantify the observation that if A is large enough, the cylinder
should buckle.

LEMMA 3.9. Let ® € Aflwf oo Then we have that

2 NL\1/2 2
Al SmaX{ [ 105,12 6. AV, 19,0,00 5 g
forall A € B(Iy).

Remark 3.10. It is precisely in the proof of this lemma where the hypothesis on
the sign of d; P, from the definition of Aiv % m 18 used. We note that this can

be relaxed, the crucial hypothesis being that 81’ d, “stays away” from the well at
—1. Indeed, the lemma would remain true if the statement that d,®, > 0 from

(1.5) were replaced with the statement that there exists a constant ¢ > 0 such that
0., +1|>c¢ > 1.

PROOF. Since & € Aiv % oo WE have that

9, P, —ldz=1—-A—1=—A
I

for a.e. 6 € Iy. Since we have assumed that d,®, > 0 a.e., it follows that
A< /1 |0:@z — 1|1+ 9: Pz|dz = [ (3:92)> — 1| .1
fora.e. 8 € Iy. By tfle identity for g, in (3.3), we see that
A= lgzz =gt + ||3z<1>p||i% + IIq’pazq’elli%-
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Now the result follows from Lemma by an application of Holder’s inequality.
0

Now we control the cross-term, ®,0,; ®y.

LEMMA 3.11. Let ® € Ai\’% m Then we have that

19pdz Dol 22y SRosm (ANEYVA,

PROOF. Since ®, > 1, we have that
[P0z Pyl = |Ppd; Pedg Pyl + |Ppdz Py(dp Py — 1)
< ©7]0, Dgdg Pyl + |Pp||0. Pg |9 P — 11.
From the definition of gg, in (3.3), we see that
®7[8, Py Pyl < |0z | + 109 Pyl p| + 196 P[0, .

Using a Lipschitz bound along with Lemma [3.8] and Hélder’s inequality, we see
that

[@ollLee@) S 1 Pplli@) + 1P PpllL=(e)
< R|Q[+ [|[®p — RlL1(@) + DDPpllLe(g)
<R+ (ANH2 1 DPy | o).
Combining the above with the definition of Aﬁv lk » and the hypotheses that R <
Ro and ANL < | gives that
[P0z Pg| SRom max{[goz|. |09 Ppl. |09 Pz|. |09 Py — 1}
It follows that
||q)pazq)9||L2(Q) SRom
max{[|gozllL2(@): 196 PpllL2(@). 106 Po — 1lL2(0). 106 Pzl L2(0) }-

Thus, after applying Lemma Lemma [3.8] and using Holder’s inequality, we
find that

1932 Pgll2(2) SRosm maxt(ANEY/2 (ANEY4) = (ANE) /4,
as desired. O
Combining Lemma [3.9]and Lemma [3.1T] gives the following result:

COROLLARY 3.12. Let ® € Aivg.‘, " Then we have that

AT Sy x| [ 102012, d6, A2

forall A € B(ly).

Finally, we consider the bending term.
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LEMMA 3.13. Let ® € Ai\’lie - Then we have that
1 2
max h—zANL, (ANEY2E 2 Rom max{ | D2®y | 2(q) 1P — RlL1(g) }-
PROOF. First, we consider the 6z- and zz-components of D?®,. From (3.4),
it follows that
092 P| = |99, Pp — PpdgPdz Py,
020 = |920, — Dp(3Dp)?|,
so that
1062 Ppllr2) < 1062 Pllr2(Q) + [|Ppde Pedz Poll12()
2 2 2
|97 @, HLZ(Q) < aquHLZ(Q) + [ 9p(3:Po) [l L2(02)-
Using Lemma [3.T1] we can bound the error terms in the same manner:
1909 Pgdz ol 122 < |Pp0zPall 12196 Poll oo (@) SRoum (ANEY4,
” (Dp(azq)e)z”Lz(Q) = ||q>pazq>0||L2(Q)||azq>9||L°°(Q) §R0,m (ANL)1/4-
Combining this with Lemma|[3.7] we find that

1 1/2
196:®ol2@) V | 929p ] 12(0) SRom (h_2 ANL) v (ANLUS

This completes the 8z- and zz-components of the result.
Now we consider the §6-component of D?®, which requires a more careful
estimate. We begin by using (3.4) to write that

|90|* - R
(3.14) > 03D, — (99 Pp)2|* + |209Ppdg Dy + P03 Dg|" — R
= [020,> + 1411
where
1= |®,(09Dp)%| — R,
I = \cbpagcbg\z + 4|09 D, Dg|* + 409 Dpdp g P,05 Py — 2B ,05 D, (39 Dg)>.

First, we discuss I. Introducing the displacement ¢, = ®, — R, which is non-
negative, we have that

1= (¢p + R (3gPg)* — R? > R*((39Pg)* — 1) + 2R|¢,| (39 Pp)*.

By Jensen’s inequality and since R > 1,

/Q 1> 2R /s2 1601(0696)* = [6p(996) 111 @)-
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In particular, this shows that fQ I > 0. Continuing, we have that

ol < |90(PePe)* = 1)] 1@y + /QI
< lIgpllz2(e || (39q>0)4 - l)”LZ(Q) + /QI
S ol 1060 — Upaey + [ 1
S (196pllL2@) Vv 1oll L2196 P — 1llz2() + /QI

where in the last step we used Poincaré’s inequality. So by Lemma [3.8] Holder’s
inequality, and our assumption that ANL < 1, it follows that

/QI.

Next, we discuss II. An integration-by-parts argument shows that

(3.15) bl @y Sm (ANV2y

/Q D02 D, (g Pp)* = — /Q (09 DpdgPp)* + 20,09 Do Py 5 Do,
so that by an elementary Young’s inequality we have that
/ = / \qnpagcbg\z + 6|09 g Pg|? + 809D, 0p PP ,05 Py
Q Q
> —10/ |09 @09 D>

Q

Hence, by Holder’s inequality and Lemma [3.8] it follows that
|12 10012, 2 (A2
Q o

Now we combine the estimates. Using Lemma [3.7] along with (3.14) and the
fact that [, I > 0, we have that

1 2 2
h_ZANL > /Q‘a§q>| —R%*> Hc’%‘DpHLz(m + ‘/QI‘ +/QH

and hence that

20 |2 1 N N2 NL\1/2
(3.16) ‘/QI‘JF |}89<I>,,HL2(Q) < h—zA —/QH <m (h—zA )v(A )12,

Combining (3.15) and (3.16) gives the desired result. O
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Proof of the Ansatz-Free Lower Bound

We now combine the above estimates with the Gagliardo-Nirenberg interpola-
tion inequalities from the Appendix to prove the desired lower bound. At this stage,
the argument is more or less parallel to the one given for the vKD model in Section

PROOF OF PROPOSITION[3.6 Introduce the radial displacement ¢, = ®,— R.
As aresult of Lemma[3.8] Corollary [3.12] and Lemma[3.13] we have the following
estimates:

ANL 2 (R2 = 1)yl 11 (@)-
1
maX{h—zANL’ (ANL)I/Z} ZRo,m maX{HDz(l)pHI{Z(Q), ”¢p”L1(Q)},
and
max{/A”az‘bp”i% do, (ANL)l/z} > ko AlAl VA € B(ly).

We now conclude the proof by a case analysis.
First, consider the case that hLZAN L < (AN L)l/ 2 In this case, we conclude by

Poincaré’s inequality (since ¢, € szer) that

(A2 2 ko [ D272y 2 10200122
and hence that
ANL > Roum 22
upon taking A = Iy.
In the opposite case, we have the lower bound

ANE > pom max{[(R? — 1) v h2][|$pll 1 ). H2| D2 Hiz(g)}-

Now, we give two separate arguments that combine to give the desired result. First,
we apply the interpolation inequality from Lemma[A.2]to ¢, to conclude that

2 2/3 1 NL 2/3 1 NL 1/3
SRosm [(R* —1) v B2 2323 ANL,

Taking A = Iy gives that

max{|9:¢, ”12,2(9)’ (AVEY2Y 2 Ry A
so that

max{[(Rz— 1)vhz]_2/3h_2/3ANL,(ANL)I/Z} >p 2.

0,m

Therefore, we conclude by this argument that

AN > Ry min{A2, h23[(R? — 1) v k2303
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For the second argument, we begin by defining the sets
Ze={0 € lg: [0:0pl7> = €A}
for € € Ry. Choosing A = Ig\ Z gives that
maxteA|Ig\Ze|. (AV)1/2} = ¢1(Ro.m)A|Ig\Ze|.
In particular, taking € = ¢1/2, we conclude that
ANE = ¢} Ig\Z, 12?42,
Now if [Ig\Z,, /2| > %|19|, we conclude that

2
Cc
ANE = 151227,

Otherwise, we are in the case where |Z., /2| > %|19 |
In this final case, we have that

c1,\3/7 10/7 10/7
B Snm ol (50) = [ 1ol a6 < [ oeguly” o
Z,
c1/2
Applying the first interpolation inequality in Lemma@te ¢p, we get that

B Snum | (ol 1020135) 7 a0 = [ 1} 15201 o

= ||¢,0||2/17(Q) H 8%¢PH2/27(Q)

after an application of Holder’s inequality. It follows that

/ 1 NL 4/7 1 NL 3/7
5/7
& <R"’((RZ—1)vhzA ) (h_zA )

—[(R2—1)V h2]—4/7h—6/7ANL’
and so we conclude the second result:
ANL > Rom mm{)&z /\5/7[(R2 1) v h2]4/7h6/7}'
In conclusion, we have proved that
ANE 2 Ro,m rmn{)tz mm{)t2 }12/3[(R2 v h2]2/3k}
vmin{AZ, A57[(R2 = 1) v h2]4/7h6/7}},
which is simply a restatement of the desired result.

4 Ansatz-Free Lower Bounds in the Neutral Mandrel Case

In this section, we prove the lower bounds from Theorem [I.5]and Theorem[1.9]
We begin with the vKD model in Section [4.1] There, we introduce the free-shear
functional from (I.8)) as a bounding device and prove its minimum energy scaling

law. Then, we turn to the nonlinear model in Section 4.2}
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4.1 vKD model

In the neutral mandrel case, where R = 1, the estimates proved in Section@]do
not lead to useful lower bounds on E ;:KD . Nevertheless, buckling in the presence
of the mandrel continues to induce tensile hoop stresses when R = 1, and this
can still be used to prove nontrivial lower bounds. We emphasize here that it is
not clear at first the degree of success that we should expect from this approach:
indeed, the magnitude of the hoop stresses induced by the mandrel vanish as 47 — 0
in the neutral mandrel case. This is in stark contrast with the large mandrel case,
where the effective hoop stresses are of order 1 and the excess hoop stresses set
the minimum energy scaling law. For more on this, we refer the reader to the
discussion in Section [L.3]

Let us briefly recall from the section entitled “The Neutral Mandrel Case” on
page 312] of the Introduction our approach to Theorem [I.5} introducing the free-
shear functional,

FSy(9) = /Q les]? + lezc|? + h2| D2, |* d0 dz,

we observe that
EpRP(¢) = FSu(¢) Vo € AKD,

since in the definition of F'S; we have simply neglected the cost of shear in the
membrane term. Thus, lower bounds on the minimum of FSj give lower bounds
on the minimum of E ;Z’K D 1In the present section, we give the optimal argument
along these lines. To do so, we answer the following question: what is the mini-
mum energy scaling law of the free-shear functional?
.« . . KD

Recall from li the definition of the admissible set AK, Rom’ and let Ay ,, =

AvK D
A,lm’

PROPOSITION 4.1. Let h, A € (0, %] and m € [2,00). Then we have that

min FSy ~p min{max{hA3/2, (h1)12/11y 22y,
A.m

In the case that m = oo, we have that

min FS; ~ min{(hA)'2/11 22},
A,00

Remark 4.2. As in the analysis of the large mandrel case, we can quantify the
blowup rate of || D¢||p for the free-shear functional as # — 0. See Corollary
for the precise statement of this result.

PROOF. The asserted lower bounds follow from Corollary #.4] and Corollary
The upper bound of A2 is achieved by the unbuckled configuration ¢ =
(0,0, —Az). To prove the remainder of the upper bound, note first that it suffices to
achieve it for (h,A,m) € (0, ho] x (0, %] X [2, 00) for some hg € (O, %] So, we
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FIGURE 4.1. This schematic depicts the free-shear construction. The
pattern features n wrinkles that wrap k times about the cylinder, with
total volume fraction §. The optimal choice of n, k, and § depends on the
axial compression A, the thickness /, and the a priori L slope bound .

take hog = 2% and apply Lemma Lemma and Lemmato get that

,;nm FSy < min{)tz,max{m_l/zh)t3/2, (h/\)lz/u,hé/sk}}
A.m

in the stated parameter range. Since
min{)@, max{(h,\)lz/“ , h6/5k}} = min{kz, (h)k)lz/“},

the result follows. |

This result shows that the free-shear functional prefers three types of low-energy
patterns if m < oo, and two if m = oco. See Figure for a schematic of these
patterns.

Lower Bounds on the Free-Shear Functional

Here, we prove the lower bound from Proposition Our first result is the
free-shear version of Lemma[3.2]

LEMMA 4.3. Let ¢ € A) oo. Then we have that

2
FSp(¢) 2 max{ll%llig%, 19090 l73,20 1| D*p 20

2 }
L
Ly

PROOF. By the definition of FS;, in (I.8), we have that

FS)(¢) = /Q

1
Hinamnig )

2 2
1
022+ (0:95)° +h%|D2¢,| db dz.

1
89¢9+§(89¢p)2+¢p
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Applying Jensen’s inequality in the 0-direction and using that ¢y € leer and that
¢p = 0, we see that

1
dode + 5(39%)2 + ¢p

1
2| [ 000+ 50000 + 0,08

L2(Q) L2

2
2 ”89¢9”L‘Z‘L§ Vv ”¢p”L%Lé.

Applying Jensen’s inequality in the z-direction and using that ¢, + Az € leer, we
see that

=~

1
0707 + E(az¢p)2 dz
L2(Q)

1
0z¢7 + 5(3z¢p)2

Iy

1
= |z 11920517, — A
HEN ]
The result now follows. O

2
LG

Now, we apply the Gagliardo-Nirenberg interpolation inequalities from the Ap-
pendix to deduce the desired lower bounds.

COROLLARY 4.4. If ¢ € A ,, then
FSp(¢) = min{m ™ hA3/2, 1%}

whenever h, A € (0, 00) and m € (0, ].
In fact, if p € Ay o, then

FSp(¢) z min{[| D@yl % )2 *?, A7}
PROOF. Observe that by Lemma[4.3|and Holder’s inequality, we have that

1
FSHO)'? = |10l ~

4
for some numerical constant ¢;. Hence, by the triangle inequality,

1
S 19280l1Z2) + 1 (FSu(@))'/? = Al

Now we perform a case analysis. If ¢ satisfies ||8z¢p||i2(m < A|lg|, then we

conclude by the above that FSj(¢) = A2. On the other hand, suppose that ¢
satisfies ||0z¢p > A|ly|. Then, observe that by Lemma and Holder’s
inequality,

17
L2(2)

2
FSp(¢) 2 max{lipol? 1 gy 12 D>¢p | 120 }-
Combining this with the interpolation inequality from Lemma [A.2] we conclude
that
1/2 1/3 1/3 2, qI1/3
M2 < 1DgollLa@) S 1000l %) 1901l 10 |20 20

<m'PhTR(FSy(9)!?
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and the result follows. g
COROLLARY 4.5. If ¢ € A, ,,, then
FSp(¢) z min{(h1)'?/11, 1%}
whenever h, A € (0, 1] and m € (0, co].
PROOF. As in the proof of Corollary it suffices to prove that
10851720y 2 A = FSu(g) 2 (W)
Combining the third interpolation inequality from Lemmal[A.T| with the anisotropic

interpolation inequality from Lemma([A.3] we find that

1/2 1/2
“Dd)p ”LZ(Q) < ||¢P ||L2(Q) H D2¢P HLZ(Q)

1/3 2/3 1/2 1/2
< (10000ll57 18017200 + 10 l2) Z 1 D280

1/6 1/3 2, ||1/2
< max{|dpdoll 4 180,21 107002

1/2 2, 11/2
8512, 1 D65 122}
Hence, by Lemma[4.3] we conclude that
11/12
hkimax{FSh ,FSh}.
It follows immediately that
FS), = min{(hA)"2/' hA} = (hr)'2/11

as desired. U

Upper Bounds on the Free-Shear Functional

In this section, we prove the upper bound from Proposition[d.1] Since this upper
bound matches the lower bounds from the previous section, our analysis of the free-
shear functional is optimal as far as scaling laws are concerned. In the remainder
of this section, we will assume that

he(0.55]. A€(0.3]. and m € [2,00)

unless otherwise explicitly stated.

We begin by defining a two-scale wrinkling pattern along a to-be-chosen direc-
tion. We refer to the parameters n,k € N and § € (0, 1], which are the number
of wrinkles, the number of times each wrinkle wraps about the cylinder, and the
relative extent of the wrinkles, respectively. See Figure {.1] for a schematic of this
construction.

To define the construction, we fix f € C°°(RR) such that

e f is nonnegative and one-periodic,
supp f N [~3. 3] C (=3.3):
If'llLee <2, and

"2 —

10225, = 1



COMPRESSION OF A THIN ELASTIC CYLINDER 345

Define f5, € C*°(R) by

V8 n
Fon(®) = 22 f (51)Lens s
and wg , k.2 - 2 — R by
V2A 0
WA (0.2) = —— fsu| 5= +kz ).
k 2w
Recall that we write f to denote the f-average of f, as given in Section Define
u(?,n,k,k — (ule’k’A’uiyn’k’A) : Q — Rz by

1
u‘;’"’k’k(Q, z7) = /0<9/<9 [(5(3910)2 + w) ()

LG (®. )~ w (@ z)]de’,

ulmhA 6, 2) = /

i
252 <z

[x _ %(azw(e, z’))z}dz/

where w = wg , k.. Finally, define ¢s ,, k.1 : 2 — R> by

8,n.k,A 8.n.k,A
¢8,n,k,l = (wS,n,k,A»ug 7_A‘Z + uzn )’

in cylindrical coordinates.
Now, we estimate the energy of this construction. Let

20 21 2A 2w/ 2M6
m2(8,n,k,/\):2max§ 5 + il }

8 ks n
LEMMA 4.6. We have that ¢s p k.5 € Ap m,- Furthermore,

A83 A2 ZAanZ}

FSp(bs.nik,n) < max{m, o >

PROOF. Abbreviate ¢s , k.2 by ¢, ws , k2 by w, and k. by u. By its
definition, ¢, € HZ,, pg € Hp,, and ¢ + Az € Hp,,. In particular, we note that

er? per*
1

/ —|azw<9,z/)|2dz=)t/ Ifén\zdrﬂ/ |f'Pdt = A
_%SZ’S% 2 Bs/> ’ B2

for all 6 € Iy, so that ui’"’k’k € HL . Also, we have that w > 0 so that ¢p = 0.

per*
Now we obtain the slope bounds. Since

1 1
€gg = dgpg + 5(39%)2 +¢p = 5(39¢p)2 + ¢p.

1
€27 = 0797 + 5(8z¢p)2 =0,
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and
1
D9 8p(6,2) = dgw(6,2) = fgn( +kz)
32¢p(0,2) = 0 w(0,2) = V2L fy n( + kZ)
we find that
1 /2 1 2
[9@pllLoo() < 2__”1{8 n”Loo =2k V s
sl o 2
[0z¢pllLo(@) < 2/\“ fsn HLoo <2 5
4
1820z |l Loo () < A|| f. n”Loo ==
and that

1 1
106¢6 oo () < | 5Q68p)* + b — 5 (V6p)* — 6

Loo(2)
1 2
Loo(2)
1 V21
= (4 2k2||f5n||Loo+ A ||f5,n||Loo)
<> A . V2A8
— \m2%k?$ kn )

Here, we used that || f'||Lc < 1, which follows from its definition.
Now we deal with the shear terms. We have that

P06:(6.2) = dguz®0.2) == [ dgwdau(®.2)dz"
—5=<7'=z

and that
d209(0,2) = dzup(6,2)
= / [dgwdgw + 0z w(z)
<6’'<6
— dgwdzpw(8’,z) —d w(', 2)]|db’".

Since

«/u L (0
Bgzw(G 2) = s ”(E + kZ),
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we see that

D02(6,2) = — /_1< 3 A ( +kz)d
Ald 0
= [y s (55 o) Jo

(G (55— 5) - (55 +2))

1)
106921l Loo() < 2 Hf5 ol < —

so that

Similarly, we have that

/ [39w3Z9w(0/,z) + azw(el»Z)]dGI
0<6’<6

A 6’
=/ 9/<9|:(2271)211f5"f ( —I—kz)—l—\/_fgn( +kz)]d9/
1 Ad
-/ <t<mm[<f8n> ( *"Z)]

v (e h2)

() )

+ znx/ﬁ(fg,n (% + kz) — fs,n(kz))-

Hence,
N p— ((fg ( ° 4 kz))2 - (fg’,,,(kz»z)
BT, (fa,n (% +hz) - fs,n(kz))
so that

1 A 2
Io:0lzow@r = 2( 5 |l + 27 V2 fon e
2) 2w/ 248
<2 + .
wkd n
Combining the above, we have shown that

20 24 2A 2w A/2A6
max [0ipj | Lo (@) < 2 max R + = my,

ie{0,z}, je{p,0,2} s wké n
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and it follows that ¢ € A, ,,,.
Now we bound the free-shear energy of this construction. Since €gg = €pg and
€7z = 0, we have that

2

1
FSh(¢):/Q‘E(89w)2+w + h?|D*w|*d6 dz

so that
FS < max{||w|? ogw||# W2 D2w]|? .
#(@) < max{wl?y 1 N9l s H2ID* W] )
Since
A83 212 Akc2n2
2 < 27 4 < 20112 <227

it follows that

3 2 2.2
A8 22 MkPn?) -

FSp(¢) < max JEpRTe 52

Next, we choose n, k, and § to optimize this bound. Note that each of the fol-
lowing three choices is optimal in a different parameter regime. First, we consider
a construction made of up many wrinkles, each of which wraps many times about
the cylinder.

LEMMA 4.7. Assume that
mV2p)32 > max{hO/5 N, (ha)12/1,
Letn,k € N and § € (0, 1] satisfy
ne [7A9/8h—1/4m—11/8,8A9/8h—1/4m—11/8]’

k e [7]’1_1/4)&1/87711/8,8h_1/4kl/8m1/8],
§=4am™L.

Then, ¢5,n,k’)t S AA,m and

1
FSh(¢snien) S — 3 M2
slb ity m /2

PROOF. Rearranging m~Y/2hA3/2 > (hA)12/11 yields A9/8p—1/4pm—11/8 > |
so that there exists such an n € N. Rearranging m~/2h13/2 > /5 we find that
A5/8 > p1/4,5/8 Since m > 1 and A < 1, it follows that A1/8m1/8p=1/4 > 1,
Hence, there exists such a k € N. Also, we have that § < 1, since A < % and
m > 2.
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Now we check the slope bound. We claim that m, (8, n,k,A) = m. Indeed, we
have that

and using thatm > 2, A < 1 and n,k > 7 we see that

29

1 m o 2421 _m
—_—— n— —
2w k nmt/2 = 2

so that my < m as required.
It follows from Lemmad.6|that ¢5 , k2 € Ax,m and that

283 1, AT

FSh($s.nke.0) S maxy—=5— 37 5282 (

Using that § ~ %, we have that

1
FSh(¢smpen) S —5hh*>. O
slb ity m /2

We now consider a construction made up of a few wrinkles, each of which wraps
many times about the cylinder.

LEMMA 4.8. Assume that
(W) > max{h®/5 ), m™V/2h)3/2y,
Letn,k € N and § € (0, 1] satisfy
n=12, ke [12n73/1125/22 13p=3/M1)5/22 " qpng  § = 4(hr)?/M1.

Then, ¢ps y k,n € Ar,m and

FSp(¢smin) S (W21

PROOF. Rearranging the inequality (hA)12/11 > /5 ) yields h=3/11)5/22 > |
so that there exists such a k € N. Also we note that § < 1 since A < % and
h < .

— 210

Now we check the slope bound. We have that

A9/11 39/11 | 39/11 22111 )13/22
mz = 2max{ 2/ 2p2/11° 7k 2p2/11 + 27 n :
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Rearranging the inequality (hA)'2/11 > m=1/2p)3/2 we find m > A9/11p=2/11

so that
[m
my < 2max{ —,

=2max{ﬂ Lm +2n£h1/“k13/22}_
n

lm_i_2
2wk

| 3

nzﬁhl/ukm/zz}
n

2 2n k
Using that A=3/11)5/22 > 1 we see that
1 22
myp < 2max{%, 2—% + 2n£12/3§.
s n

Sincem >2,A < %,andn,k > 12, we find that

2w k

so that my < m as required.
It follows from Lemma[4.6|that ¢5 , k. 3 € Ax n and that

Lm Zn—zﬁkz/3 <"
n -2

FSp(¢smrn) S (B2 0

Finally, we consider a construction made up of a few wrinkles, each of which
wraps a few times about the cylinder.

LEMMA 4.9. Assume that
he/5 ) > max{m™V2hA3/?%, (ha)12/11y,
Letn,k € N and § € (0, 1] satisfy
n=2, k=2, and § — 41215,
Then, ¢5 5 k0 € Ay m and
FSy($s.nk.2) SHA.

Remark 4.10. Although this choice of i, k, and § is sometimes optimal with respect
to the wrinkling construction considered in this section, it is suboptimal at the level
of the free-shear functional. More precisely, in the regime of this result, one can
achieve significantly less free-shear energy by not wrinkling at all. Indeed, the
scaling law of h6/5 is not present in the statement of Proposition

L

PROOF. Note that § < 1 since h < 5

have that

_, [ X 112 5 24/2)1/2p1/5
M2 = MO 52T g ks ‘

Now we check the slope bound. We
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Rearranging the inequality 2%/51 > m=1/2pA3/2 we find that m > Ah~=2/5 so

that
1 24/2
my < 2 max ,/ﬂ,@,_TJrzn \/_)Ll/zhus
2 2 k n
1 242
=2max{ﬂ —ﬂ+2ﬂ_\/_)tl/2hl/5}.
n

Rearranging the inequality 2%/5) > (hA)'2/11 we find that A < h%/5, and hence
that
1 24/2

m +2n lh“/s}.

mo <2max{—, ——
2= {2 27 k n
1

Using that h < 55.M = 2,and n, k > 2 we see that

1 m 22 m
- 2 _h4/5<_
2w k +en n -2

so that m, < m as required.
It follows from Lemmad.6|that ¢5 , k.2 € Ax,m» and that

FSp(¢s.nx.n) S max{Ah®> A2y = AnS/3. 0

Blowup Rate of D¢ as i — 0 for the Free-Shear Functional
We can now make Remark §.2] precise, regarding the claim that F'S;, prefers
exploding slopes in the limit # — 0.

COROLLARY 4.11. Let {(ha, Aa)}qer, be suchthat he, Aq € (0, %] Assume that

hy < A§/6 as o — oo, and let {¢p% }qer | satisfy

¢a€Aka,oo and FSha((]ﬁa):Amin FSha-

)»a.OO

Then we have that

h MY < | Dgd as o — 0.

HLOO(Q)

PROOF. For ease of notation, we omit the index « in what follows. By Proposi-
tion 4.1 we have that

FSu(¢) < ()"
Hence, by Corollary 4.4] it follows that

WS ()M or IDgpll Lk nh A S (k)M
Rearranging, we have that
A0 <h or hVMAY22 < D¢, Leocq).

By assumption the first inequality does not hold, so the result follows. U
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4.2 Nonlinear Model

By combining the interpolation inequalities used in the analysis of the free-shear
functional above and the uniform-in-mandrel lower bounds from Section [3.2] we
obtain the following lower bound in the neutral mandrel case.

PROPOSITION 4.12. We have that

min ENE — N1, ) 2 min{max{m ™ hA%2, (ha) 1211} A2}
AA,],m

whenever h, A € (0,1] and m € (0, 00).

PROOF. Let ® € Aiv % » and introduce the radial displacement ¢, = @, — 1.
Recall the definition of the excess energy given in (3.2). Applying Lemma
Corollary[3.12] and Lemma(3.13|in the case R = Ro = 1, we obtain the following
estimates:

ANE > ||¢p||i%L(19 v ||39¢p||]‘t§14(29’
L NL ANLy\1/2 2, 12
max h—zA 7(A ) / Zm HD ¢pHL2(Q)a
and
max{[[9z¢p117 2 (q)> (AV)/?} Zom A

As in the proof of Proposition we see that either AN >, A2 or else
NL 2 4 20 N2 2
ANE 2w max{ gl 72 1. 10680114 2 12 [ DB | L2y}

and
19280122y Zm -

Now the result follows from the interpolation inequalities in the Appendix, just as
in the proofs of Corollary 4.4]and Corollary (4.5} O

Appendix: Interpolation Inequalities
In this appendix, we collect the interpolation inequalities that were used in Sec-
tionand Section@ Wecall I = [—% %] and Q = [—% %]2

A.1 Isotropic Interpolation Inequalities

The following periodic Gagliardo-Nirenberg inequalities are standard. They
can, for example, be easily deduced from their nonperiodic analogues (see, e.g.,
[10] for the nonperiodic case).

LEMMA A.1. We have that
2/5 3/5
LA 135 2 1 2y
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forall f € HZ (1), and that
1/2 1/2
1£15% 0 1D £ 11152 Z IDF lIL430),
1/2 1/2
1£1 50 1D F 111550 2 IDF I22(0)

forall f € szer(Q).

Combining Hoélder’s inequality with the last inequality above, we deduce the
following result:

LEMMA A.2. We have that
1/3 1/3 1/3
IDf 172 o) 1 F 130y 1D F 5%y 2 1DF liL2(0)

forall f € HZ.(Q).
A.2 An Anisotropic Interpolation Inequality

The next lemma was used to interpolate between the mixed norms appearing in
the discussion of the neutral mandrel case (see Sectiond)). Here, we refer to a point
x € Q by its coordinates, i.e., x = (x1,x3) where x; € I,i = 1,2. Recall the
notation for mixed L?-norms given in Section

LEMMA A.3. We have that
1/3 2/3
170z, + 000 £ 2 IFIGE 1 2 01 e

forall f € WH4(0).

PROOF. By a standard one-dimensional Gagliardo-Nirenberg interpolation in-
equality, we have that

1/3 2/3
170z, S 00 FIE NI + 07y,
X X1
for a.e. xp € I. After integrating and applying Holder’s inequality, it follows that
1/3 2/3
1£1e2, 22, % 00 12 0PI D2, + 0 ez, e,

1/3 2/3
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