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Key Points:

¢ Nonlinear dispersive fast magnetosonic waves produce 2-D compressible turbulence
downstream of the termination shock.

« Taylor’s hypothesis breaks down in the sub-fast-magnetosonic solar wind in the
inner heliosheath.

¢ The magnetic turbulence spectrum observed by Voyager 2 in the inner heliosheath
is reproduced by self-consistent three-fluid MHD simulation.
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Abstract

The solar wind in the inner heliosheath beyond the termination shock (TS) is a non-equilibrium

collisionless plasma consisting of thermal solar wind ions, suprathermal pickup ions and
electrons. In such multi-ion plasma, two fast magnetosonic wave modes exist, the low-
frequency fast mode and the high-frequency fast mode. Both fast modes are dispersive
on fluid and ion scales, which results in nonlinear dispersive shock waves. We present
high-resolution three-fluid simulations of the TS and the inner heliosheath up to a few
AU downstream of the T'S. We show that downstream propagating nonlinear fast mag-
netosonic waves grow until they steepen into shocklets, overturn, and start to propagate
backward in the frame of the downstream propagating wave. The counter-propagating
nonlinear waves result in 2-D fast magnetosonic turbulence, which is driven by the ion-
ion hybrid resonance instability. Energy is transferred from small scales to large scales

in the inverse cascade range and enstrophy is transferred from large scales to small scales
in the direct cascade range. We validate our three-fluid simulations with in-situ high-
resolution Voyager 2 magnetic field observations in the inner heliosheath. Our simula-
tions reproduce the observed magnetic turbulence spectrum with a spectral slope of —5/3
in frequency domain. However, the fluid-scale turbulence spectrum is not a Kolmogorov
spectrum in wave number domain because Taylors hypothesis breaks down in the inner
heliosheath. The magnetic structure functions of the simulated and observed turbulence
follow the Kolmogorov-Kraichnan scaling, which implies self-similarity.

1 Introduction

Multi-ion plasma, in general, contains more than one ion species (e.g. HT and Het™)
or multiple ion populations with distinct physical characteristics, e.g. two ion popula-

tions with different bulk velocities (ion beams), or with different temperatures (non-equilibrium

plasmas). The latter is common in magnetized collisionless space plasmas that include
an ion source due to the ionization of a moving ambient neutral gas component. A typ-
ical example is the solar wind in the outer heliosphere, where a cold thermal ion pop-
ulation coexists with a hot suprathermal pickup ion (PUTI) population. PUIs are created
through charge exchange between solar wind protons and the neutral hydrogen compo-
nent of the local interstellar medium and accelerated by the convection electric field of
the solar wind. Other examples include the interaction region of the supersonic solar wind
with cometary atmospheres, exospheres of weakly magnetized planets (Mars, Pluto), and
the neutral hydrogen geocorona of Earth, or the interaction of planetary magnetospheric
plasma with neutral sources from their moons (Io, Titan). It has remained largely un-
explored how magnetosonic waves propagate and form shocks in such plasmas.

The Voyager spacecraft are the first man-made objects to cross the TS (Stone et
al., 2005, 2008), where the solar wind becomes sub-fast-magnetosonic due to the inter-
action with the local interstellar medium. Voyager 2 observations revealed that classi-
cal single-fluid MHD or multi-species single-fluid MHD models (Isenberg, 1986; Whang,
1998; Usmanov & Goldstein, 2006; Usmanov et al., 2014; Zank et al., 2010; Zieger et al.,
2013) (where the ion species and electrons are co-moving) are not sufficient to describe
the observed nonlinear waves downstream the TS. Consequently, more sophisticated phys-
ical models, like multi-fluid MHD, hybrid or fully kinetic solar wind models are needed
to capture nonlinear waves, dispersive shock waves and ion-ion instabilities, where each
ion species (and electrons) can move independently with their own velocities, and the
fluctuating parts of the ion velocities are often comparable to the mean velocity of the
collective plasma fluid.

One important aspect to note is that by the very nature of PUIs (as they are picked
up by the solar wind), they have the same average velocity as the thermal component:
upy; = ugw. However, the fluctuating parts (uh;,; and u’y,) responsible for waves
and turbulence can be different and quite large as non-linear structures develop, where
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the ion velocities are decomposed to an average part and a fluctuating part as upy; =
ﬁpUI—l—u'l’DUI and ugy = ﬁsw—i—u’s'w. It is therefore necessary to solve the full multi-
fluid equations with different momentum and energy equations for each ion species, un-
like in multi-species single-fluid models, where only one momentum equation is solved
for the collective fluid.

In multi-fluid MHD models of the solar wind (Zank et al., 2014; Zieger et al., 2015;
Opher et al., 2020), suprathermal PUTs, thermal solar wind ions, and electrons are treated
as three separate fluids with different ion velocities. Our multi-fluid MHD model was suc-
cessful in reconstructing the nonlinear structure of the Voyager 2 TS crossing (Zieger et
al., 2015). The addition of hot suprathermal ions to the mixture of thermal solar wind
protons and electrons results in a high-frequency fast (HFF) mode and a low-frequency
fast (LFF) mode, both of which are dispersive on fluid and ion scales. Positive disper-
sive wave modes can produce positive dispersive shock waves with a precursor wave train,
and negative dispersive wave modes can produce negative dispersive shock waves with
a trailing wave train (Biskamp, 1973; Hoefer, 2014). Dispersion is positive if the group

. . . . . . 2 . . . .
velocity g—j: increases with increasing wave number, i.e. gTﬁj > 0, and it is negative if

the group velocity decreases with increasing wave number, i.e. ‘527‘5 < 0. It was shown
that the TS is a high-5 low-Mach number (1.56) subcritical shock with a trailing wave
train (Zieger et al., 2015), which is a negative dispersive shock wave in the LFF mode.
Subcritical fast magnetosonic shocks are defined with the criterium u, 2 < cs 2, i.e. the
normal component of the downstream flow velocity is smaller than the downstream sound
speed (Coroniti, 1970).

In case of subcritical high-8 perpendicular shocks (where the fast Mach number
is less than 2.76), kinetic effects such as ion reflection, shock surfing, and shock refor-
mation can be neglected and the shock structure is controlled by dispersion (Edmiston
& Kennel, 1984; Balogh & Treumann, 2013), which justifies the multi-fluid approach.
However, in the high-3 regime, the shock criticality strongly depends on the obliquity
of the shock with the critical Mach number approaching one for parallel shocks. Using
the properties of the trailing wave train downstream the TS, Zieger et al. (2015) were
able to constrain the previously unknown PUI abundance and temperature. Their multi-
fluid MHD simulations also confirmed the presence of a hot electron population at the
TS, which has been predicted by a number of previous theoretical studies (Chalov & Fahr,
2013; Chashei & Fahr, 2014; Fahr et al., 2014). They showed that a significant part of
the upstream kinetic energy of solar wind ions is transferred to the heating of PUIs and
massless electrons, while the total hydrodynamic energy is conserved across the shock.
A multi-fluid MHD model provides self-consistent energy partitioning across the TS, un-
like the multi-species single-fluid models where additional assumptions are needed about
the behavior of PUIs (Zank et al., 2010). In this paper, we present high-resolution three-
fluid simulations of the TS and the inner heliosheath up to a few AU downstream of the
TS. The three-fluid model produces self-consistent compressible turbulence in the inner
heliosheath even with constant solar wind conditions upstream of the TS. We discuss the
spectral properties and the spatial/temporal evolution of the turbulence and compare
our results with in situ Voyager 2 observations in the inner heliosheath.

The paper is structured as follows. In Section 2, we briefly review the theory of dis-
persive magnetosonic waves and dispersive shock waves in collisionless plasma. In Sec-
tion 3, we present our multi-fluid numerical simulation of compressible turbulence down-
stream of the TS and compare the simulation with the theoretical predictions. In Sec-
tion 4, we validate the simulation results with in-situ Voyager 2 observations in the in-
ner heliosheath. Conclusions are presented in Section 5.
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2 Theory of Dispersive Fast Magnetosonic Waves in Non-equilibrium
Collisionless Plasma

2.1 Dispersion Relation

The solar wind in the inner heliosheath beyond the TS is a non-equilibrium col-
lisionless plasma consisting of thermal solar wind ions, suprathermal PUIs and electrons.
Since the thermalization time scale is much larger than the convection time scale, and
the convection time scale is much larger than the isotropization time scale of PUIs, the
three-fluid description of the inner heliosheath plasma is a reasonable approximation. We
use the standard set of multi-ion multi-fluid Hall MHD equations (Glocer et al., 2009;
Zieger et al., 2015) to describe the three-fluid solar wind model with thermal solar wind
ions (SW), PUIs, and electrons:

apj
3—; + V- (pjuy) =0, (1)
Ao _ o
7(/:;?) + V- (pjuju; + p;I) = n;gi(u; —uy) x B+ —Zqu (JxB—Vpe),  (2)
O¢; n;4;
5 TV [(€j +pj)wg] = ;- |n5g;(u; —uy) x B+ —=2(J x B~ Vpe)| (3)
%—]?+V><(—ue><B):O, (4)
Ope
W +V- (peue) = _(7 - 1)pev * Ue, (5)

where p, n, ¢, u and p are mass density, number density, electric charge, velocity, and
thermal pressure, respectively; index j stands for the two ion fluids (SW and PUI), and
subscript e stands for the electron fluid; B is the magnetic field vector; J = VxB/ug

is the current density; g is the permeability of free space; e is the elementary charge;
~v = 5/3 is the adiabatic index; €; is the energy density of ion fluid j, defined as

pju;u; pj
€j 2 =+ v - 17 ( )

u is the charge averaged ion velocity, defined as

ICTILE
Zj n;q;

and the electron velocity including the Hall term is

uy =

u, = — +uy. (8)

Nee
We solve separate continuity, momentum, and energy equations for each ion fluid, and
close the set of multi-fluid MHD equations with the electron pressure equation. Heat con-
duction and viscosity is neglected in the collisionless solar wind plasma. Because of the
relatively small characteristic length scale of our simulation (2 AU) we also neglect charge

exchange, which plays otherwise an important role in global models of the inner heliosheath
(Fahr et al., 2016; Scherer et al., 2018; Opher et al., 2020).
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Linearizing the continuity and momentum equations (1) and (2), we can derive the
following general dispersion relation of perpendicular magnetosonic waves in warm multi-
fluid plasma (for the detailed derivation see Appendix B in Zieger et al. (2015)):

2
2 21.2 2
WS 212 (w? - cik ) Whj _
sz—csz—Qz - k +Z 2 QQ Zw2—czk2—Q2. =0, (9)
g J J j ] ¥

where w and k are the wave frequency and wave number, respectively, wp;, §2;, and ¢;
are the plasma frequency, the gyrofrequency and the sound speed of particle species j,
and c is the speed of light. In case of three fluids, i.e. thermal solar wind ions, PUIs, and
electrons, equation (9) reduces to a second order polynomial equation in w?, which can
be solved analytically (Toida & Aota, 2013; Zieger et al., 2015).

There are two linear plane wave solutions: a low-frequency fast (LFF) mode and
a high-frequency fast (HFF) mode. Thus, the multi-ion nature of the plasma creates two
kinds of fast magnetosonic waves, a low-frequency mode that propagates mainly in the
cold thermal population, and a high-frequency mode that propagates mainly in the hot
PUI population. The HFF mode has a cutoff frequency (wppyio) at the small wave num-
ber limit (k — 0) that is independent of the plasma f§ defined as 8 = 2uo(psw+ppur+

pe)/B:

2 2
Wosw  Wopur \ Qsw Qpur|Qel
= . 10
wrulo (Q?SW + 02, Wre (10)

The resonance frequency of the LFF mode is the ion-ion hybrid resonance frequency de-
fined as

(11)

1/2
wWrsw by + wlpyr Vew
Wswr = D) 2 ’
Wosw T Wopur
whereas the resonance frequency of the HFF mode is the lower-hybrid frequency defined
as

02 ) ) 1/2
WpUIr = (w—;(wpsw + prUI)) : (12)
pe
If both the solar wind ions and the PUIs are protons, Eq. (10) reduces to wpyro = Qm,
where Qg is the proton gyrofrequency, Eq. (11) reduces to wsw, = Qg, and Eq. (12)
reduces to wpprr = (QrQe) /2.

In the cold plasma limit (8 = 0), LFF waves in a two-ion-species plasma (e.g. H
and He'™) propagate in the frequency range between zero and the ion-ion hybrid res-
onance frequency, whereas HFF waves propagate in the frequency range between the cut-
off frequency of the HFF mode and the lower hybrid frequency. There is a small frequency
gap between the ion-ion hybrid resonance frequency and the cutoff frequency of the HFF
mode, where linear magnetosonic waves cannot propagate. We are going to show that
this is not true in the inner heliosheath, where the cold plasma approximation breaks
down because 3 is of the order of 10 (Randol et al., 2013; Zieger et al., 2015; McComas
et al., 2017).

In order to study the propagation of fast magnetosonic waves in the inner heliosheath
on a theoretical basis, we calculated the multi-fluid linear dispersion relation, phase ve-
locity, and group velocity of perpendicular fast magnetosonic waves downstream of the

This article is protected by copyright. All rights reserved.
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Figure 1. Characteristics of perpendicular fast magnetosonic waves downstream of the TS.

(a) Dispersion relations of the high-frequency fast mode (HFF) or pickup ion mode and of the
low-frequency fast mode (LFF) or solar wind ion mode. The cutoff frequency of the HFF mode
and the resonance frequencies of the LFF and HFF modes are shown as dashed lines. The reso-
nance points of the LFF and HFF modes are marked with asterisk symbols. (b) Phase velocities
of the HFF mode and of the LFF mode. The blue square symbol marks the phase velocity and
wave number of the quasi-stationary waves shown in Fig. 2b. (c) Group velocities of the HFF
mode and of the LFF mode. The red square symbol marks the propagation velocity and wave
number of the magnetic holes shown in Fig. 2c. The HFF mode is positive dispersive and the
LFF mode is negative dispersive on fluid scales. The wave number is normalized to the reciprocal

of the electron inertial length.
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TS, which are shown in Fig. 1. Here the frequency is normalized to the proton gyrofre-
quency Qg , and the wave number is normalized to the reciprocal of the electron iner-
tial length wp./c. We used the downstream solar wind parameters for the third TS cross-
ing (TS3) of Voyager 2 (usw,2 = 181.6 km/s, ngw.2 = 0.002375 cm 3, T2 = 0.2532
MK, By = 0.1247 nT, npyr2 = 0.0005943 CIIlig7 TPU]_Q = 20.34 MK, DPe,2 = 0.05638
pPa). These parameters are the mean downstream solutions of the best-fitting three-fluid
model of the TS3 crossing in the hot electron case (Zieger et al., 2015). Similar mean
downstream solutions were obtained for the extended shock simulation presented in Sec-
tion 3.

As shown in Fig. 1a, the HFF mode has a cutoff frequency at the proton gyrofre-
quency (2g), while the LFF mode can propagate at low frequencies without any frequency
cutoff. The cutoff frequency of the HFF mode and the resonance frequencies of the LFF
and HFF modes are marked with dashed lines in Fig. 1a. Note that the resonance fre-
quency of the LFF mode (wsw, = Qg ) coincides with the cutoff frequency of the HFF
mode (wpyro = Ny), and there is no frequency gap between the two. This implies that
the HFF mode becomes unstable at the long wavelength (i.e. small wave number) limit
(k — 0) due to the ion-ion hybrid resonance instability of thermal solar wind ions and
PUIs. The ion-ion hybrid resonance is expected to heat the solar wind plasma in the in-
ner heliosheath. Unlike in case of cold plasma (8 = 0), the frequencies of the LFF and
the HFF waves do not approach the ion-ion resonance frequency and the lower hybrid
frequency, respectively, at high wave numbers, but continue to increase with k above these
resonance frequencies. Thus, the LFF and HFF modes become unstable at the wave num-
ber where their dispersion relation crosses the corresponding resonance frequency. The
resonance points of the LFF and HFF modes are marked with blue and red asterisk sym-
bols, respectively, in Fig. 1a. These resonance points predict narrow spectral peaks at
the corresponding wave numbers in the turbulence spectra of the solar wind in the in-
ner heliosheath. The ion-ion hybrid resonance instability in the LFF mode is predicted
at the wave number of 0.00726 wp. (see blue asterisk in Fig. 1a).

In reality, the solar wind contains not only protons but also He™™ ions (« parti-
cles) and other heavy ion species of very small abundance, and the PUIs are not purely
interstellar HY (protons) but contain interstellar He™ as well. Thus, multi-fluid theory
predicts multiple narrow spectral peaks in the observed turbulence spectrum in the in-
ner heliosheath, at the wave numbers of the ion-ion hybrid resonance instability of the
H*, He™, and He' fast magnetosonic modes.

2.2 Dispersive Shock Waves and Shocklets

In single-ion plasma, magnetosonic waves become dispersive on the scale of the De-
bye length. However, in non-equilibrium plasma, like the solar wind that consist of ther-
mal solar wind ions and hot PUlIs, both fast magnetosonic wave modes are dispersive on
ion scales and even on fluid scales. The HFF mode is positive dispersive because its group
velocity increases with increasing wave number (see Fig. 1¢). On the other hand, the LFF
mode is negative dispersive on fluid scales because its group velocity is decreasing with
increasing wave number. On ion scales, however, the LFF mode becomes positive dis-
persive at higher wave numbers (between 0.005 and 0.05 wy.), as shown in Fig. 1c.

Biskamp (1973) was among the first to suggest on the basis of theoretical consid-
erations that subcritical shocks can produce a quasi-stationary trailing wave train down-
stream of the shock or a quasi-stationary precursor wave train upstream of the shock de-
pending on the shape of the dispersion relation. If a linear dispersion relation bends up-
ward (the group velocity increases) or downward (the group velocity decreases) at higher
wave numbers, it will result in a precursor or trailing wave train, respectively. Thus, a
subcritical shock in the negative dispersive LFF mode is expected to produce a trailing
wave train, which has been confirmed by our numerical three-fluid simulation of the TS

This article is protected by copyright. All rights reserved.
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Figure 2. Three-fluid simulation of the TS and the turbulent inner heliosheath. (a) Magnetic
field variations at and beyond the TS up to 2.2 AU downstream. (b) High-resolution section at
the TS showing a coherent quasi-stationary dispersive shock wave with a soliton edge, a linear
wave edge, and oscillatory nonlinear waves between the two (indicated by arrows). (c¢) High-
resolution section in the inner heliosheath showing fully developed compressible turbulence with

large-scale magnetic field depressions (magnetic holes).
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237 (see Fig. 2b). More recently, Hoefer (2014) studied the long-term behavior of weak (small

238 jump in density) dispersive shock wave solutions for dispersive Eulerian fluids without
239 viscosity and heat conduction. It was shown that negative dispersive shock waves have
240 a nonlinear trailing wave train downstream of the shock and positive dispersive shock
2m waves have a nonlinear precursor wave train upstream of the shock. The dispersive shock
242 wave has a stationary soliton edge (overshoot) at the shock front where the wave num-
213 ber approaches zero (k — 0), and a linear wave edge downstream or upstream of the
204 shock front, where the amplitude approaches zero. Interestingly, the velocity of the soli-
245 ton edge is not the same as the velocity of the linear wave edge, which results in an ex-
246 panding dispersive shock wave both in the negative and positive dispersion cases. In dis-
247 persive Eulerian fluids with zero viscosity and zero thermal conductivity, like a two-temperature
218 collisionless plasma, weak shocks are characterized by an expanding oscillatory region
249 with two speeds, in contrast to localized shock fronts propagating as travelling waves in
250 classical, viscous fluids.
251 The overturning of downstream propagating compressional waves in collisionless
252 dispersive plasma has been predicted by theory (Biskamp, 1973; McKenzie et al., 1993).
253 For sufficiently small amplitudes, plane waves in a dispersive system can be described
254 by the nonlinear Korteweg de Vries equation:

ou ou u
255 E + (’LL :l: Cs)a—'r = a@, (13)
256 where u is the velocity amplitude, ¢ is the sound speed, and the right-hand side term
257 is the dispersion term, where a is the dispersion parameter. At the weak dispersion limit,
258 the right-hand side becomes negligible. First, we consider an upstream propagating wave
250 with a negative sign in Eq. (13). The wave becomes stationary (9/0t = 0) if u = ¢s,
260 which defines the sonic point. Now, we consider an upstream propagating wave with a
261 positive sign in Eq. (13). Applying Galilean transformation to Eq. (13), we move to the
262 frame that propagates with the sound speed in the downstream direction and find that
263 the velocity is conserved (du/dt = 0) at the weak dispersion limit (a — 0). This means
264 that a faster fluid element can overtake a slower fluid element (Ju/0x — oo). The non-
265 linear steepening leads to a shocklet and eventually to the overturning of the wave. The
266 solutions of the nonlinear Korteweg de Vries equation (Eq. (13)) for an upstream prop-
267 agating disturbance are either periodic nonlinear waves or symmetric solitary waves (soli-
268 tons). However, the soliton is transformed to an oscillatory shock wave if a small amount

269 of dissipation is added (Biskamp, 1973).

270 In multi-ion plasma, the generalized sonic point is reached when the upstream prop-
m agating magnetosonic wave becomes stationary: du;/0t = 0. On the other hand, the

272 critical locus is reached when the downstream propagating magnetosonic wave steepens
273 into a shocklet and overturns in the frame propagating at the sound speed of the respec-
74 tive ion fluid (SW or PUI): du;/dz — oo. In multi-ion magnetized plasma, the gen-

275 eralized sonic point and the critical locus do not coincide (Dubinin et al., 2006). Thus,

276 the nonlinear steepening of downstream propagating fast magnetosonic waves predicts

277 both solar wind ion shocklets and PUI shocklets in the inner heliosheath that appear as
278 thin current sheets or sudden jumps in the magnetic field intensity. The overturning of

279 nonlinear fast magnetosonic waves results in counterpropagating waves, which is expected
280 to drive strong compressible turbulence in the inner heliosheath even under steady up-

281 stream solar wind conditions.

282 2.3 Compressible Turbulence

283 Since the solar wind bulk flow velocity is mostly perpendicular to the ambient mag-
284 netic field in the inner heliosheath where Voyager 2 crossed the TS and the velocity per-
285 turbations of perpendicular fast magnetosonic waves are in the plane perpendicular to

286 the ambient magnetic field, the magnetosonic turbulence in the inner heliosheath is ex-
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pected to be 2-D compressible turbulence with no or negligible velocity perturbations

in the parallel direction. What makes the difference between incompressible and com-
pressible turbulence? The governing equations of incompressible turbulence are the con-
servation of mass, momentum, and magnetic flux, and the unknown variables are the ve-
locity and magnetic field vectors and the plasma pressure. In the case of compressible
turbulence, we have an additional equation for the conservation of energy and the equa-
tion of state, and there are two more unknown variables, the density and the energy.

In incompressible flows, we can decompose any variable ® into a mean part (®) and
a fluctuating part (®) using Reynolds averaging of the governing equations: ® = &+
®’, where @ is the average of ® over time. The turbulent kinetic energy density is then
defined as wju}/2, where u; is the ith velocity component. However, this is not applica-
ble in compressible flows because the density is not constant. In highly compressible flows,
Favre averaging is needed to decompose some of the turbulent variable to ® = ®+®",
where @ is the density weighted average of ® over time, i.e. ¢ = p® /5. In the compress-
ible case, the turbulent kinetic energy density is defined as u//u} /2, i.e. pu/u/(2p) and
the mean kinetic energy density is u;u;/2. In the averaged equations of compressible tur-
bulence, Reynolds decomposition is used for the density, pressure, and magnetic field,
and Favre decomposition is used for the velocity and the energy. Accordingly, we used
Favre decomposition when calculating the turbulent kinetic energy spectra of solar wind
ions and PUIs in Fig. 4. However, the difference between the Reynolds and Favre av-
eraged mean ion velocities in the inner heliosheath is typically less than one percent, which
is negligible. Thus, it would be sufficient to decompose all variables, including velocity
and energy, with Reynolds averaging.

In incompressible 2-D plasma turbulence, the enstrophy is defined as the surface
integral of the square of the vorticity

Z(u) = %/SW x ul?ds. (14)

In simple terms, it is related to the energy associated with the eddy motion of the plasma,
and as such, it is conservative like the kinetic energy

1
B(w = 5 [ Iufas, (15)
2Js
as shown in turbulence theory (Kraichnan, 1967). More generally, when we are not re-

stricted to incompressible flow, the enstrophy can be defined as the surface integral of
the square of the Frobenius norm of the velocity gradient

Z(u):%/SHVuH%S. (16)

The Frobenius norm of an mxn matrix A is defined as the square root of the sum of
the absolute squares of its elements,

Al =

In case of compressible magnetosonic turbulence in the inner heliosheath, we need
to use Eq. (16) rather than Eq. (14) to calculate the enstrophy density spectra. There-
fore, the enstrophy density spectra in Fig. 4 were calculated from the square of the Frobe-
nius norm of the velocity gradient. Using energy conservation and enstrophy conserva-
tion arguments in stationary conditions, Kraichnan (1967) predicted a double cascade
scenario in 2-D turbulence. If the turbulence is forced at intermediate scales, an inverse
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energy cascade and a direct enstrophy cascade are expected to develop, where energy
moves to large scales and enstrophy moves to small scales. So, the directions of the en-
ergy and enstrophy fluxes are opposite.

The non-stationary nature of the dispersive shock wave, i.e. the occasional steep-
ening of nonlinear waves into shocklets, provides a constant source of magnetosonic per-
turbations in the downstream region. Downstream propagating linear LFF waves are ex-
pected to drive ion-ion hybrid resonance at the wavelength where the frequency of the
linear waves matches the ion-ion hybrid resonance frequency (see Fig. 1a). The ion-ion
hybrid resonance instability forces nonlinear magnetosonic waves at this intermediate
scale. Since the velocity perturbations of perpendicular fast magnetosonic waves are 2-
dimensional, Kraichnans theory (Kraichnan, 1967) predicts an inverse cascade of kinetic
energy at large scales and a forward cascade of enstrophy at small scales in these down-
stream propagating waves. Overturning magnetosonic waves eventually result in forward
and reverse shocklets that launch downstream (and upstream) propagating linear mag-
netosonic waves again further and further downstream and the development of the dou-
ble cascade is repeated multiple times. This process is expected to create a fully devel-
oped stationary turbulent spectrum at wave numbers higher than the wave number of
the overturning waves.

We are going to test and verify these theoretical predictions with numerical three-
fluid simulation in Section 3.

3 Simulation of Fast Magnetosonic Turbulence in the Inner Heliosheath
3.1 Overturning of Fast Magnetosonic Waves

As demonstrated in the paper by Zieger et al. (2015), the multi-fluid 1-D simula-
tion of the T'S produces remarkable agreement with Voyager 2 observations, reproduc-
ing not only the microstructure of the TS3 crossing but also the energy partitioning among
thermal ions, PUIs and electrons across the shock. In order to simulate the theoretically
predicted overturning of downstream propagating fast magnetosonic waves in the inner
heliosheath, we extended the grid of the 1-D simulation to 8 AU both upstream and down-
stream of the TS. We used the same upstream solar wind conditions as in the best fit-
ting hot electron case in Zieger et al. (2015) (ugw,1 = 320.7 km/s, ngw,1 = 0.001278
CIII_37 TSW,l = 4155 K, By = 0.06703 nT, npurl = 0.0003195 cm_3, TPUI,I = 13.42
MK, pe1 = 0.01833 pPa) for TS3 and the same grid resolution of 1000 km resolving
the ion inertial length (4700 km) in the inner heliosheath. It was shown that the numer-
ical solution was practically the same with a grid resolution of 500 km, which means that
grid convergence had been achieved.

The initial left and right states are given by the upstream and downstream plasma
parameters of the TS, where the downstream parameters are calculated from the gen-
eralized Rankine-Hugoniot jump conditions for the total fluid (the mixture of cold ther-
mal ions, hot PUIs, and electrons). These boundary conditions result in a standing quasi-
stationary shock solution in the inertial frame. The simulation was run for 20 days phys-
ical time to study the long-term behavior of the upstream propagating dispersive shock
wave and the nonlinear growth and overturning of the downstream propagating LFF and
HFF waves. We stopped the simulation before the fastest wave (HFF mode) had reached
the outflow boundary at 8 AU downstream of the TS to avoid artificial reflection of waves
from the boundary. A snapshot of the magnetic field variations at and beyond the TS
up to 2.2 AU downstream is shown in Fig. 2a after 20 days of simulation in physical time.
We show simulation results up to 2.2 AU because this is the distance that a solar wind
parcel covers in 20 days in the inner heliosheath after crossing the TS. Although the dif-
ferent kinds of waves propagate much further downstream in the same time, the back-
ground solar wind parameters beyond 2.2 AU are not exact solutions of the three-fluid

This article is protected by copyright. All rights reserved.



379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

402

403

404

405

406

407

408

409

410

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

model but they represent only the initial downstream conditions of the simulation. For
this reason, we limited our analysis to the downstream region up to 2.2 AU.

Our three-fluid simulation shows that the dispersive effects of fast magnetosonic
waves are manifested on the scale of astronomical units (AU), and dispersion plays a key
role in the generation of compressible turbulence in the inner heliosheath. The quasi-
stationary trailing wave train of the TS does not extend to infinity. Downstream prop-
agating positive dispersive HFF (PUI mode) waves grow until they steepen into shock-
lets and eventually overturn starting to propagate backward in the frame moving down-
stream at the sound speed of the PUIs. Similarly, downstream propagating positive dis-
persive LFF waves (in the high wavenumber range of 0.005 to 0.05 wy.) grow nonlinearly
until they steepen into shocklets and overturn as well. The counterpropagating fast mag-
netosonic waves (both LFF and HFF) produce fast magnetosonic turbulence in the he-
liosheath and limit the downstream extension of the quasi-stationary negative disper-
sive shock wave. Thus, our model produces coherent compressional waves in the post-
shock region immediately downstream the TS (see Fig. 2b). Further downstream, non-
linear compressible turbulence develops in the inner heliosheath (see Fig. 2a) due to the
nonlinear steepening and overturning of fast magnetosonic waves. The temporal evolu-
tion of turbulence eventually leads to large scale quasi-stationary structures like mag-
netic holes (see Fig 2¢) and the turbulent kinetic energy is dissipated on large scales through
solar wind heating and acceleration.

The negative dispersive shock wave in the magnetic field intensity shown in Fig. 2b
is produced by upstream propagating negative dispersive nonlinear LFF mode waves.
The overshoot at the shock front is the soliton edge predicted by the theory of disper-
sive shock waves (Biskamp, 1973). The smallest amplitude waves at 0.1 AU represent
the linear wave edge of the negative dispersive shock wave, which moves downstream in
time in the shock frame as predicted by theory (Hoefer, 2014). The oscillatory nonlin-
ear waves appear quasi-stationary in the shock frame because the phase velocity of the
wave is the same as the downstream flow velocity of the solar wind plasma. This has been
verified by measuring the wavelength and phase velocity of the dispersive shock wave in
the simulation. The blue square symbol in Fig. 1b marks the wave number and phase
velocity obtained from the simulation. It lies exactly on the theoretical curve of the phase
velocity of the LFF mode (blue line), implying a remarkable agreement between theory
and the numerical three-fluid simulation. The nonlinear waves close to the soliton edge
are non-sinusoidal and quasi-stationary in the sense that they can occasionally steepen
into shocklets. The non-stationary nature of the dispersive shock wave provides a source
of compressible disturbance that drives turbulence further downstream in the inner he-
liosheath.

The theoretically predicted expansion of the oscillatory region downstream of the
TS has been confirmed by our 1-D three-fluid simulation. The linear wave edge of the
negative dispersive shock wave reached 0.1 AU downstream of the T'S in 66 hours. How-
ever, the linear wave edge eventually stopped moving downstream in the simulation. The
dispersive shock wave became quasi-stationary in the shock frame after 82 hours and re-
mained so until the end of the simulation at 22 days. This long-term behavior of the dis-
persive shock wave is probably due to the change in the sign of the dispersion of the LFF
mode at higher wave numbers (ck > 0.005 wy.), as shown in Fig. lc.

Our three-fluid MHD simulation confirms the theoretically predicted nonlinear steep-
ening and overturning of downstream propagating perpendicular magnetosonic waves.
The downstream propagating coherent LFF and HFF waves steepen into shocklets and
start to propagate backward in the frame that propagates at the sound speed of the ther-
mal solar wind ions or at the sound speed of the PUlIs, respectively, which results in com-
pressional turbulence further down in the inner heliosheath (see Fig. 2a and 2c¢). The
overturning distance depends on the growth rate of the downstream propagating pos-
itive dispersive nonlinear HFF and LFF modes. In this particular simulation, the down-
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Figure 3. Nonlinear steepening of fast magnetosonic waves propagating downstream of the
TS. (a) Thin current sheets associated with (b) forward shocklets in the solar wind ions (LFF
mode) or (c¢) forward shocklets in the pickup ions (HFF mode). Since the two wave modes are
independent, the occurrence of shocklets (sudden jumps or steep gradients in density) is not

simultaneous in the solar wind ions and the pickup ions.

stream propagating nonlinear waves started to steepen into shocklets at around 0.8 AU
downstream of the TS as shown in Fig. 3. Since the LFF (solar wind ion) and HFF (PUI)
modes are independent, shocklets (sudden jumps) in the solar wind ion density (Fig. 3b)
and in the PUT density (Fig. 3c) do not form simultaneously. However, both types of shock-
lets (LFF-mode and HFF-mode) appear as jumps in the magnetic field or peaks in the
normal component of the current density (Jy), as shown in Fig. 3a. Although all the
shocklets in Fig. 3 are forward shocklets, both forward and reverse shocklets occur fur-
ther downstream in the turbulent inner heliosheath due to the overturning and counter-
propagating fast magnetosonic waves.

As the turbulence develops in time in a downstream propagating fluid parcel, mag-
netic depressions or magnetic holes start to appear (see Fig. 2¢). The physical process
leading to the formation of these magnetic structures deserves more thorough theoret-
ical discussion that is outside the scope of this paper. Nevertheless, one can easily find
out which wave mode is responsible for these magnetic holes that have been observed
by both Voyager 1 (Burlaga et al., 2007) and Voyager 2 (Burlaga et al., 2016). We can
follow the same procedure that we used to identify the wave mode of the trailing wave
train downstream of the TS crossing. Using two nearby time frames in the simulation,
the propagation velocity of magnetic holes can be derived in the solar wind plasma frame
by calculating a simple cross correlation function. Furthermore, we can also calculate
the average wavelength of magnetic holes. We found that these magnetic holes are not
frozen in the solar wind but are propagating at a very low speed (—15.7 km/s) in the
upstream direction in the plasma frame. Since the solar wind speed (181.9 km/s at 2 AU
downstream of the T'S) is much higher than the propagation speed of magnetic holes,
the magnetic holes are propagating downstream in the inertial frame. The velocity and
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wave number of magnetic holes in the simulation defines a point (red square) in the group
velocity plot of fast magnetosonic waves in Fig. 1c that lies exactly on the group veloc-
ity curve of the HFF mode. This implies that magnetic holes are most probably produced
by HFF or PUI waves that propagate upstream at frequencies close to the ion-ion hy-
brid resonance frequency.

3.2 Double Cascade of Energy and Enstrophy

In order to study the temporal evolution of turbulence in a downstream propagat-
ing solar wind plasma parcel, we calculated the power spectra of different solar wind vari-
ables at increasing distances from the TS. Since downstream propagating fast magne-
tosonic waves are continuously generated by the TS, which is a quasi-stationary disper-
sive shock wave, a solar wind plasma element is exposed to magnetosonic perturbations
the longer time, the further it has been carried downstream of the shock. Thus, the tur-
bulence becomes more and more developed as we move further away from the TS.

First, we consider the spectral evolution of downstream propagating nonlinear fast
magnetosonic waves before they overturn due to nonlinear steepening. As it is shown
in Fig. 2a, the amplitude of coherent fast magnetosonic waves is gradually increasing be-
tween 0.2 and 0.8 AU until a maximum amplitude is reached around 0.8 AU. This is the
point where downstream propagating LFF an HFF waves steepen into shocklets (see Fig. 3),
overturn and start to propagate backward in the frame of the downstream propagating
wave, which eventually leads to turbulence further downstream.

The evolution of the turbulent kinetic energy density spectra of solar wind ions and
pickup ions between 0.2 and 0.8 AU are shown in Figs. 4a and 4b, respectively. Simi-
larly, the evolution of the enstrophy density spectra of solar wind ions and PUIs are shown
in Figs. 4c and 4d. The power spectra were calculated in a 0.4 AU sliding window with
0.2 AU stepping, which gives 50 percent data overlap between adjacent spectra. Each
spectrum was produced with Welchs averaged periodogram method as follows. The 0.4
AU segment was divided into several smaller segments with 50% overlap. A modified pe-
riodogram was computed for each segment using a Hamming window and all the result-
ing Fourier spectra were averaged to compute the final power spectral density (PSD) es-
timate. This averaging method is to reduce the noise in the high-frequency part of the
spectra.

The turbulent kinetic energy of solar wind ions and PUIs develop an inverse en-
ergy cascade in time where the energy moves toward large scales. This can be seen as
a shift of spectral power toward larger and larger scales as the solar wind moves down-
stream from 0.2 AU to 0.8 AU. The arrows in Fig. 4a and Fig. 4b indicate the direction
of the energy flux. On the other hand, the enstrophy of solar wind ions and PUIs de-
velop a direct energy cascade in time, where enstrophy moves toward small scales. This
is shown by the shift of spectral power to smaller and smaller scales as the solar wind
moves downstream from 0.2 AU to 0.8 AU. The arrows in Fig. 4c and Fig. 4d indicate
the direction of the enstrophy flux. This is consistent with the double cascade scenario
in 2-D turbulence with steady forcing. The vertical dashed lines indicate the theoreti-
cally predicted wave number of ion-ion hybrid resonance instability of solar wind ions
and PUlIs, which divides the inverse and forward cascade ranges. This implies that the
2-D magnetosonic turbulence is forced by the ion-ion hybrid resonance instability. At
0.2 AU, the enstrophy density of solar wind ions has a large narrow peak at the wave
number of the ion-ion hybrid resonance instability and other smaller peaks at its har-
monics (see Fig. 4¢), which confirms that the source of enstrophy is indeed the ion-ion
hybrid resonance, where solar wind ions and PUIs collectively gyrate around each other.
As the waves propagate downstream, enstrophy gradually moves to smaller scales. The
turbulent kinetic energy of solar wind ions also has a strong initial peak at the wave num-
ber of the ion-ion hybrid resonance instability at 0.2 AU (see Fig. 4a). The highest nar-
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Figure 4. Inverse cascade of kinetic energy and direct cascade of enstrophy in fast magne-
tosonic waves propagating downstream in the plasma frame. (a) Kinetic energy density spectra
of solar wind ions; (b) kinetic energy density spectra of pickup ions; (c) enstrophy density spectra
of solar wind ions; and (d) enstrophy density spectra of pickup ions at different distances from
the TS. Kinetic energy is transferred from small scales to large scales in the inverse cascade range
and enstrophy is transferred from large scales to small scales in the direct cascade range. The
vertical dashed line in each panel is the theoretically predicted wave number of the ion-ion hybrid

resonance in the LFF mode (see blue asterisk in Fig. 1a).
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Figure 5. Inverse cascade of thermal energy in fast magnetosonic waves propagating upstream
in the plasma frame. (a) Thermal energy density of solar wind ions; (b) thermal energy density of
pickup ions; (c) thermal energy density of electrons; and (d) magnetic energy density at different
distances from the TS. Thermal energy is transferred from small scales to large scales in the inner
heliosheath.

row peak is produced not by downstream propagating waves but by the upstream prop-
agating dispersive shock wave because the first 0.4 AU segment includes the TS as well.
As the kinetic energy spectrum of downstream propagating waves evolve in time, energy
gradually moves to larger scales until a quasi-steady spectrum is formed at 0.8 AU dis-
tance from the TS. At this point, a maximum power is reached in kinetic energy at the
wave number where the downstream propagating waves overturn. The power of down-
stream propagating waves cannot grow further because they steepen into shocklets at
this scale.

The evolution of the energy and enstrophy spectra of PUIs (see Figs. 4b and 4d)
is very similar to that of the solar wind ions, showing a double cascade below and above
the wave number of the ion-ion hybrid resonance instability. This means that not only
the LFF mode but also the HFF mode is forced by the ion-ion hybrid resonance insta-
bility. A quasi-steady spectrum is formed at 0.8 AU in the PUI turbulent kinetic energy
as well. However, the shapes of the energy spectra are different for thermal ions and PUIs,
and the wave numbers of the maximum power are different, too. This is because the scales
(wave numbers) where downstream propagating waves overturn are different for the LFF
and HFF modes.

Next, we follow the evolution of the turbulent spectra of different solar wind vari-
ables in the turbulent region beyond 0.8 AU. Figure 5 shows the thermal energy spec-
tra of solar wind ions, PUIs, and electrons as well as the magnetic energy spectrum at
different distances from the T'S. Overturning magnetosonic waves start to propagate in
the opposite direction and the counterpropagating waves produce forward and reverse
shocklets resulting in compressible fast magnetosonic turbulence. The randomly occur-
ring reverse shocklets launch downstream propagating fast magnetosonic waves now and
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again, maintaining a quasi-stationary energy and enstrophy flux at ion scales. As a re-
sult, a quasi-stationary turbulent spectrum develops in the inner heliosheath at large dis-
tances from the TS. Shocklets launch not only downstream propagating waves but also
upstream propagating waves in the plasma frame. Upstream propagating magnetosonic
waves contribute to the inverse energy cascade on fluid scales predicted by Kraichnans
theory of 2-D turbulence. There is a constant flux of thermal energy towards large scales
as indicated by arrows in Fig. 5. We verified that large-scale perturbations in the mag-
netic field, like magnetic holes in Fig. 2c, and the associated large-scale perturbations

in density, pressure, and thermal energy propagate upstream in the plasma frame at the
group velocity of the HFF mode (see Fig. 1c). This implies that the inverse energy cas-
cade on fluid scale is mediated by upstream propagating HFF waves. The HFF mode
approaches the frequency of the ion-ion hybrid resonance at large scales, which makes
this wave mode unstable at the long wavelength limit. Since the group velocity of the
HFF mode approaches zero at the long wavelength limit, the turbulent kinetic energy
eventually dissipates on large scales in the form of solar wind heating and acceleration.
The three-fluid simulation confirms the heating and acceleration of plasma as the tur-
bulence develops in the downstream propagating solar wind. However, the discussion of
solar wind heating and acceleration on the scales of astronomical units is outside the scope
of this study.

3.3 Energy Spectra of Fully Developed Turbulence

We investigate the spectral properties of fully developed turbulence in our three-
fluid simulation between 1.8 and 2.2 AU downstream of the T'S. The magnetic field vari-
ations in this region are shown in Fig. 2c. The goal of this analysis is to understand the
spectral shapes of different turbulent variables, like velocity, density, pressure, energy,
and magnetic field. Why are they different or why are they similar? Where do spectral
breaks occur and what is their physical explanation? What can we learn about fast mag-
netosonic turbulence in the heliosheath if only magnetic observations were available?

The hydrodynamic energy spectra of solar wind ions and PUIs are shown in Fig. 6a
and Fig. 6b, respectively. The spectral slopes are significantly different and the shape
of the spectra are very different as well. This is attributed to the differences in the dis-
persion relations of the two fast magnetosonic modes. The spectral break in the hydro-
dynamic energy spectrum of solar wind ions in Fig. 6a is at higher wave number (~4.7x1073
wpe) than the corresponding spectral break in the hydrodynamic energy spectrum of PUIs
in Fig. 6b (~1.8x1072 w,.). These spectral breaks appear at the wave number where
the downstream propagating nonlinear LFF and HFF waves steepen into shocklets and
overturn. This is where the downstream propagating LFF and HFF waves reach their
large-scale dissipation range above the intermediate-scale production range where the
turbulence is forced by the ion-ion hybrid resonance instability (at the wave number of
7.3%1073 wpe).

The spectral break in the hydrodynamic energy spectrum of solar wind ions coin-
cides with the wavenumber where the group velocity of LFF waves has a local minimum
(see Fig. 1c), i.e. where d?wgyw /dk? changes sign. LFF waves above the spectral break
are positive dispersive and propagate downstream, while LFF waves below the spectral
break are negative dispersive and propagate upstream in the frame of the downstream
propagating wave. The spectral break in the hydrodynamic energy spectrum of PUIs co-
incides with the wave number where the second derivative of the group velocity of HFF
waves has a local minimum, i.e. where d*wpy7/dk* ) changes sign. Thus, the dissipa-
tion scales of LFF and HFF waves in inviscid collisionless plasma are determined by the
shape of their dispersion relation not by the parameters of viscosity and large-scale fric-
tion, as in 2-D incompressible fluid turbulence (Kraichnan, 1967). Dissipation down-
stream of subcritical collisionless shocks are controlled by dispersion.
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Figure 6. Energy spectra of fully developed magnetosonic turbulence in the inner heliosheath
between 1.8 and 2.2 AU downstream of the TS. (a) Hydrodynamic energy spectrum of solar wind
ions; (b) hydrodynamic energy spectrum of pickup ions; (c¢) thermal energy spectrum of electrons;
and (d) magnetic energy spectrum. The best fitting spectral slopes are plotted as dashed lines

and marked with the corresponding scaling exponents.
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The scaling exponents of the hydrodynamic energy spectra in the production range
where the turbulence is forced are —3.5 and —2.9 for solar wind ions and PUlIs, respec-
tively. In the range where the LFF and HFF waves overturn and propagate in the op-
posite direction, the scaling exponents of the hydrodynamic energy spectra are —0.7 for
thermal ions and 0.4 for PUIs. The opposite spectral slopes can be explained with the
sign of dispersion of overturning LFF and HFF waves. Overturning LFF waves become
negative dispersive, while overturning HFF waves remain positive dispersive. Thus, up-
stream propagating LFF waves are amplified and upstream propagating HFF waves are
damped. However, damped HFF waves can still propagate because of the constant en-
ergy flux of the inverse cascade.

The hydrodynamic energy spectrum of electrons is practically identical with the
thermal energy spectrum of electrons (Fig. 6¢) because of the negligible kinetic energy
of electrons due to the low electron mass. It is very similar to the magnetic energy spec-
trum in Fig. 6d. This similarity is not unexpected as in the multi-fluid model the mag-
netic field is frozen in the electron fluid (see Eq. (4)). For the same reason, the power
spectrum of the electron density (or the total ion density) and the power spectrum of
the magnetic field are expected to be very similar, too. Unlike in case of the hydrody-
namic energy spectra of ions, the spectral break in the magnetic and electron energy spec-
tra at intermediate scales coincides with the wave number of the ion-ion hybrid resonance
instability (7.3x1073 w,.). The second spectral break at the wave number of ~4.5x10~*
wpe on fluid scale coincides with the wave number where the frequency of HFF waves
approach the ion-ion hybrid resonance frequency, i.e. wpy;r — Qg (see Fig. 1la). The
inverse cascade of thermal energy (see Fig. 5) and the inverse cascade of magnetic en-
ergy on fluid scales is therefore driven by HFF mode waves with frequencies approach-
ing the proton gyrofrequency. The spectral slope of the inverse cascade on fluid scale is
comparable to the spectral slope of the direct cascade on ion scale, both having a scal-
ing exponent close to —3.7 (see Figs. 6¢ and and. 6d). The inverse energy cascade on fluid
scale is expected to extend to even larger scales as the turbulence develops in time, but
our multi-fluid simulation was limited to 20 days physical time only. As demonstrated
in Fig. 6, the hydrodynamic energy spectra of thermal ions and PUIs are controlled by
the dispersion of the LFF and HFF modes and do not reveal where the turbulence is forced.
In contrast, the magnetic energy spectrum reveals the scale where the turbulence is forced
but does not show the dissipation ranges of the HFF and LFF waves where the down-
stream propagating waves overturn.

In the next section, we are going to validate our three-fluid simulation of magne-
tosonic turbulence with high-resolution (48 s) magnetic field observation in the inner he-
liosheath by the Voyager 2 spacecraft.

4 Model Validation with Voyager 2 Observations
4.1 Reconstruction of the Voyager 2 Termination Shock Crossing

Voyager 2 crossed the TS multiple times on August 31 and September 1, 2007 at
83.7 AU from the Sun (Burlaga et al., 2008). The multiple crossings imply that the TS
was not stationary but moved toward and away from the Sun due to varying upstream
solar wind conditions. The compression ratios at the second (TS2) and third crossings
(TS3) were in the range 2.1 — 2.4 and 1.6 — 1.8, respectively (Richardson et al., 2008;
Zieger et al., 2015). Both TS2 and TS3 were subcritical perpendicular shocks with fast
magnetosonic Mach numbers of 1.56 and 1.93, respectively. However, the upstream con-
ditions at TS2 were more variable due to upstream solar wind turbulence. The microstruc-
ture of TS3 was successfully reconstructed by multi-fluid (Zieger et al., 2015) and particle-
in-cell simulations (Yang et al., 2015). These simulations revealed a quasi-stationary shock
structure with a ramp, an overshoot and an oscillatory wave train downstream of the shock
front. The simulation of Yang et al. (2015) showed that the addition of 25% PUIs sig-
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nificantly reduced ion reflection from the shock. However, the shock front remained non-
stationary exhibiting a rippled structure. Zieger et al. (2015) found that the multi-fluid
simulation with 20% PUIs provided the best fit to Voyager 2 observations and concluded
that the TS is a high-3 low-Mach number subcritical dispersive shock wave. Voyager 2
observed strong compressible magnetic field variations in the 48-second magnetic data
downstream the TS at the end of 2007 and in the beginning of 2008 (Burlaga & Ness,
2009). These compressible variations included large-amplitude coherent structures in the
post-shock region and weaker more random magnetic field variations in a unipolar re-
gion further downstream. The distribution of magnetic field increments was shown to

be non-Gaussian on different scales from 48 s to several hours in both regions.

The large amplitude coherent magnetosonic waves observed in the post-shock re-
gion are consistent with the prediction of a coherent nonlinear dispersive shock wave down-
stream of the TS as shown in Fig. 2b. Note that the upstream conditions were kept con-
stant for 20 days in our simulation, which allowed the long-term temporal evolution of
the dispersive shock wave. In reality, upstream conditions at the TS changed more rapidly,
on the time scale of days or less, which limited the coherence length scale of dispersive
shock waves. Consequently, the downstream region is expected to be a superposition of
several dispersive shock waves with intermittent random variations.

4.2 Breaking Down of Taylors Hypothesis

In order to allow direct comparison between the multi-fluid simulation and the high-
resolution magnetic field observations of Voyager 2 in the inner heliosheath, we flew a
virtual satellite in our time-dependent simulation across the turbulent downstream re-
gion at the speed of the Voyager 2 spacecraft and sampled the MHD variables in time
domain. Then we calculated 48-sec averages of the magnetic field and plasma variables
to produce a simulated Voyager 2 time series that could be directly compared with ac-
tual data.

First, we wanted to test the validity of Taylors hypothesis in the heliosheath, which
assumes that the observed temporal variations in the spacecraft frame correspond to spa-
tial variations in the plasma frame. This is generally thought to be valid in the super-
sonic solar wind due to the large velocity difference between the spacecraft and the so-
lar wind but not necessarily valid in the heliosheath behind the TS where the fast mag-
netosonic speed exceeds the downstream flow velocity. The relationship between wave
frequencies observed in the spacecraft frame (fsc) and in the plasma frame (fpr) can
be described with the Doppler shift equation:

1
fSC:fPL‘F%k'Vrelv (18)

where k is the wave number vector and v,; is the relative velocity between the solar wind
and the spacecraft. Taylors hypothesis (Taylor, 1938) requires that

1
—k- rels 19
frr < 5K Vrel (19)

which means that the phase velocity of waves in the direction of the relative velocity is
much smaller than the relative speed between the spacecraft and the solar wind (v, =
w/k < Vyer). Since the solar wind flow and the direction of motion of Voyager 2 is ra-
dially outward at the TS and the magnetic field is predominantly in the azimuthal di-
rection, Taylors hypothesis should be considered for the fastest wave mode in the per-
pendicular direction, which is the HFF mode. As shown in Fig. 1b, the phase velocity
of the perpendicular HFF mode is much larger than the downstream flow velocity of 182
km/s especially at large scales where the phase velocity exceeds 10* km/s. The phase
velocity of the LFF mode is also larger than the downstream flow velocity (indicated by
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Figure 7. Breaking down of Taylors hypothesis in the inner heliosheath. (a) Power spectrum

of solar wind ion density in wave number domain; (b) power spectrum of pickup ion density in
wave number domain; (c) power spectrum of solar wind ion density in frequency domain; and
(d) power spectrum of pickup ion density in frequency domain as it would be observed by the
Voyager 2 spacecraft between 1.8 and 2.2 AU downstream of the T'S. The best fitting spectral
slopes are plotted as dashed lines and marked with the corresponding scaling exponents. Since
the density spectra are very different in the wave number and frequency domains for both solar
wind ions and pickup ions, Taylors hypothesis of observing predominantly spatial variations by
a spacecraft in frequency domain apparently breaks down in the sub-fast-magnetosonic inner
heliosheath.

a blue square) on fluid scales, but it becomes smaller than that on ion and electron scales.
Thus, Taylors hypothesis clearly breaks down for fast magnetosonic turbulence.

In order to demonstrate the breaking down of Taylors hypothesis in the inner he-
liosheath, we computed the turbulent spectra of solar wind ion density and PUI density
both in wavenumber and frequency domains using the time series of the virtual space-
craft moving at the speed of Voyager 2 in the multi-fluid simulation. In Fig. 7, we ad-
justed the frequency range to the wave number range with the linear conversion formula
of Eq. (18), assuming that Taylors hypothesis was true. The spectra in wave number and
frequency domains should be identical if Taylors hypothesis was true. This is apparently
not the case. The spectral shapes and the spectral slopes in Fig. 7 are significantly dif-
ferent in the wave number and frequency domains both for solar wind ions and PUIs.
This means that Taylors hypothesis generally breaks down for both the LFF and HFF
waves in the inner heliosheath. Although the density spectrum of solar wind ions looks
like a Kolmogorov spectrum in frequency domain having a scaling exponent close to —5/3
on fluid scales, the actual scaling exponent is not —1.7 but —3.9 in wave number domain.
This means that the turbulent spectrum of fast magnetosonic waves cannot be determined
with a single spacecraft flying at the speed of Voyager 2. Only multi-spacecraft obser-
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vations could distinguish between spatial and temporal variations in the inner heliosheath.
Note that the spectral shape of solar wind ion density in Fig. 7a and the spectral shapes
of electron thermal energy and magnetic energy densities in Figs. 6¢ and 6d are very sim-
ilar. This can be understood as a consequence of the magnetic field being frozen in the
electron fluid, the charge neutrality enforcing the total ion density to be the same as the
electron density, and the dominance of solar wind ions over PUIs in the total ion den-
sity.

4.3 Comparison of Simulated and Observed Magnetic Field Turbulence

Since high-resolution magnetic data (48-second averages) are available from Voy-
ager 2 in the inner heliosheath, we can directly compare the observed turbulent magnetic
spectrum with the magnetic spectrum predicted by the three-fluid simulation in frequency
domain at a virtual spacecraft flying at the speed of Voyager 2. For this purpose, we se-
lected all the Voyager 2 data from 2009 when the spacecraft was sampling the fully de-
veloped turbulent region of the inner heliosheath. Since the typical length of continu-
ous data segments is about 2 to 6 hours per day because of the telemetry constraints of
Voyager 2, we limited our data analysis to the frequency range between 10~° Hz and 1072
Hz to avoid artifacts at lower frequencies due to the long data gaps. Missing data were
linearly interpolated to a regular grid of 48-second resolution. We applied Welshs aver-
aged periodogram method described in Section 3.2 to compute the average power spec-
trum of the turbulent magnetic field intensity observed by Voyager 2 in the year 2009.

A similar spectrum was computed for the magnetic field time series of the virtual space-
craft flown in the multi-fluid simulation. The simulated and observed magnetic turbu-
lence spectra are presented in Figs. 8a and 8d.

The multi-fluid simulation closely reproduces the observed magnetic turbulence spec-
trum below the proton gyrofrequency with a scaling exponent of —1.7, which is very close
to the Kolmogorov scaling exponent of —5/3 in incompressible fluids. However, as it is
demonstrated in Fig. 7, the spectral slope of magnetosonic turbulence in frequency do-
main is not the same as the spectral slope in wave number domain due to the breaking
down of Taylors hypothesis in the inner heliosheath. This implies that the observed tur-
bulent magnetic field spectrum is not a classical forward-cascade Kolmogorov spectrum,
contrary to Fraternale et al. (2019). The Voyager 2 turbulent magnetic spectrum (Fig. 8¢)
also shows a narrow peak close to the proton gyrofrequency and its harmonics, which
confirms the presence of ion-ion hybrid resonance. Resonance peaks at the gyrofrequen-
cies of o particles and interstellar He™ PUIs are also present, as predicted by theory. How-
ever, these minor ion species were not included in the numerical three-fluid simulation.
The observed turbulent magnetic spectrum is known to be affected by noise at frequen-
cies above the proton gyrofrequency (Fraternale et al., 2019). Therefore, we cannot make
a reliable comparison between the simulated and observed turbulent magnetic spectra
in the high-frequency dissipation range. Nevertheless, both the observed and simulated
turbulent magnetic spectra exhibit a spectral break around the proton gyrofrequency,
where the 2-D magnetosonic turbulence is forced by the ion-ion hybrid resonance insta-
bility.

Overturning downstream propagating LFF and HFF waves produce both forward
and reverse shocklets in the fully developed turbulence region of the inner heliosheath.
Shocklets appear as sudden jumps in the magnetic field, which is expected to produce
outliers in the distribution of magnetic field increments. In order to validate the pres-
ence of forward and reverse shocklets in the turbulent inner heliosheath, we computed
the distribution functions of magnetic field increments for the 48-second resolution Voy-
ager 2 data. A similar distribution function was computed for the magnetic field time
series of the virtual spacecraft in the multi-fluid simulation. The simulated and observed
distribution functions of magnetic field increments are presented in Fig. 8b and 8d. The
best fitting Gaussian distributions are indicated by the dashed parabola curves. Both
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Figure 8. Model validation with Voyager 2 high-resolution magnetic field observations. (a)
Simulated magnetic turbulence spectrum in frequency domain and (b) simulated distribution

of magnetic field increments as it would be observed by the Voyager 2 spacecraft in the inner
heliosheath. (c) Voyager 2 magnetic turbulence spectrum and (d) Voyager 2 distribution of mag-
netic field increments observed in the inner heliosheath in year 2009. The best fitting spectral
slopes are plotted as dashed lines and marked with the corresponding scaling exponents in panels
a and c. The best fitting Gaussian distributions are plotted as dashed curves in panels b and c.
The three-fluid simulation closely reproduces the observed frequency-domain magnetic turbu-
lence spectrum with a scaling exponent of —1.7 on fluid scale. The simulation also reproduces the

observed non-Gaussian distribution of magnetic field increments in the inner heliosheath.
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Figure 9. Kolmogorov-Kraichnan scaling of fast magnetosonic turbulence in the inner he-
liosheath. (a) Scaling of simulated magnetic field structure functions as a function of the third-
order moment. (b) Scaling exponents of the structure functions in panel a as a function of the
order p. (c) Scaling of Voyager 2 magnetic field structure functions observed in the inner he-
liosheath in year 2009 as a function of the third-order moment. (d) Scaling exponents of the
structure functions in panel ¢ as a function of the order p. The best linear fits are plotted as
dashed lines in panels a and c¢. The predicted p/3 scaling of the scaling exponents are plotted as
dashed lines in panels b and d. The three-fluid simulation reproduces the observed Kolmogorov-

Kraichnan scaling of compressible turbulence in the inner heliosheath.

the observed and simulated distribution functions show significant deviations from Gaus-
sian. The wings of the distributions at large positive and negative increments, which can
be approximated with a symmetric Tsallis distribution at different scales (Burlaga & Ness,
2009), correspond to forward and reverse magnetosonic shocklets propagating downstream
in the spacecraft frame. The similar shapes of the observed and simulated distribution
functions confirm the presence of magnetosonic shocklets in the heliosheath and further
validate the shock driven magnetosonic turbulence model.

In order to analyze the multi-scale properties of fast magnetosonic turbulence in
the inner heliosheath, we computed the structure functions of the magnetic field for the
simulated time series of the virtual spacecraft flown at the speed of Voyager 2 across the
fully developed turbulence region of the multi-fluid simulation. As a comparison, we com-
puted the magnetic structure functions at Voyager 2 in the inner heliosheath in year 2009.
We used only the existing data points in this analysis without interpolating over the data
gaps. The magnetic structure function is defined as

Sp(r) = (IB(t) = B(t+7)["), (20)
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where p is the order of the structure function, 7 is the difference in time, and the angle
brackets mean the expected value. The structure functions were evaluated up to the 6th
order at the smallest scales with 7 ranging from 48 s to 6 hours. At larger scales the Voy-
ager 2 magnetic structure functions are strongly affected by the data gaps. Kraichnans
theory of 2-D turbulence predicts that the structure functions do not scale close to the
production range where the turbulence is forced. However, the structure functions should
scale as a function of the third-order moment, and the scaling exponents should be p/3,
which is referred to as Kolmogorov-Kraichnan scaling.

We plotted the magnetic structure functions as a function of the third-order mo-
ment in Figs. 9a and 9c for the simulated and observed compressible turbulence, respec-
tively. The structure functions perfectly scale as a function of the third-order moment.
The dashed lines represent the best linear fits, and the slopes of the best fitting lines pro-
vide a scaling exponent (&,) for each structure function. These scaling exponents are plot-
ted as a function of p in Figs. 9b and 9d for the simulated and observed turbulence, re-
spectively. The scaling exponents of the structure functions (&,) follow the theoretically
predicted Kolmogorov-Kraichnan scaling, indicated as a dashed line in Figs. 9b and 9d,
with the scaling exponent of p/3 for both the simulated and observed compressible tur-
bulence. The Kolmogorov-Kraichnan scaling is equivalent to the self-similarity of the tur-
bulence at different scales. This can be proven as follows. The Kolmogorov-Kraichnan
scaling states that

4
logSy = glogSg + c1, (21)

2
logSs = glogSg + co, (22)

where ¢; and cg are constants. From Eqs. (21) and (22) we get

logSy = 2logSs + c3, (23)

where c3 is constant. This means that S4/S53 is constant, which is the definition of self-
similarity in turbulence theory. Thus, we have shown that the 2-D fast magnetosonic tur-
bulence in the inner heliosheath is self-similar at different scales.

5 Conclusions

We have shown that the dispersion of fast magnetosonic waves in the non-equilibrium
solar wind plasma plays an important role in the energy dissipation downstream of the
TS. Due to the hot pickup ions, the TS is a subcritical quasi-stationary dispersive shock
wave consisting of a foot, a ramp and an extended oscillatory region downstream of the
shock front. The non-stationary nature of the dispersive shock wave provides a constant
source of downstream propagating fast magnetosonic perturbations even in case of steady
upstream solar wind conditions. Downstream propagating nonlinear fast magnetosonic
waves grow until they reach a maximum amplitude and overturn, starting to propagate
backward in the frame of the downstream propagating wave. The counterpropagating
fast magnetosonic waves result in forward and reverse shocklets that maintain self-consistent
quasi-stationary compressible turbulence in the inner heliosheath. The nonlinear growth
of magnetosonic waves is driven by the ion-ion hybrid resonance instability of solar wind
ions and PUIs. The 2-D compressible turbulence in the inner heliosheath shows a dou-
ble cascade where energy is transferred to large scales and enstrophy is transferred to
small scales as predicted by Kraichnans theory. The inverse energy cascade eventually
heats and accelerates the solar wind plasma at the large wavelength limit. The numer-
ical three-fluid simulation of the TS and the inner heliosheath has been validated with
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high-resolution magnetic field observations by Voyager 2. The magnetic turbulence spec-
trum observed by Voyager 2 is closely reproduced by the simulation in frequency domain
below the proton gyrofrequency. However, it has been shown that Taylors hypothesis breaks
down in the inner heliosheath. Consequently, the observed magnetic turbulence spec-
trum is not a Kolmogorov spectrum in wave number domain. The observed non-Gaussian
distribution of magnetic field increments has been explained with shocklets produced by
nonlinearly steepened fast magnetosonic waves. Last but not least, the multi-scale anal-
ysis of magnetic field variations revealed a self-similar compressible turbulence on ion
scales close to the production range where the turbulence is forced by ion-ion hybrid res-
onance in agreement with Kraichnans theory of 2-D turbulence and Voyager 2 observa-
tions in the inner heliosheath. In this study we simulated the TS in a one-dimensional
domain with constant upstream solar wind conditions. Further work is needed to explore
the non-stationary nature of the TS in 2-dimensional geometry, with turbulent upstream
solar wind driving, and more realistic ion composition that includes solar He™™ ions as
well as interstellar He™ PUIs. These minor ion species are expected to introduce addi-
tional fast magnetosonic modes as well as additional ion-ion resonance peaks in the tur-
bulent magnetic spectrum.
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