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ABSTRACT

Statistical models with discontinuities have seen much use in a variety of situations,
in practical fields such as statistical process control, processing gene data, and econo-
metrics. The study of such models is usually concerned with locating the these
discontinuities, which methodologically cause various issues as estimation requires
nonstandard optimization problems. With the contemporary increase in computer
power and memory, it becomes more relevant to view these problems in the context
of very large datasets, a context which introduces further complications for estima-
tion. In this thesis, we study two major topics in threshold estimation, with models,

methodology, and results motivated by the concern towards handling big data.

Our first topic focuses on the change point problem, which involves detection of
the locations where a change in distribution occurs within a data sequence. A variety
of methods have been proposed and studied in this area, with novel approaches in the
case where the number of change points is an unknown that could be greater than 1,

making exhaustive search methods infeasible.

Our contribution in this problem is motivated by the principle that only the data
points close to the change points are useful for their estimation while other points are

extraneous. From this observation we propose a zoom in estimation method which

X



efficiently subsamples the data for estimation while not compromising the accuracy.
The resulting method runs in sublinear time, while existing methods all run in lin-
ear time or above. Furthermore, the nature of this new methodology allows us to
characterize the asymptotic distribution even in the case where the number of change

point parameters increases without bound, a type of result not replicated in this field.

The second topic regards the change plane model, which involves a real valued signal
over a multiple dimensional space with a discontinuity delineated by a hyperplane.
Practically the change plane model is used to combine regression between a covariate
and response variable, while performing unsupervised classification onto the covari-
ate. As change -plane models in growing dimensions have not been studied in the
literature, we confine ourselves to canonical models in this dissertation, as a first ap-
proach to these problems. in terms of details, we establish fundamental convergence
and support selection properties (the latter for the high-dimensional case) and present

some simulation results.



CHAPTER I

Introduction

In this document we will focus on estimation of discontinuities in various models
arising from two main categories, change point models which focuses on discontinu-
ities at points in one-dimensional sequences of data, and change plane models focused
on estimating the discontinuity at a hyper-plane in higher dimensional data. These
two types of models are utilized in different settings in biology, econometrics, and
other fields: change point detection is concerned with detecting the actual disconti-
nuities in one dimensional data sequences while change point models are concerned
with delineating the sub-populations in covariate-response models. Nonetheless, they
are mathematically similar in nature, and in this document we study both, with a

common concern in how to handle large data sets.

First, in Chapter II, we focus on the topic of change points in data sequences.
As a field of research, this topic is usually concerned with a model where the data
is sequentially ordered and has a distribution which is fixed along segments but sees
sudden changes at a few points (the change points). Alternatively, one can see the
change point problem as the estimation of discontinuities in a signal of data, mak-
ing it a non-standard problem in terms of actual estimation. Consequently, even the

fastest change point estimation methods involving searching along the entire sequence



and calculating an expression at each point, with some methods becoming very time

consuming when considering multiple change points within the data.

Our contribution to this field is a method which alleviates this problem, espe-
cially for longer data sequences. The new method introduced here stem from the
following intuition: only points close to the actual change points are useful for their
estimation, while data points further away are essentially extraneous. From this idea
we develop a multi-stage subsampling scheme which first roughly locate the change
points to small intervals before estimating within these localized neighborhoods. The
general result is that this method does consistently estimate for the change points
with a lower order of computational time than using the full data set, while at the

same time not sacrificing the accuracy of the estimate despite not utilizing every point.

To illustrate the basic premise of our method and its asymptotic properties, we
initially work with the simplest change point model: the stump model with only a
single change point, and only the mean of the distribution changes. In Section 2.2 we
describe how to apply the intelligent sampling procedure to the single change point
and derive its properties. Among our results, we show that the rate of convergence
and even the asymptotic distribution are the same as the estimator using the full data
set. Besides theoretical results, we also perform an analysis on the computational or-
der, which scales to almost square root of the data size, compared to scaling linearly
with the data size if one estimates using the full data. Proofs for this section can be

found in Section A.1.1, where a more general model was studied.

We next turn our attention to a more sophisticated model that is more perti-
nent to application and current research, the multiple change model where both the

number and location of the change points are unknown and need to be estimated. In



Section 2.3, we consider a canonical model analyzed often in change point literature.
Next, in Section 2.3.1, we describe our intelligent sampling procedure when applied
to this model, followed by asymptotic results. In terms of the latter, not only were
we able to derive the rate of convergence for the estimators and their asymptotic
distribution in a finite change point framework, which are common results found in
literature, but in Theorem I1.3 we characterize the distribution of the estimators even
should the number of change points grow without bound. This unique result makes
our procedure useful for statistical inference. Proofs for this section can be found
in Section A.2, and supplementary material useful for deriving Theorem II.3 can be

found in Section A.3.

Next, in Section 2.4, we focus on methodological and computational aspects of
intelligent sampling on multiple change points, which are more complex than for the
single change point problem. First, we describe two techniques in Section 2.4.1 and
2.4.2 which can be used to complete the procedures in Section 2.3.1 into a fully im-
plementable procedure. An analysis on the computational cost, which now depends
on the number of change points present and their spacing, follows in Section 2.4.3,
followed by an illustration of computational savings in Section 2.5. As a demonstrate
of implementing intelligent sampling, we close the chapter with various simulation

results and an analysis on an internet traffic dataset in Section 2.7 and 2.8.

In the next chapter, we focus on the change plain problem, which is also con-
cerned with the estimation of discontinuities, but in a higher dimensional framework
rather than on data sequences. These models usually involve a covariate-response
setup where the relationship between X and Y features a discontinuity delineated
by a hyperplane. In the spirit of contemporary work, for us to focus on large data

sets, it would be appropriate to consider the case where the dimension of the problem



grows with the sample size. As existing work on the change point problem focuses on
the fixed dimensional framework, we focus on establishing results for basic canonical

models.

To illustrate the basic asymptotic properties for growing dimensions, in Section
3.2 we first analyze this setting with the least squares estimator on a basic model with
a dimension that is growing but much less than the sample size. In that section we
establish the convergence rate and demonstrate that it is essentially min-max optimal.
Unfortunately, the least squares estimator has certain undesirable properties (such as
require the estimation of nuisance parameters) so we next introduce an alternative

estimator without such flaws in 3.4.

The analysis of this estimator will continue on the high dimensional (dimension
greater than sample size) in Section 3.5. In addition to deriving consistency and rate
of convergence, we were also able to derive consistency in terms of recovering the

support set of our estimator.



CHAPTER II

Change Points in Data Sequences

2.1 Introduction

Change point analysis has been extensively studied in both the statistics and
econometrics literature Basseville and Nikiforov (1993), due to its wide applicability
in many application areas, including economics and finance Frisén (2008), quality
control Qiu (2013), neuroscience Koepcke et al. (2016), etc. A change point represents
a discontinuity in the parameters of the data generating process. The literature
has investigated both the offline and online versions of the problem Basseville and
Nikiforov (1993); Csérgé and Horvdth (1997). In the former case, one is given a
sequence of observations and questions of interest include: (i) whether there exists
a change point and (ii) if there exists one (or multiple) change point(s), identify its
(their) location, as well as estimate the parameters of the data generating process to
the left and right of it (them). In the latter case, one is obtaining new observations
in a sequential manner and the main interest is in quickest detection of the change
point.

In the era of big data, researchers are faced with large numbers of observations
whose processing and storage pose a number of computational challenges. For ex-
ample, monitoring traffic in high-speed computer and communication networks and

trying to identify shifting user patterns, as well as malicious activities is of great inter-



est to network engineers (see Kallitsis et al. (2016) and references therein). However,
the number of observations produced corresponding to number of packets or their
corresponding payload in bytes at a granular temporal scale is in the thousands per
minute. Nevertheless, it is of value to network operators to examine these traces
and if something of interest is identified, to store the appropriate segment for further
analysis. Analogous problems come up in other systems including manufacturing
processes Shen et al. (2016), or other cyber-physical systems equipped with sensors
Khan et al. (2016). This exercise requires temporary storage of the data, possibly in
a distributed manner, as well as doing the necessary calculations on them.

In this chapter, we address the offline problem for extremely long data sequences,
the analysis of which by conventional modes of analysis turns out to be prohibitive
owing to the massive size involved. The identification of change-points in a sequence,
which constitute local discontinuities, requires some sort of a search procedure. A list
of such methods, along with summaries of their results, can be found in Niu et al.
(2016). Exhaustive search is typically infeasible with multiple change-points, since
the search-time grows exponentially in the number of change-points. A variety of
intelligent methods have been proposed in the literature, e.g. binary segmentation
(see Venkatraman (1992) and Fryzlewicz et al. (2014)), wild binary segmentation
(Fryzlewicz et al. (2014)), multi-scale methods (Frick et al. (2014) and Pein et al.
(2016)), ¢, penalization (Huang et al. (2005) and Harchaoui and Lévy-Leduc (2010));
however, the best feasible computation time is of the order N or N log N, which, while
being reasonable, is still a huge ask when one is considering a sequence of observations
of length in the tens or hundreds of millions or even larger.

The point of view we adopt is the following: we are given a data sequence of
massive length and are interested in identifying the major changes in this series.
While short-lived changes of various intensities in mean shifts may occur frequently,

such transient perturbations do not affect the overall performance of most engineered



or physical systems. Hence, it is reasonable to assume that the number of truly
significant changes that persist over time, is not particularly large. However, sifting
through the entire mass of data to detect those changes is computationally expensive
and on many occasions even prohibitive. The modeling strategy uses a very long
piece-wise constant mean model with multiple jumps — where the number of jumps
increases at a rate much slower than the length of the series — that are not too
small relative to the fluctuations induced by noise. The ‘piece-wise constant with
jumps’ strategy has been considered by a variety of authors (see Niu et al. (2016)
and references therein) for the problem at hand and is convenient for developing
the methodology. Further, as the emulation experiment in Section 2.8 demonstrates,
our proposed method consistently picks up the persistent structural changes in the
presence of multiple spiky signals while staying agnostic to the latter. Nevertheless, if
short duration shifts are also of interest, the interested researcher can further analyze
the persistent segments (which are of smaller order than V) with any of the available
procedures in the literature in a parallel fashion, thus retaining the computational
gains achieved by intelligent sampling.

We now articulate the contributions of this chapter.

1. Our key objective is to propose an effective solution to the computational
problem discussed above via a strategy called “intelligent sampling”, which proceeds
by making two (or more) passes over the time-series at different levels of resolution.
The first pass is carried out at a coarse time resolution and enables the analyst to
obtain pilot estimates of the change-points, while the second investigates stretches of
the time-series in (relatively) small neighborhoods of the initial estimates to produce
updated estimates enjoying a high level of precision; in fact, essentially the same level
of precision as would be achieved by an analysis of the entire massive time-series. The
core advantage of our proposed method is that it reduces computational time from

linear to sub-linear under appropriate conditions, and, in fact close to square-root



order, if the number of change-points is small relative to the length of the time-series.
It is established that the computational gains (and analogously other processing gains
from input-output operations) can be achieved without compromising any statistical
efficiency.

2. Most of our results will be rigorously developed in the signal plus noise model
with independent and identically distributed (iid) normal errors, which has also been
used by other authors in this area to showcase their research, e.g. Fryzlewicz et al.
(2014), Niu and Zhang (2012), and Zhang and Siegmund (2007), as it an attractive
canonical model and amenable to theoretical analysis. However, we also provide
results/indicate extensions when the errors exhibit short or long-range dependence
and in the presence of non-stationarity, since both these features are likely to be
present with very long data sequences. Some empirical evidence is provided to this
effect. We do not study non-Gaussian errors in full generality but develop some
extensions in such directions, see, Remark 5 and the section in the supplement referred
therein, and also Section 2.9 for some comments on this issue.

Further, the focus of the presentation is on 2-stage procedures that provide all
the key insights into the workings of the intelligent sampling procedure. However, for
settings where the size of the data exceeds 10'°, multiple stages are required to bring
down the analyzed subsample to a manageable size. We therefore cover extensions to
multi-stage intelligent sampling procedures as well as address how samples should be
allocated at these different stages. Furthermore, such massive data sequences, often,
cannot be effectively stored in a single location. This does not pose a problem for
intelligent sampling as it adapts well to distributed computing: it can be applied on
the reduced size subsamples at the various locations where the original data are stored,
followed by a single subsequent back and forth communication between the various
locations and the central server, and subsequent calculations essentially carried out

on the local servers. This is elaborated on in Section 2.5.



3. On the inferential front, we establish asymptotic approximations to the joint
distribution of the change-point estimates obtained by intelligent sampling in terms
of the distribution functions of symmetric drifted random walks on the set of integers
[Theorems I1.3 and II.5], which can then be used to provide explicitly computable
asymptotic joint confidence intervals for both finitely many and a growing number of
change points. While concentration properties of change-point estimates around the
the true parameters in multiple change point problems are known, to the best of our
knowledge, such results involve hard-to-pin-down constants (this is discussed in some
more detail in Section 2.4.2 in the context of binary segmentation) and are therefore
difficult to use in practical settings. Our prescribed methods involve estimating signal
to noise ratios at the different change-points, which is easy to accomplish, and values
of quantiles of symmetric Gaussian random walks for different values of the drift
parameter (which can be pre-generated on a computer). The arguments involved
in establishing Theorem II.3 require, among other things, careful analyses of the
distribution functions of both symmetric and asymmetric Gaussian random walks
(see part B of Supplement, Section A.2) which may very well prove useful in many
other contexts.

The remainder of this chapter is organized as follows. Section 2.2 addresses in-
telligent sampling for the simpler single change point problem, which provides some
fundamental insights into the nature of the procedure and its theoretical and com-
putational properties. Section 2.3 deals with the main topic of this study: intelligent
sampling for the multiple change point problem with a growing number of change-
points, and presents the main theoretical results of the section. Section 2.4 develops
the practical methodology for intelligent sampling using binary segmentation as the
working procedure at Stage 1, and studies the computational complexity of the re-
sulting approach. Section 2.5 provides an elaborate study of the minimum subsample

size required for precise inferences as a function of the length of the full data sequence



and the signal-to-noise ratio using multiple stage procedures. Extensions to non-iid
settings which are more pertinent for the more special case of time-series data are
discussed in Section 2.6. The numerical performance of the procedure is illustrated on
synthetic data in Section 2.7, while an application to real Internet data is presented
in 2.8. Section 2.9 concludes with a discussion of possible extensions of the intelligent
sampling procedure, both in terms of alternative Stage 1 procedures (like wild binary
segmentation and SMUCE), and also to other kinds of data (non-Gaussian data, dis-
crete data, decaying signals). In the appendix, the complete proofs of of all results,
the proofs of accompanying technical lemmas, and elaborate discussions of various

facets of intelligent sampling are presented.

2.2 Intelligent Sampling for the Single Change Point Prob-

lem

2.2.1 Single Change Point Model

The simplest possible setting for the change point problem is the stump model,
where data (1/N,Yy),---, (N/N,Yy) are available with Y; = f(X;) + ¢; for i =
1,--+, N, and where the error term ¢; is independent and identically distributed (iid)

following a N (0, 0?) distribution, while the function f takes the form

flr)=a-l(z<71)+ 5 -1(z >71), z € (0,1), (2.1)

for some constants «, 5 € R, a # (3, and 7 € (0, 1): the so-called ‘stump’ model. For

estimating the change point T we employ a least squares criterion, given by

N

(&, B,7):= argmin (Y;—a~1(i/N§t)—b-l(@'/N>t))2. (2.2)
(a,b,t) ER2x(0,1) S

Using techniques similar to those in Section 14.5 of Kosorok (2007), we can estab-

10



lish that the estimator 7 is consistent for 7y := | N7|/N, which acts as the change

point among the covariates lying on the even grid.

Proposition 1. For the stump model with normal errors the following hold:
(i) Both (& — &) and (3 — B) converge to 0 with rate O,(N~/2).

(i) The change point estimate T satisfies
P[IN(T —7n) =k| = P[L = k| for allk € Z (2.3)

where L = argmin X (i), and the random walk {X (i) }icz is defined as

i€z
)
Alef+ ... +ef, +¢ef) +iA%/2, i>0
X(i) =<0, i=0 (2.4)
\—A(e;‘+1+...+gil+€;§)+|z'\A2/2, i <0,
with e, €%, €5, ... ande* |, €*,, ... being iid N(0,0?) random variables and A := B—a.

Next, we make several notes on the random variable L introduced in the above
proposition, as it appears multiple times throughout the remainder of this paper.
Although, at a glance, the distribution of L depends on two parameters, A and o,
in actuality L is completely determined by the signal-to-noise ratio A/o due to the

Gaussian setting. To see this, note that we can re-write L = arg min(Z;/|Ac|) where
iez

(

sgn(A)(ej/o+ -+ /o) +i|AJo|/2, i>0

L i=0 (2.5)

—sgn(A)(ef, /o + - +¢ei/o)+ |iA/o]/2, i<0
\

Since {sgn(A)e;/o}icz are iid N(0,1) random variables, invariant under A and o,

it follows that L only depends on the single parameter A/o. Hence, from here on,

11



denote the associated random process as

(

sgn(A)(ef + -+ +¢f) +i|Al/2, i>0

Xa(1) =190, i=0 (2.6)

—sgn(A)(gj, + - +p) + 1] - |A]/2, i<0

\

where €5 for j € Z are all iid N(0,1) random variables. Denote the argmin of the

random walk X (i) as La = argminXa(i). An immediate observable property of La
i€z

is the stochastic ordering with respect to |Al:

Proposition 2. Suppose we have constants Ay, Ay € R such that 0 < |A{| < |As],

then for any positive integer k

Pl|La,| < k] < P[|La,| < K] (2.7)

Practically, this stochastic ordering implies that if the 1 — o quantile Qa, (1 — @)
of |La,| is known, then Qa, (1 — «) can also serve as a conservative 1 — a quantile of
|La,| for any |As] > |A;|. This can be useful in settings where given J > 0 random
variables L, for i =1...,J, we desire positive integers ¢; for ¢ = 1,...,J such that
P[|La,| < 4] > 1—afori=1,...,J. This scenario will appear in later sections
where we consider models containing several change points with possibly different
jump sizes. In such situations, a simple solution is to take ¢; = Qa,, (1 — «) for all i
where m = arlg Ir}]in|Ai|, or in other words letting each ¢; be the 1 — a quantile of the
|La,| with the’grynallest parameter. Alternatively we can generate a table of quantiles
for distributions Ls,, Ls,, Ls,, ... for a mesh of positive constants d; < d2 < ...
(e.g. we can let the §; = 0.1j for j = 5,...,1000), and let ¢; = Q5,(1 — a) where
0; = max{0y : 0y < Aj}, fori=1,...,J.
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2.2.2 The Intelligent Sampling Procedure and its Properties

(ISS1): From the full data set of (%,Yl) , (%,Yg) . (1,Yy), take an evenly

spaced subsample of approximately size N; = K7 N7 for some v € (0, 1), K; > 0:

thus, the data points are (%, YLN/N1J> , (%7 Y2LN/N1J>, <3LN]<[N1J ’ %LN/MJ)

(ISS2): On this subsample apply least squares to obtain estimates (&(1), B %](\,1))

for parameters («, 5, 7n).

By the results for the single change-point problem presented above, W TN 1S
O,(N77). Therefore, if we take w(N) = K;N~% for some small § > 0 (much
smaller than ) and any constant K3 > 0, with probability increasing to 1, 7y €
[%J(\,l ) _ w(N), %](\,1 ) + w(N)]. In other words, this provides a neighborhood around the
true change point as desired; hence, in the next stage only points within this interval

will be used.

(ISS3): Fix a small constant 6 > 0. Consider all /N such that i/N € [ﬁ(\;‘) —
KQN_7+5,%](\,1) + Ky N~ and (i/N,Y;) was not used in the first subsample.

Denote the set of all such points as S@.

(ISS4): Fit a step function on this second subsample by minimizing
R 2
3 (K- —aW1(i/N < d) — V13N > d))
i/NeS®)

with respect to d, and take the minimizing d to be the second stage change

point estimate %](\,2 ),

The next theorem establishes that the intelligent sampling estimator ﬂ(vg ) is con-

sistent with the same rate of convergence as the estimator based on the full data.
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Theorem I1.1. For the stump single change point model, the estimator obtained

based on intelligent sampling satisfies
73 = 7| = Oy(1/N).

Proof. See Section A.1.3 in Supplement Part A, where a result for a more general

model is proven. |

To make a clean statement of the asymptotic distribution, we introduce a slight
modification to the definition of the true change point and define a new type of
"distance’ function My : [0,1]? — Z, as follows. First, for convenience, denote the set

of X;’s of the first stage subsample as
SM .= {% i €N, i< N, iis divisible by [N/N, J} , (2.8)

then for any a,b € (0,1)

N . .
Slla< £ <b £ ¢8SW) ifa<b,
)\g(a,b) = ile (29)
—Y1(b<4<a, £ ¢5W) otherwise.
i=1

The modified ’distance’ 7n is )\Q(TN,%](VQ)), instead of N (%](\,2) — 7n), does converge

weakly to a distribution.

Theorem I1.2. For any integer ¢,
P [AQ (TN,%]@) - E] — PlLa,=1. (2.10)

Proof. See Section A.1.4 in Supplement Part A where this is shown for a more general

model. O
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Computational gains: The results above establish that the two stage procedure
can, using a subset of the full data, be asymptotically almost as precise as employing
the full dataset. In practice this allows for quicker estimation of big datasets without
losing precision. The first stage uses about Ny ~ N7 points to perform least squares
fitting of a stump model, and this step takes O(N7) computational time. The second
stage applies a least-squares fit of a step function on the set S, which contains
O(N1=719) points and therefore uses O(N1=719) time.

Hence, the two stage procedure requires order N7V N'=7*9 computation time,
which is minimized by setting v = 1 — v + 4, or v = 1—;“5. As 6 tends to 0 (any
small positive value of § yields the above asymptotic results), the optimal v tends to
1/2. Therefore, one should employ N; = VN at the first stage and the second stage
sample should be all points in the interval [%](\,1 ) _ KyW/N , %](Vl )+ Kyv/'N ], minus those
at the first stage, where K5 ensures that this interval contains 7 with an acceptable
high probability 1 — «. If one knows the jump size A, K5 can be determined as the
1 — 5 quantile of the random variable L /,; in the realistic unknown A case, a lower

estimate of A can yield a corresponding conservative value of K.

Remark 1. The Ay distance was introduced above because it is generally not possible
to deriwe an asymptotic distribution for N(AJ(VQ) — 7n). Indeed, one can manufacture
parameter settings quite easily, that produce different limit distributions along different

subsequences. For a specific ezample, see Remark 19 in Supplement Part A.

Remark 2. We can extend our 2-stage procedure by adding in more stages. In
the 2-stage version, we first use a subsample of size N7 to find some interval [+(1) —
K N7+ 2 o K N=71 which contains the true value of T with probability going
to 1. However, nothing forces us to use all the data contained within this interval at
the second stage. We can, instead, apply a two stage procedure on this interval as
well, that is, take a subset of N¢ (for some 0 < ( < 1—~+48,) points from the second

stage interval for estimation. From this, we obtain a second stage estimate 72 and
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an interval [ — Ky N77=¢H0+02 2(2) 1 K, N=v=CH0402] (note that 6, and &y can be
as small as one pleases) which contains T with probability going to 1. In the third
stage, we finally take all points in the aforementioned interval (leaving aside those

used in previous stages) to obtain an estimate 7).

Such a procedure will have the same rate of convergence as the one using the
full data: (7 — 1) = O,(1/N), and the same asymptotic distribution (in terms of
a “third stage distance” similar to how Ay was defined) as the one and two stage
procedures. In terms of computational time, the first stage takes O(N?) time, the
second stage O(N®) time, and the final stage O(N*~Y=H01%92) time  for a total of
O((N7V N¢v N1=v=CH0+8)) time which can reach almost O(N'/3) time. In general,
a k stage procedure, which works along the same lines can operate in almost as low

as O(N'Y*) time.

2.3 The Case of Multiple Change Points

Suppose one has access to a data set Y7, Y5, ..., Yy generated according to the
following model:

Yi=0;+e&, i=123,.,N (2.11)

where the 6;’s form a piecewise constant sequence for any fixed N and the ¢;’s are
zero-mean error terms®. The signal is flat apart from jumps at some unknown change
points 1 =79 <7 < ... <7y < Tyy1 = N: Lle. 6, = 0;, whenever iy,is € (75, Tj41]
for some j € {0, ..., J}. The number of change points J = J(N) is also unknown and
needs to be estimated from the data. We impose the following basic restrictions on

this model:

!To be more precise we consider the triangular array of sequences 6; n, which are piecewise
constant in ¢. The error terms €; = ¢; v also form a triangular array, but we suppress the notation
for brevity
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(M1): there exists a constant § € (0,00) not dependent on N, such that

max_|60;| < 0;
=1,...N

i=1,...

M2): there exists a constant A not dependent on N, such that minJ ‘6

i=0,...,

— 0,

( Tit1
> A;
(M3): there exists a = € [0,1) and some C > 0, such that dy := f{)linJ(TiH -

;) > CN'™= for all large N;
(M4): ¢; fori=1,...,N are i.i.d. N(0,0?).

Remark 3. The second assumption above stipulates that the minimum gap between
two consecutive stretches is bounded away from 0. In the context of identifying long
and significantly well-separated persistent stretches in a big data setting, this is a

reasonable assumption.

2.3.1 Intelligent Sampling on Multiple Change Points

The intelligent sampling procedure in the multiple change-points case works in two
(or more) stages: in the two-stage version, as in Section 2.2, the first stage aims to find
rough estimates of the change points using a uniform subsample (Steps ISM1-ISM4)

and the second stage produces the final estimates (Steps ISM5 and ISM6).
(ISM1): Start with a data set Yj,---, Yy described in (2.11).

(ISM2): Take N; = K N7 for some K; and v € (Z,1) such that N/N; = o(dn);
for 7 = 1,---,N* where N* := LWJ\J[\MJ’ consider the subsample {Z;} =

{Yj v/ }-

The subsample Zi, Z,, ... can also be considered a data sequence structured as in

(2.11), and since o5 >> N/Njp, there are jumps in the signal at TS = L—LNZWJJ for
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j=1,...,J, with corresponding minimum spacing

On» 1= z:lmlr} |75 — 77 4|
1 . N,
= TR7] (i—f.‘.lgﬂ |70 — Tica| + 0(1)) = (W5N> (1+o0(1)). (2.12)

(ISM3): Apply some multiple change point estimation procedure (such as binary

segmentation) to the set of Z;’s to obtain estimates 77, ..., 75 for the 7's and

ﬁél),. . ﬁgl) for the levels (vo,v1,...,v5) = (01,0741, 0rps1s -« -, O0ryi1)-

e the choice of the procedure does not matter so long as the estimates satisfy

=Ll 1=V,

for some sequence w*(N*) such that w*(N*) — oo, w*(N*) = 0o(d%.) and

pN—>O.

(ISM4): Convert these into estimates for the 7;’s by letting %}1) = 77 [N/Ny] for

j=1,..,J.

e taking w(N) := (w*(N*) + 1)| N/Ny], expression (2.13) gives

..........

e as a consequence of conditions in (ISM3), w(N) — oo, w(N) = o(dy), and

w(N) > CN'=7 for some constant C.

(ISM5): Fix any integer K > 1, and consider the intervals [%i(l) — Kw(N), fi(l) +

Kw(N)] for i = 1,...,.J. Denote by S® <%i(1)> all integers in this interval not
divisible by [ N/N, .
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(ISM6): For each i =1, ..., J, let

2
2 = argmin | > [y - 001G <) +o"1G = a)| | @15)
aes® (#7) \ jeso ()

Remark 4. As with the single change point problem, a p > 2 stage procedure can
be constructed. This would involve steps (ISM1) to (ISM5), but afterwards a p — 1
stage procedure as described in Remark 2 for estimating single change points will be
applied on every interval [7; £ Kw(N)]. To illustrate our main points we will show
results for the two stage procedure, but some numerical results are provided later for

multi-stage procedures.

The intervals [%](1) + Kw(N)] referred to at stage ISM4 all respectively contain [7; £
(K — 1)w(N)] with probability going to 1. These latter intervals have width going
to oo, and both of these intervals contain exactly one change point (as their widths
are O(w(N)) = o(dx)). Hence, with probability — 1 the multiple change point prob-
lem has simplified to J single change point problems, justifying ISM6 where a stump

model is fitted inside each of S (%}1))’8.

Asymptotic distributions of the intelligent sampling based estimators: Next,
we present results on the joint asymptotic distribution of the intelligent sampling es-
timates. There are two types of results which can be derived: a set of results that
can accommodate for the case where the number of change points J grows with N,

and a more specific result for when J stays constant with V.
In the first more general setting, we present a set of probability bounds that re-

late the deviation of the 7(®’s to the L-type distributions introduced in Section 2.2.1.

This result characterizes the asymptotic behavior enough to allow the construction
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of confidence intervals around the change point estimates. In the second setting, a
more conventional distributional convergence result, in terms of joint probability mass

functions, can be formulated.

General Case: Forall o € (0,1), let Qa(1—a) be the 1—a quantile of

arg min X (t) )
tez

An ideal result would be of the form:

P[j:J;

(g, )‘ <Qua(VT=a) foralljzl,...,J} Sl-a  (2.16)

where Ay := Ay i is a distance function to account for the omission of the first stage

subsampling points:

N
Y 1(a<i<b)-1(i # k| N/Ny| for any integer k) ifa<b
Xo(a, b) = ile (2.17)
-y 1(b<i<a)-1(i # k| N/Ny| for any integer k) otherwise
i=1

However, as the distribution of arg min X (¢) is discrete, it is generally not possible to
tez

get the probabilities exactly equal to /1 — . Instead, we derive the following result:

Theorem I1.3. For any « € (0,1), define:

PA(l—a):IP’{

arg minXA(t)’ < Qa1 — a)] . (2.18)

teZ

Suppose that the first stage estimates satisfy (2.14) with a py such that Jpy — 0.
Then

[j:J;

P /\2<T],% )‘ Q|A\2pN/a(\/1—oz)foralljzl...,J
J
= (HP<A| 20m)/o ( ) (2.19)

j=1
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]P[j:J

A2 <T]7 )>‘ < Qqa, 2pn)/o (V1 —a) forallj=1...,J
J
(H Plaiv2om) /o (V1 = a)) +o(1) (2.20)

j=1
Proof. See Section A.2.1 of Supplement Part B. n

The additional condition requiring Jpy — 0 is due to the details of the proof, but
this can be satisfied by existing change point methods, including the one that will
be showcased later on in this paper. The proof also involves comparisons between
random walks which appear during estimation, to the random walks X(|a;|+2px)/o ("),
and thus the results are in terms of the SNR’s (|A;| & 2pxn) /0. It is still possible to
make sense of this in terms of the parameters A;/o: due to the stochastic ordering

of the L random variables,

QU l—2pn) /o (V1 — @) > Q)a,1/0(V1 — @) = Qqa,11200)/0 (V1 — ), (2.21)

and therefore,

P[j:J

Ao (TJ, 7 )) < Q)a, W(ﬂ) forall j=1.. .,J] (2.22)

will be between the values (2.19) and (2.20) up to a o(1) term. This shows that (2.22)
is sandwiched between two sequences that have a liminf at least the value of 1 — «,
justifying the construction of confidence intervals using the L, /, distributions.

A second ramification of Theorem II.3 is the rate of convergence.

Theorem I1.4. Suppose conditions (M1) to (M}) are satisfied and the first stage
estimates satisfy the consistency result (2.14). Then, for any € > 0, there exist

constants Cy and Cy (depending on €) such that

P|J= J, m max |Tk — 71| < Cilog(J)+C2| >1—¢ (2.23)

.....
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for all sufficiently large N.

Proof. Fix any o € (0,1). It is possible to show that for all large N, |%j(2) — 7] <
2% Ay (Tj, (2)>, and using Lemma 8 of Supplement Part C, it is also possible to show
that for all j =1,...,J,

Qia,l/e (VI =a) < Qaso(V/(1 = a)) < Cilog(Ca) (2.24)

for some positive constants C, Cy not changing with N or j. These combine to give

. 1
P{J:J-ﬁf( (<0210g(02J) forall j=1.. J]
< P[j:J A( j()>‘<Q|A‘/U(\/1—a)forallj:l...,J} (2.25)

We know from the previous discussion that, we have

liminf P [J J;

N—o0

A2 (TJ, 72 )‘ < Qa0 (V1 —a) forallj:l...,J] >1—a

(2.26)

and therefore

T;?)‘ < Chlog(CyJ) forall j=1...,J| >1—a (2.27)

]

The conditions in which these two results (Theorems I1.3 and I1.4) hold include
the possibility of letting the number of change points (J) grow to co. In the more
specific case where J stays finite as N — oo, both results would still hold, but an
even more informative result can be derived.

Finite J: Consider the case where J and the jump sizes stays constant with N.

Specifically, suppose the following assumption is satisfied:
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(M5): The number of change points J is a finite constant not dependent on
N, and the jump sizes A; := v; —v;_y for j = 1,...,J are also constants not

dependent on N.
Using this notation, we establish

Theorem I1.5. Suppose conditions (M1) to (M5), and the consistency condition
J

J
(2.14) are satisfied. Then, the deviations {/\2 (Tj,f'(Q))} jointly converge to the
i=1

distribution of <Lﬂ, - L£>, where the La,’s are mutually independent. That 1s,

o

for any integers kq, ..., ky,
J
Pl =i (7 7?) =t for1<j <] 5 [IP[Lajo=h] - (229)
j=1
Proof. See Section A.2.3 of Supplement Part B. n

Remark 5. The theorems presented above are related: Theorem I1.3 implies Theorem
1.4, which in turn is used in the proof of Theorem II.5. Alternatively, one can
demonstrate Theorem I1.J independently of Theorem II.3, under more relaxed (sub-
Gaussian) conditions on the error terms. Using this other method, one can arrive at a
result very similar to Theorem I1.5 where the \y(T;, %;2)) converge to the argmin of the
random walks defined in (2.4), with the €f being iid and having identical distributions
as the error terms. For details, the alternative proof of Theorem II.4 and its more
relaxed assumptions are discussed in Section A.2.6 of the supplement, along with some
comments regarding Theorem I1.5 at the end of the section. Finally, we suspect that

Theorem I1.3 may also extend to broader classes of errors (beyond Gaussian) but may

possibly entail the use of very different methods.
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2.4 Practical Implementation

In the previous section, we laid out a generic scheme for intelligent sampling
which requires the use of a multiple change point estimation procedure on a sparse
subsample of the data-sequence. Recall that any procedure that satisfies (2.13) can
be used here. A variety of such procedures have been explored by various authors
(such as Venkatraman (1992), Fryzlewicz et al. (2014), Frick et al. (2014), and Bai
and Perron (1998)), and therefore a number of options are available. For the sake
of concreteness, we pursue intelligent sampling with binary segmentation (henceforth
abbreviated to ‘BinSeg’) employed at Step (ISM3). One main advantage of BinSeg
is its computational scaling at an optimal rate of O(N*log(N*)) when applied onto
a data sequence of length N*, and in addition it has the upside of being easy to pro-

gram and popular in change point literature. We later discuss other potential options.

However, there are some issues involved in applying the results of BinSeg to our
setting. First, BinSeg does not directly provide the signal estimators that are re-
quired in (2.13. We address this issue in Section 2.4.1, where we establish that given
certain consistency conditions on the change points, which are satisfied by BinSeg,
consistent signal estimators can be obtained by averaging the data between change
point estimates. Second, there is no established method for constructing explicit con-
fidence intervals for the actual change points using BinSeg, as existing results give
orders of convergence but no asymptotic distributions or probability bounds with
explicit constants. However, to implement intelligent sampling, one wants to have
high-probability intervals around the initial change-point estimates on which to do
the second round sampling, which requires calibration in terms of the coverage prob-
ability. To this end, in Section 2.4.2 we describe a procedure to be performed after
applying BinSeg is applied on the first stage subsample: the extra steps provide us

with explicit confidence intervals while not being slower than BinSeg in terms of order
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of computational time.

Before we begin, we remind the reader that this section deals with the first stage
subsample and not the whole sample. We will henceforth use the x notation in connec-
tion with the quantities involved at the first stage. So, we let v} :=v; for j =0,...,J
and py« = pn, and referring back to notation used in step (ISM2) and (ISM3), we
consider the sub-dataset Z;,..., Zy+ as a multiple change point model, with change
points 77’s and levels v’s, following conditions (M1) to (M4) for all large N (as a
consequence of Yi, ..., Yy satisfying conditions (M1) to (M4)). Using this notation,

(2.13) translates to the requirement that a change point estimation scheme applied

upon Zy, ..., Zy«~ w procures estimates 7;’s and 7}’s (equal to 19](-1)’8 in (ISM3)) such
that
P|J=J, max |7 w*(N™), max |} —1 (2.29)

j=1,...J §=0,...,.J

for some sequences w*(N*) and p}. such that w*(N*) — oo, w*(N*) = o(dy+), and

Py — 0 as N* — oo. We, subsequently, refer to this latter condition.

2.4.1 Binary Segmentation

We first, briefly, describe the BinSeg algorithm (for a comprehensive exposition see
Fryzlewicz et al. (2014)), where the length of the data sequence is denoted by T') and
some additional properties that relate to our procedure. Consider the model given in
(2.11). For any positive integers 1 < s < b < e < N* let n = e — s+ 1 and define

the Cumulative Sum (CUSUM) statistic at b with endpoints (s,e) as
- _e—b b b—s+1 1
Z:, = Z.
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Binary segmentation is performed by iteratively maximizing the CUSUM statistics
over the segment between change point estimates, accepting a new change point if

the maximum passes a threshold parameter (n+. Specifically,

1. Fix a threshold value (y~ and initialize the segment set S = {(1, N*)} and the

change point estimate set 7° = ().

2. Pick any ordered pair (s,e) € S5, remove it from SS (update SS by SS «+

SS —{(s,e)}). If s > e then skip to step 5, otherwise continue to step 3.

3. Find the argmax and max of the CUSUM statistic over the chosen (s,e) from

the previous step: by = argmax |Z° | and |Z%
be{s,...,e—1} '

4. If |Z%| > Cy+, then add by to the list of change point estimates (add by to 77),

and add ordered pairs (s,by) and (by + 1,¢€) to S.S, otherwise skip to step 5.
5. Repeat steps 2-4 until S'S contains no elements.

Remark 6. For our model, this algorithm provides consistent estimates of both the
location of the change points and the corresponding levels, given further restrictions
on the minimal separation. Specifically, consistency results for BinSeg are limited to
situations where the minimal separation distance between change points grows faster
than the length of the data sequence taken to an appropriate power. Theorem 3.1 of
Fryzlewicz et al. (2014) presents a concrete result in this direction, where this par-
ticular power © in their notation (which is 1 — = in our notation) is restricted to be
strictly larger than 3/4. However, there is a caveat as far as this theorem is concerned.
In similar later work (by the same author) on BinSeg in high dimensional settings,
see Cho and Fryzlewicz (2015), the same spacing condition appears as Assumption
(A1), but it turns out, on the basis of a corrigendum released by the authors Cho and

Frylewicz that this spacing condition does not ensure consistency of BinSeg in that
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paper; rather a stronger spacing condition, © > 6/7, is needed. From our correspon-
dence with the authors, there is strong reason to believe that the 3/4 in Fryzlewicz
et al. (2014) should also change to 6/7, and accordingly, in the sequel where we fo-
cus on a BinSeg based approach, we restrict ourselves to this more stringent regime,
to be conservative. An alternative is to use wild binary segmentation at Stage 1,
which allows the separation between change-points to be of smaller order than BinSeg
(therefore allowing more relazed regimes), but suffers from the downside of increased

computation time. Details are available in the supplement.
We place the following two additional conditions:
(M6 (BinSeg)): = (from condition (M3)) is further restricted by = € [0,1/7),

(M7 (BinSeg)): Ny, from step (ISM2), is chosen so that Ny = K1 N7 for some K; > 0

and v > T=.

The first of the above condition allows BinSeg to be consistent on some subsample
of the data sequence, for if the condition was not satisfied and the minimum spacing
grows slower than N%7, then established results on BinSeg (see Theorem I1.6) could
not guarantee consistency on any subsample of the data sequence (indeed, it won'’t
guarantee consistency even BinSeg was applied on the entire data sequence). The
latter of the above conditions means we choose a subsample large enough in order
to use Theorem II.6, as this result would not work if the subsample is too small.
When (M1) to (M6) are satisfied, the first stage subsample would have size N* =
(K1 + o(1)) N7 with minimal change point separation of 3. = (N1/N + o(1))dy =
(C + o(1))(N*)'==/7 for some positive constant C. This would allow us to apply the

following BinSeg result:

Theorem I1.6. Suppose that conditions (M1) to (M4), (M6 (BinSeg)), and (M7

(BinSeg)) are satisfied, and the tuning parameter (n« is chosen appropriately so that
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o if /v >0 then (y~ = c1(N*)¢ where £ € (2/7,1/2—Z/7) and ¢; >0

o if Z/v = 0 then cy (log(N*))? < (y+ < c3(N*)¢ where p > 1/2,€ < 1/2, and

02763>0.

2
Define En« = <5N—> log(N*). Then, there exist positive constants C,Cy such that
N*

i=1,...,J

p[j —J: ax |7 — 1| < CEn+| >1—C,/N*. (2.30)

Remark 7. The above theorem is adapted from Theorem 3.1 of Fryzlewicz et al.
(2014 ) which applies to the more general setting where A, the minimum signal jump,
can decrease to 0 as N — oo. As mentioned before, there is no easy recipe for

determining C' explicitly, which is taken care of in the next section.

We now propose estimators for the signals 77 := E[ZTJ_*H], for j =0,...,J. In-

tuitively, they can be estimated by the average of datapoints between each signal

estimates:
1 A
)= E Z; for j=0,....,J (2.31)
7—]+1 - 7_] ~x .
T <ISTin

with the convention of 75 := 0 and 75 | := N*. These estimators are consistent:

Lemma 1. Suppose conditions (M1) to (M), (M6 (BinSeg)), and (M7 (BinSeg))
are satisfied, the 7 ’s are the BinSeg estimators, and U}’s are the signal estimators

defined in (2.31). Then there exists a sequence py. — 0 such that Jpi. — 0 and

A

P|J=J; max |77 —7/| < CEx+; max [ — | < pye| — 1 (2.32)

i=1,...J =0,...,

as N* — 0.

Proof. See Section A.2.4 in Supplement Part B. n

By setting pi« = py and CEyn« = w*(N*), condition (2.13), will be satisfied for

a py satisfying Jpy — 0, which meets all requirement of Theorems I1.3.
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2.4.2 Calibration of intervals used in Stage 2

Constructing confidence intervals based on Theorem I1.6 would require putting a
value on CEn« = C(N*/6%.)*log(N*) from (2.30). An estimate of §%. can be ob-
tained from the minimum difference of consecutive 7;’s, but an explicit expression for
C is unavailable, and the existing literature on binary segmentation does not appear
to provide such an explicit expression. To address this issue, we now introduce a
calibration method which allows the construction of confidence intervals with explic-
itly calculable width around the first stage estimates %3(1)’8: the idea is to fit stump
models on data with indices [73@1 +1, 72]&)1]7 as each of these stretches forms a stump

model with probability going to 1.

Consider starting from after step (ISM4) (e.g., Figure 2.1) where we have rough
estimates 7;’s of the change points (with respect to the {Z;} sequence) and ﬁi(l)’s of

the signals, obtained from the N* sized subsample {Z;}.

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 2.1: Figure 2.2:

Green points are Z;’s, solid Z;'s are light green points,
green line is the BinSeg esti- BinSeg estimates as dashed
mate. green line, V;’s as red points.
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Re-estimating Change Point #1 Re-estimating Change Point #2

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 2.3: ) . .
Re-estimation of the first (Left Panel) and second (Right Panel) de-

tected change points (similar procedure for third estimated change point
not shown). Solid green and solid red lines denote stump estimates using

Vi's from {V}, : 7/ — d; <k< 7+ d;} intervals.

We then pick a different subsample {V;} of equal size to the {Z;} subsample

V'S as estimates for the parameters of this data se-

and consider the 7;’s and IDZ(
quence (e.g. Figure 2.2). For each j, fit a one-parameter stump model fj(d)(k:) =
Aj(l_)ll(k < d) + ﬁ](l)l(k > d) (here d is the discontinuity parameter) to the sub-
set of {Vi : 77, +1 < k < 71} given by {V;, : #F —d; < k < 7 + d;} where

dj = min{(7; —7/), (7},; —7/)}, to get an updated least squares estimate of 7; (e.g.

Figure 2.3)2.

More formally, the calibration steps are:

(ISM4-1): pick a positive integer ky less than | N/N;] 3, take a subsample {V;}
from the dataset of {Y;} which is the same size as the {Z;} subsample, by

letting V; = Y} n/n, |-k, for all 4.

Tj—Tj—1
Tj+1—Tj

2We use this subset instead of the full interval to avoid situations where — 0 or oo, which
makes matters easier for theoretical derivations.

3A good pick is ky = LLQNIJJ
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The {V;} subsample also conforms to the model given in (2.11), with change points

A

7 =max{j € N: j|N/N;|—ky < 7} and minimum spacing . := ming (7375, —7.%)

which satisfies |03 — dp+| < 1.

(ISM4-2): For each i = 1,..., J, consider the estimates 7; (obtained from the {Z;}
subsample at step (ISM3)) as estimators for 7/*. From (2.13) it is possible to

derive that

P|J=J, max |7 — 7| <w'(N*)+1, max 0 — v < py| = 1 (2.33)

where w*(N) +1 — oo and (w*(N*) +1)/63= — 0.

(ISM4-3): Foreachi = 1,...,J, define d; = min{(77,, —77), (7 —77_,)} (with 75 = 0

(2 3

and %}H = |N/|N/N1|]), and re-estimate the change points by letting

o= argmin |y (Vi— o1 <) - 513 > 1) (2.34)

K3
tt=7r|<d; Jili—7;1<d;

~

fore=1,...,J.

(ISM4-4): To translate the 77¢’s (change point estimates for the subsample for the
{V;}’s) into estimates for 7y, ..., 7; (change points for the full data set), set the

first stage change point estimators as %i(l) =77¢|N/Ny| — ky .

Remark 8. It is important to note that although the above steps are presented in the
context of using BinSeg at first stage, in practice they can be used in many other situa-
tions. As far as intelligent sampling is concerned, any other change point estimation
method which satisfies similar consistency conditions to BinSeq can be used in the
first stage. More broadly, these steps can be used outside of the intelligent sampling
framework. Given a consistent change point estimation scheme for which a method

to construct explicit confidence intervals is not known, one could split the data in two
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subsamples, the odd points (first, third, fifth, etc data points) and the even points.
The aforementioned estimation scheme could be applied to the odd points, and after-
wards steps (ISM4-1) to (ISM4-4) could be applied to the even points. A result similar
to that of Theorem I1.7, presented below, could then be used to construct confidence

ntervals.

Theorem I1.7. Suppose conditions (M1) to (M4) are satisfied, and the estimation
method used in step (ISM3) satisfies (2.13), and the pertinent py appearing in (2.13)
also satisfies Jpy — 0. For any sequence apn between 0 and 1 such that ay > CN™"

for some positive C' and n, we have

[P[jzj,]%;e—rj*ng‘Aﬂ/o (1—0‘7N) forj=1,...,J] >1—ay+o(1)

(2.35)

Proof. See Section A.2.2 of Supplement Part B. m

Remark 9. Similar to Theorem I1.3, the condition Jpy — 0 is required here. This
1s because the proofs of both results are similar in structure. For intelligent sampling
with BinSeg at stage 1, we re-iterate that Jpy — 0 is automatically satisfied, and we

additionally remark that for such a procedure the o(1) term in (2.35) is also o(ay).

The practical implication of this result for implementing intelligent sampling is
that we can obtain explicitly calculable simultaneous confidence intervals for the
change-points. The intervals [77° £ Q|a,|/o (1 — QTN)] for j = 1,---,J capture the
sparse scale change points 7;* for j = 1,---,J with probability approaching 1
if we choose some ay — 0. Converting back to the original scale, the intervals

[%j(l) +(Q; (1 —2¢) + 1)[N/N]] for j =1, ,J have the properties that they si-

multancously capture 7, --- ,7; with probability approaching 1.* The second stage

“In practice, the A;/o’s are estimated from data.
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samples are then picked as points within each of these intervals that are not divisible

by | N/Ni| (refer to steps (ISM5) and (ISMG6)).

2.4.3 Computational Considerations

The order of computational time is higher and needs more work to compute than
in the single change point case, owing to the fact that the procedure can involve a
growing number of data intervals at the second stage. For the sake of our analysis, we
make the simplifying assumption that d/N'= — C; and J(N)/N* — C, for some
A € [0, Z] and some positive constants Cy, Cy. As a reminder, for intelligent sampling
with BinSeg at stage 1, conditions (M6 (BinSeg)) and (M7 (BinSeg)) automatically

impose the condition that A <= < 1/7.

The BinSeg procedure, when applied to a data sequence of n points, takes O(
Nlog(N)) time to compute (see Fryzlewicz et al. (2014)). Since first stage of intelli-
gent sampling involves applying BinSeg to O(N7) points, it therefore takes O(N7log(N))
time to obtain the first stage estimators. After the BinSeg estimates are obtained, we
use the method described in Section 2.4.2 to upgrade them to ones whose asymptotic
distributions are known, this subsequent step only involving least squares fitting upon
O(N7) points and therefore requiring only O(N7) computational time, leaving the

total time as O(N7log(N)) up to this point.

From here on, we use Theorem II1.7 and construct confidence intervals
[f'j(l) + (Qa,/0(V1T—a)+1) LN%J} for j = 1,...,J. Lemma 8 (see Section A.3.2,
Supplement Part C) tells us that Qa, /U(m) can be bounded by a multiple
of log(j ), and therefore conditional on the value of J, the second stage of intelli-
gent sampling will involve least squares fitting on O (j Nt= log(j )> points, taking

O <j Ni= log(j )) time to compute. Although the distribution of the J obtained
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from BinSeg is not fully known, a consequence of Theorem I1.6 is that P [j = J} >
1 — CN~! for some constant C, and therefore

Nlog(N)

S = O(Jlog(N). (2.36)

E [jlog(j)] < Jlog(J) + C

This leads to the conclusion that the second stage has a computational time that is
on average O (JN'"7log(N)) = O (N'77**1og(N)), and the entire procedure takes
O (NWVI=7+ M Jog(N)) time.

Using this result we could choose an optimal v and obtain the optimal com-
putational time for each value of = € [0,1/7) and A € [0,Z]. This can be done by
setting the order of the first stage (O(N”log(NN))) to equal the order of time for the
second stage (O(N'""**1og(N))) which would be v = £2. However Condition (M7
(BinSeg)) prevents this from being done everywhere by placing the restriction that
v > 7=. Thus Y, would be the maximum of % and 7= + n (n any tiny positive

value), resulting in order N¥minV(1=YmintA) Jog( N') computational time.

e For € [0,1/14), we have 42 < 4= and hence 7,1, = 122 and the computa-

tional time is order NU1+4/2]og(N).

e For = € [1/13,1/7), we have 2 > 7=, hence Y, = 22 and the computa-

tional time is order N*=+7log(N).

e For E € [1/14,1/13), Ymin can be either 12 or 4Z + 1, whichever is greater,
and the computational time would be either N(*4/21og(N) or N™=+7log(N).

respectively.

Table 2.1:
abie Table of v,,;, and computational times for various values of =. Also shown

are their values for extreme value of A (A =0 and A = =). For £ > 1/7

no values of v will allow us to obtain consistency from Theorem I1.6
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e [0,1/14) [1/14,1/13) [1/13.1/7) |[1/7.1]

Vimin LA max {2, 7= 4+ n} 7Z+n | N/A

Order of Time| NU+8/2Jog(N)|max{NI+4/2 N=+1} . Jog(N)|N™=+7log(N)| N/A

Ymin (A = 0) 3 T2+1 T=+1 N/A
Time (A =0)| N'2log(N) NT=+110g(N) N™=+11og(N)| N/A

Time (A = Z)|N+5/2Jog(N) NI+5)/2]og(N) N™=+11og(N)| N/A

v vs = for BinSeg

10

08
\

_ 14E -
< 7= e
v — 1 - N =TE
z T =3 o v

02
\

—
o P O Acceptable
s o Optimal

T T T T T T T

010 012 014

[I] &

Figure 2.4: ] , _ )
Blue triangle encompasses all valid values of v vs Z as set by (M7 (Bin-

Seg)). Pink region, solid red lines, and dotted red lines denotes v, for
each = (Y can vary for different values of A even when Z is fixed, hence
the red region).

It can be seen that the biggest decrease in order of average computational time is
for small values of Z and A, and in fact for Z < 1/14 and A = 0 it is O(v/N log(N)),
which is marginally slower than intelligent sampling on a single change point. For
larger values of =, there is less than a square root drop in N log(N) (order of using
BinSeg on the whole data) to N7min log(N) (intelligent sampling), to the point where

as Z — 1/7, both procedures take near the same order of time.

Remark 10. Note that when implementing the intelligent sampling strateqy knowl-
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edge of = 1s desirable, but in practice, its value is unknown. If one is willing to impose
an upper bound on =, intelligent sampling can be implemented with this (conservative)

upper-bound.

Remark 11. Multistage Intelligent Sampling in the multiple change-point
problem: We can also consider intelligent sampling with multiple (> 2) stages of
estimation for model (2.11). An m-stage intelligent sampling procedure would entail:
a. Take a uniform subsample Y| n/n,|, Yo n/ni s Y3\ NNy s - - -, where Ny = KN7 for

) )

some K > 1,7 € (0,1), to obtain estimates j, %1(1 R, Ag , and confidence intervals

[7:]_(1) —w(N), %J.(l) + w(N)} ,1<j < J, for the change points.
b. On each interval [?’;1) —w(N),f'}l) —i—w(N)] for 1 < j < J perform the (m —

1) stage intelligent sampling procedure for the single change point (as described in

Remark 2).

Computationally, an m stage procedure works faster than a two stage procedure.

2.5 Sample Size Considerations from a Methodological Angle

In the asymptotic setting of Section 2.4.3, we were concerned about minimizing
the order of computational time required for locating the change points through
intelligent sampling, assuming that certain important quantities were known. The
focus in this section is on obtaining explicit expressions for the minimum sample
size that the procedure requires to correctly identify the underlying change points.
Obviously, the minimum sample size is the key driver in the computational time
formlas provided, albeit not the single one, and also addresses computer memory
usage issues. In order to develop explicit expressions for the total computational
time, one would need to know exactly how fast BinSeg runs versus data size, in terms

of its model parameters® and this is unavailable as an exact expression. Therefore,

°For example, BinSeg will generally terminate in fewer steps on a dataset with fewer change
points than on another dataset of the same length but more change points.
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we look at minimizing the subsample utilized as a proxy, with the added benefit of
deriving the least amount of data that must be held in memory at a single time.

We have already investigated the optimal order of the first stage subsample, de-
noted Ny, and demonstrated in Section 2.4.3 that in the best cases the size of both
the first and second stage subsamples scales as v N log(N). Although valid, these
previous analyses only apply to an abstract asymptotic setting. In practice, given a
data set with fixed (large) N, a different approach is needed to determine the optimal
number of points to use at each different stage.

Given the number of change points and their associated SNR’s, we show below
how to optimally allocate samples in order to minimize the total number used, for
intelligent sampling. We start with the two-stage intelligent sampling procedure and
assume that in stage 1, roughly N; points are used for BinSeg and another N; points,
for the calibration steps described in Section 2.4.2. At stage 2, we work with J
(which is & J) intervals. Using Theorem I1.7, setting the width of the second stage
intervals to be (QA (1 — %) + 1) LNﬁlJ for a small o will ensure that they cover the
true change points with high probability (close to 1 — « if not greater). Assuming
N is large enough so that the first stage is accurate (ie J = J and max; |%](1) — 75| is
small with high probability) , the number of points used in the two stages, combined,

is approximately

2 (S (@aye (1= 5) +1)) N

2N, + ¥
1

(2.37)

This presents a trade-off, e.g. if we decrease N; by a factor of 2, the second term in

(2.37) increases by a factor of 2. To use a minimal number of points in both stages,

we need to set Ny = \/N Z;.Izl (QAJ./O. (1 — %) + 1). In turn this yields a minimum

of 4\/N Z}]=1 (QAJ/U (1 — %) + 1) when plugged into (2.37). For any given values of

N, J, and SNR, this provides a lower bound on the minimum number of points that
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intelligent sampling must utilize, and Tables 2.5 and 2.6 depict some of these lower

bounds for a select number of these parameters.

Figure 2.5: ; Figure 2.6: 10
For N = 1.5 x 10, For N = 15 x 107,
the minimal percentage of the minimal percentage of
data that must be used data that must be used
for various values of J and for various values of J and
SNR, assuming all jumps SNR, assuming all jumps
have equal SNR and o = have equal SNR and o =
0.01. 0.01.

70| 60| 80 100 711 100 | 250 | 500 | 1000
Ao Ao
4.33]5.43] 6.4 | 7.3 1 Jo.23100.386{ 0.57 0.839
125 |[3.46]4.38[5.14]5.84 125 {0185 0.31 [0.456(0.669
15 |[2.92[3.67]4.33/4.84 15 [0.157/0.258(0.386(0.566
175 |[2.533.2|3.7 [1.26 175 |0.135(0.22500.327/0.484
> ||2.26/2.77]3.33)3.72 2 |lo.118] 0.2 |0.292/0.426
225 [1.962.53(2.92(3.43 2.25 |0.108/0.179(0.263(0.386
25 ||L85/2.26/2.61 3.1 25 ||0.098/0.163/0.231(0.343
275 |L73)2.122.442.73 275 10.086/0.146(0.219] 0.31
3 1.6 1.96[2.262.53 3 0.08 |0.137)0.207/0.292

Note that while the fraction of points used for the larger N above is smaller,
in absolute terms, this still translates to very large subsamples: even just 0.57% of
1.5 x 10'° (for SNR 1 and J = 500 on Table 2.6) is a very large dataset of 8.6 x 107,
which almost requires server type computer capabilities. The situation becomes more
tenuous for larger values of N. This suggests that a larger number of stages is in

order for sample sizes of N exceeding 101°.

For a three-stage implementation, suppose ~ N; points are utilized at stage 1, letting
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us form simultaneous confidence intervals that are (approximately) of the form
J J
o F (e (-5) ) :
7 A, /o +1 7+ Z Qa;/0 +1 (2.38)
[ S J M j=1 M

for j=1,...,J (2.39)

(assuming J = J for simplification). At stage 2, suppose at the j’th confidence in-

terval we subsample roughly N2(j ) points, giving us a subsample which skips approxi-

mately every 2Qa; /o (1 — %) # points. Hence, at stage 3 we work with confidence
14Vg

intervals that are (approximately) of the form

B (00 (1-5) 1) (20800 (1-5) 1) 25)] em

for y =1,...,J. In total all three stages use around a total of

J J 2
; 4N Q jlo 1 -9 + 1

Jj=1 Jj=1

points. This expression is minimized by setting

2/3
— N/ (i (Qaye (1-5) + 1)) and

k=1
Qa0 (1— g) +1
(S @ule )

N = aN1/3 (2.42)

2/3

forj =1,...,.J, which in turn gives a minimum of 6 N/ <Z‘1] (QAj/o (1 — %) + 1))

for (2.41). A similar analysis on a four-stage procedure would have the optimal sub-
3/4 , ,
sample allocation as N, = N4 <Z;€]:1 (Qa,/0 (1—9) + 1)) and Ny = NY) =
~1/4
2(Qa, 0 (1—2) 1) NVA (Z,{Zl (Qula, J) + 1)) for j = 1,...,J, which yields

3/4
a total of SN1/4 (Zi:l (Qa,0 (1—9) + 1)) points utilized.
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Figure 2.7: 10 Figure 2.8: o
For N = 1.5 x 107, For N = 15 x 10*°,
minimal percentage of the minimal percentage of the
data that must be used for data that must be used
a three stage procedure, for a four stage procedure,
assuming all jumps have assuming all jumps have
equal SNR and o = 0.01. equal SNR and o = 0.01.

T\ 100 | 250 | 500 | 1000 T 250 | 500 | 1000 | 2000
Ala Ao

0.03]0.061/0.101/0.168 1 |8.30-04]1.5¢-03[2.6¢-03[4.6-03

125 {0.023]0.045/0.075(0.127 125 |/6.0e-04/1.1e-03{1.9¢-03[3.3¢-03
15 {0.018[0.036] 0.06 [0.099 15 |4.66-048.2¢-04[1.4e-03[2.5¢-03
175 {0.015(0.020/0.049|0.082 175 |[3.66-04/6.6e-041.1e-03[2.06-03
0.012[0.025/0.041|0.068 2 |13.1e-04[5.50-04{9.6¢-04[1.7¢-03

295 ||0.011/0.022/0.036| 0.06 225 |[2.50-04/4.5¢-04/8.0¢-04[1.4¢-03
5 |0.009]0.018/0.031]0.052 2.5 ||2.26-044.0e-04/6.8¢-04[1.2¢-03
2.75 0.009]0.017]0.027|0.046 2.75 1.9e-04|3.5e-04|5.9e-04(1.1e-03
3 {10.008]0.016]0.025/0.043 3 |[1.8-0413.00-045.50-04]9.2¢-04

Comparing‘ Figures 2.6 and 2.7, we focus on the case of 1000 change points with SNR
1.5: using three stages allows us to decrease the minimal required points by a factor of
around five. The ease on computations is greater when looking at the largest amount
of data the computer must handle at a time:! this is N; ~ 2.1 x 107 for two stages
and N; ~ 2.5 x 10° for three stages, a decrease by a factor of 9. Meanwhile for a
dataset of size 1.5 trillion, using four stages allows us to work with subsamples of size
at most N; ~ 4.7 x 10° for the more demanding scenario of SNR 1.5 and 2000 change
points, a very manageable dataset for most computers.

We note here that these optimal allocations are valid assuming that BinSeg is
able to pin down J and the change points with the initial subsample. In general, this
will be the case provided the SNR is reasonable, and the initial subsample is large

enough so that the change-points are adequately spaced apart. For example, in the

'For intelligent sampling the largest data subset the computer has to work with and hold in
memory at any moment, under these optimal allocations and when all change points have equal
SNR, is the roughly N; sized data set used at the initial step for BinSeg. All subsequent steps can
work with sub-intervals of data less than V7 in size.
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context of the above tables, one can ask whether BinSeg will accurately estimate the
parameters on a 2.4 million length dataset with 1000 evenly spaced change points,
or 2000 change points on a 4.7 million length data with 2000 evenly spaced change
points, under a constant SNR of 1.5 (which is of modest intensity). To this end, we
ran a set of simulations and concluded that if there are over 1000 data points between
consecutive change points of SNR 1.5, based on these two settings and for appropriate
tuning parameters, BinSeg’s estimators satisfy J = J and max |7; — 7| < 150 with
probability over 99%.

Observe also that the formulas provided depend on the values of the SNRs at the
change points and the actual number of change points (.J). In practice, neither will be
known, and the the practitioner will not be able to determine the derived allocations
exactly. In such situations, conservative lower bounds on the SNRs and a conservative
higher bound on J, can yield valid (but conservative) sampling allocations when
plugged in to the expressions derived through this section. Such bounds can be
obtained if background information about the problem and the data are available, or
via rough pilot estimates on an appropriately sparse subsample.

It is also worth pointing out that the intelligent sampling procedure is readily
adaptable to a distributed computing environment, which can come into play, es-
pecially with data sets of length exceeding 10'? that are stored sequentially across
several storage disks. In such cases, the two sparse subsamples at the first stage, which
are of much smaller order, can be transferred over to a central server (a much easier
exercise than transferring all the data on to one server), where the first is analyzed
via binary segmentation to determine the initial change-points, and the other used for
the re-estimation procedure and associated confidence intervals as described in Sec-
tion 2.4.2. As the number of disks on which the data are stored is of a much smaller
order than the length of the data, each re-estimated change-point and its associated

confidence interval will typically belong to a stretch of data completely contained
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within one storage disk, and the subsequent resampling and estimation steps can be
performed on the local processor, after the information on the confidence interval has
been transferred back from the central server. An occasional communication between

two machines may be necessary.

2.6 Dependent Errors

The proposed intelligent sampling procedure for multiple change point problems
has so far been presented in the setting of i.i.d. data for a signal-plus-noise model.
However, many data sequences (such as time series) usually exhibit temporal corre-
lation. Hence, it is of interest to examine the properties of the procedure under a
non-i.i.d. data generating mechanism.

While we believe that results akin to Theorem 3 (growing number of change-
points in the i.i.d. error regime) should go through under various forms of dependence
among errors, a theoretical treatment of this would require a full investigation of the
tail properties of random walks under dependent increments and is outside the scope
of this paper. An asymptotic distributional result, analogous to Theorem 5, under
finitely many change points in the dependent regime is also expected to hold.

We present below a proposition for the finite J case under a set of high-level
assumptions.

Suppose that the data sequence is in the form (2.11) and satisfies conditions (M1)
to (M3) and (M5). Upon the error terms, we impose the assumption that they have
an autocorrelation structure which dies out at a polynomial rate or faster, and locally
around the change points assume that the joint distributions of the errors are fixed

[i.e. invariant to NJ:

(M4-alt1): &;’s are each marginally N (0, ¢7), and there exist positive constants opmae,

B and «, independent of N, such that ¢; < 0,4, and cor(ej, ;44) < Bk~ for
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any 7 and j + k from 1 to N.

(M4-alt2): there exists a sequence w.(N) — oo and Gaussian sequences {¢; ; }iez
(not required to be stationary) for j = 1,...,J, such that forall j = 1,...,J and
all sufficiently large N, {&7, —w.(n); - - -, €rj+w. () } has the same joint distribution

as {€_w.(N)jr - - - » €we(N)j }-

On a set of data where (M4-altl) and (M4-alt2) hold (along with assumptions
(M1) to (M3), and (M5)), we want steps (ISM1) and (ISM4) to go through with

some procedure that ensures

for some sequence w(N) — oo and w(N) = o(dy).
Next, we desire for the final estimators 7 to be O,(1) consistent and have the

property that for each e > 0 there exists a constant C' such that

>

@ _

SC] >1—ce. (2.44)

for all sufficiently large N.

Proposition 3. Suppose conditions (M1) to (M3), (M4-alt1), (M4-alt2), and (M5)
are satisfied. Next, suppose the first stage estimators satisfy (2.43) and the second
stage estimators, constructed as in the i.i.d. setting but with a minor modification?

satisfy (2.44). Define the random walks

.

Aj(617j+"'+€i7j>—iAJ2/2, 1> 0

Zij =40, i=0 (2.45)

Aj(EH_l’j—f—"'—f-EO’j)—Z'A?/2, 7 <O,
\

2See the remark right after the proposition.
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with the €; ;s from condition (M4-alt2), forj =1,2,...,J, and denote f/j (= argmin 7, ;.
i€Z
Then |%J(2) —1|’s for j = 1,...,J jointly converge to the distribution of (Ly, ..., L;):
for any integers ki, -, ky,
J

PlJ=J p® -7 =k for1<j < J} = [[PIL; = k) (2.46)

j=1

Remark 12. As in the i.i.d. case, the intervals [%](1) - Kw(N),%;l) + Kw(N)] for
j=1,...,J [obtained at step (ISM5)] would each contain only one change point with
probability approaching one. We are therefore still justified in fitting stump models
on each interval, although with a slight modification. Unlike the i.i.d. error terms
scenario, the joint distribution of the error terms at the second stage does change when
we condition on the estimators %](1)

at the second stage. We thus make the following modification to (ISM5) in 2.58.1 (and

s, regardless if we leave out the {Z;} subsample

assume this altered procedure is used from here on in this section):

(ISM5-alt): take S® (f'i(l)) as all integers in [%(1) - Kw(N),f’i(l) + Kw(N)] without

%

any points omitted.
Step (ISM-6) then proceeds as before.

Remark 13. We note that the asymptotic distribution given above and in Theorem
I1.5 have the same form, since as before, conditional on (2.43) being true, intelligent
sampling simplifies the problem into multiple single change point problems. Using
Proposition 3 to construct confidence intervals in a practical setting requires an idea
of the joint distribution of the {€;;}’s. In practice, one would have to impose some
structural conditions, e.g. assuming an ARMA or ARIMA structure on long stretches

of the errors to the left and right of the change points.

Remark 14. The hard work lies in the verification of the high-level conditions (2.43)

and (2.44) in different dependent error settings, and as mentioned previously, is not
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dealt with in this paper but should constitute interesting agenda for follow-up research
on this problem. We will, however, use Proposition 3 in our simulation and data
analysis sections to construct confidence intervals for various dependent error scenar-

108.

2.7 Performance Evaluation of Intelligent Sampling Simula-

tion Results

We next illustrate, through a set of simulation studies, the theoretical properties
of the intelligent sampling procedure: the rate of convergence and the lower than
O(N log(N)) computational running time, along with the validity of the asymptotic
distribution. All simulations in this section were performed on a server with 24 Intel

Xeon ES-2620 2.00 GHz CPUs, with a total RAM of 64 GB.

Implementation of Intelligent Sampling via BinSeg: There are numerous pa-
rameters associated with the multiple change point problem. Of importance are not
only just the minimal separation dy, minimum jump size A, and the number of
change points J, which are the main parameters that appear in the theory, but also
how the change points are distributed across the data sequence (which can vary wildly
if (J 4 1)0y < N), the actual values of the jumps v;1; — v, for i =0, ..., J, and the
first-stage subsample size Ni. All of these can affect the accuracy of the procedure,
particularly in the first stage rather than the zoom in estimation at the second stage

(which is usually accurate if the first stage was accurate to begin with).
In addition to the re-estimation procedure described in Section 2.4.2 , we also

included some ad-hoc methods to practically improve the accuracy of binary seg-

mentation for the sparse subsample. For the initial subsample Z;, Zs, ... with binseg
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A~

,T5 as was described in step (ISM2), consider the two drop steps: fix

estimates 77, ...

positive constants ép and Ap, and,

(D1): if for some 1 < i < J we have |7 — 7+ ,| < 6p, then remove 77 from the

list of estimates;

(D2): continuing to denote the remaining estimates as 77, ..., 73 for convenience,
let each o7 be the mean of the Z;’s from 7) + 1 to 77, ; if for some i we have
7%

77

¥ — ﬁ;"_l‘ < Ap then drop 77 from the list of estimates.

The intuition behind the first step is to set dp as a reasonably small integer, then for
any dataset where dy is large, no two change points should be dp apart. Similarly,
when Ap is set to be a number lower than A (or some estimate thereof), step (D2)
drops any estimate which does not exhibit a large enough signal change before and
after. These two steps, when executed after binary segmentation and after the refit-
ting method described from Section 2.4.2, ensure that the first stage estimates are
more robust to overestimating J.

To illustrate the rate of convergence, intelligent sampling was applied to a data
sequence of length N varying from 10° to 107, evenly on the log scale, with the
number of change points being J = log;o(~N)?. The change point location and the

signal levels were randomly generated:

e The spacings (71,7 — 71,73 — Ta, ..., N — 7;) were generated as the sum of the
constant % and the Multinom (N — (J;_r ;}N, (Poy -y P J)) distribution

— (po, .., ps) is generated as the consecutive differences of the order statistics

of J 4+ 1 Unif(0,1) random variables

e The signals were generated as a Markov chain with 14 initialized as 0, and
iteratively, given v;, v;4; is generated from a density proportional to f(z) =
exp(—03(x —v;, — A1+ A <x < M)4exp(0.3(x+v;, —A) (v, —A>x >

—M), where M was taken to be 10 and A was taken to be 1.
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For each of 10 values of N, 50 configurations of change points and signals were
generated, and on each of those configurations 40 datasets with iid N(0,1) error
terms simulated, and intelligent sampling was performed on each simulated dataset
with binary segmentation taken at stage 1 on a subsample of size roughly N; =
50v/N and thresholding parameter (y = NP2 a valid choice according to Theorem
I1.6. Additionally the drop steps (D1) and (D2) were applied right after binary
segmentation (with ép = 15 and Ap = 0.5), the re-estimation procedures (ISM4-1)
to (ISM4-3) were run, and the drop steps (D1) and (D2) were applied again. With
this setup, the stage 1 binary segmentation was accurate in determining the correct

value of J over 99% of times for all N. In the second stage we let the width of

. S(1)_5(1)
the sampling interval around 7A'j(1) be the @ A, ( — 0'—})1) where A; = 4 &Vj’l, for
j=1,...,J. After the second stage of intelligent sampling, the maximum deviations

jirll’a'i).i]’)\Q(Tj, %;2))] were recorded. The running time of intelligent sampling was also
recorded, and we compared it to the running time of binary segmentation on the
full data (only the BinSeg procedure itself, without steps (D1) and (D2)). For the
latter, we ran 100 iterations for each N, 2 runs per configuration of parameters.
The results are depicted in Figure 2.9 and are in accordance with the theoretical
investigations: the quantiles of max ]7“'3-(2) — 74| scale sub-linearly with log(.J) (which
is ~ log(log(N)) in this setup where J ~ log®(N)) as predicted in Theorem II.4, and
the computational time of intelligent sampling scales in the order of /N compared
to the order N computational time of using BinSeg on the entire dataset.

A second set of simulation experiments was used to illustrate the asymptotic
distribution of the change point deviations. We considered four scenarios, each with

N = 107 and 55 change points, which was the maximum number of change points

used in the last simulation setting.

(Setup 1): one set of signal and change point locations generated as in the previous

set of simulations, with i.i.d. N(0,1) error terms
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(Setup 2): change points evenly spaced apart with signals 0,1,0,1,.., repeating, and

i.i.d. N(0,1) error terms

(Setup 3): change points evenly spaced part with 0,1,0,1,... repeating signals, and

e;+0.5e7, ,+0.25¢7 .
ooz foralli = 1,.., N, where the

error terms generated as e; =

e}’s are generated as i.i.d. N(0,1);

(Setup 4): change points evenly spaced with signals 0,1,0,1,..., and error terms gen-

erated from an AR(1) series with parameter 0.2, and each marginally N(0,1).

For all 4 cases the first stage of intelligent sampling was performed identically as
for the previous set of simulations, and with the same tuning parameters. At the
second stage, first stage subsample points were omitted for data with setups 1 and
2, but not for setups 3 and 4. At stage 2, the subsampling intervals had widths
that equal the 1 — % quantile of the L-type distributions. From 2500 iterations
on each of the 4 simulation setups, the distributions of the maximum deviations
(maximum of |[A(7y, %}2))| for the first two setups and ]72;2) — 7| for the other two
setups) are seen to match well with their predicted asymptotic distributions. To
illustrate the convergence of the individual change point estimates, we also show that
the distribution of the 27th change point matches with the L-type distributions seen

in Proposition 3.
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Figure 2.9: . .. C .
Left: Quantiles of the max deviations versus log(log(/N)), which is the

same order as log(.JJ). Over the observed regime of parameters, the max-
imal deviation scales with J, as was predicted by Theorem I1.4. Right:
Log-log plot of mean computational time when using intelligent sampling
to obtain the final change-point estimates at stage two, and using BinSeg
on the full data to construct change-point estimates, with reference lines
of slope 1 (black) and 0.5 (red) respectively. To give some sense of the
actual values, for N = 1075 the average time for intelligent sampling vs

full data were, respectively, 0.644 and 31.805 seconds.
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The distribution of the deviations for setup 1 is the least spread out, with the pri-
mary reason that the jump between signals is randomly generated but lower bounded
by 1 while the other 3 setups have signal jumps all fixed at 1. Setups 3 and 4 have
the most spread out distributions, as the dependence among the error terms causes
the estimation to be less accurate but only up to a constant and not an order of
magnitude. Nevertheless, in all 4 setups, the change point estimates behave very

closely to what was predicted in Theorems I1.3 and I1.5 (for the first two scenarios)
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and Proposition 3 (for the third and fourth scenarios).

Implementation in a heteroscedastic error model: We further explored the
validity of Proposition 3 by looking at a case with heteroscedatic errors. We again
generated a data sequence of length N = 107 with 55 evenly spaced changed points
and signals of 0,1,0,1,0,1,...,1. Instead of generating error terms from a stationary
series, we, instead, generated them as independent segments of Gaussian processes as

follows. For j =1,2,3,...,

. + . .o
1. from 745 to “HEZTE the errors are iid N (0, 1);

€f40.5ef, ;+0.25¢*
L = 2 where the €]’s

Taj+2+Taj41 to
2 V1240.5240.252

74”3'574”2 the errors are ¢; =

2. from
are iid N(0,1) (and will be treated as a generic iid N(0, 1) sequence from here
on;)

* * * *
gitel el ote g,

Nz )

3. from w to T4;43, error terms are g; = 0.5 -

* *
giteita,

4. from 7443 to 7444 the error terms are ; = 0.7 - N

and the error terms generated in each stretch are independent of those in any other
stretch. This creates a situation where around 74511 the error terms are iid N (0, 1),
around 74549 the error terms are stationary, and around 74,3 and 74514 the error terms
are stationary to the left and to the right, but their autocorrelation and marginal
variances change at the change points. With the same intelligent sampling procedure
as setups 3 and 4, and the same tuning parameters, we ran 2000 replicates of this

)

setup and recorded the %;2 — 75 values for j =1,...,55.
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Results from the simulation are very consistent with Proposition 3. Even for change
points which have different distributions of error terms to the left and right, the

deviations match up very closely with the stated asymptotic distributions.

2.8 Real Data Application

The effectiveness of the proposed intelligent sampling procedure is illustrated on

an Internet traffic data set, obtained from the public CAIDA repository
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3 that contains traffic traces from an OC48 (2.5 Gbits/sec) capacity link. The trace
under consideration contains traffic for a two hour period from large west coast In-
ternet service provider back in 2002. The original trace contains all packets that
went through the link in an approximately 2 hour interval, but after some aggrega-
tion into bins of lengh 300 microseconds, the resulting data sequence comprises of
N = 1.5 x 107 observations. After applying a square-root transformation, a snapshot
from this sequence is depicted in Figure 2.15 and some of its statistical characteristics

in Figure 2.16, respectively.

sqrt megabytes

Time

Figure 2.15: First 5000 time points of the data after a square root transformation.

3http://data.caida.org/datasets/passive/passive-ocd8,/20020814-160000.UTC/pcap/
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Fi 2.16:
1BHe QQ plot and estimated ACF of first 5000 points of data set, after square

root transformation, note the normality of the data after a square root

transformation.

It can be seen that the data are close to marginally normally distributed, while
their autocorrelation decays rapidly and essentially disappears after a lag of 10. Sim-
ilar exploratory analyses performed for multiple stretches of the data leads to similar
conclusions. Hence, for the remainder of the analysis, we work with the square-root
transformed data and model them as a short range dependent sequence.

To illustrate the methodology, we used an emulation setting, where we injected
various mean shifts to the mean level of the data of random durations, as described
next. This allows us to test the proposed intelligent sampling procedure, while at the
same time retaining all features in the original data.

In our emulation experiments, we posit that there are two types of disruptions,
short term spikes that may be the result of specific events (release of a software
upgrade, a new product or a highly anticipated broadcast) and longer duration dis-
ruptions that may be the result of malicious activity Carl et al. (2006); Kallitsis et al.
(2016). To emulate these scenarios, at random intervals [V;, W;] we increased the
signal in the data sequence by a randomly generated constant A;, changing the data

as Y; < Y + A - 1y, wy (), as follows:
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(sig-1): A set of 31 stretches (Vi,;,Wi,) for i = 1,...,31 were created by first
generating (Wi 1, Wio—Wi 1, Wi s—=Wia, ..., Wi30—Wia9, N—W 50) from the
1.5x 105+Multinom(N —31x 1.5x 10°, (po, . . . , p3o)) distribution, conditional on
(po, - - -, P120) Which is generated as the order statistics of Unif(0, 1). Then each
Vi, are taken by generating each Wi ; — Vi, as 75000+Binom(W;,; — Wy, —
75000, 0.5), and the increase in signals Ay ;’s are generated from a Unif(1.36, 25)

where ¢ is the standard deviation of the data.

(sig-2): Stretches (Va;, Wa,) for i = 1,...,201 were independently generated
by setting (W1, Wao — Way, ..., N — Waag) from the 50050+Multinom(N —
20150050, (po, - - - , p201)) conditioned on (py, . . ., p12o) which is generated as the
order statistics of Unif(0,1). Each W,,; — V5, is generated as 50+Binom(Ws,; —
Wa,i—1 — 50000, 0.0001), and the increases in signals as Ay ; ~Unif(104, 155)

This scheme randomly places a fixed number of stretches of traffic increases (a com-
bined value of 232 in fact), without placing the stretches too close together. Stretches
from (sig-1) emulate longer, milder increases of a bump in the data sequence, as each
Wi — Vi; > 75,000, while stretches from (sig-2) emulate short but more dramatic
increases, as each W; — V; is guaranteed to be higher than 50 but not likely to be
much higher. Both types of traffic increases can occur when looking for increase in
user traffic or attacks by third parties. A depiction of a segment of the data with the
emulated signal is given in Figure 2.17.

As mentioned in the introduction, the main objective of the proposed methodology
is to identify long duration, persistent shifts in the data sequence using a limited
number data points; in the emulation scenario used, this corresponds to change points
induced by sig-1, while we remain indifferent to those induced by sig-2.*

The two-stage intelligent sampling procedure was implemented as follows: (i) the

4We note that the theoretical development does not include spiky signals. Nonetheless, we
included spiky signals in our emulation to mimic the pattern of internet traffic data. As will be seen
later, our method is quite robust to the presence of this added feature.
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Figure 2.17: _ :
Example of emulated data. The intervals [V;;, Wi ;] emulate persistent

stretches of mild increase in traffic, while the intervals [V4;, W5 ;] emulate
very short stretches of high traffic increase.
first stage subsample comprised observations 100 time points apart in the original
data sequence. BinSeg with thresholding parameter (y, = N{? = 150, 000°2 was em-
ployed, followed by steps (D1) and (D2) from Section 2.7 with dp = 15 and Ap = 0.5,
and calibration from Section 2.4.2 applied with a different subsample, and again an
application of steps (D1) and (D2). (ii) For each j, the second stage interval sur-

- PCORIPYEY
rounding %;1) was chosen to have half width @) A, (1 — %) where A; = L—21=.

A stump model was then fitted to the data in each second stage interval to obtain

the final estimates of the change-points and the final (2nd stage) Cls were constructed.

To assess the accuracy, we calculated the coverage proportion of the 90%, 95%,
and 98% level confidence intervals over different emulation settings. To construct
these confidence intervals we had to randomly generate data sequences with identical
distribution structure as the data (which would give us a random sample of L-type
distributions and their quantiles). We generated these sequences as marginally nor-
mal random variables, with marginal standard deviation the same as the sample sd of

the first 50,000 points of the 1.5 x 107 length data. Finally, the ACF of the generated
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series was matched with the sample ACF of the first 50,000 points up to a lag of
20: we first generated vectors of iid normal variables, then multiplied them with the
Cholesky square root of the band matrix created with the sample ACF (bandwidth
of this matrix is 20, and non-zero entries taken from the first 20 values of the sample
ACF).

Intelligent sampling exhibits satisfactory performance: among all 61 change points
corresponding to sig-1, the lowest coverage probability for the 90%, 95%, and 98%
nominal confidence intervals were 0.892, 0.926, and 0.954 respectively, while average
coverage probabilities were around 0.906, 0.945, and 0.969, respectively. On the
other hand, for change points induced by sig-2, the average coverage probability was
lower than 0.002 even for the 98th confidence interval. However, since the focus of
intelligent sampling is on long duration persistent signals, missing the spiky signals
is of no great consequence. In terms of computational burden, the average emulation
setting utilized 3.46% of the full dataset, requiring an average time of 1.43 seconds
to perform the estimation. We note that Table 2.5 corresponds to the length of
this dataset in Section 2.8. As we are concerned with SNR between 1.3 and 2, the
percentage of data used in our emulation experiment is quite consistent with the

numbers presented in that table.
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Figure 2.18:
& Coverage proportions, the proportion of time when the change point was

covered by some confidence interval, for the 90% level (green bars), 95%
level (blue bars), and 98% level (red bars) within the 500 iterations, for
a select number of 20 change points (change point # 2 is always the
second one in order, # 3 is the third in order, etc). Horizontal reference

lines are at 0.9 (green), 0.95 (blue), and 0.98 (red).

2.9 Concluding Remarks and Discussion

This chapter introduced sampling methodology that reduces significantly the com-
putational requirements in multi-change point problems, while not compromising on
the statistical accuracy of the resulting estimates. It leverages the locality princi-
ple, which is obviously at work in the context of the classical signal-plus-noise model
employed throughout this study. A natural extension, further enhancing the scope
of the methodology, would deal with a piece-wise linear signal plus noise model with
discontinuities between the linear stretches. We expect that the locality principle nat-
urally extends to such a setting, based on prior work together with numerical results

in a related problem Lan et al. (2009) in a design setting provides. Extensions to
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problems involving multiple (potentially high-dimensional) data sequence produced
by cyber-physical systems equipped with a multitude of sensors monitoring physical
or man-made phenomena are of obvious interest.

The focus in this chapter has primarily been on a two-stage procedure, which is
easiest to implement in practice and suitable for many applications. Nevertheless, as
illustrated in Section 2.5, in specific settings involving data sets of length exceeding
1019 points, a multi-stage procedure may be advantageous,

A key technical requirement for intelligent sampling is that the procedure used
to obtain the 1st stage estimates needs to exhibit consistency properties, e.g. (2.14).
The choice of binary segmentation in our exposition, or its wild binary segmentation
variant (which modifies BinSeg by computing the cusum statistics on an additional
number of random intervals) presented in detail in Section A.4 of the supplementary
material, is due to their computational attractiveness and the fact that they read-
ily provide consistent estimates of the number of change points and their locations.
Nevertheless, there are other methods that fit the bill, as discussed next.

Two popular methods used for models defined as in (2.11) are the estimation of
multiple structural breakpoints introduced in Bai and Perron (1998) and PELT as
described in Killick et al. (2012). The method described in Bai and Perron (1998)
does give consistent estimates, but only under the much stricter condition that J is
a constant and there exists values fi, ..., 3y € (0,1) such that 7; = [5;N] for all j =
1,...,Jand N. Further, to run the actual procedure would require the use of dynamic
programming which is computationally expensive (O(N?) time). With the PELT
procedure, the implementation itself runs in a more manageable O(N) time; however,
this works under the very different Bayesian setting where the spacings 7, — 7; are
iid generated from some distribution. Further, PELT was built upon a procedure
described in Yao (1984), which examines another Bayesian model where every point

{1,..., N} has a probability p of being a change point, and the development did not
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go into details regarding rates of convergence of the change point estimates. Due to
the theoretical and computational restrictions of the multiple structural breakpoints
method and the differing framework under which PELT works, we focused our analysis
on binary segmentation.

We also mention the SMUCE procedure, introduced in Frick et al. (2014), where
lower probability bounds for the events P[.J # J] and P[j max :Hlunj|ﬁ — 7| < enl,
for any sequence cy, were derived. These results can be combinéci to yield P[j =
J; ; in??fj]%j — 7;| < en] — 1 under certain restrictions and for some sequences cy
that are o(dy), and therefore could be used in the first stage of intelligent sampling.
SMUCE has the flexibility of working for a broader class of error terms ® but as was
stated in Frick et al. (2014), the procedure involves dynamic programming which runs
in O(N?) time. This last point is less of an issue for a modified version of SMUCE
designed for iid Gaussian errors with heterogeneous variances. H-SMUCE, in Pein
et al. (2016), could run the procedure in as low as O(N) time in some cases. Overall,
SMUCE could be used as the first part of intelligent sampling, and the regimes of
Oy and restrictions on the subsample size N; needed for intelligent sampling to be
consistent could be fleshed out in a similar manner as in this paper. However, as
BinSeg and WBinSeg are somewhat easier to implement computationally, we chose
to perform our analysis with them instead.

While we work with i.i.d. Gaussian error terms in this paper, our simulation
results indicate that for non-Gaussian i.i.d. errors or dependent error terms (with
or without Gaussian distributions), the deviation of our estimator behaves like the
L-type distributions. This suggests that our results could be extended to broader
classes of error terms, and future work can consider models incorporating errors with

dependence structures and/or with non-Gaussian distributions. Extending Theorem

I1.3 to these settings would require an in-depth investigation into probability bounds

®Some results apply when the errors are iid from a general exponential family.

61



on the argmin of a drifted random walk with non-i.i.d and/or non-Gaussian random
components dealt with in Section A.3 of the Supplement. We speculate that this
work would be more amenable to rigorous analysis when the tail probabilities of the
error terms decay exponentially (similar to Gaussian distributions) and when the
dependence is local , e.g. m-dependence, where each error terms is only correlated
with its m neighbors to the left and the right.

In conclusion, any procedure used at stage 1 of intelligent sampling puts restric-
tions on the model specifications, as consistent second stage estimators cannot be
obtained if the first stage procedure is not consistent. Established results for Bin-
Seg, as in Venkatraman (1992) and Fryzlewicz et al. (2014), consider only the i.i.d
Gaussian framework. Extending the BinSeg based approach to a more flexible class
of error terms therefore requires theoretical exploration of BinSeg’s properties be-
yond Gaussian errors, or using alternative methods at stage 1 which do not need the

Gaussian error framework, e.g. Bai and Perron (1998) and Frick et al. (2014).
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CHAPTER III

Change Planes in Growing Dimensions

3.1 Introduction

The simple regression model typically assumes a single uniform relationship be-
tween the covariate and the response, in the form of a single 3 parameter that relates
X and Y. In practice, there does not have to be a single underlying relationship
between every covariate and response pair; for instance, there could be several sub-
populations, each with a different 8; parameter. To account for heterogeneity among
the covariate response-relationship, some common techniques include mixed linear
models and fitting different models among each sub-population, which correspond to

a supervised classification setting where the true groups are known.

A different challenge is faced when the true subgroups among covariates are not
known, and thus regression must occur after or concurrently with classification. To
study this problem, it is typical to consider the case where the covariates fall into
two unknown subgroups which can be delineated, or notation-wise, E[Y;|X;] could be
one of two linear functions depending on whether X; falls within subgroup 1 or 2.
Earlier treatments of this problem, such as Hansen (2000), study a linear threshold-
ing model where membership between the two subgroups is determined by whether

a real-valued observed variable () falls within either side of an unknown parameter
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v. More recently there has been focus on an SVM-type model where the membership
is determined by which side X falls with respect to an unknown hyperplane 6y; for
a more explicit example, Wei and Kosorok (2014) extended the linear thresholding
model found in KANG et al. (2007) to propose the model

Y = - Ixrgy>0 + p2 - 1xrg<0 + €. (3.1)

This model and others with a similar structure, called the change plane model, has
seen a variety of applications, utilized to model treatment effect heterogeneity in drug
treatment (Imai et al. (2013)), model sociological data on voting and employment
(Imai et al. (2013)), and to model cross country growth regressions in econometrics

(Seo and Linton (2007)).

In terms of academic study this model has also seen a number of extensions and
developments. Some of these studies have paralleled the development of the one di-
mensional change point problem. Namely, Fan et al. (2017) studied the change plane
in a statistical test setting, with the null being no hyperplane thresholding and the
alternative being that there is, by proposing a test statistic, studying its asymptotic
distribution, and giving sample size recommendations. At around a similar time,
Li et al. (2018) extended the single hyperplane thresholding problem to a multiple
thresholding problem by considering a model with parallel change planes. To extend
the change plane model in such ways is intuitive, as one can see it as discontinuity

estimation in higher dimensions. However, not all work has continued in this vein.
As a non-standard thresholding problem in multiple dimensions, the change plane

problem is a mathematical curiosity on top of its practical applications. At the same

time, it is at its heart a classification and regression problem. Both of these subjects
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have seen a plethora of modern work in the growing /high dimensional framework (see
Tibshirani (1996) and Fan and Fan (2008) for examples). Even in the specific case
of regression with multiple subpopulations, the high dimensional direction has been
recently explored in the supervised case (see Dondelinger et al. (2016) for details).
Meanwhile, the growing and high dimensional scenario for the change plane model
is still unexplored, despite motivations including the aforementioned extensions in
similar fields, practical relevance, and the theoretical attractiveness of being a non-

standard problem in high dimensions.

Finally, a third avenue of work has been focused on the methodological imple-
mentation. As a model with discontinuous features, the optimization problems in-
volved are usually not differentiable and therefore cannot be directly dealt with using
standard methods. To estimate the multi-dimensional change plane parameter would
require different strategies. Consequently, both Li et al. (2018) and Seo and Linton
(2007) have proposed optimizing smoothed proxy expressions in place of the discon-

tinuous true expressions, as well as deriving rates for these proxy estimators.

In this chapter we will delve into the analysis of the change plane problem for
growing dimensions. We will first focus on a canonical problem very similar to (3.1),
with one main difference being the response is distributed as a Bernoulli random
variable conditional on the covariate. As change plane in growing dimensions is an
unexplored area, our main focus will to establish basic asymptotic results. First,
consistency and rates of convergence will be established for this model on a low but
growing dimensional scenario. Later, results will be covered for the high dimensional
case, with the estimator chosen after an ¢y penalization. Afterwards, extensions in

the continuous response model will also be covered.
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3.2 Binary Response Model

A basic change plane model would involve a covariate and response (X and Y
respectively) where the mean of the response, differs on either side of an unknown

hyperplane. In mathematical notation, consider the case where
E[Y|X]=ag-1(XT0, <0)+ By - 1(XT0 > 0) (3.2)

for some parameters ay € R, 3y € S (with S91 = {z € R? : ||z = 1} being
the unit sphere in d dimensions), and 6, € RY, the latter being of primary interest
for estimation. Due to our interest in analysis for growing dimensions, the dimension
of the covariates d = d,, can increase without bound. As a starting model, we will
consider the case where Y is a binary response variable taking on values of either 0
or 1 (i.e. Y is Bernoulli with parameter ag or fy conditional on X), and hence we

place the restriction 0 < ag < By < 1.

3.3 Least Squares Estimator

As a starting point for analysis on the asymptotic behavior of the problem, we
first consider estimating for (ag, (o, 0o) using the often well-behaved least squares

estimator:

(669, 360 460y .= arg minP,, [(Y —a-1(XT9<0)—B-1(X70 > 0))2] . (3.3)
0<a<p<Ll
fesd—1

As well shall see, these estimators are not only consistent, but also converge at a min-
max rate modulo a log factor. To derive these results, we first consider the following
assumptions

Assumption A1l: There exist positive constants ¢~ and a* such that for every
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Cl_||91 — 92“2 <P (XT91 <0< XTQQ) < a+|]91 — 02”2 (34)

for every 6;,0, € S

Remark 15. Note that Assumption A1 implies that for everyn, P (XT91 >0, X760, > 0) >

0 whenever 01 # 0. This can be seen by plugging (—0s) for Oy in (3.4).

Assumption A2: d =d, = o(n)

Assumptions A1l pertains to the distribution of covariate X, and without it one
may construct counterexamples where the estimates exhibit undesirable behavior.
For instance, consider the case where there exists open sets U, such that {z € R? :
270y = 0} C U, and P(X € U,) = 0, then the least squares estimates may not even
be consistent. On the other hand, when it is satisfied, we can mathematically derive

a lower bound for the excess loss

Pl(Y —a-1(XT0<0)—B-1(X70>0)°] -

P (Y = a0~ 1(X78 < 0) = By - 1(X"0 > 0))°]. (3.5)

Next, Assumption A2 lets us work in a low dimensional framework. Mathematically,
this will allow the use of a VC dimension argument to obtain a Glivenko-Cantelli
type result. Combining these two results implies the consistency of the least squares

estimators.

Theorem III1.1. If Assumptions A1 and A2 are satisfied, then &9 — ay, B(SQ) — Bo,

and ||60? — 6y||5 all converge to 0 in probability.

Proof. See Section B.0.0.1. O
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Next, results from M-estimation can be used to derive rates of convergence. The
ingredients needed to apply this result are a lower bound on the difference in (3.5),
and a bound on a modulus of continuity. The former can be provided, again, due to
Assumption A1, while the latter can be derived as a result of working with a function

class with a finite envelope function, and a VC dimension bounded by a scalar times

d.

Theorem I11.2. Assuming conditions A1 and A2, (659 — )2, (869 —By)2, (062 —

Ooll2 are O, (5 log (%))
Proof. See Section B.0.0.3. [

Remark 16. We note that in the case where £log (2) = o(n), estimators for (c, Bo)
with faster optimal rate can be easily obtained. Take the following as an estimator for

Qp.

5 il (Yz‘ =1, X7060 < 0)

Q=" . (3.6)
ETrt (K <0)
The denominator is
1 — . ] — 1 — .
- ]l(X-TH(S‘?)<0):— 1(X70, < 0) + — 1<XT9(SQ)<O,X-T9 >0> 3.7

with the first term equal to P(X760y < 0)4 O,(1/+/n), as the first term is a Binomial
variable with mean P(XT0, < 0) and variance at most ﬁ, and the second term is
O, ((% log (%)) V \/Lﬁ) To see the latter statement, the second term, conditional on
059 | is Binomial with mean P (XTé(sq) <0< XTHO) < a*||fy — 69|y and variance

no greater than 1/n. Hence, using Chebychev’s inequality, for any fixed € > 0 we have

1 & X X 2 /1
' [_ Z]l (XiTH(Sq) <0,X0, > O) < at|0B? — gy|ls + \/j\/j
n 1 € n

1=

9(s9) >1_E
]_ 2’
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and taking expectations leads to

] — . . 2 /1
P [—Zn (Xfe<sq> <0,X70, > o) < at 0D — G|y + \ﬁ\ﬁ] >1- <.
n = eV n 2

1=

Combine this with the fact that there exists a constant C' > 0 such that

|

P {a+||é(sq) — o2 < Cglog (g)] >1— - (3.8)
n n

nets

i=

1 — ~ d. d 2 /1
Pl= 1(X7969 <0.X70,>0) < C=log— \ﬁ\/j
[nzl < ¢ =52 70 >_ nOgn+ eV n

1 — . . 2 /1
> ]P’[— 31 (Xf@“‘ﬁ <0,X70, > o) < at[|6CD — gyl + \/j\/j and
n i1 € n
at)|6tD — gylls < C’glog ﬁ]
n n
> 1—k¢, (3.9)

thus demonstrating that the second term of (3.7) is O, <(% log %) V \/iﬁ)

Similarly the numerator

1 « X 1 <
- ]1(1@:1,XT9<S‘I>< ):— 1(Y; =1, x76, < 1
1 « X
+52111 (Yi — 1, X700 <0, X760, > o) (3.11)
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equals P(Y =1,X70, < 0) + O, <\/Lﬁ V (41og (g))) Therefore & equals

P(Y =1,X16, <0)+ 0, (= V (£1og (%))>
P(XT0y < 0) + 0,(1)
P(Y =1,X76, <0)

= T pig <0 T (ﬁ v <% log (g)»
0t 0 (v (S8 (5)

(3.12)

This is a faster convergence rate than &9 — o = O, ( %log (%)) In the case that
d grows very slowly with n, including the case where d = O(N?) for any 6 < 1/2, the

rate of convergence would be the optimal rate \/iﬁ

To put this rate into perspective, we will compare this rate of convergence with
the minimax rate for all possible estimators. The minimax rate can be obtained using

an application of Assouad’s Lemma.

Theorem I11.3. Let P = P, be the set of all distributions of (X,Y") that satisfy the
model in the beginning of Section 3.2, Assumptions A1 and A2 are satisfied, and the

parameters of ag and By are known. Then we have the min-max lower bound

2
inf sup E <||é—9||2> 2 (%) (3.13)

0 902965‘1_1
with the infimum taken over all possible estimators of 0.
Proof. See Section B.0.0.4. O

The least squares estimator provides a starting route to analyze the model in
Section 3.2, as it is consistent at a near min-max rate. Unfortunately, there are
methodological issues to implementation, namely that the objective function is not

continuous. This shortcoming becomes more severe due to our consideration of a
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model where the dimension can grow with n. Resolving this issue will require some
indirect procedures, and in later sections we will direct our analysis to the optimiza-

tion of manageable surrogate expressions.

3.4 Alternative Estimator

The least squares estimator exhibits desirable convergence, but it has the down-
side of requiring the estimation of agy and 3y to be concurrent with the estimation of
0y, when only the latter parameter is our main interest. To simplify estimation, we
investigate whether there exists a method to estimate 6y that is decoupled from the

estimation of agy and fy.

Before we discuss the estimator that results from this investigation, we first pro-
vide a train of thought as motivation. We first simplify the least squares loss function,

when o« and (3 are set to their true values of ag and Sy:

[V = ag- 1(XT0 < 0) = By 1(X"0 > 0)]"
= Y7+ (af — 200Y) L(XT0 < 0) + (55 — 26Y) 1(X0 > 0)
= Y2+ (85 —260Y) + (ag — 65 — 2(a0 — £o)Y) L(X"0 < 0)

= Vi (-2 20— (Y- 22V 1T <0, @1y

This equivalence means that minimizing the least squares expression (P, applied to
the first line), over possible values of 6 is equivalent to minimizing the last line. Since
the only term in the last line that depends on 6 is the third term, this would be the

same as minimizing the expression

P, <Y - @) 1(x70 < 0). (3.15)
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Although this term still involves ag and fy (it is not the signal independent estimator
that we want), it turns out that the O‘OTJFB“ term is not strictly necessary, and given

Assumption A1, with v as any value in («y, fp), the expression
E[(Y —7) 1(X"§ <0)] (3.16)

is uniquely minimized when 6 = 6, (details in Section B.0.1). This motivates estima-
tion through minimization of P, [(Y —7)L1(X76 < 0)], so long as a  value can be

obtained. Fortunately, the marginal expectation of Y equals
E[Y] = E[Y|X] = aoP[X "0y < 0] + Bo(1 — P[X" 6, < 0]), (3.17)

which is a value strictly in between g and [ for each n. This points towards replacing

ybyY = %Z?:l Y;, and setting the estimator of 6y to be

0 := argmin P, (Y — Y)1(X70 < 0). (3.18)
i

This alternative estimator can be thought of as a slight modification to the least
squares estimator, and therefore is expected to also be consistent and converge at the
same rate to 6y. Conveniently, the consistency of the estimator can be established

similarly, by using Assumption Al to bound the value of
P(Y —EY)1 (X790 <0) + P(Y —EY)1 (X760 <0) (3.19)

for # within a small neighborhood of 6y, and using a VC dimension argument alongside
of Assumption A2 to obtain a Glivenko-Cantelli type result.

Theorem IIL4. Under Assumptions Al and A2, ||0 — 0,2 — 0 in probability.

Proof. See Section B.0.1.1. O
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The rate of convergence can also be shown through similar steps as for the least
squares estimator, since we would still be working with a bounded class of functions
with VC dimension bounded by a scalar times d. As a result of the similarity in
method, among other details left in the proof sections, the rate of convergence ob-

tained for this alternate estimator is the same as that of the least squares estimator.
Theorem IIL5. Under Assumptions Al and A2, ||6 — 6,2 = O, (L1og (2)).
Proof. See Section B.0.1.2. m

Due to its simplicity of not requiring the concurrent estimation of oy and Sy, we

focus on the former estimator in later sections.

3.5 Higher Dimensions with ¢/, Penalty

In this section we consider the case where the dimension of the problem, d, is
not o(n). Instead, consider the case where liminf ¢ is bounded below by a positive
constant, which in particular allows % — 00. For estimation of 6y, we again consider

minimization of the expression

n

Mipa(0) == + 3 (¥~ V)1(XT0 < 0) (3.20)

i=1
In low dimensions (d = o(n)), minimization was done over the entire unit sphere of
R? without much issue. If we consider the case where d can be greater than n, then
such a domain would be in-feasibly large. To put the problems into the realm where
we can obtain results, we will consider the case where the support of the parameter
0y (the number of nonzero entries of ) is much smaller than n. For estimation, we
will pick estimators from the subset of S9! where the support is no greater than dj,

where dy = dy,, is a sequence of positive integers satisfying the following
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Assumption A3 The dimension d, true support size [supp(6p)| = {1 < i < d :

6o; # 0}, and dy satisfy dy > |supp(6p)| and dy log (W‘M) = o(n).

More specifically, we will be choosing our estimator from the set H := {0 €

S 10)|0 < do}, and the estimator will satisfy

0, := arg min M, 4(6) (3.21)
0cH

As in previous sections, we wish to show that é'}.{ is consistent for 8y and determine the
rate at which it converges to the true parameter. Additionally, as in other problems
in high dimensional literature, we wish to show that éH can capture the true support
set with probability going to 1. In the following narrative, we show the latter before

giving results for the former.

Our first result will demonstrate that given any two subsets m; and mq of {1, ..., d}
of size dy each, if ms contains the true support set while m; does not, then with high
probability, the empirical loss function will be lower when minimizing over the es-
timating space of norm-1 vectors with support ms than when minimizing over the

estimating space of vectors with support m;.

Theorem II1.6. Suppose Assumptions Al and A3 are satisfied. Let my and ms be
subsets of {1....,d} with dy elements each, such that supp(6y) C ms and supp(by) €

my. Denote

O, == argmin M, 4(0) (3.22)

gesd—1
0, =0 for k¢m;

for 3 =1,2.
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There exists a constant C' > 0 such that if the following inequality is satisfied:

do IOg <%>
HO,min ‘= min |007j| > C N (323)
J:100,517#0 n

then with probability at least 1 — 2 exp (—Ldo log (%))7
M d(0my) < Mo a(Orm,) (3.24)

for some constant L > 2 not dependent on n.
Proof. See Section B.0.2. O

Remark 17. The probability bound on the above event, 1 — 2exp (—Ldo log (%)),
does in fact go to 1 under the high dimensional setting that we are working under. We
either have the case where the support size of 6y goes to oo, meaning that dy — oo,
dy log (%) — o0 and the probability bound goes to 1, or the case where dy stays
bounded from above, in which case d/dy — oo and the probability bound also goes to

1.

The proof of the preceding result utilizes probability inequalities for the difference
between the empirical loss function and the risk function, which use the fact that the
loss and risk functions have finite bounds. Combined with a bound on the difference
between the risk function over the m; parameter space and the risk function over the
msy parameter space, derived from the 6,,;, condition, we obtain the above theorem

as a result.

A logical extension of Theorem III.6 leads to the result that with high proba-
bility, the support set of the estimator will contain the true support set. This can be
done by summing the probability bound obtained in the preceding theorem over all

sets of size dj.
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Theorem IIL.7. Suppose Assumptions Al and A3 are satisfied.

There exists a constant C' > 0 such that if

dp log (%)
0o min == min [0y ;| > C\| ————, (3.25)
3:100,517#0 n

then with probability greater than 1—2exp <—Kd0 log (%)) for some constant K > 0
not dependent on n, Supp(éﬂ) will contain the support set of 0.
Proof. The probability that supp(6y) ¢ supp(éq{) would be bounded by the sum of
the probabilities that supp(fy) = m over all possible m C {1,...,d} where |m| = d
and supp(fy) € m. If my is any size dy subset which does contain supp(6y), then the

aforementioned probability is bounded by

S P [Maafn) < Mia(B,)]

supp(Bo) Lms|m|=do

> 2 exp <—Ld0 log (%))

supp(Bo) Lms|m|=do
for some constant L > 1 not dependent on n

(a) 2050 (=1t (7))
() 2ow (e (3))
2 exp (—(L — 1)dolog (d%)) (3.26)

where the value of L is the same as the L appearing in Theorem II1.6, which stated

IN

IN

IN

IN

L > 2. OJ

As in Remark 17, note that the probability 2exp <—(L — 1)dy log (%)) must go to

zero in the high dimensional setting.
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Next, we focus on the deviation of éH from 6y in terms of Euclidean distance.
Our estimation space, H, has a VC dimension bounded by a constant multiple of
dy log (%), which is o(n) by Assumption A4. Using this property, we can show the

consistency and rate of convergence of the 63 estimator.

Theorem II1.8. Suppose Assumptions A1 and A3 are satisfied, then |0y — 02 — 0

in probability. Specifically we have

) dolog (i) J
Il = 0, [~ 1og (do log (d—)) (3.27)

3.6 Change Planes with Continuous Response

Our previous analysis of the change plane model, restricted to the setting where
the response Y is conditionally Bernoulli, allowed us to derive important asymp-
totic results using M-estimation techniques. The work done for the discrete response
model characterized the optimal rates of convergence, in both low and high dimen-
sional settings. Intuitively, if the conditional distribution of the response variable has
fast decreasing tails, then the asymptotic behavior will be the same as in the binary
response model. In this section we will perform some investigation on whether this
is the case, with a result on the convergence of the least squares estimator in the low

dimensional case.

As in the discrete response case, we will consider a simple model with a single
hyperplane delineating two distinct distributions on either side. The two distribu-

tions will differ in their mean:

Y =p-1(XT0,>0)+¢ (3.28)
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where 0y = 6, € S%! is a parameter of Euclidean norm 1, p > 0 is a positive
constant, X is a random variable in R, and ¢ is a zero-mean, variance o> < oo error
term independent of X. We will further assume that p is a known value, as generally
we can take the set of {Y;} as a data from a mixture distribution and use an EM

algorithm to estimate for the two means.

As in the discrete response model, we begin our analysis using the least squares

estimator. Let

SEE argemin]P’n [(Y — pl(X7T0 > O))ﬂ
= argmaxP, [(Y - g) 1(X70 > 0)] . (3.29)

Due to the similarities between this model and the binary response model, it is ex-
pected that with similar assumptions, the convergence rate of this estimator would

be similar. We impose the same assumptions as the discrete model:

Assumption B1 There exist positive constants a~, a™ such that for every n,

CL_||491 — 02“2 < P(XT91 <0< XT92> < CL+||81 — 02”2 (330)

for any 6,60, € S9!,

Assumption B2 The dimension d satisfies d/n — 0.

Assumption B1 again allows us to work in well-behaved settings and rule out patho-
logical instances where the distribution of X would not allow 6y to be estimable.
Assumption B2 allows the use of VC dimension arguments to derive our results.

With these assumptions we can show that the least squares estimators are consistent:
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Theorem II1.9. Suppose Assumptions B1 and B2 are satisfied, then |]é(sq)—00||2 50
Proof. See Section B.0.3. [

Additionally, the least square estimator has same rate of convergence as in the

binary response model:

Theorem II1.10. Suppose Assumptions B1 and B2 are satisfied, then |09 — 6y, =
Oy (53108 (3))-

Proof. See Section B.0.4. O

3.6.1 Future Work

We have examined and derived a variety of results for the change plane problem.
For the discrete response model, we were able to derive asymptotic properties for
both the low dimensional and high dimensional cases. Specifically, we derived rates
of convergence in both cases, and demonstrated support recovery properties specific
to the high dimensional case. For the continuous response model, our current results
is limited to the low dimensional case. Naturally, we would like to give the same
treatment to the continuous response model, and derive asymptotic results for the
high dimensional case. To do this would require a different strategy, due to the fact
that the high dimensional results for the discrete response model made use of the
McDiarmid inequality, which unfortunately is not known to generally extend to con-

tinuous variables.

An important methodological issue in the change plane problem is computation,
which involves the optimization of non-continuous expressions as one can see from
expressions (3.3), (3.18), and (3.29). This non-standard minimization problem is
made more difficult due to working with high dimensional parameters, which means

that unlike the one dimensional change point problem, the problem cannot be done
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by searching through a reasonable number of candidate values in the same way the
change point problem only requires searching through all points along a linear line.
To make the optimization problem more feasible, we will focus on a strategy employed
in Seo and Linton (2007) and Li et al. (2018): using a smoothed objective function

in the place of the true objective function.

Consider the binary response model in the d = o(n) case. take a kernel func-
tion k£ : R — R which is non-negative, smooth, and has an integral of 1. Letting
K(x) = ffoo k(y) dy, we have a function which is positive, smooth, non-decreasing,
and has limits of 0 and 1 at —oo and +o0, respectively. Furthermore, letting £ be a
positive value, the function K (&) will converge pointwise to the indicator function

1(x > 0). Therefore, if we denote

0© := argmin P,(Y —Y)K(—£X70), (3.31)
0ER?; [|6]|2=1

then 0© could serve as a feasibly computable proxy to the estimator 6. It is reason-

able to predict that under some regularity conditions, and if £ = £, is some increasing

sequence, 0© should be a consistent estimator for the true parameter 0y. Its rate of

convergence will be different depending on how fast &, increases with n, and such

details can be explored in detail in future work.

Alternatively, another way to convert the non-continuous problem to a smooth
one would be to compare it to a logistic problem. Consider the continuous response
model with g = 1: the mean response will be the function 1(X76, > 0), which is
approximately the compressed logistic curve 1/(1 + exp(—£X7T6y)) for a very large &.

This motivates using an expression similar to the log-likelihood expression for logistic
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regression:

A 1
6 = arg minP, E1og (1+exp(éXT0)) — v XT0)| . (3.32)
0cRd

This alternate expression could not be compared to the objective functions we have
analyzed earlier, but it does have the enticing property of being a convex expression
over d € R?. It may be useful to consider this second approach in the high dimen-

sional setting by adding an ¢; penalizer, as the sum would remain a convex expression.

Overall there still remains work to be done in this project. In the continuous
response model, it is desirable to obtain similar high dimensional results. Addition-
ally, the strategy of utilizing smooth proxy expressions is also an open area with

multiple problems to solve.
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APPENDIX A

Proofs and Extra Analysis for Chapter 11

A.1 Analysis and Proofs for Single Change Point Problem

A.1.1 Problem Setup

Instead of proving Theorems II.1 and II.2 directly, we shall consider a more general
nonparametric result from which the two theorems will follow as a special case. As
before suppose the time series data is (x1,Y1),..., (zn,Yn), where x; = i/N and

Y = f(x;) +¢; fori=1,..., N. We will make the weaker assumptions that

e f is aright continuous function in [0, 1] with a single left discontinuity at some

point 7y € (0, 1), with jump size f(7o+) — f(70—) = A
e there exists a ; > 0 where | f(z)—f(y)| < B¢lx—y| whenever (x—79)(y—79) > 0
e the errors g;’s are iid N(0, 0?) error terms

The main difference between this model and the model presented in section 2.2.1
is the looser restriction on the signal f: here f could be any Lipschitz continuous
function with a single discontinuity and not be constrained to the family of piecewise

constant functions.
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We will first remark on some background regarding this this model before moving
on to proving some results. Estimation procedures for such a dataset can be found
in Loader et al. (1996), where one-sided polynomial fitting was used to obtain an
estimate 7y for 7y := | N79|/N. In summary, fix a sequence of bandwidth h = hy,
a non-negative integer p, and a kernel function K with support on [—1,1]. Next, for

all z,,, € (h,1 — h), consider the signal estimates

Nh ,
. ' j N
J(ry) =7 arg min K(_> Yot — g — 1) — o — P
( ) 1 (a07"'7ap)€Rp+1 ];U Nh ( J= L 0 1 P. )
Nh ;
: . o\ 2
Ji(ry) =7 arg min K(—> Yot —ao—arj — ... —apj”’ .1
(o) 1 (ag,....ap)ERPH1 ; nh ( + 0 1 P ) (A1)

where 7 is the projection functions such that m(ao, ..., a,) = ag. The change point

estimate is

A

#y 1= argmax |fy (z;) — f_(x:)]. (A2)
z;€(h,1—h)

This estimator is consistent under a few regularity conditions on the kernel K and
conditions on how fast h converges to 0. For the sake of brevity we will not mention all
those conditions here, but we will note that under said conditions, P[N(7y — 7n) =
k] — P[L(A/o) = k] for all k € Z, which is the exactly asymptotic result for 7y
obtained by least squares in a stump model setting. Finally, for our purposes we

propose estimators & and f8 for f (1o—) and f(70+), respectively, defining them as

ZNh K (35) Yney—j-1
SV K ()

o S ) Ve
SN K ()

(A.3)
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These two estimators are consistent:

Lemma 2. |& — f(ro+)| and |3 — f(ro—)| are Op(h V (Nh)~/2).

It is possible to perform intelligent sampling to this nonparametric setting as in
steps (ISS1)-(ISS4), though with a slight adjustment. Instead of fitting a stump
function at step (ISS2), use one-sided local polynomial fitting with bandwidth A
on the first stage subsample to obtain estimates (d(l), B(l),%N) for the parameters
(f(10—), f(70+),7n). These first stage estimators satisfy the following consistency

result:
P =l Sw(N)i 1aW = fro=) | VIBY = f(rb) S x| 21 (A)

for the sequence w(N) = CN' " where § and C can be any positive constants,
and some sequence py — 0 (an explicit sequence can be derived by Lemma 2). The

consistency condition in (A.4) is sufficient for a generalized versions of Theorems II.1

and II.2:

Theorem A.1l.
0 — 7y = 0,(N ) (A.5)

Theorem A.2. Suppose the conditions of Theorem A.2 are satisfied, then for all

integers k € Z we have
~(2)) _ _
P X (v, 7y ) =k| 2 P[Lajp =k (A.6)

These results can hold under a general nonparametric setting, but they still hold
for the stump model from Section 2.2. Since consistency condition (A.4) is if f is a

stump function and least square fitting was used at step (ISS2) as it was written in
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Section 2.2.2, Theorems A.1 and A.2 do imply Theorems II.1 and II.2. The proof of
Theorem A.1 will be covered in Section A.1.3, while the proof of Theorem A.2 will

be covered in Appendix B at Section A.1.4.

Remark 18. We note that not only do the consistency results of intelligent sampling
for stump models generalize to this nonparametric setting, the computational time
aspects translates also does not change. Local polynomial fitting on n data points takes
O(N) computational time, see e.g. Seifert et al. (1994). Therefore the computational

time analysis in Section 2.2.1 still holds for this nonparametric case.

Remark 19. It is not possible derive asymptotic distribution results for N(ﬂ(\?) —TN).

Consider the case where T = 0.5, Ny = /N (or v = 0.5), and the two subsequences
N = 2% or N = 3% for some large integer j. In such cases the first stage subsample

would choose points that have integer multiples of 1/27 or 1/37 as their x-coordinate.

o [fN =2% 715y = ng?ﬁj = 0.5 is an integer multiple of 1/27, and hence Ty is

an x-coordinate used in the first stage.

o If N =3% then my = Z205 and it can be checked that |3% - 0.5] is an even

3%
integer not divisible by 3. Since the x-coordinate of every first stage data point

J . . . .
takes the form 3% = z;’)Tf for some integer k, this means Ty is not used in the

first stage.

. ~(2 . .
Hence, in the former case we cannot ever have 7'](\7) = Ty, while in the latter case,

we have TJ(\?) = 75 and Theorem II.2 tells us that P[f'](vg) = Tn] converges to the
nonzero P[L(A/o) = 0] as j increases. Clearly, we have two subsequences for which

IP’[%](\?) = TN converges to different values.

To further validate the extension to this nonparametric setting, we also ran a
set of simulations for when Y; = 2sin(4wx;) + 2 - 1(z; > 0.5) + &;, where ¢; are iid

N(0,1). We took 15 values of N between 2500 and 10°, chosen evenly on the log
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scale, and applied intelligent sampling on 1000 replicates. For each of these values

of N. First stage used roughly N; = v/N points, which were subjected to one sided

local polynomial fitting with a parabolic kernel and bandwidth A = N; %3 while

the second stage interval had half-width 8/v/N. Figures A.1 and A.2 show results

consistent with Theorems A.1 and A.2.

N vs Distance Quantiles

log distance

log mean time (s)

Figure A.1:

log(N)

left graph shows log-log plot of the

Time Comparison, Full Data vs Intelligent Sampling

= full data
B 2stage

35 40 45 5.0 55 6.0

log(N)

quantiles of ]%](\,2) — 7n| versus N,

with the solid black line having a slope of exactly -1. Some datapoints

for the quantiles of the 50th quantiles do not appear since for some N,

the median of |%](V2) — 7y| was 0. Right graph is a log-log plot of the

mean computational time of using all datapoints (black) and intelligent

sampling (red), with the solid black line having a slope of exactly 1 and

the solid red a slope of exactly 0.5.
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Frequency of Simulated Data vs Predicted Asymptotic Distribution

06
]

05

0.4

B Second Stage Distances
b B Predicted Asymptotic Distribution

Proportion

03

0.2

0.0

Figure A.2:
distribution of Ay (7x,7®) values (blue) compared with the distribution

of L from Theorem I1.2.

A.1.2 Proof of Corollary 2

Proof. We will show that for any € > 0,
P [\B — f(rH)] > Co(h V (Nh)-1/2)] <e. (A7)

We start off by utilizing the rate of convergence of the change point estimator: there

is a constant C'; > 0 such that
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for all sufficiently large N. Hence, for any C' > 0 we have,

P|[3x) - f(r+)| > €] <

~ C C
]P’|:’BN— (T+)]>Cand ’TN_T|<N:| +]P)|:|TN_T‘>N1:| S

P ||Bn(t) — f(m+)| > C for some |t — 7| < %} +§ (A.8)
where
Nh A
Bn(t) == Z ® (ﬁ)]y G (A.9)
K ()

Next, we bound the first term above, so consider only the case where |t — 7| < %

By expanding we have

" | K () LG+ 5/N) + e
B() - fr)l = S ()
>0 K () S+ J/N) ~ J(r) ‘Z“K (¥8) enees
>l K (35)
= A(t) + |B(¢)

— f(r+)

IN

—~
>
[S—y
o

~—

First, we derive a bound for A(t). If ¢ > 7 then we have

A~ SEE () {( +J/N) = f(r+)

IN

+ = (A.11)
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Note that since Nh — oo as N — oo, we have ZNh K (L) & — fol rK(x)dx
(which exists) and ZNh K (L) — fo (x)dr =1, as N — oo, hence we can find a

constant M > 0 such that
4

A(t) < BfMh + N (A.12)

for all sufficiently large V. On the other hand, suppose ¢ < 7. For sufficiently large
N we would have N(7 —t) < C} < Nh and so

A — Zimo KRN~ f)

IN

X% K (75)
Z;thv(r n K (%) 5f(t +J/N—=7)
S K ()
KiN@—na Bk () (957)
ZNhK( )+ ZNhK( )
(KT is any constants that uniformly bounds the function K from above on[0, 1])

) O +ﬂhﬁ2j-v:ho (7)(Nh)+g (A.13)

h
f
¥ 2o K (F5) sk () N

IN

IN

which, for sufficiently large N, can be bounded by N1 + By Mh + Cl for some con-
stants M, M; > 0. Hence, this shows that A(¢) itself is O(h V (Nh)™!) for all ¢ where

c
|t—T|§W1.

Next, we consider the random term

(A.14)
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which satisfies

E[B(t)] = 0
S K ()
var(B(t)) = = 2
(YK ()
_ oy M K G
(&S K ()

< (Nh)12/K(:E)2 dx, for all sufficiently large N. (A.15)
0
Thus B(t) = O,((Nh)~'/?) by Chebychev’s inequality.

Combining these results on A(t) and B(t) derived above, one can find constants

Cs, C3 > 0 such that for all N > N, for some integer Ny we have

A(t) < ColhV (NR)™]

P[|B(t)] > C5(h v (Nh)™?)] < 300, 73) (A.16)

for all [t — 7| < &, to get from (A.8):

P“BN — f(rH)| > (CL+ Cy)(h Vv (Nh)—l/Q)] <

v {WN(U — f(r+4)] > (C1 + Ca)(h V (Nh)™'/?) for some |t — 7| < %} + % <
P {A(t) +|B(t)] > (Cy + Co)(h V (Nh)~2) for some |t — 7| < %} N % .
L2 FLAO B0 G Gty ()] + 5 <

Y. PBM)] > Ca(hv (NR)?)] +§ <
t:|t—7|<C1/n
t:|tT|Z§cl/N m " 2 =€ (A.17)
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for all N > Ny V N,. This establishes that |y — f(7+)] is Op(hV (Nh)~1/2), and the

proof for |y — f(7—)| proceeds similarly. O

A.1.3 Proof of Theorem A.1l

The structure of this proof will be similar to the rate of convergence proof found
in Lan et al (2007). We will initially set some notations: let 7y := [N7]/N, and

define

) ™ if 7 is not in first subsample
T](V) = (A.18)

v —1/N if 7y is in first subsample

We will show that <%1(\72 ) T](VQ )> is O,(1/N), which will also demonstrate the same
rate of convergence for <%](\? ) TN>. An additional property of 7'](\,2 ), used later on,
is the fact that A (T](V"‘),%}VQ)) — (TN,%}V”). This will be utilized in the proof of

Theorems I1.2 and I1.5.

Proof. Denote G as the joint distribution of (&(1),3(1),%](\,1)). Given any constant

€ > 0, there is a positive constant C, such that for all sufficiently large N we have

@V, B0 D) € [f(r—) — pn, F(T=) + pu]

X [f(t+) = pn, f(74) + pn] X [T = C. /N7, 7+ C./N"|A.19)

with probability at least 1 — e. Denote this event as Ry. It follows that for any

sequence {ay},

PN -7 > an| <

/P[N\%}VQ) — 79| > ay
Ry

(@, 80, 70) = (0, 8.1)| dG (e, B,8) + € <

sup P[N|%](\,2) — TJ(\?)\ > ay
(Oé,,B,t)ERN

@, 80, #0) = (0, 8,1)] + ¢ (A.20)
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Next, we show that this first term is smaller than any ¢ > 0 for a sequence ay =

O(1/N) and all sufficiently large N, by bounding the probability that

Pogse [N = 7| > ay| = P [N = 71 > an|(@, 30, #0) = (0, 8,1)
for any given (o, 3,t) € Ry.
A](Vg)

Conditional on the first stage estimates equaling («, 3,t), we can rewrite 75’ and

T as maximizers of:

#2 —  argmin —1 -—a—i_ﬁ 1 — 1(2 T
N g 5 X (v ) /N <@ - 166/3 <)

2
acs® | A(S iii/NES)(t)

:= arg min M, (d)
des®)

7% = argmin - _ath i —1( 7
@ = 5 X (r-P)aay <a-10v <)

(2)
acs | Aa( iti/NeS@) (1) 2
= argmin M,(d) (A.21)
desS®)

Since 7'](\[2) —C/N"<t< TJ(VQ) + C./N7 +2/N, for N large enough so that K N°/2 >
(C.42), we have t — KN < 7& - KN-79 /9 « 7 4 KN-740 /2 < t 4 KN+,

This enables us to define the function A(r) in the domain where SN =770 < r < K/2,

such that
a(r) = min{M,(d):|d— 7'](\,2)| > N7
B i > iinese (F(i/N) —252) (1(i/N < d) = 1(i/N < 7))
I FRNC) Aot — KNt + K N-7+9]
(A.22)

To make a(r) simpler to work with, we show that for sufficiently large N, there exists
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a constant A > 0 such that a(r) > Ar. First, because

S®@#) = {i/N:i €N, i/Ne[tKN ] |N/N;| does not evenly divide i}
C [t— KN ™ t+ KN

c [r® —2KN 7@ 4 oK N (A.23)
this implies

|f(i/N) — f(r4)| < 28, KN—F for all i/N € S® i/n >

|f(i/n) — f(T—)] < 2B, KN~ for all i/n € SP i/n <7

Combine this with the fact that o — f(7—)| and |5 — f(7+)| are o(1), which implies

for sufficiently large N, and for any i/n € S®(t),

A
fafm - 55 2
A

1

fi/n) =

ifi/m>r

5 ifi/n <t

The preceding fact implies that every term in the summand of (A.22) is positive, and

therefore the minimizing d for (A.22) would be either 7(2) 4+ N =7+

a(r)

_ (Zimesern (FG/m) — %57) A@/n < 7@ +rN ) — 1@/ < 7))\
B o[t — KNt + K N—7+]

( sines@ o (F(i/n) = =52) (1(i/n < 7® — rN77%) — 1(i/n < r)>>
A
1

Ao[t — KN4 ¢ + KN-7H]

(TP, 7@ 4 p N7 A Ny (7)) — p NT7F9 72
Nolt — KNt + KN-719]

v

(A.24)

It can also be shown that for N large enough (specifically |[N'=7] > 2) and any
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dy,dy € [t — KN-* ¢ + KN~7%9] such that dy — d; > 8/N, we have

N(dy — dy)
[N

N(dy — dy)

Ao(dy, dy) > [N(dy — dy) — 2] — { 3

SIE
In a slightly similar fashion, it can be argued that for all large N, Aot — KN+ ¢+

KN~ < 3KN'"*9_ Since we restricted r to be greater than 8N~1*7=9  this

means

A NrN—7+0

1 8- 3KNIH
A

96K

v

(A.25)

Hence, this shows that a(r) is greater than some linear function with 0 intercept.

Now define b(r) = (a(r) — Mn(TJ(\?)))/B = a(r)/3, then we have the following

relation:

sup |M,,(d) — Mo (d)| < b(r) = |2 —7@| <rNH (A.26)
des?)

To show the above is true, suppose d € [t — KN~ ¢ + KN+ and |d — T](VQ)] >

rN~7 If, in addition, the left expression above holds, then

M, (d) > Mo(d) — b(r) > a(r) = b(r) =

ML, (d) — Mn(T(Z)) > a(r) —b(r) — Mn(T(2)) —b(r) =b(r) >0 (A.27)

Since M, (d) > Mn(T](VQ)) and ?1(\,2) minimizes M, among all points in S®)(¢), this im-

plies d could not equal TJ(VQ), showing that |%J(\,2) — TJ(VQ)| <rN—.
Next, we bound Pa757t[|7°](\72) -7 < TN*'”‘S]. First, we split it into the two
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parts:

P, s [|%](\,2) - 7'](\?)| > TN_%L‘S] <
Pase PN < [0 = 7] SN 4 Pasy |70 = 70| > gN T o=

PN(a7 B? t) + QN(aa ﬁ: t) (A28)

where n = K/3. We first consider the term P,(«, [3,t). Because

rNTH < 7P — 7P <N o inf M, (d) < M,,(7)
@ e N1+ <d<r P pyN -+
or inf M, (d) < M, (1),
T](\,Q)*nN_7+5<d§T](VQ>7TN—’Y+5
(A.29)
we can first split P,(«a, 8,t) into the two terms
PN<a767t) S PN,1<a757t)+PN,2(a7ﬁ7t)
=: Pypy sup (M, (1) = M,,(d)) > 0| +
_TI(VQ>+7‘N*7+5<dST](V2)+77N*"/+5 ]
P, s sup (M, (1) — M, (d)) > 0| (A.30)
_T](\,2>—77N*7+5<d§’r](v2)—rN*“/+5 |
We first form an upper bound for P, («, 8,t) for all (o, 8,t) € R,,. Note that
M, (1) — M, (d)
o L= 257) = (FG/N) = 52)] (A/N < d) = 1(i/N < 7))
it i/NeSP ()
= — — M, (d
X[t — KN ¢ + EN-7H9] (d)
€ > (f(i/N) - *42)
_ i: i/NeS@ ()N(r(2) d] o i/NeS@ ()N(T(2) d] (A 31)

Noft — KN4 t + kN-7H]  MyJt — KN ¢ + kN-7H]
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As previously explained, the ( fi/N) — QTJFE) term in the second summand can be

bounded below by A/4 for all sufficiently large N, and hence this leads to:

M, (1) — M,(d) >0 =

- > g > %Ag(f@k d (A.32)

i:i/NeS@N(r3 d]

It thus follows that

1 A
Pya(a,B,t) < Papy sup <m) €i| 2 i (A.33)
T FrNTHI<d N2 ’ i: i/NeS@ H)N(r? d]
<rP 4N
and by the Hajek-Renyi inequality, we get
1 A
| () -2
ot (2)+ N-Y7+d<4g )\2(7—7 d] . Z 4
™~ TT i:i/NeS@ (t)N(r(2) d]
< PN+
= A2 2) ~(2) —7+6 2
A AQ (T , T + TN v ] j:A2(7(2>,T(2)+TN_’Y+6] j
32 1
< (A.34)

A2 (1@, 7@ 4 rN-1+]

We argued earlier that A\y(7?, 73 4 N7+ > pN1=7+9/8 for N sufficiently large

enough, thus
8B

Pya(a, B,t) < TNTto

(A.35)

where B = 32/A?. From this expression we arrive at Py 1(c, 3,t) < € (for any € > 0)

14+y=4

eventually, by setting r = CN~ where C' is any constant satisfying C' > 8 and

8B/C <e.

To bound Qy(a, f,t), from (A.25) we've argued that a(r) is eventually greater than
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a multiple of r when r > 8N~1*779. Since we've defined b(r) = a(r)/3, we can find
some positive constant B’ where b(r) > B'r when 7 > 8N~1*779 (and for all large

N). Since n = K/3 > 8N~1%77%  eventually, this leads to

Poyse |72 — d| > N+

< Pogpe| sup [My(d) — M,(d)| > b(??)]
| deS@)(t)
< Pugs| sup |M,(d) — M,(d)| > B'n
| des® (1)
. Sepesog N <0 -tin<o|
= « su > .
P o A(5@(1) !

Using Corollary 8.8 from Geer (2000), the latter expression is bounded by
C exp(—=Con?Xa(S@)(t))) for some positive constants C;, Cy, which converges to 0.
O

A.1.4 Proof of Theorem A.2

Proof. Let {x§2), x(22), ...} be the x-coordinates of the data, not used in the first stage,

with corresponding response variable (Y1(2), Y2(2)7 ...) and error terms (€§2), gg), ). As

a set, {9352),1‘%2), ..} equals {z1,...,zn} — {LN/—A?H, %, } Note that we do not

52) = j/N for every integer j, and additionally we can write 7(2) = 22 for some

(2)

%

have z

integer m. Since our estimate will also be one of the z;”’s, we can then denote m be

(2)

the integer such that 7 = x,. . Note that we have the following relation between

m — m and the Ay function on intervals:

Ao (73 72)] when 7 > 7
M —m = (A.37)

— (72, 7] when 73 < 7

98



Hence we can write results on Ao(7?, 7)) in terms of m — m.

After taking a subset S of {9352), :vg) s, xE\Q,)_ ~, ) (specifically S () are those within

K N7 of the pilot estimate 7(!)), we minimize

AP = ) (Y—M) (Las < 1)~ (i < 7)

2
i:xiGS(g)

A1) | A
= 2 (Y;@) S ) (1 < 1)~ 12 < 7)) (A38)

i:xEQ)GS(Q)

over all points t € S® to obtain the estimate for the change point. Equivalently the

domain of A® () can be extended to all ¢ € {x?), 22, ...}, letting

~

AP (t) = max {A(Q) (r):re 8(2)} +1 for t ¢ S

The argmin of this extension is the argmin of the function restricted to S®. This

extended definition will be used for the next result:

Lemma 3. For any fized positive integer jo > 0,

R JA o
A® <xf§lj> = 5 + eff}H + ..+ eg)ﬂ- + 0,(1) for1<j <o
A® (@) = 04 0,(1)
- JA o
A® (xg)_]> = 5 - €@ - Gg)—jﬂ +0,(1) for 1 <j <70 (A.39)

From this lemma it is straightforward to show the asymptotic distribution of
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Ao (TN, %](\,2 )) is the distribution of La/,, the argmax of the random process

% ELy— o — & , for 5 <0
Xase(i) =10 ,for j =0 (A.40)
%+5{+...+5; ,for >0

where the {¢;} ez are iid N(0,0?) random variables.
For any fixed € > 0 and integer j, we will show that |]P’ [m—m=j]—-P [LA/J = j] ‘
< ¢ for all sufficiently large N. To do this we will first establish 3 probability bounds.

First Bound: First we will show that with high probability we can approximate
the stochastic process La/,, which has support Z, with a stochastic process L®

Ajo?
which has a finite support Z N [—k, k.

We note that there exists an integer j; > |j|, such that |La,| > ji with proba-

bility less than €/3. For any integer k with k& > j;, define LA) = arg mm{XA/U( i)}.
lé

i<

In the case that |La/,| < k, we have L(A}U = La/s, and using this we can show that
P[Lajo = 7] is within €/3 of IP’[LA/U =7

P[Lass = i1 - PILY), = J]|

— [ — ] _ (k) . _ (k) .

— |P[Lase = ltasel <] < P|EY), =Ll < K] <P [28), =i [Lasel > ]|

< P LA/U =J,|Laje| < k| —P L(Ak/o =J|Lase| <k ’ Pl|Lajo| > K]

= |P L(Ak/(, = J:|Layol </€ —-P L(Ak/(, =J,|Lasl <k ’ P|Lajo| > K]

< 0+ % (A.41)

Second Bound: We will show that there exists an integer jo > 7j; such that

[m — m| < jo with probability greater than 1 — £. From our theorem on the rate of
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convergence, we can find some integer jo > 7; such that for all sufficiently large N,

o — 2
Pbﬂ%—ﬂgj%f}>1—f. (A.42)

When |72 — 7| < 2222 we have |h — m| < jo; first we can show

o) =] < =]+ |7 = 1)
_h-2, 2
- N N
_ 0
= (A.43)

and second, because the {x?),xg), } grid is just the equally spaced {1/N,2/N,
-+ N/N} with some points taken out, the result of (A.43) implies | — m| < jo.

Hence

> 1—- (A.44)

Third Inequality: Define 7:](02) to be the minimizer of A®(-) on the set

{:U,(i)_jo, xfi)_ Jots s xgljo}, and let m;, be its corresponding index such that %]-(02) =
(2)

xgjo In the case when [ —m| < jo, then 7,7 would be equal to 7@ and m = 1my,.

Using this notation we can obtain the following bound:
[P [ —m = j] = P, —m = j]

P{m—mzj,\m—m\SJO]

—P[mjo—m:j,|m—m]§j01 —]P’[mjo—m:j,\m—m\>jo}

P{mjo_m:ja|m_m|§j0:|
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_P|:mjo_m:jv|m_m’§j01 _P[mjo_m:j"m_m‘>j0:|

(A.45)

e

Consider the stochastic process A(Q)( i

) for i € {—Jo,...,0, ..., Jo}. The previous
lemma showed that, as a random variable in R0+t (A<2>(:c£§)_jo), . A<2>(x§§)+jo)>

converges in distribution to

(Xa/o(=70)s - Xase(do))-

Also consider the function Ind,,;, : R¥*! — Z. defined as

i=1,....2j0+1

Ind,pin(as, ..., azjor1) = (Aarg min (Gi)) —(Jo+1). (A.46)

It can be easily checked that Ind,,;, is a continuous function, and by definition, we

also have

LX)y = Indmin(Xaso(=jo), - Xasa(io))

gy —m = Indmpin (A@)(x(?) ),y A () )), (A.47)

m+jo

Hence, by the continuous mapping theorem we have m;, — m converging to LjAO /o in
distribution. For sufficiently large N, the absolute difference between ]P’[LjAO P 7l

and P[m;, —m = j] will be less than €/3.
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Combining what we have just shown, for sufficiently large N we have

[P [ —m = j] =P [Lass = j]|

< \P[m—m:j]—IP[mjo—m:j}\+|]P>[mj0—m:j]—IP>[L]£/U:j]|
P |28, = | ~ PlLas = ]
€ € €
< 44z A48
= 37373 (A.48)

Proof of Lemma 3

. . e . (2) (2) (2)
Proof. First note that with probability increasing to 1, @,,” ;@ " i1y Ty s are

all contained inside S®| and this fact will be shown first. Since ) — 7 = O,(N77),

for any € > 0 it is possible to find a constant C' > 0 such that
P[0 —CN" <7<+ 4 CN] > 1—¢ (A.49)

for all sufficiently large N. Additionally, for all sufficiently large N we have 4+Tj° <
(KN° — C)N~", and which means that if |7(!) — 7| < CN~7 then

W KN = U _(KNY—C)NY —CN™"
_4+20
N
W KN = 4 (KNTY —C)NY 4+ CN™?
4+ 24,
N

IN

T

v

T+ (A.50)

Finally, for all sufficiently large N, we have | N'™7| > 2, i.e. the first stage subsample
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chooses points which are spaced more than 2/N points apart. Hence,

2) 9 Jo+2\ Jo+2
Tpjy 2 xﬁn)—2<T>—T()—2< N
> _2]0+4
- N
(2) 2 Jo + 2
< ea(22)
< 2]0‘*‘47
- N

which leads to the conclusion that for all N large enough, we have

l—e < PV —CN 7 <r<#D4+CNT]

P _ 270 + 4 2j0 +4
PO o KN < 20T _
T < N T+ N

IN

IN

P o), > 70 — KN and 2, <20+ KN

m=Jjo

=P _xg),jo and xfflljo are in 8(2)]

2)

Therefore, consider the case for which z,, o

(2)

through xm o

(A.51)

<+0 4 KN‘””]

(A.52)

are contained in S®

Under this condition we have A® ( m) = 0 by simple calculation, and for any

0<j§j07

- (2) (2) (2)
i, 65(2)0( metg

_ i TR el
m—H 2 2

=1
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— 2 2
(f T+);f(7—)_%) '
< 130 (1220 = 1) |+ 22 (| = s+ ]38 - rir]) (A5

For the first term above, using an earlier argument we make the case that for suffi-

ciently large N we have | N/N;| > 2 and 22

2i44
mii < T+ =5, hence

S (10| = S|

=1
oA
2144
ﬁf; N

Y (@25 + 4i0) (A5

IN

IN

For the second term, it was shown earlier that both

6y — f(r=)| and |89 — f(r+)
are O, (h V 4/ N%,J, and hence, so is their sum. Overall, this shows that for suffi-

ciently large N, ‘A(Q) (xﬁ,?ﬂ) — (%A + Zle eﬁl) is (uniformly for all 0 < 7 < jo)

bounded above by the random variable

By /sy - . 0 (] 5
Wf@]g + 4jo) +j50 ( ag\}) — f(r )‘ + B](\}) — f(T—i—)D : (A.55)
which is 0,(1). Similarly, again for any 0 < j < jo,
A@) (O JA 2)
A(2)< mfj) - (7 - ; 6mz+l> ‘
-1 :
< > (@8 - r@) [+ 2 (|a¥ - 1| + |3V - rir 1)) (a56)
1=0

which is again uniformly bounded by the expression in (A.55).
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Therefore, given any ¢ > 0, we have

: j
A 2 JA 2
AP (2, ) - (7 + Zeﬁn)ﬂ>

i=1

S

2 2
< P[xfn)_jo ¢ S and/or xfnzrjo ¢S]+
i ‘ ;
2 A JA
p[e it e st s - (223 ) |
! i=1
2 2
< ]P’[xgn) o & S@ and/or a:v(nzrjo ¢ SP) +
P |52 + i)+ 5 ([a) = )|+ 8 - rr]) 2
— 040 for all 0 < 5 < jo (A.57)
and similarly,
P [ A (z®)] > g} =0
A2)(.(2) JA S (2)
P [A™ (2, ;) — 5 T2 Emmin >e|l =0 (A.58)
i=1
[

A.2 Analysis and Proofs for Multiple Change Point Problem

Here we will provide proofs for the results presented in Section 2.3 of the main

chapter. The model setup will be the same as that section.
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A.2.1 Proof of Theorem I1.3

The theorem in question contains two equalities:

P[j:J;

A2 (7;2),%;2))’ < Qay-2pn)je(V1—a) for j=1,...,J
J
(H P -2pn)/o (V1 = a)) +o(1), (A.50)
=1

and the second inequality

P [j = J; ‘/\2 (7';2),72;2)” < Q(|Aj|+2pN)/U(\J/1 —a)forj=1,...,J
J
(H Bia+20n)/0( V1- a)) +o(1), (A.60)

j=1

Both these inequalities can be shown utilizing various probability bounds regarding
the argmins of random walks of the form X (-), and other similar random walks. To

utilize such result, the estimators %;2)

must be expressed as the argmin of random
walks with positive linear drifts. We thus introduce some new notation and new in-

sight to facilitate this task.

First we define the indexing function 7, = 7y, which maps the set of integers

{1,...,N} — SW to the set of integers {1,..., N — [SW|}:

k
Z 1(5 ¢ SW). (A.61)

For every N, 7, is a strictly increasing bijection, and it also has the property such that
for any two values i and j in the domain of my, \y(7,j) = ma(j) — ma(i). Additionally,

consider the following subset of the full data:

Y1 Y1

(1) (2)r - 7YW2—1(N_|S(1)‘). <A62)
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These all the datapoints which were not used in the first stage subsample. This subset
of the full dataset is also a change point model following conditions (M1) to (M4)
with the same signal upper bound 6, the signal jump lower bound A, and the same
error distribution. The change points for this subset is WQ(T;Q)) for j=1,...,J. In
fact, (A.62) and the first stage subsample {Y;};,cs1) can be considered statistically
independent change point models, resulting in the first stage estimates obtained using
{Y;};es) being independent of (A.62). This means that conditional on the first stage
estimates, the distribution of (A.62) does not change from their marginal distribu-

tions.

A property of the my function that will be used is a relationship between the
7, ! function and the "normal” subtraction, namely, we want to be able to compare
7y H(a,b) to b—a for a,b € {1,..., N —|SM|}. For all N large enough such that the
distance between consecutive points in S) is more than 2 (i.e. min [|i —j| > 2),

i,jeSW,i#j
we have the following property: for any integers a and b such that a and a + b are in

{1,...,N —|SW},
|y a+b) — 73 (a)| < 20, (A.63)

One way to see this is the following: for any ¢,d € {1,..., N} —S®  |\y(c,d)| counts
the number of points in either (¢,d] (if ¢ < d) or (d, ¢] (if otherwise), and therefore
|\2(c,d)| > |d — c|/2 due to the S containing no two points that are less than 2

apart. Knowing this, the fact that

X2 (73 M (@), 73 (@ + b)) | = |72 (75 (a4 b)) — 7 (ng(a))} =19, (A.64)
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means that
2|b| =2 })\2 (m3'(a), 73 (a+b))| > |73 (a+b) — 7 l(a){ (A.65)

We will offer a proof of the inequality given in (A.59). The steps for verifying

(A.60) would only require a few modifications.

Proof. Let Ry be the event

< pN} (A.66)

A

Again define Gy() joint distribution of the first stage estimates (J,#®), 0M)) =

(0, At ey,
P LT =7 e (72,57 | £ Quayiapmye(VT=a) for j =1, J]
=P [j =J; | A (TJ@),@@))‘ < Q(as1-2om)/0 (V1 — @) V5 RN]
+P |:j = J; /\2 <TJ(2), J(2))‘ < Q(\A |- QPN)/U( 11—« VJ, not ,R/Ni|
= [ B[ e (5747) | < Qs o (VT @) T = ki 7

(k,t,a)ERN

) — v} G (k, t,v)

P [ = 5 o (77, 57) | < Quat-apmyso (VI = @) Vi mot Ry]

Because the probability of Ry goes to 1, the difference between this probability and
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J .
[Lici Puasi-2om)/0 (V1 =) is

2) ~(2 .
| (Tf 7 ))‘ < Qqayl-20m)/0 (V1 = @)

— H P(|A‘7.|_2pN)/J( V1 — a)) dGN(/{Z, t, ’l)) + 0(1) (A.67)

j=1

It is therefore sufficient to show that the difference inside the integral is, for all
(k,t, ) € Ry, uniformly bounded in absolute value by a o(1) term. In other words,

show there is a sequence Cy, = o(1) such that

P |:j£}ax )\2 (Tj@)u Aj(2)>’ < Q(\Aﬂ—?pz\;)/o‘( \/J 1-— Oé) j = k}’ 7’\'(1) = t, 13(1) = v
J
- H Pa;1-203)/0(V1 — )| < Cna (A.68)
J=1

for all admissible (k,t,v) € Ry.

Henceforth, consider only such admissible k (which restricts to k = J), t's and v’s,
and additionally suppose that N is at least large enough so that py < |A|/8 and dis-
tance between consecutive points in S is more than 2 (i.e. m(gl li—j| > 2). We

i,jeSW) jij

will proceed to show (A.68), by obtaining an upper bound for the following absolute

difference, for every j =1,...,J:

|

—P(a;1-2pw)/0 (V1 = @)

~(2)

< Qqayl-2on)o (VT —a)|J = J; 20 = £, 5 = v]

This upper bound will be derived in several components.
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First Component: A more explicit expression for the change point estimates is

#® = argmin(sgn(v; — v;_1)) > (YZ- — %) (16 <t)—13G <77))
teS®) (t;) €S (t;)
teS(2(t;)

Since N was assumed to be large enough so that py < |A|/8 < (v; — v;_1)/8, the

sign of v; — v;_; is the same as the sign of A; := v; — v;_, making the optimized
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expression above equal

A Vs + Vi . ) 9
X{2(t) = sgn(d;) Y (E——L3ii>a@§ﬂ—4@§¢p»
i€S@ (t;)

[% + sgn(Aj)ﬁj] +

7,00 5O;)

sgn(A;) > E; for t > 7;
ie(r$? NS (t))

= 0 t= Tj
71N s@ ()| [52 - sen(a)) D] -

sgn(4;) > € for t > 7;
i€t NS @ (t5)

\
,

(ma(t) = m(r®)) - [ B + sen(a) Dy +

sgn(4;) | > iy for t < 7;

since (a,b] N S@(t;) = 7y ((ma(a), my(b)]) for any (a,b] € SP(t;)

(A.71)

where

D, =4"%  Vim1 = Uit (A.72)

which is less than py in absolute value. From the equalities written above, we can
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deduce that for any integer ¢ such that 7" (7?2(7';2)) + t) € SA(ty),

P (' () +1)

p
T (T;Q))+t

t [@ + Sgn(Aj)bj] +sgn(4;) Z@) ry ) for & > ;
i=ma(7;7)+1

T (T;Q))

A a
- 15 - san(a)D)] —sm(d)) T e frt<
’i:ﬂz(’?'](-z))-‘rt-i-l

\

!/

This allows us to compare X with the random walk X -
J |A;]1-2| Dyl

)
. t
|A;|—2|Dj| ,
= + sgn(4;) 7; €7T2_1(7T2(T](2))+i> fort >0
X(Aj\fz\i)j\(t) =20 t=0 (A.74)

- -1
|841=2[D;| ,
t[SE5EP0 — sen(A) ZEWQ_1<7T2(T]@))+1.+1> fort <0

\ 1=t

J

Specifically, the random process X ](2) (7?2_ ! (WQ(T(Q)) + t)) either equals the sum

X/

As|—21 D] (t) + 2]Djt|1(t < 0). In either case, this
J J

. ) A
(t) +2|D;t|1(t > 0) or X‘Aj|72|Dj|
begs the use of Lemma 10 and Lemma 13, but first we must verify some the conditions
of those results, namely that |A;| > 2|D;| (automatically true since N was assumed to

be large enough so that |A;| > A > 8py), and secondly, 75" (WQ(TJ@)) + t) € SA(t))

for [t] < Qa,|-20x)/o( V1 — ). To see that this is true, first use (A.63) to arrive at

‘%_1 <7T2<T;2)) + Q(|Aj|72pN)/a( V1 - 0‘)) - 7}‘(2)‘
= ‘7@‘1 <7T2<7'j(2)) + Q(a,-20n)/0 (V1 — a)) — 7yt (7?2 <7‘j§2)>>‘
< 2Qa-2p)0(V1 =) (A.75)
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Therefore, given any [t| < Qa,|-20x)/0( V1 — @) we have
71'2_1 <7T2 <Tj§2)> + t) c [Tj(z) + ZQ(\AH—QPN)/U(\J/ 1-— Oz)] - S(l).

Next, due to Lemma 8, there are positive expressions Ci(+), Cy(-), both decreasing,

such that

(0%

Qay-2pw)/c (V1 —a) < Ci(|A;| —2pn) log (

< Ci(B/2)log (%)

N (M) (A.76)

Co(|A;] — QPN)J)

Since w(N) is greater than order of N'=7, which in turn is greater in order than

log(N), we see that for all large N:

t; — Kw(N) <79 — (K — Dw(N) + 1 < 712 = 2Q(a,|-2px)/0 (VI — @)

< o (WZ‘(TJ@) — Q(a|-20n) /o (V1 — a)) <my' (772(%(2)) +Q(a,1-2pw)/0 (V1 — 00)
< 12 1 2Q(a,1-20m) /0 (VT — @) < 77 4+ (K = Dw(N) —1 < t; + Kw(N) (A.77)

Therefore given any [t| < Q(a,-2px)/0 (V1 — @),

7T2_1 <7T2 (7‘;2)> + t) S [7}(2) + 2@(|Aj|,2pN)/g(\J/ 1— Oé)] — S(l)
C [t + Kw(N)] —s®

S(2) (t;) (A.78)

showing that the conditions of Lemma 10 are satisfied. Before continuing, we make a
small point before continuing. Note that for any integer t* € S (tj), Az <T;2), 7°J(2)> =

t* is an equivalent event to arg min X ](2) <7r; ! (@(TJ@)) + t>> =t*. This is
iyt <7r2 (TJ@))+t> €s®)
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because

arg min A]@) <7r2_1 (7@(7’}2)) + t>> =t
t: 7r2_1 (7r2 (T;Q))—‘—t) €5(2)

+—— arg minXJ@) (t) =my " (77'2(7'(2)) + t*)

J

teS@ (t5)
> T argminf(]@)(t) —7r2(7'j(2)) = ¢*
teS@(¢;)
— A (Tf),@@)) — ¢ (A.79)

We are now ready to apply Lemma 10:

P [‘Az (r}”, ﬁ(g))‘ < Qa2 /o (V1 — )

j:@#”:@ﬁﬂz4

-P argmin - Xjx o (D] < Quag-2pn /o (V1 — @)

t: 7r2_1 (71'2(7'](2))—&-13) €S2

(A.80)

J=J+0 =¢ pM® = v]

= P[ (arg min_ o ' X[ (7?51 (ﬂz(n@)) + t)) < Qayl-20m)/0 (V1 = @)
t: ;1

) (7;2) )—i—t) €s®@)

(J,7®, oMW = (thv)]

—P

argmin - 07 Xy o5 ()] < Qqayl-2p/e (V1= a)
1 ) J J
t:m, (71'2(7']. )+t)€S(2)

J=J+0 =t oM = 'v]

indexing change by (A.79); and division by constant o does not change argmin value
20014 (18] = 2D5)/0) (Qqia, 2010 (VT = )"

+By ((IAjl - 215j)/0> \/Q<\Aj|—2pw>/a(m)}

X exp [—CT ((IAjI - zbj)/(;) Q(\Aﬂﬂpmw(m)]

IN
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Because, as stated previously, X;Q) (7@1 (71'2(7'](2)) + t)) either equals X\IA‘|72|D-|(t> +
J J

2|D;t[1(t > 0) or XIIA-\ 2‘[)_‘(75) + 2|D;t[1(t < 0), Lemma 10 leads to this inequality
Vi J
for some positive monotone expressions A7 (), B (), and C; (), which are decreasing,

decreasing, and increasing. This expression could be further bounded by footnotesize

< 207D, {Af (8/20) (Qua,-2pmyjo (VI — @) + BT (8/20) \/Q(lAnﬁpN)/o(VJ 1-a)
x exp [=CF (A/20) Qqa,|-20w)/0 (V1 = @)]

<2C"(A/20) pn
where C7 () = sup ([A(-)x3/2 + B(:)v/z] exp(—C(-)z)) , guaranteed to be finite

zeRt

(A.81)

In a similar manner, apply Lemma 13 to obtain

P)M(éaﬁnﬂSQmaavaVL%wJ=l4”=t0“*:4
. 7 ~(1 ~(1
—P i argr;nn | X(Aj‘_2|bj‘(t) < Qqay-2pw) /0 (VI —a)|J = J, 7MW =¢ p(M =y
t:my 1(#2(7']( ))+t) €S(2)
: 1 _
= [ arg min 7Xj(-2) (7T2 ! (7‘(‘2(7';2)) —‘rlf)) < Q(‘A”,QPN)/G(\J/l - a)
t: 7r2_1 (7?2(7_7(2))+t) €S2 g

j;#”aﬂ”%
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-P < QUay-2om)/e(VT—)|J = J, 70 =1, 60 = v

arg min =X/ ~ (1)
-1 (2) o ‘Ajl_Q‘Djl
t:m, (71'2(7']. )+t> €S

> 247 ((|A2j| — 3|ﬁj|) /0) pN\/Q(\Ajpsz)/a(M)

X exp [—Bl (('AZJ' — 3|f)j|) /a) Q(A_7|—sz>/o(m)]

for some positive decreasing expression A; and some positive increasing expression B

> 247 (8/20) px\/Qa, |20y 1o (VI — ) 5B [~ BT (8/20) Qi 2910 (V1= )]

> —20C7 (A/20)pny  where C] (-) = seuﬂgr AT ()W exp [By (-)z]

(A.82)

Altogether, both (A.81) and (A.82) together imply

2) ~(2
e s (47.87)] < Qs (T)

J=J+0 =t 0™ = v]

B . / ) T )y S
P [ teg(rzg)(rgriTleAj‘_mDﬂ(t) < Qaj-2on) /0 (VI —a)|J = J, 7 t, 0 v
<2(Cr(8/20)V CF (8/20)) px (A.53)

/

Second Component: Now X|A|72|[)j|

(t)/0 has the same exact distribution as X 5|y p,})/o (1),
for all integers ¢ such that 7, " <7r2(7}2)) + t) € S@(t;). It was also shown in the pre-
vious section that the set {t : oyt <7r2(7']§2)) + t) € Ss® (tj)} contains the interval of

integers [j:Q(|Aj|_2pN)/U(\"/1 — a)}. Therefore apply Lemma 11 to first obtain

F arg min X{a, 1210, D] £ Quias12om) (VT = )| ] = 1, 70 = £, 0 =0
timy  (ma(r() ) €52 (8)
. 1 - . N

= P arg min ;X\/AjI—Q\f?jl(t) < Qay-2pw)/0 (VT —a)|J = J 7MW =¢ p(M =y
75:‘/1'271 (wz(r;z))+t)65(2)(tj)

= P arg min X(\Aj|—2\f)j|)/o(t) < Qa;l-20n)/0 (V1 —0)
1‘/:‘/1'2_1 (71’2(7](2))+t>65'(2)(tj)

=z P arg min X(1a,1-20)/0 (8)] < Qua-2on)/0 (V1 =) (A.84)

[ty (w2(r;2>)+t)es<2)(tj)
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and apply Lemma 11 to obtain another equality in the other direction

P arg min XIIAjI—2|!5J'\(t) < Qa,-2pn) /0 (V1 —a) J=J7+0 =¢ pM =y
timy ! (71'2 (T;2>)+t) €S@)(t;)
= P arg min Xas1-210,1/6 O] < Qua,i-2on)/0(V1 = )
tmy ! (71'2 (752))+t)€5'(2)(tj)

< P arg min X(1a1-20m)/0 (D] < Quasi-2pn)/0 (V1 —a) | +
Lt 7'r271 (7r2 (73(2))+t)€5'(2)(tj)
. 3/2

(2pn = 21D;5]) | A2 (18] = 2p) /0) (Qq1a,1-20x) /o (V1 — @)

+B2 (1A = 2pn)/0) \/Q(|Aj|72pN)/g( V1— a)}

xexp [=Ca (JAg] = 2p8) Qi 1-2pn (V1 — )]

< P l argmin - X, -20x)/0 ()| < Qasi-20n)/0 (V1 = )| +
teS@) (t;)—7;
‘ 3/2 )
2pN {Az (8/20) (@1 20w/ (VT= )™ + Ba (8/20) 1/ Qs -2y (VT = a)}
x exp [~C2 (A/20) Q(a,|-2pw)/0 (V1 — a)]
since N is large enough such that 2py < A/2, and by the monotonicity of As, Ba, and Co
. A
< P argmin X(a,-2px)/0(t)] < Qa,-2pw)/0 (V1 — )| +2C3 <) PN
teS@ (t;)—; 20
where C5(-) = sup ([A2(-)x3/2 + Bo( )7 eXp(—C'Q(~)x)) (A.85)
rER+

These two inequalities together imply a bound on the absolute difference:

J=J+M =t p® = v]

P [ 1( argmin X\,Aj|*2\bj|(t) S Q(|Aj|—2pN)/a(\J/1 — a)
t:m

m(r;2>)+t) 5@ (t;)

oL [ ( arg min X(1as1-2om)/0 ()| < Qg 1~20)/0 (V1 = a)] |
timy !

ma(r{?)+t) €S ()

A
<203 (20) PN (A.86)
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Third Component: We note that the set {t syt <7r2(7'(2)) + t> e S? (tj)} con-

J

tains the set [:I: <w - 1)} This is because by (A.63),

<2 (w - 1) (A.87)

secondly because

- Kuw(V) <72 — (K — Duw(N) +1< 72 -2 <—<K — ) 1)

J

< @19 <w _ 1) <7 4 (K = Dw(N) < t; + Kw(N) (A.88)

K-1)w(N - 2
Therefore, for any ¢ such that [t| < (% - 1), we have m, 1(72(7'; Ntt) e

t; £ Kw(N)] — SO = S®)(¢;). This allows an application of Lemma 6 to obtain

P argmin X(a;1-20n)/0 (D) < Qias1-20n)/0 (V1 — @)
t: 7r2_1 <7r2 (7;2))4-15) eS@(t;)

—P || argmin - X(a;120n)/0 ()] < Qai-200)/6 (V1= ) |

MS(K_IQW(N)*l

IN

Aa((185] = 20)0)exp (= Ba(18,] - 2p)f) (EE 1))

2
for some decreasing expression A3() and increasing expression Bj()
K —1w(N
< Aua/20) e (- Ba(a/2e) (L= ) (A9
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The same application of the lemma can also yield

P argmin - Xga-2pn)/0(t)| < Qqay-20n)/0 (V1 — @)
o< E=DW)
_p {

< A3(A/20) exp (—B’(A/Qa) (w - 1)) (A.90)

arg minXuAjlsz)/o(t)) < Qayl-2pm)/o(V1 = 04)} ‘

teZ

Adding up these two upper bounds imply

P argmin X(a;1-29w)/0 (D) < Qias1-20n)/0( V1 — @)
t: 7r2_1 <7r2 (T;Q))th) €SP (t;)
_p [

< 245(A/20) exp (—B’(é/2a) (”(_EM . 1)) (A.91)

argergiﬂX(mn—apN)/o(t)‘ < Q200 (V1 = 04)} '

Sum of the Components: Adding up the differences in (A.83), (A.86), and (A.91):

P [[A (7}2),@(2))’ < QUajl—2pm)e (VI —a)|J = J, 70 =t, 50 =
-P { ar%éf;inan—%N)/o(f)‘ < Q1200 (V1 = a)} ‘
< Cupn + Csexp [~Cs(K — 1)w(N)] (A.92)

for some constants Cy, Cs, and Cg.

Finally, in order to bound (A.68), we note that given the two real valued triangu-

lar arrays an1,...,an.y and by1,...,byn s, all of which contained in the continuous

an,;—bnNi

interval [0, 1], such that —

< Cy for1 <i < J, where JCy — 0 as N — oo,
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then |[Tan; — [[bn;] — 0. This is because

J J
[Tavi—]]bw
=1 =1

(A.93)

Since |[Jbw,;| € [0,1], the above converges to 0 if ] (1 - %) — 1, which is

true since

J
H(l_w>2(1_ON)J21_CNJ_>1
N,j

. b

J=1 ’

! an; — by

H (1 _ %) <(14+Cy)! < () s =1 (A.94)
i=1 N

This result is useful because for all N large enough so that 2Kw(N) < {dy, the
stage two sets S (t;)’s for j = 1,...,J are mutually exclusive sets, and hence by

conditional independence, (A.68) equals

J
11z HAQ (TJ@)’ Afgz))‘ < Quayl2omse (VI —a)|J = J; 7@ = t; 6D =
j=

J

— 11 Puasi-20m0 (VT =)

Jj=1

More-ever, using (A.92),

J

P [’M (TJ@’@@)M < Qay-20w)/0(V1 — )

J=J+® =¢ pM® = 'v]

_P|Aj|*2p1v( V1 — ) (Plﬁjlﬁpw( V1— O‘))_l

J (Cypn + Csexp [—Cs(K — Dw(N)]) (1 — Oé)q/J

IN

IN

Ci(1—a) ' Jpy + Cs(1 —a) ' Nexp [-Cs(K — D)w(N)], (A.96)
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which goes to 0 since Jpy — 0 and w(N) > CN'~7 for some constant C. This lets

us conclude that (A.95) converges to 0. O

A.2.2 Proof of Theorem II.7

We will show that

~

IP’[J:J;

Are kk (67 .
77— 7] < Quaylv2on)/o <1 - 7N> VJ] >14+ay+o(l) (A97)
Proof. Letting Ry be the event that

{j = J; 'maXJ|7A'* — 77 < w"(N"); 'maxJ\ﬁ(-l) — ] < pN} . (A.98)
j= j=

=U,...,

In a similar way to the proof for Theorem II.3, to prove

Jj=1,..,

T ~re Kk Q .
P {J =J; .maXJ|7'j = T; | < Qa1 +2px)/0 (1 — 7N> forall j=1..., J}

> 1—ay+o(l) (A.99)
it is sufficient to demonstrate that

~Te Kk an . N ~(1 .
. LE%%'%‘ =11 Quagane (1= 5) VilT =015 =135 =, W]

«
= 1= Pyajlv2om)/o (1 - 7N) +o(1) (A.100)

for all ¢;’s and v;’s permissible within Ry, which we will assume when we write ¢;’s

and v;’s from here on.

We now try to bound the difference between

Are ok N - . )
P [\Tj — 777 < Quaji+2on) /0 (1 - —) )J =J,7; =1y, ](-1) = v; for all ]]
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and P(|a;+2px)/0 (1 — O%) for all j. Each estimator equals the argmin of a random

walk:

7;¢ = argmin(sgn(v; — v;_1) Z (Y vt Uj 1) (1 < t) —1(i < 777)]
teltykd;] ic[t;+d;]
—: argminX;(t). (A.101)

tE[tj :|:d}]

In comparison with the random walk

’

t (@ —+ SgH(Aj)Dj) —+ SgH(Aj) Zle 57—]’."*—5—1' t > 0

Xi(t):=<%0 t=0 (A.102)

111 (52 = sen(8,)D;) = sen(8) Xy ereiga £<0

where D; = LEMEUSIZYEL We have, for all sufficiently large N, X j(t+77") equaling

A

either X/(¢) —2[t|D;1(t > 0) or X'(t) —2[t|D;1(t < 0) for all integers ¢ € [t;£d;]—7}*.

With regards to the set [t +d,] —77*, for all large N (such that 3w*(N*) < 63./2) this

set contains the interval [—d%.. /2, d5+/2]. This can be seen by the series of inequalities

~

—d; <7 W (NY) = (O — 207 (N?)) < 77 — 63 /2

< T;‘*—5}*/2STJ*—w*(N*)+(67V*—2w*<N*>>Stﬁc@- (4.103)

Furthermore, since log(.JJ/an) = 0(d%+), we can use Lemma 5 to obtain, for all large

N

’

. w1 AJ «
— Oy /27 — plog ( ) < 75— Quaglv2on/o (1 - —N)

anN J

*x o ok 1 AJ ok *
< 77+ Qaslt2on) /o <1 — TN) <7+ Elog (a) <7749 ./ZA.104)

where A and B are some constants. Therefore, we can apply Lemma 10 to obtain the
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inequality

|

= P

177 = 77 < Qay+20m) /0 <1 B 7) ‘J =J, = tjvﬁj('l) = v; for all j

arg min Xj(t—i—f;‘*) J=J,7 =t Aj(l) = v, for all j

teftxd;]—7;*

< Qaj+20n) /0 (1 B QTN)

. 1 N A
> P || argmin —Xi()] < Qqa,+20n)/0 (1—7) - C1(|Al/2)|D;]
teft;+d;]—77* 7
A an
> B|| wgmin 20| < Quaapnre (1- 2 | - GiAIDpy  (A105)
teft;+d;]—r7* 7 J

for all large N, where C}(]A|/2) is some expression independent of N and j.

Next, use Lemma 11 to obtain

o1 aN
P || argmin —Xi(t)| < Qqa,l+20n)/0 (1 - 7)
teft;xd;]—r 7

v
=

. anN
arg min - X(ja,12px)/0 ()| < Qa+2on)/0 (1 - 7) (A.106)

telt;+d;]—rr

We could also use Lemma 6 twice to obtain

. anN
P || argmin Xqa,i+2on)/0(t)] < Qal+2on)/o (1 - —)
tE[t]' :I:dj]—T;*

«
> Piaypeznyse (1= ) = CalL) exp(=Co(A) M) (A.107)

for some positive expressions Ca(A) and C5(A) independent of N and j. By combining

these inequalities, we come to the conclusion that

~re *ok an T ~x ~ .
P [‘Tj — 77 < Qqal+2on) /o <1 - 7) ‘J =J,7; = tj,y]@) = v, for all 5

> Pyasi+2om) /o (1 - a7N) — Ci(|Al/2)pn — C2(A) exp(—C3(A)d0x-)  (A.108)
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Therefore

~re *% aN . T ~x ~ -
P |:j—HllaXJTj 77']4 | S Q(\AjH'?PN)/U (1 — ) V_]‘J: J, i :tj,llj(»l) = Uj V]:|

<

~re *% anN . S oAk ~(1 .
= P { N 17— < Quaslt2onso (1— 7) VJ‘JZJv s =t 0 = VJ]
J

J
~re *% a 7 ~x ~ -
> 1-Yp {|Tj — 7| > Quay+20m) /0 (1 - TN) |J — J, 71 =t;,01) = v, for all ]}
j=1
aN *
> 1= (1= Puaypszmyo (L= 50) + (C1(AI/2)px + Co(A) exp(~Co(A)65-))]
>1—ay —J(Ci(|A]/2)pn + C2(A) exp(—C3(A)dN-)) (A.109)

which converges to 1 since ay — 0, Jpy — 0, and 3. > C(N*)" for some positive
constant C' and 7. O
A.2.3 Proof of Theorem I1.5

In this section we again utilize the 7 function defined in (A.61), which is a bijec-

tion from the set {1,..., N} — S to the set {1,..., N —[SW|}.

Proof. Let S® <%,§1)> fork=1,..., J be the second stage subsamples. As in previous

sections, define

1

(1)
Vj — Vj

Ry = {j: J; max
j

:17"'7‘]

< o) s,

< pN} (A.110)

We also define the following random functions on integers: for &k = 1,...,J, on the

event Ry let

> (2) 1) A1) o+ o)
I PR U I SR O a1 )

jes@#")

(1 <m'mE) +d) -1(5 <))
for 7r2_1(7r2(7152)) +d) € S}gz)

~

X,gQ) (d) == 00  otherwise (A.111)
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and on the event R let

XP(d) = d. (A.112)

so that the arg min of X(Q)(d) is d = —oo on the event RS;. Using this definition, for
all sufficiently large N, the event {J = J, )\Q(Tk %,52)) =jpfork=1,..,J}NRy is

equivalent to the event

{argminf(,iz)(d) =g fork=1,..., J} )

deZ

Further, for any integer M > 0, we can easily obtain convergence properties by
restricting the function X,EQ) to the set {—M, —(M —1),..., M'}. For sufficiently large
N, when event Ry occurs, we have for any d € {—M, ..., M}, and for all k =1, ..., J,

A(l) (1)
XéZ)(d) = sgn(Ay) Z (yj _ —;I/kl> (1 (] < ng(wg(7152)) + d)) -1 (J < 7—152)))
(1))

jesS@ (7,
ma(r>)+d 1 1
segn(Ag) > (Y “1j) — Uk T+ M + % (Vk — ﬁ,(c )4 Vg1 — ﬁ,(c_)1)> ford >0
j=ma(r{P)+1
=30 ford=0
me(r) vio1—v (1) &
—sgn(Ag) Z Yﬂz—l(j) — Vg1 + e+ % (uk -0y Vo — f/kil)) ford <0
j=ma(r{)+d+1
a8 mar D+ d (1) )
k +Sgn(Ak) Z) Wz_l(j) +3 (Vk_Vk + Vi1 _I/k—l) ford >0
Jj= 7T2(Tk )+1
=40 ford=0

A0 ma(r”) (1) (1)
—d'2E —sgn(Ay) > Exl) T 2 (l/k — 0y g — 1) ford <0
j:ﬁ2(7£2))+d+1

(A.113)

Because _n}aXJ \ﬁi(l) — V| < pn under Ry, this gives the uniform bound
=1,..,

d
‘20_ (l/k — V,g ) + Vg1 — V,(cl)1>‘ S MpN. (A114)
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for all k£ and d. The right side of the above inequality converges to 0 since py — 0, and
because all of this occurs with probability P[Ry] — 1, this shows that the X ,g2)(d)’s
all jointly converge. Specifically, let €7 ; for i = 1,..,J and j € Z be random variables

with the same distribution as the error terms of the data sequence, and define the

random walks

(

d
A5 +sgn(Ay) Y er,  ford >0
j=1
sz(d) =340 ford=0 (A.115)
—dBe — gen(A) i er . ford<0
2 k) kg
\ j=d+1

(note that if the error terms are iid N(0,0?), the random walk X3 (d) has precisely
the same distribution as the random walk 0. Xx, /»(d)). We have the joint weak con-

vergernce

XO), XP(=M+1), , X,
XP(-M), XP(M+1), ..., XP (M), R
X (=), XP (=M +1), . XP )
X3, (=M), Xi,(—M +1), . Xi, (M),
X5 (=M), Xi (=M +1), . XA, (M),
XZJ(_M)7 XZJ(_M + 1)7 ? XZJ<M)

Define L}, := argminX} (j), and L*A(iw) :=argminXa, (j) for k=1,...,J (note
JEZ l71<M

that if the error terms of the data sequence is N(0,1), L}, has the same distribution
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as La, /o). We have the joint weak convergence

(arg maxf(f?)(d), ...,arg maX)A(((JQ) (d)) = <L*A(fw), ce L*A(iw)) (A.117)

ljl<M lil<M

by the continuous mapping theorem, because arg max is a continuous function on
R2M+1 (except when at least two of the coordinates are equal, which has probability

0 if the error terms have densities).

Next, we establish that P [j =J, )\2(7,52),%;2)) =g, for k=1, ..., J| converges to
the product of P[L}, = jx] (which equal P[La, /s = ji| for N(0,0?) error terms) for
kE=1,.. J. We will do this by showing for any fixed ¢ > 0, the absolute difference
between the two is smaller than € for all large N. As in the proof of the single change

point problem, this is accomplished through three main inequalities.

First Inequality: From the result of Theorem II1.4, and by the fact that P[Rx] — 1,
we can find an integer K, greater than maxy |jk|, such that for any K; > K, we have

for sufficiently large N

P [j = J, max (%,?) - Tk‘ < (2K, +2), RN} >1- (A.118)

77777

For all sufficiently large N, {j =J, max ‘%,52) — Tk‘ < (2K, + 2)}ORN would mean

{j = J, max |\, (7,52%%,52))‘ < Kl} N Ry
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and hence

1- < < P {j =J, kH}inJ‘)\Q (7752)’%152)” < Ki, RN:|

arg minf(,gz)(d)' < Kl} (A.119)

deZ

77777

Now

argmin)z',f)(d) =jpfork=1,..,J
deZ

arg minX,Em (d) ‘ <AK120)
dez

— argminX,EQ)(d) = jp for k=1,...,J, and max
ld|<K1 =L

With steps very similar to those used in (A.45), it can be shown that

P [argminXéz)(d) =g fork=1,.. J}
deZ

—P [argminXéz)(d) =g fork=1,.. J] ‘

d| <K

arg minX,gz) (d)‘ > Kl}
dez

<e/4 (A.121)

< P[max

Second Inequality We can find some integer Ky > K such that
€
< >1—- .
P Lg???JMAJ < K2:| >1 1 (A.122)

Now L}, = ji for k = 1,...,J if and only if both L*A(iﬁ) = Jg for k = 1,...,J and
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maxy, [La, /o] < Ky. With steps very similar to those in (A.41), we have

‘]P (L, =jsfork=1,...J]—P [L (K2) — o for k= 1,. J} ‘ (A.123)

IN

F LmlaXJ |LA1“| - KQ}

IN

e/4 (A.124)

Third Inequality By weak convergence, we have

P [LA(KQ) =jpfork=1,. J} —P largmin)z',?)(d) =jpfork=1,.., J]

|d|< K2

€

4
(A.125)
for all sufficiently large V.

Combining the inequalities in (A.121), (A.123), and (A.125) will give

P, =j fork=1,..,J] — P [j —J, Ay (7,52%%,9)) — g fork=1,.,J, RN}

= |P[LA, =jifork=1,..,J] —P [argminf(,g?)(d) = jp for k=1, J] ‘
d€eZ

IN

P {argmmX( ) ) = ji for k=1, ...,J] —P argminf(,f)(d) =jpfork=1,....J
deZ |[d|<K>

+  [P|LA =i for k=1, J} ~P [argminf(f)(d) =jrfork=1,.., J]
|d| <K

+ o [P[Ea, =g for k=1, J] =P [LA =y for k=1, ]|

< 3e/4 (A.126)

Additionally, for sufficiently large N we have P[not Ry] < €/4 and hence

P [J J. Ay <Tk ) A("’)) —fork=1,..J RN]

— P [j =J, Ao (T]i2)77']§2)> =gpfor k=1, .., J}

< €/4 (A.127)
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and hence

P [La, = ji for k=1,..,J]

P [j —J A (&,ﬁﬁ”) — o for k=1, .., J] <e (A.128)

for all sufficiently large N. O

A.2.4 Proof of Lemma 1

In order to prove Lemma 1, we will rely on the following result:

Lemma 4. (i) Suppose that we have an estimation scheme which when applied onto

Zis... I+ gives estimates J for J and <ﬁ‘, e ,%}) for (tf,---,773) such that
P|J=J, max 177 — 77| < w*(N*)] >1— By (A.129)

for some sequences w*(N*) and By+, with w*(N*) = o(d%-) and By« — 0. Then, for

w*gN*)

el o(pi+), there exist constants Cy and

any positive sequence {py«} such that

Cy, where

2 _C 5* * *2*
P [J —J; (o> p}‘v*] < By + Cyut (V) 2 20N PN L (a130)
V ON+P
foralli=1,---,J, when N* is sufficiently large.
(i) Moreover, as a consequence of part (i),
T A~ % * * N*
IP’[J:J; max |Vi—V¢’<PN*]21—( —|—2)BN*
=0, dne
5N* 6N*pN*

It follows that in addition to the conditions in (i), if, furthermore, N*By+/dxn+ — 0
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and (N*w*(N*)/(Sjvimp’jv*) = 0(exp|Codkpi2]), then the probability in (A.131) goes

to 1. The v} ’s are simultaneously consistent if pi. also converges to 0.

Proof. See Section A.2.5 O

In order to prove Lemma 1, it is sufficient to find a sequence pj. — 0 such that
P~ satisfies all the conditions of Lemma 4 and Jpj. — 0 . The proof will proceed

in such a fashion.

Proof. We start off by defining some notations. Since 6y > C'N'== by (M3), we must
have J < C'N* for some C’ > 0 and A € [0,=]. Using this notation, we will show that
by setting p%. = (N*)? where @ is chosen to be any value in ((35/7—1)\/(—3/8), —%) :

we will have a py. — 0 which satisfies the conditions of Lemma 4 and Jp}. — 0.

We must verify that <(3E/fy — 1) Vv (=3/8), —%) is a nonempty set by showing
that both (32/v — 1) and —3/8 are strictly smaller than —%. First, due to condition

(M7 (BinSeg)) we know that =/v < 1/4, and therefore

3=z A 4=
o< =<1
Y Y g
= A
Y Y
and additionally,
3 1 = A
Sl E oA (A133)
8 7 8l Y

Therefore, it is possible to choose some value of # within the set <(3E/7 - 1)V

(=3/8).—2).
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To verify that Jpy. — 0, we first note

Jpi- S NYMNH? < NAE

~

The rightmost term goes to 0 because § < A/~.

To show that the BinSeg estimators satisfy the conditions of Lemma 4, we proceed
as follows. First note that d%. > Cy(N*)'=5/7 for some C} > 0, and where Z/v < 1/4.
For some positive constant Cy, set w*(N*) = CoEn+ = Cy (%)QIOg(N*). Then,
there is a positive constant Cyy such that w*(N*) = (Cy + o(1))(N*)?Z/7log(N*). Set

By« = C5/N*; this would mean

e since (N*)*2/71og(N*) = o((N*)'=5/7) this does allow w*(N*) = o(d%.) to be

satisfied;
o =By =5 = 0;
N* N*

e since 32/y — 1 < 0, and because pi. = (N*)? for some 6 satisfying (3Z/vy —

1)V (—=3/8) < 0 < 0, this pjy. — 0 and satisfies:

w*(N*)
i

o(p+);

< Cg(N*)3=/~11og(N*) for some Cg > 0; latter expression is

— N w*(N*) /(6322 piye) < Co(N*)(T2A=D/2 =0 apd
exp[Cydi- (pi)?] > exp[Cs(N*)'"5/7+29] for some positive Cy, Cs; as
1 —Z/y+20 > 3/4+20 > 0 it follows that N*w*(N*)/63/ 2 p%. =

o(exp[Ca0y- (pi+)?]).

Therefore, all conditions of Lemma 4 for a sequence pj. tending to 0 are satisfied.
Next, combining the results of Theorem I1.6 and Lemma 4, we establish the simulta-

neous consistency of .J, the 7;’s, and the 2;’s. Specifically, under conditions (M1) to
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(M6 (BinSeg)), we could combine the two limit results

.....

P [j: J; 'maxj|ﬁ;k 2 p}‘v] —1

.....

for any pi. = (N*)?, where 6 € ((35/7 -1V (—%)) (A.134)

to get the following through the Bonferroni inequality:

P|J=J; ErllaxJ\f'i* — 77| < CEns; E%ax‘]]ﬁf —v]| < p}‘v} — 1 (A.135)

77777777

as N* — o0. O

A.2.5 Proof For Lemma 4

Proof. First we focus on part (i). Consider the separate cases of 7; fori =0 or i = J

(case 1), and 1 <1 < J (case 2). We know

max |77 — 77| <w"(N*)| > 1~ By- (A.136)
j=lpeed

for some sequences w*(N*) and By~ which are o(d%y.), and o(1), respectively. Also
as in the statement of the theorem, assume there is some sequence pj. such that

w*(N*) /0% = o(pn+). For the rest of the proof assume N* is large enough so that

o 1 <w"(N*) < éj‘g*
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Case 1: For i = 0, 7/} is the average of all Z;’s where ¢ lies between 1 and 77, inclusive.

We have
PlJ=J 19— vl = e ]
< Pli=di -l > e (V)]
[ =0 17—l = ke F ] < wr(V)]
< Bn++ Z P|J=J, |0—u]>phe; 7“'1*:7'}
7T =7 | <w* (N*) )
. 1 <
< B * e . 2k — . _ L * > % .
< N+ + Z PlJ=J;, 7= TZZ] vyl > P
7|77 | <w* (N*) j=1
1 T
< B+ — S — )| > pho .
< b+ + Z P ”TZ(ZJ vo)| = PN (A.137)
7| T =1 | <w* (N*) j=1

For all 77 — w*(N*) < 7 < 7{, we have %Z;:I(Zj — 1) ~ N(0,0?/7), and hence

> p*N*] = 2(1-o(V7px-))
o PPN /0)

= 2 oo
7 exp (= (r— 0t (V) (o )2/(20%))
T

25 o (T ok )?/(40%))

VT V ON+ PN+
(by mw*(N™) > 0+ /2) (A.138)

For all 77 < 7 < 77 + w*(N*) we have 377 (Z; —15) ~ N (T_Tl* (vy — I/S),ﬁ>.

Because

(A.139)
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the magnitude of the z-score of both +p%. for the N <T_T1* (vf — 1), ";) distribution

T

is at least p}kvg—a‘ﬁ, and hence
1 s p*N*\/F
P||- Zi—1) > | < 2(1—@( ———
TE (Z; —75) _PN] = ( ( 5 ))

=1

PN VT
2 557)
55 \T/0
20V2 exp (=03 (piv+)*/(807))
VT VON P

(A.140)

Therefore, the expression (A.138) can be bounded from above by

2o exp (= 0k (p-)*/ (40%))
NG ON+ YN
20V2 exp (=05 (pi-)*/ (80))

VT Op+Ps
60vZ w(N) exp (=05 (pi-)*/ (80%))
NG VON-Pi- '

Byn+ + (w*(N*) + 1)

_|_

w*(N™)

< By+ +

(A.141)

For i = J, a very similar argument will bound P [j =J; |5 —v > p*N*] by the

same expression in (A.141).

Case 2: The procedure for this case will be similar to the steps for Case 1, but

there are a few modifications. For 0 < 7 < J, U is the average of all Z,’s for

~

77 <t < 77, For the following part we re-write this average by considering the

*(m) _ [ritrig
="

midpoint 7, where 1 <17 < J.

In the case where 7, and 7, ; are within d%./3 (which is less than |7, —7|/3) of

(m)

* * : Ak * Ak ok *
7/ and 7/, respectively, we have 7 < 7, < 77, and hence we can bound |7} — |
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1
e E (ZJ -V )
i+1 i oj=rr41
*(m)
*(m) A Ti
T, -7, 1
= | — § (ZJ - ;)
FE X *(m) _ ~x ¢
i+1 i i i j=Fr41
N *(m) i
Th T 1
+ > (2 -
Tivy1 — T4 #r o, — 7™
i+1 7 j:T;(m)+1
FHm) e 1 L pr ) 1 s
p -7; * i+1 i
-l B vy > Z-vi)|+ P e (m) > (Zi-vD)
i+1 i T, T j=#r41 i+1 % Tiv1 — T4 j CONEY
k2
(A.142)
*(m)
*
; — )| or

i 2o 1(Z

Ti

In order for |f — v}| to exceed py., at least one of
must exceed pj., or in other words

—v;)

Ak

z+1 .
P Z(m)Z *(m>+1( j

or |7 — Tl > w(N)} +

=5 15 = v = o
V=Tl S )15 -] 2 o

i — 1| > wt(N)

<P
PlJ=Js |5 -ml<w (V) [
< By« +P J = Jy 5 =1 S wt(NF); |7A'z:1 z*+1| < w*(N*);
.*(NL)
1 < .
w(m)  ~x Z (Zj —vi)| = pi-
T; T j=ir41
+P j:J; 175 =7 Sw (NY); |7 — 7] S wt(N7);
1 7A—i):»l
~x 7_>c<(m) Z (Zj - ) = p*N*
7 J:Ti*(m)+1
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T TN =141 i
. 1 o _
+P S =J; |5 - il S w0t (V) - «(m) Z (Zj —vi)| = P
— T.

|r—7F|<w*(N*) Ti T j=r+1
1 T
+ Z P _ m) Z (Zj —vi)| = py-
7| [Sw (V) i joprtm g

(A.143)

#(m)

T*‘"”_ ZJT'LTH(ZJ — )

k3

> pjv*] for each 7 such that |17 —

Next, we will bound P {

#(m)

7] < w*(N*). For 77 < 7 < 77 4+ w*(N*) we have ﬁZ;;TH(Zj — V) ~

k3

N <O, (j‘n—z)_), and hence

i

1 . ) )
P *(m) _ Z(ZJ_W)ZPN* < 2<1—<I>(pN*o ))

20/3 _exp(—dy- (P )? 02“}

<
T P/ O

144)

-

where we used the fact that 77"™ — 7 > 7™ — ¢ _ *(N*) > 6%./3 — 6%. /6.

“(m)
1 T
For Ti* _ w*(N*) S T < 7';‘7 we have m Zj:‘[‘-‘rl(Zj — Vl*)
— 2 .
~ N (L(VZ* — vl ), ("m—)) The z-scores of +p&. would have magnitudes
T, —T

“m_, :
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greater than

> 01@ (P}k\/* ~ U;N(]\/[; (29>)

6* ¥ A *
>/ -’;io (A.145)

Hence, this gives the probability bound

Fx(m)
1 X * >k
Pl > (% —v))| = pix-

Ty 7T j=ry1

21w 05 Px
3 20

20V exp (303" (240%))

IN

(A.146)
VT P/ O
Putting together the bounds in (A.144) and (A.146) will give
Fxm)
1 X * *
T || <w* (N*) Ti T j=rt1
2 — 8 (P )?/ (2402
VT P/ On
In an extremely similar manner, it can be argued that
R SCS
- T*(m) J % — PN+
7|77 [SwH(N*) 7 j=7'i*(m)+1
2 —0n-(py-)?/ (2402

VT PR\ On
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Therefore, (A.143) can be bounded by

1206w (V) exp (~83 (p3-)*/(240°)

By« +
VT P/ O

(A.149)

By taking constants C7 and Cj to be the "worse” of the coefficients in (A.141) and

(A.149), which are %ﬁ and 1/(240?) respectively, we can combine the result of both

cases and establish

o) _C 6** ** 2
PlJ=J |0 —vi|> p}‘v*] < By + Cyu () 22 =2 N*(pN )) (A.150)
P\ O
foralli=1,...,J O]

Using part (i), previously shown, it is straightforward to show part (ii):

Proof. The complement of the event {.J = .J; max,—o,_s |0 —vi| < pn} is the event

,,,,,

where either J # J or J = J and |0; — v;| > pn for some i. For all sufficiently large

N and some positive constants C'; and Cy we have

1-P [j: J; ‘maXJ|19-* — V| < pi-

,,,,,

J
< PIANEIPI=di 15—y > o]
=0

_ * * 2
< Byt (J+1) <BN* + Oy () SR 200 () ])

V ON= PN+

N* _ * . * . 2
< By + ( — + 1) By + Cyur (W) P00k (o )]

0 (A.151)
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A.2.6 Alternative Proof of Theorem I1.4

In this section, we will relaxed one of the conditions used in the previous sections.
We will again work with the model presented as (2.11) in the main chapter, assuming
conditions (M1), (M2), (M3), and the consistency condition presented in (2.13). In-
stead of assuming (M4), we instead consider the relaxed condition in which the error
terms g;’s (for 1 < ¢ < N) are iid subGaussian with variance proxy parameter o2 and

mean 0, by which we mean they satisty

Elexp(se;)] < exp (UZSQ) (A.152)

for all s € R.

In this proof, we again define the parameters

) 7 — 1 if 7; was a first stage subsmaple point
@ (A.153)

T; otherwise

for j =1,...,J. Also as in previous sections, define
SA(#):={ieN: |i—t| < Kw(N), Y;not used in 1st stage subsample}(A.154)

Proof. Define the event

i=1,..,J i=0,...,J

Ry = {j =J; max <w(N); max ]ﬁi(l) -y < pN}, (A.155)

Denote Gy as the joint distribution of J, %1(1), - f'ﬁl), ﬁél), ey ﬁgl); the domain of Gn

N-1
would be [ J,_, NF x RFFL
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~(2) (2)

il

Then, for any sequence {ay }, we can bound P [j =J;, max;_1_ g

from below by:

P {JA =J; '—HllaXJ ’i’i@) — Ti(z)‘ < aN]
N-1

> P {j =75 max |2 7O <an|d = k20 = 1,000 =0, for j < k}
i=1,...,J " v J J
k=0 0<ti<ta <. <t <N
Vlyeeny v €
dGN(k,tl, ...,tkﬂ)o, ...7’l)k)
> P [j = J; max |7 - T§2>’ <an|J =77 =15, 0 = for j < J}
|t7,7T1|§K’LU(N)
|vi—vi|<pn
for all ¢
dGN(J, tl, ceey tJ, Vs ey UJ)
> inf P j:J; max %,(2)—7'4(2)’gaNJA:J,A(l)—tj,V():vjforng
|t —7i| <K w(N) =17 1" ! ! !
[vi—vi|<pn
for all ¢
P[j:J; max [#V — 7, < Kw(N); max |1/< )—VzgpN}
i=1,...,J i=0,...,J
; ~(2) (2) oy A1) S(1)
> Bl [, [ = vl = 0 =0 s <] | -
|vi —vi|<pn
for all ¢
P[Ry is false] (A.156)

We wish to show that for all e > 0, there exists a sequence ay = O(log(J(N))) such
that

i

P [j: J;  max

i=1,...,J

7@ —7'}2)‘ < aN] >1—c¢€

for all large N. It is sufficient to show this is satisfied by the second to last line of
(A.156), as Ry is true with probability increasing to 1. Henceforth, we will work
with the probability

J = J,%;l) =t;, AJ(-l) =v;forj <J

P {ErllaXJ ‘ﬁ@) — 71(2)) <apy

and, in the domain |t; — ;| < Kw(N) and |v; — v;| < pn for all i, we show that

it is greater than 1 — € for all sufficiently large N and ay = C;logJ + C5 for some
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C1,Cy > 0. In the remainder of the proof, assume that all ¢;’s and v;’s fall within this

domain.

For sufficiently large N, we have Kw(N) < dy/4, and therefore no two of the
second stage intervals ([t; — Kw(N), t; + Kw(N)| for i = 1, ..., J) intersect. Because
each %}2) is a function of all ¥;’s in the disjoint index sets S?(¢;) C [t; — Kw(N),

t; + Kw(N)] and the two level estimates 19](1_)1 and ﬁj(.l), conditional independence

holds:
g [ 1 - TZ@‘ <an|J =, %1(1) =1 Ay('l) = v, for j < J}
J
- HP [ %1(2) B TZ@)‘ <an)S = %j(l) = 1j, Ag(‘l) = v; for all j}
i=1

To show the above product is eventually greater than some 1 — ¢, it would suffice to

show that, for all 1 < k < J and sufficiently large V,

IP)J,’U,t |: 7:]52) — Tlg )‘ > aNi|
- P[ﬂ?)—ﬁi)‘ > ay sza%j(l):tijj(‘l):Uj for all j
< )7 (A.157)

for some C, < —log(1 — ¢).

For any k between 1 to J inclusive, we can write explicit expressions for T,§2)

and %,52) .
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@ = argmin [ sgn(vp — vp_1) Z (Yi - w) [1@ <d)—1 <@ < 7'19))]
deS@ (ty,)

= argminMj(d) (A.158
des(®) (tr)

Next, since, tx € [ — w(N), 7, + w(N)], for N large enough so that £-1w(N) > 1

we have

b — Kw(N) < 7 — (K — Dw(N) < 72 — —K; L) <
K-1
T]ig) + —2 w(N) < T+ (K - 1)w(N> <ty + Kw(N> (A'159)

That is to say, the set S (#;) includes the interval [7’,52) - %M(N),TIEQ) + &1,

minus the first stage subsample points, regardless of which ¢, was used among those
permissible in Ry. Therefore, for any even integer ay such that 1 < ay < %w(N )
(which would be satisfied for all large N if ay = O(log(N)) = o(w(N))),

7A_]ig) B T]gg)

]PJ,v,t [

< Py H)\Q (7,52),%,?))‘ > %N] (A.160)

> (IN]

for all sufficiently large N such that the first stage subsample samples more sparsely

than taking every other point. In order for

A2 (7:;2),7;9))‘ > ay /2, there must exists

a d such that

Az(TéZ),d)]>aN/2 and  My(d) < min M, (£) < My (1Y) = 0A.161)
2e5@ (ty,)
(D o))< 28
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Therefore,

]P)J7'v7t [ ﬁiz) — T]SQ)‘ > GN]
A(2) an
< "
< Pooe [ (A7 57)] > %]
< Pjog[3d € SP(t)) where [Ao(7®,d)| > ay/2 and My(d) < 0]
< > Pt [Mi(d) < 0] (A.162)
deS® (i)

’)\2(7(2),(1)’>a1\1/2

Each Py, + [Mg(d) < 0] can be bounded as follows by recognizing that each My(d)
has subGaussian distribution: for every d € S (t;) and sufficiently large N so that
pn < |A|/2 (and hence sgn(vg—.,_,) = sgn(vy — vx—1) for all k)

My (d)
= sgn(vg — vg—1) Z <Yi — vkl;_vk> {l(l <d)-1 (z < TéQ))]
1€S@ (ty)
sgn(v — vg—1) | Aa(7y (2) ,d) ( — Tk 1+”") + Y e for d > 7(2)
P <r<d
ées<2>(tk)
- 0 for d = 7’,£2)
sgn(vg — vg—1) )\2(7'122), d) (Vk_l — w> - > e for d < T]gQ)
d<e<r?
2eS@ (1)
‘Az(T,gQ), d)’ ( Pl |+ sgn (v — Vk_1)f)k) +sgn(vg —vg—1) Y. & for d > 7,52)
(P <e<d
2eS@ (1)
- 0 for d = 7',52)
Ao (2) d Vh—Vk—1| - D) —s _ £ (2)
o(1y", d) 5 sgn(vg — vi—1)Dg sgn(vk — vk—1) Y. € ord < T,
d<e<r®
2eS@ (1)

(A.163)
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where

The maximal deviation of the signal estimates are at most py — 0 away from the

true signal estimates, and hence for all sufficiently large N,

ﬁk‘ < lpn| < % (where

A bounds the minimum absolute jump from below). In this case

Viy1l — Vg A A V41 — Vg A A
———— + Di| > — ——— — Dy > —. Al
57— tDs 25 and 5 k| 25 (A.165)
Therefore the mean of the My(d)’s satisfy
Vg1 — V, A A
mmmwzawﬁw(i%riing—%nm)z&@ﬁﬂg.

At the same time, My (d) — E[Mg(d)] is a zero mean subGaussian random variable

with variance proxy parameter o> ‘)\2(7152), d)‘, hence

IF)J,'u,t [Mk<d) S 0]

= Pt [My(d) — E[My(d)] < —E[M,(d)]]

< Prue [Mu(0) - BR0) < - [l )| 3]
< %exp <—8%; )\2(7—152),d>‘> (A.166)
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Going back to (A.162), this gives:

PJ7fU7t |: 7A"§2) — TIEQ)‘ > CLN:|
< > Pres[Mi(d) <0
deS® (ty,)

A2 (7, d)|>an /2

1 A?
<5 ¥ (s
desS® (t,)
A2 (7@, d)|>an /2

1 o é2 — 0 é2

k=241 k=—2N_1
A\ A’ ray
= (1 — exp (—@)> exp (—@ <7 + 1)) (A.167)

ﬂgz) _ 7152)‘ = GN} by C./J as we stated back in

i)

Therefore in order to bound P, , [
(A.157), a legitimate choice of ay which will satisfy this bound can be found by

solving

exp (—?—Z) A ay\ C.
1 —exp (—%) P (__ ' _N) - 7 (A.168)

The solution to this will be of the form ay = Clog(J) + Cs, where C} and Cy are

constants not dependent on N. O

As one can see, this consistency theorem can be proven using only the tail prob-
ability properties of subGaussian variables. Another result that can be extended to
such a setting would be Theorem II.5. Suppose the same conditions stated at the
beginning of this section ((M1) to (M3), subGaussian errors, and (2.13)), condition
(M5), and the condition that the error terms have a probability density with no point
mass over R (i.e., Ple; = z] = 0 Vz € R) , then the deviation of the final estimators

will converge to distributions very similar to the La/, distribution: for any integers
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"7kJ7

IP’[j:J; A2 (Tj,%(2)> = k; forjzl,...,J} —>H]P’[L*Aj :kj:|

J

J

j=1

where L} := argmin X} (¢), and X} (¢) is the random walk with absolute value drift

teZ

(

A *
% + sgn(A) Z§'=1 € t>0
0 =0 (A.170)
k%—sgn(A) dimti1€) t<0

where €}’s (for ¢ € Z) have the same distribution as the error terms of the data

sequence. The proof of this convergence in this subGaussian setting follows almost

exactly as the proof found in section A.2.3. The only modification would be that

XA(t) and L4, defined in (A.115) and its following paragraph, would not necessar-

ily equal the distribution of Xa /J(t) and La/s, which were defined using Gaussian

variables.

A.3 Probability Bounds on Argmin of Random Walks Abso-

lute Value Drifts

A.3.1 Probability bound for Argmin of Random Walk

Here we will derive a probability bound for random walks of the form

Xal(t)

t\%HZﬁ:lei t>0
=10 t=0 (A.171)
-5 -1 e t<o0
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Specifically, the following exponential bound applies:

Lemma 5. Suppose that S is a set of integers and m a positive integer such that

[—m,m] C S, then

7|

where A and B are expressions dependent only on |A|, with A decreasing and B

arg minXA(t)’ > m} < A(A) exp(—B(A)m) (A.172)

tesS

increasing in |Al.

Proof.

argminXa (t)| > m

tesS

|

- ¥ P{argminXA(t): j}+ > ]P’{argminXA(t):j}

j>m, jes tes j<—m,jes tes
< Y PXa(®) <0+ > P[Xa(t) <0
t>m,tesS t<—m,tesS
Ay Ay
< ! L]
< Y P[N(tQ,t <0+ Y P|N 151t ) <0
t>m, tesS t<—m,tesS
i VIAT & VIHIA
< > ]P’[N(O,l)<——]+ > PIN(O,1) < -
t=m+1 \/g t=—m-—1 \/g
= tA? — tA?
< Yew(-F) L ew(F)
t=m-+1 t=—m—1
AQ
exXp <_?> mA?
= 2 exp [ ——— A173
1+exp(—%2) Xp( 8 ) ( )

[]

This result has another implication. With probability approaching to 1 at an

exponential pace, the argmin of X () equals the argmin over a smaller set:
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Lemma 6. For any set of integers S and positive integer m such that [—m,m| € S,

te[—m,m] tes

P (arg minXx (t) = arg minXA(t)> >1—A(A)exp(—B(A)m) (A.174)

where A, B are expressions in A that are, respectively, decreasing and increasing in

|A| Lemma 5.

Proof. The two argmins of X (t) (over S and over [m, m]) are different if and only if

the argmin over S is outisde of the interval [—m, m]. Therefore

P (arg minXx (t) # arg minXA(t)>
te[—m,m] tesS
=P ( arg minXa (t)| > m)
tes

< A(A)exp(—B(A)m) (A.175)

This leads to

Lemma 7. Suppose that S is an integer set, £ and m are positive integers, and

[—0,¢] C [-m,m] C S, then

P—E

for some expressions A() and B() that are respectively, decreasing and increasing with

arg min X (t)

te[—m,m]

< A(A) exp(—B(A)mJA.176)

arg minXA(t)‘ < 4
tesS

respect to |Al.
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Proof.

P ||arg minXa (t) §€] —IP’[

te[—m,m]

arg min X (t) ’ < 4

tesS

= P ||largminXa(t)| < ¢ and

te[—m,m)]

arg minXA(t)‘ > f]

tesS

IN
|

argminXa (t)| #

i te[—m,m)]

arg minXa () u

tesS

(A.177)

The last line is greater than 0, and by Lemma 6, less than A(A)exp(—B(A)m) for

some appropriate expressions A() and B(). O

A.3.2 Quantiles
Due to Lemma 5, the following statement can be made regarding the quantile:

Lemma 8. Using the A and B from Lemma 5,

1 AJ
Qa(V1—a) < Elog— (A.178)
!
Proof. Using the inequality from Lemma 5,
1 AJ
P inXa(t)| < —=log —
[arir;m Al )' < glog— ]

1 A
> 1— Aexp (—B—log —J)
B o}

(0%
= 1——
J

V1—a (A.179)

Y]
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A.3.3 Comparison Between Random Walks, Part 1

Here will show some probability inequalities between random walks with different

drifts. These results are useful in proving Theorem II.3.

Lemma 9. Suppose that S is a set of integers, m is a positive integer, and [—m,m| C

S. Define, for any positive Ay, Ao, the random walks

(

M = t<0
WAl,AQ (t) = 0 t=20 (A180)
tlel 5 e t>0

Then for any n > 0,
P [ arg minWa, a, (t)‘ < m} >P [ arg minWAhAﬁQn(t)’ < m}
tes tes

— (A(A2)m*? + B(Az)v/m) nexp(—C/(As)m) (A.181)

for some expressions A(Asz), B(Az) and C(As) that are, respectively, decreasing,
decreasing, and increasing with respect to |Ag|. Similarly, the following inequality

holds:

P [ argminWa, a, (t)‘ < m} >P [ arg minWa, yo, A, (t)’ < m}
tes tes

— (A(A)M*? + B(A1)v/m) nexp(—C(Ay)m) (A.182)

where the form of the expressions A(), B(), and C() has identical forms as expressions

used in (A.181).

Proof. Tt is only required to prove the inequality between Wa, A, and Wa, a,+2,-

This is because Wa, a,(t) has the same distribution as Wa, a,(—t) for all ¢t € S, and
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therefore

P ||arg minWa, a, (t)‘ <m
tesS

=P argminWAz’Al(—t)‘gm}
| tes

= P argminWA%Al(t)‘ Sm]
te—S

where —S:={—-t:te S} (A.183)

where the last inequality is due to the fact that the existence of an |¢| < m such that
Wasa, (=€) < Waya,(—t) for all t € S, [t| > m could be true if and only if there
exists an |[¢| < m such that Wa, o, (0) < Wa, a, () for all t € =S5, |t| > m. Similarly,

we also have

7|

and from here, an inequality can be derived by comparing
7|
7|

using (A.181). Therefore, the rest of the proof will only concern the random walks

WA17A2 () and WA17A2+2U(')'

arg minWa, 4o, A, (t)‘ < m} =P [
tesS

arg minWAZ,Aﬁgn(t)‘ < m} . (A.184)
te—S

arg minWAQAI(t)‘ < m}
te—S

and

arg minWA%Aﬁgn(t)‘ < m}
te—S

For the sake of brevity here, we will use the shorthand notations W (¢) for the random
walk Wa, a,(t), and W, (¢) for the random walk Wa, a,12,(t). We are interested in

the probability of the event when < m, so

arg minW(t)’ > m and |arg minW, ()
tes tes

for now, assume that for some integer k € S, such that |k| > m, W (k) < W(t) for all

153



tes, |t <m.

o If k < —m, then W, (k) = W(k) < W(t) < W(t)+tnl(t >0) = W,(¢) for all

t € S —{k}; in other words

arg minI (t)’ > m, a contradiction. Therefore it
tes

is not possible for kK < —m.
e This leaves the possibility that £ > m. Additionally:

— as how 'k’ was defined, W (k) < miny<,, W (t)

— because W, (k) = W (k) + kn is not the minimum among the W, (t)’s for

t €S, we have

W(k)+kn = Wi(k)

S

> ﬁlglill W (t)

> ‘n|1<in W(t) (A.185)
t|I<m

This breakdown of events shows that in order for the argmin of W, (¢) to be within
[—m,m] but for the argmin of W (t) to be outside this interval, there must be a k > m

where (ming <, W(t)) — nk < W(k) < minjy<,, W(t). Therefore

7|

< P {Hk: : k> m and (min W(t)) —nk < W(k) < min W(t)}

tl<m = ltl<m

arg minW(t)’ > m and
tes

arg minWJr(t)’ < m}
tes

< kesmz(;m)lp [(ﬁlﬁig W(t)) —nk < W(k) < min W(t)] . (A.186)

The random variable miny;|<,, W (t) can either equal mineo,,) W (t) or minge[—pm, o W (t).

Therefore, for any specific k, the event (minj<,, W (t)) —nk < W (k) < minp <, W(t)

implies that either (minye(,m W (t))—nk < W (k) < minepo,m W (t) or (minge(_m.o W(t))—
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nk < W (k) < minse—m,0) W(t), yielding the inequality

[t|<m

P Kﬁ?zjﬁ W(t)) —nk < W(k) < min W(t)}

< P K min W(t)) —nk < W(k) < min W(t)]

te[0,m) te[0,m]
+P {( min W(t)) —nk <W(k) < min W(t)} (A.187)
te[—m,0] te[—m,0]

Both of the two probabilities in the last part can be bounded. First, because k£ >
m, W(k) is independent of W(—1),...,W(—m), the distribution of W (k) is still

N (k%, k) even after conditioning on the value of minge|_, o) W (t), hence

P ( min W(t)) — k< W(k) < min W(t)}

te[—m,0] te[—m,0]

= E P{x—nk<W(k‘)§x

min W(0) =]

te[—m,0]

_ Pli-@(%m) <N(0,1)§%—\/E|A72’

min W(t) = x”
te[—m,0]

—2/2
= E / Mdz min W(t) =z
2T te[—m,0]
5~ VR(1 )
.2
< [ mtm,
V2T
()
vk { A%}
< oxp |22 A.188
V27 P 8 ( )

As for the other inequality, consider the event that (minte[o,m} W(t)) —nk < W(k) <
mingeo,m W (t). Because minyep ) W(t) < W(0) = 0, this event implies that for some

¢ €10, m], we have W ({) —nk < W(k) < W({) <0 (namely, letting ¢ = arg minW (¢)

te[0,m]
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would work). Therefore

P K min W(t)) —nk < W(k) < min W(t)

te[0,m] te[0,m]

m

< D PW() —nk < W(k) <W(C) <0]
= ijp [—nk < W(k) — W () <0 and W(£) < 0] (A.189)

Now W (¢) = (152l + 25:1 ey and W (k) —W(0) = (k— )82 + Z?:eﬂ g; are indepen-
dent random variables, with distributions N (¢52],¢) and N ((k = )52, (k = 0)).

Hence

P[—nk < W(k) —W(¢) <0 and W(¢) <0

= Pl-nk < W(k)—W() <0]-P[W() <0]

A k A A
= P [—\/k —e% —~ Z > < N(0,1) < —Vk —£22|] P [N(O, 1)< —\/2‘2—2|
—VE=rig2
exp(—2%/2) { IAzI}
- S 210 4P IN(0,1) < —VEeEER
/ V2m : 0.1) < 2
_m‘ifl_alzki[
nk  ©XP (—%(k — £)> 1 A2
< - —exp [4
vk -1/t V2T 2 8
1 nk A2 }
= : —Z2k A.190
ovar vk { 8 (4.190)
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Therefore, using (A.189),

| nk A2 1
< : exp | ——=k
= ;2\/% el T8
[ az2,] m+1
< A |
S ) Vi
C Az
ik ) k- (VE—Vk 1)
= = — —m —
ram L
A
il N e (A.191)
< — Lt — L opk-vVm+ .
Therefore,
P [ arg minW (¢)| > m and |arg minW+(t)‘ < m}
tes tes

< i _ < :
< Z P [(tgﬁ){rnlﬂ W(t)) nk < Wi(k) < tér[%)l’Inlﬂ W(t)]
keSn(m,o0)
P i t) | —nk k) < in Wit
b3 e (i, W) <ok < WO < min Wi

keSN(m,00)

according to (A.186) and (A.187)

o0 ex —%%k s 2
k%:ﬂ( p\[/g ].T]k;w/m—i—l)—i— Z (Z\g_fexp [—% D

k=m+1
according to (A.188) and (A. 191)

(\/W+ Zkexp{ ]

IN

IN

i (moo[%] ool

AQ
V2T | 1 —exp [_%] (1_6 p[ ?2]>2 ( 8
since ik‘x’“ = <(11:913 )x for any |z| < 1,a € N  (A.192)
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From here,

P argminW(t)‘ < m}

tes
> P ||arg minWJr(t)‘ < m} -P [ arg minWJr(t)‘ < m and |argminW (t)| > m
| tes tes tes

tesS

> P - argminWJr(t)‘ < m} - (A(Ag)m3/2 + B(As)y/m) nexp(—C(As)mJA.193)

for some expressions A(Ay), B(Az) and C(A,) that are, respectively, decreasing,

decreasing, and increasing with respect to |As]. ]

This result immediately leads to some results concerning the random walks X (),

as they are a special case of the random walks Wa, a,(-) where Ay = Ao.

Lemma 10. Suppose that for the random walk Y, (t) for t € S equals

Xa(t) fort <0
Y. (t) = (A.194)

Xa(t)+nt  fort>0

1A

for some constant n such that 0 < n < 5. Then for any [-m,m] C S C Z,

7|

+ 1 [A(A)Ym?? + B(A)y/m] exp [—~C(A)m)] (A.195)

arg minYJr(t)‘ < m} <P [

tesS

arg min X (t) ’ < m}
tesS

for some expressions A(), B(), and C() which are, respectively, decreasing, decreas-
ing, and increasing with respect to |A|. The same probability inequality will hold if
Vi(t) = Xa(t) + nlt/1(t < 0).
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A similar set of inequalities hold for the random walk Y_(t) fort € S, defined as

Xal(t) fort<0
Y (1) = (A.196)

Xa(t)—mt fort>0

Forn < ' ‘, and [—m,m] C S, we have
P [ arg miny_ (t)‘ < m} { arg minXA(t)’ < m} —
tes tes

o (B2 o (5 )

for some expressions A(), B(), and C() which are, respectively, decreasing, decreasing,

and increasing with respect to |A|/2 —n. The same probability inequality will hold if
Y. (1) = Xa(t) — i1t < 0).

Proof. Apply Lemma 9 with A; = Ay = A to prove (A.195), and with A; = A,
Ay = A — 21 to prove (A.197). O

Additionally, we can make probabilistic statements regarding the argmin of X (¥)

for two different values of A:

Lemma 11. For any A # 0, n > 0, and a set S which contains the interval [—m,m],

7|

argminXA(t)’ < m} <P [

tesS

arg minX|A|+2n(t)‘ < m} (A.198)

tesS

and

? gmnststo| 2] 2

—2n [A(A)m*? + B(A)y/m] exp [-C(A)m] (A.199)

arg minX|A|+2n(t)‘ < m}
tesS

for some expressions A(), B(), and C() which can take the same form and have the
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same monotonicity properties as the ones used in Lemma 9.

Proof. The first inequality can be shown by noticing that the event

arg minXA(t)‘ <
tes

m implies that for some [¢{| < m, Xa(f) < Xa(t) for all ¢t € 5, |[t| > m. This in
turn implies that X|a4,(¢) = Xa(€) + [£ln < Xa(t) + [t|n = X|a|4n(t) for all t € S,

|t| > m, which means

arg min X a4, (t) ‘ < m.
tes

The second inequality can be shown by applying Lemma 9 twice:

P | |arg minXA(t)‘ < m}
|| tes

> P ar%eglinWA,lA—i-Qn(t)‘ < m} - [A(A)m3/2 + B(A)y/m] exp [-C(A)m)]
> P - arg minWA+2n,|A+2n(t)‘ < m} — 21 [A(A)m*? + B(A)v/m] exp [-C(A)m]

tesS

tesS

= P - arg minX|A|+n(t)‘ < m} —2n [A(A)m3/2 + B(A)y/m] exp [-C(A)m](A.200)
[

A.3.4 Comparison between Random Walks, Part 2

Here we will prove inequalities similar to those presented in Lemma 9, but in the

other direction. These results are also useful in proving Theorem I1.3.

Lemma 12. Let the random walks Wa, a, be as they were defined in Lemma 9.
Then given any positive 1, positive integer m, and set S such that |n| < |A1|/2 and

[_ma m] g S:

7|

(2w (< (3 ) ) e

arg minWAhAﬁzn(t)‘ < m} >P [
tes

arg minWa, a, (t)’ < m}
tes

for some positive expressions A() and B() which are, respectively, decreasing and
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Ay

increasing in S+ —n. Similarly, between the random walks Wa, a, and Wa,ona, for

0<n< % there is the inequality

7|

(22w (<5 (%)) e

arg minWa, yo, A, (t)‘ < m] >P [
tes

argminWa, a, (t)’ < m}
tes

for some positive expressions A() and B() which are, respectively, decreasing and

MCreasing in % —n.

Proof. We will show the inequality between Wa, a,+2, and Wa, a,, and the result
between Wa, 12n.a, and Wa, a, can be shown in a similar fashion or in an argument
similar to what was found in the proof for Lemma 9. As in the proof of that lemma,
we will use the shorthand notation W for Wa, a, and W for Wa, a,+2,-

> m can simul-

argminW(¢)| < m and |argminW, (¢)

tes teS
taneously occur, which we will do by considering the possible values of the argmin of

We are interested in how

W (t). If these two events are true, then first note that for some integer k € [—m, m],

W(k) <W(t) forallt € S, t # k.

o if £ <0, then W, (k) =W(k) < W(t)+ |tInl(t > 0) = W, (t) for all t € S and

|t| > m; in other words

arg minI (t)‘ <m,

teS
e thus k£ > 0 and W (k) = argminW (¢). The only possible way for |arg minW, (¢)| >
te[0,m)] tesS

m is for the argmin to be less than —m: for any t € S:

— if t > m then Wi (t) = W(t) +tn > W(k) + kn = W, (k), which means

that the argmin of W, (t) cannot be greater than m in absolute value

— therefore the only possible argmin for W, (¢) is for some ¢ < —m, and it
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must satisfy
W) =Wy(l) < Wi(k)=W(k)+nk < W(k)+nm (A.203)
but at the same time since W (¢) was not the minimum among the W (t)’s,

we have W (¢) > W (k)

This breakdown of events shows that in order for the argmin of W (¢) to be within
[—m,m] but for the argmin of W, (t) to be outside this interval, there must be an

¢ < —m where minejg ) W (t) < W(€) < minge(o,m W (t) + nm. Hence:

|

<P

arg minWW., (t) ‘ > m}
tesS

arg minW(t)' < m and
tesS

I < —m where min W(t) < W(¢) < min W(t)+ nm]

te[0,m] te[0,m]

< i P { min W(t) < W(¢) < min W(t)+ nm}

Pl te[0,m)] te[0,m]
= Z E|Plz<W({) <z+nm rr[1in]W(t):x]
tel0,m
l=—m—1 L L

< IE]P’——— N(0,1) < — —mmant:x
< 2 EPlym R YEeNens g "] ”

. f/ff 1

\/%exp( 22/2)dz

min W (t) =

te[0,m]

~
|
|
3
L
>

St/ 1
e
oo .
< exp(—22/2)dz
< ) oz O(=#/2)

l=—m—1

_Ar
2

since all possible values of z are negative, and the integrated density is monotone
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A
~ -V tnym

o .
< exp(—22/2) dz
<X [ metan)
——m— A
-3 \/1
< S vmew | -3 (Sl -avim)
hS ey p o\ o n
— 00 1 2
< m > exp ——(—1— ) €]
V2r , =~ 2\ 2
2
RO el ) /i < (Al )2 )
< mwWmexp | =5 | = —n) m
2
V2 1—%19[—%(%—77 ] 2\ 2
(A.204)
Therefore,
P ||arg minW+(t)‘ < m}
Ll tes
> P||arg minW(t)‘ < m} —-P [ arg minW(t)' <m and |argminY, (t)| > m
|| tes tes tes
> P||arg minW(t)’ < m} — A'ny/mexp(—B'm) (A.205)
tes
for some constants A’ and B’ depending only on % — .
O
We can immediately apply this result to random walks of the form Xa:
Lemma 13. Suppose that for the random walk Y, (t) for t € Z equals
Xal(t) fort <0
Y,(t)= (A.206)

Xa(t)+nt fort>0
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for some constant n such that 0 < n < 21 Then for any [-m,m] C S C Z,

|

arg minY+(t)‘ < m} > P [

arg minXA(t)‘ < m}

(B ) e (5 () e

for some expressions A’() and B'() which are, respectively, decreasing and increas-

g with respect to lal n). The same probability inequality will hold if Y, (t) =
2

Xa(t) +nt|1(t < 0).
In addition, if Y_(t) is defined differently as

Xa(t) fort <0
Y_(t) = (A.208)

Xa(t)—mt fort>0
then we have the inequality
7|
A A
+ A (% - 77) nv/m exp (—B' (% - 77> m) (A.209)

for some expressions A'() and B'() which are, respectively, decreasing and increasing

arg miny_ (t)‘ < m} <P [

tes

arg minXA(t)‘ < m}
tes

with respect to (% — 77).

A.4 Intelligent Sampling using Wild Binary Segmentation

A.4.1 Wild Binary Segmentation

We next discuss the Wild Binary Segmentation (WBinSeg) algorithm, introduced
in Fryzlewicz et al. (2014). Similar to our treatment of the BinSeg procedure, we

will explain the WBinSeg procedure in the context of applying it to the dataset
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Z1, ..., 4N+, asize ~ N7 size subsample of a larger dataset Y7, ..., Yy which satisfies

the conditions (M1)-(M4). The steps of this algorithm are:

1. Fix a threshold value (y+ and initialize the segment set SS = {(1,N)}, the
change point estimate set 7 = (), and My~ intervals [s1,e1], ..., [Saryes €rrye],

where each s; and e; are uniformly picked from {1,..., N*}.

2. Pick any ordered pair (s,e) € S5, remove it from SS (update SS by SS «+

SS —A{(s,e)}). If s > e then skip to step 6, otherwise continue to step 3.
3. Define M, := {[s;, e:] : [si,ei] C [s,¢€]}.
e As an optional step, also take M, + M. U{(s,e)}.

4. Find a [s*,€*] € M, such that

max |V ..|= max max |Y) |
be{s*,.per—1} 5 [s'e/|EMae \bE{s! e/—1}  °

and let by = argmax |27 .
be{s*,....e*—1}

5. If | 222 .

> (n~, then add by to the list of change point estimates (add by to 7),

and add ordered pairs (s,by) and (by + 1,€) to SS, otherwise skip to step 5.
6. Repeat steps 2-4 until SS contains no elements.

Roughly speaking, WBinSeg performs very much like binary segmentation but with
steps that maximize change point estimates over My« randomly chosen intervals. The

consistency results in Fryzlewicz et al. (2014) imply that in our setting, the following

holds:

Theorem A.3. Suppose conditions (M1) to (M) are satisfied and the tuning param-

eter (n+ is chosen appropriately such that there exists positive constants C and Cy
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with C1y/log(N*) < (y+ < Cov/dx+. Denote j, T1,...,Tj as the estimates obtained

from wild binary segmentation. Then, there exists positive constants Cs, Cy where

N* 5%\ e
> | < N> 11— *\—1__ _ N*
s ot oo 2 - () (1- (3)

i=1,... e
(A.210)

]P’[j:J;

We remark that the right side of (A.210) does not necessarily converge to 1 unless
My~ — oo fast enough. Using some simple algebra, it was shown in the original

paper, that for sufficiently large N, this expression can be bounded from below by

2
1—CN~! for some C' > 0 if My~ > <3N*> log(N*?/8x+), a condition on My~ which

6N*

we we assume from here on in order to simplify some later analysis.

Compared with the consistency result for binary segmentation given in Theo-
rem I1.6, max;—; _;|7; — 7;| can be bounded by some constant times log(N*), which
can grow much slower than Ey« = (N*/d%.)? log(N*) whenever N*/§%.. — co. How-
ever, this comes at the cost of computational time. Suppose we perform wild binary
segmentation with My~ random intervals [s1,€1], ..., [Say., €my. ], then for large N*
the most time consuming part of the operation is to maximize the CUSUM statistic

over each interval, with the other tasks in the WBinSeg procedure taking much less

M

time. This takes an order of 3 ;7Y

(e; — s;) time, and since the interval endpoints
are drawn from {1,..., N*} with equal probability, we have E[e; — s;] = &-(1+0(1))
forall j =1,..., My+. Hence the scaling of the average computational time for max-
imizing the CUSUM statistic in all random intervals, and WBinSeg as a whole, is
O(N*Mp~) = O (%—*3)2 log((N*)?/6% *)> time, which is greater than O(N*log(IN*))
time for binary segmentation whenever N*/d%. — oo. The trade-off between the in-

creased accuracy of the estimates and the bigger computational time, as they pertain

to intelligent sampling, will be analyzed later.
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As with the BinSeg method, we need to verify that the WBinSeg method also
satisfies the consistency condition of (2.13) at step (ISM3) of intelligent sampling, so
that the results of Theorem II1.3 continue to hold with the latter as the first stage
procedure. To this end, we need to demonstrate a set of signal estimators that satisfy
the condition of Lemma 4 with a pj. such that Jp}. — 0. We do this by using the

estimator proposed in (2.31), and also by imposing two further conditions:
(M8 (WBinSeg)): Z (from condition (M3)) is further restricted by = € [0,1/3),

(M9 (WBinSeg)): Ny, from step (ISM2), is chosen so that Ny = K{N? for some K; > 0

and v > 3=.
Lemma 14. Under conditions (M1) through (M4), (M8 (WBinSeg)), and (M9 (WBin-

Seg)), we have

P(J=J; _Erllame — 7| <w"(N"); 4{101aXJ|19i —y| <py-| =1 (A211)

for some pi« where Jpy. — 0.

Proof. We need to show that wild binary segmentation does satisfy the requirements

=21

of Lemma 4. We have 0}. 2 (N*)l_% and J < (N*)7.

~Y

By the properties of the
WBinSeg estimator shown in Theorem A.3, w*(N*) ~ log(N*) and By« ~ N*7'. We

shall show that for p = (N*)? where 0 € (2— -3, —%), the conditions of Lemma 4

=2

are satisfied, and in addition, Jpjy. — 0.

First, the set (% — %, —=) is a valid set since
3= 1 1/.=
——-=—-1(3—=-1]) <. (A.212)
2v 2 2\ v
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by condition (M9 (WBinSeg)). Hence = — £ < —

>~ 2 . Second, Jpj. — 0 since

v

(N*)? (A.213)

2|

Jpn- S (N7)

But

1]

6+ = <0.
Y
Finally, as for the conditions of Lemma 4, we have

o U < (N*)707F log(N*) = 0, hence w*(N*) = o(d}.)

5%
o I-By-~ 55— —0
N* N*

e because ph. = (N*)? where 6 € (% -1 —%), we have py. = o(1)

o el S (N log(NY), and . (pi.)? 2 (N*)* 77 since 2041 > 0,

(O3« )3/ 2P

this means that ——w (V)

GISEr.

= o(exp(Cadk- (ply+)?)) for any positive constant Cy

Since all conditions of Lemma 4 are satisfied, the signal estimators satisfy

P|J=J; max |/} —v;| < pye| — 1 (A.214)
7=0,....J

which combines with the consistency of the change point estimators through a Bon-

ferroni inequality to obtain the consistency result (2.13). [

Remark 20. As with the BinSeg algorithm, the WBinSeg procedure is asymptotically
consistent but faces the same issues as BinSeq in a practical setting where the goal is
to obtain confidence bounds [7; £ C3log(N*)| for the change point 7;. Namely, there
are unspecified constants associated with the tuning parameter (n+ and the confidence
interval width C3log(N*) in (A.210). The issue of choosing a confidence interval

width will can be resolved by applying the procedure of Section 2.4.2.
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Table A.1:

Table of 7,,;, and computational times for various values of =, using WBin-

Seg at stage 1.

=2 [0,1/9) [1/9,1/7) [1/7,1/3)
Yo S max {578 3= 4] =11
Order of Time| NUF2=+0/2 [og( N)| NT+2=+0/2 0g(N) or N°=+71og(N)|N*=+log(N)
Yomin (A =0) = 3= 41 32 +1
Time (A = 0) | NOF25/2]og(N) N°=+11log(N) N5t ]og(N)
T (A=5)] L= = 3=+
Time (A = )| NUIF55/2]og(N) NU+35)/2]0g(N) N>=t1]og(N)

v vs = for WBinSeg

a
= 7 -
-
-
-
i
-
P
2 -
7
-
-
P
3 ,y — =5 //’ —_
f)/ 2 //, =~
P
2 g
122 -
’y f— 5 = //
-
-
-~
S -
-
-
/”/
- O Acceptable
= - O Optimal
T T T T T T T
0.00 0.05 0.10 0.15 — 0.20 0.25 0.30
—
e
Figure A.3:

Blue triangle encompasses all valid values of v vs = as set by (M8 (WBin-

Seg)). Pink region, solid red lines, and dotted red lines denotes 7, for

each =.

Remark 21. Although the V.. values are, across the board, smaller than those given

in Table 2.1 of the main chapter (which records the Y, values and computational time

of Binseg at Stage 1), the order of the actual computational time is also greater across

the board. There is some advantage in using WBinSeg since consistency condition

(2.13) with Jpn — 0 is satisfied in a greater regime of = (= < 1/3 as opposed to

= < 1/4 for BinSeg), but in scenarios where the change points are placed far apart
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BinSeg would run in shorter time.

A.4.2 Computational Time Order for Multiple Change Points

To analyze the computational time when using WBinSeg at stage 1, we again
assume that dy/N= — K; and J(N)/N® — K, for some constant A < = and
positive constants K7, K. To summarize the details, for Ny ~ N7, the average
time for the first stage is O(N7*=log(N)), while the second stage takes, on aver-
age, O(N1=7*A 1og(N)) time. Together with condition (M9 (WBinSeg)) and setting,
~v > 3Z, the order of average time for both stages combined is minimized by setting
{1—2E+A

2

Vmin = Max ;=4 77} for any small constant 1, with the average total compu-

tational time being O(Nmin+2=]og(N)).

Detailed Analysis: We have dy ~ N'™= for some = € [0,1/3) and J ~ N» for
some A € [0,Z]. Given n data points from (2.11) with minimum separation 6, be-
tween change points, it takes an order of % log(n) time to perform the procedure, due
to having to use M,, ~ (%)2 log(n?/d,) random intervals, each requiring O(n) time
on average. The first stage works with a time series data of length order N7 with
minimal separation d3., and hence has an average computational time that is of the
same order as(N*/0%.)? - N*log(N*), which is the same order as N7™?=1og(N). The

second stage works with .J intervals, each of width C' N~ log(N) for some constant

C'. Because we have

A

PlJ=J>1-C(N*)™* for some C' > 0 (A.215)
by our earlier condition on My, we arrive at E[J] = O(.J) because

E[J] < J(1—C(N*)™)+ N(CN*)™) < (C+1)J.
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This in turn shows the expected computational time of the second stage is O(JN'~7log(N))
which simplifies to O(N1=7A 1og(N)).

Both stages combined are expected to take O (NOT22VI=1TN og(N)) time. This
fact combined with the requirement v > 3= lead to an optimal way to choose v to

minimize the amount of computational time:

e On the region = < 1/9 we can solve the equation Y,in + 22 = 1 — Ynin + A to

get the minimizing v as Vin =

—1_225 +A, which satisfies v,,;, > 3Z. This results

142E+A

in O(N~2  log(N)) computational time.

e On the region = € [1/9,1/7):

— If =2 > 32 set i = 52 resulting in O(NH22E+A log(N)) compu-

tational time.

— Otherwise if #\ < 3Z, set Vmin = 3= + 1, where n > 0 is small, for

O(N5=F]og(N)) computational time.

e For = € [1/7,1/3) also set Ymin, = E+n, where > 0 is small, for O(N°=+"log(N))

computational time.

A.4.3 Simulation Results for WBinSeg

We next looked at how effective intelligent sampling with WBinSeg would work
in practice, by running a set of simulations with the same set of model parameters
as in Setup 2 of Section 2.7, and used the exact same method of estimation except
with WBinSeg used in place of the Binseg algorithm. For the tuning parameters of
WBinSeg, the same () was retained and the number of random intervals was taken
as M, = 20000. Although we could have used the theoretically prescribed value of
My = 9(Ny/d%,)* log(N{/d%,), this turns out to be over 400,000 and is excessive as

setting My = 20,000 gave accurate estimates.
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Distribution of Maximum Deviation Distribution of Deviation for 27th Change Point
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Figure A 4:
Distributions of max;<;j<ss A2 (Tj, %j(2)> and Ay (7'27, %2(3)> from 1000 trials
using the same parameters as setup 2 but employing WBinSeg instead

of BinSeg.

Using WBinSeg along with steps (D1) and (D2), the event {J = J} also occurred
over 99% of the time during simulations. One can also see from Figure A.4 that the
distribution of the %](2)’5 again match with Theorem I1.5. Because the performance of
intelligent sampling is near identical for this setup, regardless of whether BinSeg or
WBinSeg was used, the reader may wonder why the latter isn’t used for the previous
few simulations. The reason is the following: when the re-fitting method from Section
2.4.2 is implemented, it results in the second stage intervals being of width (1 —
a/J)N1=7  irrespective of which of BinSeg or WBinSeg was used at stage one [where
Q1(1 — «/J) is the 1 — a/J quantile of |L;|]. Hence, WBinSeg loses any possible
advantage from the tighter confidence bound of width O(log(/N)) rather than O(Ey)
for BinSeg from stage one. So, in a sparse change point setting and with stage 1
refitting, WBinSeg provides no accuracy advantages but adds to the computational
time, e.g., the 1000 iterations used to create Figure A.4 averaged ~ 293 seconds, while

the iterations used to create Figure 2.11 averaged = 7 seconds.
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APPENDIX B

Proofs for Section III

We first establish that the least squares expression is indeed minimized at the true

parameters. In other words, if we denote the functions
fapa(X,Y) = (Y —a-1(XT9 <0)— 5-1(XT0 > 0))* (B.1)

for 0 < ap < By < 1, 6y € RY, then Pf, 54 is minimized at (g, Bo, 0o)-

Lemma 15. For every o, 3, and 0 inside the parameter space, E[f, 50(X,Y)] is min-
imized when (o, 8,0) = (ag, Bo, 00). Furthermore, if we define the distance function

d*=d; as

d*((ou, Br,6h), (a2, P2, 02)) := \/(041 — )2+ (81 — B2)? + ||01 — 022,

(a1, B1,01), (g, Ba, 02) € {(z,y) ER?*: 0 <z <y <1} x RP (B.2)

then there exists a constant K~ , independent of n, such that

inf Pf,s0— Pf, > K n? B.3
d*((%ﬁﬁ%(@o,ﬁoﬂo))Zn( Jaso = Plansma) 2 K (B-3)
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for alln < 1. There also exists a constant K+, independent of n, such that

sup (Pfas0 — Pfagpose) < K (B.4)
d*((a7670)7(a0»/ﬁ0a90))§7]

for alln < 1.

Proof. We start by noting that for all valid estimates «, 3, and 6:

Elfa,50(X,Y)]
= E[Y-a)? 1(XT0<0)+ (Y —B)* 1(XT0>0)]
= Ex[E[(Y-a)® 1(XT0<0,XT0, <0)X]+E[Y —a)* 1(XT0 <0,XT0 >0)|X]]
+E[E[(Y - 8)* 1(X"0>0,XT0) <0)[X]+E[(Y —B)*- L(XT0 > 0,X"6, > 0)|X]]
= [(ao— @)’ +ap(l—an)] P(XT0<0,X"6, <0)
+ [(Bo — @)* + Bo(1 = Bo)] P(XT6 < 0,XT6, > 0)
+ [(a0 = B)* + ap(1 — )] P(XT0 >0, X0, <0)

+[(Bo — B)* + Bo(1 = Bo)] P(XT0 >0,X"6y > 0) (B.5)

Therefore, suppose

0 = E[fmﬂﬁ(‘x? Y)] - E[faoﬂoﬁo (X7 Y)]
= (ap—a)?P(XT0<0,X"0, <0)+ (B — a)?*P(XT0 <0,X"0, > 0)

+(ap — B)*P(XT0 > 0,XT0, <0)+ (B — B)*P(XT0 >0, X0 > 0)

(B.6)
All four terms on the last two lines must equal zero. This means that first
0= (ﬁo — Oé)QP(XTQ < O,XTQ() > 0) > (B() — oz)za_||9 — 90“2
0= (o — B)*P(XT0 >0,X70, < 0) > (g — 3)%a"[|0 — bo]2 (B.7)

The only possible solution candidates are either § = 6, or («a, ) = (fo,ap) and
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0 # 6y. However, the latter is not a valid solution since ay < Sy and we are restricted
to the domain where o < 3. Therefore 6 = 6y, and with the two remaining terms of

(B.6) we are left with

0= (Ozo — Oé)ZP(XTeo S O)

0= (By — B)?*P(XT0, > 0) (B.8)

Both P(X760y > 0) and P(XT0, < 0) = P(XT(—6y) > 0) must be strictly positive

by our assumptions. Hence this means a = «ag and 8 = fy.

For the second assertion, suppose d*((«a, 3,0), (o, Bo,60)) > n for some n < 1,

then from the above calculations

Pfape— P faosobo
= (ap—a)’P(XT0>0,X"0) > 0) + (Bp — @)’ P(X"0 > 0,X"6, <0)

(g — B)*P(XT0 <0,XT0y > 0) + (B — B)*P(XT0 <0,XT0, <0)(B.9)

At least one of (a — ag)?, (8 — Bo)?, or ||@ — by||2 must be greater than % Suppose

it is [|0 — Bo|2 > %, then we must have

Pfago—Plagpose > (a—PBo)*P(XT0<0,X"70p>0)+ (60— )*P(XT0>0,X"0, <0)
> [(a—=Bo)* + (Bo—)®] -a”]|0 — 6oll2
, - 60)23+ (Bo )]
5 (B —0o) (B.10)

12

The last line can be deduced from

(50 - 040)2

inf _ [(0 = fo)? + (o — )] > 0

0<a<B<1
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(this is because either 3 > QOT% and (8 —ap)? > M, or B < O‘OTJ“BO, which means
a < 2t and hence (B —a)? > M) On the other hand, suppose ||0—6]2 < %,

then we have
7
10+ 6oll2 > 2[|6oll2 — (10 — bol|2 22—3 >1 (B.11)
and hence

Pfopo— Plagpes, > (a—ag)’P(XT0>0,X"60 > 0)
+(Bo — B)*P(XT0 <0, X760, <0)
= (a—ap)?P(XT(-0) <0,X70, > 0)

+(Bo = B)?P(XT(=0) > 0,XT0, < 0)

Y]

(a—a)®-a |0+ blla+ (Bo — B)* - a”[|6 + 6ol

a ((a = ao)* + (Bo — B)°)

v

v

a 2
B.12

For the final assertion, suppose d*((a, 3,6), (a, Bo,00)) < 1? for some n? < 1,

then
Pfapo = P faopobo
= (ap—)*P(XT0>0,X"0y > 0) + (8o — a)’P(XT0 >0, X760, <0)
(o — B)?P(XT0 < 0,XT0 > 0) + (B — 8)*P(XT0 < 0,XT0, < 0)
< (g —a)? +P(XT0>0 X0, <0)+ (6o — B)* + P(XT9 <0, X760, > 0)
< n*42at)|6 — bl + 7*
< (24 2a")n? (B.13)
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A secondary result, to be used later, results in a similar bound.

Lemma 16. Suppose d*((«, 3,0), (a0, Bo, 00)) < & for some § € (0,1), then

P(fap0 — faofos) < (24 2a)0? (B.14)

Proof. From the derivations of Lemma 15, we have

fa,,B,H - fao,ﬁo,éo
= (a—ap)?1(XT0<0,X70y <0)+ (Bo — )1(XT0 <0, X760, > 0)
+Hap— B)? - 1(XT0 > 0,XT0, <0)+ (8o — B)* - 1L(XTO >0, X", > 0).

(B.15)

Therefore,

(foz,ﬁ,@ - fa0,50,00)2
= (a—ap)*1(XT0<0,X"0, <0)+ (6o — )*1(XT0 <0,X"6 > 0)
+Hap— B)? - 1(XT0>0,X"0, <0)+ (Bo — B)* - 1(XTO >0, X160, > 0),

(B.16)

which can yield the bound

P(faﬁﬂ - fao,ﬂoﬁo)Q

< (a—a)* +P(XT0 <0, X706, > 0) +P(XT0 >0, X706, <0)+ (B — B)*
S 254 + 2(l+||0 — 00”2
< (2+2a™)6” (B.17)
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for 6 < 1. O

B.0.0.1 Proof of Theorem III.1

Consistency of the estimators will be proved by using bounds provided through a
VC dimension argument. First we obtain a bound on the VC dimension of the set of

fap0 functions.
Lemma 17. The class of functions F, == {faps : 0 < a < f < 1,0 € RP}, with

fapo as defined in (B.1), has VC dimension bounded by vip + va, where vy and vo

are positive universal constants.

Proof. First we will show that the class of functions C := {g,(y) = (y—a)? : @ € R} is
a VC class with VC dimension 3. Suppose that for some (yi,t1), (y2,t2), (y3,t3) € R?,

C is able to pick out the sets {(y2, t2), (y3, t3)}, {(v1,t1), (ys,t3)}, and {(y1, t1), (y2, t2)}
with the subgraph sets {(y,t) : t < ga,(y)} for j = 1,2, 3, respectively. Without loss
of generalities we may assume that oy < as < az. We shall show that C cannot pick

out the set {(t2,y2)}.

First, note that since t; > (y; — ;)? > 0 for j = 1,2, 3, all ¢;’s are non-negative.

Second, we can order yi, Y2, y3, and as by noting that

( —an)® <ty < (y1 — )’

— |y —ai] < |Jyr — a9

Oél—l—CYQ
<

— N < 5

(8%

(yo — a2)® <ta < (y2 — ovy)
(03] +Oéz
2

- Yy > >y, (B.18)

then deducting that ys < y3 and s < y3 through a similar procedure. Now suppose
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that there is an @ € R which picks out the set {(¢2,%2)}. Then we must have

(y3 —a)? < t3 < (y3 — ag)?
— |ys — | <ys —an

— € (ag,2ys — as)

(y1 —a)? <t < (y1 — ag)?
= |y —al<a—u

= a € 2y — ag, a), (B.19)

which is a contradiction on whether « is greater or less than as. Hence we must

deduce that C cannot pick out all subsets of {(y1,t1), (y2,t2), (ys,t3)}-

This means that the function class C; := {g(z,y) = (y —a): 0<a< < 1,0 €
RP} has VC dimension 3. We also know, from established results on VC classes, that
the function class Co := {g(z,y) = (Jy| +1)?2-1(z70 <0): 0 < a < < 1,0 € RP}

has VC dimension at most p + 2. This allows the conclusion that the function class

Cs={(y—a)? 1(zT0<0):0<a<f<1,0 ERP}=C  AC, (B.20)

has VC dimension at most p + 5. A similar set of steps leads to the conclusion that

Co={(y—p)* 1(2"0>0):0<a<B<1,0cR} (B.21)

has VC dimension at most p 4+ 5. Therefore F,, = C3 V C4 has VC dimension at most

2p + 10. O

Using this bound for the VC dimension, this allows us to show
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Lemma 18. ||P — P||z, converges to 0 in outer expectation (and thus also in proba-

bility).

Proof. First note that F,, is bounded by the envelope F,(X,Y") := 1. The class F, is

a VC class of functions, so using Theorem 2.6.7 of VDVW, we have
N(€l|Fullp, Fo Li(Pa)) < KoV (F,) (Ka/e)' T (B.22)

where V(F,) is the VC dimension of F,,, and is no more than a constant multiple of
d. Using the methods presented in Theorem 2.4.3 of VDVW for any ¢ > 0 we can
find a M, such that P*F,{F, > M.} < ¢, and hence setting F := {f{|f] < M.} :
f € F.}, we have

n

Ly e ()

=1

E*|P, — P|| < 2ExE.. + 2P F {F, > M.}

File

< 2Ex+/1+ log N(e, FMe, Ll(Pn))\/gMe + 3¢ (B.23)

where €}’s are iid Rademacher variables. The bracketing number N (e, FMe L, (P,))

is no greater than the bracketing number N (e, F,,, L1(P,)), hence

V1 +log N(e, FMe Ly (P,))

IN

V/1+log N(e, Fp, L (P,))

< \/01 + 02 log(d) + nglog(HFann/e) (B24)

for some C,Cy,C3 not dependent on n. Because x — 4/1+ log(x) is a concave

function, the expression in (B.23) can be bounded by

6
24/C) + Cylog(d) + Csdlog (EX||Fn||pn/e)\/;M€ + 3e (B.25)
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through an application of Jensen’s inequality. Since d/n — 0, this expression goes to

3e as m — oo, and as € was arbitrary, this means that E*||P, — P||z, — 0. ]

Combining Lemmas 17 and 18 results in the consistency of the least squares esti-

mators.

Theorem B.1. Let d* be as defined as in (B.2). Then d*((a*, Blsa), é(s‘”), (v, Bo, 00)) —

0 in probability.

Proof. From Lemma 15, there exists a constant C' not dependent on n such that for

any small € > 0,

d*((@(SQ)7 B(SQ)7 é(sq))7 (Oéo, 507 90)) Z €
= Pfaco googon — Plagsos, = Ce

2
— Pfao,ﬁoﬁo - Pfd(sq),[;?(sq},é(sq) - (Pnfao,ﬂoﬁo - ]P)nf&(sq)ﬁ(sq),é(sq)) < —Ce

— sup |Pfa7579 — ]P)nfa,ﬂ,6| > 062/2 (B26)
0<a<p<L1
ll6]2=1
Therefore,

P |:d*<<&(SQ)7 B(sq)’ é(sq))v (Oéo, 505 90)) Z €

< P| sup [Pfa,B,0—Pyfa,B,0] > Ce/2
0<a<BL1
loll2=1
< P[P =Py > Ce/2]

— 0 (B.27)

]

Because d* (a9, Blsa) é(SQ)), (v, Bo, Bo)) 2 0if and only if a9 2 ay, Bl 2y g0

and [|069 — gy, 2 0, this demonstrates the results of Theorem III.1.
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B.0.0.2 Rate Result Preliminaries

In this section as well as in several other sections, we will utilize a rate result
which is an adaptation of a well-known result. A generic version can be found in der

Vaart and Wellner (1996) as Theorem 3.2. We state the theorem here:

Theorem B.2. Let M, be a sequence of stochastic processes indexed by a sequence
of semiparametric spaces ©, and M, : 6, — R be a a sequence of deterministic

functions, such that for every n and for every T in a neighborhood of 19, € O,,
My (1) — My (7o) S _pi(7-7 Ton) (B.28)

Suppose that for every n and sufficiently small 9,

_ 6(0)
~n

(B.29)

pn(7,70,n) <8

E” sup  [(M, — M,,)(7) — (M, — Mn)(TO,n>|]

for functions ¢, such that 6 — d’g—@ 1s decreasing for some a < 2 not dependent on

n. If r, is a sequence such that ri(b( > <V, 7, is a sequence such M,y (7,) >

1
Tn

M, s (07.0) — Op(r,2), and

]P)(pn(’f_na 7—O,n) > 77) — 0 (B30)

for any n > 0, then rypn (7o, Tom) = Op(1).

For the model under consideration, the notation of this theorem would correspond

to

MH(T) < Pn(foz,,@,@(Xy Y) - fao,ﬁo,eo (X7 Y))
My(7) < P(fapo(X,Y) = fag,50.00(X,Y))

(B.31)
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In the least squares context, (&(*?, B(Sq),é(sq)) would be the minimizer of M, and
(v, Bo, ) would be the unique minimzer of M,, (due to Lemma 15). Additionally
let p,(+,+) = d*(-,-), then

Mn (Oé, 5? ‘9) - Mn (040, ﬁOa 00) > pi((a7 67 9)7 (CVOa BOa 90)) (B32)

for all («, ,60) in a neighborhood of the true parameters. To utilize this theorem, a
key ingredient is a bound for the left hand side of (B.29). Since the function class of
interest, the collection of functions in (B.1), have a constant envelope function of 1

for all n, the following is sufficient in giving us this component:

Theorem B.3. Let F be a measurable class of functions with a constant envelope U
such that for A > e* and V > 2 and for every finitely supported probability measure

Q N
N(eU, F, Ls(Q)) < (—) 0<e<l

€

Then, for all n,

n

> (f(X) - PY)

i=1

E

/ A A
§L<U nVlog—U\/VUlog—U>
- o o

where L is an universal constant and o is such that sup ez P(f — Pf)? <o In
particular if no® 2 Vlog (AU /o) then the above result shows that

n

> (f(X:) - Pf)

i=1

E < /no?Vlog (AU /o)

f

B.0.0.3 Proof of Theorem III1.2

Using the results of Section B.0.0.2, we are now ready to prove the rate of con-
vergence of the least squares estimators shown in Theorem III.2, which was that

(660 — ag)?, (86D — By)2, and [|05) — by, are O, (41og (2)).
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Proof. First, for all § > 0 lets temporarily denote the set of functions

Fy =L fapo — Fanpnn 4 (0 B,6), (a0, By, 60)) < 5}

Gs = {(fa,ﬂﬁ - fozo,ﬁo,eo)2 : d*((aa B, 0)7 <O‘07507 80)) < 5} (B'33)

Using Theorem B.3 would give an upper bound for (B.29) so long as we can obtain

an upper bound for

sup Pf2. (B.34)
fegs

Now note that for every («, 3,0) that whose distance from the truth is less than ¢,

we have

P(fapo = faopos)’ < CO° (B.35)

for all ¢ sufficiently small, where C' is some constant.

Plugging in 1 for U, C§ for o2, using the VC bound in (B.22) would give

A A
< 6y/dlog 5 v % log 5 (B.36)

Fs

n

> (f(X:) = Pf)

i=1

1
F—
vn

for some positive constant A. Therefore we have

E* (B.37)

sup (M — My,)(7) — (M, — Mn)(To,n)|] S

Pn (TvTO,n)S(S

where
/ A d A
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and this indeed satisfies ¢(9)/d* being a decreasing function for « € (1,2). In order

for

vtz o) = o2 | (vt ) v (ostan))] o

- > rp/log(Ar,) and

which can be satisfied by the compound statement

(i)

(g) (B.40)

IN

Tn

T <

The second line implies the first line, hence we can take r, to be a constant multiple

of \/% (log (%))71/2. Using Theorem B.2, we have

rad” (00, 309, 650), (ao, Bo, o)) = Op(1), (B.41)

which leads to the conclusion that

~

~S S A s d n
(66D — ag)2, (3D — By)2, 69 — 6|l are O, (Elog <E>) (B.42)

B.0.0.4 Proof of Theorem III1.3

In the following note we assume that we know «q, 5y and we want to estimate
0p. As 6y is only identifiable upto its norm, we assume ||fy|| = 1. We use Fano’s

inequality to prove that we can estimate at best at a rate d/n

Theorem B.4 (Fano’s inequality). If M C © is a finite 2¢ packing set, i.e. for any

two 0;,0; € ©', ||0; — 0;]|2 > 2¢, then, based on n i.i.d. samples 21,22, ..., 2, ~ Py we
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have the following minimax lower bound:

j 25 > . KL(Py,||Pg.) + log 2
infsupE (10 —0112) > 2|1 = [M|? £i,j i ’

To use Fano’s inequality we use the following set of alternatives:

M = {ﬁ:@z(l,é),éeTcR’H}

where the set T is a 2¢ packing set of a ball of radius 4e around origin in R,

The following theorem gives us a hold on the number of elements of M:
Theorem B.5. Following two properties are true for M :

1. |M| > 241,

2. For any 0;,0; € M we have: ¢//2 < ||6; — 0;|| < 32e.

Proof. To prove the first part we resort to the following lemma which provides a lower

bound on the packing number of a subset of R~

Lemma 19. Let © C Rt Define D(O,||.||2,€) to be the € packing set of © with

> 1 vol(©)

2 wol(B)” where B is unit

respect to euclidean distance. Then we have: D(O, ||.||2, €)

ball in RY.

O

By the construction of M we have used T which is a 2¢ packing set of a ball of

radius 4¢ around origin. Hence by previous lemma we have:

1 vol(©) .
= . > = D
|T| D(B4e> || ||a 26) = (26)1’71 VOl(B) 2

The first part now follows from the fact that |M| = |T.
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To prove the second part, take 6; = (1,6;),0; = (1,6;). We already have 2¢ <
H@Z — QJH S 8¢. Now:

H 6 0 | _ ll6alles] — 6;06:1]>
6l 16,1 l0:17110;11
1 ~ -
> 2 |0l = 16:1)% + 18:110,11 — 6 1112
1 - -
> J116:016;1 - 8,161
1~ - N\ (2
= < |16 ost = nesiy + ez (95 - 4) |
_— 1 [ ~4 2 . . 2 . 2 ~. ~, 2 ~. . . . ~4 ~,
= (117 105l = 041)* + 1[5 = [+ 2 (B Clesl — enly, el (8 — 6:) )
17 ~ - -
> 7 [4¢2 = 208001110, — 1611 10:1116; — ]
1r R -
> 7 |4¢ = 200:01,110; - 6.1
1
>3 [4€* — 1024€%]
62
> ) [For small enough e]

Hence upon normalization, the elements will form a packing set of €/ V2.

The upper bound is relatively easy to calculate:

H 0 _ 9 H: 16:116; 11 — 6; 116111
16:11 11611 16111165

< [16:116; 1] — &;116:1]

< [16: (6511 = [16:[1) + 1031} (6: — 65l
< (16l 16; 1l — N16alll + lleall116: — 6]
< 2[|6; — 0 116

< 32¢

Now to control the Kullback-Liebler divergence we can invoke the following lemma:

Lemma 20. If P ~ Ber(p;) and Q ~ Ber(q) and if 1 < p1,q1 < 3, then KL(P||Q) <

%(M - Q1)2'
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One can immediately note from the lemma that 1/4,3/4 is nothing sacred. In fact
if, a; < p1,q1 < as then one can show that KL(P||Q) < C(ay,as)(p1 — q1)* where
C'(ay, ag) is some constant depending on ay, as. For minimax construction, we assume

X ~ N(0,1,) which obeys Assumption Al.

KL(Pq,||Fp,) = Ex (KL(Fy, (Y[X)|| Py, (Y]X)))
< C(ao, Bo)Ex (P, (Y[X) — P, (Y]X))?
= Cl(aw, Bo) (a0 — Bo)* Ex (Lsgn(xr6;)2san(x76,))
= C(ao, Bo) (o — Bo)*P (sgn(X'0;) # sgn(X'6;))
< ay.C(a, Bo)(ao — o)?/|0r — b4l

S 8@4.0(040, BQ)(O[O - 50>2€ <B43)
Putting this in Theorem 1, we get,
. A + log 2 ne
tsupE (16— 0)2) 2 ¢ (1- o2 ) m e (1= )
B =) 2 (e ) U TG
Hence a valid choice for € = p/2n wihch makes

2
s (10 - 01°) 2 ()
6 6eco6 n

B.0.1 Proofs for Section 3.4

We next prove the results presented in Section 3.4. Before we focus on any specific
theorem, we first validate a claim made at the beginning of the section, namely that

under Assumption Al, and for any v € («ag, fo),

E(Y —y)1(XT6 <0) (B.44)
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is uniquely minimized at # = 6,. To see this, simply expand by taking conditional

expectations:

E[(Y =~ 1(X"0 < 0)))
= FE[E[(Y —7) - 1(XT§<0,X76, <0)|X]]
+E[E[(Y —7)-1(XT0 <0,X"60, > 0)| X]]
= E[(a(X)—7) - 1(X"0<0,X"6y <0)] +E [(Bo(X) —7) - L(X"0 <0,X"6y > 0)]

(B.45)
and hence

E[(Y —5-1(X70 <0))] - E[(Y =~ 1(X"6 <0))]
= E[(Bo(X)—7) - LXT0 <0, X706 > 0)] — E [(a(X) —7) - L(XT >0, X706, <0)]

> 0. (B.46)

This last inequality is strict, stemming from the fact P(X76 > 0, X760, < 0) > 0 or

P(XT0 <0,X70y > 0) > 0 for all 6 (due to Assumption Al).

B.0.1.1 Proof of Theorem I11.4

In this section we will show that 6 is consistent. First, denote v,,ean as the expec-

tation of E[Y], or
Ymean = EY = agP[X7 0y < 0] 4+ BoP[X 76y > 0]. (B.47)

Implicitly, the value of ¥,,eqan could change with the value of n. Using this notation,

we next denote the risk function

Ry(0) = E((Y — Vmean)]1<XT9 <0))
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where d is the dimension of X (and @ as well), and the following processes:

L M, q(0) =150 (Y, = Y)I(X]6 <0)

T n

2. Ln,d(e) =3 Z?:I(Y; - /Ymean)]l(XiTH < O)

n

3. Bua(0) = (Y — Yimean): S0, 1(X]0 < 0)

n

The estimator would then satisfy

0 = arg maxM,, 4(6)
fesd—t

Proving the consistency of 0 proceeds in the same way as proving the consistency of
é(SQ), by first bounding the maximum difference of M,, ; and R4 and the difference
of Ry(0) from Ry(6y), and then combining the two results to show that [|6 — ]|,

converges to 0 in probability. We proceed with the first part of this method.
Lemma 21. supycga1 |M,;,4(0) — Ra(0)] 20 asn— .

Proof.

sup |M, 4(0) — Ra(0)] = sup |Lna(8) + Bna(0) — Ra(0)|

< sup |L,q(0) — Ra(0)| + sup |Bpa(8)]
fcSd—1 fcSd—1
=T +T

Next we analyze each summand separately. Define Fp = {fy : 0 € ST fo(x,y) =
(Y — Ymean)1(z70 < 0)}. Each F has a VC dimension bounded by a (universal)

constant times d, and therefore we have

Ty = sup |Lna(f) — Ra(0)|
feSd—1

d
=||P, — P||7 50 since — — 0
n
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On the other hand,

Ty = sup |Bna(f)]
pesSd—1
1 & .
- E 1(X; 0 <0)

n -
=1

= ’}7 - Vmean’ sup
fesd—1

§|}7—fymem|£>0asn—>oo.

The last line is valid because even if Yy,eq, changes with n, the variance of Y — Y,nean,

which is W, is always bounded above by 7-. Even if the distribution of ¥

changes with n, the variance of (Y — 7,ucqn) nevertheless goes to 0. H

Lemma 22. The curvature of the risk function satisfies the following constraint:

inf [R(6) — R(8)] > L0 00)0”

[160—00l|2>€ 2

where a~ comes from our Assumption Al.

Proof.

R(0) = R(f0) = E ((Y — Ymean) (L(XT0 < 0) = L(X T < 0)))
= Ex (00 — Ymean) [1(XT0 <0, X760 < 0) — 1(XT6y < 0)]
+ (Bo = Ymean) L(XT0 < 0,X 76 > 0))
= (Bo — Ymean)P(XT0 <0 < XT05) — (a0 — Ymean)P(XT0, <0 < XT0)
> max { (Bo = Ymean) P(XT0 < 0 < XT05), (Ymean — o) P(XT < 0 < XT0)}
(B0 — ao)

> - — —_
>a 5 10— 6ol|2

which concludes the lemma. O

Note: In a similar way we can establish the upper bound on R(#) — R(6°) i.e.
R(0) — R(eo) < a"(Bo — o)l — boll2
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using Assumption Al.
Lemma 23. ||6 — 6| L0 asn— .

Proof.

P(|6 = 6oll; > ¢) = P < sup (M, a(60) — M,,.a(0)) > 0)

[[6—00]|2>€

= P( sup  (M,,,4(00) — Mi,a(0) — Ra(Bo) + Ra(0))

10—00ll2>¢€

+ (Ra(0o) — Ra(0)) > 0)

||9—90||2>E

= P( sup (M, a(0o) — M, 4(0) — Ra(6o) + Ra(0))

T 10—60ll2>e

> inf (Rd(Q) — Rd(eo))>
<P <2 sup M, 4(0) — Rg(0)|) > inf  (R4(0) — Rd(90>>>

16000 ]2>€ — ll0—boll2>€

<P ((sup [M,400) = RO 2 /260 — e

feSd-1

P
= 0asn— o

which completes the proof. O

B.0.1.2 Proof of Theorem III.5

In the previous section we have proved consistency of our estimator. We have also

seen that the population criterion have the following curvature near the truth:
R(0y) — R(0) < —a" (6o — 0)]|0 — 6o]|2

To apply Theorem B.2 and obtain the rate of convergence, we consider the pseudo-

distance function d*(0,6y) = /||0 — 0o||2. This leaves the task of controlling for the
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modulus of continuity, i.e. we need to find ¢(6) = ¢, ,(d) for § > 0 small such that

0]

vn

E ( sup My, (60) — My, () — Ra(6) + Rd(00)|> <

d(6,00)<d

and ¢(9)/0 is decreasing for some o < 2. We can start with the following:

(16—60]|2<52

E( sup \/ﬁ|(Md,n—Rd)(9—90)|)

<E ( sup  /n|(Lan — Ra)(0 — 90)|> +E ( sup /1| By (0 — 90)|>

[16—60l|2<6? [16—60l|2<6?

= S+ S, (B.48)

The first term can be controlled through a VC dimsntion argument. We have to
show that, while the second term will not affect the modulus of continuity. Towards

analyzing the second term:

IE( sup \/E|Bd,n(0_00)|>

[16—6o]12<62
n

%Z {1(X"0 <0) - 1(X70, < 0)}'>

=1

=E (\/ﬁn_/ - ’Ymean| sup

16—60]12<52

N

N|=

< VREY = Ymean)?) Z {1(X70 <0) - 1(X70, <0)}

n

>2

E sup
[10—00]|2 <52

N[

2

= v/ Ymean (1 = Ymean) sup

660/l <62 Z {1(X70 < 0) - 1(X"6, < 0)}

n

[NIES

<V Yimean(1 = Ymean) ( ( sup > 1 (sgn(XTO) # Sgn(XTQO))>

[|[6— 90H2<52 i—1
%
S \/7mean(1 - /Vmean (]E sup - ]1 (Sgn(XTe) 7& SgH(XTQO))>>
16—60||l2<62 TV
< \//Vmean(l - ’Ymecm E% sup — 1 (Sgn(XTQ) ?é sgn(XTHO))
10—60l|2<52 n —
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— P (sgn(X"0) # sgn(X"6p))

>+x/3

IN

\/’Vmean(l - ’Ymean)

E: ( sup (P, — P)(ge)) +90

10—00]|2<82

= v/ Ymean(1 = Yimean) [T + 0] (B.49)

where gg(z) = 1(sgn(X7T0) # sgn(X70y)).

To bound the terms S; and T we again refer back to Theorem B.3. With both
terms we will be dealing with classes of functions which has VC dimensions bounded
by some constant times d. From established results (see der Vaart and Wellner
(1996)), we know that for a VC class of functions F with VC dimension V', a mea-
surable envelope function ' and r > 1 one has for any probability measure ) with

1Ellgr >0,

rvV
Nl Flloss F. L(Q)) < KV(4e)” (2) (B.50)

€

for some universal constant K and 0 < € < 1. In turn this means

N (€| F|lga, F, L2(Q)) < (é)w

€

log k+log V.

where A > <e 2V 2\/E> V €2, which can be bounded above by a n-independent
constant greater than e?, even should V' grows with n. It remains to apply Theorem

B.3 to the function classes associated with S; and 7.
Upper bounding S; from equation (B.48): Here our collection of functions

1s:

Fs=Afo: folx,y) = (y —7) (Lyrg<o — Lurgy<o), |0 — Ooll2 < 0},
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which has a VC dimension bounded by a universal constant times d. For any such

fei

Var(fo(X,Y)) <E(f7(X,Y))
< E (Lyrgeo — Lxrgy<o)’
= P(sgn(X70) # sgn(X76,))

< a']|f — ol

Hence we have

sup Var(fp(X,Y)) < atd”.
Jo€Fs

Apply Theorem B.3 to obtain:

E < sup \/ﬁ|(Ld’n — Rd)(é’ - 00)|>
660 2<52

n

1
= %E <||0—221|ES52 ; [(Yz - 7)]1X1.To9§0 - P ((Y - ’Y)]leego)} D

1 1
(5\/ndlog5\/dlog3)
1 d 1
< 51/dlog = V ——log ~
SO dogé\/\/ﬁogé

IS

Bl

Upper bounding T from equation 12: To control 7', we focus on the set of

functions:

Gs = {90 : go(x) = L(sgn(z"6) # sgn(x"6y)), (|0 — oll> < 6}
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Here the variance factor is:

Var(go(X)) < E(L(sgn(X"0) # sgn(X" o))
= P(sgn(XTQ) #+ Sgn(XTQo))

< a™]|0 — bol|2

This is also a class of functions with VC dimension bounded by a universal constant

times d. We also have the bound:
sup Var(gg(X)) < a™é?

90€Gs

for all gy within the class Gs. Using this we can derive the following:

)

T°=E ( sup [P, — Pl(ge))

[16—60]|2<52

n

1
= - sup E
n l6—60ll2<62 |, =

<5\/ndlog(15 vdlog}S)

1 d 1
dlog VvV — log6

(90(Xi) — Pgo)

3I*—‘

<_
~m

o 1 d 1
<y — vV = Z
TN\/\/E dlog(s\/nlog(S

Combining these upper bounds and using the inequalities:

which implies

1. avb<a+bwhena,b, >0

2. \/a+b§\/5+\/5
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we have:

/ 1 d 1 [0 1 d 1

for some universal constant K. This is the sum of 5 terms, so to satisfy the inequality

7“721%(1/7“71) < /n,
we separately consider the cases where the first, second, ..., firth term is the maxi-

mum term.

1. Taking the first term to be maximal would mean ¢(J) < 64/dlog %, leading to

the rate r, = (%)% (log %)_%.

2. Taking the second term as maximal means ¢(4) < \/iﬁlog%, we get r, =

(5)? (log %) 2.

VN
a3,
N—
o=
S
—_
o
o3
a3,
N——
|
[

3. Taking ¢(0) < \/iﬁ dlog 3 we have r, =
4. Taking ¢(6) < @/%log% we have r,, = <"72> ! <10g "%)71.
5. Taking ¢(0) < d, we have r, = n.

Hence the slowest rate (corresponding to the largest r,,) is (%)% (log 2) T2 if g2 (logn/d)® >
logn?®/d and d(log(n/d))* > log(n?/d) for all large n. To show that these are indeed

the case, we note that the first condition can be re-written as

d? (logn/d)® > logn®/d <= d*(logn/d)® > logn®/d* + 2logd

3logn/d log d
d>
—a= (logn/d)3  d(logn/d)?
— d> 3 log d

(logn/d)? * d(logn/d)?
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which is trivially true as both the terms on the RHS is going to 0 as n,d — oo with

n/d — 0. Similarly,

2 2 2
d(log%) Zlog% = d<logg> 2210gg—|—logd
2 log d
— d>— + = 5
logq ~ (log§)

which is also trivially true as the first on the RHS of the bottom line goes to 0, while

the second term is strictly less than log d, which is less than d. Hence we have proved:

oo (3 )

Using the fact that d*(6,60)* = ||0 — 6y]|> we have

owieo((2) ()

B.0.2 Proofs for Section 3.5

In the next several sections we will repeatedly refer to the following random and

deterministic functions

L MG (0) = 1S, (Y = V) (1(XT0 < 0) — 1(X76, < 0))
2. Ly, 4(0) = 5 321 (Vi = Ymean) (1(X]0 < 0) = 1(X] 6, <0))
3. B:L,d(e) = (}7 - /ymean)% Z?:l (]l(XZTH < 0) - ]l(XZTQO < 0))

4. Ry = P(Y — Ymean) (L(XT0 < 0) — L(XT6, <0))

The random function M, ; relates to the estimator éH, the latter being the minimizer
of the former:

0, := arg min M, 4(6) (B.51)
0cH
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for any H C S%! of the form H = {6 € S* ' : ||0]|o < dp}. Similarly, the parameter
6y can be shown to be the minimizer of R}. The proofs we will show in this subsection
will make heavy use of these notations to argue that 0y, converges to 6y in terms of
Euclidean distance and support.

B.0.2.1 Preliminary Results for this Section

The proofs of results from the later parts of Section 3.5 will refer to two other
main results, the first being a bound for the VC dimension of the estimating function

classes, and the second being probability bounds on the excess risk and empirical loss.

We first focus on upper bounding the VC dimension of the parameter space H.

Lemma 24. The class of functions Fj = {f(z,y) = (y—"Ymean)-L(z70 < 0) : 0 € H}

has a VC' dimension of at most Kdylog (Z—‘j) for some universal constant K > 1.

Proof. For each m C {1,...,d} such that |m| = dy, we look at the class of functions
"T_:U(m) = {f(may) = (y _P)/mean) . ]1($T6 S O) 10 € 7‘[, (9j =0 1fj §é m}

The class of functions F is the union of all classes F; (m). Denote the VC dimension
of F; (m) to be v(m); it is known that v(m) < Ldy for some universal constant L.

Denote the subgraph classes of F; and Fj (m) as

SG = {{(x,y,z)GSd*I><{O,l}xR:z<f(a:,y)}:f€f;O}

SG,, = {{(x,y, 2) e ST {01} xRz < f(a,y)}: f € F;‘l‘o(m)}.(BbZ)

By definition, SG' has the same VC dimension as F; (denote this VC dimension as

V), and each SG,, has VC dimension v(m). Also, SG equals the union of all SG,,’s.
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Let W := {wi,...,wy_1} be any set in S4! x {0,1} x R which is shattered
by SG. On the other hand, for every m C {1,...,d}, the number of subsets of W

picked out by SG,, is at most

< (%)daﬂ , (B.53)

where the first expression is due to Sauer’s Lemma, and the last inequality is due to
f(z) = (A/x)* being an increasing function whenever 0 < z < (A/e). From here,
note that the number of subsets of W picked out by SG (which is 2V ~1) must not
exceed the summation of the number of subsets of W picked out by each SG,,, and

therefore

IN

IN
TN TN N
5|8,

)
%)Ldo (Z_‘DMO , (B.54)

This leads to the conclusion that

ed

V < 2Ldjlog, <Z—d) +1 < (2L + 1)dylog, (d—) (B.55)
0 0

]

Next we will state a result which will give us probability bounds on the excess
risk and empirical loss. In particular this result will be useful for deriving Theorem

II1.6. This proof of this preliminary result is very similar to the proof of Theorem 9.1

200



in Giraud (2014), so details regarding its derivation will be placed later on in Section

B.0.2.4.

Theorem B.6. Let T be a subset of S%' and define

01 := arg minM;, ,(6). (B.56)

0eT

s

For any s > 0, with probability greater than 1 —e™*:

. [V, 1 [25 4
RZ(QI)—minRZ}(G)‘ < 2K —+2\/j+2 =42
0T n n n n
v, 1 25 2
K\/—+f+,/ﬁ+— (B.57)
n n n n

where V,, is the VC dimension of T and K is a universal constant.

|Ri(0r) — M, (0

VAN

B.0.2.2 Proof of Theorem III1.6

We re-iterate the result before moving on to its proof. Suppose m; and my are
subsets of {1....,d} with dy elements each, such that supp(fy) C ms and supp(6y) €

myq, then

O, == argmin M,, 4(6) (B.58)

fesd—1
01, =0 for k¢m;

for j = 1,2. Then there exists a constant C' > 0 such that if the following inequality

is satisfied:

dy log <%>
Oomin = min |0 ;| > C\| ———=, (B.59)
J:160,517£0 n

then with probability at least 1 — 2 exp (— Ldg log (%))7

~ A

Mn,d(eﬂm) < Mn,d(eﬂ”m) (BGO)
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for some constant L > 2 not dependent on n.

Proof. Define

n

M (6) 1= - SV V) (LX< 0) — 1(XT0y < 0)) (B.61)

i=1

and note that ém]. are also equal to

Om, = argmin M ,(0). (B.62)
gesd—1 7
01, =0 for k¢m;

Also define RY = P(Y — Ymean) (]I(XTH <0)—1(XTh, < 0)), and similarly let

O, == argmin R}(0). (B.63)
fesd—1
0, =0 for k¢m;

Because the support of 6y resides within mso, we must have 9~m2 = 6y. There-

fore the difference between the values of R(6,,,) and R}(6,,,) can be bounded by

RZ(éml) - RZ(émz) = P(Y - ’Ymean) (1(XTém1 < 0) — ]l(XTQO < O))
= _(0[0 - ’Ymean)P<XT9() S 0< XTéT,h)

+(Bo — vmean)P(XTeo >0> XTéml)

v

a~ max {(Wmean - Oéo), (60 - Vmean)} Héml - 90“2

v

G~ max {(Vmean - 050)’ (ﬁO - ’Ymean)}emin
because m; does not contain at least one entry from supp(0o min)

(B.64)

Using the probability bounds from Theorem B.6 and the VC dimension bound
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from Theorem 24, we have

Mz,d(ém1 ) - R2(0m1 )

< |Ma(B) — RO

+ | RilOm,) = RO

Ldo 10g ed 1 2
J_Fg\/j_k?)”_s (B‘65)
n n n

with probability greater than 1 — e~ for any s > 0, and for some universal constant

IN

3K

K and L > 2. By picking s = %do log (%> we have

M 4(B) = Riffn)| < (BK +12) (B.66)

with probability at least 1 —exp (—%do log <%l>> Similarly, deduce that with prob-

ability at least 1 — exp <_§d0 log (%))v

M, o (Orns) = R ()

(B.67)

Now suppose

-1

emin > (CL_ max {(’ymean - Oé()), (BO - ’Ymean)}> (3K + 12)

then with probability at least 1 — 2 exp <—§d0 log (%)), we have
Mz,d(eml)

> Ri(6,) — (3K + 12)

2 RZ(HWLQ) +a min {(/Vmean - OéU)? (BO - ’Ymean)}emin
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Ldylog (Z—i)

n

—(3K +12)

> R2(9m2> +a min {(P)/mean - Oé(])? (BO - ’Ymean) }em'm

—(3K +12)

v

M 4(0ns). (B.69)

Adding % > (Y= Y)1(XT6, < 0) to both sides would obtain Mmd(éml) > Mmd(ém).

[
B.0.2.3 Proof of Theorem III.8
We will first prove that ||63 — 6|2 converges to 0 in probability.
Proof. First note that
sup M, 4(0) — Ra(6)[ — 0 (B.70)

0cH

in probability. This can be established by separating into two terms which goes to 0

in probability

IN

sup [Mi,a(0) — Ri(6)] < sup [(By — P)(Y = Yinean) 1L(XT6 < 0)]
0eH 0eH
_ 1 &
+sup [(Y = Yimean)— > L(XTO<0
s (¥ = ) D1 )

sup [(P, = P)(Y = Yinean) L(XT0 < 0)] + |Y — Yinean] -
M

IN

(B.71)

The second term |Y — Yinean | converges to 0 in probability due to the fact that Y’s are
marginally binomial with mean v,,,cqn, and hence (Y—’yme,m) has a variance no greater

than 4-. As for the first term, the class F; has an envelope function of Fy(z,y) = 1
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for all n. Using the method of Theorem 2.4.3 from der Vaart and Wellner (1996), we

have

Sup |(]P)” - P)(Y - 7mecm>]l(XT‘9 < 0)|
0cH

1
S eI+l La(B))
ed
_ | dolos (&)
~ n
— 0, (B.72)

thus showing (B.70).

From Lemma 22, there exists a constant K > 0, not dependent on n, such that

for any 6 € H,
R4(0) — Ra(6o) > K||6 — 6o]|2- (B.73)

Because éH is the minimizer of M, 4(#), this means that for any € > 0, we have

P (162 — boll> > <)
< P <Rd(éH) — Ra(6o) > Ke>
< P (Rd@ﬂ) — M,.a(03) — Ra(6o) + M,.a(65) > Ke)
< P [32}3 [P — P)(Y — Yimean) L(XT0 < 0)] > %}
— 0 (B.74)

Next we shall prove the rate of convergence of éH to 6.

Proof. Again we utilize to Theorem B.2. For this problem our associated distance
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function would be the square root of the Euclidean norm, as Lemma 22 shows that
Ry(6o) — R3(0) < — |6 — boll2 (B.75)

for all € within a neighborhood of 6y. Our strategy would be to calculate

E| sup vn|(Mya(0) — Ra(0)) — (Mna(00) — Ra(00))]] - (B.76)

10—60|2<6*
OcH

We again bound this above by the two terms

VA sup |7, - Pgl| +

f€gs

E sup  /n |(Y/ — Ymean)(L(XTO < 0) — 1(XTH, < 0))} . (B.77)
160—60]|2 <52
0eH

where Gs := {f(2,9) = (¥ — Vmean) (1 (270 < 0) = 1(270y <0)) : 0 € H, ||0 — 0y < §?}.

The second term can be bounded as

160—60]|2<5>

E |: sup \/ﬁ|(Y_’Ymean)(]1(XT9SO)_]I(XTHO <O))]
0cH

< E sup (Y — Ymean)? | | E sup (1(XTH <0)—1(XTHy <0))2
10—002<5%,06H 10—002<5%,0€H

< \/'yme(m(l — Ymean) s | E sup 1(sgn(X7T0) # sgn(XThy))
LI0—00]12<5%,0eH

S \/'Ymean(]- - ’Ymean)\/]E sup (]P)n - P)g + sup Pg
LgE€ETs i g€Ts

where J5 := {g(z,y) = L(sgn(z"0) # sgn(z" o)) : |0 — Ooll2 < 6,6 € H}

< \/’Ymean(l - 'Ymean)\/]E sup (]P)n - P)g + ats? (B78)

LgETs i

To bound the value of E [sup,c 7. (P, — P)g] and E [sup,cg, |(P, — P)g|], we refer to

Theorem B.3. Both Gs and J5 have the envelope function F(z,y) = 1, and using
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the logic of Lemma 24, both have VC dimensions bounded by C'djlog (%) for some
universal constant C' > 1. By standard empirical process theory, there exists a

universal constant K such that

N(eU, F, L»(Q)) < <Cd0 log <Zd)> ( @) 2do log () (B.79)

0 €

2 such

for all € € (0,1), and therefore it is possible to fund some constant A > e
that (A/ 6)3Cd0 tog (7 bounds the above expression for all € € (0,1). Furthermore, the
value of sup,cx P(f — Pf)? < sup;cz Pf?, for both F = G5 or Fj, can be bounded

by

sup  Pl(sgn(X70) #sgn(X76y)) = sup P(sgn(X70) # sgn(X76y)) < a™§B.80)
[10—00]|2<0 [10—60]|2<0
9er 9er

Therefore, both E [supgejé (P, — P)g} and E [sup9696 |(P,, — P)g|] can be bounded

(B.81)

for some constant C* not dependent on n. Therefore, expression (B.78) can be

bounded by a constant multiple (not dependent on n) of

[ (@) e

The expression in (B.76) can be bounded by a (n-independent) constant multiple of

r=af o e ()2
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1 ed A do ed A
— 1 — |1 —lo 1 ) )
+ \/ﬁé\/do og(d0> og(é)\/ <d0> og<5>+6 (B.83)

Depending on which term is dominant, the inequality r2¢,, 4(1/r,) < v/n will provide

different results on 7,,:

—1/2
if 5\/d0 log ( ) log (?) is the largest term, then r, ~ m <log (do lo;(dl) ))

0

—1/2
o if % log (g—g) log (4) is the largest term, then 7, ~ - lo;’(%) <log <d0 10;(%) ))
-1/6
o if do log —d) log (é) is largest, then r,, ~ ° log n’
d 5 ) n i/do 10g(%) do log(d—‘i)
0

~1/4
o if \/do log ( ) log (?) is largest, then r,, ~ ﬁ <10g <dologlz)>>
0

do log

e if § is largest, the r, ~ \/n

—1/2

' i S R _n_
Because the smallest order of r, listed is r, o ( %) <log (do o ( d))) )
Along with the associated distance between the square root of the Euclidean norm,

this leads to the conclusion that

A dy log <%> d
e 0l = 0, | =L 1o (1o (1)) (B.84)

B.0.2.4 Proof of Theorem B.6

Out of convenience we re-state the theorem: Let Z be a subset of S ! and define

07 := arg min M, 4(6). (B.85)
0el

For any s > 0, with probability greater than 1 —e™*:

iy [V 1 [2s 4
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) . v, 1 2s 2
Ry (67) — M;d(ez)‘ < K\t \/;+ Vot (B.86)

where V,, is the VC dimension of Z and K is a universal constant.

Overall the proof will proceed very similar to the proof of Theorem 9.1 in Giraud

(2014).

Proof. Define A, 4 := sup IM;, 4(0) — Ry(6)|. We have
A€z

Rifbs) ~ yin 15(6)| < 2804(2)

[Ry(0r) = MG, (0r)| < Ana(T) (B.87)

This is not hard to see. By definition, M, ,(07) < M, ;(0) for all 6 € Z, which allows

us to derive

Ri(0r) - Bi(6)| = | Ratfr) — M;,o(0r) + M, 4(0r) — Ry(6)

IN

|Ri(Br) = M, o(0)| + M (6) — R(6)

< 2sup |M 4(0) — Ry(6)) (B.88)

T bez

With this bound, it will be sufficient to show that Amd is no greater than the right
hand sides of (B.57). This will be done in two parts, with the first part showing A, 4
does not exceed its expected value with an exponentially decreasing probability, and

a second part deriving a bound for EA,, 4.

Probability Bound on An,d: Suppose s > 0, then with probability at least 1 —e™*,

we have

A a(T) <E[A, J(T)] + \/% 2 (B.89)

n
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To show this first note that a bound the value of Anvd(ﬁ) can be obtained by obtaining

a bound on each of supy.; ‘M;d(ﬁ) - E[Mz,d(Q)H and supyez [E[M;; ] — R;(0)].

To obtain a bound for supycz |[E[My, ;] — R;(6)|, note that for any fixed 6 € Z,

we have

|R;(0) — E[ME, 4(0)]]
= |E[LEu(6) - M, (9)]]

- IE %an(f/—w (L(X]6 <0)—1(X[6 < 0))”

= %zn:]E[(Y—fy) (1(X39§0)—1(XZ’90§0))}'. (B.90)
For each j =1,...,n,

IE[(Y =) (L(X]0 < 0)— 1(X] 6 <0))]|

= E %Z(Yk — ) (L(X]0 <0)—1(X]0 < 0))”

k=1

_ 1L > E[(Yi— )] E [L(X]0 < 0) — 1(X] 6, < 0)}‘

n !
k#j

1
< - B.91
<L (B91)
and therefore, 0 < |R;(6) — ]E[M:‘Ld(Q)H < 1LforallgeS4t
As for bounding |M, ,(6) — E[M, ,(6)]|, define the function
F((Xl, Y1), (Xa, Yn)) = sup |M;, 4(0) — Ry(0)|. (B.92)

0el
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Now suppose that for some j € {1,...,n}, we have (X,,Y;) # (X}, Y/). Then we

717 J 70

would have

1 « Y, _ Y -V
(—ZYk>+—J=Y+ 7 (B.93)
n n n

k#j
and hence
l7(<)(17}3)7'“’()(j—17}9— ) ()g;ayy) (}Kﬁ+17}9+4)7‘"7()(H7Y%>>

—F((X1,Y1)7 - (Xn,Yn)>

= sup 12(}/,@—?—}3/_%)(]1(X,§9g0)—11(x,{9030))
0eT nk# n
+% (Yj’ -Y - Y ; Yj) (L(X]0 <0) —1(X] 6 <0)) — Ry(0)
—sup %Z (Vi — V) (1(XT0 < 0) — 1(XT0, < 0)) — R(6)
< sy nZ(Yk—Y— ) (ko <0) - 1(xt00 < 0)
—Y;
( ) (L(X]6 <0) —1(X] 6 <0)) — Ry(0)
- (A30 059 (08 <0 - 05t <0) - o) \
= suplz<y YI) (L(X76 <0)—1(X[ 6 <0))
ez | kot n
+nn_2 Lo - v (X7 < 0) - 1(x76, < 0)) ‘
N O R Rt
< % (B.94)

Using McDiarmid’s inequality, this leads to the deduction that

* * * * n¢2
P fsup [M(6) ~ EIEa(9)]] > B [sup [115,00) ~ B, 00| + ] < oxp | -5
0T 0cT
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with probability greater than 1 — e~

In conclusion, since A, 4(Z) = supger M 4(0) — EM, 4(0) + EM, 4(6) — R3(0)],

(B.95)

t

. A 2s 2
P An’d(I) > ]E[An’d(l-)] + ; + E
< P [sup My 4(0) — EM;, 4(6)] + (SUP |EM, 4(0) — Ry(0)] — 1) > E[A,a(T)] + %, 1]
| 0T ez n n n
< B |sup M, 1(0) ~ EM;, y(0)] > ElAna(D)] +1/ 2+ -
_GGI n n
< ]P’lsup !MZ 4(0) —EM;, ,(0 > E {sup ’M EM;d(G)q + 2s
0eT ' ’ n
1
+(—sup|EM; |>]
N gez
2
< }P’[sup|M;§7d( —EM;, 4(0)| > E { sup | M, 4(6) —]EM;;,d(e)@ + S]
0z n
< expl-s (B.96)
Bound on E[A, 4(Z)]: We next show that E[A < Ky /2 \/: where V,

is the VC dimension of Z and K is a universal constant. First we separate

E[A,4(T)] [sup (M (0) — Lio(0) + Lial0) — R3(0) @

el

< E [iﬁ? M, 4(0) — thd(é)ﬂ +E [?ézp | Ly 4(0) — R;;(e)q (B.97)

To bound the first term, note that for every possible @,

n

(V)5 32 (X0 < 0) ~ 1(X70 < 0)

=1

MG, 4(0) — Ly, 4(0)] =

VAN
=
|
=

(B.98)
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and hence

E sup [M3(6) ~ Lou®)]| < B[V -

0cT
< VE(Y 7))
_ =) (B.99)
n '
As for the second term,
E sup |L:.6) - 730)]
0eT
- E [sup ‘(Pn - P)((y — ) (1(X70 < 0) — 1(XT8 < 0)) ) ”
0cT
1 n
< 2E = (Vi =) (1(X[o<0)—1(X"6 <
< 2B jsup o320 - ) (1T < 0) - 1, 0_0))>u
where ¢;’s are iid Rademacher variables
1 o
< K1%/\/IOgN(77,]:LL2(Pn))d77 (B.100)
0

for some universal constant K, and where F7 is defined as the set of functions {(Y —
7) (L(XT§ <0) —1(X"6, <0)) : 0 € T}. Because this class of functions has the

envelope function F'(X,Y’) = 1, this means that for all n <1,

log N(n, Fz, Lo(Py)) = log N(nl[Flle,, Fz, L2(Pn))

< KyVy(log(1/n) + K) (B.101)

for some universal constant K5, K3, and where V,, is the VC dimension of Z. Therefore

E [sup |L;,.a(0) — RZ(Q)‘}

0l

1
IV,
< K, ;/\/Kglog(l/n)+KgK3dn
0
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< Ky = (B.102)

for some universal constant K. O

B.0.3 Proof of Theorem III1.9

To derive the consistency of the least squares estimator, we will utilize empirical
process theory for the class of functions F,, := {fy : 6 € S%~1} where S¢ 1 := {z €

R?: ||z]]; = 1} and

foly,z) = (Y - g) (1(XT0 > 0) — 1(X76, > 0)) (B.103)
A few observations can be made regarding the class of functions F, := {fp : 6 €

R, ||0|l = 1}. The first is that it is a VC class of functions
Lemma 25. For any n, F, is a VC class of functions with VC class at most d + 2.

Proof. The class of functions {g(z) = 270 : § € R} is a d dimensional vector space
of functions with VC dimension at most d + 2 (see Lemma 2.6.15 of VDVW), and
thus the same holds for its subset Gy := {g(z) = 270 : § € R4, ||0]| = 1}. Since
the indicator functions ¢(y) = 1(y > 0) is monotone, ¢(Gy) is a VC class with VC
dimension at most d 4 2 (see Lemma 2.6.18 of VDVW), and multiplying by the real

valued function h(y) = y — § makes F4 = ¢(Gy) - h have the same property. O

2

The class F,, has the envelope function F,,(Y,X) := |Y — pul(X76y > 0)| + 2% =
€| + 37“, which is square integrable over the probability space as PEF? < 02+ pu+2- e

Following Theorem 6.2 in Wellner’s notes yields the following bound:

Lemma 26. For any € > 0 there exists a constant M, such that

1 +log N (e, Fp, La(P,))
n

E*||P, — P||5, < MGE*\/ te (B.104)
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for all n.

From here a Glivenko-Cantelli-type result can be established for the class of func-

tions JF,:
Lemma 27. Under Assumption B1 and B2, E*||P, — P||£, — 0.

Proof. From Theorem 2.6.7 of VDVW,

166”F“Pn,2)2‘/(}—n)2
€

N(e, Fn, Lo(Pr)) < KV (F,) ( (B.105)

for any fixed € > 0. Since the VC dimension is at most p + 2, this means

\/1 +log(N (e, o, La(Pn))) _ \/1 +log(n +2) + (2d, — 1)(log(|| Fulp, 2) — log(e) 4+ Ce)

(B.106)

for some constant C.. This gives the following bound when plugged in for (26):

E*|[Py — P,
- MGE*\/l—i-logN(e,]:n,LQ(IF’n))+€
n
- ( w +log(d +2) + 2d(C, —log()) |, . wdn(log(nFHPn,g) v 0>> .
n n
1+1 2)+2 —1 /2
< M. (\/ + Og(d“‘ )‘l‘ d(Ce Og(f)) + E* _d||F||IP’n,2> +e
n n
since for all positive x,/log(z) V0 < z
o (B.107)
Since € is arbitrary, E*||P,, — P||z, — 0. O

To establish the consistency of  for 0, it needs to be established that P fo(Y, X)
is well separated from P fy, (Y, X) when 6 is well separated from 6y, which is assured

by Assumption B2.
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Lemma 28. For all sufficiently small n > 0,

inf E ‘ (Y - g) (1(XT0 > 0) — 1(XT8, > 0))| > (B.108)

16—60]|2>n

for some constant C' which does not depend on n.

Proof. For any 6 with norm 1,

E|(y- L) (X0 > 0) — 1(X TG, > 0))|

(XT0y > 0) + ¢ — —( 1(XT0 > 0) — 1(XT0y > 0))| (B.109)
In the case where |e| = § with probability strictly less than 1, the above equals

ExE. 5

|g|‘ L(XT0 > 0) — 1(XT6, > 0))|

|5|‘ Ex [1(X70 > 0) — 1(X76, > 0))|

> a6 — ol (B.110)

On the other hand, if || = & with probability 1, ie P (e =4%) = P (e = &) = 1/2,

then regardless of the value of X7,

1
P (‘ul(XTQO ~0)+e— —) - OIXT()()) —p (‘Ml(x% > 0)+e— —‘ - u’XTQO) -5
(B.111)
Hence [p1(X76y > 0) + € — 4| is independent of X and
(XTly > 0) + ¢ — —‘ 1(XT0 > 0) — 1(X"6, > 0))|

= ExE|% |5|’ JUXTO > 0) = 1(X70, > 0))|

~ g - |g|‘ Ex [1(X70 > 0) — 1(X"6, > 0))]

> 119 — ol (B.112)

216



Therefore,

inf E ‘ (Y - g) (1(XT0 > 0) — 1(XT6, > 0))‘

[160—601>n
. H T T
= it E[L0(XT0>0)~ 1(XT0 > 0))]
T IS )~ HX"6 > 0))
[16—601>n
> Cn (B.113)
for some constant C' not dependent on n. O

Combining the two lemmas above can demonstrate the consistency of ().
Theorem B.7. [|0? — gy, — 0 in probability.

Proof. Due the previous lemm, for any € > 0, and some constant C' > 0,

109 — Gol|2 > €
— Pfo, — P [y = Ce
—  Pfsa — Pfo, — (Prfica — Punfo,) < —Ce

—  sup |Pfy—P,fo] > Ce/2 (B.114)
l[0ll2=1

Therefore,

P [[16°7 ~ 6] = ]

< P sup |Pfy—P,fs| > Ce/2

16ll2=1
< P[P =Py, > C¢/?]

— 0 (B.115)
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B.0.4 Proof of Theorem 3.6

To prove the rate of convergence, we will again utilize Theorem B.2. For the

model under consideration, the notation of this theorem would correspond to

M,(0) = P,fs(X,Y)
= 23 (Y= L) xTo > 0~ 1(X70 > 0)
M, (0) = Efie_(ny)

- B [(Y - g) [1(XT0 > 0) — 1(XT6y > 0)] (B.116)
Therefore,

M, (6) — M, (6)
_ T H T T
— ExE. [(,u(x Oy > 0)+c— 5) 1(X70 > 0) — 1(XT6, > 0)]]
_ _gEX [1(X76 > 0,X70, < 0) + 1(XT <0,X76, > 0)]

- —gE 11(X76 > 0) — 1(XT0, > 0)] (B.117)

Assumption Bl means that for all § sufficiently close to 6y, the last line < —||6 — 6|2
Hence the relevant distance function here is p,, (0, 6y) := \/||@ — 6p||2. Consequently,

define the set of functions F,, 5 := {fy € F,, : p2(6o,0) < 5}

We will bound the modulus of continuity over the set F,, 5. Let

Gu(0) = Vnl(fo— Efo)
= Va[ (v = 5) [1(x70 > 0) = 1(X0 > 0)

5 (Y - g) [1(XT0 > 0) — 1(XT6, > 0)]]. (B.118)
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By Theorem 2.14.1 of VDVW,

~Y

El|Gall7,,] S E[J(On Fus)llFnlln] (B.119)

where

T Fps) =10 [ /14 10BN €l Fllgz. Fos La(Q) de
0

SUbjer, , /2 Xiy F2(X0, Vo)
ViDL, Fa(X,, Y2

Vy =

(B.120)

The expression in (B.119) will be easier to work with on an event space where || F,, ||,

is bounded above by a constant. Explicitly, the expression equals

=
1Flln = \5;(\m—1<X?eo>o>|+g)

_ \ %i (leil + g) (B.121)

For any positive constant A such that A > E [|e| + £], the probability that ||F||,
exceeds v/ A goes to 0 because although the error terms ¢; = €;n technically form
a triangular array of random variables, they are still iid random variables with the

same distribution for each n, permitting the use of Chebychev’s inequality:

PlIEN. > VA = P[IE; > 4]
S %i(|gi|+|g)—E[|e|+g}>A_E[|s|+g]
A-BQ+E]

VVar (B0 (=il + %))
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A—E [|e] + 4]

\/Var ((lel+4))/v/n
=0 (B.122)

Hence, take 0, := {||F.|[, < V/A} for any fixed constant A with A > E [|e| + &],
then P(£2,) — 1, and using a modification of Theorem 2.14.1 of VDVW,

EllGa1()l 7] < ElJ(wn, Fus) 1F]ln1(820)]

~J

< AE[J(vn, Fus)] (B.123)

From here it suffices to bound the value of E[J(v,, F,s)]. Since F, s is a subset of
Fn, and hence has a VC dimension of some constant times d. This gives a bound on

the covering numbers:
log N(n, F,, Q) < —Cd, log(n) (B.124)

for some constant C', and hence

Un

(Vs Fos) < / V/dTog(1]n) di

0

= Vd / Vze Fdz
—logn

= VdI'(3/2, —log(vy))

= VA[[(1/2, —1og(vn)) + var/— log(vn)]

— Vi [Vrerte(y/ " Togl) + v/~ Tog v,

< Vd[Vrv, + v/~ logy,]  since erfe(z) < e

(B.125)
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For values of v, around a small neighborhood of 0, this is bounded above by a constant

(not dependent on n) times v/d[v,+/—log v,]. The function © — x1/—log(z) has a

strictly negative second derivative for x € (0, 1), hence Jensen’s inequality gives

EJ (v, Fns) S E[Vdva\/—10g(vy)] < VAE(v,)\/—10g E(vy) (B.126)

From here it suffices to bound the value of E(v,), from above. Note that since

F(z,y) = (y — 1(z"6y > 0)) + £ > £, this means

2 1<
Up < — sup | — f2(X;,Y; B.127
g Z ( ) ( )
Therefore,
fsgp 5 i [H(XGL YD)
€ n,s
E(v,) =
) 7T,
< zE sup —ZfQ(X' Y:)
N 2 f€.7'—n5 i—1 7
< sup Z(Y ) 11(XT0 > 0) — 1(XT6 > 0)]
fe]:né,i 1
1/2
= —|E| sup P,(9) (B.128)
/’L gegné

where G, s := {f? : f € Fn.s}. To bound the above, one way is to separate the

expectation into two terms:

E | sup P,(g)

gegn,é

< E | sup |P,— P|(g)

gegn,é

+ sup P(g) (B.129)

gegn,é
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The first term can be bounded as follows:

E | sup [P, — P|(g)
gegn,é
= - ElIGuls,.]
- \/ﬁ n gn,§
< Lple ! > neig(X,Y;)
~ T EX zZ | ||—= ne;g\Ai, I
vn Vn = -
using corollary 2.2.8, where ¢;’s are iid Rademacher r.v’s
< Lp 7\/1 (N(1, G, La(Py))) d
= 0 n,0s n
~ \/ﬁ X g 7]7 ,(5 2 77
LO 4
from 2.5.3 in VDVW
. [ 1IFle,,2
- ——F VI8N (1, Go . La(P,))) d
=0 | [ \florN .G LalB)
0
because the covering number equals 1 for n > || F||p, 2
r 1
S —=Bx |1l [ flon(N (1. Gus, La(®,) d
= 0 7,0 n
~ Un X Pp,2 EUNVAT, YUn,s, L2 n
L 0
y 1
< \/;EX HFHPMQ/\/—logada
0
since G,, s has VC dimension bounded by a constant multiple of p
d
S \/i since Ex||F|lp, 2 </ E[F(X,Y)?], latter of which is a constant
n

(B.130)

Where each implicit constant from line to line does not depend on n. The second

term can also be bounded: for any 6 with ||f]|s = 1 and [|§ — || < I

B {(y - g>2 1(XT0 > 0) — 1(XT0y > 0)|

< By

Ee

(% |ay)2 1(XT0 > 0) — 1(X7d > 0>r”
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2
< E (37“ + \g|> E[1(X70 > 0) - 1(X"8, > 0)]]
< E[1(X70>0) —1(X76 > 0)]]
< 10—l (B.131)

Where the last line is due to Assumption B1, and again all implicit constants are
not dependent on n. For all small d, it is possible to find some constant where
arccos(f - 0y) < C6 for all || — |2 < I, and hence the last line < §. Combining

(B.130) and (B.131) gives

d
E(w,) < -+ (B.132)
n
Referring back to (B.126), this yields
EJ (v, Fns) S Vd (B.133)

Using this upper bound, a final upper bound for the expected norm of G, can be
obtained. Because the function z — x/—log(z) is a strictly increasing function for

all sufficiently small x, this means that for all sufficiently large n and small §, we have

ElGn ()7, 1(80)] < ElJ(vn, Fs)l
< VAE(v,)\/—1log E(v,)
_ 1/2
< Vd ( %—i—é) <—log<\/g+5>>
- 1/2
< Vd ( gw) log%] (B.134)

223



as 0 — 0.

Going back to Theorem B.2, in terms of its notation,

ET | sup (M, — M) (vn) — (M — M) (60)] 1(€2,)

n(0,00)<6

= \f lielz, .
d <\/g+52> m%rz (B.135)

O/ =
for some constant C' independent of n. Therefore the ¢,, can be defined as

) 1/2
([ + 52) log 5] (B.136)

and this indeed satisfies ¢(9)/d* being a decreasing function for « € (1,2). In order

IN

dn(0) = CVd

for

n

1 n 1 (d
both of the following are necessary:
1 2
rtlogr, < o2 <g)
1
rlogr, < - g. (B.138)

The second line implies the first line, and the second line can be satisfied by having

. [N n\ —1/2
T =C \/g <log E) (B.139)
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for some constant C* not dependent on n. Hence, r,p,(0,6y) = O,(1) means 16 —

Ooll2 = Oy (% log %)
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