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Abstract

We establish exponential decay of correlations of all orders for locally G-accessible isometric
extensions of transitive Anosov flows, under the assumption that the strong stable and strong unstable
distributions of the base Anosov flow are C'. This is accomplished by translating accessibility
properties of the extension into local non-integrability estimates measured by infinitesimal transitivity
groups used by Dolgopyat, from which we obtain contraction properties for a class of ‘twisted’

symbolic transfer operators.
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Chapter 1. Introduction

Dynamics is the broad study of the asymptotic properties of a system as it evolves. Typical cases
of interest include the iteration of endomorphisms on measure spaces, manifolds, metric spaces or
topological spaces; somewhat surprisingly, a great deal can be said about the structure of orbits
even in fairly general settings. Perhaps the most general result is the Poincaré recurrence theorem,

which states that almost every point in a conservative system of finite measure is recurrent.

Theorem (Poincaré). Let (X, u) be a probability space, and suppose that f: X — X is a measurable
map that preserves p. Then for any E C X, p-almost every point p € E returns to E infinitely

often under f.

In more specialized settings, the Poincaré recurrence theorem can be significantly improved, yielding
dramatically finer information on the large-scale, asymptotic properties of orbits. For so-called
ergodic systems, points do not simply recur: almost every point will visit a given region with

frequency proportional to the region’s size.

Theorem (Birkhoff). Let (X, ) be a probability space, and suppose that f: X — X is a measurable
map that preserves w, but only leaves invariant subsets of full or null measure. Then for any £ C X,
u-almost every point x € X wisits E with frequency

1 n—1

S (@) = u(E)

i=1

lim —
n—oo N,

where xg is the characteristic function of the set E.

Alternatively phrased, the Birkhoff ergodic theorem precludes ergodic systems from having sizeable
regions with predictable orbits. The ergodic hypothesis — that the only invariant subsets have full
or null measure — has its original formulation in Boltzmann’s work in classical statistical mechanics,

and has proven tremendously significant.



Ergodicity is one of the primary characteristics of chaotic behaviour in the study of dynamical
systems, and the verification of ergodicity for particular systems is naturally of considerable interest.
In many cases, general arguments for ergodicity exploit hyperbolicity: the presence of directions
along which the system contracts or expands. One of the simplest examples is the doubling map
f(2) = 22 on the unit circle in the complex plane, where ergodicity can be verified as an immediate
consequence of the system’s uniform expansivity.

In higher dimensions, a classical argument due to Hopf establishes ergodicity — with respect to a
large class of measures — for Anosov diffeomorphisms: discrete-time systems which are exclusively
and uniformly hyperbolic. For most purposes, Anosov diffeomorphisms present the most tractable
class of systems to study, and the lack of even ‘slow’ hyperbolic directions makes them particularly
amenable to analysis.

On the other hand, systems with non-uniform or partial hyperbolicity present difficulties. Otaining
ergodicity often requires significant additional hypotheses and careful analysis; there has, nevertheless,
been considerable progress. Clasically, Anosov was able to adapt Hopf’s argument to show that
Anosov flows — continuous-time systems where there is only a single, non-hyperbolic, flow direction —
are ergodic. And in recent years, many results have been obtained on the stability and genericity
(or lack thereof) of ergodicity in various settings.

Beyond ergodicity, even stronger asymptotic results can be obtained quite generally. In an
equivalent formulation, the Birkhoff ergodic theorem states that, for an ergodic system, the sequence
of random variables @, po f,..., oo f™, ... satisfies the strong law of large numbers. From this
perspective, it is natural to characterize chaotic behaviour for f in terms of how closely such a
sequence resembles a sequence of independent and identically distributed random variables.

One precise quantification of the ‘independence’ of such a sequence can be obtained from analyzing

the rate of decay of the autocorrelations

/ (po f*) (po ff*™) du
X

as n increases. Other immediate questions include the verification of a central limit theorem, Berry-
Esséen theorem or other limit laws for such a sequence. Among the strongest such characteristics of

chaotic behaviour is the exponential decay of correlations.



Definition 1.1. A map f: M — M is said to enjoy exponential decay of correlations or to be

exponentially mizing if there are uniform constants C' > 0 and r < 1 so that

< Cr'flellca 9]l o

/ (@) (" (2)) du(z)
M

for any a > 0, n > 0 and all a-Hélder functions ¢,y € C%(M,R) with [,, pdp = [, dp = 0. For

a flow g;: M — M, we instead require

[ e@ @) i) < crlsle lole-

for all ¢t > 0.

Besides being of intrinsic interest, exponential correlation decay is typically accompanied by
other strong statistical properties for sufficiently regular random variables. Unfortunately, obtaining
quantitative estimates on the rate of correlation decay in many settings has proven remarkably
difficult. In certain concrete situations, this can be done by a direct calculation: two examples are
discussed in the Appendix. It is also true that Anosov diffeomorphisms are exponentially mixing, as
a consequence of the existence of Markov partitions and the Ruelle-Perron-Frobenius theorem.

Beyond uniformly hyperbolic systems, however, exponential mixing results can hinge on extremely
subtle analysis. Bowen and Ruelle conjectured in [BR75] that all Anosov flows enjoy exponential
decay of correlations, except for certain trivial counterexamples. Perhaps the most significant progress
towards answering this was due to Dolgopyat, who obtained exponential decay of correlations for
such flows, but required additional, nongeneric regularity hypotheses on the stable of unstable
distributions. Liverani was able to obtain the same result for Anosov flows without this regularity
hypothesis, but required the flow to leave invariant a contact form.

While even Anosov flows are not completely understood, there has been progress on establishing
exponential mixing in certain partially hyperbolic settings. In particular, Dolgopyat showed in
[Dol02] that accessible compact group extensions of discrete-time expanding maps are exponentially
mixing, and Winter adapted these techniques in [Winl6] to establish exponential mixing for frame
flows over convex cocompact hyperbolic manifolds.

This is largely the setting we will be working: we will consider isometric compact group extensions
of Anosov flows, and give criteria for these flows to be exponentially mixing. Specifically, we will

prove the following;:



Theorem A. Let M, N and F be closed Riemannian manifolds, where m: M — N is a fiber bundle
with fibers isometric to F. Suppose that g;: N — N is a smooth, transitive Anosov flow preserving
an equilibrium measure v with o Hélder potential ¢: N — R. Moreover, suppose that the strong
stable and strong unstable foliations are C*, and that v has unstable conditional measures v* that
are diametrically regular.

Let G be a closed, connected, normal subgroup of the isometry group Isom(F') that acts transitively
on F, and equip F' with the pushforward w of the normalized Haar measure on G. Let fi: M — M
be a G-extension of gi. If fi is locally G-accessible, then it enjoys exponential decay of correlations

of all orders for the (locally defined) product measure v X w.

Our approach broadly follows the strategy Winter used in [Winl6] to establish exponential mixing
for frame flows over convex cocompact hyperbolic manifolds. We begin by constructing a symbolic
model for the extension flow, establishing uniform local non-integrability estimates for this symbolic
model and using arguments employed by Dolgopyat in both [Dol98] and [Dol02] to obtain bounds
for the spectrum of certain ‘twisted’ transfer operators. Our main technical result is the following

bound:

Theorem B. Fiz notation as in Theorem A, and suppose that the potential < is C*. Then there

are constants C' > 0 and r < 1 so that we have
1£7 pellLz @y < Cllpllcr™

for all ¢ € CY(U,V?), all nontrivial irreducible representations p of G, and any z € C with
[R(z) - P(o)]< 1.

The principal novelty here, and our main point of divergence with [Win16], is that we use the
local G-accessibility (see Definition 2.5) of the extension flow f; to obtain the necessary local
non-integrability estimates. As in [Winl6], we measure the local non-integrability of the extension
using Dolgopyat’s infinitesimal transitivity group.

While we rely heavily on the techniques used in [Dol02], translating these into our setting presents
several difficulties. Most notably, the non-integrability of the strong stable and unstable foliations
of the base flow ¢g; and the nontriviality of the fiber bundle m: M — N require some additional care

to properly deal with, though we are ultimately able to adapt many of the same arguments.



In the specific case of the frame flow, Theorem A can be stated more succinctly.

Corollary C. Let N be the unit tangent bundle of a closed n-manifold of quarter-pinched negative
curvature equipped with an invariant Riemannian volume v, and let M be the oriented full frame
bundle over N equipped with the (locally defined) natural extension v x w by the Haar measure on
SO(n —1). If the frame flow f; is locally accessible, then it enjoys exponential decay of correlations

of all orders.



Chapter 2. Preliminaries

We fix some notation that we will use throughout this paper: N will be a closed Riemannian
manifold equipped with a probability measure v and g;: N — N a C'°° Anosov flow preserving v.
Let M be a compact Riemannian fiber bundle 7: M — N whose fibers 7~!(z) are each isometric
to a fixed compact, Riemannian manifold F, and let f;: M — M be an extension of g; satisfying
mo fi = gsom. We equip M with the product measure p of v and a probability measure on F'.

The motivating example for everything that follows is when NN is the unit tangent bundle for
a closed n-manifold of quarter-pinched negative curvature, M is the oriented orthonormal frame
bundle, g; is the geodesic flow and f; is the frame flow. The natural choice for v in this case is the
Liouville measure on N, and p is then locally a product of the Liouville measure and the normalized

Haar measure on SO(n — 1, R).

2.1 Dynamical preliminaries. Our goal is to show that, with appropriate hypotheses, f; enjoys

exponential decay of correlations or, equivalently, is exponentially mizing.

Definition 2.1. A flow f; is said to be exponentially mizing of order k for C* functions if there

are constants C' > 0 and » < 1 so that

‘/ @0 (1o fe) - (profr,)dv — (/ %Oidl/> (/ @de>‘ < Crriti=til g llga- . . . - [lokllce
M M M

for all p; € C*(M,C). Here, ||-||ce denotes the usual a-Holder norm

lp(z) — (y)|

el o= sup ()| + sup
T ] |l‘ - y|o¢

on the space C*(M, C) of a-Hoélder complex-valued functions.

Actually, we will prove that there are constants C' > 0 and r < so that

‘/ @o- (1o fe,) o - (profr,) dv] < Cr™ b lggllga ... [lok]lcn
M



for all ¢; € C*(M,C) with [,, ¢;dv = 0. It is an elementary exercise to show that this is equivalent
to Definition 2.1.

While having some degree of regularity is critical, exponential mixing for Holder functions and
exponential mixing for more regular functions are equivalent in our case by a standard approximation
argument. We provide a brief outline of this argument in the simplest case, to justify our later

attention to C! (rather than Hélder) functions.

Lemma 2.2. Suppose f; is exponentially mizing of order k for C' functions. Then, f; is exponen-

tially mizing of order k for C* functions, for any o > 0.

Proof. We perform the argument in the case k = 1. The general case can be obtained by repeating
this inductively.

By [GS14, Lemma 2.4], we can find smooth approximations ¢, to ¢ with [}, v dpu = 0 satisfying

e — @llco< €*[l@llce and [l@e]lcr < e T lp)| co

for all € > 0. Since f; is exponentially mixing (at rate, say, ') for C! functions by hypothesis, we

can write

‘/M@'(woft)du'ﬁ ’/Mw(¢Oft)du—/Msoe~(¢Oft)du‘+’/M<Pe~(¢0ft)dM’

<

[ (0= e+ wo pau] + crilgden vl

< llp = gelleo o+ Crte @D gl oo [yl
< lgllonllllco+Crte @BV o[yl
= (e + Orte @m0 o 4] cn

for any fixed ¢t > 0. Note that the last line does not involve ¢, so we can simply set € = ¥ with

k= m. This leaves us with the inequality

‘/M o (w o ft) dﬂ’ < (,ra(dim(M)-‘rl)* ty C’I‘tT_O'5t) HSOHC“”wHCl

. . —1 t
< (1+0) (rrin@5a@mANHD ™ o) o0 g os

and, noting that the base of the exponential term is at most 1, we see that f; is exponentially mixing

for any ¢ € C*(M) and ¢ € C1(M). Now, set D := C + 1 and s := pmin(0-5.a(dm@)+1)71) 4p4q



consider ¢,& € C%(M). Once again, we can find a smooth approximation & to & with [y, £dp =0
satisfying

€ — €llco< €[]l oo and [|€eflor < e DL |g] oo

for all € > 0. By what we have just shown, we can now write

/M sffdu‘ ‘/ (o ffdu/ @offdu] ‘/ ffdu‘

\ [ e te-e) ft)dM’JrDStl@CaHéellcl

< [I€ = Elleollellco+Ds'e D ] ca €]l o
< e®lléllonllpllca+Dste BN D lp) ca [|€]l 0o

< (€ + Dste @mONY o g €]

for any fixed ¢ > 0. Once again, we can set € = s* with k = W leaving us with the bound

)+1)°
. —1 _
‘/ 5 ft dﬁb‘ (Sa(dlm(M)-‘rl) t-i—DStS 0.5t> ||(P||CO<||£||C°¢

_ ) RN
< (1+D> (Smln(0.5,a(d1m(1V[)+1) 1)) ||SD||C“||§HCO‘

which is independent of €. Once again, we note that the base of the exponential term is at most 1

and does not depend on ¢ or £, completing our proof. ([l

Of course, whether a system is exponentially mixing depends on the measure under consideration.

We will be interested in equilibrium measures for Holder potentials.

Definition 2.3. For a continuous function ¢: N — R, we call a measure v an equilibrium state for

gt with potential ¢ if v maximizes

/ cdv+ hy,(g1)
N

among all g;-invariant probability measures on N. To emphasize the potential, we will write v for

the equilibrium state corresponding to ¢ when it exists and is unique.

Of particular importance to us is the fact that equilibrium states admit a local product structure
with respect to the strong stable and unstable foliations, and that they are invariant under the

appropriate transfer operators; we will expand on both of these properties in due course.



When g¢; is an Anosov flow on a compact manifold, it is a classical result of Bowen and Ruelle
[BR75] that equilibrium states for Holder potentials exist and are unique. Of course, the measure of
maximal entropy is always an equilibrium state for the trivial potential ¢ = 0. In the case of the

geodesic flow in negative curvature, the Liouville measure is the equilibrium state for the geometric

)

potential

s(x) =

| (1o doel

t=0

on the unit tangent bundle.

We are interested in extensions of Anosov flows that act fiberwise by isometries.

Definition 2.4. We call a smooth flow f;: (M, ) — (M, ) on a closed Riemannian manifold M a

G-extension of g: (N,v) — (N,v) if m: M — N is a smooth fiber bundle where

e the fibers 771 (z), with the induced metric, are all isometric to a closed Riemannian manifold
F,

e (G is a closed, connected normal subgroup of the isometry group Isom(F),

G acts transitively on F' and has no proper transitive normal subgroups,
eTofi=giom,

there is an atlas of trivializations of m: M — N for which all transition functions lie in G,

with respect to these trivializations, the isometries of F' induced by the flow f; all lie in G,

e f; preserves a measure p satisfying 7, () = v, and

the fiberwise disintegration of u along the fibers of m: M — N is the pushforward of the

normalized Haar measure on G to each fiber.
The primary driver of exponential mixing in our case will be a stronger variant of local accessibility.

Definition 2.5. Let f;: M — M be a G-extension of g;: N — N. We call f; locally G-accessible if,
for every € > 0, any trivialization ¢: 7~ (Be(x)) — Be(z) x F defined near x € N and any isometry
h € G, there is a sequence of points xg, ...,z € N for which

® Xy =1, =1,

e zg,...,x € B(x),

we either have x;11 € W (z;) or w41 € W7 (z;) for each 4, and

we have h = h) o...o h{, where hﬁ'H: F — F is given (via ¢) by the isometry 7= !(z;) —

71 (x;41) induced by leaves of the strong stable or strong unstable foliation of f;.



2.2 Symbolic dynamics. In this section, we will build a discrete, symbolic model for f; — we
follow [Win16], and accomplish this by artificially extending a standard Markov partition for the
base flow. The results of [Bow73; Rat73] on the existence of Markov partitions for hyperbolic
dynamical systems are classical and well-understood; as such, we will recall some of the important

points but refrain from delving into the details.

Theorem 2.6 (Bowen, Ratner). If g, is Anosov, then g; has a Markov partition of size € for any

sufficiently small € > 0.

Specifically, Bowen and Ratner construct a Markov partition by taking local strong stable and

unstable segments and forming a Markov rectangle.

Definition 2.7. Given z € N and ¢ > 0, consider the local strong and weak stable and unstable

manifolds of size e through x given by

W (@) = (W** () N Be(x))" W2t (z) = (W*(z) N Be(x))°

W () = (W (z) N Be(x))° W (@) = (W (z) N Be(x))"
where in each case we have taken the connected component through z. For v € W (z) and

s € Wp(x), we define the bracket of u and s to be the point of intersection
[u, s] = W (u) N W (s)

which is necessarily unique when € > 0 is sufficiently small. We define the Markov rectangle

[We(x), W (z)] to be the set
(W2 @) W2 (@)) = {fu,s) | w € WE(a) and s € W (a)

assuming e > 0 is sufficiently small.

For now, fix € > 0 chosen to be small enough that a Markov partition exists; we will likely need
to adjust our choice of € as we proceed. We let R = {Ry,..., Rt} be a Markov partition of size €
for g¢, where each rectangle R; := [U;, S;] is generated by local strong stable and unstable manifolds
S; = W2 (z;) and U; = W5%(z;) through points z; € N. Set R :=UR;, U :=JU; and S :=JS;,
and let P: R* — R* be the Poincaré return map defined on the appropriate full-measure residual

subset R* C R with return time 7: R* — R.

10



Remark 2.8. Since we assumed that the strong stable and unstable foliations for g; were C, each
R; is naturally an open C' submanifold of N. It is important to note that both the Poincaré return
map P and the return time map 7 defined above are the restrictions of locally C'' functions on R,
but neither P nor 7 is even continuous on R. Indeed, the points of discontinuity for P, 7 and their

iterates are exactly what is removed in passing from R to R*.

A more extensive discussion of this can be found in [Che02, p. 380-382]. We will write (X, P) for

the Markov shift corresponding to the partition R.

Definition 2.9. The suspension of (X, P) with roof function 7 is the flow ¢g;: ¥ x R/~— X X R/~
defined by g;(z,s) = (x,s + t), where we have declared (z,7(x)) ~ (P(x),0).

Theorem 2.6 says exactly that the natural inclusion of R into N induces a Hoélder-continuous
semi-conjugacy between g; and g; — this is precisely the result we wish to extend to f;.

Fix a finite cover {V;} that trivializes the fiber bundle 7: M — N, with isometries ¢;: 7~1(V;) —
Vi x F. At this point, we may need to revisit our choice of e: let us assume that we have taken € to
be smaller than the Lebesgue number of the cover {V;}. By definition, this means that each R; lies

entirely in some Vj(;), and hence ¢y (;) induces an isometry ﬂfl(Rj) — Rj x F'. We can put these

i)
together to form an isometry ¢: 7~ 1(R) — R x F.

It is worth noting that we have considerable freedom in our choice of isometries ¢;, and this is
something we will want to exploit to simplify our arguments in §4. Since the center-stable foliation
of f; is C', we can modify a given ¢; so that it is constant along the (local) leaves of this foliation.
Specifically, we will assume that the projection of each ¢;: 7=1(V;) — V; x F onto F is constant on
each connected component (Wft“(x) N 7r*1(Vz-))o for each x € V.

We will realize f; as a suspension flow on ¥ x F' with roof function 7. To do this, we will need

information on the fiberwise action of g;.

Definition 2.10. For x € R;, with P(x) € Rj,, we define the temporal holonomy Hol(zx) at = to be
the isometry between ¢y ;) (7 (2)) and ¢y, (1 (P(z))) induced by f;. This defines a function
Hol: R* — G.

We will often write Hol™ (z) for Hol(P" 1(x)) o ... o Hol(z). Note that function composition is

the multiplication operation in G.

11



Given the temporal holonomy function Hol: R* — G, we can of course recover f; as a suspension
flow on (X x F,P x Hol) with roof function 7. However, we will push this a step further.

We can define a projection along the leaves of the strong stable foliation projq: R — U by setting
projgs([u, s]) = u. This allows us to construct a uniformly expanding model U for g;, where the

Poincaré return map descends to a map o:U* — U* given by o := projg oP.

Remark 2.11. By construction, the return time map 7 and the temporal holonomy function Hol
are both constant along the leaves of the strong stable foliation of g¢, and hence descend to functions

7:U — R and Hol: U — Q.

Set Uy == U* x R/~ and Ur o = U* x R x F//~, where we declare (u,7(u)) ~ (P(u),0) and
(u, 7(u), k) ~ (P(u),0, (Hol(u))(k)) respectively. We write f/ for the suspension flow f{(u,s, k) =
(u,s +t,k) on Ur pol. It is not too difficult to show that the exponential mixing of f; is equivalent

to exponential mixing for f/, though we must first fix a measure on U; 101 to make sense of this.

Remark 2.12. Since v is an equilibrium state for a Holder potential ¢, there are measures v; and
vi* on each of the strong stable and unstable segments S; and U; so that v is absolutely continuous
with respect to the product vj* x v} x dt. Moreover, these measures can be chosen so that the
Radon-Nikodym derivative of v with respect to the product vj* x v x dt is uniformly bounded above
by a constant K > 1 and below by K~ < 1. We will write v* and v* for the corresponding measures

on U and S respectively, and suppose that they have been normalized so that vy (U) = vg(S) = 1.

Remark 2.13. Up to replacing ¢ with a cohomologous function on (3, P), we can assume that ¢
is the extension of a Holder potential ¢V on U. As a consequence, we may as well assume that v is

in fact an equilibrium state for a Holder potential ¢U on (U, o).

These are classical results in thermodynamic formalism — we refer the reader to [Lep00] and
[Mar04, p. 87-91] respectively for more details. We will in addition require the conditional measure
" to have a doubling property later on, in order to control the spectrum of our transfer operators

using Dolgopyat’s methods.

Definition 2.14. We say that a measure v* has the doubling or Federer property, or is diametrically

reqular, if for any k > 1 there is a uniform constant C' > 0 so that

v (Br(z)) < Cv*(By(x))

12



forall z € U and r > 0.

With the following lemma, we are reduced to establishing exponential mixing for the suspension

flow f/ on the expanding model U; fo.

Lemma 2.15. If f] is exponentially mizing of order k for functions in Cl(U.r,Hol,(C), then f; is

exponentially mizing of order k for functions in C1(M,C).

Proof. Once again, we will perform the argument in the case k = 1. The general case can be
obtained by repeating this inductively. Given ¢,¢ € C*(M,C) with [;, odu = [}, dp =0 and a

fixed k € F', we consider corresponding functions ¢y, ¢y € C 1(U’7',H01; C) given by
ortushor) = [ (e (071 (fussl ) o
o) i= [ 0 (fer (97 sl ) 0
for each t. Let Cyq' be the rate of contraction of S under g;. Since ¢ is C!,
|0 (frar (@ ([ws ], (K))) = @ (ferr (@7 ([u, 50], h(K))) | < Cod'llllon
for any sg € S. Of course, this yields

‘/sw(ftwwl([u, s], h(k))) dv* — /Sw(ft+7-(¢’l([u, sol, h(k))) dv*| < Cog'[lpllcrv*(S)

after simply integrating both sides with respect to s. This can be rewritten as

’/Sso (frar(07 ([u, 5], A(k))) dv® =@ (ferr (67" ([u, 50, h(K))) -VS(S)‘ < Cod'llellcrv™(S)

since sg is fixed. We then see quickly that the difference in the integrals

/UH (/s‘p(f”" (67" ([ 5], h(K)))) d'fs(s)> ( /S ¥ (fr (67" ([, 8], h(R)))) dvs(s’)> dw dr dv* (2.15.1)

and

v°(S) /U /Ssa (Foar (71 ([uy s0), R(ED))) -0 (fr (671 ([, '], h(K)))) dv®(s') dw dr dv™ (2.15.2)

is at most C1¢t||p||c1 ||¥]|co. But now, the same argument shows that
¢ (frar (7" ([w, s0], 1(K)))) - ¥ (fr (7" ([u, 8], h(K))))

13



and
® (fH—T ((;571 ([uv Sl]v h(k)))) : ,lzZJ (fr ((ﬁil ([Ua s/]v h(k))))

must be within Caqt||¢||c1(|¢]|co of each other. Hence,

V(5) /U /S o (fear (671 (s 81 B(ED)) - & (fr (67 (s ) R(R)))) do(s") doo dr ™

is within C5¢*||¢|c1]|%]|co of (2.15.2). From the local product structure of v, we see that this is

within a constant multiplicative factor of K of the integral

/M e(fi(z)) - p(x) dp (2.15.3)

for any ¢ and 9. To conclude, we simply observe that if [,, pdu = [, dp = 0, then we must have
/ oi(u, hyr) dw dr dv® = / Ye(u, hyr) dw dr dv® = 0
Ur Hol Ur Hol
for any t € R. Moreover, the regularity of ¢; and 1, is determined by the regularity of the bracket
operation [-, -] — since we assumed that the foliations were C, we see that ¢; and 1; must also be C*.
Hence, if f is exponentially mixing for functions in C1(Uy; g1, C), (2.15.1) must decay exponentially

in ¢, from which we conclude that (2.15.3) must also decay exponentially. O

2.3 Representation theory. In this section, we recall some classical results from the representa-
tion theory and harmonic analysis of compact Lie groups; our primary references are [Sug71] and
[App14].

Following [Winl6, §3.6], our strategy is to decompose functions on U, e into components
corresponding to irreducible representations of G. A function ¢ € CI(UT,Hol, C) can be viewed as a
C' function @: U, — L?(G) by setting @(u, ) = @(u, -, 7).

Since G is a compact, connected Lie group, we can decompose @(u,r) € L?(G) into isotypic
components corresponding to irreducible representations of G — this is, of course, the classical

Peter-Weyl theorem.

Theorem 2.16 (Peter-Weyl). If G is a compact, connected Lie group, then there is a decomposition

L*(G) = Pvr)@am?

p
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where the sum is taken over pairwise mon-isomorphic irreducible representations of G, and the
(VP)® dim p associated to non-isomorphic irreducible representations are pairwise orthogonal with

respect to the standard inner product on L*(G).

We fix such a decomposition and write ¢(u,r) = >°,¢”(u,r) for the decomposition of @(u,r)
obtained by projecting onto each (V?)® dim p. Abusing notation, we will use ¢ to refer interchange-
ably to a function U, — LQ(G) or to the function U; 10 — C — there should be little ambiguity in
either case.

For our later analysis, it will be helpful to consider the derived representation dp of the Lie
algebra g of G acting on L?(G), induced by the representation p of G on L?(G) — see [Appl4, §2.5.1]

for details. We will always assume that we have a fixed Ad-invariant norm ||-||4 on g.

Definition 2.17. Given an irreducible representation p: G — GL(V?) of G (where we view V? C

L?(G)), we define the norm ||p|| of p to be the supremum

lpll:= S ldp(X) L2
.

where [|dp(X)||12(q) is the operator norm of dp(X) viewed as an automorphism of L*(G).

It is a classical fact that ||p|| is finite, and can be bounded in terms of the highest weight associated

to p.

Proposition 2.18. Let p be a nontrivial irreducible representation, and let A be its highest weight.

There are uniform constants C' > 0 and m > 0 so that
o< CA™

for all X € g with || X|[g= 1.

Proof. See [Appl4, Theorem 3.4.1]; note that the Hilbert-Schmidt norm is an upper bound for the

operator norm. O

We will also require some particular results on the growth rate of ||p]|.
Proposition 2.19. There is a constant N > 0 so that 3_,||p||™" converges for any n > N.

Proof. This is a combination of [Sug71, Lemma 1.3] and Proposition 2.18. O
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And more generally, we can obtain decay estimates for the Fourier coefficients ¢” associated to

irreducible representations p.

Theorem 2.20. There are constants C, N > 0 so that

o™l Iz (@) < Cllellon
for all irreducible p, any n > N and all ¢ € C"(Uy,, L*(Q)).

Proof. This is contained in the proof of [Sug71, Theorem 1]. O
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Chapter 3. Twisted Transfer Operators

In this section, we will define Dolgopyat’s ‘twisted’ transfer operators, and show how the spectral
bounds we intend to obtain for these operators lead to correlation decay estimates for the expanding
suspension semi-flow f/ constructed in the previous section.

Recall that we can view a smooth function ¢ € C1(Uy o1, C) as a function v € CH(U,, L*(G)).

We can integrate out the time variable to get

(u)
P(u) = / Y(u,r)dr

0

in CY(U, L*(G)); this is the space on which we would like to define our operators. The advantages
of working with smooth (as opposed to Holder) functions will become clear in §5, but we will need
to assume that ¢ is C'! for most of our arguments. We will explain how to modify our proof to deal
with the general case where ¢ is Hélder in Corollary 5.8, using a standard approximation argument.

Let p be an irreducible representation of G acting on an isotypic component V* C L?(G), and fix

z € C. We define the transfer operator £, ,: (U, V?) — C*(U,V*) by

(L:p) ( Z e (p(Hol(u')) - p(u))

0' =u

where ¢, is the potential on the one-sided Markov model (X7, 0) obtained as the restriction of the

potential
7(u)
/ (¢ 0 p)(u,s,8) dt — z - 7(u, )
0

defined on (X, P). Note that ¢, is well-defined in light of Remark 2.13, where we assumed that both
a and T are constant in s. It is also worth remarking that both 7 and p are C!, since we assumed
that the strong stable and unstable foliations of g; were C'. As a consequence, ¢, and hence ENZ”ocp
are both C!, since we have restricted ourselves to the case where ¢ is smooth.

Let us recall some classical results of thermodynamic formalism; for a slightly more detailed

treatment, we refer the reader to [Mar04, p. 87-91]. Let P(s) be the topological pressure of ¢ for

17



the map g;. By the Ruelle-Perron-Frobenius theorem, the operator £ P(s),0 associated to the trivial
representation p = 0 has a unique positive eigenvector ¢, € C1(U,R) with eigenvalue e’ ().

Recall that v* is an equilibrium measure for the restriction of the potential ¢ to (X7, 0), which
by construction has the same topological pressure P(s). By the Lanford-Ruelle variational principle,

this means that

€P(<)/ @dVUZ/EP(c),osOdV"
U U

for all ¢ € C*(U,V?). It will be convenient to renormalize L P(c),0¢ so that it preserves the measure

v“: let L, , be the operator defined by

(o) (1) = () Lol ) ()

for all p € CY(U,V?).

Remark 3.1. With the renormalizations above, we have

/(pduuz/ Ep(g)yowdl/u
U U

for all p € CY(U,R).

We can alternatively write

(Lapp) (W) = D e (p(Hol(u)) - p(u'))

o(u')=u

where we set

7(u)
. (u) ::/0 (sop)(u,s,t)dt — z - 7(u,s) —log(ps(u)) + log(p(o(u))) — log P(s)

for all u € U — note that the positivity of ¢ is required to ensure that log(yc(u)) is well-defined. It

will be helpful to have a similar formulation for the iterates

(L2,0) =3 e (pHl™ (W) - p(u))
on(u')=u

with

T(">(u)
al (u) = /O (sop)(u,s,t)dt — z- 7 (u,5) = log(p™ (u)) + log (™ (o(u))) — nlog P(s)
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for all u € U. Here, we write
n—1
e (u) =] s (s*(w)
i=0

for the n*™ ergodic product along o.
Our overarching goal is to establish spectral bounds for these operators; in §5, we will ultimately

prove:

Theorem 3.2. There are constants C > 0 and r < 1 so that

127 ez < Cllgllerr™

for all ¢ € CY(U,V?), all nontrivial irreducible representations p of G, and any z € C with
[R(z) = P()[< 1.

The remainder of this section will be devoted to showing how we obtain Theorem A from Theorem
3.2.
Given o, ..., pr € CY(Ur o1, C) with fUT g PiAV dwdr =0, let

7(u) k
Br(ti, ... tk) ::/ / / wo(u, h,r) (H@i(u,h,r—kti)) dw dr dv*
vJo G pale

be the k™ correlation function ﬁk:Rﬁ — R. In order to show that (; decays exponentially in
t1,...,t,, we will show that the integral defining its Laplace transform 3(51, ..., &) converges
absolutely for some fixed values of &1, ..., &. The following lemma expresses the Laplace transform
in terms to the transfer operators we have just defined, the proof of which consists almost entirely
of elementary integral manipulations.

We will be somewhat cavalier in interchanging sums and integrals, though this is eventually

justified as the final expression we obtain is absolutely convergent.

Lemma 3.3. Given ¢, ..., € (jl(UﬂHol7 C) as above with fUT oy Pi dv' dw dr = 0, we can bound

CO> dv®

the Laplace transform of the k" -order correlation by

CICERETIED DD Sy A Civch

k
2—e|) () (Hn@,gi
i=1
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for R(&1),...,R(&) < 0. Here, we use ¢;¢, to denote the function

7(u)
Gicluh) = [ gitu e S ds
0

and Bk to denote the Laplace transform

Bk(fl,...,fk / / ﬂk tla'”v ) —(&rta+...+Ertr) dtl dtk

for & e R.

Proof. By definition, the Laplace transform Bk(ﬁl, ooy &) of Bi(ty, ..., tr) is given by

7(u) k
/ / / / / #o (u’ h, 7‘) <H Pi ('LL, h,r+ ti)egiti> dwdrdv*dty - dty
ax(0,7(u)— .

i=1
for &1,...,& € C. Since the systems of inequalities
0<r<7(u) 0<r<r(u)
) — t; <1 and T(u) <r+t;
0<t 0<t;

are obviously equivalent, we can rewrite (3.3.1) as

7(u) oo 0o
/// / / wolu, h,r) (H(pluht &ilti T)> dty - -+ dtg dr dw dv*
vJaJo 7(u) 7(u)

(3.3.1)

by reparametrizing the domain of integration. Let us focus on the k innermost integrals for now,

where we can break up

00 oo k
/ / wo(u,h,r) (H @i(%h,ti)@_g"(ti_r)) dty --- diy
7(u) 7(u) i=1

into a sum of integrals

(n1+1) .,-("k+1)(u)
Z / / Uh’/‘ (H@zu}lt 11‘7")) dtldtk
n e —1 (n1) (u (k) ()
1y =
over intervals of the form [7(™) (u), (1) (u)]. Of course, we can rewrite this as

..... Nne= 1 =1

20
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by changing variables, replacing t; with ¢; + T(”i)(u). Now, note that we can rewrite the integrand

k
wo(u,h,) (H Pi (w h,t; + T(’“)(u)) e‘ﬁi(“_“”(ni)(“)))

i=1

as

k -1 .
wo(u, h,r) (H i (U”i (u), (Hol("i)(u)) o h7ti) ef"'(t"”TMH(“))) (3.3.2)

i=1

using the identifications we made in constructing U yo1. If we integrate (3.3.2) with respect to ¢;

through ¢, it becomes

k -1 .
wo(u, h,r)e™s <H Pi g, (0’“ (u), (Hol("’i)(u)) o h) egiT(nl)(“)> (3.3.3)
i=1

k
where we set £ == Zﬁi. Similarly, integrating (3.3.3) with respect to r yields
i=1
k

1 .
o,—¢ (u, h) (H i, (Uni (w). (Hol™(w)) o h) i gm)
i=1
and so (3.3.1) becomes

Z //<P0 ~¢(u,h) (ﬁ < ), (Hol™) (u ))_1oh> 65”("”“‘)) dw " (3.3.4)

ni,...,nEp=1

after interchanging the order of integration and summation.
Since w is bi-invariant, we can replace h with (Hol(maX i )(u)> o h. Of course, we have the identity

-1
(Hol("i)(u)) o Hol™ax73) (y,) = HolMi=(maxn,)) (574 (), and (3.3.4) becomes

Z //cpo ¢ |u Hol(m“"’)( Oh) (Hcpl’&( g )Hol("’ (maxnf))( )Oh) &7 Z)(“)> dw dv*
i=1

MYyenny Nnk=— 1

with this change of variables. Once again, this becomes

max n; n; —(maxn; —&r(i) (u u
0, 2,514
g //cp —¢ uHol i) oh) (llcpg ( Hol( ( J”(u)oh)e ¢ ()> dv* dw

ni,...,nEp=1

by simply reversing the order of integration. Let us focus on the innermost integral

/ Po,—¢ (u,Hol(maxnJ ) (H Pig; ( ), Hol ™= (maxm)) () o h) egiT(ni)(“)> dv" (3.3.5)
U
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for the time being. Applying Lp() o to the integrand in (3.3.5) a total of maxn; times yields

G maxn;)

> o, (w, Hol ™) (u) o 1) <H Big, (o™ (), Holm=moxm) )y o 1) efi‘r("i)(u’)> e )

gmax n; (u,)_u

for any given values of ny,...,n; € N. Now, observe that e~ RENT" (W) ig at most e~ RE)T (2273 ()
so long as each R(¢;) is negative. Hence, we can bound the magnitude of the integrand in (3.3.5)

above by

(max n;

_ T(max nj) ’LL/ a ”
Z “’00 S(u Hol™™72) (u )’ (H‘%&Hco) () (W)tap ()

o™ () )=

using the triangle inequality. Rearranging this expression, we see that the magnitude of the integrand

in (3.3.5) is bounded above by

(max nj)

_ Flmaxmng) oy o "
CO) Z ‘9270,75 (u/7Hol(maxnj)(u/) Oh)‘e R(E) 37 (u")+ P(<) (u") (336)

max n
J

k
<H ||¢i:§i
i=1

(w)=u
which should be reminiscent of the expression defining the transfer operator. To make this concrete,
recall that we have an L?(G)-invariant decomposition of the function ¢g _¢ € C1(U, L*(G)) in terms

of its isotypic components
@0,—6 (ul,HOl(maxnj)(u/) ° h) — Z@g’fg (Ul, Hol(maxnj)(u/) ° h)
P

where the sum is taken over irreducible representations p of G — including the trivial representation.

Once again, by the triangle inequality, we can bound (3.3.6) above by

(maxnj)

k
(max'n,j) u’ o o
(H |¢’i,f,:|co> Z Z ’@8,_5 <u/7H01(max’ﬂj)(ul) o h) ‘ e—E‘r (u')+ P(o) (u)
=1

omaxn; (u =u

, noting of course

where we quickly recognize the transfer operator L' ( ) +§R(§) applied to

that

PP _ (u’, Hol ™73 (/) o h) ’ = ‘p (Hol(maxnj)(u’)) @, e (W h)’

for each p. Putting this back together, we see that (3.3.1) is bounded above by

k
Z Z / / max"Jr%(é) ‘(PO f‘) ) (H H@i,&i CO> dw dv*
P Ml nr=1 pale
in magnitude, as desired. .
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We now simply use the bounds in Theorem 3.2 to conclude that the Laplace transform B in

Lemma 3.3 converges.

Theorem 3.4. With conditions as above, there are uniform constants C > 0 and r < 1 so that

k

/ wo(u, h,r) (H i(u, h,r+ tz)> dv* dw dr
U~ Hol

i=1

S C?"math (H@OHCl et H(Pk”Cl)

for all g, ..., ok € Cl(UT,Hol,C) with fUT oy Pi dvt dwdr = 0.

Proof. We assume that Theorem 3.2 holds, and so we have
17 ,ellzzn < Cllellerr™ (3.4.1)

for all non-trivial irreducible p, all ¢ € C1(U,V?) and for each z € C with [R(z) — P(c)|< 1. Up to
choosing larger values of C' and r, we can also assume that the same inequality holds when p is
trivial — this is precisely the main result in [Dol98]. We will show that the expression bounding
3 (&1,...,&) in Lemma 3.3 converges whenever the real parts of & simultaneously lie in the interval
—% < R(&) < 0. The decay desired will follow immediately from applying the inverse Laplace

transform with the specific bounds we obtain.

Fix &1,...,& with —3 < R(&) < 0. As before, we consider the function
7(u)
Sﬁi,gi (u, h) = / ©; (u, h7 t)e_giti dt;
0
and decompose @g ¢ into its isotypic components
(IZO’_& = Z¢g77£
P

where & = &1 + ... + & as before, noting that the decomposition of L?(G) into irreducible subspaces

commutes with the Laplace transform. By (3.4.1), whenever —% < R(&) < 0, we have

maxmn; AP U maxng; AP
/U/G <£/J7P(<>+%R<s> ‘%,,gﬂ) (u,h) dw dv” < H (ﬁp,p(g)%(g) @0’75‘)‘

maxmn;

L2(vv)

< C||¢g7_gHC”"
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for each p. Combining this with Lemma 3.3, we are reduced to ensuring that

%) k %) k
TS gt e (HII@,&IICO)<sz!nk_10||¢o,glcﬂ‘" (H@,&nm) (3.4
=1 =1

p MNiye..,np=1 p n=1
converges. While this appears promising, note that we can only bound
166, -clle»< Dlol(supll .z

for some constant D > 0. To salvage this, we will assume for the moment that we have chosen

Yo € C?’(UT,HOl,R) so that we can invoke Theorem 2.20 to bound

X D'l|@o,—e(u, -)lcnr
1PlI1185, —¢ ()l L2y < ‘pr;V

pointwise with a fixed constant D’ > 0, where N > 0 is the constant guaranteed by Proposition 2.19.
With this, it is clear that the expression on the right side of (3.4.2) converges absolutely, which says
immediately that Sp must decay exponentially fast in t1,...,tx; this is almost what we wanted to
show, but we need an explicit bound on ﬁk in order to obtain uniform estimates with the desired
constants.

Integrating the defining expression for ¢; ¢, (u, h) by parts, we have

7(u) 7(u)
1 o
+ —/ ( HONR? ) e~ St it
. ) ot % ( )

for each u and h. Assuming that we choose ¢; € C*(U; yol, R), we can crudely bound

2 (’LL, h7 ti)e_giti

Pie.(u, h) = 3

. D"[|pi]| 2
ellon S ——
I2c o< T o)

for some constant D” that depends only on ||7]|c1 — note that it is essential here that R(&;) is

confined to a bounded interval. We can similarly bound

D" |[¢ol| e+
50 <
||§007 §HCN+ = 1+|%(§)|

by choosing a larger value for D" if necessary. Putting this all together, we have

. Clicollon+ (v leilles
Br(81s -5 &)< T+ 3 <E1+|S(£Z_)>
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for all & € C with —% < R(&) < 0. Now, we simply take the inverse Laplace transform in the

variables & through & in succession to get

eRED 1+ +R(ER)tk t
|ﬁk(t17'-~>tk)|§ / / ||(100HCN+2 H ||<pz||02 L dsy
1+|51+...+5k| 1+|7|

where s; is to be interpreted as the imaginary part of &;. To complete our decay estimate, we simply

need to show that the integral

dsy ... ds
/ / 1+|31+ —|—8k|<H1+81|> ' g

converges. Unfortunately, this is somewhat involved, so we postpone our remarks on the proof for

the moment. Once the convergence of this integral has been established, we will have shown that

k
1Bi(ty, . .. tr)|< Cr™% || || onve (Hl%”cﬁ)
i=1
for all o € CN T2(Urnol, R) and ¢; € C?(Ur o, R). An identical argument to the one given in

Lemma 2.2 extends this to C! functions, using [GS14, Lemma 2.4] once again. O

We now indicate how to establish the convergence of the integral encountered in the preceding
proof; we have included this for the sake of completeness, but the details are not relevant to the rest

of our argument and can be safely skipped.

Lemma 3.5. The integral

dsy ... d
/ / 1+|81+ +5k| <H1+Sl|> S1 Sk

converges.

Proof. We will in fact show that the function defined by the integral

o 1 1
sw= [ T+ o+ g0 (1 T |y|> 4 (3.5.)

decays at a rate of

C
|f(2)[< W

for all sufficiently small € > 0; the statement of the lemma follows immediately by direct successive

integration. We will work in the case when 2 > 0, and split the domain of integration in (3.5.1) into
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regions where x 4+ y,y < 0, where z + y > 0 but y < 0 and where = + y,y > 0. In the first case,

where = + y and y are both negative, we evaluate

[ (1iy) W

for a fixed x > 0. One can verify that the antiderivative of this expression is given by

0.5—e€
(%;y)) 2F1 (05— €,05 — 6 1.5 — 6 12)
(0.5 —¢€)(1 — (x +y))05—¢
where o F (-, +;+;+) is (the principal branch of the analytic continuation of) the Gaussian hypergeo-

metric function. Hence, the integral evaluates to

—z 1 1 p 2F1(0.5 —€,0.5 — ;1.5 — € 77)
\/—oc (1= (z+y))0o (1—y) - (0.5 = €)(1 + z)007

for an appropriate choice of constant C' > 0, since by

which can be bounded above by m@%

[AS64, 15.1.1] the defining series for 9 F}(a, b; ¢; z) converges on the unit disk in the complex plane

when ¢ — (a + b) > 0. Similarly, on the region where x + y is positive and y is negative, we evaluate

=0
/0 1 < 1 )d [+ @+ ) TR (05 46,1515+ 1 ety Y
L Uy \T=y) ¥ 05+ 9@ +7) .
(e )02t (0.5 + €, 1;1.5 + ¢ 512) 2F1(05+e,1,15—|—e,2+z)
(0.54¢€)(2+x) (0.54+¢€)(2+x)

which can once again be bounded above by W for the same reasons, though with a possibly

larger choice of C' > 0. Finally, when both x + y and y are positive, we evaluate

y=00

/oo ) ( ) ) . (%‘;’”)0 SF(05 - 6,05 — 15— 5L )
o (I+(xz+y)o < \1+y (0.5 —e)(1+ (z+y))05
y=0
oF1(0.5 —€,0.5 —¢;1.5 —¢; —x)
B 0.5—¢

and we simply need to understand the asymptotics of 9 F1(0.5 —€,0.5 — €; 1.5 — €; —x) as © — 0.

By [AS64, 15.3.1], we have an integral representation given by

(1.5 —¢) ! 1
5—c05—e15—¢—a)= dt 5.2
2F1(O5 6705 6715 €] SC) F(O5—6)F(1)/0 t0'5+5(1—|—t$)0'5_6 (35 )
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for z > 1. Setting u = tx, we can rewrite

1 x
1 1 1
0.54¢ 5 = 55 0.54¢ o5 du
o 105t+e(1 + tx)0 a0 o uldte(1 4 u)o

[
= u
205=¢ \ Jy u0Fe(1 4 )05 T f| u0Sre(1 )05

at which point we note that the expression in parentheses can be bounded above by C(1 + log ).

Hence, (3.5.2) can be bounded above by W% with a possibly larger choice of C, as desired.

The proof in the case when x < 0 is identical. ]
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Chapter 4. Uniform Local Non-integrability Estimates

In this section, we will use the local accessibility of f; to establish the uniform local non-integrability
estimates necessary to prove Theorem 3.2, drawing on techniques introduced by Dolgopyat in [Dol02]
for group extensions of expanding maps. These arguments require some additional care to adapt
to our setting, with the principal difficulties stemming from the nontriviality of the fiber bundle
m: M — N and the non-integrability of the strong stable and unstable foliations of g;.

We want to translate the local accessibility of f; into an infinitesimal statement on the Markov
model we constructed in §2; we will accomplish this in two main steps. The first step is to define
a subalgebra of the Lie algebra g of G that measures the ‘non-integrability’ of the fiber bundle
over the weak stable and strong unstable foliations; this will be accomplished before making any
reference to our symbolic model. The second step is to translate this into the symbolic model.

For most of what follows, we will need to be careful to specify which chart V, of the trivialization
we are working with at any given point. This is a necessary complication to many of our arguments,
since many of the objects we are working with are highly sensitive to the choice of trivialization.
Fortunately, however, this will also afford us the flexibility later on to work with trivializations that
are specially adapted to our needs.

To start, we want to measure and relate three different holonomies associated to f;: namely, the
holonomies induced by the leaves of the strong stable foliation, the leaves of the strong unstable

foliation and the flow.

Definition 4.1. Fix z,y € N with y € W(x), along with trivializations ¢, ¢, of m: M — N at x

and y corresponding to subsets V;, V,, C N respectively. We define the unstable holonomy
@$17%(x,y):F — F

between z and y to be the isometry induced by the map 7~ (z) — 7~ !(y) that takes a € 77 !(x) to

the (necessarily unique) point b € 7 1(y) NW§(a). The identifications of 7~ (z) and 771 (y) with F
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(HOl%2 (1,2, g0, ()

(Hol2" (g1, (2),2))

Va

1
Holy, ¥ (9t,(y), 9t, (y))
@2, 2 » It

" Hol (g1, (), )

FIGURE 1. Measuring the unstable holonomy between z and y along a sequence of
times 0 > t; > to > ... with respect to trivializations (¢, ) and (¢, ) defined over
charts V,,, illustrated in the case when the trivializations for x and y coincide. As
the unstable leaf through x and y contracts under gy, , the remaining contribution to
the unstable holonomy decreases.

are obtained via the trivializations ¢, ¢,. The stable holonomy ©y. v, (z,y) is defined analogously

for y € Wy(x).

Definition 4.2. Fix z,y € N with g;(z) = y, along with trivializations ¢, ¢, of m: M — N at z

and y corresponding to subsets V;, V,, C N respectively. We define the temporal holonomy
Holiz (z,y,t): F > F

between = and y to be the isometry induced by the map 7—1(z) — 7 !(y) that takes a € 7~ *(z) to

fi(a) € 7= Y(y). The identifications of 7~ 1(z) and 7~1(y) with F are obtained via the trivializations

b, Py

By the end of this section, we will only need to work with a fixed, finite collection of trivializations
that cover N. At this stage, however, the flexibility in these definitions will be crucial. Our first
observation is that the unstable holonomy can be expressed in terms of the temporal holonomies
induced by the flow; this is made precise in the following proposition, whose proof is largely

summarized in Figure 1.
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Proposition 4.3. Fiz x,y € N withy € Wgsf(:c), along with trivializations ¢o . and ¢o, defined at
x and y respectively. Let T = (t) be a monotonic sequence of times with t, = 0 and t, — —o0, and
let I, = (¢n) and Iy, = (¢n,y) be sequences of trivializations for which ¢ o = ¢, for all k > N.

Then we can write

-1
04, .00, (@y) = lim Hol{")1.(y) (Holﬁf?T(fﬂ)) (4.3.1)

where

Hol{" (+) == Hol§" " (g1, (+), gt,_, () tn—1 — tn) 0 ... 0 HOIS"" (g1, (%), %, —t1)

is the n-step temporal holonomy measured with respect to the trivializations I. at times given by T'.

Proof. The convergence of the limit is simply a consequence of the fact that d(g;, (x), g, (y)) = 0

as n — oco. More precisely, we can rewrite
-1
Holgz,JrTl) (y) (Hol?:g}) (ac))
as
S (n) (n) -t bnro -1
HOlqﬁ:fl,y (gtn+1 (y)7 Gt (y)a tn—t"-‘rl)o <H011y,T(y) (HOIIT,T(:I:)> ) 0 (H01¢Z:11 (gtn,+1 (1‘), Gt (JC), tn - tn+1)>

and since f; is C'!, we see that HoliZfl’x(gth (2), gt,, () must also be locally C! in g, (z). Since
AN (9tnsr (Y), Gtnsr () decay exponentially fast as n — oo and the trivializations I, and I, eventually

agree, we see that

A (HOIZ (9t s ()91, (), n =ty 1) HOLS, (9, (2), 91, (2), b — 1))

must also decay exponentially fast. In particular, for any h € GG, this means that

-1
da (HOlithy (gtn+1 (y)v Gtn (y), tn — tn+1) oho (HOlj;:fl’w (gtn+1 (x)v Gtn (x)v tn — tn+1)> ’ h)

decays exponentially fast and hence

—1 —1
do (Holﬁ,’y’}”(y) (Holf" V@) Hol{7 () (ol (x)) )

decays exponentially fast as n — oco. Since G is complete, the limit must exist. A similar argument

shows that this limit is in fact equal to @(‘;O b0 y(:n, y): since the unstable foliation of f; is invariant

30



under the flow, we can rewrite
+
®¢O,zy¢0,y (IZ', y)
as

-1
Hol{"1(4) 0 O, s (91, (2) 90, (1) o (Holp () (4.3.2)

for any n > 0 and any sequences I, I, and T as above. As t, — —00, dn (g, (), g1, (y)) decreases
exponentially fast, and so @;fn b y(gtn (x), g+, (y)) converges to the identity in G. Of course, this
means that, as n — oo, (4.3.2) converges to the limit in (4.3.1). Since the expression in (4.3.2) is

constant at @$0,1,¢o,y (z,y), this proves the proposition. O

We need to understand the infinitesimal behaviour of the stable and unstable foliations - rather
than working with the unstable holonomy as defined, we will instead consider its derivative along a

leaf of the unstable foliation.

Proposition 4.4. The unstable holonomy @$1 b (z,y) is simultaneously C* in x and y, as x and y
vary in o fized leaf of the strong unstable foliation of g;, and within charts associated to fized C!

trivializations ¢1 and ¢2.

Proof. This follows immediately from the fact that the leaves of the strong unstable foliation of f;

are C1. O

Definition 4.5. Fix 2 € N, a trivialization ¢ defined near z and a vector w € Ty W;"(z). We

define the infinitesimal holonomy at x in the direction of w to be the element

xi@) = (51 (0hu@w)) @

of the Lie algebra g of G. Let € > 0 be small enough that ¢ is defined over B¢(x). The e-infinitesimal

transitivity group at x is defined to be the linear span

b (x) = span (X (y) — Xuw(x))

y,w

taken over all y € W (z) and w € T, W;"(x). Here, w' denotes the pushforward of w to T,y W5 (y)

along the leaves of the center stable foliation of g;.

We will soon verify that h?(z) is largely independent of the choice of trivialization ¢, but it is

worth making a few comments first.
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Remark 4.6. Under our hypotheses, the foliation Wg* is C', and so the holonomy it induces
between the leaves of the foliaton Wg* is also C'. This is necessary for the pushforward of

w € TyW"(y) in Definition 4.5 to make sense.

Remark 4.7. It is necessary to consider the relative infinitesimal holonomy, as we did in Definition
4.5. As we will see in the course of proving Proposition 4.9, the vector X% (z) in Definition 4.5 is
extremely sensitive to the choice of trivialization ¢. For instance, it is certainly possible for X2 (x)
to be 0 for all w € T, ;W;Z‘(ﬂv) if the trivialization ¢ is built to be constant along the leaves of the
strong unstable foliation, and the existence of such trivializations will be extremely helpful in the

course of proving Theorem 4.14.

Remark 4.8. The vectors X (z) and Xf), (y) vary continuously in = and w, by Proposition 4.4.
However, since h(z) is defined as the linear span of continuously varying vectors, it is only lower

semi-continuous. In particular, there can be singular sets where the dimension of h.(z) jumps down.

It turns out that h?(z) is not particularly sensitive to e, though we will not prove this directly.
We will show instead that, if f; is locally G-accessible, then h¢(x) is generically equal to g. For most
of what follows, we will treat € > 0 as a fixed constant with no particular restrictions. Our first
important calculation is that the conjugacy class of h?(x) does not depend on the trivialization ¢, if

the trivializations are chosen appropriately.

Proposition 4.9. Fiz ¢ > 0, x € N and trivializations ¢;:n~ 1 (V;) — Vi x F for i = 1,2. If
B(z) C V,, then
074 () = Adygen ) (07 (@)
so long as ¢1 and ¢o have constant projection to F' along each leaf of the strong stable foliation of
ft and each flowline of f;.
Here, idif (x): F — F is used to denote the isometry induced by the identity map 7~ (x) — 7~ (z)

with the domain and target identified with F' via ¢1 and ¢o respectively.

Proof. We can relate the unstable holonomies between x and u € Wy () with respect to ¢1 and ¢o
by

+ ;3@ + ;19 -t
04, 4, (T, u) =1dg2(u) 0O , (z,u)0 (1d¢f (x)) (4.9.1)
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by definition. We now simply take the derivative of each side of (4.9.1) with respect to u at u = x;

in the notation of Definition 4.5, this becomes

X{P (@) = Adygen (Xj; (x)) + ((dR) (a2 )~ (idﬁf)g) (w) (4.9.2)

for any w € T, Wi (x), where dR denotes the derivative of right multiplication in G. Given any

y € W25(z) and w' corresponding to w as in Definition 4.5, exactly the same calculation yields

X% (y) = Adygen,) (Xj,j} (y)) + ((dR) (a2~ 04 (1d;f§)y) (w') (4.9.3)

1

assuming, of course, that y is sufficiently close to x that we are able to use the same trivializations
¢1, ¢2. Since both trivializations are constant along the strong stable foliation of f; and we chose

y € W2*(x), we clearly have idii (x) = idii (y) and hence

B azeo) =z

as functions T'G — T'G. Moreover, since the trivializations are also constant along the flowlines of

ft, we see that idzf must be constant along the leaves of the center stable foliation of g;. Hence, we

(d (idﬁf)x) (w) = (d (idif)y) (')

for all w € T;Wg‘?(:c) Subtracting (4.9.2) from (4.9.3) and using the fact that idgf (z) = idﬁf (y),

must have

we then get
X2 (y) — X02(x) = Ad, o (X¢} (y)) — Ad, s (X¢1(x))
w w 1d¢1 (y) w 1dq>1 (x) w

as desired. (]

There is an analogous relation between the e-infinitesimal transitivity groups at points along a
flowline of g;, though the expansion of the unstable leaves prevent us from obtain an equality in

this case.

Proposition 4.10. Fiz e >0, z € N and t > 0. Let ¢, and ¢g4,(,) be trivializations near x and

gi(w) for which Be(x) C Vi and Be(gi(x)) C Vy,(z), and write h for the temporal holonomy

h(z) = Holzi‘m (7, 9¢(x),t)
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measured with respect to ¢, and ¢g4,(x). We then have

Adpa (027 (2)) C §e7 ) (gy(w))

s0 long as ¢y and ¢4, () have constant projection to F along each leaf of the strong stable foliation

of ft and each flowline of f.

Proof. By Proposition 4.3, we have

O, 5 (9:(2), 9t(w) = h(u) 0 OF , (z,u) 0 (h(z))™"

so long as w is sufficiently close to x. Noting the resemblance to (4.9.1), simply repeating our

calculations in Proposition 4.9 yields

X0 (gu(y) = Xu* (g:(@)) = Adugey (X3 W) = Adney (X07(@))

for all y € W (x) and all w € T} Wi (z). This completes the proof; note that we do not obtain
equality this time since the strong stable leaves for g; contract, and there will be ¢y € W (g:(x))

that are not of the form g;(y) for y € W5%(x). O

Note that Proposition 4.10 only yields an inclusion of the e-infinitesimal transitivity groups, and
only in forward time. Our goal is to show that h?(z) is exactly g at every z € N; unfortunately,
the proof of Proposition 4.10 suggests that even the dimension of h.(z) may fail to be constant in
general. Fortunately, given the topological transitivity of g;, what we have proven so far is enough
to show that the dimension is constant on a large set.

In light of Proposition 4.9, we can be somewhat cavalier in specifying the trivialization ¢ used
in defining h?(z), if we are solely concerned with the dimension and restrict our attention to
trivializations that satisfy the hypotheses of the proposition. We will henceforth always assume that
every trivialization we work with has constant projection to F' along the strong stable leaves and

flowlines of f;.

Corollary 4.11. Fix a collection of trivializations ¢1, ..., ¢ defined over a cover Vi,..., Vi of N,
and let € > 0 be the Lebesgue number of this cover. Then dim b (-) attains its mazimum value on an

open, dense subset of full measure.
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Proof. Let x € N be a point at which h(z) has maximal dimension. Since h’(-) is lower semi-
continuous, it has maximal dimension on an open neighborhood W containing x. By Proposition
4.10, b¥(-) therefore has maximal dimension on an open set containing the forward orbit of g;. This
is a dense set if g; is topologically transitive.

Since g; is ergodic and dim h*(-) is measurable, it must be constant almost everywhere. The
measure v is an equilibrium measure with a Hoélder potential and therefore has full support; hence,

the open and dense set on which dim h*(-) has maximal dimension must also have full measure. [

Our next objective is to relate the e-infinitesimal transitivity groups between points along a leaf
of the strong unstable foliation of g;. If we indeed had equality in Proposition 4.10, this would
be a relatively straightforward application of Proposition 4.3. The lack of equality makes such an

approach impossible, but we can still argue as in Corollary 4.11.

Lemma 4.12. Fixe >0,z € N andy € Wgst“(x), along with trivializations ¢, and ¢, for which we
have Bac(x) C Vy and Be(y) C V. If x is backwards-recurrent under g, and dim b} (x) is mazimal,
then

b2 (y) = Adezwy (@) (bf“ (z))

&,
and, in particular, dim h7(-) is constant on W (z).

Proof. Since dim bh*(-) is lower semi-continuous, there is an open set W C B¢(x) on which it is
maximal. Because z is backwards recurrent, we can find a monotonic sequence of times T = {t,,}

with ¢, — —oo for which ¢, (z) € W for each n > 0. Moreover, we can suppose that ¢; is large

enough that we also have g, (y) € W for each n > 0. Now, write
h{" (2) = Hol%* (g1, (2), gr,,_, (), tno1 — tn) © ... 0 HolS™ (g, (), 2, —t1)
and

R (y) = Hol9" (g1, (), Gt (4)s tno1 — tn) 0 ... 0 HOIL" (g4, (1), y, —t1)

for the n-step holonomies at g, (z) and ¢, (y). Since we have ¢, (x), g1, (y) € W by construction,

we have
Adpn) () (f)?” (91, (x))) = ho" (z)

and

Adp, e (y) (b2 (g1, () = b2 (v)
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by Proposition 4.10 — note that we have implicitly used the fact that B (x) C V, in writing
b (g, (x)) and h?= (gs, (v)), where V, is the chart over which ¢, is defined. By rearranging these

equations, we then have

den(aimb: 0.0 (520 Ady ) (10 ay) - (07 (@)) = dsntaim vz o0.0) (92 (90, () 02 (91, (@)

where distances are measured in the standard metric on the Grassmannian of (dim h?(z))-dimensional
subspaces of g. Since h?=(-) is lower semi-continuous and has maximal dimension on W, it must be
continuous on W. Up to passage to the interior of a compact subset of W, we can assume that b(-)

is uniformly continuous on W. Since dn (g, (v), 9+, (x)) — 0 as n — oo, we must then have

dar(dim b (2),0) (0627 (9t (1)) 57" (g¢,, (x)))

as n — oo. This yields

h?y (y) = lim Adh(">(y)(h(")(:v))7l (h?w (.’17))

n—o0
-1
at which point we simply observe that Ady(-) is continuous in g and that h(™(y) (h(") (:r))

converges to @(";I %(x, y) by Proposition 4.3. O

In addition to the preceding lemma, we will require its analogue for the stable holonomies. The

proof is identical, and we will not repeat it.

Lemma 4.13. Fiz e >0, z € N and y € Wj;3(z), along with trivializations ¢, and ¢, for which
we have Bac(x) C V, and Be(y) C V. If x is forwards-recurrent under g; and dim b} (x) is mazimal,

then
b2 (y) = Ad@;pd’y () (b2 (x))
and, in particular, dim h7(-) is constant on Wgs(z).
Now that we have Lemma 4.12 and Lemma 4.13 to connect the e-infinitesimal transitivity groups
to the unstable and stable holonomies respectively, we can achieve the first major goal of this section:

translating the local accessibility of f; into a statement about h(-). To begin, we will show that if

fi is G-accessible, then h?(z) must be Adg-invariant for any bi-recurrent = € N.

Theorem 4.14. Fiz e > 0, v € N and a trivialization ¢, for which Be(x) C V. Suppose that 2¢

is smaller than the Lebesgue number of a finite cover {V;} of N corresponding to trivializations
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{#:}. If x is bi-recurrent under gy, dim h%=(x) is maximal and f; is G-accessible, then h=(x) is
Adg-invariant.

Proof. Suppose that z is bi-reccurent. Fix an isometry g € G and consider a stable-unstable
sequence xg,Ti,...,Tk, Tkr1 = o in N with g = 2 and whose total holonomy is g, where x;41 is
either on the strong stable or strong unstable leaf through x; for g;. For the total holonomy to be g,

we want
b . e e
iy (o) o @ik,mk (g, zo) 0. iy () 0 @il,ml (z1,22) 0 iy (1) 0 Gimmo (z0,21) =g

where we can freely assume that each consecutive pair z;, z;41 has a common trivialization ¢,, for
which Be(z;), Be(xiy1) C Vi, — this is true up to refining the sequence. Suppose, moreover, that we
have chosen ¢,, = ¢5.

We would like to now invoke Proposition 4.9, Lemma 4.12 and Lemma 4.13 to show that h%= ()
is Adg-invariant for the g corresponding to the total holonomy along this sequence. The x; we have
chosen, however, may fail to be forwards- or backwards-recurrent as necessary. However, note that
idz:“ (), @ti’%i (+,+) and 4., 60, (+,-) are all locally continuous in all of their arguments. Since

bi-recurrent points are dense in N, given any d > 0, we can find a sequence of bi-recurrent points

/ / / / / : /
T, XYy« -5 Ty Ty g = T N€AT T, T1, - - -, Tk, Tl = To With 25 = and

id.° () 0 © !

e N
tor e, (ThoTp) 0 00dGT2 (2) 0 ©

by by (xllam/Q) © ld%; (xll) © @qﬁzo,%o (33671'/1) =g

so that we have dg(¢,g) < d. Since each x is bi-recurrent, successive applications of Proposition

4.9, Lemma 4.12 and Lemma 4.13 show that we have
h?=(z) = Ady (b?* (2))

for ¢’ arbitrarily close to G. Since Ady is continuous in ¢g’, we then obtain
b= (x) = Ad, (he" ()

as desired. (]

It is worth remarking that, under our standing assumption that trivializations must have constant
projection to F' along strong stable leaves of f;, the stable holonomies 9;1. o, (x4, x;41) that appeared

in the preceding proof must have all be trivial.
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We want to show that h’(-) is typically equal to the full Lie algebra g, though it seems unlikely
that this should be true if we merely assume that f; is globally G-accessible. With Theorem 4.14,
however, we can show that having h?(z) = g at any point is (typically) equivalent to f; being locally

G-accessible at that point.

Theorem 4.15. Fix e > 0, z € N and a trivialization ¢, defined over V, C N for which we have
Bse(z) C V. Moreover, suppose that b= (-) is continuous and has mazimal dimension on Bs.(z),

and that the forwards orbit of x under g; is dense in Bac(x). If fi is locally G-accessible at x, then

hee(z) = g.

Proof. Without loss of generality, suppose that we have chosen ¢, so that G)(';M b (x,u) is trivial for
all u € (Wgst“(m) N Bge(x))o, and so that ©, , (s1,s2) is trivial whenever s; and s lie on the same
(local) leaf of the strong stable foliation of g; in Bac(x).

We will write b = h%(z) and suppose for the sake of contradiction that h C g is a proper
subalgebra. By Proposition 4.12 and our choice of ¢,, we must have h® (u) = b for all u € B(z)
lying on the local leaf through z of the strong unstable foliation of g;. Hence, for any u; € Be(x),
each vector X zf (u1) used in the definition of h?=(u) must lie in the Lie algebra h. Integrating this,
we see that the unstable holonomies @;ﬁh . (U1, u2) are constrained to exp(h) for all u1,us € Be(x)
that lie on the same local leaf of the strong unstable foliation of g;.

Now, consider H := exp(h) and consider an element g € G\ H that lies in the complement. By
our construction of ¢,, all unstable holonomies are constrained to H and all stable holonomies are
trivial — hence, no local sequence of stable and unstable holonomies along a sequence of points
x,T1,%2,...%E,x lying in Be(z) can result in a total holonomy of g. Moreover, since b is an ideal
by Theorem 4.14, H is a normal subgroup of GG; hence, we cannot obtain a total holonomy of g for

any choice of trivialization. Since f; is locally G-accessible at x, this is a contradiction. U

Theorem 4.15 gives us the infinitesimal analogue of local accessibility that we sought, and all that
we need to do now is verify that this translates properly into the symbolic model we are working
with. In principle, the difficulty is that unstable leaves for the discrete dynamical system (R, P) are
typically not unstable leaves for g, — fortunately, our choice of trivializations will circumvent almost

all of these problems.
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Recall that (R, P) is a Markov partition associated to g;, which descends to a C! expanding
model (U,0) by projecting along leaves of the strong stable foliation of g;. We want to define
unstable holonomies entirely within the symbolic model; a natural candidate for a definition comes
from Proposition 4.3. For everything that follows, we will assume that each R; C N has been
assigned a fixed trivialization ¢; defined on a neighborhood B, (R;), with the property that ¢; has
constant projection to F' along each leaf of the strong stable foliation of f; and each flowline of f;.
By choosing and fixing trivializations at each point in R, we will no longer need to specify which

trivialization we are using, at least when dealing with the symbolic model.

Definition 4.16. Fix v € R and y € W3"(x). The symbolic unstable holonomy @;g,mb(:c,y) is
defined to be the limit

—1

G;Imb(z?y) = lim Hol™ (P*”(y)) (Hol(”) (an(x))>

n—oo

where we write

Hol™ (u) := Hol (P"~(u)) o... o Hol (u)

for the n'" holonomy under the Poincaré return map.

It is straightforward to verify that this limit exists. Moreover, our choice of trivializations
ensures that the symbolic unstable holonomies agree with the appropriate (non-symbolic) unstable

holonomies.

Proposition 4.17. Fiz v € R and y € W*(x). There is a (possibly negative) t so that g:(y) €
Wgt(z) for which we have
Of mn(,9) =07, (2,9:(y))

assuming x and y are sufficiently close, where ¢, ¢, are trivializations corresponding to the respective

parts of the Markov partition.

Proof. The existence of such a t satisfying [t|< 7(y),7 (P 1(y)) follows immediately from the

construction of the Markov partition (R,P). We then clearly have

OF i (2,y) = Hol2 (9:(y), 4, ) 0 OF_, (7,0:())
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by Proposition 4.3 and Definition 4.16. By our choice of trivialization and the fact that ¢ does not

exceed the return time of y, Holzz (9:(y),y, —t) is the identity in G, as desired. O
And now, we can analogously define the symbolic infinitesimal transitivity group:

Definition 4.18. Fix x € U; and a vector w € T,U;. We define the symbolic infinitesimal holonomy

at x in the direction of w to be the element

d
Xsymb P
2 = (o

(O 20 ) ()

of the Lie algebra g of G. The symbolic infinitesimal transitivity group at x is defined to be th linear
span

Baymb(7) = span (Xu [z, 8']) = Xu([z, 5])

!’
s,s’w

where we take the span over s,s' € S;, w € T}U; and let w’ be the projection of w to [z,s] via

center-stable leaves followed by the flow.
With very little work, we can now prove

Theorem 4.19. Fiz a bi-recurrent x € U; at which dim bhe(x) is mazimal, and suppose that f; is

G-accessible. Then hsymp(x) = g.

Proof. By Proposition 4.17, the unstable holonomies used in Definition 4.5 and Definition 4.18 are
the same. Hence, the regular and symbolic transitivity groups agree, and so by Theorem 4.14, we

have bgymp(z) = g. g

This is almost the result we want, but we need to use some Lie theory to extract the explicit
estimates that we will use in the next section. We will want to phrase this in terms of ¢, which
means minor notational changes in the preceding theorems. Recall that o: U — U is not actually

invertible; to make sense of the inverse, we must choose branches of o™ locally.

Definition 4.20. A consistent past for u € U; is a sequence of maps {v(™:U; — Ujtny | m > 0}

where v(0) = id\Ui and o o (™ = =1

Remark 4.21. A consistent past for u € U; corresponds exactly to a choice of stable element s € .S;
— we can recover the maps {v(”)} by projecting the Poincaré return map P~ along leaves of the

strong stable foliation.
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Finally, we can establish the main estimate.

Theorem 4.22. Let p be an isotypic component of the representation of G on L*(G). There is an
open subset Uy,; C U and constants €,6,ng > 0 so that, for any x € Uy, and any o € CH(U,VP),
there are consistent pasts vi = {vgn)} and vy = {vén)} defined near x and a C* wvector field

w: Uppi — T Uy satisfying

[ (4o (0, ) - X320 ) ) o)

>
ey 2 €l

for all u € Bs(x).

Proof. By definition, we have

symb( ) — i

w,v; d
u
U=x

(JLH;O Hol™ (v (w) (Hol™ (o] (@)1)

for all u € Bs(x). The derivatives of the terms in the sequence converge exponentially fast in n, so

we can interchange the limit and the derivative to get

<Hol(") (0" () (Hol™ (vﬁ”)@)))_l))

b b
SYmy Xiy(ri) ... taken over pasts v;, v; and vectors w form a
(V]

w,vi n—oo U

Xmb(g) = lim <dd

uU=x

for any consistent past v;. Since the X w(w),v;

basis of g, there is a finite ng so that the approximations

d n n -1
x| (™ ) () (o))
can also be used to form a basis X™™" (g () = X symb (ng) (7), taken again over pasts v;,v; and

w(u),v; w(u),vj

vectors w. Hence, we have a Casimir

0= 3 () (08 () - X0 ) ) (X0 ) = X2 o))

w,v(n(’) w,v(vno) K2h w,v;
i J i J

for some finite collection of pasts v;, v; and a given vector w. This acts on V* by scalar multiplication

by ||pl/?, and so we get

dp <Z<gij>1 (Xsymb (2) - X;%‘,;EO)(x)) ) (o)) = lolPp(a)

wmq{ﬂo)
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for this collection of pasts, and the same vector w. Now, there is a uniform constant ¢ > 0 —

depending only on the g;; and g — so that

2> €l|pllp(z)

Hdp <XS-V“}‘30)(x) — Xsy“tio)(:c)> ((2))
w,v; L2(G)

w,v;
J

for some choice of v;, v; and w. Since XY™P (1) varies continuously in w and u, there is a neighborhood
1y Y] w,v Y

Bs(x) of z in U and a C! vector field w: Bs(z) — T Bs(x) for which

sym sym €
dp (X0 ) (@) = X0 (W) ) (p(u)) > = [lollo(w)
w(u),v; w(u),v; L2(G) 2
holds for all u € Bs(x), as desired. O
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Chapter 5. Spectral Bounds for L

In this section, we establish bounds for the twisted transfer operators L7 , acting on cl(u,vr)
with respect to the L?(v*)-norm. The key ingredients are the local non-integrability estimate in
Theorem 4.22, the diametric regularity of the measure v* and the C' regularity of a, from the
definition of the transfer operators.

The strategy adopted in this section is by now classical, dating back to Dolgopyat in [Dol98] and
[Dol02]; an account of this almost completely adapted to our setting was also given by Winter in
[Winl6]. The reader already familiar with these arguments should find no surprises in this section,
but we feel it necessary to include them given their delicate nature and the minor differences in our
contexts.

We begin by recalling the definition of the twisted transfer operator

(c2,0) @)= > e (Hal™ (W) ()

on (u/):u

associated to an irreducible representation p of G on V? C L?(G). In principle, the difficulty in

obtaining contraction for HEQ pcp‘

L2 as n — oo lies in the possibility that the rotation introduced
V’M

by the action of p may cause resonances between the vectors p(u') € V?, and this may happen on a
set of large measure.

The local non-integrability estimate provided by Theorem 4.22, however, suggests that we should

typically be able to find u}, uy with o™ (u}) = 0™ (ub) € Upp; so that

p(Hol ™ i) plu)  andp (Hol™ () ) p(up)

are ‘uniformly’ non-parallel. The main argument in the section boils down to verifying that this can
be accomplished on an adequately large set, with explicit uniformity estimates.
Throughout this section, we will work with a fixed isotypic component V* of the regular repre-

sentation of G on L?(G). However, it is worth noting that most of the intermediate constants will
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fundamentally depend on p, and keeping track of these dependencies is essential to obtaining a final
bound in Theorem 5.7 that is independent of p.

Though we need to deal with L7 ¢ for any ¢ € CL(U,V?), it will be helpful to work instead with
slightly more regular real-valued functions ® € C'(U,R*") with bounded logarithmic derivative; in
other words,we will require

sup [(d®), (w)| < CP(u)

weTIU

for all u € U. We will use K¢ to denote the class of such functions
Kc = {® e C'(U,R") | log® is C-Lipschitz}

for any constant C' > 0.

Since g¢ is Anosov, the expansion rates of g; on U are bounded away from 1. Since the return
times 7: R — R are bounded away from 0, the slowest expansion rates of do™ on U are therefore
also bounded away from 1. For what follows, let fx™ and bK™ with 1 < k < K be the slowest and
fastest expansion rate of any unit vector in 7'U under do™.

We are interested in functions ¢ € K¢ with bounded logarithmic derivative because they can be

used to control less regular functions ¢ € C1(U,R). The following lemma makes this precise.

Lemma 5.1. Fiz C >0, p € CY(U,V?) and ® € Kc. There is a § > 0 so that, if

()l 2(q) < ®(w)

sup |[(dep),, (W)l 12 < CP(u)
weTiU

for allu e U, then for any ug € U,

o (4 @)1, = 72 (27 )

L2(G)

S

or

o () ey = 52 (40)

L2 (@)
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for all u € Bs(ug), each n > 0 and each consistent past v = {v(”)} defined near ug. Moreover, for
any ug € U,

@ (v (y)) <20 (s (2))

for all x,y € Bs(ug). The choice of constant § > 0 can be made so that we have §C = A for some

uniform constant A, which does not depend on p, ®, ¢, ug, v orn.

Proof. Since we chose ® € K¢, log ® is C-Lipschitz and we therefore have

’10g (@ (v(") (y))) —log <<I> (v(”)(x))> ’ < id(m,y)

frn
C
S 7d z,y
7 (z,9)
for any z,y € U. Exponentiating both sides, this means
o (v(")(y)) < FlEWg (v(")(x)) (5.1.1)

for any z,y € U. Now, suppose that d(z,y) < 20 for some § > 0, and fix a unit speed path
v: 10, 28] — Up with v(0) = y and v(20) = . We then have

e (o)

</ " srad (100 u) (O ®) | dt

< fC / : (®00™) (1)) d

< %2(56 e d(@.y) g (v(") (y))

v~ ¢ (70)]

L*(G)

by the fundamental theorem of calculus and our bounds on ¢. Fix § small enough to ensure

20e 72 <

| Q
o)
0| =

and

C
e7 <2

hold simultaneously — note that we really only require that C§ is sufficiently small, and so § can be

chosen inversely proportional to C. We therefore have

® (UW (y)) <20 (v(”)(x)) (5.1.2)
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and

1 n
o T3 (v( >(y)) (5.1.3)

o (+2) 2y < 2 ()

whenever d(z,y) < 26. To conclude, suppose that we had

o ()]s = 5% ()

at some y € Bs(ug), for a given ug € U and n. Then by (5.1.3) and (5.1.2), we must have

[ (o) m@>fi¢0’ )+ 52 ()
< () 2e )
Safuo)
for any x € Bs(ug), as desired. O

Lemma 5.2. Fiz C >0, p € CY(U,V?) and ® € Ko. Take § > 0 as in Lemma 5.1 and suppose

that we have

le(u)ll 2@y < ®(u)

sup || (dg), (w)]| < C®(u)
weTlU

for allu e U. If v™ is a past defined on Bs(ug) satisfying

o ()] g, 32 (+00)

for all u € Bs(ug), and some given uy € U, then we have

(n)
pov
d{ m——=1 (w)
( <||<P°U(")||L2(G)>>u

8C

frn

L2 (@)

sup
weT}Bs(uo)

for all v € Bs(up).

Proof. Differentiating the fraction, we see that we need to bound

(@(pov™)), @) [l (@) ]2 — @ @ @) (@ (lleov™]2)) @)
[ (v (w)) HL2(G)

(5.2.1)

L*(G)

sup
weT} Bs(ug)
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for any u € U. Note that we always have

(1o ])), 190 < 0 o2)),

and so (5.2.1) is at most

L2(G)

2l (™ @)l 26y | (@ (£ 20™)),, )| g,

sup (5.2.2)
weT} Bs (uo) [l (v (u) HzLQ(G)
by the triangle inequality. Cancelling terms, we can reduce (5.2.2) to
. 2||(d (cpov(n)))u(w)HLz(G)
weT} Bs(uo) [ (v (u)) HL2(G)
which is at most
2| (@ (D) yiory ()] g, 1), @)
sup (5.2.3)
weT} Bs (up) H‘P (U(n) (u)) "LQ(G)

w' €Tt

»(n) (u)B(i(“O)

by the chain rule. Since fx™ is the slowest expansion rate of any vector in 7'U under do”, we can

bound

1
<
TN~ fRr"

a,[(007),

weT U

for all u € U. By hypothesis, we also have

sup|[(d9), o ()
w’GTvl(n)(u)U

for all uw € U, and so (5.2.3) can be bounded above by

209 (v (u))
el (0 @) 2 g

which is in turn at most
8C® (v(™ (u))
fr"® (v(")(u))

by hypothesis. Cancelling ®, we obtain the result desired. ([l

Before proceeding to the main argument of the section, we need an elementary linear algebra

result.
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Proposition 5.3. Let (V,-) be an inner product space, and suppose that we have
[0 — ] =€

for v,w € V, where 0,7 denote the unit vectors in the directions of v and w respectively. If

[o]] < [lwll, then

62
o ul < (1= 5 ) ol

Proof. We expand using the polarization identity, obtaining

lv +wl = [[v]*+lwl*+2lv[[lw]l(? - &)
= [l +lwl*+lolllwl o>+ l@]*~ o — o]*)

< ol +lwl*+(2 = €) ollw]

which we claim is bounded by

((1-%) |v||+||w|)2 (53.1)

from above. To see this, observe that we can expand (5.3.1) as

19SS o2 (1= Y ol
—2—+ —||v w —— | lv|llJw
4 16 4

and we are reduced to showing that

62 64 62
2= — = 2< (- 2=
(25 - ) 1oiP< (@ =2 ) ol

after some elementary algebraic manipulations. We now observe that it suffices to prove that

62 64 62
908 _ & 2o (2 _9% 2
(25 - 5 ) loiP= (& =25 ) ol

since ||v||< ||w]| by hypothesis, and this inequality is evident if € < 1. O

We might be tempted to argue that, if ¢ € C1(U, V?) is controlled by ® € K¢ as in Lemma, 5.1,

then we can similarly bound H (EQ pgp) (u)‘

n C . .
2(6) by (E&e(z),ocb) (u) pointwise — however, while this
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turns out to be true, it is unhelpful since Eﬁ( §)70<I> fails to contract as n — oo. Indeed, since ® is
strictly positive by definition, L’},( g)’O(I) will converge to [, @ dv" > 0.

The solution is to artificially introduce contraction into the transfer operators, and Theorem 4.22
is precisely what ensures that we can do this while maintaining a pointwise bound. In the next
lemma, we will show that we can uniformly and explicitly bound H (CZ, pgo) (U)HB(G) away from

(ﬁﬁ( 2) 0<I>) (u) on a measurable portion of any sufficiently small set.

Lemma 5.4. Fiz C >0, p € CY(U, V") and ® € K¢ with

el L2y < ®(u)

sup 1), ()] x ) < CB(0)
weTrU

for allu e U. Let Up,; C U be the open subset given by Theorem 4.22 and let § > 0 be the constant
given by Lemma 5.1. There are constants ng > 0, € > 0 and s < 1 so that, for any x € Up,; with

Bs(x) C U, we can find

e a point y € Uy with Bgs(y) C Bs(x) and

e a pair of pasts vgno), véno) defined on Bs(x)

for which we can bound

ea(zna) G (u))p (Hol(”O) (u§"°) (u)) ) @ (v§"°) (u)) + eaim) (CR ("))p (Hol("") (vém’) (u))) @ (véno) (u))

L2(@)

above by

2
(1 (0 DIl ) (ST W) g (1090 1) 1 B O (0

for all u € Bys(y) and all z € C with |R(z) — P(s)| < 1. The constant € can be chosen independently

<

of p and C, while ng depends only on Bk The constant s can be chosen uniformly in C and p.

Proof. We will deal with a fixed n > 0 throughout the proof, and specify how large n needs to
be as we proceed — it is important to note that we cannot deal with arbitrarily large n without

foregoing the uniformity of the bounds we wish to obtain. We proceed in cases depending on which
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alternative of Lemma 5.1 holds. For any pasts vin) and vén), if we have
(n) 35 (o™
H‘p <v1 (u))‘ L2(G) 1? (Ul (u))

for all u € Bs(z), then since p is unitary we can clearly bound

N (10l (o70) ) (07 0) 7 0 (ol (1 ) ) (047 )

L*(@)

above by

Z (ea;g(; (o) g (U@ (u)> oS (W) g (Uén) (u)>)

for all u € Bs(x). In this case, we are done by simply setting y := x. Similarly, if we had

le (@) . <2 (o§w)

L2(G) ~— 4

for all u € Bs(x), then we are again done by setting y := x, up to interchanging our choice of vy

and va. So we may as well assume that the second alternative of Lemma 5.1 holds for both v%n) and

vén), and that we therefore have

o (v )]

L2(G) %(I) (vé”)(u)) (5.4.1)

Y

for all u € Bs(x). We will temporarily abbreviate

ge(u) == Hol™ (vén) (u))

L*(G)
and
(n)
1@@ (u) = e%(z)-r(n) (vzn)(u))im
(n)
HSO (ve (u))‘ )

for the sake of clarity. Note that ¢, and zﬁg are well-defined on Bs(z) as an immediate consequence

of (5.4.1). Now, by reverse the triangle inequality,

(5.4.2)

A~ A~ ‘

o (91()) $1(2) = p(92(2)) ()

L*(@)
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is at least

o (91(@)) () = o (92(2)) 2 ()

L*(G
©e (5.4.3)

~

|l @r@) i @) = p @i @), e (920@)) 2 @) = p(92(2)) 2 ()

L2(G) L2(G)
for any y € Bs(x). Since group elements act by isometries with respect to the L?(G) norm, (5.4.3)
is equal to

A A~

o (92095 @)1(@)) 1 () = p (02()) P2 (9)

L*(G)

A A

U1 (y) — 11 (2) — |2 () =2 (y)

L2(G) L*(G)

which we can bound below by

~

o (2(0)97 " @)91(@)) 1 (1) = p (01(9)) 1 ()

L*(@)

- Hl/AJl (y) — 1/31 (2)

- Hl/fz (y)

(5.4.4)

L2(G) L*(@)

— o (o)) ) = (0100 1 ()

L3(G)
using the reverse triangle inequality once again. We can rewrite (5.4.4) as

~

o (@97 W91 )) 1 () = p (92297 W9 W) ¥ (v)

L*(G)

[ @) =1 @

= || (@) = 2 )

(5.4.5)

L2(@G) L?(@)

= [l (920 a) = 0 (920)) 1)

L*(G)

by replacing ¥, (y) with 9 (y)a ()41 (y) in the first term of the first line, and multiplying both
terms on the first line by ga(z)gy '(y). Hence, (5.4.2) is bounded below by (5.4.5), and we see that

o (91(@)) $1(@) = p(92(2)) ()

ey @) Ea) — (01w Eatw)

L*(G)

is at least

o (@97 )91 )) 1 () = p (92295 W9 W) ¥ (v)

L*(G
) (5.4.6)

@) = @)

- H% — 2 (y)

L*(G) L*(G)
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after rearranging. By Theorem 4.22, there is an N > 0, € > 0, a choice of pasts vgn) and vén), and a

y with d(z,y) = 5 for which we have

A~

o (012107 0)0r ) b1 ) — (0202103 n ) Ba W), = et + 13D olg (5.47)

L2(G)

for all n > N — note that we have applied the theorem to

e%(z)T<")(u)ip (Hol(")(u)) p(u)
le(llz2(q)

which is certainly a smooth function in C'(U, V?). On the other hand, by Lemma 5.2, ¢(u) is at

)

worst fn” -Lipschitz in u on Bs(z), and we can estimate

() o

n

Z (d (T o Ué))vén)(u) (w")

= ([t

L2(G) i=1
=~ [I7llc
< oo 3 e
S |S(2)| ||THC'1

flk=1)

forallu € U, w € T, Bs(x) and w’ € T} (u)B(g(a:). Hence, we can bound

@) =) < (5 + SIS dte.y)

since we chose y € Bs(x). Suppose that n and ||p|| are large enough so that we have

( 8C [allfed

For RGNS ) < A+ 18EDI

for some constant K > (. Note that we can make this choice of n so that it depends only on ||PH

and not ||p|| directly; moreover, the requirement that ||p|| be sufficiently large can be made absolute,

and in particular is independent of z. This ensures

A~ A~ ‘

Vo) — Pe(y)

poy < 5 (113G ol8 (5.48)
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since d(x,y) < J. Note that our choice of n here depends only on ﬁ. Plugging (5.4.7) and (5.4.8)

into (5.4.6), we conclude that

€
>
L2(G) — 4

A~ A ‘

Hp(g1($))1/11 (z) — p(g2())2(z)

A~ A ‘

. 091 )1 (1) = p(92() ()

L2

and so

~ ~

o921 @)1 (@) = p(92(2)) ()

€ S
pogy > §OLH1SED I

or

~ ~

o911 (w) = o (92(0)) Palw)

€
=01+ |3
ey > SO HIS@D

S(1+[SE)D Al

(5.4.9)

(5.4.10)

must hold. Without loss of generality, suppose (5.4.10) holds. Using the Lipschitz estimate on ¢y,

we can bound

sup d 1/3 w
I ( (p(ge) e)) ( )L2(G)
by
sup || (((dp) gy © (dge),) (w)) D) + p (gelw)) (dtbe) (w)
weTLBs(x) u L2(G)
for all u € Bs(x). A straightforward calculation shows that
sup dge), (w)|| < sup d (Hol ov® w
weTﬁBa(f)H( ()] wGTz}Bé(E);H( ( )>”( )‘TIG
—~ [|Hol|| 1
<
<> 15
[Hol[| ¢
< — ">
BRAGE))
and we have
su d w’ <
T (] e

gp(u)

(5.4.11)

by Definition 2.17; note that since p is a homomorphism, the operator norm of dp at g;(u) is

equivalent to the norm at the identity. Hence, (5.4.11) is at most

ol g+ 51+ 13Dl
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by our choice of 4, since p acts by L?(G)-isometries. We can make a uniform choice of s < 1 so that

5 (Il p i+ S+ 13EDIAN) < 5501+ 3Gl (5.4.12)
and we then have
Hp(gl(y))zﬁl(y) — p(g1(w)) P (u) i S 3%5(1 +1S(2))llell (5.4.13)
and
HP(92(Z/))1/32(U) — p(92()) (u) e < 3%5(1 +1S(2))llell (5.4.14)

for all u € Bys(y). Combining (5.4.13) and (5.4.14) with (5.4.9), we now have

~ ~

o (91 () ) = p (g2(w)) s ()

€
—0(1+ S
ey > 160 13Dl

for all u € Bgs(y). Now, fix u € Bys(y). By Proposition 5.3, we can then bound

) (101 (14 ) ) ¢ (o) e U0 (Bl (o)) ) 0 (187 )

L2(G)
above by
(€ +[SEDIAIN?Y ol (v @) g () ol (08 @) g ()
_ ()\Y1 R(2) \V2

(1 — e o (vl (u)) te o (vQ (u)) (5.4.15)

assuming without loss of generality that

(n) (n) (n) (m)
R (2) C) %) <U§n) (u)) < |[e®»e (57 () ) (Uén) (u)) (5.4.16)
L (@) L*(@)

held for this particular « — this is true up to interchanging vgn) and vén) . It simply remains to ensure

that a similar inequality extends to Bgs(y) for this particular choice of v§") and vén) — this is not

immediate since (5.4.16) could certainly fail to hold on the entire ball Bys(y). This will take some
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extra work. Note that we have

(50 0

< sup
L2(G) wETLU

sup
weTlU

o al™ (u
(de W) <w>\ 12()ll g+ 50 ()., ()] 2

(n)
H%m

IN

a(") (u) a(") (u)
o €O D)l gy + OO D (w)

IA

b g (w) ol (u)
S0 o[l ea | €20 1)) 2y + Ce* 0 W0 (u)
i=1

Kn—i—l - K O
= (bHa%(z)Hm K-l +C> e 8(u)]| 26

for all u € U. By making s smaller if necessary, we can ensure that, in addition to (5.4.12), we also

have

n+1l _
" <b [ S c) <60 = A

where A is the uniform constant guaranteed by Lemma 5.1. Note that this can be accomplished by a
uniform choice of s, since n is fixed and z is required to satisfy |R(z) — P(¢)| < 1. As a consequence,

we see by Lemma 5.1 that
%eaz(r:()z) (U/En)(ul))@ (vén) (u/)) < ea?(ffn()Z) (Uén)(u)) P (vén)(u)) < 2ea§:&> (Uén)(u,))fl) (vén)(u’)) (5.4.17)

for all u,u’ € Bgs(y). Now, suppose that

o (), (H01<”> (U@ (u/)>) o (U@(u/)) 4ot (W), (Hol(m (vgm (u/))) o (U;">(u'))

L*(@)

were bounded above by

n n ’ R 2 iy . !
ea§(R()z) (Ui ) (u ))‘I) <,U§n) (u/>) + (1 . (66(1 + ggéi)')“pll) ) eo‘;e()z)(”é (u ))q) (Uén)(u/)) (5418)

for some u' € Bgs(y) — this is in contrast to the bound by (5.4.15) that we have at u € Bgs(y). If
we had
it (57 )) g (vén) (U’)) < i (1) g (UYL) (U’))

then (5.4.18) is in turn bounded above by

(5 1 + Q3 2 a(") v(") u’ n a(") v(") u’ n
(1_ (ed( \lggz)\)llpll) )e S (@) g (7)5 >(u/)) Lo (487 W)) (vé >(u,)>
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which is consistent with (5.4.15). If, on the other hand, we had
5 U7 (1)) < e (07N (7))

then we can invoke (5.4.17) twice to see that

(n) (n) (n) (n),  r
&5 (1) g (o) () < 260 (170 @ (o )

< 2075 (474 (1)

(n) (n)
< 450 (7)) g (+47 ()

for any other u € Bys(y). Hence, (5.4.15) is at most

al™ (™ (y n ed(1 + 3(z 2 o™ () (g n
ewin (1) g (v§ )(u)> + (1— (e LOQG)D”’O”) )e wo (17 0) g (vé )(u))

and so we can make a consistent choice of v%n) ) vén) on the entire ball Bgs(y). Note that if (5.4.9)

held instead, everything that followed would have been identical, with Bgs(x) instead of Bgs(y). O

The point of Lemma 5.4 is that, in any ball Bs(z) of radius §, we can always find a uniformly
smaller ball Bys(y) C Bs(z) on which L7 ¢ is strictly and uniformly bounded away from L0 (D).
This means that we can ‘bump’ ® down on any such ball B;s (y) without affecting our inequality.

4
Moreover, using the diametric regularity of the measure v*, we can ensure that we are able to do

this on a set of uniformly large measure.

Lemma 5.5. Fiz C >0, p € CY(U,V?) and ® € Kc. Suppose we have

el 2y < ®(u)

sup ||(dep),, (W)l 2(qy < CP(u)
weTlU

for allu e U, and let 6 > 0 be the constant guaranteed by Lemma 5.1 and ng > 0, € >0 and s < 1

be the constants guaranteed by Lemma 5.4. For a given p and z € C with |R(z) — P(¢)|< 1, we can
find a function B € CY(U,R) for which we have

1(£250) @) 2y < (L5800 (59)) ()
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for alluw € U, as well as

for some uniform constant r < 1. The constant r depends on ng and C, but not on p, z, ¢ or ®;

L350 (52)]

(e0(1 + [S(z)DllelD?
< (1 (Uini) ) 19]] 12
L2(v) _< ' 4096 v Uni) ) 12l 20y

the function 8 may depend on all of these.

Proof. By the Vitali covering lemma, we can find a finite collection of points z1,...,xr € U
so that the balls Bs(x1),...,Bs(zx) C Uy of radius § are pairwise disjoint, while the balls
Bss(x1), ..., Bss(xy) of radius 30 cover Up,;. By Lemma 5.4, for each ¢ we can find a ball Bgs(y;) C

Bs(x;) and pasts v%o), vg:;o) so that

o Gy (et (s ) o (s70) e 57D (0 (1590) ) (2 0)

)

L3(@)

is bounded above by

(€L +ISEDIID?Y alre (v w) g (. (o) af ) (v (@) g (o)
_ (z)\Y1,4 A R(z) \V2,i 4
<1 1096 e 0} (Ul,z (u)) +e P (1}27Z (u))

for all u € Bys(y;). For each i, define a C'! radially-decreasing bump function 7; centered at U%O)(yi)
by

€ S(z 2 .
(51413 Dlol) if d(u, i) < %
. (vYLo)(u)) ORI g (14 1 i 5 < d(u,y) < 50
(gd(%yi)—j) -1
0 if 6 < d(u,y;)

for all u € Bs(x;). We can smoothly extend n; to all of U by setting n; = 0 outside vgno)(u) (Bs(zi))-

To define 3, we simply set
Blu)=1- ni(u)

and by Lemma 5.4 we clearly have

1(£250) @) 12y < (L5800 (59)) ()

L2(vv)
In principle, we have only introduced contraction into a single term in L’I?(g) o(B®) at any given

for all w € U. It simply remains to estimate HL’;‘DO(()’O (ﬂq))‘

point; we need to argue that this was significant enough for our purposes. The regularity of ® will
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be essential here. As in (5.1.1), note that the ratio between ® (v((zno)(u)) and @ (véno)(u)) cannot

exceed no)
G
v (U) <:e%wﬁam(N)

i) <v£n°) (u)) B

for any pair of pasts v,,vp. As a consequence, we must have

(e6(1 4 [3(2)])]lpll)? no (e6(1 4 |3(2)])]pl)? (no)
4096 (ﬁoe% diam(N)) U%) ® (”‘(1 )(“)) = 4096 o (vu (U)) (5.5.1)

where {y is the number of pasts v((lno) of length ng, and the sum is taken over all such pasts. Of

a(no)( ("o>(u))
course, we can find a uniform D > 0 so that D! < e *® < D for all pasts and all u € U,
note that D can be chosen independently of z so long as we require |®(z) — P(¢)|< 1. From this,

we can bound

(e6(1+13(2))]lpl)? a0 (1870 W) g ( 11(no) (€01 +[3()DNeID? alo) (v (w)) g [, (m0)
e R \7e D (v, (u)) < e R ® (v (u
4096 D2 (foe% diam(N)) u(;()) ( ( )> 4096 ( Lii ( ))

following (5.5.1). From this, we immediately obtain the pointwise bound

S(z 2
(310 59) () < ( - if{'hag'('m)> (£35,08) )

for all u € B ™, (yi) by construction. On the other hand, from the monotonicity of L7 Plo)0 We of

course have
(L3100 (89)) () < (L3502 ()

for all w € U — |J Bss (y;). Taken together, these inequalities mean that we can bound
2

| (500 50)]

L2(vw)

from above by

(e5(1+[S)Dllel) 2 no 2 % no 2
/UBség(yi)(lgl(]gGDQ (éoegdiaﬁ(N))) ((ﬁ P(s),0 )(U)) dv | + (/UUBS;(%)(<£P(< >(U)> dy)

N|=
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for our particular choice of p and z. Since the operator E;ﬁf’(g) o preserves the measure v* (by our

; (m)))

By the diametric regularity of the measure v*, there is a uniform constant r < 1 for which

renormalization), this is exactly

“‘o.

L2(pw .
() 4096.D2 (E()e% d1am(N)>

v (Bag ) = v (Bas(wi)

for all i. Hence, we have

vt (U B%(yi)) > vt (U BSé(yi)) > 10" (Uins)
completing the proof. O

It is important to recognize that many of the estimates so far do in fact depend on p, J(z) or
C' — this will be problematic for the spectral bounds we want to obtain. To isolate some of these
dependencies, we will restrict our attention to control functions ® € K¢ 14(3(2)))||p|» Where we hope
to be able to make a uniform choice of an appropriate C. In particular, we want to find a C' so that

Keo@tis(z)))p| 18 invariant under L7 ,, at least for z with $(z) sufficently close to P(s).

Proposition 5.6. There is a uniform choice of constant C' > 0 so that, for all o € CY(U,V?) and

® € Keeis)lof  we have

(@)l 2y < (u)

sup |[(dp)u(w)l 2y < C(1+[S(2)]) @ (u)
weTU

for allu € U, then we can bound

sup |[(d (€2,¢)),, (w)

weTlU

sy SCATISEDIA (57»%(/:),0‘1)) @)

for alluw e U, and all n > 0.

Proof. Fix u € U. By definition, the transfer operator can be expressed as the sum

(L2 ,0) (u) = Z R (vﬁn)(u))p (Hol(”) (0571)(u))> o (vz(n) (u)) (5.6.1)
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(n)

over pasts v; '. We need to control

su d (L w H
weTgUH (2D ]

which we will accomplish by differentiating (5.6.1) term-by-term. For a fixed i, the derivative

] (6(1(;,) (W), (Hol(") (vf") (u))> 0 (Ugn)(u)>> (w)

u

can be bounded by the sum

0O ( (10l (o7 (w)) ) (o)) (4 (a8 0 (™)) (u0) e (5.6.2)
et (v m) ((d(p (B 00™))) () e (v (w) o (5.6.3)
e (vgm(u))p (Hol(n> (v§") (u)>) (d ((p o vy))) (w) (5.6.4)

u L2(G)

for all w € TXU. We will bound each of these terms individually, beginning with (5.6.2). Observe

that

and so (5.6.2) is at most

_ezlier ol (v w)

flr=1)

¢ ()]
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for all w € U and w € TU. Exactly the same calculations show us that

(), ], < 55 fa(men)) o)

Jj=1

z“: ||H01||cl

||HO1HC1
f(k—=1)

TG

IN

<

and hence that (5.6.3) is at most

(| ol '<'H°”§) o (70 || (o) )

by the definition of ||p|| and the chain rule. Finally, we can bound (5.6.4) by

L3(@)

C & o 'U.n u n
(1 +ﬁi2)l)llplle re (VW) g (vﬁ >(u))

by hypothesis. Combining all of these with the pointwise bound on the norm of ¢, we see that so

long as we have

ezl

[Holllr . C(1+[S()D]lol
fls—1) =

flr—1) Fran CA+ISEDIA (5.6.5)

el

we obtain the bounds desired. Note that ||Hol||o1 is a uniform constant and ||a||c1 is at most
lag)ller (14 13(2)]). Since [[ag(z)l|cr is uniformly bounded when %(2) is confined to the bounded

interval |R(z) — P(¢)|< 1, we can clearly choose a C' > 0 so that (5.6.5) holds for all n > 0. O

Theorem 5.7. Fiz a nontrivial isotypic representation p > 0 and z € C with |R(z) — P(s)|< 1.

There are uniform constants D > 0 and ro < 1 so that

H[’np(pHm(yu) Drglloll o

for all p € CY(U,VP). Neither D nor ro depends on p, ¢ or z.

Proof. Fix C > 0, N > 0 as in Lemma 5.6 and ng > N as in Lemma 5.5. We begin by setting
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for which we clearly have ®¢ € Kc(143(2)))p| @ Well as the bounds

oo (W)l L2y < Polw)

s 1(dpo)y, (W)l 2y < C(L+[S(2)Dlpl|Po(w)

weT,

assuming that C' > 0 is large enough so that C||p||> 1 for all p. By Lemma 5.5, we can find a

function By € C*(U,R) for which we have

1 (£2500) ()] 2y < (£52).0 (Bo®0) ) (u)

and

L2 < 7ol|Pollz2(pu)

for a uniform choice of ng > 0. Moreover, 79 and ||fy||c1 can be made uniform in p, ¢ and z by

§R(z) o (Bo® 0)‘

choosing § so that C(1 + [J(2)])||p||-d is constant, as in Lemma 5.1.
We want to iterate this, for which it will be crucial that we can find a uniform Cj so that we have

Bo®o € Keyris@iel for all ®o € Keyaiaz) o) For any given o € Koqs(a)p), We have

weTLU weTLU weTtU

sup |(d(®oSo)u(w)| < Bo(u) < sup I(d%)u(w)> + o(u) < sup l(dﬁo)u(wﬂ)

< sup Po(u) (C(1+[S(2)NellBo(u) + (dfo)u(w))

weTtU

for all v € U. From the construction of 5y, and by our earlier remarks on our choice of d, it is clear
that we can choose a uniform Cj large enough so that

sup C(1+[3(2)])]|pl|fo() + (dBo)u(w) < Cofbo(w)

weTlU

for any choice of Sy as in Lemma 5.5. We then clearly have 8o®o € K¢ (14(3(2))) and hence by

ol

Lemma 5.6 we get

sup [[(d(£2%0) ()] 2y < Col + 1SNl (L @) ()

weTtU

forallu e U.
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Now, we can repeat what we have done so far and inductively choose 3;_1 as in Lemma 5.5,

setting
@i(u) = (LI%pi—1) (u)
Difu) = (L3 0(Bir1®i-1)) (1)
for i > 1. Note that we have just shown that ®1 € K¢y143(2)))p) @nd that we have

o1 (@l 2@y < Pa(w)

sup 1(depr)y, (W)l L2y < Co(1+[S(2)]lpl| @1 (w)

for all u € U. As before, we get

lpi(u)ll 2y < Pi(w)

sup (dpi) ()l xey < Coll + B(IDlol:(a)
weT}

inductively for all ¢ > 1, and moreover
[1@ill L2uy < Tol|Pimtllz2gmy
by construction. Chaining these inequalities together, we have
12250 2] oy < roligllen

which is almost what we need. To conclude, observe that we have

(L2575 0) @] L2y < Tollellor 1€ L2

where ”ﬁZpHLQ(G) denotes the operator norm of L”;p. If K < ngand |R(z) — P(s)| < 1, then we can

find a uniform bound D > 0 so that ||£§,p”L2(G)S D, as desired. O

The differentiability of the potential ¢ was essential to much of what we have done so far in
this section; to extend our results to the case when ¢ is only Hoélder, however, is a relatively
straightforward approximation argument, identical to the one given in [Dol98]. We sketch this

below.
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Corollary 5.8. With notation as in Theorem 5.7, we have

1£5 2, pll L2 < Drggllpllon
when the potential < is only Holder continuous.

Proof. Suppose that ¢ is Holder continuous. As in [Dol98], we can find a sequence of smooth

potentials ¢(3() € C1(U, R) indexed by () for which we have

o
2

1
(S(2)) ‘ < () 581
su — o 8.
uep ‘§o(u) S (U) > ||§0||C |%(Z)| ( )

and

H <(3(2))

. <CVBE) (5.8.2)

for some uniform constant C' > 0. We consider the alternatively-defined transfer operator
(Lewp) () i= 37 €0 p(Hol(W) - p(u)
o(u')=u

where we set
bz (u) = B (u) = R(2) - 7(u, 5) — log (. (1)) + 10g (g ((u))) — log P(s™))

foru € U. By (5.8.1), & converges uniformly to ag.) as 3(z) — oo, and hence ﬁzypcp must converge
to Ly(z),p in the L*(1*) norm.

Now, we simply observe that the spectral bound in Theorem 5.7 holds for the operator ﬁz,p,
since the main properties required of &, — namely that ||é.||c1< C(1 4+ |3(2)|) for large |3(2)| when
|R(z) — P(¢)|< 1 — are guaranteed by (5.8.2) and [Dol98, Lemma 1]. Moreover, note that all the
constants, and particularly those originating from Proposition 5.6, can be chosen uniformly in (z).
Since the inequality in Theorem 5.7 holds with the same constants for EAZJ, for each (z), it must

hold in the limit, as desired. O
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Appendix
Examples

In this appendix, we will present two examples of direct calculations of the rate of mixing for
specific systems. In the first, we show that the doubling map on the unit circle is exponentially
mixing; in the second, we discuss a construction of Ruelle that a locally constant suspension flow
can mix arbitrarily slowly.

The calculation for the doubling map is an elementary exercise in Fourier analysis, but illustrates

an important point: the regularity of the functions under consideration is essential.

Example 5.9. The doubling map T'(z) = 2z mod 1 on the unit circle [0, 1]/~ is exponentially

mixing.

Proof. Fix functions ¢, € C*(S,R) with [¢dx = [ dz = 0 and consider their Fourier expan-

sions

cp(x) = Z S0116271'1'7'7,;13 and w(x) — Z wnGQTrinzz;

nez neEZ

where ¢g = 19 = 0 by hypothesis. Since [ €2™"* dz = 0 whenever n # 0, the correlation between

o T* and 1 is simply

(poT?) wdr= [ [ Y ue?™ ) [ S e | do
it [

nez nez

= Z Qpnw72k‘n

nez

which we can bound above by

(o) ()
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by the Cauchy-Schwarz inequality. We then have

> lenl*= llgllze

neZ

by the Plancherel theorem and
[¥]lc=

[—2¢nfe

|w—2kn|§ C
since Fourier coefficients for Hélder functions decay. This yields

[l
[—2n]?

[oo1) visi< Bl

for any 8 < « and a uniform constant C'(3) depending only on 3.

[¢llca

25

< ClellLe

‘/(on’“)‘wd:ﬂ

as desired. OJ

With the same calculation, it is easy to see that C” functions can mix arbitrarily slowly.

Of course, even the simplest calculations in the non-uniformly or partially hyperbolic settings are
significantly more involved. It is worth noting that systems can fail to be exponentially mixing for
more subtle reasons — our next example is a construction of Ruelle given in [Rue83], giving Axiom

A flows which are mixing, but fail to mix exponentially fast.

Example 5.10 (Ruelle). Let (X, T) be the two-sided shift on two symbols and consider the quotient

X x R/~ obtained by identifying (z,7(z)) ~ (T(x),0); here, the roof function T is given by

1 ifz,=0
7 ((zn)) =

a ifz,=1

for all sequences (z,,) € X, with @ > 1 irrational. Define the suspension flow fi: X xR/~— X xR/~
by fi(z,s) = (z,s +1).

Then f; is mixing, but not exponentially mixing.

Proof. 1t is a consequence of [Bow72] that f; is mixing. We will show that it cannot be exponentially

mixing. Consider functions ¢, 1: X X R/~— R and suppose that ¢(z, s) and ¢ (z, s) are independent
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of z, and supported on 0 < s < 1, and that

// o(x, s)dsdu(x //T(ﬂ”) Y(x,s)dsdu(z) =

We can write the correlation function as

7(z)
o) = [ [ els+ ) ves) dsduta)

which we can decompose as

/ /maX(;T;x+ t) - (x,s)dsdu(x) + /X /T(m) oz, s +t) - (x, s)dsdu(x)

max(0,7(z)—t)

for any t > 0. We will analyze the domain of convergence of the Laplace transform p(§), from which
we will conclude that p(t) cannot decay exponentially fast. Note that the first expression on the
right hand side has compact support (as a function of ¢), and for the purposes of convergence of the
Laplace transform we can restrict our attention to the second term.

We can rewrite the Laplace transform as

00 7(x)
:/ / / oz, s+ 1) - Pz, s)e™ " ds du(x) dt
0 X Jmax(0,7(x)—t)
T(x) poo
= / / / o(z,t) - Y(x, s)efg(tfs) dt dsdu(x)
X Jo 7(x)
7(x) o]
:/ ¢(x’8)655 ds / @(x,t)e_gt dt | du(zx)
X A0 7(@)
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and expand the second factor

(n+1)( )

/ o(x, t)e S dt = Z/ oz, t)e S dt

(2) = S (@)

00 (n+1)(1) 'r(")(m) (
= Z/ (@, t + 70 (2))eEHH @) gy
1 0

oo 7D () — 7 (M) (1)
= Z/ (T "z, t)e S @) gy

(n+1) (z)— 7.(n) (z)

= Z/ o(x, t)e T @) gy
n=1

D (@)= (@)
-S| oto et
0

using the fact that ¢ is independent of x and so

90('%‘7 t) = ‘P(T_nxa t)

by construction. Returning to our original integral, we get

(n+1)($),7.(n)(m)
Z/ —er (@) </ (x, 5)et* ds) (/ o(x,t)e ¢ dt) du(x)
n=1
and we can note that

. 7(x)

P(€) = U(x,5)e* ds

0

is independent of z, since 1 (x, s) is independent of z, is supported on the interval 0 < s <1 and we

have 7(z) > 1 by construction. Similarly,

4D () —7 () ()
P(&) = / oz, t)e St dt
0

is independent of z and depends only ¢ since 7"tV (z) — 7(")(z) > 1. Using 6,(z) to denote the

value of z,, for x = (z;) € X, and §¢(z) =1 — 0,(z), we can rewrite our integral as

p(&) = (6©) (2(©) (Z [ du(l“))

For a given n > 0, we have

™ (2) =k + (n—k)a
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where k is the number of zeroes appearing in xg,...,z,—1 and (n — k) is the number of ones. Of
course, we can then write
Z/ —er® @) g Z o—n Z ( ) ~th —a(n—k)
n=1 k=0
using the fact that u is a product measure. By the binomial theorem, we have
. Al 2 e E e\
€)= DOHE) (Z (—5—)
n=1
We want to conclude now that p(§) cannot be analytic on any strip of the form R(§) > ¢ for
¢ < 0, from which it will follow immediately that p(t) could not have decayed at a rate of e for
any ¢ < 0.
Note that we have Fourier expansions
8) — anezmes and L)0(1,7 S) — Z(pne%riés
ez €z

so that we can evaluate

1
:/ Y(x,5)es ds
0

_ Zq/’ / (2mit+e)s g

LEL

27rz€+£ 1
Z ?/)n 2mil + ¢
LEL

and similarly

271'1@ £ _

D omil — g

tez
We see from this that ¢ (&) and @(£) are entire functions, whereas

i e=é fet\" _ e~¢ et
2 2— (et 4 e to)

has a pole whenever e~¢ 4 ¢~¢* = 2. This occurs infinitely often in any strip ¢ < R(¢) < 0, and we
can clearly choose ¢ and v so that the zeroes of 1/3 and ¢ do not coincide with these poles. This

shows that p(£) cannot be analytic on any strip (§) > ¢ for ¢ < 0, as desired. O

69



[AS64]

[App14]
[Bow72]
[Bow73]
[BR75]

[Che02]

[Dol9s]
[Dol02]

[GS14]

[Lep00]
[Mar04]
[Rat73]

[Rue83]

[Sug71]

[Winl6]

References

MiLToN ABRAMOWITZ and IRENE STEGUN. Handbook of mathematical functions with
formulas, graphs, and mathematical tables. National Bureau of Standards (1964). Mr:
0167642.

DAvID APPLEBAUM. Probability on compact Lie groups. Springer, Cham (2014). por:
10.1007/978-3-319-07842-7. MR: 3243650.

Rurus BoweN. Periodic orbits for hyperbolic flows. American Journal of Mathematics
(1972). DOI: 10.2307/2373590. MR: 298700.

RuUFUs BOWEN. Symbolic dynamics for hyperbolic flows. American Journal of Mathematics
(1973). DOI: 10.2307/2373793. MR: 0339281.

Rurus BoweN and DAVID RUELLE. The ergodic theory of Axiom A flows. Inventiones
Mathematicae (1975). DOI: 10.1007/BF01389848. MR: 0380889.

Nikoral CHERNOV. Inwvariant measures for hyperbolic dynamical systems in Handbook
of dynamical systems, Vol. 1A. North-Holland, Amsterdam (2002). DOI: 10.1016/S1874-
575X(02)80006-6. MR: 1928521.

DMITRY DOLGOPYAT. On decay of correlations in Anosov flows. Annals of Mathematics.
Second Series (1998). DOI: 10.2307/121012. MR: 1626749.

DMITRY DOLGOPYAT. On mizing properties of compact group extensions of hyperbolic
systems. Israel Journal of Mathematics (2002). DOI: 10.1007/BF02764076. MR: 1919377.

ALEXANDER GORODNIK and RALF SPATZIER. Exponential mizing of nilmanifold automor-
phisms. Journal d’Analyse Mathématique (2014). DOI: 10.1007/s11854-014-0024-7. MR: 3233585.
arXiv: 1210.2271.

RENAUD LEPLAIDEUR. Local product structure for equilibrium states. Transactions of the
American Mathematical Society (2000). DOT: 10.1090/S0002-9947-99-02479-4. MR: 1661262.

GRIGORTY MARGULIS. On some aspects of the theory of Anosov systems. Springer-Verlag,
Berlin (2004). DOI: 10.1007/978-3-662-09070-1. MR: 2035655.

MARINA RATNER. Markov partitions for Anosov flows on n-dimensional manifolds. Israel
Journal of Mathematics (1973). DOI: 10.1007/BF02771776. MR: 0339282.

DaAvID RUELLE. Flots qui ne mélangent pas exponentiellement. Comptes Rendus des Séances
de I’Académie des Sciences. Série I. Mathématique (1983). DOI: 10.1142/9789812833709°0024.
MR: 692974.

MITSUO SUGIURA. Fourier series of smooth functions on compact Lie groups. Osaka
Journal of Mathematics (1971). MR: 0294571.

DALE WINTER. Faponential mixing for frame flows for convexr cocompact hyperbolic
manifolds. (2016). arXiv: 1612.00909.

70


https://mathscinet.ams.org/mathscinet-getitem?mr=0167642
https://doi.org/10.1007/978-3-319-07842-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3243650
https://doi.org/10.2307/2373590
https://mathscinet.ams.org/mathscinet-getitem?mr=298700
https://doi.org/10.2307/2373793
https://mathscinet.ams.org/mathscinet-getitem?mr=0339281
https://doi.org/10.1007/BF01389848
https://mathscinet.ams.org/mathscinet-getitem?mr=0380889
https://doi.org/10.1016/S1874-575X(02)80006-6
https://doi.org/10.1016/S1874-575X(02)80006-6
https://mathscinet.ams.org/mathscinet-getitem?mr=1928521
https://doi.org/10.2307/121012
https://mathscinet.ams.org/mathscinet-getitem?mr=1626749
https://doi.org/10.1007/BF02764076
https://mathscinet.ams.org/mathscinet-getitem?mr=1919377
https://doi.org/10.1007/s11854-014-0024-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3233585
https://arxiv.org/abs/1210.2271
https://doi.org/10.1090/S0002-9947-99-02479-4
https://mathscinet.ams.org/mathscinet-getitem?mr=1661262
https://doi.org/10.1007/978-3-662-09070-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2035655
https://doi.org/10.1007/BF02771776
https://mathscinet.ams.org/mathscinet-getitem?mr=0339282
https://doi.org/10.1142/9789812833709_0024
https://mathscinet.ams.org/mathscinet-getitem?mr=692974
https://mathscinet.ams.org/mathscinet-getitem?mr=0294571
https://arxiv.org/abs/1612.00909

	Acknowledgments
	Abstract
	Introduction
	Preliminaries
	Dynamical preliminaries
	Symbolic dynamics
	Representation theory

	Twisted Transfer Operators
	Uniform Local Non-integrability Estimates
	Spectral bounds for the transfer operators
	Appendix
	References

