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ABSTRACT

In this dissertation, problems in stochastic analysis and control are investigated,
which include mathematical finance, online learning, and mean field game. For math-
ematical finance, 1) a martingale optimal transport problem with bounded volatility
is studied, which allows to calibrate not only current observation (option prices)
but also historical data (stock prices); see Chapter II, 2) the embedding problem in
multi-dimension is solved via excursion theory in probability; see Chapter 111, 3) size
of most stable subgraphs of random graphs, k-core, is determined by using branching
processes; see Chapter IV. For online learning, 1) an unprecedented solution to the
4-expert problem with finite stopping is provided, via an explicit construction of the
solution to a nonlinear partial differential equation; see Chapter V 2) prediction prob-
lems with a limited adversary are studied using partial differential equation tools; see
Chapter VI and VII. For mean field game, 1) the convergence phenomenon of N + 1-
player Nash equilibrium is studied by the entropy solution to scalar conservative laws;
see Chapter VIII, 2) infinite horizon mean field type control and game are solved via

McKean-Vlasov forward backward stochastic differential equations; see Chapter IX.
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CHAPTER I

Introduction

This thesis is devoted to several problems in stochastic analysis and optimal con-
trol.

Chapter II is based on [34]. It focuses on martingale optimal transport prob-
lems when the martingales are assumed to have bounded quadratic variation. First,
we give a result that characterizes the existence of a probability measure satisfying
some convex transport constraints in addition to having given initial and terminal
marginals. Several applications are provided: martingale measures with volatility
uncertainty, optimal transport with capacity constraints, and Skorokhod embedding
with bounded times. Next, we extend this result to multi-marginal constraints. Fi-
nally, we consider an optimal transport problem with constraints and obtain its Kan-
torovich duality. A corollary of this result is a monotonicity principle which gives a
geometric way of identifying the optimizer.

Chapter IIT is based on [32]. It investigates an embedding problem of Walsh
Brownian motion. Let (Z, k) be a Walsh Brownian motion with spinning measure x.
Suppose p is a probability measure on R™. We first provide a necessary and sufficient
condition for p to be a stopping distribution of (Z, k). Then if the stopped process is
required to be uniformly integrable, we show that such a stopping time exists if and

only if p is balanced. Next, under the assumption of being balanced, we identify the



minimal stopping times with those 7 such that the stopped process Z7 is uniformly
integrable. Finally, we generalize Vallois’ embedding, and prove that it minimizes
the expectation E[W(LZ)] among all the admissible solutions 7, where W is a strictly
convex function and (L#)s>¢ is the local time of the Walsh Brownian motion at the
origin.

Chapter IV is based on [23]. We determine the size of k-core in a large class of
dense graph sequences. Let G, be a sequence of undirected, n-vertex graphs with
edge weights {a};}; jein) that converges to a kernel W : [0,1]> — [0,400) in the cut
metric. Keeping an edge (7, j) of G, with probability min{aj;/n, 1} independently,
we obtain a sequence of random graphs G,(+). Denote by Ci(G) the size of k-core
in graph G, by X" the branching process associated with the kernel W, by A the
property of a branching process that the initial particle has at least £ children, each of
which has at least k — 1 children, each of which has at least & — 1 children, and so on.
Using branching process and theory of dense graph limits, under mild assumptions

we obtain the size of k-core of random graphs G, (+),

Cy (Gn (%)) — Py (A) + 0y(n).

Our result can also be used to obtain the threshold of appearance of a k-core of order
n. In addition, we obtain a probabilistic result concerning cut-norm and branching
process which might be of independent interest.

Chapter V is based on [26]. We explicitly solve the nonlinear PDE that is the
continuous limit of dynamic programming equation of the expert prediction problem in
finite horizon setting with N = 4 experts. The expert prediction problem is formulated
as a zero sum game between a player and an adversary. By showing that the solution
is C?, we are able to show that the comb strategies, as conjectured in [107], form

an asymptotic Nash equilibrium. We also prove the “Finite vs Geometric regret”



conjecture proposed in [106] for N = 4, and show that this conjecture in fact follows
from the conjecture that the comb strategies are optimal for all N.

Chapter VI is based on [30]. We consider a prediction problem with two experts
and a forecaster. We assume that one of the experts is honest and makes correct
prediction with probability p at each round. The other one is malicious, who knows
true outcomes at each round and makes predictions in order to maximize the loss
of the forecaster. Assuming the forecaster adopts the classical multiplicative weights
algorithm, we find an upper bound (6.5) for the value function of the malicious
expert, and also a lower bound (6.19). Our results imply that the multiplicative
weights algorithm cannot resist the corruption of malicious experts. We also show
that an adaptive multiplicative weights algorithm is asymptotically optimal for the
forecaster, and hence more resistant to the corruption of malicious experts.

Chapter VII is based on [27]. We study the problem of prediction with expert ad-
vice with adversarial corruption where the adversary can at most corrupt one expert.
Using tools from viscosity theory, we characterize the long-time behavior of the value
function of the game between the forecaster and the adversary. We provide lower and
upper bounds for the growth rate of regret without relying on a comparison result.
We show that depending on the description of regret, the limiting behavior of the
game can significantly differ.

Chapter VIII is based on [31]. We analyze an N + 1-player game and the corre-
sponding mean field game with state space {0, 1}. The transition rate of j-th player
is the sum of his control o/ plus a minimum jumping rate 7. Instead of working
under monotonicity conditions, here we consider an anti-monotone running cost. We
show that the mean field game equation may have multiple solutions if 1 < % We
also prove that that although multiple solutions exist, only the one coming from the
entropy solution is charged (when n = 0), and therefore resolve a conjecture of [109].

Chapter IX is based on [33]. We show existence and uniqueness of solutions of the



infinite horizon McKean-Vlasov FBSDEs using two different methods, which lead to
two different sets of assumptions. We use these results to solve the infinite horizon

mean field type control problems and mean field games.



CHAPTER II

Transport Plans with Domain Constraints

2.1 Introduction

Martingale optimal transport has been an active research area in the past decade
due to its applications in robust hedging problems in Mathematical Finance. In this
set-up one is only given vanilla option prices at certain maturities, which thanks to
a result by [53] corresponds to fixing the marginals of the martingale measures at
these maturities, and tries to obtain model independent no-arbitrage price bounds.
Mathematically, given two probability measures «, 3 on R? and a cost function ¢
on R? x RY, one wants to minimize EX[¢(X,Y)] among all joint distributions P on
R? x R? such that P has initial marginal «, terminal marginal 3 and EF[Y|X] = X.
However, it is not clear whether there exists such a P satisfying both the marginal
and martingale constraints. This question was answered by Strassen [179]: assume «

and [ have finite first moments,

JPst. PoX '=aqa; PoY ' =53 EP[Y|X] =X

<~ a(f) < B(f), V convex functions f.

For martingale optimal transport and its application in Mathematical Finance, we

refer readers e.g. to [36],[101],[90],[37],[85], and the references therein.



Another strand of literature considered pricing and hedging problems under volatil-
ity uncertainty (volatility is not known but is assumed to belong to a bounded inter-
val): [9, 147, 153, 152]. This is also related to the notion of G-expectations; see e.g.
(162, 154, 89]. However, in the volatility uncertainty literature, only the underlying
stock price process is assumed to be observable and no liquid option prices are given
as in the martingale optimal transport problem described above.

In this chapter our aim is to combine these two different ideas of model uncer-
tainty and analyze the martingale transport problem with bounded volatility. An-
other motivating factor for us is the fact that without the volatility restriction, the
hedging prices obtained from the martingale optimal transport are all the same for
large classes of European, American, Asian, Bermudan options with similar forms
of payoff functions (as observed in [25] and proved in [113]), which is of course not
financially realistic. On the other hand, there are results indicating that once we have
the bounded volatility restriction, these prices are generally not equal (see e.g., [5]
and [29]), which is more practically viable.

First, we determine when there exists such a martingale measure satisfying the
given volatility constraints and the marginals. Using [179, Theorem 7] together with
a measurable selection argument, we obtain Proposition 2.2.3. Based on this proposi-
tion, we prove a general result Theorem 2.2.2. After giving a financial interpretation of
this theorem (see Remark 2.2.5), we provide several examples: 1) martingale measures
with volatility uncertainty, see subsection 2.2.1; 2) optimal transport with capacity
constraints, see subsection 2.2.2; 3) Skorokhod embedding with bounded times, see
subsection 2.2.3.

Subsequently, we extend Theorem 2.2.2 to the case of finitely many marginals
using a pasting argument; see Theorem 2.3.3. By taking weak limits, we obtain
the corresponding in continuous time when all one-dimensional marginals are given,

which characterizes the existence of peacocks under constraints; see Theorem 2.4.1



and Remark 2.4.4. We also provide examples concerning the existence of martingale
measures with volatility uncertainty in the case of finitely many marginals and one-
dimensional marginals; see Example 2.3.2 and Example 2.4.3.

Finally, we consider the optimization problem (2.15), and obtain a duality result.
It is a natural generalization of [105, Theorem 9.5] in our setup. Using the duality
result established, we prove a general monotonicity principle which characterizes the
geometric structure of the optimizer.

The rest of the chapter is organized as follows. In the next section, we establish
the existence result when there are only two marginals given. In Section 3, we obtain
the result when there are finitely many marginals given. In Section 4 we have the
result with all the 1-D marginals in continuous time. In Section 5, we obtain the
Kantorovich duality. Finally, in Section 6, we deduce the monotonicity principle from

the duality result.

2.2 Result with two marginals

We will let 2 be one of the following three spaces:

e XN*+1 where X is a polish space, and N € N;

e (0,1], the space of continuous functions f : [0,1] — X, endowed with the

uniform distance metric, where X C R? is connected and closed:;

e DJ0, 1], the space of RCLL functions g : [0, 1] — X endowed with the Skorokhod

metric, where X C R? is connected and closed.

Let T = Nif Q =XV and T = 1if Q = C[0,1],D[0,1]. For any probability
measure P and random variable Y, EP[Y] := EP[Y*] — EP[Y "] with the convention
00 — 00 = —0Q.

The spaces of probability measures in this chapter are endowed with the relativized

weak™ topology (see e.g. [99, Appendix 6], [179, Section 6]) as we describe next.



Let G and H be continuous functions on X that are positive and bounded away

from 0. For FF =G, H, let

Pr = {u € P(X) : p(F) < oo} (simply P if F = 1),

and € (simply € if ' = 1) be the Banach space of continuous functions f on X such

that

/()]
ek F(x)

< 00

Define J := G @ H the continuous function on X2,

J(xg, 1) = G & H(xg,21) = G(x0) + H(21).

Let

P = {p € P(X?) : u(J) < oo},

and €; be set of continuous functions f on X2 such that

|f ()]

sup % < 00.
zeX? J(.Z')

For . = G, H, J, we say a subset of probability measures A C P is L-closed, if for
any (P,) C A and P with

E™[1] — EP[l], Viec¢r, (2.1)

we have P € A. That is, we will endow spaces of probability measures with the
topology generated by (2.1). When no such L is specified (e.g., we simply say a
probability set is closed or weakly closed), then by default we endow the underlying
space of probabiliy measures with weak topology, i.e., the topology generated by (2.1)

with € being the set of bounded and continuous functions.



Let X be the canonical process on 2 and (F;); be the filtration generated by X.
Let T': X = 2% be such that () # I'(x) C PB(Q%), where P(Q) is the set of Borel

probability measures on €2, and
QO ={weQ: w =z}

Here I'(z) represents the set of admissible transport plans given Xy = z. We assume

that the graph of I,
Gr(l) :=={(z,P"): zeX, P €l'(x)}
is analytic. Denote
C:={PeP(Q): Plxy=w, € '(wo), P-as. w}.
Let a € P and [ € Py be two probability measures on X. Let
A={PeP(): PoX,'=a} and B:={PecP(Q): PoX;' =4} (2.2

Remark 2.2.1. Thanks to the analyticity assumption of Gr(I'), by the Jankov-von
Neumann Theorem (see, e.g., [40, Proposition 7.49]), there exists a universally mea-
surable selector P’(+) such that P'(x) € I'(x) for any z € X. Then Py ® P’ € C for

any probability measure Py on X, where

Py® P'(I):= /Po(dwo)P'(w(),dw), I € B(Q).

1

In particular, this implies that AN C # 0.

Our aim is to find a necessary and sufficient condition for AN BN C # (. In

particular, I' here is treated as a transport constraint from time 0 to time 7', which



is different from the marginal constraints. Below is the main result of this section.

Theorem 2.2.2. Assume o € Pg, B € Pu, and
(ANC)or :={Po(Xy,Xr)': P€ANC}
is convex and J-closed. Then
ANBNC#0 <= af") <B(f), V[ €, (2.3)
where B(f) = [y f B(dz), and f*(z) is defined by
fa) = ok E?[f(Xr)]. (2.4)

We will prove this result at the end of this section. In the case of Q = X2, we
have Proposition 2.2.3, which will be useful in proving Theorem 2.2.2. The proof
Proposition 2.2.3 essentially follows [179, Theorem 7] together with a measurable

selection argument.

Proposition 2.2.3. Assume Q = X2, a € P and B € PVy. Moreover let ANC be

convex and J-closed. Then

ANBNC#0 <= afff)<B(f), Vfecy.

Proof. “==". Take P € ANBNC. For any f € €y, we have EX|f(X})| < oc.

Hence,

B(f) = EP[f(X1)] = EP[E”[f(X1)|X0]] = EP[f" (Xo)] = a(f").

10



“«=". Using a measurable selection argument, we can show that

off') = inf EF[f], Vel (2.5)

Let
(ANC)o X; :={PoX;': P ANC}.

Then f is in the H-closure of (ANC) o X; NPy, for otherwise by the Hahn-Banach

theorem (see e.g.[127, Corollary 14.4]) there would exist f € €y such that

B(f) < inf E"[f(X1)] = a(f),

PecANC

a contradiction.

Let P, € ANC with 3, := P, o X; ! such that 3, —  in the sense of (2.1). It
can be shown that the sequence (P,) is relatively J-compact (see [179]). Then there
exists Py, € B such that up to a subsequence P, — P, in the sense of (2.1). As
ANC is J-closed, P, € ANC. Moreover, P, o X;' = " — 8 implies that P, € C.

The conclusion follows. O

Let us discuss our assumptions in the following remarks. In what follows, we will

give natural examples where these assumptions are satisfied.

Remark 2.2.4. The closedness of AN C cannot imply the closedness of (AN C)gr.

For instance, let Q = R3, o = 6y,

[(x) ={P cP(Q*): Po(X,Xy) = O(zr,2)s (T1,%2) € S},

where S = {(x1,22) 1 21 > 0,29 > 0,2929 > 1}. Then AN C' is weakly closed, but
(ANC)o2 =10 ® 3, : x> 0} is not.

Moreover, in the above theorem the assumption (A N C)yr being closed cannot

11



be replaced by A N C being closed. Consider again the above with 5 = §;. Then
obviously AN BN C = (). However, for any continuous function f,

a(f')=f1(0)= inf f(zz) < f(0) = B(f).

(z1,22)€S

Remark 2.2.5 (Financial interpretation). Suppose I contains the martingale con-

straint, i.e.,

['(z) C {Q € P(N®) : @ martingale measure}, z € X.

Suppose X represents the stock price, and f is the payoff of an option written on Xr.
Assume o = 9.

Then f¥(x) represents the sub-hedging price of the option f given the current
stock price Xy = x, and S(f) is market price of f (which is consistent with the
vanilla option prices). Then the right-hand-side of (2.3) means that the sub-hedging
price is smaller than the market price. By symmetry, the super-hedging price is larger
than the market price. On the other hand, the left-hand-side of (2.3) means there is
a measure consistent with the constraints. As a result, both sides of (2.3) represent

no arbitrage. For the role martingale optimal transport plays in finance see [36].

The following lemma gives a useful sufficient condition for closedness of (ANC) 7.

Lemma 2.2.6. Let G = H = 1, so that the topology generated by (2.1) is the weak
topology in the usual sense. If AN C is weakly compact, then (AN C)or is weakly

closed.

Proof. Let Q, € (AN C)or such that Q, = Q for some Q € P(X?). Then there

exists P, € AN C such that

Pn o (X0>XT>_1 = Qn

12



Since A N C is weakly compact, there exists some P € AN C such that P, = P.

Obviously P o (X, X7)™' = @, and thus Q € (AN C)g 7.

2.2.1 Examples of volatility uncertainty

Our starting point is to consider C' as the set of martingale measures with volatility
uncertainty. With some compact constraints on the volatility, we can show A N C
is indeed weakly compact and thus weakly closed (Lemma 2.2.6). Here are some

examples.

Example 2.2.7 (Volatility uncertainty in one period). Let X = R? and Q = X2

Assume « has a finite first moment (i.e., a(]z|) < 00), and let

P(e) = {Q € PO : BUXr] =, Q(zy): y—ol Sale)} =1},  (26)

where a(-) is a nonnegative, bounded and continuous function on X. It can be shown

that Gr(I') is Borel measurable.
Proposition 2.2.8. In this example, AN C is conver and weakly compact.

Proof. Convexity is obvious. Now for any € > 0, there exists a compact set K C X

such that a(K) > 1 —e. Then for any P € ANC,
P(X € K)>1—-¢,

where

K* = {(x,y) cxe K ly—z < supa(z)}

zeX

is a compact set in X2. Therefore, AN C is tight and thus relatively compact by
Prokhorov’s theorem (see e.g. [65, Theorem 3.5.13]).

Assume P, € AN C such that P, =5 P. Then by the Portmanteau Theorem (see

13



e.g. [167, Theorem 1.2]),

P({(z,y): |y — 2| <alz)}) 2 limsup £({(z,9) : |y — 2] <al2)}) = 1.

n—oo

Now, let us show the martingale property under the limiting measure. Let g be any
continuous and bounded function on X. Define the compact subset U¢ := {(z,y) €

X% :d((z,y), K) < €}. Let f€ be a continuous function on X? such that 0 < f <1, f¢

is compactly supported by U¢ and f€|xe = 1. Since | X; — Xo| < sup,ex a(z) < 0o P,-

a.s. and P-a.s., the function (z,y) — (y — x)g(x) f(x,y) is continuous and bounded

for any € > 0. According to the definition of weak convergence, we have that

E”[(X1 — Xo0)g(Xo) (X0, X1)] = lim E™[(X; — Xo)g(Xo) (X0, X1)] = 0.

n—oo

As the random variable |(X; — X¢)g(Xo)| is bounded P-a.s., we can conclude by the

dominated convergence theorem,
E"[(X1 — Xo)g(Xo)] = im E7[(X; — Xo)g(Xo) f*(Xo, X1)] = 0.

This implies P is a martingale measure. As a result, P € AN C, and thus AN C' is

weakly compact. O]

With I' defined in (2.6), it can be shown that for any function f : X +— R,

(@) = C(flo@aty) ()

d d d
=0 =0 1=0

where C(f|o(p) () is given by the convex envelope of f restricted on O(z,b) == {y €

X: |y — x| < b} and then evaluating at .

14



Example 2.2.9 (Volatility uncertainty in multiple periods). Let X = R? and Q =

XN+ N > 1. Assume « has a finite first moment, and let

(2 martingale measure,
[(z) = Q€ P(Q) : ,
Q{’Xn_anll Sanfl(anl)}:L n:L 7N

where a,_; is a nonnegative, bounded and continuous function on X for n =

1,...,N.

Proposition 2.2.10. In this ezample AN C is conver and weakly compact, and f*

can be calculated recursively as follows:

gn :f7 gnfl('r) :C(gn|0(x,an_1(x)))(x>7 n= 17 7N7 fF = Jo-

Proof. The proof is similar to Proposition 2.2.8. It only remains to show E”[X,,|X,, 1] =
X,1 for n = 2,... ,N. Let us show that E[X,|X;] = X;, and the rest can
be proved by induction. Denote by «; the distribution of X; under P. Since
|1 X7 — Xo| < max ag(z) < 400, a; has finite first moment. Replacing o with ag
in the proof of Proposition 2.2.8, we directly obtain that EX[(X,; — X;)g(X;)] = 0 for

any bounded continuous function g, which implies that EP[X,|X;] = X;. O

Example 2.2.11 (Volatility uncertainty in continuous time). Let X = R? and 2 =

C[0,1]. Assume « has a finite first moment, and let

d({X
[(x) = {Q € P(N?) : @ martingale measure, <dt>t €D, dt x Q—a.e.} ,

where D C R%*? is some fixed convex and compact set of matrices. In this case, fT

is the G-expectation of f (see [89]).

Proposition 2.2.12. In this example, AN C is conver and weakly compact.
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Proof. First, we show AN C is tight. We have

lim sup P(|Xo|>L)= lim a({z:|z] > L}) =0.
L—oo pecAnC L—o0

Moreover, for any s,t € [0, 1], since D is bounded, by the Burkholder-Davis-Gundy
inequality (see e.g. [124, Theorem 3.3.28]) there exists some constant K independent

of s and ¢ such that

sup EV[|X; — X,[Y] < sup E7 |EV

pPeANC pPeANC s<r<t

sup | X, — X,|* XS] < K|t—s]% (2.7

By the moment criterion, AN C is tight (see e.g. [124, Problem 2.4.11]).
Next we show AN C is closed. Let P* € AN C such that P* 5% P. Obviously
P € A. Then using almost the same argument as in the proof of [155, Lemma 3.2],

we can show that P € C. ]

2.2.2 Example of capacity constraint

In [134], Korman and McCann studied the optimal transport problem with ca-
pacity constraints. Suppose f and g are two probability density functions on RY, ¢ is
a cost function on R? x RY, and h € L®(R? x RY) is a capacity constraint. Define
T"(f,g) :== {h € L*(RY x RY) : hhas f,g as its marginals, and & < h}. Under the
assumption Fﬁ( f,9) # 0, Korman and McCann proved that any optimizer hg of the

problem,

it [ (o)l y)dsdy
heTh(f,9)

is geometrically extreme, i.e., hg = 1y h for some measurable set W C R? x R,
In this subsection, we give one more criterion for weak closedness of (AN C)or.

In doing so, we can apply Theorem 2.2.2 and describe when this non-emptiness as-
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sumption F}_’( f,g) # 0 is satisfied. Actually we can deal with more general capacity
constraints.

Let R : X+— P(Q) be a transition kernel, and

) = {@ e p@): 20 <ate)}.

where a(-,-) > 0 is a bounded and Borel measurable function. For any Borel measur-
able set A € B(Q), according to [43, Lemma 4.6], the function Q +— E®[14] is Borel
measurable. Since the function « — [, 14a(z, y)R(z, dy) is also Borel measurable, so

is the set

Ly =1 (2,Q) € X x P() : E14] < / Laa(z, y) Rz, dy)

It can be easily checked that {(z,Q): @ €‘B(Q2)} is closed, and hence the set
La=Lan{(z,@): QeP)}
is Borel measurable. Now let (A4;)°, be a countable algebra generating B(€2). Then
Gr([') = N2, La,

is Borel measurable, and hence analytic.

Proposition 2.2.13. In this ezample, ANC' is weakly compact, and thus (ANC)o.r

158 weakly closed.

Proof. By the boundedness of a(-,-), the subset of P(X x Q)

A:={ax@Q: @Qis any transition kernel such that Q(-) € I'(:) a-a.s.}

17



is relatively compact. If we can show A is weakly compact, then the subset of B(€2),

ANC ={Pom,': Pe A and m(z,y):=vy, ¥ (z,y) € X x Q},

is also weakly compact. Take a x @Q,, € A such that o x Q,, — P*. By the definition
of I'(x), there exist Borel measurable functions b,, with 0 < b,,(+,-) < a(-, ) such that

for (z,y) € X x 0,

bu (2, y) R(z, dy) = Qu(z,Yy).

Consider L*(X x Q) over the probability space (X x 2, a x R). Since L? is reflex-
ive, the weak™ topology and weak topology coincide. Now because b, is uniformly
bounded, by Banach-Alaoglu theorem (see e.g. [127, Theorem17.4]), there exists a
Borel measurable function b* on X x € such that b, — b*, i.e., for any measurable

function f on X x Q with E**%|f|? < oo,

EH[ fb,] — E**R[fb*]. (2.8)

In particular, the above holds for bounded and continuous functions f, which implies
that

axb,R=axQ, = axbR.

So we conclude o x b*R = P*.

Note that for any bounded, nonnegative, and measurable function f,

EaxR[fbn] < EQXR[fCL].

By (2.8),
EaxR[fb*] < EQXR[fa].

This implies that b* < a, a x R-a.s., and thus P* = a x b*R € A. n

18



2.2.3 Application to Skorokhod embedding with bounded times

Theorem 2.2.2 and Example 2.2.11 provide a necessary and sufficient condition
for the existence of a Skorokhod embedding in bounded time. We will rely on a time
change argument to make a connection to Skorohod embedding; see e.g. Hobson
[115]. To wit, let Q@ = C]0, 1] with X = R. Let o, § € PB(X) with finite first moments
and ¢ > 0 be a constant. For u,r > 0, define

d(X),
dt

Qur = {Q € P(Q) : Q martingale measure, <wu, 0<t<r, dtx Q—a.e.} ,

where Q := ([0, 00) is the set of continuous paths [0, c0) — X starting from position

0, and X is the canonical process on . For any function f € @ and u,r > 0, define

@)= inf E9[f(e+ X))

We have the following.

Proposition 2.2.14. For Brownian motion B with initial distribution Bq £ a, there

exists a stopping time T such that
d
T<o and ‘B,=p,

if and only iof for any f € €,
a(fh) < B(f).

Proof. “=". For f € €, we have that

B(f) =EY[f(B-)] = EV[EY[f(B,)|Bo]] = a(f"7) = a(f7),

where W is the probability measure associated with the Brownian motion, and the
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d{X . Ar)t

third (in)equality follows from ==

= 0 for t > 7, and the fourth (in)equality
follows from a change of the time scale.

“<=". Take d = 1,D = [0, o] in Example 2.2.11, and

d(X),
dt

[(x) = {Q € P(Q¥) : Q martingale measure, <o, 0<t<1, dtx Q—a.e.} ,

where Q7 is the set of continuous paths starting from position x. Then we have
fT(z) = fo'(z). Applying Theorem 2.2.2 and Example 2.2.11, there exists Q € Q1
such that

QoX;'=a and QoX;'=34

By the Dambis-Dubins-Schwarz theorem (see e.g. [124, Theorem 3.4.6], we can extend
X and @ to the time interval [0, 00) so that the condition of the theorem is satisfied),
B, := Xg(s) is a Brownian motion w.r.t. the filtration G, := fg(s), having the initial
distribution ‘B 4 a, and X; = B x),, where F, is given by NesoFire completed by
@, and

Ty i=inf{t >0: (X); > s}.

In particular,

X1:%<X>1iﬁ and 7:=(X); <o.

2.2.4 Proof of Theorem 2.2.2

Proof. “=-". The argument is similar to the one for Proposition 2.2.3.
“—=". Let

Lor(x) :=={Po(Xo, Xp)™': Pel(x)}.
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Then

r = in Q 1
ff@) = nf B

where Y = (Yp, Y1) := (Xo, X7) is the canonical process on X? (starting from position

z). By Proposition 2.2.3, there exists P* € P(X?) such that

P*oYyl'=a, ProY ' =p, Py, € Tor(Yy), P*as..

Let

P*:CY®Q*,

be the disintegration of P*, where Q*(-) is Borel measurable. By restricting to a
Borel set L € o(Yy) = B(X) with P* oY, '(L) = 1, we may without loss of generality

assume that Q*(x) € I'(x) for all z € X. Then the set

I = {(.I‘, Pa Q) BERUS X7P € (‘]3(9)762 = Q*(J?)}

is Borel measurable. Moreover, since Gr(I') is analytic, the set

IL={(,PQ): 1€X,Pel(x),Q="PoX;'}

is also analytic. Then the set

hnNnh={xPQ): vreX,Pel(z), PoX;'=0Q=Q" ()}

is analytic. By the Jankov-von Neumann Theorem (see e.g., [40, Proposition 7.49]),

there exists a univerally measurable selector (P, Q") : X +— P(Q) x PB(X) such that

P'eT(z), (P'(x))o Xp' = Q'(z) = Q"(2).
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Define
P=a®P.

It can be seen that P AN BNC. O

Remark 2.2.15 (Extension to moment constraints). Let A C P (X) be convex

and G-compact, B C Py (X) be convex and H-closed. Define
A={PeB(): PoX;'e€ A} and B:={PecP(Q): PoX;' € B}

Using almost the same argument as above, we have the following. Assume (ANC)gr

is convex and J-closed. Then

ANBNC # 0 < inf off") <supB(f), Vf € Cy.
acA BeB

2.3 Result for multiple marginals

We still use the three cases of 2 from the last section. Assume 0 = t5 < t; <
... <t,=Tsuchthat fori =1,...,n—1,t € {l,... , N —1}if Q = XV and
t; € [0,1]if @ = C[0,1] or D[0,1]. Fori =0,... ,n—1, let Q; = Xtr1=tF1 C[0, ¢;,1 —
t;], D[0, tis1—t;], and Q; = XN=4+1 [0, 1—t,], D[0, 1—t,], if @ = X¥+1 [0, 1], D[0, 1]
respectively. Let QF C Q,(-) be the space of the paths starting from x € X. Denote
X0, the path from time 0 to time ¢.

Let T; : X — 2%%) such that () # Ty(x) C P(QF) for any = € X, and assume
Gr(T;) is analytic, i = 0,... ,n — 1. Define P"* to be the conditional probability of

P given w up to time t;, i.e., for any Borel measurable function f on €2,

E”[f(w @y, )] =BV [f|F)(w), P-as. w,
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where for ' € ; such that wj = wy,,

We, s <ty
(w ®ti w,)s -
w;—tia S 2 tz
Let
Ci:={P €PB() : Plxy=w, € li(wp), P-a.s. w}, (2.9)
and

Ci={PeP(@): P o X

[0ts41—t;

| € Tifwy,), P-as. w}, (2.10)

where Pl o X1

(04501 —;] Tepresents the marginal probability distribution of P%* from

time 0 to time ;11 — ¢;.

Remark 2.3.1. Here I'; represents the restriction of probability measures from time ¢;
to time ¢;,1. Note that the restriction only depends on the current location instead
of the whole history (i.e., path). This property is critical for the construction of
probability measures with multiple marginals later on. Also note that it does not

imply the underlying probability measure is Markovian.

Example 2.3.2. Assume Q = C[0, 1] with X = R%. Let P € B(Q) be a martingale

measure such that
d(X)
dt

€D, dtx P-ae., (2.11)

where D C R%? is some bounded set of matrices. Then this martingale and volatility
uncertainty restriction satisfies the property mentioned above. To be more specific,

let

[i(x) == {Q € P(Q7) : @ martingale measure, d<§§>t e D, dt x Q—a.e.} :

Then P satisfies (2.11) if and only if P € N/—;C;.
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Let o; € PB(X), and

A ={PeP(): PoX,'=0q;} and

A ={PeP(): PoX;'=0o;}, i=0,...,n

Recall fI' defined in (2.4). The following is the main result of this section.

Theorem 2.3.3. Let G = H. Assume «; € By and (A; N Ci)o,tisr—t; 18 convex and

J-closed fori=0,...,n. Then

n—

n 1
ﬂﬁz N méﬂ 7é® <~ Oéi(fri) < Oéi+1(f), Vfely, i=0,...,n—1.
i=0 =0

Proof. “=". Take P € ([, A4:) N (ﬂ?:_& C,;). Fori=0,...,n—1,

ai+1(f) = Ep[f(Xti+1)] = EP[EP[f<th+1)|ftz]] 2 Ep[fn(th)] = ai(fri)a

where the inequality follows from the definition in (2.4), and the fact that the con-
ditional probability associated with EF[-|F;,](w) is an element of T';(w;,) for P-a.s. w
(see (2.9) and (2.10)).

“«<—=". By Theorem 2.2.2 there exists a probability measure P; € A; "\ B; N C; on
Q; fori=0,...,n—1, where

B’i = {P € SB(QZ) : POXil = ai+1}.

tit1—t;

Let P-=F®...® P,_1. That is,

P([) = /PO(dw[to,tﬂ)Pl(wtp dw[tl,tﬂ) Ce Pnfl(wtn_l,dW[tnil’tn]% I c B(Q)
I

where for x € X|

Pi(z,-) == Piluy=z (2.12)
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is the conditional probability of P; given wy = x. It can be shown that P indeed is a

probability measure on 2. Moreover, P"* o X [6,1%“_ r = Pilwy,-) € Ti(wy,) for P-ass.

w, and thus P € C; fori =0,... ,n — 1.

It remains to show that
PoX,'=q; i=0,...,n (2.13)

We prove the above by induction. Obviously (2.13) holds for i = 0. Assume it holds
for i = k with 0 < k <n—1, and consider the case when ¢ = k4 1. For any bounded

and measurable function f on X, we have that

E"[f(Xen)] = EV[EV[f(Xe,) X,

:/ak(dw)/f(wthrl—tk)Pk(.Z',dw)

X k

B /f(wtkﬂtk)ak(dx)Pk(m’ dw)

= EPk [f(th+1*tk )]

= Oék+1(f)a

where the second equality follows from the induction hypothesis P o thl = q and

(2.12), the fourth equality follows from P € Ay, and the fifth from Py, € B. O

2.4 Result with all the 1-D marginals in continuous time

In this section, we consider two cases Q@ = C[0,1] or DI[0,1]. For t € [0,1], let
Q, = C0,t], D[0, t] when Q = C[0, 1], D0, 1] respectively, Qf C €2, be the set of paths
starting from position x € X. We are given a class of maps ', : X 2F(2-9) for
0 < s <t <1 Each I',y will represent the restriction of probability measures to

the time interval [s,¢]. In particular, this restriction is Markovian in the sense that
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I'is4(-) only depends on the current value w, € X instead of the whole history wyo 4.
Again we assume that for any 0 < s <t <1, 0 # T'; y(z) C PB(QF,) for z € X, and
Gr(I's,q) is analytic.

For0 <s<t<1,let

Clsgg ={P €P(Q) : P o X

[87

1] € F[&t](ws), P-a.s. w}.
We assume {F[S7t}}0§s<t§1 is such that the following consistency property holds:
Cls) N Clor ) = Clopnstpv),  1f [s, 8] N[, 1] # 0. (2.14)

Let (ay)ejo1) C P(X). We will consider probability measures on {2 with marginals
(c)icpoa]- We assume the map ¢t +— oy is continuous if @ = C10,1], and is right
continuous if = D[0, 1] (otherwise (ou)icp,1) cannot be the marginals of any P €

PB(€2)). Define
A ={PeP(Q): PoX;'=a;}, te]0,1].

Below is the main result of this section.

Theorem 2.4.1. Assume AN Clsy is weakly compact for any 0 < s <t <T. Then

N AN () Can#0 <= a(f0) <ay(f), Vfe€ 0<s<t <1

0<r<1 0<s<t<1

Proof. “=" follows from the same argument used in the proof of Proposition 2.2.3.

“«<—=" By Theorem 2.3.3, there exists P" € A", where

on 2m—1
A" = ﬂ Ajjan N ﬂ Clijan (+1) /217
i=0 Jj=0

According to our assumption A, N Cfsy is weakly compact for any 0 < s <t < T,
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it is easy to show that A™ is weakly compact for any n € N. By the consistency

assumption (2.14), it follows that

2" —1

() Clizr.+1)/2n = Clony,

J=0

and hence
2n+ 1 on

An+1 = ﬂ Ai/2n+l N C[O,l] - ﬂAZ/2n N C[Ozl] = An'

i=0 i=0
Therefore, P™ € A" for any m > n. In particular, P™ € A! with A! weakly compact.

Then there exists P € (£2) such that

w

P™ = P

It can be seen that P € A" for any n € N.
The proof of P € (Nycpcy Ar N (No<sci<1 Clsy goes as follows. By (2.14), P €

Clo,1) C Cleq forany 0 < s <t < 1. If t € T, where
To={k/2": k=0,...,2", neN},

then Po X; ' = ay, since P, o X; ' = a; for n large enough. In general, for ¢ € [0, 1],

let t* € T such that t* \ t. Since X is right continuous,
apw =Po X' 5 PoX/

As t — «y is right continuous, we have P o Xt_l = oy. ]

Remark 2.4.2. The result still holds and the proof still goes through with minor
adjustments, if we weaken/replace the assumption by: (1) there exists ¥ C [0, 1]
that is dense in [0, 1], such that (As N Cly) o (X, X;) ™! is convex and closed for any

s,t € T with s <t; (2) A, N Cpgy is weakly compact for any s,¢t € T with s < t; (3)
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the consistency assumption (2.14).

Example 2.4.3 (Martingale measures with volatility uncertainty). Let Q = C[0, 1]

with X = R%. Assume o, has a finite first moment for any ¢ € [0, 1]. Let

PoX;'=aq t€0,1], P martingale measure,

LX), e D, dt x P-a.e.
dt

A= PeP(Q):

where D C R%*? is a convex and compact set of matrices.

Then it can be seen that
A= ﬂ AN ﬂ C[s,t]a
0<r<1 0<s<t<1

with I'; ;) defined by

Ft—s = F[s,t] (ZL’)

4(),
dr

= {Q € P(7_,) : Q martingale measure, eD, dr x Q—a.e.} )

Moreover, with I' defined above, the consistency condition (2.14) is obviously satisfied,

and A;NCl,y is weakly compact for any 0 < s <t < T. Therefore, by Theorem 2.4.1,
A4D) = o (ff)<alf), Vfee 0<s<t<1.

Again,

f@) = inf Ef(Xp)]

is the G-expectation of f (see [89]).

Remark 2.4.4. When X = RY, the existence of a martingale measure without volatility
constraint with given marginals (u;); is characterized by Kellerer in [126], Hirsch

and Roynette in [114]. For any stochastic process X, denote by F¥ the filtration
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FX(t) == 0(X,, 8 <t). Then

J martingale X w.rt. FX st. X, 4 [t

<= t > u(f) is increasing, V convex functions f.

In particular for d = 1, Kellerer showed that the martingale can be Markov.

2.5 Kantorovich duality

In this section, we will provide the Kantorovich duality with our domain constraint
as in section 2. Our proof idea is similar to [105, Theorem 9.5] where it proved an
unconstrained result. Here we use the usual weak topology, but the results can be
easily generalized to relativized case.

Consider the optimization problem

T (a,B) = inf /c(m,ﬂxozx)a(dw), (2.15)

TFEH[‘ (avﬂ)

where
Mr(a, B) :i={mr € P(Q): ToX;' =a, mo X;' =8, 7|x,=s € ['(7) 7as.}

is the set of probability measures with marginals «, § and domain constraint I'. We

make the following assumption.

Assumption 2.5.1. (i) The cost function ¢ : X x P(Q) — [0, 00 is

lower-semicontinuous with respect to product topology.

(i) The function Q — c(x, Q) is convex for all x € X.
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Example 2.5.2. If ¢ is given by

d%@%=/C@wDQoX?Mw, (2.16)

yeX

where C : X X X — [0, o0] is continuous. Then

Tiaf) = _int / Clz,y) w(dz, dy). (2.17)

m€llr(a,B

In this case, ¢ is linear with respect to ) and Assumption 2.5.1 is satisfied.

Remark 2.5.3. By a slight modification of [13, Proposition 2.8], it can be seen that

the function

o L[r] = /c($,7r|x()_x)a(dx)

is lower-semicontinuous under Assumption 2.5.1.

Remark 2.5.4. Assume © = X2 and ANC is weakly closed. Proposition 2.2.3 provides
a necessary and sufficient condition for the non-emptiness of the weakly compact set

AN BNC. Then under Assumption 2.5.1, the infimum in (2.15) is attained.

We use @ (resp. P,(X)) to denote the set of continuous (resp. continuous and

bounded from below) functions ¢ : X — R satisfying the linear growth condition
¢(z)] < a+bd(z,20), Ve € X,

for some a,b > 0 and some (and hence all) 2o € X. Below is the Kantorovich duality

with the domain constraint.

Theorem 2.5.5. Assume Q) = X2, ANC is convex and weakly closed, and let As-

sumption 2.5.1 hold. Then

T = sw { [ Rowatw) - [owsan |, (218)

PEP(X)
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where

Ry (x) == Qiel%fx){EQ[cﬁ(XT)] +o(z, Q) 7 eX e dy(X),

Proof. We will apply Fenchel-Moreau theorem (see e.g. [52, Theorem 4.2.1]). For the
rest of the proof, let M(X) be the space of all Borel signed measures with finite first

moments. We equip it with weak topology.
Consider F': 9M(X) — [0, oo] defined by

mellp (o,m)
X

F(m) =T (a,m)= inf /c(x, 7| xg=z)0(d),

with the convention inf ) = +00. As ANC' is convex and weakly closed, first we show
that the set

Jm:={PoX;':Pc ANC}

is also convex and weakly closed. Take any convergent sequence {m,}n,eny C JIm,
with {7"},en € AN C such that 7 o X' = m,. For any € > 0, since {m,, }nen is
relatively compact, we could find a compact set K. C X such that m,(K.) > 1 —¢
for each n. Let L. C X be a compact set such that o(L.) > 1 —e. We get that
7" (L. x K.) > 1—2¢ for each n and therefore conclude {7n"}, ¢y is relatively compact
by Prokhorov’s Theorem. By the closedness of A N C, the limit 7 of the sequence
{m"}nen (up to a subsequence) is in AN C. It is clear that {m,},en converges to
7o X' € Jm and we conclude.

Next, we show that F' is convex. Take mg, m; € PB(X). If either one of F'(my)

and F'(mq) is positive infinity, then we trivially have
F(tmo+ (1 —t)my) <tF(mo)+ (1 —t)F(my), Vte (0,1).

Thus we assume mg, m; € Jm without loss of generality. Take 7° € IIr(a, m;),7 = 0, 1.
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Since the cost function c is convex in its second argument, it holds that

F(tmo+ (1 —t)my) < /c(x,tﬂ0|xom + (1 = )7 xy=e ) (d)

< t/c(a:, 70| xy=e)a(dz) + (1 — 1) /C($, | xy=e)a(d).

Optimizing over 7% 7!, we get that
F(tmo+ (1 —t)my) <tF(mo) + (1 —t)F(my), Vte (0,1),

which implies the convexity of F'.

Then we prove that F' is lower semicontinuous. Let {m,},eny converges to m in
the weak topology. If m ¢ Jm, then by the closedness of Jm, we have that m,, ¢ Jm
for n large enough. This implies that

lim inf F'(m,) = +oo = F(m).

n—o0

Now consider the case m € Jm. Without loss of generality, we assume the limit

lim,, o, F'(m,,) exists and is finite. Let 7" € I (c,m,,) C AN C such that

/C(l‘m"mz)a(dx) < F(my) + %

By the same argument as in the second paragraph, we know {7n"},cn is relatively
compact. Extracting a subsequence, we can assume {7"},cn converges to m without
loss of generality. It is easily seen that 7 € IIp(a, m). By Assumption 2.5.1,

F(m) < I.[r] <lim inf I.[7,] = lim F(m,).

n—oo n—oo

Notice that M*(X) can be identified with ®(X)(see e.g. [105, Lemma 9.8]), i.e.,
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for any [ € 91*(X), there is one corresponding ¢ € ®(X) such that

I(m) = /gb(x)m(dx), Vm € M(X).

X

Therefore Fenchel-Legendre transform F*(I) := sup{l(m) — F(m)} is equivalent to
meM

F*(¢) = sup{ [ ¢dm — F(m)}. Applying Fenchel-Moreau theorem, we get that
meM

F(m) :(bzgp {/(bdm F*(¢ }—(bzg%){/ —pdm — F*( (b)}

Replacing ¢ by ¢ V k and letting & — —oo, we can restrict the last supremum to
o, (X).

To conclude the proof, we show that

F*(—¢) = - / RU(x)aldr), Vo € By(X).

Since F' is positive infinity outside Jm, we have that

P(co) = sup { [~ dm =P}

= sup sup {/ ¢dm — I [m }
meIm wellp (a,m)

= — inf {/[E”'XO" [0(X7)] + e(z, 7| x0=2)] a(dx)}

TeEANC

< [ (= int (B0 + (o, Q) ) ala)

Qel(z)

— / R ¢(x)a(dr).

On the other hand, for any ¢ > 0, by [40, Proposition 7.50] there exists a universally

measurable probability kernel P : X x PB(€2) — R such that
E” ) [o(Xr)] + cla, P(x, 7)) < Rig(x) +e.
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Therefore,

F(¢)> - / EP @ [g(X)] + e, Pz, ) o(d) > — / RU(x)o(dr) —

Taking ¢ — 0, we conclude the result. O

Remark 2.5.6. For  # X2, weak closedness of AN C cannot imply closedness of Jm
(see Remark 2.2.4). But if we assume AN C' is convex and weakly compact, and let

Assumption 2.5.1 hold, we still have (2.18) by using the same argument as above.

Corollary 2.5.7. Let Q = X2. Assume AN C is conver and weakly closed, and c is
given by (2.16). Then

T (o, B) = L {/f /g(y) B(dy)},

where

—gc (I)b(X),

Fe8) =14 (f.9)
f) + / 9(y) pldy) < / Ol y) p(dy), Vo € X,p € T(x)

In particular, if we take I'(x) = P(X), Vo € X, then it is easy to see that (f,g) €
Fl (o, B) iff flz) + gly) < Clx,y), Y(x,y) € X x X. In this case, we recover the
classical duality result (see e.g. [174, Theorem 1.42]).

2.6 Monotonicity principle

In this section, we provide a monotonicity principle and an application. We again

use the usual weak topology. The monotonicity principle is as follows.

Theorem 2.6.1. Let Assumption 2.5.1 hold. Assume AN C' is convex and weakly

compact (or convexr and weakly closed when Q = X2), and T (a, B) defined in (2.15)
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is finite. Let 7 be an optimizer of TX («, 3). Then there exists a Borel set A C X

with a(A) =1, such that if x,2" € A, m, € I'(z), my € I'(2'), and
My + My = 7T*|X0:x + 77*|X0=w’7 (2,19)

then

(2, 7| xg=e) + (@', 7| xo=ar) < (2, M) + (X, my0). (2.20)

Proof. Take an optimizing sequence {¢,}, € ®,(X) for the right-hand-side of (2.18).
Note that

/ o) B(dy) = / E™ o=+ [, (X1)] o(d).

zeX

We define
fa(@) i= Rl n(x) — E7 1Xo=2[g,, (X1)]

= Jinf (B0, (X0)] + ol Q) — B %o~ [0 (X7)]).

(2.21)

Then it is clear that

/c(a:m;)a(dx) = lim [ fu.(x)a(dz).

n—oo

Since 7| x,=: € I'(x) a- a.e, we have that f,(z) < ¢(x, 7| x,=) by taking p = 7*| x =z

on the right hand side of equation (2.21). Because

lim ( / c(@, | xos) — fn(x)) a(dz) =0

n—oo

and c(x, 7| x,=2) — fn(2) > 0, we can find a Borel set A C X and a subsequence f,)

such that a(A) =1 and
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It remains to show that A has the monotonicity property. Let x,2’ € A and

m, € I'(x), m, € T'(2) satisfy (2.19). By (2.21),

@) + fula') S E™[gn(Xp)] + c(z,me) — E™ o= [¢,(X7)]
+ E™ [ (X7)] + efa’, mgr) — ET o= [, (X7)]
= c(z,my) + (', my).
Then (2.20) follows by sending n — oo m

Remark 2.6.2. If we take Q = X? and T'(z) = P(Q*), Vz € X, then our result
recovers [12, Proposition 4.1]. While we use Kantorovich duality in the proof, [12]
uses a measurable selection argument.

2.6.1 Left-monotonicity when ) = R?

In this part, we provide an application of Theorem 2.6.1. It can be thought of as

an extension of [37, Theorem 6.1].
Let Q = R% Then Q° = {z} x R can be identified with R, and {P|x,—s }zer is

the disintegration {P, },cr. Let

r<x>={@efn<R>: Qi ly—al <ala) =1, [ y@(dm:x}, (2.22)

where a(-) is a nonnegative, bounded and continuous function on R.

Definition 2.6.3. A subset A C R? is called I'-left monotone, if for every triple

(x,y7), (z,y"), (2',y') € A we cannot have the situation
<2y <y <y ly -z <al@)ly -2 <al@) |y -2 <al). (223

And a transport plan 7 € B(R?) is said to be I-left monotone if it concentrates on a

I'-left monotone set.
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Proposition 2.6.4. Assume the cost function c is given by

o(2.Q) = / Wy — ) Q(dy),

y€R

where h is a differentiable function on R with h' strictly convex. Then any minimizer

of the problem (2.15) is I'-left monotone.

Proof. By Proposition 2.2.8, AN C is convex and weakly compact. Let 7" be a

minimizer of (2.15). Let A be given in Theorem 2.6.1, and

A = Uzea{(z,y) : y € supp(m;)}.

It is clear that 7*(A) = 1. Suppose there exists a triple (z,y”), (z,y7), (2',y/) € A
violates I'-left monotonicity. We strive for a contradiction.

Because
y- <y <y', {y,y"} Csupp(m;), y €supp(my),

we can construct two measures pu,v together with real numbers [, r satisfying the

following property:

{y=,y"} Csupp(p) C{y: |y —2'| <a(2')}, p<al;

y €supp(v) C{y: |y —z| <a(v)}, v <7,

i and v have the same barycenter and the same mass; (2.24)
p is concentrated on R\ (I, 7) while v is concentrated on [I, r]|. (2.25)
Let
My =T, —p+v and my =m, + u— 1.
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It is clear that m, + my = 7} + 7% and m, € I'(z),m, € I',y. Thanks to (2.24),

(2.25) and the strict convexity of h’, we can apply [37, Example 2.4] and get that

/ Wy — ) u(dy) > / Wy — ) v(dy).

Now we have

[ rw=a) mian) + [ty - midn) = [y -2 matdy) = [y =) mstay

z/dZ/h’(y—Z)(u—V)(dy) >0,

T yE€R
which contradicts (2.20). O

Here is an example such that I'-left monotone transport plans may not be left

monotone.

Example 2.6.5. Take a = (6 + d5), 8 = 2(0_2 4+ 6o + d2 + d19), and

o) = {Q € PR : QU+ by —al <6} =1, [y Q) =<}

It can be easily checked that %(5(0,_2) + 0(0,2) + 05,0) + 0(5,10)) is the unique I'-left
monotone transport plan, while %(25(070) + 0(0,—2) + 0(0,2) + (5,—2) + (5,2) + 20(5,10)) 18

the left-curtain coupling (i.e. the unique left monotone transport plan; see [37]).

Next, we will prove that the minimizer of the problem (2.15) is unique if the initial

distribution « concentrates on two points.

Proposition 2.6.6. Under the assumption of Proposition 2.6.4, if the initial dis-
tribution o concentrates on two points, then there exists at most one optimizer of

problem (2.15).
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Proof. Without loss of generality, we assume that a = pdy + (1 — p)d;, where p €
(0,1). Assuming that there are two optimizers = and 7, we prove the proposition by

contradiction. Take
Ag = [—a(0),a(0)], A;:=[1—-a(l),1+a(1)],
where a(.) defines the constraint in (2.22). Define

Bo = Blsuppdnars 51 = Blsuppdnaes B = Blagna, = B — Bo — b

Note that the mass at initial position 0 cannot be transported to supp(5)\ Ag. There-

fore the mass of $; must be transported from position 1. Hence we have

7T1|supp,3\Ao = 7Af1|suppﬂ\Ao = £/(1 —p),

and similarly,

7T0|suppﬁ\A1 = 7~TOlsuppﬁ\Al = Bo/p. (2.26)

* — o~ is a nontrivial signed measure with

Since 7 and 7 are different, 7o — 719 = o
positive part o and negative part ¢~. Using (2.26), the martingale condition, and
the fact that mo(R) = 7p(R) = 1, we obtain that supp(o™) Usupp(o™) C Ay N Ay,

and that

/ ot (dz) = / ro (dr), ot (AgNA) =0 (AdgNA). (2.27)

AoNA; AoNA;

Without loss of generality, assume that y* := max{y : y € supp(c™)} > max{y :
y € supp(c7)}, and that o~ ({y}) = 0 if these two maximums are equal. Take

y~ :==min{y : y € supp(c™)}. As a result of (2.27), there exists some y' € supp(c™)
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such that y~ < ¢’ < yT. Therefore, we can find two positive measures u, v together

with two real numbers [, r satisfying the following property:

{y~,y*} Csupp(p) C supp(c®), p<o*;
y' € supp(v) Csupp(c™), v<o7;
i and v have the same barycenter and the same mass;

 is concentrated on R\ (I,7) while v is concentrated on [I,7].

Since 7 and 7 have the same terminal distribution, i.e., pmo+ (1 —p)m = pFo+(1—

p)71, we can deduce that m — 7y = (£ (0~ — 0™), and hence v < ;. Construct

a new coupling 7* via 7 = 79 — p + v and 77 =7 + ﬁ(,u — v). Then by the same
argument used in the last part of the proof of Proposition 2.6.4, it can be seen that

pc(0,75) + (1 — p)e(l,77) < pe(0,m) + (1 — p)e(l, m),

which contradicts our assumption that 7 is an optimizer. O
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CHAPTER III

Embedding of Walsh Brownian Motion

3.1 Introduction

The Skorokhod embedding problem was formulated and solved by Skorokhod in
1961 [175]. For a centered target distribution g with finite first moment, one looks for
a stopping time 7 such that B, ~ pu, where (By);>¢ is a standard Brownian motion.
Over fifty years, various solutions have been proposed, and some of them have been
shown to have particular optimality properties. There is a large number of literature
on this problem, but we will only mention a few of them that are related to our own
work. For more detailed information, we refer the reader to [156] for a nice survey, to
[35] for the Skorokhod embedding’s connection with optimal transport, and to [115]
for its application to mathematical finance.

Although the embedding problem for one-dimensional Brownian motion has been
well studied, there are not many results in higher dimensions (see e.g. [96], [140]).
As stated in [156, Section 3.10], if we consider measures concentrated on the unit
circle, only the uniform distribution can be embedded by means of an integrable
stopping time. The main challenge is that a multi-dimensional Brownian motion
does not visit points anymore. This motivates us to consider the embedding of Walsh
Brownian motion, and our result shows that any p € P(R™) can be embedded using

this alternative, where P(R™) is the set of Borel probability measures on R".
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Walsh Brownian motion is a singular diffusion with state space R", which behaves
like a one-dimensional Brownian motion on each ray away from 0. Once it hits the
origin, it is kicked away from O like a reflected Brownian motion, and is assigned a
random direction according to some given distribution x € P(S" 1) (see e.g. [18],
98], [181]), where S"~! is the unit sphere of R™. To be more precise, let us give the

following definition.

Definition 3.1.1. Let (R;);>0 be a reflected Brownian motion and 7y := inf{t >
0: R, = 0}. A process (Z;)i>0 is an n-dimensional Walsh Brownian motion with

spinning measure x € P(S"!) if

(i) Z; = (T4, Ry) in polar coordinates, where Ty is a 8" !-valued process with the

convention that I'; = (1,0,...,0) when R, = 0;

(i) If Zy = 0, then for each ¢ > 0, the random variable I'; has distribution x and is

independent of Ry;

(iii) If Zy = (v,r) with » > 0, then I'; = v on the set {t < 79}, and on the set

{t > 10}, T'; has distribution x independent of R;.

In case n = 1, 8 = {—,+}, (Z, k) becomes a skew Brownian motion. We will
discuss this simplest case and then the general case. The discussion of the skew
Brownian motion will let us see what to expect. Before that, let us introduce some
notation. Consider any p € P(R") as a measure on the product space S"! x R.
Denote its marginal on 8"~ ! by 7, and its disintegration with respect to i by
(fiy)resn-1. Also define m# = [ |z] u(dz),mb = [p 1 fi,(dr).

Let us now report the three observations for skew Brownian motion. First, for
a skew Brownian motion, suppose there exists a stopping time 7 such that Z, ~ pu.
Then if 1 € P(R) charges (—o0,0), we must have x(—) > 0. Similarly, if x charges

(0, +00), then k(+) > 0. Hence it is necessary that i < k, i.e., i? is absolutely
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continuous with respect to x. It can also be shown that i < k is a sufficient
condition for the existence of such 7 that Z, ~ p (see the discussion of Section 3.3).

The second observation is about the minimality of stopping time 7 and the uni-
form integrability of stopped process (Z;n:)i>0. By using scale functions and speed
measures, one can construct a one-to-one correspondence between the embedding
problem for one-dimensional diffusions and for Brownian motion (see [11]). In the

case of skew Brownian motion, the corresponding scale function is

k(—)x if x>0,
Sx(T) =
k(+)z ifz<0.

Then the scaled process M, := s,(Z;) is a martingale, and there exists some standard

Brownian motion (B;);>¢ such that My = By, (see e.g. [111], [181]). Therefore,

-1

-%, where p o s;! is the pushforward

Zr ~ [ is equivalent to that B, ~ pos
measure of  along s,. According to [71] and [150], if [, & po s;'(dx) = 0, then
the stopping time (M), is minimal if and only if the stopped process (B, at)e>0 1S
uniformly integrable. Note that [,z pos.'(dzx) = k(—)a"(+)m!y — k(+)a"(—)m".
Therefore, 11 0 s;! being centered is equivalent to x(d) = :i—%ﬂ"(:l:). It can also be
seen that the minimality of 7 and (M), and the uniform integrability of (Z, )10
and (B<M>T/\t)t20 are equivalent. Putting them all together we see that if Z, ~ p and
k(L) = Z—%ﬂ"(:i:), then 7 is minimal if and only if (Z;,:):>0 is uniformly integrable.
Third observation is about the optimal embedding problems. In [83], Cox and
Hobson reconstructed Vallois’ embedding 7¥ of Brownian motion. They also reproved
that 7¥ minimizes E[W(L,)] among all the admissible stopping times 7, where V¥ is
a strictly convex function and L is the local time of Brownian motion. By using

the scale function approach mentioned above, the results can be easily generalized to

skew Brownian motion.
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Now let us report our corresponding results in the case of Walsh Brownian motion,
which motivated from the discussion above. Our first result, Theorem 3.3.2, shows
that one can find a stopping time 7 such that Z, ~ p if and only if 47 < k. It
is proved by an application of potential theoretic results in [173]. In particular, the
proof is done by first characterizing a-excessive functions of Walsh Brownian motion
(see Proposition 3.2.8), and verifying assumption (3.7).

In our second result, we show the relationship between the minimality of 7 and the
uniform integrability of (Z;x¢)i>0. In Proposition 3.4.1 we prove that if there exists
a stopping time 7 such that Z, ~ u and the stopped process is uniformly integrable,

then we must have the balanced condition, i.e.,

o

w(dy) = L (d). (+)

In Proposition 3.4.4, we prove that the uniform integrability implies the minimality.
To show the converse to this last proposition, we first develop properties of potential
functions of Walsh Brownian motion, then characterize the uniform integrability using
these potential functions. Finally, we prove the results in Proposition 3.4.14 and
Theorem 3.4.15 by adopting the method of [71], which relies on the so-called standard
stopping times and identifying their relevant properties.

Third, considering Brownian motion as a Poisson point process on its excursion
space, we generalize the construction of [83] to Walsh Brownian motion under the
condition (x); see Theorem 3.5.4. As a corollary of this result and Proposition 3.4.1,
we obtain that there exists a stopping time 7 such that Z, ~ p and (Z;x¢)¢>0 uniformly
integrable if and only if p is balanced. The other corollary of Theorem 3.5.4 is that
there exists an integrable stopping time 7 such that Z, ~ p if and only if (u, k) is
balanced and the second moment of y is finite; see Corollary 3.5.6. Also, we show

that the Vallois type embedding we constructed here solves the optimization problem
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(see Theorem 3.5.7)

inf E[W(17)], (3.1)

where W is a strictly convex function, 7 the collection of minimal stopping times 7
such that Z, ~ pu, and (Lf)s>o is the local time at the origin.

We would like to mention that there are two equivalent viewpoints of our results.
The first is, given a Walsh Brownian motion (Z, k), which p can be embedded. The
other is, given p, how to choose x such that u can be embedded in (Z, k).

The rest of the chapter is organized as follows. In Section 3.2, we present some
auxiliary results about excursion theory and stochastic calculus of Walsh Brownian
motion and its a-excessive functions as well as one-dimensional potential theory. In
Section 3.3, we prove the existence of almost surely finite solutions. In Section 3.4
, we identify minimal stopping times with those 7 such that (Z;a)i>0 is uniformly
integrable. In Section 3.5, we construct the Vallois type embedding and prove that it
solves the optimization problem (3.1).

In the rest of this section, we provide frequently used notation.

3.1.1 Notation.

Denote the left-, right-hand derivative by d_, 0., respectively, and denote the
origin of R" by 0. For any = € R, define 2t = max{z,0}, 2~ = max{—=x,0}. Denote
the probability law of Walsh Brownian motion starting from position z by P (simply
by P if z = 0), and the expectation with respect to Walsh Brownian motion starting
from position z by E* (simply by E if z = 0). Denote a Walsh Brownian motion by
(Zt)iso or (T4, Ry)i>0 in polar coordinates, and its local time at the origin by (LZ)>o.

For any subsets A, B C 8" !, we define scalar processes

R} = Rilirieay, hap(Z) = k(AR — K(B)R;. (3.2)
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Define a map ® from punctured Euclidean space R™ \ {0} to 8"~! x R, as the
following,

bz (v,71),

where z = . Denote ji = p|gn\ joy © @', the pushforward measure of p|gn oy. We
extend i to a probability measure on 8"~ ! x [0, +00) by distributing the mass p(0) to
S"~1 x {0} in proportion to v+ a({7v} xR,;) . Take k = 1 — a(S" ! xR, ) = u({0})
and assign mass t2-fi(A x R.) to A x {0} for any Borel subset A C S"~!. Denote the
first marginal of i by i7, the disintegration of fi with respect to 1% by (fiy) esn—1.

For any p € P(R™) such that [5, |2 u(dz) < 400, define

z€R. (3.3)

When p is clear from the context, we may write m for m*, m, for m%. In the special

case of p = dg, we define c(z) = |z, i7 = &, m_g = 1 for convention. Foy any

stopping time 7, denote the distribution of Z, by p(7). For simplicity, we also denote

3.2 Preliminaries

In this section, we present some auxiliary results.
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3.2.1 Excursions of Walsh Brownian motion

The excursion space for the Walsh Brownian motion (Z;);>¢ is given by
Uy = S itxu R

where Up = {e € C([0,+0)) : e 1(0,+00) = (0,€), for some ¢ > 0} is the excursion
space of reflected Brownian motion. Here £ € (0, +00) is the lifetime of excursion e.
We can associate (Z;)y>o with a Poisson point process on Uy. To see this, let (LZ);>o
denote the local time of (Z;);>¢ at the origin. It characterizes the amount of time
spent by (Z;)i>0 at 0 and is just the local time of (R;);>o at 0. Take (1;);>0 to be the

right continuous inverse of (LZ);>0. We “label” excursions using the local time at O.

Definition 3.2.1. The excursion point process is the process (e;);>0, defined with

values in Uy by

(i) if I, — I;_ > 0, then ¢; is the map
t— Ly<n—1, y21_+4;

(i) if I — I, = 0, then ¢, is the identically zero function.

It can be shown that this excursion point process is a Poisson point process,
with intensity function given by a unique o-finite measure 1 on the excursion space
Uy (refer to [169, Chapter XII], [171, Chapter VI, Section 8| for details). For any
U CUz and | > 0, we set U := (0,1) x U, and

Nul = Z ]11/{(65),

0<s<l

which is the number of excursions in U before local time . It can be shown that N

is a Poisson random variable with parameter [n(U). According to our construction,
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the measure 7 is the product x x n, where n is the excursion measure for reflected
Brownian motion. We recall one important property of the measure n, which is used

in Section 3.5 (see e.g. [169, Chapter XII, Exercise 2.10]).

Lemma 3.2.2. For every x > 0, we have

S

t>0

n {eEZ/{R:supe(t) 2;1:} =

3.2.2 Stochastic calculus

First we state the change of variable formula for Walsh Brownian motion (see
[110], [119], [125]), and then prove a simple proposition which is used many times in

the chapter.

Definition 3.2.3. Let ® be the class of Borel measurable functions g : R* — R,

such that

(i) For every v € 8" !, the function r + g,(r) is differentiable on [0, +00), and the

derivative r ~ g’ (r) is absolutely continuous on [0, +00);
(ii) The function v — ¢ (0) is bounded;

(iii) There exist a real number £ > 0 and a Lebesgue-integrable function ¢ : (0,¢] —

0, +00) such that |¢g”(r)| < ¢(r) holds for all v € S* ! and r € (0, &].
v

Now define
Bf =R, — Ry — L7,

which is a Brownian motion according to [18, Lemma 2]. We have the following

change of variable formula (see [125, Theorem 2.12]).

Lemma 3.2.4. Let (Z;)i>0 be a Walsh Brownian motion with spinning measure k.

Then for any g € ©, the process g(Zy)i>o s a continuous semimartingale and satisfies
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the identity

t
9(2,) =9(Z0) + / 1 ooy, (R.) dB?
0

t

+ / Lin oyt (Ra) ds + V(D)
0

where V2 (t) := ([ cgn1 0+9,(0)R(dv)) LY.

Proposition 3.2.5. Suppose p : S*™1 — (0, +00) is bounded, and define the hitting

time of p,
7(p) = inf{t > 0: p(I'y) = R:}.

Then we have T(p) < +o0, and

el Jresns P(V)E(dY)

(), ) =
vES™T p(v)

P[Ff(p) S d’y] = 1 K
Jsesn s (dB)
Proof. For any disjoint Borel subsets A, B C 8"™!, recall the scalar process ha p(Z;).
Applying Lemma 3.2.4, we see that (ha p(Z;))i>0 is a martingale. By the optional

sampling theorem, we obtain

0 =E[has(Zr()] = K(A) / p(V)P[Lr(p) € dy] — w(B) / P(VP[Crp) € dy].

YEB yEA

)PIT () €dY]

Since choices of A and B are arbitrary, it can be see that Pl ) is a constant,

from which we can deduce the first part of the lemma.
Take g(v,r) = r?. Again by Lemma 3.2.4, we know that (g(Z;) — t)>0 is a

martingale. By employing the optional sampling theorem, we conclude

Jresn—1 P(V)K(dY)
Jresnr siyhldy)

Elr(o)] =Elo(Zep)l = | #0IPTrg € ] =

765”71
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3.2.3 «-excessive functions

Here we characterize bounded a-excessive functions of Walsh Brownian motion.

Definition 3.2.6. Let o > 0, and (P;)i>0 be the semigroup of Walsh Brownian
motion (Z;)i>o (see [18]). A non-negative universally measurable function g is called

a-excessive relative to (Z;)i>o if
(i) g > e Pyg for every t > 0;
(i) e~ P,g — g pointwise as ¢t — 0.

The characterization of a-excessive functions for Brownian motion is well-known.
The following lemma can be deduced easily from [51, Chapter II], after which we

present the result for Walsh Brownian motion.

Lemma 3.2.7. Let g : R — [0, 400) be an a-excessive function of Brownian motion.

Then there ezists a non-negative concave function W such that g(x) = e‘me(GQ 20z

Proposition 3.2.8. Suppose g is a bounded a-excessive function of (Z;)i>o, then

there exists a family of functions (W,),esn-1 such that
(i) The function W, : [1,4+00) — [0,400) is concave and W, (1) = g(0);

(ii) For~v € 8" ', we have g,(r) = €—MTW7(€2 207

.
(iii) [ s 0:W5(1) s(d) < 222,
Proof. By the strong Markov property for Walsh Brownian motion and the definition

of a-excessive function, we have, for all s <t
Ele™g(Z)|Fy] = e B% e g(Z, )] < e *g(Z,).
Therefore, (e~ g(Z;))i>0 is a supermartingale, and hence for any stopping time 7,

9(z) = E*le"*Tg(Z)].
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By restricting g to a single ray in F, we obtain that g, is a-excessive for Brownian
motion for each v € 8"7!. Using Lemma 3.2.7, we can conclude (i)&(ii) of the
proposition.

Take 7(¢) := inf{t > 0 : R, = ¢}. Employing Proposition 3.2.5, we obtain that
E[r(e)] = €* and P[T';) € dy] = k(dy). By the optional sampling theorem, we get
9(0) > E[e*"g(Z,(4)]. Subtracting both sides by ¢(0) and dividing the inequality

by €, we obtain

0> E [Q(Zf(e))e_ 9(0)} E [F%MQ(ZT(E))]
- [ 29200 ) B[ 2] Y

yeSn—1

Since function g is bounded, we can obtain the following inequality,

IimE

e—0

|: 1 — e—om‘(e)

Z. limE —1 e
< 1
p— T<e>)} < ll9lloc lim { - }

(3.5)

aT(e)

< i _ : _
<l iy 8| 272 — g lipae =0

As to the first term on the right-hand side of (3.4), we rewrite g”(e);g(o) =5 g/”E(T) dr

as a sum of two integrals

eV 2ae

_fo6 V2ag,(r) dr i 2(eV? — 1) J; Wi(2?) de
€ € eV2ae 1 7

\/%6_1)

Denote the first term by —u.(€), and the second term by 2(efvw(e). In conjunc-

tion with (3.5), (3.4) becomes

[ vt < gt (] wtama@n ol im[9]). g

yesSn—1 yeSn—1

Since g is non-negative, the derivative W (r) is non-negative. In addition, function
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v,(€) increases as e decreases to 0. Therefore, we can apply monotone convergence
theorem to the left-hand side of (3.6). Since the boundedness of g implies the bound-
edness of u,(€), we can apply bounded convergence theorem to the first integral on

the right-hand side of (3.6). Letting e decrease to 0 in (3.6), we obtain

| om (@ < 500)

yesSn—1

3.2.4 One-dimensional potential theory

Here we state [70, Lemmas 2.5, 3.2] and the related notion of being standard for

stopping times of martingales, which will be used in Section 3.4.

Lemma 3.2.9. Suppose X; is a sequence of random variables such that X; weakly
converges to X and lllglo E[|lx — Xi|] exists for one x € R. If there exists a random
variable Y such that E[|lx — Xj|] < El|lx = Y] for any x € R, | € N, then lligloEHm -
Xi|] = E[|lz — X|] for all x € R.

Definition 3.2.10. Let (Y;);>0 be a martingale on a filtered probability space (2, F, (F;)i>0, P).
A stopping time 7 with respect to the filtration (F;);>¢ is said to be standard for
(Y:)e>0 if E[|Y;]] < 400, and there exists a sequence of bounded stopping time (7;);>0

such that lim 7, = 7 a.s., and
l—00

lim Ellz - Y;,[| = Efle - ||, Vo €R,
—00

Lemma 3.2.11. Let (Y;)i>o be a martingale on a filtered probability space
(Q, F, (F)e>0,P). If T is a stopping time with respect to the filtration (Fi)i>o, then

the following conditions are equivalent:

(i) T is a standard stopping time;
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(ii) Jim Elle — Youl] = Ellz ~ Y:], Vo € R;

(111) There exists a sequence of standard stopping times (T));—o00 Such that llim =T
—00

a.s., and llim E[lx = Y, || =E[|lz = Y;|], VreR;
—00

(iv) E[|Y:]] < 400 and lim inf E[|Yi[1 (5] = 0.
—00

3.3 Almost surely finite Solutions

Suppose p is a Borel measure on the Euclidean space R™ and (Z,k) a Walsh
Brownian motion. We want to provide a necessary and sufficient condition for p to
be a stopping distribution of (Z, k). Here we say u is a stopping distribution if and
only if there exists a stopping time 7 < +o0 such that Z, ~ pu.

In the case of that g7 = 22:1 ¢i0,, is sum of finitely many atoms, p can be

embedded if x charges all directions ~;, i.e.,
K(yi)>0, i=1,...,L

Since k(;) > 0, we have Plinf{t > 0 : Z, = (v;,7)} < oo] = 1 for any r > 0. We
enlarge F such that Fy is rich enough to support an independent variable (only in

this section). Define the stopping time,
T=inf{t >0: Z, = X},

where X is Fp-measurable and of distribution . It is clear that Z, ~ pu.

However, if % is continuous, it can be seen that x({y}) = 0, i%-a.s. for any
(Z, k). Therefore, for any (vyo,79) # 0 such that x({7}) = 0, we have P[inf{t > 0 :
Zy = (Y0,70)} = +00] = 1. Hence, the above construction does not provide us an
almost surely finite stopping time. In [173], Rost answers a general question about

the existence of embedding for an arbitrary Markov process. Suppose (X;)i>o is a
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transient Markov process, UX is its potential operator, and vyUX, 1,UX are o-finite.
Then, for the initial distribution X, ~ vy, there exists a stopping time 7 such that
X, ~ vy if and only if 1, U < yyUX. If (X;)s>0 is not transient, it would be killed at
an independent time with exponential distribution (with parameter «), which results
in (X);>0. Rost proved that vy is a stopping distribution of (X;);>o starting with
1, if and only if iii%(ul UX" — yUX") < 0. The function UX(f) is excessive for any
measurable f, so the result can be reformulated as the following (see [173, Theorem

4]).

Lemma 3.3.1. Suppose (X;)i>0 is a Markov process with such state space that is
locally compact and completely separable. A necessary and sufficient condition for p

to be a stopping distribution of (X;)i>o starting with do is

}lim sup (u — do,g) =0, (3.7)

a—0 1>ge6a

where &% is the set of a-excessive functions (see Definition 3.2.6) of (Xi)i>0, and

(v, f)y == [ fdv for any measure v and measurable function f.

Note that if x(A) = 0 for some set A C B(S"!), then we have P[inf{t > 0 :
' € A} = 4o00] = 1, ie., the Walsh Brownian motion does not visit the region
{(v,7) : 7 > 0,7 € A} a.s. Therefore, if 17(A) > 0, we must have x(A) > 0 in order
to make p a stopping distribution, that is, i < k is a necessary condition. We will
show that it is also sufficient by checking (3.7) in Lemma 3.3.1.

Define S to be the pushforward measure of i, under the mapping r e2V2or,
Let g € &* and (W,),esn—1 be the characterization of g as in Proposition 3.2.8. We
make two observations: (1) As a — 0, the measure ji§ weakly converges to d1; (2)

The condition g <1 is equivalent to that W, (z) < y/z for any v € S" 1.

Theorem 3.3.2. If i is absolutely continuous with respect to k, then the equation

(3.7) holds for Walsh Brownian motion (Z;)i>0. As a result, v is a stopping distribu-

o4



tion of (Z, k) if and only if i < K.

Proof. Recall that we have the characterization of a-excessive functions by Propo-
sition 3.2.8. Taking g = 1, we see that >sup6a<u — 0g,g) > 0 for any a > 0. It is
sufficient to show for any ¢ > 0, there exilsgseao > 0 such that (1 — dg, g) < € for any
a<apand 1>ge G

Since 17 < K, we can find K > £ such that for any A C B(S"™), k(4) < %

implies 17(A) < 5. Take 6 = and «ag such that for any o < ag

€
4K

[ i) wan>1-5

yesSn—1

If C':=g(0) > 1 — ¢, we automatically have (u — do, g) <1 — C < e. So without loss
of generality, we assume C' < 1 —e.
Since W,, is concave, it is upper bounded on the interval [1,1 + §] by the linear

function

C+ 0, W, (1)(z — 1).

In order to have

C+o.W,(1)(xz—1) <Va, z€[1,1+7],
the derivative 0. W, (1) cannot be greater than —VH&‘S_C. Denote by H the collection

of v such that 0, W, (1) > —W, ie.,

V140 —
H:= {fy eS" o W,(1) > %C} :

By part (7i7) of Proposition 3.2.8 and Markov’s inequality, we have

Wm0 8_ 1 <
“2/1+6—-2C ~ 2 8K 64
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and Therefore,

Denote

dpi
F:: Sn712—<K
{r e I < }

V1i+6-C

G=8""\(HUF)C{yeS&':0,W,(1) < 5 }.

Note that f7€$n71 % k(dvy) = 1. Therefore, by Markov’s inequality, we have x(G) <

+ and thus 7(G) < £. According to our choice of §, it can be seen that

+o00

(g) = / (1% (dv) / 9y(r) fiy(dr)

- [ 7@; ) ie(d) (3.5)

et [ ) + 5,

(VAN
—

’YESn_l
We estimate the term W”Tgf) in (3.8). For v € H, we have inequalities
1+5W( )
L) - ~o
| i < i) <1
1
and for v € H,
1+6W( ) 1+5C 0. (1) — 1)
L) .o + + T — ~a
[ = g < | o e (da) < €+ 60, W, (1),

o6



Therefore, we obtain the upper bound,

no)<Cv [ S0 i) + () +

yeS—I\H

For v € F, we have i°(dy) < Kr(dvy), and for v € G,

0. W,(1) < (1%;6_0)

In conjunction with part (#i7) of Proposition 3.2.8, we get

[ o) i

~yeSr—1\H
S(WVIto-0C) _,
< [0, st + [ EEZED )
yeF yeG
OKC
< —5— T 2r(G).

Now we can conclude the result,

3.4 Minimality and Uniform Integrability

For Skorokhod embedding problem for Brownian motion, it was proved that a
stopping time is minimal if and only if the stopped Brownian motion is uniformly
integrable (see [71] and [150]). In this section, we prove the analogue in the case
of Walsh Brownian motion. First we present a necessary condition for the stopped
process (Z;at)i>o to be uniformly integrable. Then we show that the uniform inte-

grability of (Z;x¢)¢>0 implies the minimality of 7. To show the other direction, we
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adopt the potential theory method of [70] and [71]. In the rest of the chapter, we
assume that k is not an atom, i.e., (Z, k) does not degenerate to a reflected Brownian
motion. We would like to remark that with careful modifications by reproving [70,
Lemma 2.5, 3.2] for submartingales and redefining W, = RS"" in (3.9), our results

still hold when & is an atom.

Proposition 3.4.1. For any stopping time T such that Z, ~ p and (Zqpt)i>0 1S

uniformly integrable, we have m#* = [,.|z| pu(dz) is finite, and

() = 2 (). ()

Proof. Suppose 7 is a stopping time such that Z, ~ p and (Z;)i>0 is uniformly

integrable. For any disjoint Borel subsets A, B C 8"!, recall the scalar process
hag(Z) = k(A)RP — k(B)R;.

Due to the uniform integrability of (Z;s¢)i>0 and Lemma 3.2.4, ha g(Z-nt)i>0 is a
uniformly integrable martingale. Therefore, ha p(Z,,;) converges to ha g(Z,) in L.

In particular, when 0 < k(A) < 1, B = A°, we have
E[|Z-|] < max {1/k(A),1/5(A)} E[lhap(Z,)|] < +oo.

Also by the optional sampling theorem we have that

0 =E[hap(Zo)] = E[hap(Z;)]

— () [ pota) [ v potar) = n(B) [ (@) [ v i (ar)
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Since the choice of disjoint pair (A, B) is arbitrary, there exists a constant m such

that for any v € S,

i (dy) = ()

Integrating both sides of the above equation over S"~1, we get

m = / m k(dy) = / mi 1 (dry) = /|z| p(dz) = m" < 4o0.
Sn—1 Sn—1

Rn
[l

In the case of n = 1, S° consists of two directions {—, +}, and the process (Z;);>0
becomes a skew Brownian motion. Usually in the Skorokhod embedding problem
for Brownian motion, we say a target distribution p is centered if fj;o x u(dz) = 0.
Since the spinning measure of Brownian motion is x(+) = x(—) = 3, it can be seen
that p is centered if and only if 47 (+)my = f%(—)m_, which is equivalent to (x). We

generalize the concept of being centered to the case of Walsh Brownian motion.

Definition 3.4.2. A pair (i, k) is balanced if [, 2| u(dz) < oo and (u, k) satisfies
().
Let us also recall the definition of minimality for stopping times.

Definition 3.4.3. A stopping time 7 is said to be minimal if for any stopping time

v <7, L(Z,) = L(Z;) implies v = T as.

By the same argument as in [150, Proposition 2], it can be seen that for any stop-
ping time 7 there exists a minimal stopping time v such that £(Z,) = £(Z,). In the
next proposition, by modifying the argument in the first paragraph of [150, Theorem
3], we show that for any stopping time 7, the uniform integrability of (Zs¢)i>0 implies

the minimality of 7.

Proposition 3.4.4. If 7 is a stopping time such that (Z.pt)e>0 is uniformly integrable,

then T is minimal.
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Proof. Choose a measurable subset A C §"~! such that 0 < x(A) < 1, and recall

hA,AC(Zt) - /{(A)Rfc - K/(AC)R?

As in the proof of Proposition 3.2.5, hy ac(Z;) is a martingale. Since |ha ac(Zrnt)| <
| Z:nt|, the stopped process ha ac(Z;a:) is also uniformly integrable. Let v be a stop-
ping time such that v < 7 and £(Z,) = L(Z;). Then it can be easily seen that
L(haae(Z,)) = L(haa(Z;)). Define

a:= ilelﬂlg{a 2 a € supp(L(ha,a<(Z7)))}-

Using the equality of laws and the optional sampling theorem, for any a < a we have

that

E[hA,AC(ZT>|hA,AC(Zq—) Z CL] == E[hA7Ac<ZU)|hA’Ac(ZU) Z CL]

- E[hA,AC<ZT)|h'A,AC(Zv) > a],

which implies that

Elhanc(Z:)Ling aezzay)  Elhaac(Ze)lin, se(z0)za})

Plhaac(Z;) > a] B Plha.ac(Z,) > d]

Since hy ac(Z;) and ha ac(Z,) have the same law, the above equality becomes

E[haae(Zr)iny pe(z:y2ay) = Elhaac(Zr) Liny pe(20)2a})-

For a > a, due to Lhp se(zr)za} = Ly pe(z)2a) = 0 ass,, the above equation still
holds.

Suppose X is an integrable random variable and a € R. Then for any ' C Q
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such that P[Q)'] = P[X > a], we have

X>a on{X>a}\Q,

X<a onQ\{X >a},
and P{X > a} \ ] =P[Q'\ {X > a}]. Therefore,
E[X1{xs0] — E[X1o] = E[XLixsane] — E[X Lo (xsay] > 0.

And E[X1{x>q] = E[X 1] if and only if P[{X > a} \ ] =P[Q'\ {X >a}] =0.
Let X = haac(Z;),Y ={haa(Z,) > a}, we get that

P[hA,AC(ZT) > a, hA,AC(Zu) < a] = ]P)[hA?Ac(ZT) < a, hA,AC(Zu) > a] =0.

It implies that ha ac(Z,) = haac(Z;) as. If  is any stopping time such that v <

¢ < 1, then
hA,AC(Zg) = ]E[hA,AC(ZT)LFd = E[hA,AC(Zv)LFd = hA,AC(Zv) a.s.

Therefore, ha ac(Z;) is constant on the interval v < ¢ < 7, which is impossible unless

U =T a.s. O

Fix an Ag C 8"! such that 0 < x(Ay) < 1. Define s := %, and a scalar process

W, = sRM — RS, >0, (3.9)

According to Lemma 3.2.4, it can be seen that (I¥};);> is a martingale.

Lemma 3.4.5. For any stopping time 7 such that p(7) is balanced, we have for any
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Ac St

2E(RY — a)') = 207 +2 [ (/) — (mafmi)*) K(d),

YEA

and the potential function of W,

Ellz — W] =[] = 25(Ag)m™ + 25 / (G (m7x/(m]s)) — (m"a/(m]s))") k(dy)

YEAQ

+2 / ((=mTx/m]) — (=m7x/m])") K(dy).

YEA§

—— 0

Proof. Since p(7) is balanced, we have k(dy) = Z—i,u(T) (dv). According to the

definition of ¢ in (3.3), it can be easily verifying that

2m?
7
p— c(mx/ml) —x —ml.

/ ly — x| /Tf)y(dy) =

Therefore, by direct computation

2E[(R; — 2)*] = E[|R] — || + E[R]] — «

— () (A%) Ja] + / jy— | a(r),(dy) ()’ (dn) + / m i) (dy) —

yeA R

YEA
= el —a+2 [ DG ) — (e ) ) ) )
yEA
=20~ +2 / (c(m"w/m]) — (mTa:/m;)Jr) k(dv),
yeEA
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Ellz — W, ]| = //Iy—I/SIM()(dy) ()’ (d)

yEAp R
/ / v = (~a)| 1l (@) () (@)
=|z| + s %chTx mrs)) —x/s—m! — |x/s /\;U
. |+764(m7 () = s =~ o1 ) (7))
Zm'ycT m'z/m-) — (—z) —m. — |x /\;U
+/(m (o) — (-a) = md = [ol ) ()
—Jae| — 2w(AG)m" + 25 / ((m7z/(m7s)) — (m"e/(m7s))") K(dy)

YEAo

+2 / ((=mTx/ml) — (=mTx/m])") K(dy).

YEA§
[]

For any two functions f,g : R — R, we write f(-) = g(-) if f(z) = g(z),Vz € R,
and f(-) < g(") if f(z) < g(z),Vz €R.

Lemma 3.4.6. A stopping time 7 is standard (see Definition 3.2.10)) for (Wy)i>o,
defined in (3.9), if and only if u(1) is balanced and

TAL

lim ¢ (m™ . /mf,“) — (m™ . /mfyAl)Jr =c(m" - /m])—(m" - /m])*, k-as.,

l—00

(3.10)

where the limit is understood in the sense of pointwise convergence of functions.

Proof. Note that for any A, the process (R#);>o is submartingale, and hence by
Jensen’s inequality E[(R2,, — z)*] is increasing with respect to . Since 7 Al is a
bounded stopping time, the stopped process (Z;aiat)e>o is uniformly integrable. Hence

by Proposition 3.4.1, u(7 Al) is balanced. Therefore, according to Lemma 3.4.5, the
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following functional series is increasing with respect to [ for any A C 871,

/ (C;/\l(mrAll,/mz-//\l) _ (mT/\ll,/m;/\l)-f—) /{(dv).
YEA

Since the integral is increasing for an arbitrary A, it can be easily verified that

(M (m™ x/mIMN) — (m™a/mI™)*) is increasing with respect to [ k-a.s.

According to Lemma 3.4.5, we also have

Ellz — Wenl] =lz| — 25(A5)m™

T2 / (N ™/ (mINs)) — (N ) (mINs)) ) w(dy)

Y€Ao
+2 / ((=mTx/m]) — (=m7z/m])") K(dy).
YEAG

Since (M (m™x/mIM) — (m™x/mIM)T) = m™" when x < 0, the above equation
becomes

Eflz = Wenl] (3.11)

el 20 (P e () — (e ) ) () i

|x| + QfWGAS(c;M(—mTMx/mQM) — (—m™xz/mI)") k(dy) if x <0.

Now suppose i(7) is balanced and satisfies (3.10). Since ¢Z*(0) = m™, we obtain

that

lim m™ =m".
l—+o00
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By the monotone convergence theorem, we conclude that

=0

nmmw—wmuaﬂ—%wmmwus/Yﬁmuﬂm$»—mmwmﬁwvmm>

v€Ao
42 [ (G emrafm) - (-m7o/mi)") w(dr) = Ellz - WL
YEAS
and hence 7 is standard for (W;);>o.
If 7 is standard for the martingale (W});>, according to [70, Section 5], it is
equivalent to that (W, ,;);>0 is uniformly integrable. Therefore, the stopped processes

(Zrnt)i0 and (RA,,)s>0 are also uniformly integrable. Therefore, u(7) is balanced, and

E[(R2, — x)*] <E[(RA — z)T] for any = € R. Hence

/ (c;Al(mTMa:/m;M) _ (m-r/\lx/m;/\l>+) li(d”)/)

YEA

< /(c;(mT:E/mg) — (m7x/m])") k(dy).

yEA

The above inequality is true for any A C S"7'. Then it can be deduced that

NN Al Al A+ +
™ mIN) — (m™ e /mI) T < el(mT - /mD) — (mT - /mD)T k-as.

Combining the equalities lim E[|x — W, |] = E[lz — W,|], lim m™ = m™ and the
=0 l—>+o00

monotone convergence theorem, we conclude that

Jim MmN fmINy = (mT - fmIN T = (mT - fmD) — (mT - /mI)T, k-as.

]

Corollary 3.4.7. A stopping time T is standard if and only if (Z.nt)i>0 is uniformly

integrable.
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Proof. According to [70, Section 5], 7 is standard for the martingale (1});>¢ is equiv-
alent to that (W;a:)i>0 is uniformly integrable. Then the result follows from the fact

that uniform integrability of (W, ,;)i>0 and (Z;a¢)i>0 are equivalent. O

Definition 3.4.8. For two balanced measures p,v € P(R"), we say p <yer V if
ci(mh - fmb) — (m* - /mE)" < ci(m” - /ml) — (m” - /ml)*,  k-as.
Remark 3.4.9. As in the proof of Lemma 3.4.6, it can be seen that if v < 7 are two

stopping times with 7 standard, then we have pu(v) <uep p(7).

Lemma 3.4.10. Suppose v, T are two stopping times such that p(v), u(r) are bal-

anced. Then p(v) <yer (1) and p(T) <wer p(v) imply that L(Z,) = L(Z,).

Proof. According to Lemma 3.4.5 and the fact that u(v) p(7) are balanced, we have

for any x € R

E[(R; —2)"] = E[(R} —2)7].

It implies that £(R;) = L(R2) for any A C S". Regarding u(v), u(7) as measures

on the product space S"~! x R,, we have that

p(v)(A x (a,b)) = u(7)(A x (a,b)), V(a,b) C Ry,

and hence p(v) = p(7). O

Lemma 3.4.11. Suppose 7 is a stopping time such that p(7) is balanced. Let D be
the collection of standard stopping times v such that v < 7, u(v) <yer (7). With the
partial order of stopping times, any totally ordered subset C C D has an upper bound
in D.
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Proof. Since C is totally ordered, any maximal element of C is an upper bound of C.
Therefore, without loss of generality, we assume that there does not exist a maximal
element in C. For each v € C,denote its survival function by D,, : [0, +00) — [0, 1],

Dy(t) = Pl > 1].

Note that & < v is equivalent to De < D,,. Let (¢;)ien be a countable dense subset of

[0,4+00). Define a sequence of stopping times by induction,

(i) For t1, choose a stopping time v; € C such that D, (t1) > %sglg{DU(tl)}.

(ii) Suppose vy, ... ,v;_; are well defined. For ¢;, choose a stopping time v; € C such

that v;_y < v; and D, (tg) > H%sup{DU(tk)}, kE=1,...,1L
vel

Since C is totally ordered and there does not exist a maximal element, it can be easily

verified that the construction works. We define
Vo = lim (IR
l— 00

For any ¢ € C, there exists some t;, such that D¢(t) < suIC){DU(xk)}. Otherwise, due
to the right-continuity of Dy, it is the actually the maxfrflal element of C. Therefore,
there exists some [ € N such that De(t;) < HLl ilélc){Dv(tk)}, and hence £ < v; < wy.
It remains to show that vy is standard and p(vg) <yew p(7)-

We claim that llgglo E[|W,,|] = E[|W,,|]: Since paths of Walsh Brownian motion
are continuous, SR;?ZO converges to sR;j‘OO a.s., and hence stlo weakly converges to

sR40. Define g* : R — R, k € N as follows

¢ (@) = la| A k.
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Therefore, we have
E[sR)°] = E[g"(sR,)] + sE[(R,° — k/s)™].
Since (V) <wer (7), by Lemma 3.4.5 we obtain that

(R}, — k/s)"] = / (e (m"k/(mi's)) = (m"k/(m3's))") K(dy)

v€AD

IN

[ 7R ms) = (5 9)*) ).
v€AD
Therefore, E[g*(sR;°)] uniformly converges to E[sR{] as k — oo. In conjunction
with the fact that
: k(.pA k(. pA
lim E[g"(sR2)] = Elg*(sR2)].

we conclude that lim E[sR;°] = E[sR:]. Similarly, we have lim IE[R{?ZS] = E[Rfoa],

l—00 l—00

and Therefore,

lim E[|WV,, ] = lim E{sR] + lim E[R{) = E[sR{"] + E[R(S] = E[|W,, )

l—o0

We show that v is standard for (W});>0. The almost sure convergence of W,, —
W, implies the weak convergence. According to our assumption pu(v;) <yer 1(7), we

have for any x € R, € N,
E[[Wy, — z|] < E[|W: — z].

In conjunction with the fact that llirn E[|W,,|] = E[|Wy,|] and Lemma 3.2.9, we have
—00
that llim E[|W,, — z|] = E[|W,, — z|] for any x € R. We can conclude that vy is
— 00
standard for W from Lemma 3.2.11.

To close the argument, we show that u(vg) <yer w(7). Since vy is standard,
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according to Remark 3.4.9, we have that p(v;) <yer p(vo). The equation (3.11) holds
for any standard stopping time. Together with llim E[|W,, — z|] = E[|W,, — z|] and
—00

the monotone convergence theorem, we conclude that

Jim Hm? - fmt) — (m® - /mi)T =m0 - /m) — (m™ - /m)t, K-a.s.

Now since p(v;) <yer 14(7), we have that pu(vy) <wer (7). O

Lemma 3.4.12. If u € P(R") is balanced, then the stopping time T = inf{t > 0 :

Ry = my, } is standard for (W;)i>o.

Proof. Define 7, := inf{t > 0: R, = mp, A k}. According to Proposition 3.2.5, we

have that E[7,] < +o00 and

g k(dy)
f,@esn—l mgl/\k K(dﬂ)

P[lr, € dy] =

—~—

It is clear that u(7x), = Opuap, M = my Ak, and m™ = 1/ f,BESn71 % k(dp).

Therefore, we obtain that

Since I';, converges to I'; a.s., it can be seen that

i R(dy) w r(dy)
P[l, € dy] = lim 22 = :
[ )= Jlim. Jocsns wtar #dB) ~ [rcgns g #(dB)
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—— 0

and also mJ = mk,m™ =mt, u(7) (dvy) = %H(d’}/). Therefore, 7 is balanced and

m”, if x € (—o00,0],

(¢ (m7x/ml) = (m7w/m])") = ¢ m7 — 2 if ¢ e [0,m]),

0, if x € [m7, +00) .

Since lim m* = lim m# Ak =mI and lim m™ = m” , it can be seen that
k—oo ! k—oo ! v k—o0

Hm (1) >wee (7).

k—ro0
By monotone convergence theorem, we have klim E[|W,, — z|] = E[|W, — z|]. There-
— 00
fore, according to Lemma 3.2.11, 7 is standard for (W;):o. O

Suppose ¢ is a standard stopping time, and (I,),esn-1 is a collection of intervals on
rays. In the next lemma, we prove that the stopping time 7 := inf{t > £ : R, € If,}
is still standard. The result for Brownian motion was proved in [70, Lemma 10.1].

Here we give another proof based on Lemma 3.2.11.

Lemma 3.4.13. Given A C 8", suppose (I,)yea is a collection of intervals such
that I, = (a,by) C (0,+00) and sup,c 4 by < +oo. Fory € A°, we define I, = () by
default. Let & be a standard stopping time, then stopping time given by T = inf{t >

§: Ry € It} is a standard stopping time as well.

Proof. According to Lemma 3.2.11, it is equivalent to E[|W,|] < co and

li}gn inf E[|Wy|1{z>ky] = 0. The first condition follows from
—00
E[|W:|] < E[|W¢|] + max{s, 1} sup b, < 400,
YEA

Since paths of W are unbounded, it follows that 7 < +00 a.s. and hence
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lim P[r > k > &] = 0. The second condition follows from

k—o00

. e .
lim inf E[[Wy |1 (o] < lim inf B|Wy[Tesp] + lim E[[Wi[1sre]

< liminf E[|Wy|Lesgy] + max{s, 1} supb, lim P[r >k > ¢] = 0.
k—o0 yEA k—o0

]
The proof of the following proposition is based on the idea of [71, Theorem 1].

Proposition 3.4.14. For any stopping time T such that pu(7) is balanced, there exists

a standard stopping time v < T such that L(Z,) = L(Z;).

Proof. Let D be the collection of standard stopping times & such that & < 7, u(€) <yper
(7). D is not empty since £ = 0 is in D. According to Lemma 3.4.11 and Zorn’s
lemma, there exists a maximal element in D. Let denote it by v. Let us show that
L(Z,) = L(Z,).

The equation (3.11) holds for any balanced stopping time &, and hence

2]+ 2s [
Ellz — W[l = !

|| + QfWGAS(cg(—méx/mg) — (—mtx/mi)*) K(dy) ifx <0.

eao((mEx/(m5s)) — (mba/(mSs))") k(dy) ifz >0,

In conjunction with the fact that p(v) <ue p(7) and Lemma 3.4.10, £(Z,) = L(Z;)
is equivalent to that E[|x — W, || = E[|x — W,|] for any € R. Suppose not. Consider
the open set O = {z : E[|lz — W, |] < E[Jx — W,|]}. As in the proof of [71, Theorem
1], it can be shown that P[{v < 7} n{W, € O}] > 0.

If 0 € O and P{v < 7} N{W,, = 0}] > 0, it can be easily seen that m" < m’.

Construct a new stopping time as follows

V'(w) =v(w)+inf{t >0: Ry, = rmp, R, (w)=0};
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where r > 0 will be determined later. If Z, is not at the origin, we have v/ = v, and
if Z, = 0, we transport the mass from origin to (y,7mJ),esn-1 on rays. Denoting

p =P[R, = 0], for any A C S"!, we have that
E[|R) — 2[1(n,>0] + B[R} Lr,>0y) = E[|R] — al] + E[R]] — pla].
As in the proof of Lemma 3.4.12, it can be easily verified that

E[IR) — 2|Lir,—o)] + E[R) L, —o)] =pp(7) (A°) |2| +p [ |o—rmI|u(r) d(~)

YEA

+p/rm§;;(\/7)0d(7).

YEA

Combining these two equations, we obtain that

2E[(Ry — 2)*] =E[| R} — z|1(r,>0}] + E[| R — 2|1 {r,~0}]
+E[RA1(r,>0)) + E[RG Lipo—0y] — @

I /@:(mvx/mg)  (m¥ajm)*) k()

yEA

mT T T
+p / W(\x —rm| — |z| + rmv) k(d).
YEA 7

We want to guarantee that for any v € S*71,

T

m T T
2(ch(mz/mY) — (m“a:/mz)Jr) —i—p%ﬂx —rml| — [z +rm])
v

< 2(c(m"x/m]) — (m"z/mI)").

The left hand side evaluated at x = 0 is equal to 2m" + 2prm7, and right hand side

T

evaluated at x = rm’

is greater than 2m”™ — 2rm”. Therefore, it is enough to take

r < %. As in Lemma 3.4.12, the stopping time ¢’ is also standard. Noting that
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P{v < 7} n{v < v'}] > 0, and p(v') <wer p(7), the stopping time v/ A7 € D is
strictly larger than v, which violates our assumption that v is maximal.
If P{v < 7} N {W, € O\ {0}}] > 0, there exist a subset A C 8"!, a collection

of open intervals (I,),c4 and a collection of real numbers (d,),ca such that
(i) x(A) >0, I, = (ay,by) and sup,c 4 b, < +o0.
(ii) For any v € A, P{v <7} N{R, € I,}IT', =] > 0;
(i) Forany € L, (¢X(mPa/m?)—(m¥a/m2)*) < dy < (] (m"z/mI)—(m"z/m7)*)

Then we define stopping time v'(w) := inf{t > v(w) : R, € If}. According
Lemma 3.4.13, v’ is still standard. Note that our construction keeps my = mzl.
The new potential function c;’/ is linear over the interval I, such that cijl(x) = ()
for x € {a,,b,}. Therefore, p(v') <yer p(7), and P{v < 7} N {v < v'}] > 0. Then
the stopping time v/ A 7 € D is strictly larger than v, which violates the maximality

of v. 0

Theorem 3.4.15. If 7 is a stopping time such that u(7) is balanced, then T is mini-

mal, in the sense of Definition 3.4.3, if and only if (Z;at)i>0 is uniformly integrable.

Proof. The proof of “if” part is given by Proposition 3.4.4. Now consider the case
when 7 is balanced and minimal. First, according to Proposition 3.4.14, there exists
a standard stopping time v < 7 such that £(Z,) = L(Z,). Now using the minimality
of 7 we obtain that v = 7. Finally, according to Corollary 3.4.7, the process (Z-xt)t>0

is uniformly integrable. m

3.5 A generalization of Vallois’ Skorokhod embedding

Chacon and Walsh [72] gave a general construction of the Skorokhod embedding
based on one-dimensional potential theory. Later in [83], Cox and Hobson showed

that the construction of both Azéma-Yor [10] and Vallois [180] can be interpreted

73



in the framework of [72]. For a strictly convex function W, Vallois also proved that
his solution minimizes E[¥(LY)] among all the minimal solutions, where (L?);>q is
the local time of a Brownian motion. Now we generalize this result to the Walsh
Brownian motion by using the method established in [72] and [83].

Suppose that the target distribution p € P(R") is balanced (see Definition 3.4.2).
Let ¥ be a strictly convex function defined on R such that ¥'(+o00) < K for some
positive constant K. Let T be the collection of stopping times 7 such that the stopped
process (Ziar)i>o is uniform integrable and Z; is of distribution p. We consider the
optimization problem (3.1)

inf E[W(17)].

First we present a sufficient condition for the uniform integrability mentioned
above. Choose any A € B(S"™!) such that 0 < k(A) < 1, and recall hy 4c(Z;) in

(3.2). Define the hitting time for x € R,

H, :=1inf{t > 0: hyae(Z;) = x}. (3.12)

Lemma 3.5.1. If 2P|t > H,] — 0 as v — +oo, then the stopped process (Zin:)i>o0

15 uniformly integrable.

Proof. The argument is part of [82, Theorem 5] and we repeat here for readers’ con-
venience. Note that the uniform integrability of stopped processes Z7, R™, h ac(Z7)
are equivalent, and the process (ha ac(Z;))i>0 is a martingale, so it is sufficient to

show that for any stopping time v < 7,

E[hA,AC(ZTNFv] = hA,AC(Zv)'

Suppose x < 0, F € F,, and set F, = FN{v < H,}. Since haac(Zipm,) is a
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supermartingale, we have

Elhaac(Zoam,)1E,] > Elhaac(Ziam,)1r,].

By replacing B, with ha 4c(Z;) in [82, Lemma 9|, we know ha 4-(Z,) is integrable.
As a result of the dominated convergence theorem, the left-hand side converges to

E[h4 ac(Z,)1F] as © — —oo. It is noted that the term on the right is equal to

Elhaac(Z:) 1 pngr<n,y) + 2P F N {v < Hy < T},

which converges to E[h4 ac(Z;)1F| according to our assumption. We conclude
Elha,ac(Z,)1p] > Elha ae(Z;)1F|, and thus E[ha ac(Z,)|Fy] > haac(Z;). By a same
argument for x > 0, we obtain the result. m

3.5.1 Construction of the stopping time

For each v € 8"7!, recall functions

fOJroo}mu/m7 — 7| fin(du) + 7+ m

ey (1) = B

Here ¢, is our potential function on rays. It has the following properties (see e.g. [70]

for proofs).
Lemma 3.5.2. ¢, is a positive convex function such that

(1) ¢, (0) =m and c, (1) > r;

(“) a—l-c’Y(T) = ﬂ'y([07 %])7 a_C,Y(T) = /7“7([07 mn»;r));

(117) lim cy(r) —r =0.

r—+400

Let us define
¢,(s) := sup argmin {M} :
r

r>0
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It can be seen that (,(s) is the r-coordinate of the point on ¢, where the tangent line
passes through (0, s). Since such a point may not be unique, we choose the one with

maximum r-coordinate. We also take

6. (s) = 2lal8)) =5 &G (s) = 7 /% i),

an 1
\ VE (3.13)
1) = [ 5ot a0 = 2200 ).

where H™! : [0, +00) — [0, +00) is the inverse function of H. We are now ready to

define the stopping time,
=inf{t >0: R, > ar,(L?)}, (3.14)

that is we stop the process if its excursion travels beyond the hypersurface v +—
a(L{).

We say a stopping time 7 is of barrier type if there exists some some closed subset
B C [0,+00) x R" such that 7 is equal to the hitting time inf{t > 0: (L?, Z;) € B}.

Since a, is non-increasing for any v € 8"!, stopping time 7 is of barrier-type: taking
B:= U l){[l,+oo) x ry} C [0,+00) x R,

it can be easily seen that 7 = inf{t > 0: (LZ, Z;) € B}. Before verifying that Z, ~ pu,

we need a technical lemma.

Lemma 3.5.3. ¢, is absolutely continuous on closed subsets [0,m) for eachy € 8" !

S>1O/Sc£u> a

Proof. The proof is from [83, Lemma 2|, and we record here for the sake of complete-

and
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ness. The function ¢, is the gradient of the tangent to ¢, that passes through (0, s).
By the convexity of c,, we easily see that ¢, is non-increasing on [0, m). In addition,
note that ¢, is non-decreasing and ¢, is non-increasing. We estimate ¢, (s —9) — ¢4(s)

for small positive 9,

AP CLEL R
ch(CV(Z)(S; s+0 _ b.(5) + QW(ES)‘
Therefore, ¢, is -Lipschitz on closed intervals [0,s] C [0,m) for any s < m. As a
result, ¢, is differentiable almost everywhere on [0,m) and ¢ (s) fo ¢! (u) du+ 1.

Since ¢, is left-continuous, we can calculate the left derivative of ¢.,

0-¢,(s) =0
3+ny((y(8) 9_Gy(s) -1 _ 9-Gy(8)(cy(¢4(s)) — s)
Gy(s) 3 (s)
(6 —s]
C’Y(S)
If i, has no atom at (,(s), ¢, is then differentiable at (,(s) and 0yc,(¢,(s)) is just

the gradient of the tangent % If i, has an atom at (,(s), we know 0_(,(s)

is zero. In both of these two cases, the second term of the above equation vanishes

and we obtain the result. O

Theorem 3.5.4. The stopped process (Zinr)i>o 1S uniformly integrable and Z. is of

distribution u, where T is defined in (3.14).

Before we prove this result we will give a corollary of this theorem and Proposi-

tion 3.4.1.

Corollary 3.5.5. There exists a stopping time v such that Z, ~ p and (Zyat)eo S

uniformly integrable if and only if 1 is balanced.
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Proof of Theorem 3.5.4. Our proof relies on the excursion theory (see e.g. [169],
[171]). Tt is noted that LZ is no less than H(s) is equivalent to excursions at local
time / has maximum modulus less than a. () for any [ < H(s), where  is the direction
of excursions. Denote by Ug the excursion space of reflected Brownian motion (R;)¢>o

(see Subsection 3.2.1 for the discussion). Take a subset V of IT := [0, +00) x 8" ™! xUp,

Vi={(l,y,e): | < H(s), y€ 8", supe(t) > a,(I)}.

t>0

According to Lemma 3.2.2, the random variable NY = " 1y(l, ¢;) is Poisson with

>0
parameter
H(s) p
/ dl / Kdy)
a (1)
0 yesSn—1
Since LZ > H(s) if and only if NY = 0, we obtain
P[LZ > H(s)] = exp —/dl / ne
[ )] o)
0 ~yeSn—1

By Lemma 3.5.3, we have

_ [ omeld) [y o e A
ma G (u) / (1) / &, (u) 7 (dy) = N'(u).

~yeSn—1 ~yesSn—1 ~yesSn—1
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In conjunction with H'(u) = Kayr We get

P[L? > H(s)| =exp _75)6” / K(dv)

ax(1)
. 0 ~eSn—1
( S
: mi(dy)
=exp 4 —/H u) du /
“ N
0 yesSn—1

\
p

=exp

[N |
O/A(u)du = A(s).

\

Recall the definition of 7: we will stop in the region dvy x [r, +00) at local time [ if
and only if (Z;)i>o does dot hit stopping region B until an excursion travels beyond

a,(l) > r at local time [. Take a subset of II,

V= {(u,%eu) s ue (I,l+dl], supe(t) > aw(l)} :

>0

Hence by Lemma 3.2.2, we obtain

K(dy) dl

PNV >1] = =0

Since Z, € dy x [r,+o0), L? € dl if and only if LZ > I,NY' > 1,a,(l) > r, we

conclude

K(dy)
a,(1)

P[Z. € dy x [r,+00), L7 € dl] = 1{, y>nP[LZ > ] dl,
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and

P[Z, € dy x [r, +00)] = P[LZ > 1] ’Z(‘ZV)) di
{lia, (1)>r} !
_ / H’(u)A(u)ng(j(Zg du

{uiGy (u)> 222}

——ir@) [ e

iy (1> 22}

Since ¢, (s) = 0_c,((4(s)) = 1,([0, %”(s))), we obtain

¢, (u) du = fi,([0,7)) — 1,
£}

%
3

7

{uGy (u)

and therefore

P[Z, € dy x [r,+00)] = i (d) x fi,([r, +00)).

To finish the argument, we show that (Z;a,)i>0 is uniform integrable by verifying
Lemma 3.5.1. Recall our notation from (3.12), and consider the case = > 0. Due to

the construction of 7, we have

Plr > H,] = / (d) / PILT =1,

T
yEAC {Lay())>x}
H'(u)A
_ / () / H AW
T
sEde [y (1> 22}

Therefore, we have

Pt > H,] = / Leb({u : ¢, (u) > %f}) K(d).

The function v +— Leb({w : ¢, (u) > Z_f}) is bounded above by m, and decreases to

0 as x — +00, so by the dominated convergence theorem, we have lim,_, o, zP[T >
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H,]=0. OJ

To close this subsection, we show that there exists an integrable stopping time 7
such that Z, ~ p if and only if (u, k) is balanced and p has finite second moment.
The proof of the “only if” part is a simple application of Lemma 3.2.4 and Doob’s
optional sampling theorem. To show the “if” part, we prove that when p has finite

second moment, the stopping time 7 in Theorem 3.5.4 is actually integrable.

Corollary 3.5.6. There ezists a stopping time T such that Z, ~ p and E[T] < +o0,

if and only if (u, k) is balanced and the second moment of u is finite, i.e.,

/|z|2 p(dz) < +o0. (3.15)
Rn
Proof. Suppose T is a stopping time such that E[r] < +o0c0 and Z, ~ pu. The condi-
tion E[7] < +oo implies that (Z,x¢)¢>0 is uniformly integrable. Then due to Propo-
sition 3.4.1, u is balanced. Take a measurable function on 8"~ ! x R, g(vy,7) = r%
Applying Lemma 3.2.4, it can be seen that g(Z;)—t is a martingale. Since E[7] < 400,

we can employ Doob’s optional sampling theorem and get

Elr) = Elg(Z:)] = [ " uld2) < +oc.

For the converse, let W; = 'f{((‘?;)) R} — R for some k(A) € (0,1), and 7 be the
stopping time constructed in (3.14). Due to Lemma 3.2.4, (W;);>¢ is a martingale.
According to Theorem 3.5.4, (Z;at)1>0 is uniformly integrable and Z, ~ u, and hence

(Wint)t>0 is also uniformly integrable. Applying [156, Proposition 2.1], we obtain

that E[r] < CE[|W,|?] for some constant C' > 0. Due to the construction of (W};);o,
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we conclude that

E[r] < CE[|W,|? < C'max { (Z((f;) ,1} / |2 p(dz) < +o0.

R

3.5.2 Verification of Optimality.

Beiglbock et al. have developed a new approach to the optimal Skorokhod em-
bedding problem based on the ideas of optimal transport in [35] and [38], where the
duality result and the monotonicity principle are presented. Most of their arguments
are abstract and can carry over to the embedding problem for continuous Feller pro-
cesses. By a similar argument as [35, Theorem 6.14], we know that the optimizer
of problem (3.1) must be of barrier type. Since barrier type solutions are in gen-
eral essentially unique (see [143]), our stopping time 7 should solve the optimization
problem (3.1).

Applying the method of pathwise inequalities established in [78] and [84], we verify

the optimality of 7 by constructing the dual optimizer (G, M). We define

—+00 “+o00

A (1) == V' (+00) — / dm_ am) / e~ 200" (dn),

3

where a, is defined in (3.13). We now construct a function G : R” — R and a local

martingale (M;);>o such that M, + G(Z;) < W(L#), and equality is obtained when

82



Zy = (T4, ar,(L?)). Define G to be concave on each ray,

( +00 +00
v(0) — / dm e / e~ 2 (dn) if r =0,
0 m
G(y,7) = ! +oo
%Eg rA, (1) + ¥ (0) — /dm eAm) / e 20w (dn) if r > 0.
0 m
\

Denote by b, the right-continuous inverse of a,. Since a,(r) is non-increasing with

respect to r, it is easily seen that the infimum above is obtained at { = b,(r), and

hence
G;(r‘i‘) < A,y (by(r)) < ny<7a_)7
by () +00
G(y,r) =1rA,(by(r)) + ¥ (0) — / dm e / e~ 20T (dn).
0 m
Take

M, = 72657” / Ay(m) w(dy) = Ar,(LY)R;.

’YGS"_I
Theorem 3.5.7. The random process (My)i>o is a local martingale. We have the
pathwise inequality

M, +G(Z,) < W(L?),

where equality is obtained for those paths such that Z; = (U'y,ar,(LZ)). Therefore, the

stopping time T constructed in Section 3.5.1 solves the optimization problem

inf B[W(L7)).
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Proof. By Lemma 3.2.4, we have

v [ agehy ) ai? - [ A s dif

’yESn_l ’YESn_l

= A (LY)Ry ALY + g, 20y Ar,(L]) dBf.

Since (L7)iso is flat off {R, = 0}, the first term vanishes. Therefore, (M;);>o is a

local martingale.

Note that
—+o00 —+o00
/ A (1) K(dy) = W' (+00) — / A (m)eAm) g / 2O ()
~yesSn—1 l m
400 n

= U'(+00) — / e_A(”)\I/”(dn)/A’(m)eA(m) dm

l l
“+o00

_ \If’(—i—oo) - / efA(n)‘I///(dnxeA(n) . 6A(l))

l
+oo

= V(1) 4 A0 / e 2T (dn).
l

Therefore, by the definition of G, we obtain

LtZ +o00
G(Zt) < AI‘t (Lt)Rt + \I/(O) — /dm eA(m) / e*A(n)\I,//<dn)
0 m

= —M, + W (L),

where the inequality is strict unless Z; = (I'y, ar, (LZ)).
Suppose v is a stopping time such that Z, ~ pu and (Ziay)i>0 is uniformly inte-

grable. Then by a similar argument as [84, Lemma 2.1], we know that the stopped
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process (Mipy )i>o0 is uniformly integrable, and hence E[M;,,] = 0. So we have that

/ G(2) pldz) < E[W(L7),

z€R™

where the equality is obtained when v = 7. Therefore, the stopping time 7 solves the

optimization problem (3.1).
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CHAPTER IV

k-core in Percolated Dense Graph Sequences

4.1 Introduction

For an integer k£ > 2, the k-core of a graph G is the largest induced subgraph
of G with minimum degree at least k. It was first introduced by Bollobds in [44] to
find large k-connected subgraphs, and since then several studies have been devoted to
investigate the existence and size of k-core. Apart from the theoretical interest, k-core
has been applied to the study of social networks [42, 118], graph visualizing [6, 59],
biology [183]. See also [132] for an extensive discussion on its applications. In the
seminal paper [165], Pittel, Spencer and Wormald determined the threshold for the
appearance of a non-empty k-core in Bernoulli random graphs and uniform random
graphs. The size of k-core have been studied in different random graph ensembles such
as Bernoulli random graphs [144], uniformly chosen random graphs and hypergraphs
with specified degree sequence [80, 97, 121, 122, 149], Poisson cloning model [128§]
and the pairing-allocation model [54]. While almost all the previous work focused on
k-core of homogeneous random graphs, Riordan [170] determined the asymptotic size
of k-core for a sequence of inhomogeneous random graphs sampled from a graphon.

In this chapter we study the asymptotic size of k-core in random subgraphs of
convergent dense graph sequences. Let G, be a sequence of undirected weighted

graphs on n vertices with edge weights {a}';} that converges to a graphon W. For some

86



c > 0, we keep an edge (i,7) of G, with probability min{ca};/n,1} independently,
and denote the resulting random graph by G,(£). For any kernel W, we can associate
it with a branching process X", i.e., the number of children of a particle with type

x has Poisson distribution with parameter [ W (z,y)dy (see Section 4.2 for precise

definition). Under some mild conditions, we show that

size of k-core of G, (%) = nPyew (A) + 0,(n), (4.1)

where A is the event that the initial particle has at least k& children, each of which
has at least k — 1 children, each of which has at least £ — 1 children, and so on.

Our contribution is two-fold. First, recall from [142] that every dense graph se-
quence has a convergent subsequence, and hence our result applies to a large class
of dense graph sequences. In particular, our result together with [47, Lemma 1.6]
recover [170] for bounded graphons. An important application of our result is quasi-
random graph (see e.g. [76, 135]), which corresponds to dense graph sequences that
converges to a constant limit, such as Paley graphs (see [120, 135]). As far as we
know, other than the present work no result is known about the size of the k-core in
random subgraphs of quasi-random graphs. Also, there are aplenty examples of dense
random graph models (which are not quasi-random) that are known to converge to
a positive limit (see [19, 41, 73, 74]). Second, as a byproduct of our proof of the
main result, for any sequence of kernels W,, satisfying some mild assumptions that

converges to W we have that

a new continuity result concerning branching processes, which we believe is of inde-
pendent interest. Even though the theory of graph limits received enormous attention

in the last two decades, the only result alike that we are able to find is [47, Theorem
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1.9], which concerns with the survival probability of a branching process.

Let us describe the main idea of our argument. The proof of upper bound of
size of k-core is based on carefully computing the probability of the event A, and
the estimation of this probability heavily involves homomorphism density; see e.g.
[45, 142]. The proof of lower bound is more delicate. First, we approximate W by a
sequence of finitary kernels F),, as in [46]. Then, we show that for each fixed m, the
branching process X" associated with G,, contains X (I=em)Fm a9 a subset for some &,,
with 0 < ¢, < % when n is large enough. To conclude the lower bound, we prove a
continuity property and invoke a result (minor variant) from [170].

The rest of the chapter is organized as follows. In Section 4.2, we present our
main results with some discussions. In Section 4.3 and Section 4.4, we prove the

upper bound and lower bound of size of k-core respectively.

4.2 Main results and discussions

We now recall few definitions to state our results. A graphon (or kernel) is defined
to be a symmetric measurable function W : I x I — [0,00), where I := [0, 1]. Take
W to be the space of graphons. The cut norm of W : I x I — R (signed graphon) is
defined by

|[Wllg:= sup /W(u,v)dudv,
sTesn | J

and the cut metric between two graphons W and W5 is defined by

dD(Wl, Wg) = HW1 - WQ”D.
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An undirected finite graph G, with adjacency matrix (a}';);';—; can be embedded into

a symmetric kernel in a natural way

We, (z,y) = Z ai;Lye () Ln (y), (4.2)

4,j=1

where JJ" = [0, %] and for i =2,3,...,n, J' = (%,%]

Let G, be a sequence of simple graphs on n vertices with edge weights {a?,j
that converges to a kernel W. For some ¢ > 0, we keep an edge (i,j) of G, with
probability min{ca;fj /n, 1} independently, and denote the resulting random graph
by Gn(5). Here and throughout the chapter we assume that edge weights a}'; are
uniformly bounded by aj; > 0, and therefore for sufficiently large n we will have
min{cay;/n,1} = caj;/n. Since retaining every edge independently is nothing but
the bond-percolation on the graph , we call G, (%) percolated graph sequence (bond-
percolation on arbitrary dense graph sequences was first studied in [45]). Our aim is
to study the size of the k-core of the random graph sequence G, (%)

We will heavily use the branching process X" associated with the kernel W. The
process starts with a single particle with type xg, which is chosen uniformly from
[0,1]. Conditional on generation ¢, each member in generation ¢ has offspring in next
generation independent of each other, and everything else. The number of children
with types in a set A C [0,1] is Poisson with parameter [, W(z,y)dy, and these
numbers are independent for disjoint sets.

Let Ay be the event that the root has at least k children, each of these k children
has at least & — 1 children, each of those second generation of children has another
k — 1 children and so on until the d-th generation. Define A = N3, A,. Let Ci(G)
denote the size of the k-core of a graph G. We are now ready to discuss our main

result, which provides asymptotic size of the k-core in random subgraphs of dense

graph sequences or percolated dense graph sequences. First let us make the following
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assumption.

Assumption 4.2.1. (i) There exists some positive constant 6 such that
inf W(z,y) > 9.
Y

(ii) X — Pxxw (A) is continuous at X = ¢ for some c positive.

Theorem 4.2.2. Let G,, be a sequence of graphs with non-negative edge weights which
are bounded above by a constant ap; > 0. Suppose that G,, converges to a graphon W

as n — oo and that the Assumption 4.2.1 holds. Then we have that

C

C (Gn (-)) = nPxav (A) + 0p(n). (4.3)

n

It suffices to prove the case ¢ = 1 in Theorem 4.2.2. To see this, let GG,, be a graph
with edge weights {a};} and consider another graph G/, with edge weights {cay;}.
Therefore the random subgraphs G,, (ﬁ) and G/, (%) are equal in distribution. Finally
by our assumption G,, converges to W and this gives G/, converges to cW. The result
(4.3) then follows from the result with ¢ = 1.

Our proof of (4.3) is divided into two parts, which will be given in the next two
sections. We should remark that for the proof of <, we only need the assumption

that the edge weights of G,, are uniformly bounded above by aj; and G,, — W.

Assumption 4.2.1 is used only in the proof of the > direction in Section 4.4.

Remark 4.2.3. In Theorem 4.2.2, note that Pxew (A) could be zero and in that case
we will only be able to say that there is no ‘giant’ k-core (as usual by ‘giant’ we
mean ‘of size order of n’). From Theorem 4.2.2 one can also obtain the emergence
threshold for the giant k-core from the function ¢ — Pyew (A). More precisely, if
there is a point ¢y > 0 such that for 0 < ¢ < ¢, Pxew (A) = 0 and for ¢ > ¢,

Pyew (A) > 0, then ¢y will be the threshold for the appearance of giant k-core. The
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other discontinuity points could be studied from this function as well.

Remark 4.2.4. In Theorem 4.2.2, it is not possible to remove the assumption that
A — Pyow (A) is continuous at A = ¢, and the reason is explained at the end of Section
3.1 in [170]. It can be easily seen that inf, , W(z,y) > § implies the irreducibility of
W (see e.g. [45] for the definition of irreducibility). It might be possible to replace
our Assumption 4.2.1 (i) by the irreducibility assumption of W, and we defer it to a

future work.

As a byproduct in the proof of Theorem 4.2.2, we also obtain a result regarding

branching processes that might be of independent interest.

Proposition 4.2.5. Let W, be a sequence of graphons such that do(W,,, W) — 0.
Also suppose there exists some positive constant § such that inf, , W(x,y) > 6 and

A = Pyaw (A) is continuous from below at X\ = 1. Then it holds that

Pyxw, (A) = Pyw(A), (4.4)

as n — Q.

Proof. 1t is proved in Propositions 4.3.7, 4.4.6. O]

Let us point out that Proposition 4.2.5 has the following important consequence.
Note that the function A — Pxaw (A) is non-decreasing, and therefore it can have at
most countably many discontinuity points. Hence in many cases the next corollary

provides a way to approximate the size of k-core using only G,,.

Corollary 4.2.6. Let G,, be a sequence of graphs with non-negative edge weights
which are bounded above by a constant ap; > 0. Suppose that G, converges to a
graphon W as n — oo, where inf, , W(z,y) > § for some § > 0, and A\ — Pxaw (A)

18 continuous at A = ¢, then
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Oy (Gn (5>> = 0P avg, (A) + 0p(n). (4.5)

n

Proof of Corollary 4.2.6. The proof is immediate using Theorem 4.2.2 and Proposi-

tion 4.2.5. ]

4.3 Proof of the upper bound in Theorem 4.2.2

We will first prove the upper bound, i.e.,

Cr (Gn (%)) < nPyw (A) + 0,(n).

The idea is as follows: if a vertex v of a graph is in the k-core, then for any d > 0 either
v has property Ay or v is contained in a cycle of length smaller than 2d. Since the
probability of occurrence of short cycles is small for large enough n, the probability
that v is in the k-core is bounded above by the probability of having property Ag.
Therefore to prove the upper bound, we explicitly calculate the probability of event A,
using homomorphism density, and a tightness argument. Finally, by letting d — oo,
we obtain that Cj (Gn (%)) < nPxw (A)+o0,(n). Note that we do not need the limit
W to be bounded below by a constant or the continuity assumption for the upper
bound.

Let us construct a branching process *X™ associated with the random graph
G, (%) * X" has n-types of offsprings 1,2, ..., n. It starts with a single particle whose
type is chosen uniformly from 1,2, ..., n. Conditioning on generation ¢, each member
of generation ¢ has offsprings in the next generation independent of each other, and
everything else. The number of j-offspring of a particle of type 4 is Bernoulli(af;/n).

We will also use another branching process where number of j-offsprings of a

particle of type i is Poisson(af;pn), where p, > % is to be determined. We denote

1

, the Poisson
n—apny

this process by X™*~ (simply by X™ if p, = %) By taking p, =
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branching process X™** stochastically dominates, in the first order, *X™ for n > 3ay,.

To see this, it is sufficient to show the following inequality for any i, j € [n]

a™.
P <Poisson (a?jpn> > t) >P (Bernoulli (A) > t>
’ n

It is trivial for t > 1 and ¢ < 0. We need to check only for ¢t = 0. It can be easily

verified that the above inequality is equivalent to

npn <1 — efaszn>

> 1.
aijn
For n > 3ay;, we have that aj;p, = na_ic’le < 1/2, and hence according to the Taylor

. —a”.
expansion of e~ %.if"

npPn <1 — e_“?«j”")

n
a;,;Pn

> npn(1l — aijn/Q) > (14 anpn)(1 — anrpn/2) > 1.

Note that we can write

(o) B e

vE[n]
If a vertex v is in the k-core, then one of the two things must be true:

(i) v is in a cycle within d-neighborhood (this implies v is in a cycle of length at

most 2d);

(ii) Starting from v there is a tree such that v has k neighbors, each of these k
neighbors has at least £k — 1 neighbors and this happens up to generation d. In

this case we will call vertex v has property Ay.

Therefore
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1
o <Gn (—)) < Z 1 {v is in a cycle of length at most 2d}

vE(n]

+ Z 1 {v has property A4}

vE[n]
=Term I + Term II. (4.6)
Let V,, be an uniform random variable on {1,2,...,n} independent of everything else.

Then according to our construction,

E(Term IT) < nP (*X™ with root V;, has property Ay)

< nP (X™P" with root V,, has property Ay) . (4.7)

Before presenting our first proposition, we state an auxiliary result, BKR inequal-

ity (see e.g. [48]). Consider a product space Q of finite sets 1, ..., Qy,

Q=0 x...xQ.

Let F = 2% and p be a product of k probability measures p, ..., ;. For any
configuration w = (wy, ... ,wx) € €, and any subset S of [k], we define the cylinder

[w]s by

[U)]S = {(Jt) : djz = Ws, Vi € S}

For any two subsets A, B C (2, define

Ao B = {w : there exists some S = S(w) C [k] such that [w]s C A, [w]sc C B}.
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Lemma 4.3.1. For any product space §2 of finite sets, product probability measure p

on 2 and A, B C (), we have the inequality
(Ao B) < p(A)u(B).

In this chapter, to apply BKR inequality, we always take Qf; = {0,1},i # j €

{1,...,n}, and Q =[] ar

';- Then wj’; = 1 represents that the node 7 and j

i#j€[n]

are linked in the random graph G, (%) According to our construction, we also have
pui({1}) = min{aj;/n, 1}.
Proposition 4.3.2. Let GG, be a sequence of graphs with non-negative edge weights

which are bounded above by a constant apy > 0. Then for any fixed d, it holds that

n

1
Ck (Gn (-)) < nP (X™P with root V,, has property Ag) + op(n).
Proof. According to (4.6) and (4.7), it suffices to show that
Term II = E(Term II) 4+ 0,(n), and Term I = o,(n).

In the first two steps, we show the concentration of Term II by computing its variance,

and in the last step prove that Term I is small.

Step I: For any two independently and uniformly chosen vertices U and V of G, (%),

P(U,V) <2d) = — 5 B(d(u,0) < 2d) = o(1),

nQ
u,vE(n]

where d is the graph distance. To see this, note that d(U, V') < 2d implies there is a

path from U to V of length at most 2d. Thus
2d
P(d(U,V) < 2d) <> P(#{paths of length i from U to V} > 1)

i=1
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Using Markov’s inequality we get

2d
1
P(d(U,V) <2d) < = Z ZE(#{paths of length ¢ from u to v})

u,v€(n] i=1

We can get a crude upper bound as

P(d(U,V) < 2d) < % > ont (%”) = o(1).

u,w€[n] =1

Step II: Let G%[v] be the subgraph of G,, (%) formed by the vertices within distance

d of v € [n], and define B, = {root v has property A; in G4[v]}. It can be easily

verified that

E(Term 1I*) = Z P (root v and v’ has property Ad)

vV’ E[n]
=> P(B,)+ > P(B,N By)
vE[n| vV

For two different vertices v and v’, we break the probability in two parts,
P(B, N By) =P(B, N By, d(v,v") < 2d) + P(B, N By, d(v,v") > 2d).
For the second term on the right of (4.9), it can be easily seen that
{d(v,v") > 2d} N B, N By C {d(v,v") > 2d} N B, o By
Therefore we get that

P(B, N By) =P (d(v,v') < 2d) + P (B, 0 By, d(v,v") > 2d)

<P (d(v,v") <2d) + P (B, o By).
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Now since B, and B, are increasing events, according to Lemma 4.3.1 we obtain that
P (B, N By) <P (d(v,v') < 2d) + P(B,)P(By). (4.10)
Combining (4.10) and (4.8) we get

E(Term 11%) < n?P (d(U, V) < 2d) + (E (Term I1))*+ > (P B,)?) . (4.11)

vE(n]

Therefore using Step I we get V(Term II) = o(n?). Now using Markov’s inequality

we conclude that Term IT = E(Term II) 4 o,(n).

Step III: Let us denote C, := {v is in a cycle of length at most 2d}. The first mo-

ment of the Term I is given by

2d 1) an l 2d 1
> P(C, n;in—l))! (7) g;aM—o(n). (4.12)

vE(n]

For the second moment, note that

E(Term I?) = > " P(C,) + Y P(C, N Cy).

vE(n] vV

For two different vertices v, v/, the probability can be written as
P(C, N Cy) =P(C, N Cyp,d(v,v") > 2d) + P(C, N Cyp,d(v,v") < 2d),
and therefore

P(C,NCy) <P(C, N Cy,d(v,v") > 2d) + P(d(v,v") < 2d).
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Note that
{d(v,v") >2d} N C, N Cy C {d(v,0v") >2d} NC, 0 C,y.
Therefore according to Lemma 4.3.1, we obtain that

P(C,NCy) <P(C, 0 Cy,d(v,v") > 2d) + P(d(v,v") < 2d)
< P(C, 0 Cy) + Pd(v,1) < 20)

< P(C,)B(Cy) + B(d(v,0') < 24).

Now summing over all v,v" € [n] and using Step I, we get

E(Term I1?) = E(Term I)? + o(n?)
We can conclude our result by using Markov’s inequality. O

4.3.1 Recursive formula

Let us first introduce some notation. For any graphon W, we denote the initial
particle of its associated branching process X" by X}, and the first generation

by XFI/}, . ’XE/‘J/V(W)oP where N (W), is the number of offsprings of X}V. For each

element in the d-th generation, we denote it by X{Vivl

) if he is the i4-th child of

izl i
X il Jiasy- Denote the number of offsprings of X7\, 1.\ by N(W) i i) fig)» and
the type of ng'l\iz\...lid} by T(W){irlial...iay- Define the collection of offspring numbers

in the first d generations by

NW)® = {NW)o} U... U{INWV ) fisjialcdiay 15 < NOV)girlinloodiyayod = 1, d},
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and the collection of offspring numbers of XE/}, 1 <i< N(W)p by
N(W)({il} = {N(W){z}} U...u {N(W){i|i2|...|id} : ij < N(W){i1|i2|...\ij,1}aj =2,... ,d}

Denote the realizations of random variables N(W)¢ and N(W)f{li} by K% and Kf{li}

respectively, and especially denote the realization of N(W )y by kq. Define functions
g(z, K*) :=P(N(W)* = K| (W), = z).

It is clear that

Proposition 4.3.3. We have that

o— [ W(zy)dy ko

o 11 (/ W(x,y)g(y,K‘fj})dy). (4.13)

j=1

g(z, K% =

Proof. Tt can be easily seen that g(x, ky) = kio!e_fw(z’y)dy (f W(z,y)dy) % Ford > 1,

we get that

g(x, K =P(N(W)? = K| T(W)o = )
=P(N(W)o = ko |T(W)o = z)

x PINW){y =K{y,d=1,... ko | N(W)o = ko, T(W)y = )

— (. ko) / . / [Lot0s K PTOV )y € s | N (W) = ko, TOW)o = ).
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In conjunction with the equation

HIP(T(W){j} € dy; [NW)o = ko, T(W)o =) =

we obtain the recursive formula

o= W(zy)dy ko

— 1l (/ W(z,y)g(y, K{;y) dy) :

Jj=1

g(z, K% =

4.3.2 Convergence

Let W,, be a sequence of graphons such that do(W,,, W) — 0 and

sup Wn(x7 y) S Qg

n,Z,y

for some positive constant a,;. Let X™ be the associated branching process of W,,,
and

gn(2, K = P(IN(W,)? = K| T(W,,)o = z).
We want to show that as n — oo

/gn(x,Kd) dx — /g(x,Kd) dz.

To see this, for any graphon W, any finite tree 7" with root 0, any = € [0, 1], we define

the vertex prescribed homomorphism density

(T, W) = II wae) JI W) de. . deya,

0,1]IV(D)I-1 0ie B(T) ijeB(T)i,j2>1
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and the homomorphism density
t(T,W) = / t(T, W) dzx.
[0,1]

It is well-known that for finite 7', (T, W,,) — t(T,W) as long as do(W,,W) —
0; see e.g. [49, 50, 142]. We will rewrite [ g,(z,K%) dz and [ g(x,K?) dz) as

Ym0 Amt (T, Wi) and 37 <o At (T, W) respectively for a sequence of trees T,

Proposition 4.3.4. Suppose W is a graphon such that sup, , W(x,y) < ap. Then
for any d € N and any configuration K?, there exists a sequence of finite trees

(Ton)m>0, and a sequence of real numbers (Am,)m>o such that
(1) YozoAmlayy ™ < oo ;
(ii) g(z,K9) = > om0 Am (L, W),

Proof. Let us prove by induction. For d = 0, we have that

oo ) = gge e W(x,wdy)k - gmz S ([ wiea) "

For any m € N, take T}, to be an (m + k)-star, i.e., a tree of height 1 with (m + k)

leaves. Define \,, := (;,Z,n Then it can be easily seen that
(T, ajr”
2 Pulay =3 iy < oo,
m>0 m>0

and

g(x k) = A t* (T, W).

m>0

Now suppose that our claim is true for any configuration K¢ !. According to our
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Figure 4.1: Tree T,

recursive formulas (4.13), we expand the exponential term and obtain that

g(z, K?) = kio‘n;) (_nil)m (/ W(x,y)dy>m i (/W 7,9)9 (y,K{J})dy)

For each K‘fj},j = 1,...,ky, we have sequences (N );>0, (T )m>0 such that

our claim is satisfied. For each m = (mg,m1,... ,my,) € N1 we define \,, =

Hko )\J , and tree T, as in Figure 4.1. It is then clear that

k:()'mo'

ko-+mg

Yo Paldy < > ko'mo'H > Wla M < Foo.

meNko+1 mo€EN = mJEN

According to our induction, we have that

9(y. Kjy) = D N, (L5, W),

m;>0

Therefore, we obtain that

gz K= Y Ay (/nydy)mo Ol</W(x,y)ty(Tg;j,W)dy>.

Nk:0+1

It can be easily verified that for each m € NFo+1,

t*(T,,, K%) = (/W(x,y)dy)mo (/W z,y) (T35, W) dy).
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Thus, we conclude that
9@ K = > A\t (T, W).
meENFko+1
O]
Proposition 4.3.5. Suppose W, is a sequence of graphons such that do(W,, W) — 0,

and satisfying sup,, ., Wiz, y) < ap for some positive constant apr. Then it holds

that

lim P(N(W,)? = K% = P(N(W)? = K%).

n—oo

Proof. According to Proposition 4.3.4, we get that

P(N(W,)? = K?) = / (2, K do = Ay t(Ton, W),

m>1

P(N(W)? = K?) = /g(m, K dr = A\ t(T, W).

m>1

Since W,, converges to W in that cut norm, we have that t(7,,, W,,) — t(T,,, W) as

n — 00. Due to the uniform bound

Z A (T, W) < Z A a'ﬁ(Tm)' < 400,

m>1 m>1

we apply the dominated convergence theorem, and conclude that P(N(W,,)? = K¢)

converges to P(N(W)? = K?) as n — oo.
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4.3.3 Tightness

Notice that XV € A is equivalent to that N(W)? € A,;. To make our compu-
tation clear, we will sometimes adopt the latter notation. Recall we want to show

that

P(N(W)% € Ag) = lim P(N(W,)? € Aqg). (4.14)

n—o0

To apply Proposition 4.3.5, we need a tightness result.

Lemma 4.3.6. For K € N, we define N(W)? < K if NW)iirlia).liyy < K for any

311”2‘"-‘7;]'} in the first d generations. Suppose sup, , W{(z,y) < ap for some positive

constant ap;. Then for any a > 0, d € N, there exists a large enough K, € N
uniformly for x € [0,1] such that K > Ky implies

PINW) < K|T(W)y=x)>1— (1/K). (4.15)

Here, the choice of Ky only depends on «, d and ayy.

Proof. Let us prove (4.15) by induction. Recall for the initial generation we have that

1 k
oo b) = gge e ([ Wiy

For any k£ € N, we define for c € R

Thus we have that

P(N(W)o < k| T(W)o = 2) = 1 — o ( / W(x,y>dy) |
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c,k

It can be easily verified that 1y (c) = 5= > 0, and hence 1, (f W(m,y)dy) <

Wy (ap). Take K large enough that ¢ (ap) < (1/K)®. Then it is clear that

B(V(W)o < K | T(X™0 = 2) = 1 — ( / w<x,y>dy) 1 (1K)

Assume our claim is true for d — 1. Then for any § > 0, there exists a K such
that
PIN(W)}) < K| TV, =v) > 1 (1/K).

Note that

PINW)* < K|T(W), = )
=3 (PONOW), < Koj=1,. R [N(W)o = b, T(W)o = 2)

XP(N(W)o = k[T(W) = 1))
As in the proof of Proposition 4.3.3, we have that

P(N(W)! < K|T(W), = x)

k=

o

<.
Il
—

tvﬁx

=
Il
o

?
o

105



Since (1 — (1/K)?)X > 1 — (1/K)?2 for large K, we have that
K e—fW(w,y)dy k
BN(W) < K| T(W)y =) > Y (T ([ win) ) (1 (1/K)")
k=0 '

>(1 =¥ (an))(1 = (1/K)").

Therefore by taking 8 = a + 3, and large K such that ¥ (ay) < (1/K)*™, we

conclude that
PINW) < K|T(W)y=2)>1— (1/K)*.

]

Proposition 4.3.7. Suppose W, is a sequence of graphons such that do(W,, W) — 0,
and satisfying SUD;, 4.y Wiz, y) < ap for some positive constant ayr. Then for any

fixed d, we have that

lim P(N(W,)% € Ay) = PIN(W)? € Ay),

n—o0

from which we conclude that

lim sup Pxw, (A) < Pxw (A).

n—oo

Proof. Due to Proposition 4.3.5, it can be seen that for fixed d, K

lim P(N(W,)? € A, N(W,)? < K) = P(N(W)? € A;, NW)? < K).

n—oo

Applying Lemma 4.3.6, we let K — 0o, and obtain that

lim P(N(W,,)? € Ag) = P(IN(W)* € Ay).

n—o0
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For any € > 0, there exists a d such that
PINW) e Ag) =P(XV € Ay) <Pxw(A) +e
Then, it can be easily verified that

lim sup Pyw, (A) < limsup P(N(W,)? € Ag) = PIN(W)? € Ay) < Pyxw(A) +e.

n—oo n—0o0

Therefore we obtain that

lim sup Pyw, (A) < Pxw(A).

n—o0

4.3.4 Completing the proof of the upper bound

Recalling Proposition 4.3.2, we have that

n

C (Gn (1)> < nP(X™ € Ay) + 0y(n).

Note that X™» is the branching process associated with the graphon p,W¢, , and

do(pnWe,,, W) — 0. Applying Proposition 4.3.7 with W,, = p,W¢,, , we obtain that

C (Gn (%)) < nP o (Ag) + 0y(n).

Letting d — oo in the above inequality, we conclude our result.
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4.4 The proof of the lower bound in Theorem 4.2.2

We say a graphon F' is finitary if there exist finitely many disjoint intervals [;,,7 =
1,..., M such that UM, I, = [0, 1] and the restriction of F' on I, X I  is a constant for
any 1 <14,j < M. According to [46, Lemma 7.3|, the graphon W can be approximated

pointwise from below by finitary graphons. More precisely, we have that

Lemma 4.4.1. There exists a sequence of finitary graphons (Fp,)men such that F,, <

W oand lim F,,(z,y) = W(z,y) a.s.

m— 00

Taking a sequence of finitary graphons (F},,)men as in Lemma 4.4.2, without loss of
generality we can also assume that inf, , F},(z,y) > 0 and F,,(z,y) is increasing in m
for any x,y € [0, 1]*. Keep in mind that inf, , F},,(z,y) > § implies the irreducibility

of F,,. We will prove in Subsection 4.4.1 that for any ¢ > 0,m € N,

Cy (Gn <%)> > (1 —2e)nPxa-20mn (A) + 0p(n). (4.16)

Then in Subsection 4.4.2, we will show the continuity property

lim inf qu—ze)pm (.A) Z wa (.A) (4.17)

e—0,m—o0

It is clear that (4.16) and (4.17) together prove the lower bound part of Theorem 4.2.2,

Ch (Gn (%)) > 0Py (A) + 0, (n).

4.4.1 Proof of (4.16)

ie.,

Fixing m € N, and € € (0, 1) such that A = Pxaa-om, (A) is continuous at
A = 1. Suppose [0,1] is a disjoint union of intervals I,,,j = 1,..., M, and there

exists a collection {F),(t;,t;) : 1 < i,j < M} such that F,,(x,y) = F(t;,tx) for
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v € I,y € I;,. Here we say t5,h = 1,..., M labels to distinguish types in the
definition of branching process X™.

Before proceeding to the rigorous proof, let us first give main ideas of our argu-
ment. We divide vertices of G,, into M groups Good,,,,...,Good,,, with the
property that for any vertex : € Good,,;, and k=1,... , M

Dip > 0 > (1 — &) Fp(tn, te)|In].
n n

j€Goodn ¢,

Therefore, we can heuristically consider GG,, as a ‘finitary’ graph by labelling vertices
in Good,,;, by t,, h =1,... , M. Due to the above inequality, the branching process
X" associated with G, stochastically dominates, in the first order, the branching
process X (179Fm associated with (1 — ¢)Fy,. Take FE, (%) to be an n-vertex random
graph sampled from (1 —¢)F,,, i.e., independently uniformly select vertices v; € [0, 1]
and then connect v;,v; independently with probability (1 — €)£,(v;,v;)/n. By the
standard exploration argument (see e.g. [46, Section 9]), locally the random graph
Gy (L) (FZ (%) resp.) is almost the branching process X (X~ resp.). Thus,
heuristically the random graph G, (%) is more connected than the random graph
1

£ (—), and thus has larger size of k-core. Therefore, the inequality (4.16) follows

n

from [170, Theorem 3.1], which says

Ch <Fm (%)) = WPy (A).

The following simple lemma will be used to label vertices of G,,.

Lemma 4.4.2. Let Assumption 4.2.1(i) hold and ¢ € (0,X) be a fived constant.

Suppose that |We, — Wllo — 0, and n = min{|L,|,... , |l |} > 0. Let ¢ > 0. For

large n such that ||Wg, — Wo < Z‘i@c, there exists a collection of disjoint subsets

]§;1/dn,tj Cly,j=1,...,M such that
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(i) |Bad,,| <¢j=1,...,M.

(i) For any v € I, \]:3>\aan¢j, we have that

/WGn (1,9) dy > (1 — /2Pty t)|I ], k=1,.... M. (418)

Iy,

Proof. First let us recall that one can also write

Wllo = sup

0<f,9<1 measurable

/ F(@)g)W (z,y) da dy| (4.19)

For any 1 < j,k < M, define

Bad, . =z €1, : / We, (x,y) dy < (1—/2)Fu(t;, o)\ L,

Iy,

Taking f(z) = {xeBadm ) and g(y) = Lyyer, y in (4.19) , we obtain that
noec
dz [ (We,(z,y) = W(z,y) dy 2 =[We, = Wlo = -5+ (4.20)
Badnt ke
In conjunction with the fact that F,, < W, it holds that
/ d /W Fo(w,y)) dy > —1°5C (4.21)
z a.(,9) r,y))ay = oM .

Badn ot

Since for any = € ]/3\3‘/31%153-715;@’ [ (We, (x,y) — Fu(z,y)) dy < —nde/2, it follows that
23

|§;1/dn,tj,tk| S C/M
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Let us take

M
Bad,, = | | Bad,,

k=1

5otk

and it is clear that
Bad,,, | < c.

]

Before proving the main result in this subsection, we would like to point out that
our main contribution here is the observation that one can label vertices of G,, so
that heuristically it dominates the finitary graphon (1 —¢)F,,. The remaining part of
proof is just a modification of [170, Theorem 3.1]. We summarize it as the following

lemma, and refer the reader to [170] for a detailed argument.

Lemma 4.4.3. Suppose F,, is an irreducible finitary graphon with M labelsty, ... ,ty,
and X — Pxarn, (A) is continuous at A = 1. Let G, be a sequence of graphs such that
sup{a;;} < +oo. Denote by XGn (Xch’" resp.) the branching process associated with
G, (F,, resp.) that has the initial particle with type i (label t, resp.). If the vertices

of G, can be diwided into M groups Gy, 4, ,h =1,... , M such that for some ¢ € (0,1)
(i) Sl > (1 o)L, | h=1,... M,

(i1) For each vertex i € Gy, , the branching process XiG” stochastically dominates,

in the first order, the branching process Xtim,

then it holds that

C, (Gn (%)) > (1 = )P o (A) + 0y(n).

Completing the proof of (4.16). Since A — Pxir, (A) is non-decreasing with respect

to A, it has only countably many discontinuity points. Therefore we can choose arbi-
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trarily small € such that A = Pxaa-or, (A) is continuous at A = 1. For concreteness
we choose 0 < € < % Take €, ¢,n and Egl/dn,th as in Lemma 4.4.2. Forh=1,... , M,

define

n

1 -
Good,,;, = {z € [n]: (Z ,%} € I, \Badn,th} :

i—1 4
n 'n

Due to the construction of W¢, in (4.2), for any ( | € I,, we have either

(%, ﬂ C /B\a(/:ln’th or (% 1] N /B\aamh = (). Therefore it can be easily verified that

‘n

Good 2
|Good,ul I,| —c— =.
n n

For any i € Good,,,, define

i, o= Y al, k=1... M

j€Goodn ¢,

As a result of (4.18), we obtain that

Cfizftk > W .
> G (i/n,y) dy —an (| L] —

n
Iy

|Good,, ;, |
n

k

> (L—¢&/2)F(tn, te) |1, | — (¢ +2/n)an.

Take ¢ < min {fj;’[, %’7}, n > max {%, %} with |[We, — Wllo < 2. We conclude
that there exists a collection of disjoint Good,,;, C [n],h =1,... , M, which satisfies

the following
(i) Forall h=1,... , M,

|Good,, ;, |

n

> (1-¢)|L,. (4.22)
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(ii) For any i € Good,,, it holds that

dr
;;fk > (1 —e)E(tn, te)|l,], k=1,...,M. (4.23)

For vertices in Good,,;,, h =1,... , M, we label them with ¢;. Let us define
M
Good,, := U Good,;,, n:=|Good,]|.

h=1

Let éﬁ be a graph with vertices Good,, such that a}; := na;/n for all i, j € Good,,.

i (Gn (%)) > O (éﬁ <%)> | (4.24)

Take X™ to be a branching process sampled from éﬁ For any i € Good,,,

It is clear that

take )Z'Z" to be a branching process sampled from graph én with root ¢. For any ¢,
take Xt(;fe)Fm to be a branching process sampled from kernel (1 — €)F,, with root
of label t;,. Suppose a particle in generation ¢ of )N(l" is of type 7 with label ), as a
result of (4.23) the number of its tx-labelled children has Poisson distribution with
parameter c?ﬁtk larger than (1 — &), (th, tx)| 1y, |- Therefore, for any i € Good,, 4, , we
can consider X'~

tp

have that Pgq(Z) > Py .a-orn. (Z), and also
7 th

as a subset of X. Therefore for any increasing event Z, we

M
1 1
Pga(D) =~ >, Pen(T) =~ > P%a(Z) (4.25)
i€Good,, h=1i€Goody ¢,
1 M M
> = > 1Good,,, [P oo (Z) > (1 =€) Y |1, |P -0 ()
h=1 th he1 th

= (1 — 5)PX(1—£)Fm (I)>
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where the second inequality follows from (4.22).

Now we apply Lemma 4.4.3 to (1 — £)F,, and G; to conclude that

Ch (Gn (%)) > O <éﬁ (%)) > (1 = &)itPt-2omm (A) + 0y(n)

> (1 —=2e)nPya-20)pm (A) + Op(n)‘

4.4.2 Proof of (4.17)

Note that if F},, converges to W pointwise from below, by the dominated conver-

gence theorem it can be easily seen that

lim  do((1 — 26)F,, W) = 0.

e—0,m—00

Therefore it is sufficient to show that

lim Pyw, (A) > Pyw (A) if lim doy(W,, W) =0,

n—oo n—oo

which we will prove in Proposition 4.4.6.
We say a branching process has property By if the root has at least k—1 offsprings,
each of these £k — 1 offsprings has at least £ — 1 offsprings, and this occurs up to

generation d, and let B = dlim B4. Define functions
—r 00

Ui (A) :=P(Poi(\) > k).
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For any graphon W, define

Bw(x,d) :=P(XV € By| Xo=12), Bw(zr):=PX" €B|X,=2). (4.26)

For W = W,,, we simply denote

B, d) == Pw, (,d),  Bu(x) = Bw, (2).

Lemma 4.4.4. Let (W,)nen be a sequence of graphons such that ||W,, — W|g — 0.
Suppose that inf, , W(x,y) > 6 > 0 for some constant § > 0, and « : [0,1] — [0, 1] is
a measurable function such that inf, a(y) > &' for some constant &' > 0. Fiz e > 0.

For any large n such that |W,, — W||g < 8335,, there exists a subset Bad C [0, 1] such

that Leb(Bad) < €%, and

(1-</2) / o)W (. ) dy < / ()W, ) dy (4.27)

for all x € Bad®. Note that the choice of Bad depends on W,,, W,6,d, ¢, .
Proof. The proof is almost the same as Lemma 4.4.2. ]

Lemma 4.4.5. Let k € N, and W be a graphon with W (x,y) > § for all z,y € [0, 1)?

such that

ate) = wi ([ Weeatn )
has a non-zero solution a(x). Then inf, a(z) > ¢ > 0 for some &' > 0.

Proof. Let us write fol a(x)dr = A. If a(x) is a non-zero solution then we have for

any x € [0, 1]

a(z) = Ty, (/ Wz, y)a(y) dy) >, (5/a(y) dy) = U, (5A) = ¢
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Proposition 4.4.6. Let (W,,)nen be a sequence of graphons such that do(W,, W) — 0
asn — oo. Fix anye > 0. Under Assumption 4.2.1 (i), we have that for large enough

n

]:P)Xwn (.A) Z IPX@—E)W(A) - 62, (4.28)

and moreover under Assumption 4.2.1 (ii)

n—o0

Proof. We will only prove (4.28), since the second statement follows from this directly.

Due to the equality

Pro-ow(4) = [ 0, ( Ja= oot dy) dr,

we assume that there exists an gy > 0 such that Leb{z : Bn_.w(z) > 0} > 0.

Otherwise there is nothing to prove. Since S_c,yw () is a non-zero solution of

o) = W [0 W eatn) )

according to Lemma 4.4.5 there exists a ¢’ > 0 such that inf, Su_.yw(z) > ¢'. Fix

%}). We first prove the following statement: for any large n such

e € (0, min{eo, 5,

that ||W,, — W||p < 5335', there exists a subset Bad, C [0,1] with Leb(Bad,) < &?

for each d > 1 such that

Bu(z,d) > Ba—ayw(z,d), for any x € Bady. (4.29)

Applying Lemma 4.4.4 with a(y) = 1, Vy € [0, 1], we obtain some Bad; with
Leb(Bad;) < e? such that « € Bad{ implies [ W, (z,y)dy > (1 —¢/2) [ W(z,y) dy.
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It follows that

e 1) = s [ Waenan) 2 v (=27 [ Wi )

>, ((1 _e) / Wiz, y) dy) — B (. 1).

Suppose there exists some Bady_; with Leb(Bad, ;) < ¢? such that z € Bad$_,

implies 3, (x,d — 1) > Ba_gw(x,d — 1). Note that

Bl d) = Wi ( [ Wt )nty =1 dy> | (430)
B (i, d) = Wiy ( Ja= W gsa awld-1 dy) S s

Then applying Lemma 4.4.4 with a(y) = Bu—ow(y,d—1) > §', we obtain some Bad,

with Leb(Bad,) < &2 such that x € Badj implies that

/ W, y) B o (g d — 1) dy > (1 — 2/2) / Wz, 9)8a_ow (. d — 1) dy.

By induction, it follows that for x € Badj

/Wn<x,y)ﬁn(y,d— 1)dy > / W, (z,9)Ba_aw (y,d — 1) dy

yeBadj_,
> /Wn(:c, Y)Ba—eyw(y,d — 1) dy — Leb(Bady_1)an

> (1—2/2) / W (2, 98w (ysd — 1) dy — Leb(Bady_1)an

€dd’
5

> (1-2/2) / W (2 9)Ba—opr (y, d — 1) dy —

Since inf,e01) [ W(z,y)Ba—eyw(y,d — 1) dy > 66’, we get that
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€6d’
2

/ W, 9) By, d — 1) dy > (1 — /2) / W (e, ) Bt (y,d — 1) dy —

>(1—e) / We.g)faow(y.d— Ddy.  (4.32)

In conjunction with (4.30) and (4.31), we obtain that for x € Badyj, f.(z,d) >
Ba—eyw(z,d). Therefore for all d > 1 there is a set Bad, with Leb(Bad,) < &? such

that for x € Bad;

/Bn(xa d) > B(lfs)WCE? d)

Now we prove that Pyw, (A) > Pya—ow (A) — €% Note that

P (A = [ e ([ Waloi)ud = 1)dy)

and

Pya-ow(Ag) = /‘I’k (/(1 —e)W(z,y)Ba-—ew(y,d—1) dy) dz.

Due to (4.32), for x € Bad{ we have that

Uy (/ W@, y)Bn(y, d — 1) dy) > Uy, (/(1 —e)W(z,y)Ba-ew(y,d —1) dy> :
Since Leb(Bady) < 2 and ¥, (z) < 1,7 > 0, it can be easily verified that
Pyxw, (.Ad) > ]ij(lfs)W<Ad) — &%

Letting d — oo in the above inequality, we conclude the result. O]
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CHAPTER V

Finite-Time 4-Expert Prediction Problem

5.1 Introduction

In this chapter, we explicitly solve the degenerate nonlinear PDE with N =4

1
o (t,x) + = sup e, 02 u’(t,x)e; =0,
JeP(N)

u'(T,2) = ®(x) = max ;, (5.1)

where P(N) is the power set of {1,... N} and e; == >, e; with {e;}jeq, ny
representing the standard basis of RY. Kohn and Drenska [91, 94] showed that this
equation has a unique viscosity solution, which is the continuous limit of dynamic
programming equation of the Expert Prediction Problem with finite stopping. The
Expert Prediction Problem is a zero sum game between a player and an adversary

(see e.g. [107]). Here we construct this unique viscosity solution explicitly

— 1 < 6_ (T—t)?”2

4
w (t,2) :16\/§ r2 (G (r& % 4 g) kz:; cos (ray, - %) — 4

—0o0

4 4
— (T@-xo)Zsin (rag - x°) dr—l—%ZxH—%\/@, (5.2)
i=1

k=1
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where 1) is the 27 periodic square wave function, x° is obtained from rearranging
the coordinates of x in the increasing order, and oy, 6 € R* are defined by ay; =
%1{k:j} - \/iil{k#}, 0 = \%(1, 1,—1,—1). We show that v € C2, and due to this
regularity, we are able to show that the balanced comb strategy and the probability
matching algorithm proposed in [107] are the asymptotic saddle points for the game.
As noted in [91], in particular for z = 0, = 0,7 = 1, the value u!(0,0) provides the

expansion of the best regret as
VM(0,0) = u'(0,0)0VM + o(VM) as M — oo,

where VM is the value function of expert prediction problem with time maturity
M. According to our solution (5.2), we obtain the explicit value of the first order
coefficient u!(0,0) = % %, which resolves the open problem in [106] for N = 4; see
also [1].

Prediction problem with expert advice is classical and fundamental in the field of
machine learning, and has been studied for decades. We refer the reader to [69] for
a nice survey. It is a dynamic zero-sum game between a player and an adversary. At
each of the M rounds, based on all the prior information, the player chooses one of
the N experts to follow, and simultaneously the adversary chooses a set of winning
experts. The increment of the gain for each expert is either 0 or 1 depending on
whether the expert is chosen by the adversary, and the increment of the gain of the
player is that of the expert the player follows. Given a fixed maturity M, the objective
of the player is to minimize the regret max G'; — Gy, while the adversary wants to
maximize the regret, where G, and G are the gain of the expert 7 and the player,
respectively.

For the case of 2 experts, Cover [81] showed that the asymptotically optimal

strategy for the adversary is the one that chooses an expert uniformly at random.
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For the case of 3 experts with geometric stopping, Gravin, Peres and Sivan [107]
showed that the comb strategy, which chooses the experts with the highest gain and
the one with the lowest gain with probability %, and chooses the second leading expert
with probability % is asymptotically optimal for the adversary. They also showed that
the probability matching algorithm, which consists of following an expert with the
probability that under the comb strategy that that expert will be the leading one
at the end of game, is the player’s asymptotically optimal response. For the case of
N = 3 experts with finite stopping, it has been shown in [1] that the comb strategy
is asymptotically optimal. While both [1, 107] use the theory of random walk, [94]
exploits the power of the PDE method. By considering a scaled game, they have
shown that the value function of discrete games converges to the viscosity solution
of a PDE. Following this setting, for the case of N = 4 experts in the geometric
horizon setting, Bayraktar, Ekren and Zhang [28] showed that the comb strategy
is asymptotically optimal by explicitly solving the corresponding nonlinear PDE.
And very recently in [129], Kobzar, Kohn and Wang found lower and upper bounds
for the optimal regret for finite stopping problem by constructing certain sub- and
supersolutions of (5.1) following the method of [172]. Their results are only tight for
N = 3 and improved those of [1]. Let us also mention the Multiplicative Weights
Algorithm, which is asymptotically optimal as both N, M — oo (see [68]).

In this chapter we construct an explicit solution to (5.1) for N = 4 with finite
stopping. We build our candidate solution based on the conjecture of [107], which
states that the comb strategy is asymptotically optimal for any number of experts
in both finite and geometric horizon problem. Note that if the comb strategy is
asymptotically optimal, the solution to (5.1) should also satisfy a linear PDE with
comb strategy based coefficients (see (5.7)), which is shown to be true in the geometric
horizon setting in [28]. The key observation is that the PDE of the finite horizon case

can, at least heuristically, be obtained by applying the inverse Laplace transform
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to the solution of [28] extended to the complex plane. This is at a heuristic level
because these linear PDEs, unlike (5.1), may not have unique solution and the analytic
extension of our function to the complex plane is not well-behaved. In Section 5.5,
we perform this formal inverse Laplace transform and obtain the explicit expression
in (5.2). We show in Theorem 5.3.4 that (5.2) is the classical solution of (5.7). In
Theorem 5.3.5, we show that it also satisfies (5.1) by verifying that the comb strategy
is optimal for the limiting problem. In Theorem 5.3.10, we show that the probability
matching strategy for the player and the comb strategy for the adversary form an
asymptotic saddle point, resolving the conjecture of [107] for four experts. As a
corollary, we resolve the Finite versus Geometric regret conjecture in [106] (see also
[1]); see Corollary 5.3.11. Our work reveals that the ratio of the value of two problems
(which was conjectured to be \%) actually comes from the inverse Laplace transform;
see (5.17). We also apply our method to obtain an explicit expression for v in the 3
experts case, which was not known.

We now detail some of the difficulties in our proofs. The first main difficulty is
showing that the boundary condition u?(T,z) = ®(x) is satisfied. We first write
the function u” in terms of sine and cosine integral functions (see [4]) and perform
some intricate and long arguments from complex analysis relying on the properties
of these functions. Second main difficulty is showing that the function u” actually
solves the nonlinear PDE. We perform this analysis through a verification type of
argument, in which we show that certain inequalities are satisfied for all (¢,z) and
hence ruling out all the other alternative strategies for the adversary. This analysis
is the most demanding part of the chapter in which we rely on the properties of the
Jacobi-theta function (see [157]) and other properties of Fourier series. The third
main difficulty is showing that the probability matching algorithm for the player and
the comb strategy for the adversary form an asymptotic saddle point. Relying on

some delicate estimates, we show that the value function of discrete game converges
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to u” if either the player adopts the probability matching algorithm, or the adversary
adopts the comb strategy.

The rest of the chapter is organized as follows. In Section 5.2, we introduce
the problem and provide some of lemmata. In Section 5.3, we state the three main
results of our chapter, namely Theorem 5.3.4, 5.3.5 and 5.3.10. Here we also state the
Corollary 5.3.11 which resolves the “geometric versus finite horizon conjecture” for 4
experts. In Section 5.4, we provide all the proofs, and in Section 5.5, we provide a
heuristic derivation of the value functions for N = 3,4 via inverse Laplace transform.

In the rest of this section, we will provide some frequently used notation.
Notation. Denote the left hand side and the right hand side derivatives by 09—, 9"
respectively. Denote the number of experts by N, the time horizon of the discrete
game by M, and the time horizon of the continuous time control problem by 7' (so
M in our chapter represents the 7" in [1, 107]). Denote by U the set of probability
measures on {1,...,N} and by V the set of probability measures on P(N), the
power set of {1,... N}. We denote by {e;}i—f1,...n} the canonical basis of RY, and for

J € P(N), ey is defined as e; :== >_._,e;. For all z € R, we denote by z; the i-th

jes
coordinate of x, by {x¥},_;  x the ranked coordinates of z with (V) < 2® < ... <
+™) by {iy,... ,in} the reordering of {1,..., N} such that x;, < z;, < ... < @y,

with the convention that if two components z; and z; are equal and ¢ < j then the

ordering is defined to be z; < z;. We define 2° := (x(l), . ,m(N)>.

5.2 Preliminaries

We assume that a player and an adversary are playing a zero-sum game, and
they interact through the evolution of the gains of N experts. At step m € N, by
{Gi}i=1... .m_1, we denote the history of the gains of each expert i = 1,... N, and by
{Gk}r=1,.. m—1, the history of the gains of the player. After observing all the prior

history G,,—1 :== {(G%,Gx) : 1 <i < N,1 < k < m—1}, simultaneously, the adversary
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chooses some experts J,, € P(N), and the player chooses the expert I,,, € {1,... , N}
to follow. For each i = 1,..., N, the gain of expert ¢ increases by 1 if he is chosen
by the adversary, otherwise remains the same. The increment of the player’s gain
follows that of the expert I,, he chooses. Therefore we have

Gi

m

=G0+ Lge,)s i=1,...,N;

Gm =Gm-1+ L,e0)

In order to have a value for the game, we allow both the adversary and the
player to adopt randomized strategies. At step m € N, the adversary decides on the
distribution f,, € V to draw J,, from, and independently the player decides on the

distribution «,, € U of I,,,. Then the dynamic of {(G* ,G,, :1<1i < N} is given by

Eamﬂm[GiAgm 1 =G,,_1t+ Z Bm IL{ieJ}a Z.:L"' 7N;

JeP(N

Eam,ﬁm[G ‘gm 1 G 1—|—Z Z Oém ﬁm IL{ieJ}'

i=1 JeP(N

Denote by U the collection of sequences {, }men such that a,, is a function of

Gm_1, by V the collection of such sequences {5, }mem. We take

Xm = (XrlmuXr]r\Lf) = (Gl _Gmw";GN_Gm)’ (53)

m

the difference between the gain of the player and the experts. Define the function

®:r— max z; —ZL‘(N)
1<i<N
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and the regret of the player at step m € N,

®(X,,) = max G' —G,,.

i=1,....,N

The objective of the player is to minimize his expected regret at maturity M
while the objective of the adversary is to maximize the regret of the player. By the

Minimax theorem, the game has a solution (see [91, 107)), i.e.,

inf E*? [®(X /)| Xy = 2] = inf sup E*? [®(X /)| Xy = 4
sup inf B [®(Xar)|Xo = 2] = inf supE*7 [@(Xar)|Xo = 2], (54)

where E®# is the probability distribution under which we evaluate the regret given

the controls @ = {a,,} and 8 = {B,,}. Therefore we can define the value function

VM(m,z) := sup inf E*® [®(X )| X, = 2] = inf supE™? [®(X )| X, = ],
Bev acU acU BEV

which satisfies the following dynamical programming principle

M _ M —
1% (m,x)—érellszlel‘g%:BJ(V (m+1,z+ey) a(J)).

Additionally, it was shown in [91] that for any sequence my; € N and z,,,, € R*

such that %JT — t and % — x as M — oo, we have that

’ VM (mag, Ty, )T
im
M—sc0 v M

—u' (t,z),

where u”' (¢, ) is the unique viscosity solution to (5.1). Also, we have the Feynmann

Kac representation of u” (¢, z)

u(t,x) = sng [@(X7)| X, = 2], (5.5)
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where X7 is defined by X, = X; + j;u o,dW, with W a 1-dimensional Brownian
motion and the progressively measurable process (o) satisfying for all s € [t,ul,
os€{e;:J e P(N)}.

5.3 Main Results

5.3.1 Solution to PDE (5.1) with N =4

Define ay, 6 € R* by ay; = \%l{k:j} — \%1{1@&]‘} and 0 = %(17 1,—1,—1). Denote

the 27 periodic square wave function by

P(r) == sign (tan (g)) = sign (sin (r)) .

Define the auxiliary function

4 4
Alr,z) = | (r@-x+ g) Zcos(rozk-x) —4—¢(r9-x)Zsin(rozk-x) ,
k=1 k=1

and our conjectured solution to (5.1)

—1 [ e (Tt - 1 [(T=t)r
Tt = A )d - i+ = —. 5.6
u' (t,x) TG . (r,m)r+4;x —1—2 5 (5.6)

However as a result of the fact that Zizl ay - x° = 0, we have the Taylor expansion

around 0

A(r,z°) = Z |7|ag - 2% — Z (rag o) +o(r?) = O(r?).

k=1
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Thus, u® (¢, ) is well-defined.
Remark 5.3.2. Since the function A(r, z) is even with respect to r, we sometimes use
the expression

L1 [ e@-vr 1

1 (T —1t)r
T o o
u (t,:z:)—S\/§ = A(r,x)dr—l——g T+ -\ .
0

Definition 5.3.3. For all z € R* with x;, < x;, < x;, < z;,, we denote by Je(z) €
P(4) the comb strategy which chooses the experts i, and i5. Denote o¢(X;) = ez, (x,)
to be the corresponding control of problem (5.5). We take the convention that if two
components x; and x; of the points are equal for ¢ < j then the ordering of the point

is taken with z; < z;.

The following theorem assembles properties of u?, and its proof is provided in

Section 5.4.1.

Theorem 5.3.4. The function u® is symmetric in x, satisfies u’ € C([0,T] x R*) N

C%([0,T) x RY) and

The first derivative of uT on 0 - 2° < 0 is

u (G, x) = g Qi rf - x — | sin(rag - x
16\/5700 ro 2

+1) (10 - x°) cos (ray, - SL’)) dr + le’ (5.8)
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and if 0 - x° =0, it s
1
Opu’ (t,x) = ~.
() = |

If6-2° <0, and 2? < 23, we have

o0 4
1 2 ™
O: ul(t,x) =—— / e~ I=tr Za;ﬂ-akj <w (r@ -z’ + —) cos (rag, - x)
’ 16\/5_00 — 2

—1 (r6 - 2°) sin (ray, - z)) dr

_(T—t)(x(1+1/2))?
(6-2°)2

81 (0 ’ xo)

J

(5.9)

leZ
00 (0 2%) o (1)l T z
b, (0 x —1)le @=° Q- T
- 2 % )

if 0-2° <0 and 2 = 20,

(—1)e ! _ (ap-xr(l+1/2)
16\/§ Z 0 - x° kz:; 2ak71 S Q. o

(5.10)

1 —(T—t)r2? ° ™
aiwjuT(t,x) :W / e~ (T Zakviozk,j (1/) (7"0 -z’ + 5) cos (ray - x)

—¢ (rf - 2°) sin (roy, - x)) dr,

and if 0 - x° =0,

o 4
1 2
0* ul(t,x :—/6_(T_t)r Q0 idr.
1Ly ( ) 16\/§ ; k7 kv]

The proof of the following theorem is in Section 5.4.2.

(5.11)

(5.12)

Theorem 5.3.5. The function u” defined in (5.6) is also a solution to (5.1) and the

comb strategy ez, is optimal for the problem (5.1).
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5.3.2 An asymptotical Nash equilibrium for the game (5.4) with N =4

Given the value of u?, we now describe a family of asymptotically optimal strate-
gies for both the player and the adversary. Inspired by [107] we give the following

definition.

Definition 5.3.6. (i)For M € N, we denote by J2(M) € V, the balanced comb
strategy, which at state z € R?* and round m € N, chooses experts J¢ (z) € P(4)
with probability 3 and J¢ (z) € P(4) with probability .

(ii)For M € N, we denote by a*(M) € U, the strategy that, at state z € R*

and round m € N, chooses the expert i with probability 9, u” (mﬁT, ‘%Z > for all

i=1,...,4.
Remark 5.3.7. Note that Definition 5.3.3 defines a control for the problem (5.5) while
Definition 5.3.6 defines controls for the game (5.4). Hence the latter depends on M, T

and z, and the control a*(M) actually reflects the scaling between the two problems

(see [94] for details).

Remark 5.3.8. According to the Feynmann Kac representation (5.5) and Theorem

5.3.4, we have
T

u'(t,2) =FE | ® x—l—/aC(Xs)dWS

t
Then heuristically
T

Opu” (t,2) =E | 0,,® x—i—/JC(XS)dWS =P [(X;C),- = (X7 WX, =z,

t

which is just the probability matching algorithm proposed in [107].
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Definition 5.3.9. Define the following two value functions

VM(m,.) sz inf E¥OD [&(X))|X,, = 2],

— aeU

VM(m, ) x — sup (DA [P(Xn)| X = 2],
Bey
and their limits
VM (mag, T T
u'(t,z) = lim inf V7 Af/— ) \/_7
(M, m%T7xm§%ﬁ)—>(oo,t,z) M
—M
V m T
al(t,r) = lim sup (m% VT
R T A )

The proof the following theorem can be found in Section 5.4.3.

Theorem 5.3.10. The family of strategies (a*(M)) yren € UN and (TE(M))pren € VN
are asymptotic saddle points for the player and the adversary, in the sense that for

all (t,z) € 10,7 x R*

ul(t,z) =0 (t,x) = u' (t, 7).

It can be easily seen that ul (t,z) < u?(t,2) < u’(t,r), and our main result states
that they are actually equal, which implies that at the leading order it is optimal for
both the player and the adversary to choose respectively the controls o*(M) and

J2(M), ie., for any apr € U, By € V and T > 0, we have that

VMz

Xo =

T b
e an, JE(M)
hrn_)lglof Eam-Je O(Xyy)

—EODTEM) 1 (X ) | Xy =

VT
VMz
o)

130



_ VMz
X()— ﬁ

T x
limsup {/ — [ B~ A | &(X )
M—o0 M

VI
X, = Y20 | <o.

_]Ea*(M)JCb(M) d(X

5.3.3 Relation between the finite and geometric stopping

We recall the following results from [28] and [94]. Let T° be a geometric random

variable with parameter § > 0. Define

V& . : a,B inf su o,
( 0) S,Beg a1€” [ ( Téﬂ aleu %eg [ ( TB)] 7

and

u5:a:€RNr—>V‘S<%)\/5.

so that as 6 | 0, the function u® converges locally uniformly to u : RY ~ R which is

the unique viscosity solution of the equation

1
u(z) — = sup e;%u(r)e; = d(z). (5.13)
2 jep(v)

The main conjecture in [107] regarding the relation between the finite and geo-

metric horizon control problems is that
VM(0,00 ~ —=Vw(0).

The corollary below shows that this statement is true for N = 3, 4.
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Corollary 5.3.11. For N = 3,4, we have the limit

VM©0,0) 2

M 5o Var (0) NV
Proof. According to Theorem 5.3.5 and Proposition 5.5.1, (5.6) and (5.72) are so-
lutions to (5.1) with N = 4 and N = 3, respectively. As a result of [28, Propo-
sition 6.1] and [94, Theorem 8|, (5.67) and (5.71) are the solutions to (5.13) with
N =4 and N = 3, respectively. Plugging in 7' = 1,t = 0,z = 0 into these equa-
tions, we obtain that for N = 4, 4!(0,0) = %\/g, u(0) = 75 and for N = 3,

u'(0,0) = #ﬂ, u(0) = ﬁi' Due to the equalities

. 1 M _ 1 . 1 4+ _

we conclude that for both N =3 and N = 4,

VM(0,0)  u!(0,0)

im -
Moo Va7 (0) u(0)

5

5.3.3.1 From “optimality of the comb strategy conjecture” to “Finite vs

Geometric regret conjecture”
For any T' > 0 and (t,x) € [0,T] x RY consider a given weak solution of the
equation

u

Xyt =+ /Uc(Xﬁ’x)dWs, for u € [t,T7. (5.14)

t

Proposition 5.3.12. Let N > 2 and assume that the comb strategies are optimal

in the sense that the weak solution of (5.14) is an optimizer of (5.5) and u” is
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C°[0,T] x RMYN CH2([0,T) x RN) and satisfies for some € > 0 and for all x € RY

/e_T sup |02,u”(0,y)]|dT < oco. (5.15)
0

|z—y|<e

Then, the comb strategy is optimal for the problem (5.13) and the function u defined
at (5.13) satisfies

uw(z) = E / e TH(X)AT | = / T (0, 2)dT. (5.16)

Remark 5.3.13. Given the results in Proposition 5.3.12, a simple change of variable

formula allows us to claim that the function

M) = N (v )

solves the equation

Mut(z) — = sup e, 0*ut(z)e; = ()
JEP(N)
and satisfies
wNz) =E / e MO(XI")dT | = / e MuT(0,2)dT
0 0

Therefore, a corollary of (5.16) is the following relationship due to the Inverse Laplace

transform from u*(z) to u’ (0, ),

u'(0,0) = % / A2y = L (;%)u(m = %um), (5.17)
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where I' is the gamma function. Thus, under the assumption of the optimality of
the comb strategies for the finite time problem and some technical assumption the
Proposition 5.3.12 yields the constant in the “Finite versus Geometric” conjecture of

[106] for all N; see also [1]. According to (5.10), we have

—7(xl)?
e 4(0-29)2

\8£im],uT(O,x)| <C / T dr 4 Z T

leZ

— 00

where C' is a positive constant. Multiplying both sides by e~7 and integrating from
0 to oo, we can easily check (5.15) for our expression (5.6). As a result, Proposition

5.3.12 in fact implies Theorems 3.1 and 3.2 of [28].

5.4 Proofs

5.4.1 Proof of Theorem 5.3.4
5.4.1.1 Continuity of z — u’(t,z)

Proof. Using (5.6) and the continuity of x — z°, it suffices to show that

Alr,x) = | ¥ (r@-x+g) Zcos(rak-:p)—4—¢(T0-$)Zsin(rak-x)
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is continuous with respect to z. Due to the formula sin(z)+sin(y) = 2sin(*¥) cos(5Y),

4
and the fact > ay -z = 0, we obtain

Zsm ray, - ) = 2sin (M) o8 (M)

+zsm< SR )(%)
:28in( (O‘1+0‘2 )( ( O‘l—az) $)_COS<M))
— — 25in(r0 - 2) <cos (“0‘1 —02) @ ) ~cos (M))

The square wave function ¢(rf-x) changes its sign at r-x = kn, k € Z, when sin(rf-z)
is equal to zero. Therefore the function x + (76 - x) sin(rf - x) is continuous, and so
is the term ¢ (rf - x) i sin(ray - x).

Similarly, using tlkl?formula cos(z) + cos(y) = 2 cos (Z£2) cos (45Y), we obtain

4

Y cos(ray - z) = 2cos(rf - ) <cos (M) — cos (M) )

k=1

Then the continuity of = — ¢ (16 -z + %) S, cos (ray - x) follows from the conti-

nuity of  — ¢ (rf - « + Z) cos(rf - z), and we finish the proof. O

5.4.1.2 Terminal condition

Proof. Due to the continuity of # — u”(¢,2) and the symmetry of u?, we only need
to show the equality u” (T, z) = ®(z) for the case 2 < 23 < 20 < 24 Recall the
definition of sine integral function si(z) and cosine integral function C'i(z) (see e.g.

[4]),
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and denote

™

Ty = —
0 20 - xo’

Ak:ak-xo, Rk:|AkT0|, kizl,,4

Under the assumption z( < 2@ < 20 < 2™ it is easy to check the following

inequalities

3 3
—771- < AlTo < —g < A2T0 < A3T0 < g < A4T0 < 771- (518)
According to (5.6), we have
. r A(r, x°)
T )
2\/§Zxk — 8V2u (T, z) = / = dr.
k=1 2
Note that
. -1, rel[(dn+ )Ty, (4n + 3)T5)]
Y (r@ -z 4 5) —
+1, re[(dn—1)Tp, (4n+ 1)To),
—1, (S [47ZTO, (4n + 2)T0]
Vi) =

+1, re[(dn+2)Tp, (4n+4)Th).
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We can rewrite the integral as infinite sum of integrals

C>oA(r, x°) r o T . cos(Agr) 4
/ 3 dr:/ w(r9~x —i—E)ZT—ﬁ dr
0 0

k=1
T ! A 0y
/¢ re - z° Z sin(Ay
0 k=1
0o 2n+2 To 4 A To 4 (A ) 1
sm ’I“ COS r)—
> (-1) / Z T dr + / D
=0 2Ty o k=1
s (2n+1)T0 4 (A ) o) 4
n cos(Agr
+ ;(—1) / ; — = / —dr. (5.19)
(2n—1)Tp To

A(r,z°)

r2

dr = —4A,, which is equivalent to u? (T, z) = ®(x).

. . o0
Our aim is to prove fo

It is easy to check the following indefinite integral formulas,

/sm(m)dx = Ci(x) — smté ?) + Constant,

12
/ COS(;U) dx = —si(x) — cos(z) + Constant.
x x

Let us compute the integral

2Th

, sin(2|AxTo|)
(A = A 2|ATo|) — —————=
/T2 Zsm pr)dr = ; k (C’z( | AxTol) AT

& sin(| Age])
— i A, [ Ci(|Ape]) — Z2REV )
2 ( e = =14 )

4 :
According to > A, = 0 and lin(l) Smx(z) = 1, the term Z Ay, Sm(‘A’“GD vanishes. Since
k=1 T—

the expansion of Ci(z) near x = 0 is In(z) + 7, where 7 is the Euler-Mascheroni
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constant (see e.g. [79]), we obtain that

lgnZAkCz | Age|) = hmZAk (In(|Ax]) + In(e) +v) = ZAkln | Akl).

Accordingly, we have

2To

sin(2|AxTo|)
/ Zsm (Apr)dr = ZAk Ci(2|ApTo|) — 2|/|1k;‘ |0 ZAk In(|Ag| |,
0 k=1

and similarly for each n € N,

(2n+2)To 4 4
1 ) , sin((2n + 2)| AxTo|)
— Apr)dr = A (Ci((2 )AL Ty|) —

| > sin(iur)dr =3 ACil(2n + DT - S

Ty k=1

4

=) A(Ci2n|ATy|) -

k=1

sin(2n|AxTo|)

Therefore, we get the equation

+o00

o T . sin(Agr)
0

—— ZAk In(| Ax]) +222Ak )" Ci(2n] A Th|)

k=1 n=1
4 o0
2nA;To)
—9 -1 n+1sm(—k0' 5.20
]; ;( ) T (5.20)
Now we deal with the cosine term in (5.19). Due to the equality si(0) = —7, it
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can be seen that

To_l §4 A - " cos |A I 4
: +To|)

/T’Q(k_l cos(Ayr) — 4)dr E | Ak|si(|ArTo]) E —0

0 = T,

k=1 k=1

4 4
- . cos( |Ake|
—I—el_lgl+ |Ak’282(’Ak6| +Zl

k=1 k=
T 1. cos \A Tol) 4
:_§Z|Ak|_Z|Ak|SZ AnTy) = — o)) + =
k=1 k= k=1 0
and similarly
R 2. cos((2n + 3)| A To))
cos n+ kdo
/ T—QZCOS (Agr)d Z|Ak|sz ((2n + 3)|AxTo|) Z @n 13T,
eni)T, L k=1 k=1
4
cos((2n + 1)|AxTo])
Ag|si((2 1)|AxTo|) .
+Z| elsi((@n + DIAT]) ; (2n + )T,
Then, in conjunction with the equality f;o _4dr = —%, we obtain that
+o0o 4 (A ) 4
o T cos(Axr
/ w(ﬁgﬂi +§>ZT—E dr
0 k=1
4 o
=——Z|Ak\—2z —1)"HH Ag|si(|(2n — 1) A To))
k=1 n=
4 oo
— 1) ALTy)
—9 -1 "HCOS(( - . 5.21
22 U o (521
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Using the inverse Fourier transform, we have

> 2n — 1)AkT0) ™ ™ AkTO
-1 n+1 COS(( _ t _
;( ) en—n1,  _an o\t ’

27’LTQ B 4T0 .

n=1

Recalling the inequalities (5.18), for k = 1,4, we have |A,Ty| € (5,2), and hence

the term sign (tan (% —i—%)) = —1. For k = 2,3, since |A;To| < 5, we get

sign (tan (% + A’“ﬁ)) = 1, and therefore

4
T ATy B
Z 2—Toszgn (tan <Z + 5 )) = 0. (5.22)

It can be seen that the function

1 + efix
1+ e

T <log(1 + e ™) — log(1 + ei$)> =i log ( > =2 mod 27

is 2m-periodic, and equals to  when restricted to (—m, 7). So that we obtain

/

PRI k=1,
> a1 SIN(2nALT))
> (=1 +1TT0 = e if k=2,3,
n=1

PRI k=4,

\

and hence

4 oo
ZZ yr sin(2nAgT)) _o. (5.23)

1 n—1 2nT0

140



Combining (5.19), (5.20), (5.21), (5.22) and (5.23), we simplify the expression,

A(r, x°)dr
T2
0
4 - 4 4 00
==Y AIn(|Ax]) - 5 S 1A +2) 0> (=1 A si(|(2n — 1) AyTo))
k=1 k=1 k=1 n=1
4 00 4 o)
cos((2n — 1) AgTy) L
- 222(-1)n+1 +2) ) A=) Ci(2n| AL Ty|)
k=1 n=1 (2n —1)To k=1 n=1
B n+1sm (2nALTy)
k=1 n=1
=—3 Z |Ax| + 22 Z 1) Ayl si(|(2n — 1) A Th))
k=1 n=1
4 4 o)
- ZAk In(|Ak|) +2) 0> Ap(=1)"Ci(2n] A Ty)). (5.24)
k=1 n=1

It remains to calculate the infinite sum including C'i(z) and si(z). Note that

(4n—1)R
_QZ 1)"*si((2n — 1)Ry,) = Z / sm

and sm(z) o

= Im=- “for z € R. We apply contour integral to % Denoting the curves

in the counterclockwise direction by

E = {nRe® : 6 € 0,7},

we have equalities

(4n—1)R,

/ / /—dz_OneN

(Un=3)Rr  ~f, 5 Y51
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Therefore, we obtain

—QZ )" si((2n — 1)Ry,) i )" Im /—dz

_ Z(_1>n+1Re / ei(2n71)Rkei9d0. <*>

n= 0

—

According to the inequalities (5.18), we have 2Ry, ¢ {—3n, —m, 7,37}, and hence can

exchange the infinite sum and the integral and compute the geometric series to obtain

™

Rkeie
n+1 €
—22 2n — 1)Rk) R@/Wde (525)
0
Similarly, we calculate

0o An Ry,

Z( )" Ci(2nRy) = —2Re Z / —dz

n=1 Yan"2)R,

Denoting the quarter of circles in the counterclockwise derivation by
Ak = {nRye® : 6 € [0,7/2]},

we obtain that

An Ry, dn Ry,

R

(4n-2)Ry, 5k i(dn—-2)Ry 5k _,
anRy 0 3 (4n—2)Ry,
ez » y o
= “dy+i [ eWnDET g 4 g [ etnBee” g 4 dr.
z r
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Recalling the definition of integral exponential function for = > 0,

+oo . +00

Ey(z) = / € dar= / exp(—xe')dt,

r
z 0
it can be seen that
477,Rk iz % g
—2Re / e_dz =2Re | —i /e(4n2)Rke“’d9 . /e4ane”’d9
z
(4n—2)Ry, 0 0

+ 2(E1(4nRy) — E1((4n — 2)Ry))

™

—2Im /6(4n2)Rkei9d‘9 . /€4anewd6
0 0
4 2(E1(4nRy) — Ei((4n — 2)Ry)).

By direct computation, we have

eiQRkew

1
2 i2Ryet? —2Rye"
e e
=2Im / 1 + eiszele B 2/ 1 + e*2RkeT
0 0
2 2Ry et 7 —ot
e e
=2Im ———df | —2 | ———dt,
/ 1 + ei2Bie® / t(1+e2)
0 Ry,

where the last equation follows from the change of variable ¢t = Rye".
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I, k=23

N

Figure 5.1: Contour of I

Then, we can further simplify the expression (5.24) using (%) and (%),

00 A sze
/ ZAkh'l ‘Ak - _ZlAk‘ +Z‘Ak‘Re/ 1+612Rk€7’0d9
0
zQRkew ¥ e_zt
+ Z 2ArIm / e — 24 / i em™ (5.26)
Ry

Let us denote

A iRie " et?
L= — =i | ———d>,
k /1+612Rkel9 /Z(1+ez2z)
0 7{6
ci2Rye’ 122
=—i | —————dz
/1_’_612Rk629 /Z(1+ez2z)
0 ,ﬁ

For k = 2,3, we have R, < 7, and therefore 0 is the only pole of complex function

z over the interval [—Ry, Ryx]. According to the contour integral (see

P
z(1+€%2%)

Figure 5.1), we have that

[+ [ | [t

vk —Rrk  {ee:0€[0,7]}

—€ y ™ i Ry, +

el €Z€e e’L

t(l + 6127&) 1 + 61266“9 t(l + ez2t)
—Ry 0 €
. . . .10
. ezt _ 6'Lt+e—zt . zee . l . . E
Since Mre™ = e 18 real, and 11_{% —1+ =@ = 3, we obtain that Relj, = 7. For

k= 1,4, since Ry € (3, 37”), we have —7,0, 5 are three poles of the complex function
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Tk =23 Jok=1,4 1

I

Figure 5.2: Contour of Jj

z over the interval [— Ry, Rg]. Again by contour integral (see Figure 5.1)

el
z(1+€'27)

the real part of I is equal to the integral around the three poles,

s .
. e 10

i0
1e"¢ ee 1 1 T
Rel, = lim Re — - _ |df + —
B / 1 — ei2ee’” (g + ee® * 5 — 66“9) 3
0

r ieiee e [ 1 1 7r
:/limRe ,ie _ Nag 4+ T
e—0 1 — ef2ee % + eet? % — eet? 2

0

—/—3d6+f—f—2,
T

2 2
0
and hence
4 . 4
> Akl Rel; = §Z\Ak| — 2| Ay| — 2| Ayl (5.27)
k=1 k=1

For k = 2,3, we apply contour integral to J; (see Figure 5.2),

Ry, .
N z(1 4 €#27)

:},{c iRy {ee®?:0€[0,7/2]} €

y _at 0 i2ec® B i2t
=J —i/e—dt—k/LdQ—i/e—dt
k t(1+ e 2) 1 + ei2ee®? t(1 + ei2)
Ry, 5 €
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is just &, we obtain that

Noting that imaginary part of 177" 20

1+ 7,2t)

Ry,
1266 1
Ika = / ( dt —+ Im/ z2€e“9 —|— / gdt
Ry €
For k = 1,4, z = ¥ is the other pole over the interval [0, ;] (see Figure 5.2), and we
have
€ 0 ) €
e~ 2t ei2ee’ » ei2t p
O0=Jp—i | ——=dt ———df—i | ———=dt
k Z/ t(l + 6—2t> + / 1 + ei2ee’? g / t(l + 67,2t)
Ry g €
Ry, T )
ei2t ei2ee’? 10
—i [ ———<dt + . ———do,
/ t(1 + e2t) / (2 + ec?)(1 — ei2ee”)
0

L3
3 te

and therefore,

Ry,
1266 1
Ika / ( dt+lm/ 126619 +/§dt

Ry
7'\'+E

1266 i0
—dt — 1 do.
/ m/ T 6619 6126619)

3¢

Take

. 61266 2266 19
Platm [ -, — 1 do.
€ m/ 1+ 6126519 m/ T4 6619 1— 612687’6)
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Then we compute

" 2
e—t

Ry,
[oe)

_ / HL eyt (R — n(|A4]) — n(0)

€

2+
+2P" — 1oy <ln (:;2 — i) + 2P€2> .

1
As a result of > Ay =0, In(R;) — In(|Ag|) = In(Tp) and lim P? =1, it can be seen
k=1 €E—>

that
i i o2t
— J t(1+e2t)

4 o0 ot 4
(&
k=1 A k=1
. T/2+€
1 2
+ ];1 ALP: — (A1 + Ay) (111 <7T/2 — E) + 2P€>

. /24 € )
S 11_%(141 + Ay) <ln (7r/2 — 6) + 2P€>

= — 24, — 24, (5.28)

Combining (5.26), (5.27), (5.28), we obtain

/ A )dr = —2[A1] = 2|Ay| = 241 — 244 = —4A,, (5:29)

r2
0

which concludes the result.
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5.4.1.3 Smoothness

Proof. Step 1: Equation (5.8). As a result of

4 4 4 4
Z sin(ray, - °) = Z sin(raoy, - ), Z cos(ray, - x°) = Z cos(ray - ),
k=1 k=1 k=1 k=1

we obtain that

-1 i e~ (T—t)r?

4
u® (t,x) :16\/§ = (0 (7’9 -z’ + g) ;cos(rak cx)—4

! 1 o 1 [(T=t)r
—1 (r@-xo)Zsin(rak-x) dr+ZZ$k+§ —
k=1 k=1
To stress the dependence of Ty on z, we denote it as Ty(z) := — 5505 Since 0 - x° < 0,

define two functional series Fj(z), Gi(x),l € Z by

(20141)To(x) ) 4
6—(T—t)7‘ T
F(x):= / —a 0 (r@ sz’ + 5) Zcos(rak ~x) —4 | dr,
(21-1)To () h=1

(21+2)Tp ()

—(T—t)r? 4
Gi(z) = — / GT W (rf - x°) Z sin(ray, - ) | dr.
ATy () k=1
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4

Noting that > cos(ray - ) = 0 at endpoints r = (20 — 1)Ty(z),l € Z, the partial
k=1

derivative of Fj(z) is given by

QIDE o

4
of Fi(x) = — / — Qg (7"9 x4 g) sin(ray, - x)dr
(2-1)Tp(z) h=1

—(T—t)(20+1)2T2 ()

(20 + 1)*T¢(z)

—(T—4)(21-1)*T3 (x)

(20— 1T3(x)

e

— 4(20 + 1)3; Ty () +4(20 — 1)3F Ty(x)

and similarly

(2142)To () (Tt

0} G(x) = — / <

r
21Ty ()

4
Z ag Y (r - x°) cos(roy, - x)dr.

k=1

It is well-known that summation and differentiation are interchangeable if the partial
sum of derivatives converges uniformly. Since ) 0; Fi(x) and ) 0; Gi(x) converge

l€Z I€Z
uniformly in any bounded region of z, we conclude that,

O uT(t,7) = — —— 3 (00 Fi) + 00, Galx)) + i

1 ef(Tft)r2 4 T
:16\/5 . Z agq | ¥ (7‘9 cx’ + §> sin (ray, - x)

+1 (r - x°) cos (ray, - x)) dr + }l

We can calculate 0, u” (t,) in the exactly same way, and find that it has the same
expression with 9} u” (¢, z). Therefore we proved the result (5.8).
Step 2: Equation (5.9). If 0 - 2° = 0, then all the coordinates of = are equal, i.e.,

v = (z1,71,71,71). Let us compute the derivative of u”(¢,x) by definition. Take
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€ > 0 and denote (ml + € 21,21, xl) simply by x + €. Then we have

R erow 3er 3er
uT(t,x—l—e):&/Eo = ¢(E+§) (cos(ﬁ)—l—?)cos(ﬁ))—él

(@) ()5 (3)) -

P 1 N 1 [(T—-t)r
T+ —€+ -\ ————.
LRV 2

In order to conclude our result, it remains to show that

oo [ (2 (5 05) (= (55) () -
() () ()«

According to the estimation

T—t)r?

dr <e e_(T_t)’"Zdr,

®
3, )
%\H\g

it can be seen that

! 1 [ 12e- @07
0 =lim [ 12¢~ 79" qy > lim — e—er
e—0 e—0 € r
1 T
Ve Ve
1 Ooe*(T*t)’”2 er T 3er er
>lim- [ S AL 2T 4 3c0s () ) —4
s [ (0 (3) (o () o ()
1
.t
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Now, both 3 (f/—% + %) and 1 < £ ) are positive over the interval [O, \/LE} . In conjunc-

S

tion with two equalities

we make the estimation

1 1

\ﬁe—(T—L‘)’/‘2
/ TA(t, T+ E)dT
0

N | =

4—4 cos? (i> 4 sin® | <Z

1
Since the integral foﬁ e~ (T—t)r? ( — v2/ 4 o 2)> dr is bounded as € — 0, we

3

conclude that -
1 ef(Tft)r2
lim~ [ ———A(t, 2+ €)dr =0,
e—0 € r
0

and hence 9,,u” (¢, z) = 1. Similarly, we can prove that d,,u” (t,z) = 1,i=2,3,4.

Step 3: Equation (5.10). Define two functional series H(z), K;(x),l € Z by

(20+1)To () _(rty?

4
Hy(zx) := / SR Z a1 (’r& -z 4 g> sin (ray, - x) dr,
k=1

r

(2[+2)T0(x)6_(T_t)r2

Ki(x) = / _— Z ag Y (rf - x°) cos (ray - x) dr.

" k=1
2Ty (x) =
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Then we have 9,,uT (t,x) = + + ﬁi le%(Hl(m) + K;(z)). We compute the right-hand

IS

derivatives of H,(z), K;(x),

(20+1)Tp () .
G;Hl(a:) = / e~ (T-t)r Z QO Y (7’0 cx’ + g) cos (rayg - x) dr
(21-1)To () =1

2
_(T=t)(x(4+1/2)) 4

_1\! 0)2 .
+ 01 (6 xo)( e - Z 20y, 8In <ak er(l+ 1/2>>
k=1

i 0 x° - z°

2
_@-n-1/2)?

(=Dl (0-2) . (ap-axm(l—1/2
—8;;(9~x)( ) T oo ;ZOék,isln( 0§x0 /))7
(5.30)
(2042)T () .
8;; Ki(z)=— / e~ (-0 Z a0 ;¢ (rf - 2°) sin (ray, - x) dr
ATy () k=1

_(T=t=+1)?

_ l (9Ax0>2
+ax+j<9'xo>( e Z20észOS (ak xﬂ-(l—i—l))

0 - x° 6 - x°

_(T=t)(x)?

l (6- xO)Q . l
n o (—1 oy - T
— 05 (02 0o g 2ay,; cos ( ) . (5.31)

0 - x°

Replacing all the 8; with 0

gj Y

we obtain the left hand side derivatives of H,(x)
and Kj(z). It can be easily checked that if 0 - 2° < 0,2?® < 20 the function
x + 0 - z° is differentiable, and hence 97 H,(x) = 0, Hi(x), 9; Ki(z) = 9, Ki(x).
Since ) 0., H;(z) and ) 0,,H;(x) converge uniformly in any bounded region of z,
we callleiznterchange sumllefation and differentiation and obtain (5.10).

Step 4: Equation (5.11). If 6 - 2° < 0,2 = 2®), the right derivative 9 (6 - 2°)

may not equal to the left derivative 8;], (0 - z°). However, by showing that for each
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i=1,2,3,4,

4
. (g am(l+1/2) oy, - ol
i i =0, l€Z,
ng ay, sm< 7o ) E ay, cos( o

functions H;(z), K;(z) are still differentiable, and hence we can conclude (5.11).
Since we need to show the equality for any ¢ = 1, 2, 3,4, we can simply assume z = x°

without loss of generality. It can be easily checked that

ap-x° oy 320 — 223 — (@
0.0 020 —i= 1) — x(4) ’
as-2°  ag-x® 22® — M — @

Q. e - 0 - x° - (1) — £4) ’

and hence

. (ap-xn(l+1/2) ag-xm(l+1/2)
Sin = sin )
0 - x° 0 - x°
. fag-an(l4+1/2) as-zm(l+1/2)
sin = sin ,
0 - x° 0 - x°
ap-xmly 044 xml
0-z0 )

cos ag-xml) o8 Qs - Qfﬂ'l
0-z0 ) 0-ax0 )
We finish the proof of (5.11) by the following computation
4
. 1/2 . 1/2 . 1/2
ZakiSin ay - am(l+1/2) o (™ zm(l+1/2) Can (2 xm(l+1/2)
’ 0 - x° 0 - x° 0 - x°
k=1
‘ 2:(1) — 94,(2)
=4 4811'1 <W (l + 1/2)) COS (7T(l + 1/2)) —
4
(ak-;mrl> (al -xwl) (a2-x7rl)
Z Qg 5 COS ==+ 2| cos — COoS
pt 0 - x° 0 - x° 0 - x°

922 _ 9p(1)
=+ 4sin <u7rl sin (7) = 0.

M — ¢4
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Step 5: Equation (5.12). Finally, supposing z = (z1,21,21,21) and z + ¢; =

(71 + )T r=jy + 211 rzj}, We caleulate 07, u” (t,z). According to (5.8), we have

1 [e @ d er ow
Opul(t,x+e;) = / ki (—+—)sin rag - (r + €;
) —

+¢ (\6/—%) cos (ray - (z + ej))> dr + i.

As a result of the equalities

]o—e_(T_t)TQ dr = —70 ! de—(T—t)r? e / e 0 dr
r B 2(T — t)r? 2T —t) 4T —t)r3 '
: x ﬁ
we deduce that
(r-1) o0 2 (T-t) o0 2
- —(T—t)r 6\/§ — —(T—t)r
e e ee e
0 =1 6v/2 > i _
5 2(T—t)+/4(T—t)r V2 > lim = 2(T—t)+/4(T—t)r3
1 1
Ve Ve

1 T P L e er T
Zlig%g — Za’” (0 (E + 5) sin (rozk (T + ej))

S

o (Y o+ qn) . (5:32)

From the equality

kz;a;w cos(rag - (z + ¢;)) =Lgiey) (3 cos (3%) ~ 3cos (f/—%))

e () =29
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it can be easily seen that

lim — Z ay; cos(ray - (v +¢€;)) = 0. (5.33)

e—0 re

Combining (5.32) and (5.33), we conclude that

2 T
Doz, (8, 2)

1
Ve

= lim / R ki (sin (row - (z +¢€;)) + cos (roy - (x + ej))) dr

4

0
1
N ( (z+¢)) 1
sin (ray -
1 —(T—t)r ; J - ; . ) d
6_1r)n/ Z ay, + Z agicos(rag - (x +¢;)) | dr
0

Tre
k=1 k=1

R )
8v/2 ) p e—0 re

4

+£%E2akzcos(rak (x+¢€)) | dr

o0 4
1 2
- —(T=t)r E s | d
= e QO T,
8v/2 0/ Pt Rk

Since 0,; Hy(x), O, Ki() defined in Step 3 are continuous with respect to x, and both

series ) 0, Hi(x), Y 0, K(x) converge uniformly in any bounded region of x, the
lez ez
second derivative 8§ixjuT(t,x) is also continuous, and hence we have proved that

ul(t,z) is in C*([0,T) x RY). O

5.4.1.4 Solution Property

Proof. Supposing that {iy, 19,153,174} = {1, 2, 3,4} are subscripts such that x;, < x;, <

Ty < x4, We prove the equation
T 27
Ol (t,7) + (a% + a%) uT(t,z) = 0.
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Taking derivative with respect to ¢, we obtain that

-1 [ :
o’ (t, ) :m/e(Tﬂr ¢<7“9 x’ + )ZCOS rag - x)

1 T
. = —(T=t)r? g il
Y (rd - x Zsm rag - T) dr—i— / 1 2(T—t)
L (T=t) w<r9 2%+ )Zcos roy, - T)
16v/2
4
—1p (r@-xo)ZSin(rak-x) dr. (5.34)

According to (5.10) and the equality 0, (6-2°) + O, (0-2°) = 0, the series part

cancels out and we have

Oy, + 0y, ) Wt
Tig + Tiy u ( ,1’)
1 —(T—t)r? 2 o, T
=—— | e E (Qhiy +apiy) | | 70 2%+ 5 ) cos (rag - x)

—4 (rf - 2°) sin (ray, - ) dr-

Since (a4, + agq,)? = 2 for every k = 1,2,3,4, we conclude that

s 4
% (8% + 8%4) ul (t, ) :%\/ﬁ / et ; (qp (T9 -’ + g) cos (rag, - x)

—¢ (rf - 2°)sin (roy, - ) dr = =0’ (t, z). (5.35)
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5.4.2 Proof of Theorem 5.3.5

Proof. By using arguments similar to the proof of (5.35), we have for

(j7 k) = (17 3)7 (1’ 4)7 (27 3)7

T 1 27

o’ (t,x) + 3 (8% + (9%) u' (t,z) =0.
1
From (5.8), we obtain that Y 9, u”(t,z) = 1, which implies
k=1

8£IUT(15, {L‘) (61 +e2 t+e3+ 64) = 0.

Subsequently, for all J € P(4), we have that

e 2 ul(t,x)es — e 02 ul (t,2)ese = <e} - e}c> D2 ul(t,z) (e +ey) =0.

Therefore, it remains to show that the strategies J € {0, {i1, 42}, {1}, {i2}, {is}, {is}}

are suboptimal, i.e.,

1
ot (t,x) + = sup e, 0% u’(t,x)e; <0.
JEP(N)

Since the second derivatives of u”'(t, x) are continuous, we assume that §-2° < 0, 2 <

2 without loss of generality. First we introduce some notations, and simplify the
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expressions for dyul (¢, z), 02, u’ (t, ). Define

)’ Y xx

Spi=vT —t / e~(T-0r* (@D (7‘0 -~ + g) cos (rag - x°) — 1 (rf - x°) sin (roy, - x°)> dr,

(T—t) (n(1+1/2))%

1\, (6-29)2 . 0
Ly :=vT —1 Z< 1)69 Sin(ak :E7r(l—l—1/2))
=L

o Q N 4
lEZ

_(T=t)(x)?

B Z (—1)le” @02 cos [0 x°rl
0 - x° - x°

leZ

According to (5.34) and (5.10), it can be checked that

-1
o’ (t,x) = ——e Sks 5.36
W (.0) = s 3 (5.3
1 4 4
02 ul(t,r) = ———— Qg pO i SE + 2 Oy, (0-2%)aupnLi |, (5.37
ey, 0 (6T) = T ; kROt Sk ]; (02 apnly ), (5.37)

where we use the fact that the i;,-th coordinate of z is the h-th coordinate of x°.

Define T := —¥L=tr g .— a2’ [ 1934 and

20-z° 2my/T—t’

2

fry=eT, F,i(r) = f(r) cos(2mBkr), F,?(T) = f(r)sin(27wBkr).

Their Fourier transforms are given respectively by

flv) = / f(z)e *™dy = Ve ™

Fl(v) = f(v_ﬁk);f(erﬁk),
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By change of variables, we obtain

i [ (o (g5 3 (g 5) o ()

Q+1)T (21+2)T
=S (-1 / Fi(r)dr+> (-1 / 2(p)dr.
leZ (11T lez orF

Since the functions F}! are even and F7 are odd, we obtain that

Sy, = /Fkl dr—2Z/Fk 4lT+rdr+22/Fk (MT +r)d

leZ leZ

—00

Also it can be seen that

oT
L, =" D) R0+ 1T VEL21T)
o= = R )T+ ) R

leZ leZ

Step 1: J = {iy,i2}. We prove the inequality

Bl (t,7) + (8%—1—8

Tiq

>2u(t,x) <0.

According to trigonometric formulas, we have the following equalities

o (al caom(l + 1/2)) o (QQ.%OW([+ 1/2)) |

g - x° g - x°

g - x° g - x°

cos ap-x°ml\ o8 Qo - 20l
0 - x° N 0-x0 )’

" (a3.x07r(l+ 1/2)) . (%,xoﬂ(u 1/2)) |
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cos az-x°ml\ o8 oy - o7l
0-z0 ) 6-az0 )
Therefore we have Ly = Lo, Ly = Ly. Plugging in (5.36), (5.37) and noting that

O, (0-2°) = Oy, (0 - 2°) = \%, it can be checked that

4

1 2 1 1
T - - - 2
Oyu (ta ZE) + 9 (a:r:zl + a:c@) u(t’ x) 16 2(T — t) E : (2 (Osz + akﬁ) 1) Sk

k=1
+ ———— (4L — 4L,y)
16+/2(T —t)
1
= (L — L,y).
4,/2(T — t)( 1= L)
Let us introduce
Toag - x® T woy -2 w . (T—t)n
= - V=t = =
40 - x° 4 40 - x° 4 4(6 - mO)Q
and the Jacobi-theta function
O3 (z,7) = Z exp (mil*T + 2ilz) .
l=—00

We rewrite sine and cosine terms as

)

(—1)'sin (041 ) f’c;”(l + 1/2)> — _Re 2+
. xo

—(—=1)" cos (a; : xwl) — —Re etin,
. 1'0

_(T=t)(xD)?
Note that exp(7il>7) = e 4@+>? . Then according to the definition of L;, we obtain

that

Ll . _R@ 93(/%%) _ _‘93(ﬂ7 ’f_)

T ¢ g - x° g - x°

9
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and

L4 _93(V,’7A'>
T—1t 0-a0

Therefore, we obtain

1 93(“7 72) - 63(”7 72)
42 0 - x°

1 2
ou” (1) + 5 (a% n a%) ult,z) = — : (5.41)

and (5.40) is equivalent to
93 (:ua ’f_) - 93 (V> 7A—) <0. (542)

Taking ¢ = €7, we have the infinite product representation for the Jacobi-theta

function (see e.g. [157])

o0

05 (2,7) = H (1 - q2l> (1 + 2¢” 71 cos(22) + q4l_2> : (5.43)

1=1
By the definition of u, v, it can be easily checked that

- (xu) _ x(4)>

L G R ) R R )
T (xu) @ ) 4 x<4>)
2 (x(l) + @) — () — x(4))

€ (0,m),

+5 €0,

and hence dist(u, Zm) > dist(v, Zm). Subsequently, we have cos(2u) < cos(2v), and
therefore conclude (5.42) by (5.43).

Step 2: J = (). According to the Poisson summation formula for Fourier transform
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(see e.g. [178]), it can be seen that

T Lo ! i2rLr
> FHAIT + ) :ZEFkl (E) oM

lez =
~ J [ _—
>t = 3 L (L) e
leZ leZ AT AT
Then according to (5.38),
3T 2T
=B~ 55 S A (7 ) [erare 5 S () [ et
’ 2Tz P\ 2T F\ar
T 0
~ 20+ 1 2 20+ 1 2
g () L),
Z; VEe aT ) 2L+ 1) %Z: P\oar ) iRi+ 1)
21 —|— 1 2
_ Z + (_1)l+16k) s
= ( (204 1)m
By direct computation,
o EL(0), if 1 =0,
1 5 l (2 7T*7'
—o7t <E> / e = (<)EDRE (L) 2 s odd,
T
0, if [ is even,
2T - P
1 2 ( I ) /ei%lef’"dr —F}? <é> 2 iflis odd,
-~ k - =~ =
21 = 0 0, if [ is even.
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Therefore, we obtain that

5 =S (1)) (214;1) 2 j - S (21 + 1) T P

I€Z 15/ AT ) i(2+ )7
S (25 +1+(— )l+14f’5k> 2
I€Z AT (2l+ 1)m
2 +1 1)14T 2
=2 (-1 il B , (5.44)
= AT 20+ )7

where the last equation follows from the identity

1y <2l F1+ (—1)’“4Tﬁk) 2

AT 20+ )7
IRIEEY —21 — 14 (=1)"4T By 2
AT (=20 = 1)
Denoting
. ar - 20 3xW — 2@ _ 40) _ @)
mo=ATB = ———— =
0 - o @ 4+ 23 — 2@ — 1) 7
o (D) (@) e (3) (4)
~ oy - T T T ' + 3x
ny =478 = ———— = :
0 - o (1) —+ (3 — (2 — (1)

it can be easily checked that they satisfy the constraints
m e [_37 _1]7 Ny € [17 3]7 Ny — M < 4. (545)

Since duu® (t,r) = " \/T—t Z Sy, the inequality

o’ (t,x) <0. (5.46)

is equivalent to > Sy > 0. Due to definitions of T and Bk, we have that AT By+4T By =
k=1
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—2,4T By + AT 8y = 2. Therefore we obtain the equations

Sl+52 :22(_1)lf (2l+1+<_1)l+1771) 2

2 AT 20+ D)7
A N+l o
+2§(—1)’f (2l+1+( i)Tf( - m)) (21f1)w
- 2 2 (A=Y (U t3+m
_21220((4l+1)7r_(4l+3)77) (f( AT >+f< 4T )>
(5.47)
Lo (20 1+ (1), 2
53+S4=2;(—1)f< 4(T ) n>(2l+1)7r
Lo (2014 (—D)HN2 =) 2
+2l220(—1>f< AT )(2l+1)7r
B 2 2 Az 1tm (Al om
= 2;((4[-1)71 (4l+1)7r> <f< AT >+f< AT >>
(5.48)

It is obvious that Sy + Sy > 0. As a result of (5.45), we obtain that 0 < —1 +ny <

5 —n4 < 3+ 1y, and hence the inequalities

F=14n)>f(G-n)>FfG+m).
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2 _ 44— 4
4i-1)m (4z+1)ﬂ> =— < -, we get that

Noting that 2 Z (

_QEE(MLfUW_@uij)(f(g%%ig)+ <£;%;E>>

4
and hence > Sy > S3+ .5, > 0.
=1
Step 3: J = {in}. In the end, we prove the following inequality for each h =
1,2,3,4,

—Owu(t, x) + 2(95 z, Ut T) <0 (5.49)

Recalling in (5.39), we have

2T
L ="— S (-D'F@+ D)D)+ > (1) FL2T)

IEZ lez

Applying Poisson summation formula, we obtain that

IEZ IEZ IEZ
2l—|—1 PICIES))
-3 () e
IEZ 2T

1w, 2A+1 (241
=i leZ( 1)’ (f <—4T Bk) f( 17 ﬁk>>,
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S (D' FHRT) ==Y FY2T) +2)  Fi(4T)

leZ lEZ leZ

1~ /1 1 !
= — —~F1 + —Fl ( )
Z2T <2T> ZQT 4T

=
20+ 1 A~ (2l +1
(—4T — 5kz) +f (—4T + 5k>> ,

and therefore

Zf <2l +1+ (4T ) +14Tﬁk> Zf (21 +1+ (4T) “4”’“) . (5.50)

lEZ >0

We first prove the following three inequalities by direct computation.
S1 <8y, S3< 84, 52 <5y
To prove the first inequality we write

Sy — 51

B 20+ 1+ (=) (=2 =) s 204+ 14 (1)
Z 21+1 f( AT >_f< AT )

B 4 A3 EmY s (AL —m
;(4”1 (4l+3)7r)<f( AT ) f( AT ))

As aresult of 0 <4l 4+ 3+ <41+ 1 —ny, we have for every [ > 0,

f(4l+3~+771) _j:<4l+ 1~— 771) >0,
4T 4T

and hence we conclude the first inequality.
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To show the second inequality we compute

4 ; 241+ (=D | F 204+ 1+ (—=1)*(2 —ny)
AT [

4T
:%;(MLf”W+oufnw><f<ﬁ;%;ﬂ>_f<ﬁiﬁ;ﬁﬁ>'

It can be easily seen that f (41+1_Tn4> —f (ﬁ%) > 0 for any [ > 1, and therefore

we have proved the second inequality.

Finally for the third inequality we have

Sy — 59

B c( 201+ (=D ) 2041+ () (=2 )
=2 (-1 25+1 f( AT ) f( AT )

>0

For even [ > 0, we have |2l + 1 — 4| < |2l 4+ 3 + m1|, and hence

f(Ql—i- 1~— 774) _f(2l+3~+771) >0,
4T 4T

while for odd [ > 0, since |20 + 1 + ny| > |2l — 1 — ny|, we get that

f(m+{+m)_f(m_{_m>§0
4T 4T

Subsequently we conclude the third inequality.
Now we prove (5.49). According to (5.36)and (5.37), we have that

1

1
ot (t,2) + =0, 4 ul (t,2) = ————
T 13) 4 3, 00) = o

3
<2Sh— Z(51 + Sy 4+ S5+ Sy) + Ly —L4) ,
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and therefore the inequality is equivalent to
3 3
Ly = (81 + 55) < La+ (S5 + S1) = 25, (5.51)

We have shown that 57 < Sy < Sy, 53 < S4. Subsequently, it is enough for us to prove

the inequality for the case h = 4. According to (5.44) and (5.50) can be checked that

3, 5. 2 3 5 (4 — 1+
L4+153—154—Z<<;+<4z+1>ﬂ+<4z_1>w)f(T>

>1

* (% (4 E Dr (4 j 1)7r) f (4l +41T_ 774)) ’

3
Ly — Z(Sl + S3)

:Z(%— (4l—§1)7r+ (4l—§3)7r> (f (%) *WW))

>1

Note that 0 < 4l +1—m <4l —1+n, <4l +3+mn <4l +1—mn for any [ > 1.

Subsequently we have that

4T AT AT AT
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and hence the inequalities

f (4[ —|‘ 1~— 771

(A3 +m
H( AT ))

(4l+3+771)
4T

( + (4131)7r+ (41—51)n>f<4l _41f+n4)

2 3 5 (Al +1—my
- - - f ~ )
T W-1)m @A+ r AT

from which we conclude that L; — %(Sl +5y) < Ly+ %53 — 354 and also the inequality

(5.51). 0

(% ey j Dr (@ +3 3)7r)
<

k>

)
% ey f Dr @ +6 3)7r)
)

5.4.3 Proof of Theorem 5.3.10

Proof. The dynamics of state X,, is given by

X = X1 +eg, — Lgnenn 1

s VT
x\yﬁ — x as

M — co. Denote t,, = 2L AX,, =e;,, — L{1,.es.;1, and define the scaled state

Take any sequence my; € N and z,,,, € R* such that %’T — t,

N T VT & XpoV/T . AX,VT
Tmyy = X = —Ch S

i
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Step 1: u”(t,z) < uT(t,z). To prove the inequality, we rewrite

—M ot
V (mM7xm]w)\/T T o SupﬁEV]E ()5 |:(I)<XM)|XmM = 'TmM] ﬁ T
—u' (t,x) = —u' (t,x)
v M v M
= sup B 00 [uT (T, Xyg) = a7 (b Ko )| Koy = Ty |
pey
+ UT(thJ ij) - UT<t7 .I)
M ~
- Z sup Ea*(M)”B (UT <tma Xm> - UT (tm—laXm—1)> |XmM = ij
m=mpr+1 pev
U by Ty, ) — U’ (L, ).
Note that
Eaﬁ |:UT <tmaXm) - uT <tm717Xm71) ’mel = i'm1:| (*)
_ Eof [aqu (tmet, Fn) " AXm] (5.52)

\/%

T 1
+ 2E*P / <\ / s s) (@uT + 56}m3muTeJm) (tm—1, Tm—1 + sAX,)ds

0

(5.53)
v T
| 9Res / <\/% - 5> (atuT(tm,l, X)) = 0T (b1, T + sAXm)> ds
0
(5.54)
e / (00" (s + 5, Kon) = O (b1, X)) s | (5.55)
0

By the definition of a*(M), the player chooses expert i with probability
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O, (ty_1, Tm—1) at round m for all 4 = 1,2, 3, 4. Subsequently, we have

o (M).8 [8u (- 1,:Em_1)TAXm]

4
T
_ Ef ax.T(TaxT—ni 179, T) =
izzl: Zu eJm u { eJm} u M
4 T
=E° |e] du” — Z 1gic sy O’ 7= 0,

where all the partial derivatives of u” are evaluated at (t,,_1, Zpm_1)-

As a result of the solution property of u, the term (5.53) is non-positive. Also, it

is easy to find the partial derivatives dju(t, z) and 97, u(t, x)

x 4
—1
Oiu’ (t, ) :W / r2e= (=07 | 4 (7’9 -~ + g) Z cos (rayg - x)

k=1

4
—1 (rf - x°) Z sin (ray - x) | dr,
k=1

1 2
8t2xiuT(t, x) :m / re”(T=tr Z Qi (¢ (7’9 cx? + g) sin (roy, - x)

+4 (16 - 2°) cos (ray, - ) dr-
According to the boundedness of 1), sin, cos, we obtain that

C

17 )
02u < ——F= / 8r2e= T g = / 27 < —,
e (% >‘ ~16v2 2/2(T — ) (T —t)3
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[e. 9]

17 ) 6 ) C
02 ul'(t,x ‘ < —— / 6v2re T gr < — — / re " dr < ——,
tx; ( ) — 16\/§ — —t) —

16(T T—t

— 00

where C' is a positive constant independent of (¢,z) and is allowed to change from
line to line.
Noting that the above estimation is independent of x, we can therefore estimate

the bound of (5.54) and (5.55).

/L
M

T ~ -
E>? |2 / ( Yin s) (@uT(tm_l,Xm) — 0T (tm—1, Ty + SAXm)> ds
0

/L
M

Vi
T
< CE*P / (1/ v 3) ds / ‘8t2$uT (tm—1, Tm—1 + uAXm)‘ du
0 s

C 4 T ’ C
< — —5s| ds= -, 5.56
=T —ty 0/ ( M ) (T —tp_1)M?2 (5.56)

T
i

E~A / (@uT(tmq + vam) - 3tUT(tm71> Xm)) ds
0

[
M
< CE*? / ds

s
0 0

O2u” (ty_1 + u, Xm)‘ du

T
M
T -
= CEQ’B / (M — S) ’aftuTQ:m—l + s, Xm)‘ ds

L _s
< C/ M ds. (5.57)
0 (T
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Therefore we obtain that

sup Ea*(M)ﬁ |:UT (tm7Xm> - uT <tm—1a Xm—l) |Xm—1 - jm—l
BEV
74
1 L s
<C 3 +/ M =ds
(T — lfm_l)]\4E 9 (T — tm—l — S)5
Let us estimate
M v M+1/2
(T —tm)M2  TMz %k~ TM> A TM> ’
= = 1/2
and
T T T
M M T s M-1 M T M T s
Z/ M —ds = / M 3ds+/ M ds
m=1 (T —tm-1— 8)5 m=1 (T —tm-1 — 5)5 M S)5
0 0 0
7
iy 1 1 /T

Thus we conclude that

T
M M T
Z 1 r _
M—)oom:1 (T—tm_l)M§ J (T_tm—l —8)5
o (T 1T w12~ )
o \ M\NT ~ 7] T2V M e

173

=0, (5.58)



and furthermore

—=M
% ma ) VT
al (t,x)—u’ (t,z) = lim sup (mﬂf/’i VT —u’(t, )
(M,%ﬂ,%)ﬁ\(oo,t,x) M
T
M 1 M l s
< lim sup Z C s+ / M Fds
(M7m%T7zmyMﬁ>*)(oo,t7x) et 1 (T —tpm—1)M?2 ) (T —typ1 — 5)2
+ lim sup (uT(th, Ty, ) — U’ (t, x)) = 0.
(M7m%T7:cmyﬁﬁ)_>(oo7t7x)

Step 2: uT(t,z) > u'(t,x). Similarly, we have

KM(mM7 xmm)ﬁ
VM

— Z iQE,EQ’J‘?(M) [(UT (tmj(m) _ 7 <tm17Xml>) ,j(mM — ij]

m=mjs+1

—u” (t,2)

+ UT(thvij) - uT(ta x>7

and we need to estimate the conditional expectation (x). At round m, the adver-
sary chooses experts J¢(Z,,_1) with probability %, and J§(Z,—1) with probability %

Therefore we compute

Ea’jé)(M) |:6qu (tm—ly Zi’m_l)—r AXmi|

! 1 T
= E |:§ (6}68IUT — H{Imejc}lTﬁzuT> + 5 (e}(:c@zuT — ]]_{[mejé}lTaqu):| M
1
— E° {5 (1Taqu - 1Taqu>} ~ 0. (5.59)

Since the bounds of (5.54) and (5.55) are the same, it remains to find the lower

bound of (5.53) when the adversary adopts the comb strategy. We show that if
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Im = Te(Zm—1), then the following inequality holds

Cs

_— 5.60
T _ tm_17 ( )

1
(atuT + 56}—maaz1‘uT6Jm) (tm—h j‘m—l + SAXm) Z -

where C' is a positive constant independent of z,,_; and is allowed to change from line
to line. The proof for the case J,,, = J§(Zm—1) is the same. To simplify the notation,

in the following argument, we denote J = Jo(Zp—1) and &5 = Tpy—1 + SAX,,.
Note that if ffj)_l > 5752)_1 + \/%, then according to Subsection 5.4.1.4, we have

that for any s € [O, %]

1
(@¢P+?§@Mﬂg>amhfg:o, (5.61)

which satisfies (5.60). Otherwise there exists a unique sy € {O, 1/%] such that

51(;? = igi), ie., :I:S)_l = :ig)_l + s9. Then for s € [0, s], we still have (5.61), but for

5 € [so, %], according to the definition of 7, the adversary actually selects the

first two leading experts. Recall (5.41),

1 . Os(vs, 7s) — 315, 7)
ot + =eloule ) b1, Ts) = A LA 5.62
(t 27 7 ) (b ) 426 - 7 (562)
where
Toq - X W Ty -T2 m im(T — ty—1)
fos 7= ———=—F+ —, Vs'= —————+ —, Tgi=m 5
40 - ¢ 4 40 - ¢ 4 4(6 - 7°)
Since 57&%) = ig), it can be easily checked that pu,, — vs, = m. According to the

definition of Jacobi-theta function, 03(z + m,7) = 03(z,7) and hence 03(js,, Ts,) =

05(Vsy, Tsy)- Let us calculate ps — vg for s > s,

. 70 . 70
- x0 0 - x°

e By N 09

S

T (()q X0 —2(s —s9)  ay- T +2(s— 30)> (s — s0)
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Then we have the estimation

(s — 50)

|03(V577A_5) _03(/157%5)‘ = 01‘2

03 (MS +

= Z exp (mfsng) coS <2n (us + w)> — cos(2nps)
. I'g

n=—oo

[e.9]

Z exp (im7sn?) Znrils = s0) : (5.63)

. 0
0-x°

IN

n=—oo

To finish proofing (5.60), we need an auxiliary result

sup (Z n)\e_”Q)‘> =(C < +o0. (5.64)

A>0 n—1

According to the inequality,

- )\7712)\< . )\an_ )\6)\

o o
we conclude that /\lim S nde ™ = 0and A — 3 nhe " is continuous over Rog. It
0 p=1 n=1

o0 o0

. . _m2 . . _m2

remains to show that limsup >_ nle ™ * < co. Fix A > 0, we can view Y nie ™ as
A—=0 n=1 n=1

the Riemann sum of the integral floo the PAdt. It can be easily seen that t — the "X

is increasing over [O, \/LTJ and decreasing over [L oo]. Take I(\) to be largest

V2’
integer that is smaller than or equal to \/sz/\ Then we obtain that
-1 (%)
Z nie A < / t)\e_tz)‘dt,
n=1 0
Z nie” A < / t)\e’tQ)‘dt,
I(A)+2 I(V)+1
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and therefore

D nde ™A < T(AAeTIA 4 (T(A) + 1) de TWT 4 / the A dt

1

2 2 1
< T(AeTVA L (T(N) 4 D)ae”TDFA 56—%

As a result of I(x) = L\/%J, we conclude that

n2\ < : A = —.
hlil_s;(l)lp;n)\e _21135 me 2—|—}\lg(1)26 5
Taking A = @—Z”;l) n (5.64), and combining (5.62),(5.63), (5.64), we obtain

that
€3(V577A—5) - 03(”577A_s>
4f 030
o 2 o _
> - Z exp (im7sn?) nr(s SO) Cls = 50) Z ne N > — Cs

(0‘%?)2 T —ty 1 T—tm_1’

1
(atuT + §€}axqu€j> (tm_l, (Z’s) =

n=—oo

and hence

\/%

T 1
E~T / <\ / U s) (815UT + §e}m8muTeJm) (tm—1, T—1 + sAX,, )ds
0
/ C
/ sds > — .
- tm 1 (T - tmfl)Ms/Q
0
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In conjunction with (5.56), (5.57), (5.58) and (5.59), we obtain that

acelU

inf EoJE (M) [uT (tmme> —ul <tm_1, Xm—l) |Xm—1 = jm—1:|

and finally

T T o -
u (t,x)—u (t,x) = lim inf — —u'(t,x)
(M UAVEN meﬁ)—)(oo,t,x) M

b M b \/M
> lim inf
(M7 m%T,IWyMﬁ)H(oo,t,x)
a7
M T
— Z C 1 . +/ M S _ ds
+ lim igj (M(th, ) — T, x>) o,
(M,M%T,zm\yﬁ T)%(oo,t,:p)

5.4.4 Proof of Proposition 5.3.12

Proof. The estimates in [94, Theorem 4] allows us to claim that there exists a constant

C > 0 so that for all T > 0 and (t,z) € [0,T7] x RY,

|uT(t,x)| <C(T—t+1+|z)).
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Thus, the function v defined by the expression (5.16)

e}

v@@::HE(/}fTéﬁX%ﬂdT ::/:fTuT@¢MdT.

0

has at most linear growth and due to (5.15) it is C%. The optimality of comb strategies
implies that for all T > 0 and (¢,z) € [0,T) x RY,

1
sup e, 02 ul(t,x)e; = _6Jc 02 u
JEP(N) 2

N | —

Tt 2)eg @) = —0u' ().

Equation (5.15) and the optimality of comb strategies imply that

1 | o1
5 sup eTaixv(x)eJ > 2ejc(x)8 2V€Je(z) = /e 56% 82 (O,x)ejc(x)dT
P(N) J
,Tl 2 1 2
= [e "= sup e;0?u’(0,x)e;dT > = sup e ;0% v(x)es
/ 2 jep(N) JEP(N)

Thus, using the fact that for some function ¥,

and (t,x) €

ul'(t,2) = u*(T — t,x) for all T > 0

[0, 7] x RY all the inequalities above are equalities and

[e.o] o0

1
~ sup e;0%v(r)es = —/ e Lo (0,2)dT = /e (0, 2)dT — u°(0, 7)
2 jep(n)

0 0

=v(z) — ().

Given the uniqueness of viscosity solution with linear growth for (5.13) proven in

[86, Theorem 5.1] v = u and comb strategies are indeed optimal for the problem

(5.13). 0
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5.5 Solutions of (5.1) from Inverse Laplace Transform

5.5.1 A heuristic derivation for N =4

We derive the solution of (5.1) when there are 4 experts. From [28, Proposition

6.1], the solution of the linear PDE
u(z) — —e}c(x)(?Qu(x)ejc(x) = d(z), (5.65)
is given by

4
2 1 0
u(z) =z — % sinh(v2(z® — 23))) + Wi arctan (ee'”‘" ) Z cosh (ay, - 2°)
4+/2 P
4

1 o
4+ —— arctanh (ee'x ) sinh (ay - 2°) .

It is well-known that an elliptic PDE can be solved by applying the Laplace transform
to the corresponding parabolic one. Here, to obtain the solution to (5.7), we formally
compute the inverse Laplace transform of (5.65). It can be easily checked that for
AeRL

M) = N Pu(vV )

solves the equation

1
Mt (z) — §e}c(x)8mu)‘(x)ejc(m) = d(x).

We formally extend the function A — u*(z) to the complex plane with R_ as its

branch cut. Applying the inverse Laplace transform for t € R,

xo+ico
1
“ _ A, A
u” (t, x) 57 / e ut(x)dA, (5.66)
To—100
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should solve the PDE, at least heuristically,

1
atu#(t’ :L‘) - §e}c(z)8£wu#(t’ x)ejc(x) = 0’

u?(0,2) = (x),

where x is chosen so that the function to integrate is analytic on the line of integra-

tion. Now the solution of (5.7) is given by
u (t,x) = u? (T —t,2).

Let us compute (5.66). Since the functions arctan, arctanh can be extended to the

complex plane via the formulas,

1 ) — 1 1
arctan(z) = % log (Z n j) , arctanh(z) = 5 log (1 i_ i) ,

we obtain that

2 1 SN R 4
u(z) =z — % sinh(vV2(z® — 2®)) + POy log <L> Z cosh (ay, - 2°)

; 6-x°
7 e
+ Py

1 (I ,
+ WG log (1_—W> kz:;smh (o - 2°) . (5.67)

To cancel the singularity at A = 0, we rewrite

xo-+1i00 To+100

1 u(\/Xx) — u(0) u(0) 1
” _ A A
u”(t,x) = - / e EE d\ + i / ¢ 3n dA
xro—100 ro—100
LT w(Wae) —a(0) 1 [
N x)—u T
= — d\ + =4 — 5.68
o / ¢ E TV (5.68)
xr0—100

s

where we use the facts that u(0) = 173> and the inverse Laplace transform of 373
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= {Re® : 0 € [r/2 — arcsin(1/R), 7 — arcsin(e?/R)]}

= {Re® : 0 € [m + arcsin(e?/R), 37/2 + arcsin(1/R)]}

:— {(t,€) : ¢ € [~Recos (arcsin(¢2/R)) , — cos (arcsin(€))]}
;= {(t,—€?) : t € [~Rcos (arcsin(e2/R)) , —ecos (arcsin(e) )]}

= {ee? : § € [~7 + arcsin(¢), T — arcsin(e)]}

Figure 5.3: Contour of inverse Laplace transform

is %Z Take xg = 1, € > 0, R > 0, and the contour in Figure 5.3. The integral

of e™(u(vAz) — u(0))/A2 along the contour is zero. Letting R — oo, € — 0, and

assuming that the limit of the integral along v, 72 vanish, we obtain that

LT A — (o) L[ /A Zuo

— d\=— lim —
2m / ‘ N3/2 (R) s (00,0) 270 \3/2

TQ—100 Ye+l1+l2

dA.

It can be seen that

lim —

(Rye)—(00,0) 271 A\3/2
li+l2
0 —00
1 Ax) —u(0 Ax) — u(0
S etAu(fx)g u )dA+/e”“(fx)3 u0) . (5.69)
27 A2 ) A2

where the first integral is above the branch R_ and the second below. Thus the
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computation reduces to

1 / _pulin/re) + u(—iy/rz) — 2u(0)d
— [e r=
2 r%
0
1 % e tr 1 i — ei\/FG-zo i— efi\/FG-a:D 4 )
ova) 77 | i 10%(W>“0g<m 2 cos (Vraw %) —4
0 =

1 14+ eiﬁ&az" 14+ e—i\/;e-xo 4 ) .
T | (#) ~log (1——f 2 sin (Vra o) | dr

For some values of r» depending on x, the first two log are respectively Foo. But

heuristically they cancel each other. Due to the factorizations

. ; ) 7
Z_ez\/FOx e

1 4 eivroa’ e'

1 _ ei\/FO-zO i

(
i+ eiVroae i(
(
(

and the identities

. . g . 40
log L — log . =msign | tan (Q) )

tan (‘/Fg’zo ) tan <—ﬁg"”o )

0-x° 0 x°
log itan(z—u> + log itan(%—l—u)

N

2 2

0 - x°
=msign | tan (% + g) )
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it can be checked that the integral (5.69) becomes

1 76‘” , VAT . o
—= | =73 | swn tan <— + ) Z COs (\/Fozk - T ) —
16\/§ J r / 4 2 1

—sign | tan <\/_0 x) Zsm Vray - 2°) | dr. (5.70)

According to [28, Equation (3.4)], we have lim M = 1 (21 + 22+ 23 + 74),

A—0

and therefore

27 ,
1 lim et/\u(\/X:U) - u(O)d)\ _—1 R u(Veelr) —u(0)
2T €0 A3 2mi =0 / ceif?
Ye

1df

1
= — Z(IE1 +ZE2+(E3+ZE4).

In conjunction with (5.68) and (5.70), we get that

u¥(t,r) = /r3/2 sign tan<4 Vo x) ZCOS (Vray-z°) —

4 4
) NG = _ o 1 1 [t
—sign | tan < 5 ];_1 sin (Vroy - 2°) | dr + 1 ;:1 it o\

-1 i —tr2 0. r° 4
:ﬁ 67“2 sign (tan (% 4! 296 )) ;cos (rag - x°) — 4
. —

rf - x° ! 1 o 1 [tm
o ¢ . N YLy
stgn ( an < )) kgl sin (roy, - %) | dr + 1 ;:1 i+ 5V 3

where the last equality follows from the change of variable. Since u” (t,z) = u# (T —

t,x), we obtain (5.2).
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5.5.2 Explicit expressions for N = 3

According to [94, Theorem 8|, the value function in the geometric stopping case

is given by

u(x):x(3)+ 1 e\/ﬁ(x@),z@))_i_ 1 e\/§(2x<1),x(2),x<3>)’ (5'71)

2v/2 6v/2

which solved (5.13) with N = 3. We compute the inverse Laplace transform

xo+i00
u?(t,r) = — / e NI 2u(V A )d),

x9—100

where we extend the function A — u(vAz)/A? naturally to C \ R_. The inverse

Laplace transform of %, \/ig and # are 1, \/% and erfc <ﬁz> respectively, where

er fc is the complementary error function (see e.g. [4]). Subsequently according to

the convolution theorem, it can be easily checked that

(201 _5(2) _,(3)2 () _4(3)y2
2t

n \/fe\/i 2t
3V 2w V2T

Vite

1
Wt x) = 2@ g(gx(l) _ 2™ @) 4

1 S 1 o
_ —3ﬁ(2x(1) — 2 _ x(3)) / €_y2dy _ ﬁ(x@) _ x(3)) / €_y2dy.
20D 5 (2) _2(3) @G
v V2t

Then ul(t,z) := u¥ (T —t,x) is our conjectured solution to (5.1) with N = 3.
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Proposition 5.5.1. The explicit solution to Equation (5.1) with N = 3 is given by

—(22(1) _(2) _4(3)y2

VI —te 2(T—%)
3V 2T

1
ul(t,2) = 2@ + §(2$(1) —z® — () 4

() ()2 o0
VT =tV 2
+ — (22 — 2@ — 2®) e Ydy
V2 3T
22() —o(2) _4(3)
VAT—D
1 r 2
— — (2 —2®) / e Vdy. (5.72)
m
VT NONNG)
2(T—0)

Proof. The proof follows from straightforward computations and is left to the reader.

]
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CHAPTER VI

Malicious Experts Versus the Multiplicative

Weights Algorithm in Online Prediction

6.1 Introduction

Prediction with expert advice is classical and fundamental in the field of online
learning, and we refer the reader to [69] for a nice survey. In this problem, a fore-
caster makes predictions based on advices of experts so as to minimize his loss, i.e.,
the cumulative difference between his predictions and true outcomes. A standard per-
formance criterion is the regret: the difference between the loss of the forecaster and
the minimum among losses of all experts. The prediction problem is often studied in
the so-called adversarial setting and the stochastic setting. In the adversarial setting,
the advice of experts is chosen by an adversary so as to maximize the regret of the
forecaster, and therefore the problem can be viewed as a zero-sum game between the
forecaster and the adversary (see e.g. [141] [107] [94] [28] [26]). In the stochastic
setting, the losses of each expert are drawn independent and identically distributed
(7.i.d.) over time from a fixed but unknown distribution, and smaller regrets can be
achieved compared with the adversarial setting (see e.g. [87] [133] [151]).

In this chapter, we consider the model in [95] which considers a mix of adversarial

and stochastic settings. It is a learning system with two experts and a forecaster.
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One of the experts is honest, who at each round makes a correct prediction with
probability p. The other one is malicious, who knows the true outcome at each round
and makes his predictions so as to maximize the loss of the forecaster. Here we assume
that the forecaster adopts the classical multiplicative weights algorithm, and study its
resistance to the corruption of the malicious expert. Denote by V*(N, p) the expected
cumulative loss for the forecaster, where « is the strategy chosen by the malicious

expert, IV is the fixed time horizon, and p is the initial weight of the malicious expert.

V(N,1/2)

Instead of regret, we analyze the asymptotic maximal loss lim max —7~.

N—oo «

It was proved in [95] that if the malicious expert is only allowed to adopt offline

policies, i.e., to decide whether to tell the true outcome at each round at the beginning

Ve (N,1/2)

~—— = 1—p. It implies that the extra power

of the game, then we have lim max
N—oo o
of the malicious expert cannot incur extra losses to the forecaster.

Here we allow the malicious expert to adopt online policies, i.e., at each round, the
malicious expert chooses whether to tell the truth based on all the prior histories. To
find an upper bound on asymptotic losses, we rescale dynamic programming equations
of the problem and obtain a partial differential equation (PDE). Then we prove that
the unique solution of this PDE provides us an upper bound

*(N,1/2
limsupmaxM

<1-—pu
N—oo o N s

For the lower bound, we design a simple strategy for the malicious expert and prove

that

*(N.1/2
liminfmaxM

1—
N—o0 «@ N = H

which implies that the malicious expert can incur extra losses to the forecaster when
online policies are admissible. To make the forecaster more resistant to the malicious
expert, we consider an adaptive multiplicative weights algorithm and prove that it is

asymptotically optimal for the forecaster.
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The rest of the chapter is organized as follows. In Section 6.2, we mathemat-
ically formulate this problem and develop its dynamic programming equations. In
Section 6.3, we show the upper bound of asymptotic losses, and in Section 6.4 we find
the lower bound. In Section 6.5, we consider the malicious expert versus the adaptive
multiplicative weights algorithm. In Section 6.6, we summarize our results and their

implications.

6.2 Problem Formulation

In this section, we introduce the mathematical model as in [95]. Consider a
learning system with two experts and a forecaster. For each round ¢ € N, denote
the prediction of expert i € {1, 2} by z} € {0, 1}, and the true outcome by vy, € {0, 1}.

Suppose that the forecaster adopts the multiplicative weights algorithm. For each
round ¢ € N, denote by p! the weight of expert i € {1,2}, p} + p? = 1. Then the

prediction of the forecaster is
2
Uy = Z pil.
i=1
Given € € (0,1), the weights evolve as follows

prelzi—vl 4 p2elei—ye

Pii1 = noi=12

Denote the entire history up to round ¢t — 1 by

G = (vl vl ot U= 1.t = 1} U {plat).

Assume expert 2 is honest, and at each round ¢t € N, make correct predictions with
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probability p € (0,1) independently of G, i.e.,

Yt with probability u,
rp =

1 —1vy; with probability 1 — pu.

Expert 1 is malicious and knows the accuracy p of expert 2 and the outcome g, at
each round. At each stage t € N, based on the information G;, the malicious expert
can choose to lie, i.e., make x} = 1—y;, or to tell the truth, i.e., make z} = y;. Denote
by A; the space of functions from G; to {7, L}, where T (truth) and L (lie) represent
ri =y; and x} = 1 — g, respectively.

At each round t € N, the loss of the forecaster is I(9:,y:) = |9+ — y:|, which is

also the gain of the malicious expert. It can be easily verified that

p% if Qi :Lwrf =Y,
1 if oy =L,22=1-1y;,
UG, ye) = < (6.1)
0 if p =T, 27 =y,
1—p; ifoy =T, 22 =1—y,.
\

And the evolution of p} is as follows:

(

g(pg) if O‘t:L7x§ =Y
Pt = g VphH fa =T, 22 =1—y, (6.2)
D} otherwise,
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where

o 1
M) = T - /e

—1 1\ 1
) = T e

For a fixed time horizon NN, the goal of the malicious expert is to maximize the cumu-
lative loss of the forecaster by choosing a sequence of strategies a = {(ay, g, ...) :

ar € Ay, t € Ny} ie., solving the optimization problem

N
V(N,p) = maxE* | Y U(Gy)| pi=p

t=1

According to (6.1), we obtain the expected current loss

(1—p+mppt) ifo=L,
E* [1(g0,9)[G] = ! t (6.3)

I=p)A—p) ifar=T

In combination with (6.2), we get dynamic programming equations

V(t+1,p) =max{(1 — p+pp) + puVI(t g(p))
+ A =wV(tp), (1—-pd-p)

+(1—p)V (tag(‘”(p)) +uV(t,p)}, (6.4)

together with initial conditions V' (0, p) = 0.
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6.3 Upper bound on the Value function

In this section, we properly rescale the (6.4) and obtain a PDE (HJB). We explic-

itly solve this equation, and show that its solution (6.11) provides an upper bound

N,1/2
lim sup VIN,1/2) <1-—u° (6.5)
N—oo N

6.3.1 Limiting PDE

To appropriately rescale (6.4) and follow the formulation of [15], we change the

variable

_ In(1/p—1) B 1
T (/e 0 T i r e
and define
V(t,x):=-V (t, m) . (6.6)
Then (6.4) becomes
V(t+1,z) :min{— (1—u+ﬁ) (6.7)
+uV(t,z+ 1)+ (1 — Vit z),

Define scaled value functions via the equation w = f/(t, x). Substituting in
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(6.7), we obtain that

‘75(t—{—5,l‘) :min{—5 (1 — U+ W)

+uVO (x4 8) + (1= V(¢ 2),

1
0= (1= 79)
(1= )V (t,2 — 8)) + puVo 2, g;)} . (6.8)

Taking 0 to 0 in (6.8), we obtain a first order PDE

0= Ut(th) + max{l —p+ MS(QZ) o /“}x(tax)a

(=)= s(@) + (L= poa(t, )}, (6.9)
where v(0,z) = 0, and
0, ifz >0,
s(z) =
1, ifx<0.

Define QO = {x > 0},Q = {z < 0}, = {x = 0}. Note that such division
corresponds to p < 1/2 and p > 1/2, i.e. whether the malicious expert is more

credible than a benign one. Define Hamiltonians

Hy(x,p) = max{l — p — pp, 1 — p+ (1 — p)p},z € Q,

HQ('r:p) = max{l — HD; (1 - u)p}7x S Q2-

Then (6.9) becomes

v+ Hi(z,v,) =0 forz ey, i=1,2. (6.10)

Following Ishii’s definition of viscosity solutions to discontinuous Hamiltonians, we
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complement (6.10) by

min{v; + Hy(z,v,),v; + Hy(x,v,)} <0 for z € H,

max{v, + Hy(z,v,), v, + Ho(z,v,)} >0 for z € H,

where min and max should be understood in the sense of viscosity solutions.
Solving (6.10) by the method of characteristics and assuming that the value func-

tion is differentiable with respect to = on H, we conjecture the solution

—(1—pt, if x € [(1 — p)t, 00),
v(t,x) = —(1 =yt + px if z € [—put, (1 — p)i, (6.11)
\_t’ if z € (—oo, —put].

Proposition 6.3.1. A wviscosity solution of

(
v+ Hi(z,v,) =0,  forxeQi=1,2

min{v; + Hy(z,v,), v + Hy(z,v,)} <0 forx € H,
(HJB)

max{v; + Hy(z,v,), v + Ha(z,v,)} >0 forz € H,

v(0,z) = 0.
(

is given by (6.11).

Proof. The initial condition v(0,x) = 0 is trivially satisfied. We show that v is a
subsolution. Suppose ¢ : [0,00) x R — R is differentiable, and v — ¢ achieves a local
maximum 0 at (to,zo) € (0,00) x R. Since v is differentiable in the domain O :=
{(t,z) -t >0, x# (1 - p)t, x# —pt}, we have ¢(to,z0) = vi(to, Zo), Px(to, z0) =
vz (to, zo) if (to, o) € O. Then it is can be easily verified that ¢; + H;(z,¢,) = 0 at

(to, o), where i = 1 if zy > 0, and ¢ = 2 if 27 < 0.
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Suppose (tg, zg) is on the line {(¢,z) : t > 0, = = (1 — p)t}. Note that

at_v(t(bxo) = _(1 - N)? a:_(t()vxo) = _(1 - MQ)w

O, v(to, mo) = p, 9 v(to, x9) = 0.

Since (tg, xg) is a local maximum of v — ¢, we must have

(d¢(to, z0), P (to; o))

e {(rp) 1€ [~(L— 1), —(L— ), p e 0,p]}.

Take Az = (1 — p)At. As a result of

v(ty + At,xg + Az) — ¢(to + At, z9 + Ax) <0,

we obtain that

—(1 — p)At — ¢ At — ¢, Az + o(At) < 0.

Since we can choose At to be either positive or negative, it can be easily deduced

that
(1 =p) = ¢ — (1 —p)g. =0.

Substituting into H;, we obtain that

ou(to, vo) + Hi(zo, ¢u(to, z0))-

= ¢(to, xo) + (1 — p) + (1 — p) @z (to, xg) = 0.

If (t9, o) is on the line {(t,z) : t > 0, x = —put}, we have sub/super differentials
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of v,

8;U(t07$0) =—1, a:_(to,l’o) = _(1 - M2)7

O, v(to, mo) =0, I v(to, xo) = p.

Therefore v — ¢ cannot achieve a local maximal on the line {(t,x) : t > 0, x = —put}.
Hence we have proved that v is a subsolution of (HJB), and similarly, we can show

that v is a supersolution. O

6.3.2 Control problem

In this subsection, we show that there is a unique viscosity solution of (HJB) by
applying results from [14] and [15]. Then in the next subsection, we will show that

the unique solution given by (6.11) provides an upper bound of lim sup W by

N—oo
using the comparison principle. First, we interpret (HJB) as a control problem.

In the domain €2;,7 = 1,2, we take A; = [0, 1] as the space of controls, and
bi(x, ;) = aip— (1 — ) (1 — ), oy € Ay,

as the controlled dynamics. For x € H, define the space of controls A := A; x Ay X

[0, 1], and the dynamics
by (z, (a1, g, €)) ==cby(z, 1) + (1 — ¢)ba(z, o),

where (aq,a9,¢) € A. The running cost in the domain €, is given by li(z, 1) =

—(1 — p), in the domain Qy by la(x, ag) = —aw, and in H by

ly(z, (a1, ag,c)) = cli(z,aq) + (1 — ¢)la(z, ),
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where (o, a9, c) € A.
In order to restrict the dynamics on the boundary H, we require that by (z, (g, ag, ¢)) =

0 for x € H. We denote the collection of all such controls by

Ap(z) :=={a = (a1, as,¢c) € A:

by(z, (a1, aa,¢)) = 0}.

We say a control a € Ag(z) is regular if by (z, a1) < 0,be(z, ag) > 0, and denote

Ay (x) == {a = (aq,a0,¢) € Ag(x) :

(=1)'bs(x, o) > 0}.

Define A := L>(]0,1]; A). We say a Lipschitz function X, : [0,1] - R, X,(0) = z,
an admissible trajectory if there exists some control process a(-) € A, such that for

a.e. t €10,1]

X:C<t) Zbl (Xx(t), @l(t))l{Xz(t)te} (6.12)
+ ba (X (1), a2(t)) Lix, (1)en}

+ bH(Xx (t)v (Oq(t), Q2 (t)’ C(t))l{xz(t)EH}'

According to [15, Theorem 2.1], we have a(t) € Ao(X,(t)) for a.e. t € {s: X,(s) €

H}. Denote by 7, the set of admissible controlled trajectories starting from z, i.e.,

To = {(Xz(.), () € Lip([0, 1] R) > A

such that (6.12) is satisfied and X,(0) = z}.

197



Let us also introduce the set of regular trajectories,

: i =A{(Xe(),a() € To s alt) € Ay (X (1))

for a.e. t € {s: X,(s) € H}}.

For each z € R,t € [0, 1), we define two value functions

t

V= (x,t) ::(Xz(.)lvzl(f.))eﬁ/l(Xz(s),a(s)) ds, (6.13)
0

t

VH(x,t) = inf /lXxs,ag ds, 6.14
(@) (Xz(.),a(.)ETae / (Xz(s),a(s)) ( )

where the cost function [ is given by

Z(X$(5)7 CL(S)) = Z lZ(XaC(S)? ai(s))ﬂ{xz(s)éﬂi}

i=1,2

+ I (Xe(5), a(s)) Lix, (s)eny-

Note that in €2;,7 = 1,2, the associated Hamiltonian of (6.13) and (6.14)

(xz,p) — SUIX {=bi(z,0;)p — li(z,04)}
a;EA;

coincides with H; in the last subsection. Then according to [15, Theorem 3.3], both
V~ and V' are viscosity solutions of (HJB). We will show that they are actually

equal and there is only one viscosity solution of (HJB).

Proposition 6.3.2. V~ = V™ is the unique viscosity solution of (HIB), and V~ is

the minimal supersolution of (HJB).

Proof. The argument is an application of results from [15]. Define the Hamiltonians
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on H via

Hr(z) == sup{—Iy(z,a)},

Aop(x)
Hy?(z) == sup {—lu(x,a)},
Ay ()

Let us compute Hr(z). Suppose a = (ay,a9,¢) € Ap(z). Then it can be easily

verified that maximizing —ly(z, a) over Ay(z) is equivalent to maximizing

c(l—p)+ (1 —c)ay, (6.15)

subject to constraints,

clag+p—1D)+1=c)lag+pu—1)=0, (6.16)

c,aq,ay € [0,1].

We first fix ap and suppose ay > (1 — p). Due to the equality

c(l=p)+ (1 —clag=(1—p—az)c+as,

and the fact that the coefficient before ¢ is negative, maximizing (6.15) is equivalent to
minimizing ¢ under the constraints. It can be easily seen that the minimum ¢ can be
obtained if and only if oy = 0. Therefore the equation (6.16) becomes 1+asc = as+p,
and hence (6.15) is equal to (1 + ¢)(1 — p). Now fix a3 = 0. In order to obtain the
maximum of ¢, we have to take ay = 1. In that case ay = 0,0 = 1,¢ = p and
c(1—p)+ (1 —c)ag=1—p?

If ap < (1 —p), we have ¢(1 — p) + (1 — c)ag < (1 —p) < 1 — p?. Since (0,1, p) is
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a regular control, we conclude that

Hy(x) = Hy(2) = 1 — 2,

We say a continuous function v is viscosity solution of

v+ H (z,v,) =01in (0,1) x R, (6.17)

[resp., v +H(z,v,) =0in (0,1) x R]

if it satisfies (HJB) and

v+ Hp(x) =0 on [0,1] X H,

[resp., v+ Hy%(x) =0on [0,1] x H].

According to [15, Theorem 3.3], V' is a viscosity subsolution of v, + H" (x,v,) = 0,
and hence also a viscosity subsolution of (6.17) since Hr = Hz? in our case. As
a result of [15, Theorem 4.2, 4.4], V'~ is the viscosity solution of (6.17), and the
comparison result holds for (6.17). Therefore we conclude that V* < V~. Then
according to their definitions (6.13) and (6.14), they must be equal.

Finally according to [15, Theorem 4.4], V'~ is the minimal supersolution of (HJB)
and VT is the maximal subsolution of (HJB). Then if v is a viscosity solution of

(HJB), we must have V- < v < V™' and hence v =V~ =VT. O

6.3.3 Upper bound (6.5)

In this subsection, we show that

t.z):= liminf V?°
v(t, x) mint (5,9)
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is a viscosity supersolution of (HJB). Then according to Proposition 6.3.2, we obtain

that v(t,z) > v(t, x), and hence

In particular, if we take z = 0, then due to (6.6) and (6.11) the above inequality

becomes

N,1/2
limsupM <1-— MQ-
N—oo N

Proposition 6.3.3. v is a viscosity supersolution of (HJB).

Proof. The proof is almost the same as [17, Theorem 2.1}, and we record here for
completeness. Fixing arbitrary 7' > 0, we show that v is a viscosity supersolution
over [0,7] x R. Assume that (¢, o) is a strict local minimum of v — ¢ for some
¢ € C°([0, 7] x R). As a result of (6.8), it can be easily seen that v(t,z) € [—t,0].
Without loss of generality, we assume that t, € (0,7),v(tg, o) = ¢(to, xo), and there

exists some r > 0 such that
(i) ¢ < —2T outside the ball B((tg, zo),r) := {(t,x) : (t — to)* + (x — m0)* < 12},

(ll) v — ¢ Z 0= (to,[)’}o) - qb(to, CL’()) in the ball B((to, 1’0), T’).

Then there exists a sequence of (t,,x,,d,) such that (t,,z,,d0,) — (to,zo,0) and
(tn, T,) is a global minimum of V% — ¢. Due to the definition of v, we have that
=V

En = VO (tn, @) = §(tn, 1) — 0 and Vo (t,x) < ¢(t, 2)+E, for any (t,z) € [0, T] xR,
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According to (6.8), we obtain that
0 <¢(tn, z,) +max< 6, (1 —pu+ Y
= 9 1 + (1/€)$n/5n

_Mﬁb(tn — O, Tn + 5n) - (1 - N)¢(tn — On, xn)a

1
ot =10 (1= a7
—(1 = 1) (tn — 6, T — 62)) — pp(tn — 61, xx)} . (6.18)

We prove for the case xo = 0, and the proof for x # 0 is the same. Since

—tl € [0,1], we can take a convergent subsequence. For simplicity, we
1+(1/€)*n/on n>0

still denote it by { , and assume it converges to some s € [0, 1]. Letting

1
1+(1/e)#n/on }n>0
n — 0o in (6.18), we obtain that

0 < @¢(to, zo)+ max {1 — p + ps — s (to, o),

(1= p)(1—s)+ (1 — p)pa(to, z0) } -
Note that if
L — g+ ps — pde(to, o) = (1 — p)(1 = 8) + (1 — p) 9. (to, o),

then we have

HQ(%,%(to,%o)) >1- M¢x(t0>$0)

>1-— n+ pus — M¢x(t07x0)7

and hence

®e(to, xo) + Ha(xo, ¢z(to, z9) > 0.
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Similarly if
(1= )1 =)+ (1 —p)pa(to, xo) > 1 — p+ pus — pugu(to, o),

then

Hy (o, ¢z (to, x0)) > 1 — p+ (1 — p)dx(to, 7o)

> (1= p)(1 —s)+ (1 — p)de(to, 20),

and hence

¢y (to, zo) + Hi(wo, ¢ (to, 20) > 0.

Therefore, we have shown that

max{gbt(to, 1’0) + Hl (an ¢x(t0a ZEQ)),

¢t(t0ax0) + H2('T0a ¢x(t0ax0))} > 0.

6.4 Lower Bound on the Value function

It was proved in [95] that the asymptotic average value is (1 — u) for any of-
fline strategy of the malicious expert if starting with weight p} = 1/2. Recall that
g(p) = m. Here we provide a lower bound on the value functions for the

corresponding online problem

lim inf
N—oo

K%gﬁzl_ﬂ+m1—mw—gwﬁ

>1—p, (6.19)
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which shows that the malicious expert has more advantages when he adopts online
policies.

This lower bound can be achieved if the malicious expert chooses to lie at state p
and chooses to tell the truth at state g(p). Since g(p) < p, intuitively the malicious
experts lies when he is still credible, and tells the truth when its credibility has been

lowered by the algorithm. For p} = p, define the corresponding strategies by

) L if p; = p,
af(Gr) = (6.20)

T if pi = g(p),

and of := (af, a4, ...). We denote the value function associated with a” by

N
V(N p) =B | 1y | pi = p

t=1

Proposition 6.4.1.

lim =1—p+p(l—p)p—29p).

N—oo

V(N,p)
N

Proof. Under strategy o, {p; }+en is a Markov chain with two states {p, g(p)} starting

with p} = p, and its transition probability is given by

pia=plpi=p|=1-p,
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Denote its distribution at time ¢ by

It can be easily seen that (1—u, i) is the stationary distribution of {p} };en. According
o0 [139, Theorem 4.9], the distribution m; converges to (1 — u, p) as t — co. Due to

the equality

N
N UG | o= p

t=0

N
zzﬂ”pt = p)(1 = pu+ pp)

H.

+ > P = 9(p)(1 = (1 = g(p)),

it can be easily verified that

i VO p)
N—oo

=1 = p)(1 — p+ pp)
+ p(1 = p)(1—g(p))

=1—p+p(l—pup—9g(p)

>1 — p.

6.5 asymptotically optimal strategy for the forecaster

In this section, we show that an adaptive multiplicative weights algorithm can
resist corruptions of the malicious expert. Different from the multiplicative weights

algorithm in Section 6.2, the adaptive multiplicative weights algorithm updates the
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weights pi, i = 1,2, as follows:

i (8 \Mer1 /e e T =y
Pt = (P1) € £

where 7, = 1/8(In2)/t,t € N is time-varying. Hence the prediction of the forecaster
is
5, = i i
, = ot T
pi +pi

Denote by V*(N, 1, 72) the value function for the malicious expert under the adaptive
multiplicative weights algorithm with initial weights pl = 7,p? = 7. For any t €
Ny, pr € (0,00), define

hi(py) = (pt)nt-ﬁ—l/??te*nt-&-l.

It can be easily verified that V*(N, 7, 72) is the solution to dynamic programming

equations

1 +7'2

Vit +1,7,7) :max{(l -+ L )

FuVI(t he(11), 72) + (1= )V (1t he(11), ha(72)),

(1 —p)m
1+ T

+ (L= p)V* (t, 71, h(72)) + pV*(t, 71, 72)} ,
together with initial conditions V*(0, 1, 72) = 0.

Proposition 6.5.1.

*(N,1,1
lim—v(”>

Jim — 2 =1, (6.21)

which implies that this adaptive multiplicative weights algorithm s asymptotically

optimal for the forecaster.

Proof. Suppose the malicious expert keeps lying, i.e. taking strategies ay(G;) = L,t €
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N,. Then according to (6.3), it can be easily seen that the cumulative loss under this

strategy is greater than or equal to (1 — p) N, and hence

NELLARY
N—oo

>1—p.

To prove the other inequality, for any path Gy with pt = p? = 1, we define
N N
Ly = Zl(gjt,yt), Ly = Zl(mi,yt), i=1,2.

t=1 t=1

Applying [69, Chapter 2, Theorem 2.3], we obtain that

- . i N 1n2
LN_Z.H:%,%LN S 2\/51112—’—\/?,

and hence

) N 2
LNgL§V+2\/51n2+ %

Therefore for any strategy «, we obtain

B Ly o} = pt = 1] <B2 [13 |} = 1 =1]

N In 2
+2\/§ln2+ -

8
N
:(1—M)N+2\/51n2
In2
8 )
and also
V*(N,1,1
lim sup ( ”)gl—p
N—o0 N
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6.6 Conclusions

In this chapter, we have studied an online prediction problem with two experts of
whom one is malicious. At each round, based on all the prior history, the malicious
expert chooses to tell the true outcome or not so as to maximize the loss. We have
shown that the multiplicative weights algorithm cannot resist the corruption of the
malicious expert by explicitly finding upper and lower bounds on the value function;
see (6.5) and (6.19). We have also proved that an adaptive multiplicative weights

algorithm can resist the corruption; see Proposition 6.5.1.
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CHAPTER VII

Prediction Against a Limited Adversary

7.1 Introduction

Prediction with expert advice is one of the fundamental problems in online learn-
ing and sequential decision making. In this problem, at each round a forecaster
chooses between alternative actions based on his current and past observations with
the objective of performing as well as the best constant strategy. We refer the reader
to [69] for a survey. This problem is often studied in the adversarial setting where
an adversary chooses the outcomes to maximize the regret of the forecaster. This
interaction between the forecaster and the adversary can be seen as a zero-sum game
(see e.g. [1, 2, 26, 28, 92, 94, 107, 168]). Using the minimax theorem, one can easily
show that this zero-sum game admits a value under mild assumptions and the value
function satisfies a discrete time dynamic programming principle. Then, the long-
time behavior of the value function can be studied by showing that the discrete time
dynamic programming equation “converges” to a differential operator and a scaled
version of the value function converges to the solution of a partial differential equation
associated to the differential operator. Viscosity solution theory provides formidable
tools to rigorously show this convergence and study the properties of the long-time
behavior of the value function.

One can also state the prediction problem in the stochastic setting where the
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actions of the adversary are drawn from a fixed distribution (unknown or known to
the forecaster). Since the decisions of the adversary do not depend on the state, the
forecaster has better performances and his regret is smaller.

Similar to [7, 30, 108, 123, 146], in this chapter, we bridge the adversarial and
stochastic settings by considering an adversary who cannot freely choose the out-
comes. In our framework, the gains of the experts are drawn from a fixed distribu-
tion. Then, without seeing the outcomes and each other’s decisions, the adversary
chooses to corrupt the gain of one of the experts and the forecaster chooses one of
the experts. If the forecaster chose the corrupted expert, he obtains the corrupted
gain. Otherwise he obtains the gain of the expert he chose. By studying the value
function of this game between the adversary and the forecaster, we show that several
important features of the fully adversarial setting do not extend to our framework
and the assumptions on the data of the problem can lead to dramatic differences for
the long-time behavior of regret.

First of all, we show that the existence of the value for the zero-sum game in the
pre-limit regime is not guaranteed. Indeed, if one does not state the problem of the
adversary properly, the strategies of the adversary might fail to range in a convex
set. This point has crucial implications. Indeed, the minimax theorem fails and one
cannot establish a dynamic programming equation and the analysis of the interaction
becomes significantly more challenging. In our work, we identify a relevant set of
strategies for the adversary that allows us to obtain the existence of the value and to
use the viscosity machinery.

The second contribution of our chapter is to exhibit wildly different behavior of the
regret in the long-time regime for different types of final conditions for the zero-sum
game. In the classical statement of the prediction problem the gain of the forecaster
is compared against the gain of the best expert. In this case, the payoff function at

maturity of the zero-sum game is given by ®,,(z) := max; 2¢, Vo € RY, where N is
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the number of experts in this game. One fundamental question is whether the long-
time behavior of the prediction problem is robust with respect to the choice of this
payoff function. Different choices of payoff functions are made in [112, Proposition
4.1], [92, 94], see also the distinction between internal and external regret in [100].
In particular, in [92], the authors assume that the payoff function satisfies a strict
monotonicity condition which is for example not satisfied by the function ®,,. Since
the choice of the payoff function only impacts the final condition of the associated
partial differential equation, the viscosity solution approach is a formidable tool to
study the impact of the payoff function on the growth of the regret. Using these tools,
we show that the long-time behavior of the regret have different regimes depending
on whether we assume this strict monotonicity.

The third contribution of our chapter is to show that, although mathematically
appealing, a comparison result for viscosity solutions of the limiting equation is not
fundamental to obtain algorithms for the forecaster and the adversary and the growth
of the regret. Indeed, similarly to [130, 129], algorithms for the adversary and a
lower bound for the growth of regret can be found using a smooth subsolution of the
limiting equation. Additionally, by considering a smooth supersolution of a relevant
equation, one can construct an algorithm for the forecaster and an upper bound
for the growth of the regret. As in Theorem 7.4.3, usually one can show that the
infimum (supremum) limit of scaled value functions is a supersolution (subsolution)
of the limiting equation. Therefore if a comparison result for viscosity solutions exists,
one can conclude that the scaled value function converges and thus obtain the exact
growth rate of regret. Note also that the Hamiltonian of the limiting equation we
obtain has a discontinuous dependence on the first derivative and the equation is
similar to the geometric equations studied in [75, 102, 176, 177].

Finally, unlike in [26, 55, 94] where the gradient (or simple transformation of

the gradient) of the solution to the limiting equation yields an asymptotic optimal
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algorithm for the forecaster, we show that this gradient may not provide an asymptotic
optimal algorithm for the forecaster in our problem. Unfortunately, this point shows
that the solution to the limiting equation might fail to capture some feature of the
prediction problem. There are other variants of the prediction problem, e.g., [145]
considers online learning when the time horizon is unknown and similar to our case
the controls of the adversary are limited, and [3] studies a repeated zero-sum game
where an adversary plays on a budget.

The rest of the chapter is organized as follows. In Section 7.2, we formulate the
problem of prediction against a limited adversary and state the relevant assumptions.
In Section 7.3, we heuristically derive the limiting equation and in Section 7.4 state
our main results. The Section 7.5 contains special cases where we can explicitly solve

the limiting equation.

7.1.1 Notations

Let N > 2 and denote {¢’}¥, the canonical basis of RY. We define 1 = SV | ¢,

RY = [0,00)N. We denote by Sy the set of symmetric matrices of dimension N.

7.2 Problem Formulation

Consider a learning system with N > 2 experts, an adversary and a forecaster.
At each round m, each expert ¢ € {1,..., N} makes a prediction which yields a gain
g., € {0,1}. Here g°, = 0 (resp. g', = 1) represents that the prediction is wrong (resp.
correct) at this round. We assume that each expert is correct with probability x¢, i.e.,
Elgi,] = ' € [0,1]. Knowing the values of {u’ : i € {1,..., N}}, the adversary and
the forcaster play a zero-sum game. At each round, the adversary picks one expert
A, € {1,...,N}, and sets his gain to h,, € {0,1}. The adversary uses mixed type
strategies and therefore, he chooses a distribution for (A, hy,) € {1,... ,N} x{0,1}

that may depend on the past history of the game. The realized gain AG!, of the
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expert ¢ at round m is
AG,, = g Lizan) + hmlii=a,)
and the total gain of the expert 7 is
Gl = zm: AGS.
k=1

The fact that the adversary can only interfere on the outcome of the prediction of
one expert is the main difference between our framework and the classical prediction
with expert advice problems in [2, 68, 69, 94, 107], and also the bandit problems
with corruption such as [108] and [146] where the regret bounds provided depend on
the corruption. However, unlike [7] and [123], the adversary can optimally control
the level of corruption at each round and therefore the level of corruption might be
unbounded.

If the forecaster chooses to follow expert F,,, € {1,..., N} at each round, then his

gain is given by
Gm =Y AGp:=Y AG.
k=1 k=1

The state of the zero-sum game between the adversary and the forecaster is

Xp=(XL, ..., XNy = (G -G, ...GY —G)

which evolves as

AX, = (AGL, — AGp, ..., AGY — AG,,).
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Given the state, the control of the adversary is «,,, = {(a’,, b ) }iz1,..n where

m?m

We assume that the random variables {g’ } U {(A,,, hn)} U {F,,} are mutually inde-

pendent.

Remark 7.2.1. We do not assume that A,, and h,, are independent and this point is
crucial. Indeed, in the definition of admissible strategies, if we require A,, and h,,
to be independent, then the set of admissible distributions of AG,, might fail to be
convex. Then, we would not be able to apply the minimax theorem to have a saddle
point for the interaction between the adversary and the forecaster.

However, since we assume that A,, and h,, are not required to be independent,

the set of distributions of AG,, is isomorphic to
N
A=< (@), (0)%) € 10,11V x [0, 1Y) a' + 5 =1,
i=1

which is convex.

Simple computation yields that for all j € {1,..., N},

E[AGY ] = (1 —al, — b \p? + b, (7.1)

N
EPmon[AXT] = (1—al, — b)) + 0, — Y ¢, (1—al), = b’ +b5). (7.2)

=1

Suppose the maturity is M > 0 and let ® : RY + R be a given function. We
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define the regret of the forecaster via
D(Xy) = (I)(Gzlv[ —Gum, - 7G]\N/[ — Gu).

We now state the following assumptions on .

Assumption 7.2.2 (Assumptions on the final condition). (i) ® is Lipschitz contin-

wous and increasing in the sense that
®(x +y) > P(z) for all z € RN and y € RY.

(ii)For all x € RN and A > 0, ®(\z) = A\®(z) and ®(x + A1) = ®(x) + \.

(iii) There exists > 0 so that

0
<I>(:E—{—y)Z(ID(.I)—{—Ny-lforalleRN andyE]Rf.

Trivially, (i) and (ii) holds for classical examples of functions such as

®,,(7) := max ' (7.3)

)

However, this choice of final value does not satisfy (iii). In order to satisfy all the

assumption, one can perturb the function <I>m(x) as
(z) (1-19) (z) _9 E '

P T) = P, (xr) +
m,0 m N ' X

for 8 € (0,1) by making the forecaster partially satisfied if he does better than the
average. Our Theorems 7.4.3 and 7.4.7 below state that the leading order expansion
of the regret crucially depends on whether ® satisfies the Assumption 7.2.2 (iii) or
not.

The objective of the forecaster is to minimize his expected regret at maturity M
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while the objective of the adversary is to maximize the regret of the forecaster. Then,
given the terminal condition ®, for z € RY and m € {0,..., M — 1}, we can define

the value function of interest via the iteration

VM(M, z) = ®(x) (7.4)
VM(m,z):= rgin max B [VM (m + 1,2 + AX,,)], (7.5)

where E?mm is the expectation given the choices of ¢,, and a,,. Since the space of
strategies is the same for each m, we might suppress m from notation ¢,,, a,,, AG,,, AX,,
in the dynamic programming equation (7.5).

We have the following result for the value function.

Lemma 7.2.3. Under Assumption 7.2.2 (i) and (ii), for all m € {0,..., M} and

(z,y) € RN x Rf, we have the following relations

VM (m,z) = max m¢in E> VM (m + 1,2 + AX)] (7.6)

VM(m,z +21) = V™(m,2) + X, and VM(m,z +y) > V¥(m, 2). (7.7)

If we also make the Assumption 7.2.2 (iii), then

VMm,z +y) > VM(m,z) + %y - 1. (7.8)

Proof. The integrability of the random variables are a direct consequence of the Lip-
schitz continuity of ® that passes to VM by induction. It is clear that for all ¢ the
mapping o — E**[VM(m + 1,2 + AX)] is linear therefore convex. Similarly, for all
a the mapping ¢ — E®2[VM(m + 1,2 + AX)] is concave. Given the Remark 7.2.1,
we can apply the classical minimax theorem to commute the min and the max. (7.7)
is a simple consequence of the invariance of the final condition ® in Assumption 7.2.2

(ii) and similarly (7.8) is a consequence of Assumption 7.2.2 (iii). O
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7.3 PDE describing the long-time regime

In order to study the behavior of VM for large M, we define the scaled value

function as

Mg ) = \/LMvM (rae), v/adr)

Thanks to Lemma 7.2.3, it can be easily seen that u satisfies equations

1 1
Mt ) = mi £ | M <t+ — x4+ —AX) 7.9
(t,x) min max u ik i (7.9)

1 1
= max min E** |uM t—i——,x—l——AX) ,
a ¢ < M VM

where ¢, a are the strategies of the forecaster and the adversary respectively.

Our objective is to study the value function VM for large M via the limit of the
scaled function «™. In order to illustrate the underlying ideas of our main results and
define the relevant quantities, we first assume that «™ — uw as M — oo, and that u
is regular enough. According to the Taylor expansion of the right-hand side of (7.9),

we obtain that

67

0= m(ﬁinmaX]E‘z”a VMVu(t,z) - AX + dyu(t, ) Z u(t, ) AX'AX7 | +o(1)

2]1

= maxm(gn]E‘W VMVu(t,z) - AX + dwu(t, z) Z u(t, ) AX'AX7 | +o(1).
z] 1

(7.11)

For large enough M, in order to have the equality in this expansion, the following
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conditions have to hold for all (t,z) € [0,1) x R,

0= m(gn max Vu(t, z) - E** [AX] = max mqgn Vu(t,z) - E** [AX]. (7.12)

Additionally, (7.7) yields that

1-Vu=1.

Regarding the control of the adversary, assume that there exists jo, j1 € {1,..., N}
so that

(1 _ajo _bjo)lujo +bjo < (1 _aj1 _bj1)“j1 _|_bj1_

We can define the control ¢ by

¢ = Ou(t, ) if j € {1,... . N}\ {jo, jn},

(7.13)
and
P = Oy ult, @) + Oy, ull, x), ¢ = 0.
Computing
0 = max m(;n Vu(t,z) - E** [AX]
N
— ; ) — S N N AT j
_ mgxm(;n; (@u(t,x) & ) ((1 @ — )+ b7> , (7.14)

this choice of ¢ leads to
N
i dult, —j><1—j—bj a‘w‘)
m¢2( jult,e) = &) (1 —V)u
< Oy, ult, o) ((1 — @ — V) + B — (1 —a” — )t — bjl) :
If O, u(t,x) > 0, we obtain a contradiction with (7.14). Therefore, the first order
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condition (7.12) implies that for all jo so that 0, u(t,z) > 0, we have E*[AG”] =
(1 —a¥ — b)pi + bl = sup, (1 —a/ =) + ) = sup; E*[AG’]. In order to

describe the dynamics of u, we define

J

A(p) == {a € A: E*[AG] = sup E*[AGY] if p; > 0} :

for any p € [0,00)"
Therefore, by the heuristic expansion above, one expects that if there is a limit u

of uM, then u has to solve

0= dult, z) + = aeA%% " Z u(t, z)Eeduto) [AX AXJ]

Since 1 - Vu = 1 implies that 1 - V2u = 0, the above equation is equivalent to that

0 = dult, ) + —aeA%% ., Z u(t, z)E° [AGiAGﬂ} . (7.15)

For notational simplicity, for all p € RY and S € Sy, we define

N
1 , ,
H(p,S) == max S S,;ES[AGIAGY), (7.16)
2 acA(p) =
so that (7.15) can be written as
0 = duu(t,x) + H(Vul(t,x), Vu(t,z)). (7.17)

Equations of type (7.17) are studied in [75, 102, 176, 177] in the context of ge-
ometric flows. In particular [176] provides a stochastic representation for geometric
flow type equations. Note that our equation (7.17) is not geometric in the sense

of [16, Equation (1.3)] and our problem can be seen as a deterministic game where
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the adversary and the forecaster chooses (deterministic controls) in .4 and the sim-
plex of dimension N. Thus, in this regard, similar to [131], our main results can be
seen as representations for the solutions to (7.17) as the limit of deterministic games
(whenever wellposedness of (7.17) holds).

Similar equations also appear in [55, 92, 93] in the context of prediction. In
particular, our Assumption 7.2.2 (iii) is inspired by [92] where the authors study the
long-time behavior of a prediction problem where the experts are history-dependent
and not controlled by the adversary. This point has a fundamental impact on the
problem. Indeed, impressively, the limiting equation in [92] is geometric and can
be solved by considering the evolution of its level sets. Similarly to [94, 107], in our
framework the adversary has to solve a control problem in the long-time regime. Thus,
the equation (7.17) is fully nonlinear and in general it is not solvable via geometric
methods. However, in some particular cases, we find explicit solutions to (7.17) by
finding an optimal control for the adversary; see Section 7.5.

Unlike the various cases in the literature where the generator is continuous on
RN — {0}, depending on the specification of (y1;), H might fail to be continuous in p
on the set {(p, S) € RY xSy : p; = 0 for some ¢}. This lack of continuity has a crucial
impact on the wellposedness for viscosity solution of (7.17) and the comparison result
for this PDE is not available in the literature.

Note also that under the Assumption 7.2.2 (iii), formally, we have the inequality
axjuM(t,a:) > % >0 for all j € {1,..., N}. Thus, in this case, one expects that

J

A(Vu(t,x)) = {a € A:E[AG] = sqp]Ea[AGj], Vz} ,

and the set of strategies for the adversary yields the balanced strategies defined in

107).

Definition 7.3.1. Ap denotes the set of “balanced” strategies o for the adversary,
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i.e., strategies a € A satisfying

E*[AG”] = E*[AG™] (7.18)

for all jo, 71 € {1,..., N}. For any o € Ap, we define

Co = E*[AG] = (1 —a' — b )" + V', foranyi=1,... ,N. (7.19)

Note that for any p € (0,00)", A(p) = Ap no matter this set is empty or not.
We provide a necessary and sufficient condition on (y;) for the existence of balanced

strategies.

Proposition 7.3.2. The set of balanced strategies Ag is not empty if and only if

N i o
inf Py i )<, (7.20)
c€[0,1] 4= JIx 1—pt
where we make the convention 2 = 0.

0

Proof. Suppose Ag # 0, and o € Ap. Then according to (7.19), we have that

ca=(1—a =V +0,Vj. If ¢, > 17, we have that
Co— 1 = —(a? +V)d + ¥ < (1— ) (d + V),
which is equivalent to that % <a+ V. If 4 > c,, we obtain that
W —co=(a + V) =V < (al + ),

'_Ca . . . N . .
and hence '“]T <a + V. Since Y ;_, (¢’ + V) =1, we get that




For the converse, suppose there exists some ¢ € [0, 1] such that E;VZI (% Vv %) <

ajz(c—uj)<§—s), V= (c— 1) <1+s(1+juj))’

and if 7 > ¢,

1. Denote s := ZN (Mvﬂ> For each j =1,... ,N,if ¢ > i/, we take

aﬂ'z(w—c)<1;;‘j+1), bj:(uj—c)(%—l).

It can be easily verified that a’,%’ € [0,1], Zj.vzl(aj + V) =1, and (a/, ) satisfies

(7.19). Therefore, it is a balanced strategies. O

For notational simplicity, we also define the generator,

N
1 . ,
Hp(S) = 5 max Y S,E"[AG'AGY) (7.21)
ij=1

whose definition is motivated by the fact that

H*(p,S) = limsup H(q,R) = H(p,S) and
(¢, R)=(p,5)

H,(p,S) := liminf H(q, R) = Hg(9) for all p € RY if Ap # 0.
(¢, R)=(p,5)

Given this discontinuity of the generator, we provide here the definition of viscosity

solutions which is also available in [102].

Definition 7.3.3. An upper (resp. lower) semicontinuous function u is a viscosity
subsolution (resp. supersolution) of (7.17) if for all (¢,x) € [0,1) x RY and smooth
function ¢ so that u — ¢ has a local maximum (resp. minimum) at (¢,z), we have
that

—0i(t,x) — H*(Vo(t, z), V'e(t, z)) <0
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(resp. — 0,(t,x) — H,(Vo(t,x), Vip(t,x)) > 0).

7.4 Main results

In this section, we provide the main results regarding the growth of regret and
asymptotically optimal strategies of the forecaster and the adversary. The results

fundemantally depend on whether Ag = ) or not.

7.4.1 Growth of regret for the case Ap # ()

We assume in this subsection that Apg # (). We prove the following priori bound

for uM.

Lemma 7.4.1. Assume that Assumption 7.2.2 (i) holds. Then, there exists a constant

C independent of M such that for all (t,z) € [0,1] x RN

WM (t,z) — ®(z)| < C(2—1).

Proof. For any € > 0, there exists a mollifier n such that

N+ P — Pl < e

Define ® := 7% ®, and it suffices for us to show that

WM (t, ) — D()|eo < C(2—1). (7.22)

According to the terminal condition of u*, the inequality (7.22) holds for ¢ = 1.

Assume it is true for t < 1, we prove for ¢ — % Due to the dynamical programming
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equations and our induction, we get that

WM (t — 1/M, ) — ®(z)| = ‘mqgn max E# [UM(t, T+ AX/\/M)] ~ $(x)

«

g‘m(gnmaXE¢’a[ (tx+AX/\/_) (93+AX/\/_)

«

+ &+ AX/VM) — &»(x)} ‘

a

<C(2-1t)+ 'mgnmaxEd”o‘ [Ci)(a: + AX/VM) — é(l‘):| '
Applying Taylor expansion to ®(z), we obtain that

m;nmoz}XEd”a [ (z+ AX/VM) — &(x }

= \/meénmng(ﬁa [V‘I)( } O(1/M)

1 : a T ARinge] ]
= 77 min mgx;[ai@ — ¢'|E*[AG;] + O(1/M).

Choosing ¢; = 9;®, and o € Ag, it can be easily checked that the minimax is zero.

Since the second derivative of ® is upper bounded, there exists a constant C' > 0 such

that

m(gnmgXE¢’“ [Ci)(a: + AX/VM) - @(w)] < C/M,

and hence

KA

WM (t = 1/M,x) — ®(2)] < C(2 = (t = 1/M)).
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Given Lemma 7.4.1, we define the functions

u(t,r) ;= limsup uM(s,y) (7.23)
(M,s,y)—(o0,t,z)

u(t,z) = (M,iiyl)n_)iggm) uM(s,y). (7.24)

The following comparison principle is a special case of [102, Theorem 2.1] backwards
in time.

Lemma 7.4.2. Under Assumption 7.2.2 (i)-(ii) and subject to the final condition

U(l,x) = ®(x), there exists a unique viscosity solution to
0=0,U(t,x) + Hp(V*U(t,x)) (7.25)

that grows at most linearly and is uniformly continuous. We will denote this unique
solution by U. Moreover, if uy is a subsolution, and us 1s a supersolution, then

comparison principle holds, i.e., u1 < U < uy on [0,1] x RY.
Proof. The result is a direct consequence of [102, Theorem 2.1]. O

Thanks to the identity H.(p,S) = Hpg(S), any supersolution to (7.17) is also a
supersolution to (7.25). In the following theorem, using this property, we show that

U provides a lower bound for the scaled value function.

Theorem 7.4.3. Assume that Assumption 7.2.2 (i) and (ii) holds. Then, wu(resp.
) is a supersolution (resp subsolution) of (7.17) subject to the terminal condition
u(l,z) =u(l,z) = ®(x), and hence the solution of (7.25) provides a lower bound to

the growth of regret as

lim inf \/_MV (H\/[ﬂ, \/Mx> >u(t,z) > Ul(t,x), (7.26)

M—o0
where U is the unique viscosity solution to (7.25).
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Proof. The proof is almost the same as [17, Theorem 2.1] and [94, Theorem 7], and we
only indicate our modifications. We first show the supersolution property of u. Let
(to, 7o) € [0,1) x RY and v smooth so that u—1) has a strict local minimum at (to, 7).
Then, similarly to [17, Theorem 2.1], there exists M, — 0 and (s,,y,) — (to, o)

satisfying

uM (8, yn) — u(to, 7o) and u" — 1) has a local minimum at (s,,y,).

Denote &, = uM(s,,,yn) — ¥(sn, yn) that converges to 0. The dynamic programming
principle (7.9) and the minimality condition for u*» — 1) yields that

M (80, yn) — (S0, Yn)

gn:u

1 1
= min max E** | M <sn + — Y+

¢ @ Mn \/m

1 1
> mi E?* n+—M,n+—MA — Y(Sn,Yn) +&n
= min max ¢<s - Y NaTh X) V(SnyYn) + &

AX) — ¥(Sn, Yn)

where we used the minimality of u*» — 1) to obtain the inequality. Given that v is

fixed, we can now proceed to expand as in (7.10) to have

o(1) >

N

1 . .

m(gn meaj{ E#* Y anqu)(sm yn) -AX + at¢(8m yn) + ) Z 339¢(8m yn)AXzAXJ
ij—1
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By restricting the choice of « this inequality in particular implies that

o(1)

> min max E> |/ M,V (80, yn) - AX 4 000 (S, Yn) Z V(Sp, Y ) AXAXI

acA
¢ B ’LJ |

N
1 4 .
d)’a — 2 v
> gé%;E O (S, Yn) + 5 MEZI @W(sm Yn) AXAXY

where we used the fact that for a balanced strategy the regret does not depend on

the strategy of the forecaster. u? satisfies
Ms,y+ A1) = u™M(s,y) + A (7.27)

for all (s,y) € [0,1] x RY and X\ € R, and v — ¢ has a local minimum at (s, y,)-
Thus, v satisfies V(sp, yn) -1 = 1. Therefore, similarly as in (7.15), we easily obtain

that

o(1) = 0)(sn, yn) + HB(V2¢(Sna Yn)) = Ox0(Sns Yn) + Ho (VY (S Yn), v2¢(5na Yn))-

The convergence of (s, y,), and the continuity of Hp concludes the proof of the super
solution.

We now prove the subsolution property of w. Similarly as above, for a given
(to,zo) € [0,1) x RN and 9 smooth so that u — 1) has a strict local maximum at

(to, zo), we can establish that

o(1) < maxmln \/_Z ( 0;(Sny Yn) — ¢]> ((1 —a’ — b)) +bj) (7.28)

acA

N
1 . .
+atw(5m yn) + § Z szw(sn, yn)E¢>:a [AXzAXJ]

1,j=1
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Let a ¢ A(VY(Sn, yn)), then there exists i € {1,..., N} so that 9;1(sp,y,) > 0 and
(1—a" =)' +b <sup(l —al — ) + .
J

Similarly as (7.13), for such a strategy one can find strategy ¢ for the forecaster so

that

ZN:<]¢ (Sns Yn) ¢j> ((1—aj—bj)uj+bj)§—e<0

Jj=1
for all n large enough. Thus, the maximum in (7.28) cannot be achieved at such a

strategy for n large enough. Therefore, (7.28) yields

o(1) < max  min \/Ei (@-w(sn,yn) - W) ((1 —al — V)’ + bj>

a€A(VY(snyn)) ¢

+atw Snayn Z Snayn E¢a |:AX1AX]:|

1]1
N

< max /M, sup ((1 —ad — b\ + bj> Z 00 (Sn, Yn) — 1

QEA(V¢(5n7yn)) i j=1 8j’$(8n yn)>0

+0 (0, ) Z e NeNel]

1]1

<OW(sn) + _ max o Z Ul 9B [AGTAG|

where we use the fact that

N

Z ajw(smyn) = 17

J=1, ajw(snvyn)>0

and

Z D5, Yo )ES [AX AXJ} Z D (5, Y ) E [AGlAGJ}

2,j=1 i,0=1
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due to Vi(tn,y,) - 1 = 1. Thus, we finally obtain that

0(1) < (S, yn) + H(VU (50, 9n), VY (Sn, Yn)),

which leads to the subsolution property
0 < p(to, xo) + H* (Vip(to, 20), V29 (to, 20)).

Given the supersolution property of u, the identity H,.(p,S) = Hp(S) and the

comparison result in Lemma 7.4.2, we easily have that « > U which implies (7.26). [

Remark 7.4.4. Although, it is mathematically appealing to have a comparison result
for the PDE (7.17), we do not need it for practical problems such as lower bound
of growth of regret such as (7.26). The lower bound of regret is a consequence of
supersolution property of u and a comparison result for the PDE (7.25) (which is a

significantly simpler task than a comparison for (7.17)).

Remark 7.4.5. The classical online problem easily yields an upper bound. Indeed, in
this problem the adversary decides on the distribution of experts’ predictions at each
round, i.e., the adversary chooses an element in the probability space over {0, 1}V,
see [26, 28, 94], etc. Denote the value function of this game by W™ (m, z). According

to [94, Theorem 7], we have that

A}linoo \/—_WM ([Mﬂ, \/Mx) = w(t,x),

where w(t, z) is the viscosity solution to

1
Oyw(t,x) + 5 ve%?ﬁjv(agxw(t, x)-v,v) =0, (7.29)

w(l,z) = ®(x). (7.30)

229



Since the adversary in this game fully controls the the prediction of experts, it can

be easily seen that V™ (m,x) < WM (m, ), and therefore we obtain that

VM([Mt],VMz) < w(t,z)VM + o(vV'M). (7.31)

Both in the classical problem in Remark 7.4.5 and in the description of the lower
bound function wu, the set of strategies of the adversary are balanced. We now provide
a counter example that shows that without Assumption 7.2.2 (iii) it might be optimal
for the adversary to choose a non balanced strategy by exhibiting a case where (7.26)
is strict. Thus, unlike in [107], with corruption, the optimal strategy of the adversary
is not always balanced. This example also shows that, in general, w can not be a
subsolution to (7.25), but has to be characterized as a subsolution to (7.17). We will
show in Theorem 7.4.7 that Assumption 7.2.2 (iii) is in fact sufficient to obtain that

u = u and solves (7.25).

Example 7.4.6. For N = 3, u* = 0,u? = p® = 1, it can be easily verified that
Ap = {(a’,b%) : b* = 1}, i.e., the adversary always corrupts the first expert, and set
his gain to 1. Then the viscosity solution of (7.25) is U(t,z) = ®,,(z) = max; z°.
However, if the adversary chooses the strategy (a*> = a® = 1/2), then we have that
uM(t,x) > @,,(x) for any t € [0,1). Therefore limsup,,_,., u™ (¢, z) cannot always be

a subsolution of (7.25).

The following Theorem and Example 7.4.6 show the importance of Assumption
7.2.2 (iii), which allows us to obtain the exact growth rate of regret. With Assumption
7.2.2 (iii), formally we obtain that VuM € (§/N,+o00)", and thus the adversary is
forced to use balanced strategies. Therefore, we can show that the scaled value

function converges to the solution U of (7.25).

Theorem 7.4.7. Assume that Assumption 7.2.2 (i), (ii) and (iii) hold. Then, u(resp.

) is a lower (resp. upper) semicontinuous viscosity supersolution (resp. subsolution)
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of (7.25) subject to the terminal condition u(1l,x) = u(l,z) = ®(x). Therefore,

u = u = U provides the growth rate of regret as
yM ((Mﬂ, \/Mx) = U(t,2)VM + o(VM).
Proof. By (7.8), we have that

1 1
ut(t et y) = minmaxES o (t +— aty+ —AX>

M vM

1 1
> minmax E®* |uM <t +—,z+ —AX)

0
Ty
lin m i i +N<y,>

= uM(t,z) + %(y, 1).

Therefore if u — 1 or @ — 1) attains a local extreme at (tg, zo) € [0,1) x RY, it follows
N
that Vi (tg, zo) € [%, +oo> . Then, following the same arguments as in the proof of

Theorem 7.4.3, we obtain the sign of

at@D(Sn, yn) + H(V¢(8m yn)7 v2¢(3n7 yn))

N
for (sn,yn) — (to,z0). The conclusion V) (ty,z) € [%,—’—OO) and the identity

H(p,S) = Hg(S) if p; > 0 for all 7 allows us to obtain the sign of

0 (8n, Yn) + H(VY(8n, Yn), V%(Sm Yn)) = 04 (S, Yn) + HB(V%p(Sm Yn))-

Therefore we obtain the required viscosity property. The conclusion of the theorem

follows by the Lemma 7.4.2. O

Given the solution U of (7.25), we design strategies for the adversary. For a fixed
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maturity M, denote Z := \/LM’ tm = 3;. We define the strategy for the adversary

o =(af,..., %) (7.32)

via
N
o, (1) = argmax Y OfU (tm—1, 2)E*[AG'AGY).
aEAp ij=1
Define
VM0,2) = igf B> [®(X ) | Xo = 2],
where ¢ = (¢1, ... ,¢nr) is any strategy of the forecaster. In the next proposition, we

will show that

. 1
Jim \/_MK(O’ VMz) > U(0, ), (7.33)

under assumptions on U. In Section 7.5, we will verify these assumptions for a special

case.

Proposition 7.4.8. Assume that Assumption 7.2.2 (i) and (ii) hold. Suppose the

solution U to (7.25) is smooth and satisfies the derivative bounds

RU (1 —t,2)| <

’ ’83 U<1_t7$)’ <

rxrxr

%, vz e RY,

Tl O

(7.34)

for some positive constant C. Then (7.33) holds. Therefore, according to Theo-
rem 7.4.3 the asymptotic strategy o in (7.32) for the adversary guarantees U as a

lower bound of regret, i.e.,
: I m : I m
— > — > .
Nlllinoo MV (0, VMz) > ]\/llgnoo MK (0,vVMzx) > U(0,z)
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Proof. 1t can be easily verified that

1 inf, E® [ (X, | Xo = VM)
——VvM(0,vVMz) - U(0,z) =—2 —U(0,
T’ ( ) —U(0,z) iTi (0,2)
= inf B [U(1, X) | Ko = 2] = U(0,2)
M ~ ~ ~
Z E®m Uty Xin) — Utm-1, Xin-1) | Xo = 7]
Note that
E¢ {U <tm, Xm) G (tm_l, Xm_l) | Xy = im_l} (7.35)
— E® [ U (tts Ft) AXm] (7.36)
[ VE X
1 2E% / (, /L _ s> (atU + 5AX; 02U - AXm) (tm—1, Tm—1 + sAX,, )ds
0
(7.37)
AE . _
=+ 2E¢’a / ( — — S) (8tU(tm_1, Xm) — atU(tm—ly Tm-1 + SAXm)) ds
M
0
(7.38)
+ k> / <8tU<tm—1 + s, Xm) - atU(tm—lv Xm)) ds| . (739)

0

Under the strategy o, the term (7.36) is zero. Since 9%,U -1 = 0, the term (7.37)

is independent of ¢. Due to our choice of a,, we have that

E%%m

1
(atU + AN LU AXm) (tm-1, fm—l)] =0.
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According to the derivatives bounds (7.34), it can be easily seen that

1
(8,5U + iAXn—l; . asz . AXm) (tm—lyj;m—l + SAXm)

1 C
> (&U FIAXT AU AXm) (bt T ) — o
2 1— tmfl
Therefore the term (7.37) is bounded below by
—2C / dS = - 3
/ 1_tm 1 (1 —tp1)M?2

where C'is allowed to change from line to line. Similarly, it can be easily verified that

the term (7.38) is bounded below by —ﬁ. As aresult of (7.34), we have that
—tm-1 2

atU<tm71 + SaXm) - at[](tmfla Xm) 2 _C/ ( 1 dwa

and therefore the term (7.39) is bounded below by

—C’// dwds- C’/
1_tm 1— W

- -C

+dsdw

1—tm 1—11))

g \E‘H

L —s

M 7ds.
(]_ — tm—l — 8)2

O\E\“ =

Putting together all the estimates for (7.36), (7.37), (7.38) and (7.39) above, we
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conclude that

o0 {U (ts ) = U (b1 Kot ) | K = :Em_l}

1 i y
= —5
Z -C 3 +/ M SdS
(1 —tpm1)M?2 ) (1 —tpm —9)2
It can be easily verified that
M ﬁ 1
1 —_
lim 3 +/ A =ds | =0,
M—>c>om:1 (1—tm_1)M§ , (1—tm_1_5)§
and therefore
1
Jim ——VM(0,VMz) —U(0,z) >0
—00

]

One might expect that the function U captures important features of the problem,

and the algorithm of the forecaster given by
O = {03U (b1, X 1)}

yields the best algorithm for the growth of the regret, i.e., an equality holds in (7.33).
Such a conjecture holds in [26, 55, 130, 129]. Unfortunately, as proved by the following
counter example, in our case ¢, does not provide an asymptotic optimal algorithm.

Counter Example: Consider the case N = 2, p! = %, = i with final condition
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O =, 5. Let U be the viscosity solution to (7.25). Then it holds that

1 *
i 9", —
lelirlo\/_sg‘pE [D(X )| Xo=VMz]>U(0,z),

i.e., ¢, is not asymptotically optimal. According to Proposition 7.5.3 in the next

section, it can be easily verified that (7.25) becomes
oU(t,r) + %(aflU(t,x) + 05,U(t,z)) = 0.
From 04U + 0%,U = 04U + 03,U = 0, we deduce that
0LU = 05,U = —0L,U = —03,U,
and hence
U (t,x) + %8121U(t, x)=0.

By Feynman-Kac representation of U, it can be easily verified ;U < 0,0%,U > 0. By

choosing b' = a® = 3, we obtain that

1 ‘ ‘
oU(t,x) + 5 max Z 8ij(t, 7)E*[AG'AGY]
(2]
_ Ut ) + g@flU(t, 2) = —OU(t z).
Therefore we obtain that

sup ]E(Z):ma |:U <tma Xm) -U <tm—17 Xm—l) ‘ Xm—l = i'm—1:|

_ 8tl’](tmfl? Q~:mfl>
M

+o(1/M).

236



Due to the explicit formula of U, we obtain that

(o) —2)2
—QU(1 —t, 2t 2?) > et~ H%e”

4dt

5.2

for some positive constants c¢,d. To close the argument, we need an estimate of
~1

m—1-*

Define the strategy & = (&, ... ,&y) such that

1
2

Under the strategy &, Z,, := X} — X2 becomes a random walk with

Therefore, the scaled random walk (t,,, Z,,) converges to a drifted Brownian motion
(Bt)i>0 such that

3t 3t
E[Bt] = Z, Var[Bt]

16
Bi—

3t
=1 has standard normal distribution, we define
Vi

|B; — 3 3t /3t 3t 3t
=P | ——+ <1| =P |=—/=<B < .
D 5 1 16 > t_4‘|—
16

Since

4 V16
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Therefore, we obtain the estimate

1 * o
1 ¢*.a — —
Jim B (X) | Xo = V] = U (0,2)

M
= Jim Y B U (L, X) = Ultmor, Xono) | Xo = 0]
m=1

M —oc0

1 .
=K /c(l — 1) Y2 aan=n gt
0

1

(3t+4/3)?
> p/c(l —t)"V2em T dt > 0.

0

Algorithm for the forecaster: The decomposition in (7.35) and the identity

(7.14) show that the algorithm for the forecaster defined as ¢}, = {9;U (tm-1, Xpm-1)} =
would set to 0 the term (7.36). However, even if u solves (7.17) but not (7.29),
we cannot control the sign of (7.37) and there exist strategies for the adversary
that renders u(t,,_1, Xm_1) a submartingale (instead of a supermartingale). Thus,
¢ = (47, ... ,¢5) is not the best strategy for the learner and Vu does not necessar-
ily provides the best algorithm for the forecaster.

However, if we assume that 1) is a smooth supersolution to (7.29), it can be easily

verified that ¢}, = {0;9(t—1, Xm_l)}év:l provides an algorithm for the forecaster for

which the growth of the regret can be bounded from above as in (7.31).

7.4.2 Growth of regret when Ap = ()

We now assume that Ag = (. In this case, we cannot rely on the PDE (7.25) to
obtain the growth of the regret and we have to introduce some auxiliary functions.
Without the Assumption 7.2.2 (iii), we provide an example showing that the regret

is also of order v/ M. The following result holds no matter Apg is empty or not.

Proposition 7.4.9. Assume that ®(z) = ®,,(r) = max;z'. Then, there exists a
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function @ : [0,1] x R? — R solving a linear parabolic non-degenerate PDE with

constant coefficients and terminal condition u(1,z) = x' V 22 for x € R? so that

M SN
M
lim inf V70, v M) > 0(0, 2", 2%).

M—o0 v M

Proof. Denote ®(z) = ' V 22 for all € RY so that ®(z) > ®(z). Now consider a
second game with final condition ®. We denote its value function by VM. It is then
clear that VM (m,z) > VM(m,z) for all z € RN and 0 < m < M.

The final condition of the second game only depends on the first two components
of the state. Thus, VM (m,z) = VM (m, 2!, 22) where VM is the value of an auxiliary
two-expert game. Thanks to the Proposition 7.3.2, the game with two experts always
admits balanced strategies.

Thanks to Theorem 7.4.3,

VMM, Mt/ Ma?)
lim inf
M —o00 \/ M

where 4 solves

0 = dii(t, z) + Hp(VZa(t, x)). (7.40)

with final condition @(1,z) = z' V 22 and the generator Hp is associated to the
balanced strategies to the auxiliary two-expert game. Thanks to Proposition 7.5.3
(which will be proved independently of this Proposition), the optimizer in (7.40) is
associated to a constant strategy so that @ in fact solves a linear non-degenerate PDE
which concludes the proof.

]

Remark 7.4.10. Note that due to the non-degeneracy of the PDE solved by u, we

easily have that 0;a(t,z) > 0 for all ¢ € [0,1). Therefore, @ is a smooth solution of
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7.17) and for the auxiliary two-expert game, LM (Mt ,V Mz ) indeed converges
VM

to u(t, ).

The following Proposition shows the importance of Assumption 7.2.2 (iii). For
any ® satisfying Assumption 7.2.2 (iii), we will show that ®(z) < ®(0) + @, ¢(z).
Therefore the forecaster is partially satisfied when he does better than the average of
the experts. Since no balanced strategies exist, the forecaster can do better than the
average by following the best performed expert at each round, and thus the scaled

value function tends to —oo.

Proposition 7.4.11. Assume that the terminal condition ® satisfies Assumption

7.2.2. Then, we obtain that
1
lim sup ——V*(0, vV Mz) = —cc.

M—oco 1V M

Proof. Recall that ®,,(z) = max; z'. For any x € RY, due to Assumption 7.2.2 (i),

(ii), it follows that
O(z) < (P, (2)1) = (0) + D,y (2).

And by Assumption 7.2.2 (iii), we obtain that
O(0) + Pp(z) — (z) = (P (2)1) — P(2) >

and therefore
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Since VM (0,vMz) < VM(0,0) + vV M®(z), it suffices to prove that

1
lim sup ——V*(0,0) = —c0.

M—oco V M

Denote ¢ = (¢1,...,0n) the sequence of strategies of the forecaster, and a :=
(aa,...,ap) the sequence of strategies of the adversary. Due to (7.41), we obtain
that

VM(0,0) = igf sup E®*[®(Xy/) | Xo = 0]

< O(0) + igf sup E?*[®,, 4(Xas) | Xo = 0]. (7.42)

For any o € A, we define

M (a) = max E*[AGY],

and

m(a) = max{E*[AG"] : E*[AG] < M(a)}.
Here M («) is the largest expected expert gain under the policy «, and m(«) is the
second largest expected gain. Since Ap = 0, for any o € A we have that m(a) > 0
and M («) —m(a) > 0. Define

0= ;23(]\/[(04) —m(a)).

It can be easily seen that 6 > 0.
For any value function V' (7.5) with terminal condition ® (7.4) satisfying ®(x +

A1) = ®(z) + A, it holds that V™ (m + 1,2 + A1) = VM(t,2) + A\. Tt can be easily
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verified that

VM(m —1,2) = min max B [VM (m, 2 + AX,,)]

bdm  am

= Eo VM (m, z + AG,,)] — ! EmAGE .
max B [V (m, 2 4 AGy)] —max 6, B [AG )

Om,

Therefore for any fixed strategy & of the adversary, the optimal response of the
forecaster is to follow the experts with maximal expected gain under policy & at each
round, i.e., ¢!, = 0 if and only if E%[AGY] < M(d,,). Denote one such optimal

response of the forecaster by éﬁ Therefore we obtain that

igﬂEd”d [ @ 0(Xar) | Xo = 0] = EP¥[®,,.0(Xar) | Xo = 0]
. 0 ..
= (1 — OE»*[D,,(X ) | Xo = 0] + NE¢7“[XM 1| X = 0]

. 0 .
=(1—0) igf]Ed”o‘[CI)m(XM) | Xo =01+ inf E*Y[ Xy 1| Xy =0].  (7.43)

According to Remark 7.4.5, there exists some positive C' independent of choice of &

such that

lim sup

1 N
inf E>¢ (X)) | X, = 0] < C. 7.44
m sup ——— inf E*[2(Xa) | Xo = 0] < (7.44)

Due to our definition of §, we obtain that for any &
igf E®¥[ Xy -1/N | Xo = 0] < —6M/N. (7.45)
In conjunction with (7.43),(7.44) and (7.45), we conclude that
lim sup LVM(O, 0) = —oo.

M—oo \/M
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7.5 Explicit solutions in some special cases

In this section we exhibit some cases where the value function and the strategies
of the adversary can be explicitly computed. The results are valid for final condition
Dy (2) = (1 — 0)®(x) + & 3N 27 for any fixed 6 > 0.

Our methodology is to provide a stochastic representation for the solution of (7.25)
that allows us to claim that this solution also solves (7.17). Then, we use this solution

to obtain a strategy for the adversary.

Definition 7.5.1. Any a € Ap satisfying
Ca = Sup ¢,
aEAR

is called a generous adversary and any a € Apg satisfying

co = inf ¢,

acAp
is called a greedy adversary.
Note that for o« € Ap, one has
N
> SEYAGAGY) = ¢, Tr ($15) — Tr (S:5) (7.46)

3,j=1

where 3y = {p’ + 7}y + diag(1 — 2", ..., 1= 2pN) and 3y = {Lyppu'p? }Y_ .
The next lemma shows that the linear differential operator associated to each

balanced strategy is non-degenerate.

Lemma 7.5.2. If N >2, and0 < p' <1,i=1,... N, then for any o € Ap (if this

set is not empty) the matriz c, X1 — o is positive definite.
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Proof. Tt suffices to show that for any vector y = (y!,... ,y") # 0,

N o 2
YlcaXi — Do)y’ = Z Y'Y E[AG'AG’] = E* {(yTAG> ] > 0. (7.47)
ij=1
As a result of (7.47), y(caX — X2)y' = 0 if and only if y'AG = 0 P*a.s. Denote

the collection of all the possible realizations of AG by
O ={z€{0,1}"V: P*[AG = 2] > 0}.

We will prove that the dimension of the linear expansion (O) is N. Then it follows
that y"AG = 0 P*-a.s. is impossible, and hence y(c,X; — Xo)y" > 0.

Recall that b is the probability that the adversary corrupts expert i and sets
his gain to 1. Suppose there exists some b' > 0. For any z € {0,1}", we define
Z=z—2z¢ e, and p; = Ly (1 — 1) + Loy for any j # i. Note that the

i-th coordinate of 2 is always 1. It can be easily seen that

P(AG = 2) > P(AG = Zz, the adversary corrupts expert ¢ and sets his gain to 1)

Therefore z € O for any z, and O D {z € {0,1}" : 2" = 1}. Hence the dimension of
(O) is N.

Recall that a’ is the probability that the adversary corrupts expert i and sets
his gain to 0. If b = 0,7 = 1,..., N, there must exist some a° > 0. For any
z € {0,1}V, we define Z = 2z — 2%’. Note that the i-coordinate of Z is always 0.
Since P(AG = 2) > d' H;VZLJ.# pi > 0, we obtain that Z € O for any z, and hence
O D {z€{0,1} : 2t = 0}. Since N¢, = Zjvzl((l —a! —b ) +1) >0 for N > 2, it

must hold that E*[AG?] > 0. There must exist some z € O such that z* = 1. Hence
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(O) is of dimension N. O

The next proposition provides a condition on {u'} that allows us to characterize
the optimal strategy of the adversary as a constant strategy. Therefore, in this case,

the optimal strategy of the adversary is the maximizer of the Hamiltonian in (7.25).

Proposition 7.5.3. If (7.20) holds, u' € (0,1) for any i and p' + @/ < 1 (resp.
'+ > 1) for any i # j, then any generous adversary @ (resp. greedy adversary
a) is the mazimizer of the Hamiltonian in (7.17) for all (t,z) € [0,1) x RV,
Additionally, the solution u to (7.17) is equal to U (which is the solution to (7.25)),
and satisfies (7.34). Therefore according to Proposition 7.4.8, the asymptotic strategy

a* in (7.32) for the adversary guarantees U as a lower bound of regret.

Proof. Note that according to Proposition 7.3.2, Ag # 0 if and only if (7.20) holds.
We only provide the proof for the case where u® + p/ > 1 for any i # j. The other
case can be proved similarly. Our methodology is to show that the solution of the
linear PDE associated with the constant strategy « also provides a solution to (7.25)
and (7.17).

Step 1: Approzimating the final condition:  Using the definition of ®,,, and
the assumption on {x‘}, we first find an approximation sequence ®. such that @,

converges to @, 9 in L as € — 0 and Tr(2,0*°®(z)) < 0. Since

0 < 0
_ 1 N i 7
D, 9(x) = (1 —0)max{z,... 2"} + N ;:1 = (1-60)P,(z)+ N ;:1 T

and the second derivative of the linear part is 0, it is sufficient to prove the claim for
6 = 0. We prove the existence of such &, by induction.
First we approximate the absolute value function on R!. For each € > 0, it can

be easily verified that there exists some f. : R! — R! such that

(i) fe(z) = |2 if |2 >
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(ii) f. is convex;
(iii) |z| < f. < |z| +¢, Vo € RL
Then in the case of N = 2, we define

@Z(ZUl 332) - xl +SL’2 + fE(xl — xQ)
€ Y ° 2 N

It can be easily seen that ®? converges to ®? in £, and ;9% + 5,9 = 1. We

compute the second derivative of ®? and obtain that

1 "
O\ () = DB,02(a) = S 110! — %),

1
O0(a) = 0B,0%(0) = —2 [/ ).
Since f, is convex, we have f”(z! — 2?) > 0, and therefore

Tr(5,0°07(x)) = (' + p = 1) f!(z" = 2%) <0.

€

Suppose our claim is correct for N —1 many experts, let us prove it for N. Without
loss of generality, we assume that pu = max{u!, ..., u™}. Denote by 7 the first N —1
components of x, and by ¥ the principal submatrix of ¥, by removing its last row

and column. By induction, we have ®¥~! such that
(i) SN aON T =1 and 9,0V >0, Vi < N —1;
(i) @V — N7 in L™ as e — 0;

(i) Tr(X,0?°®N-1) < 0.

Define
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It is then clear that ®. — ® in £*°. To simplify notation, we omit the arguments x, &

when it is clear from the context. Let us compute its first derivatives

1 1
0,0, = 501@5*1 + 5f;(cpﬁ“ —2Mg; Nt i < N — 1,

1 1
aNq)e = 5 - §f5/((b£v_1 - xN)7
and second derivatives

1 1
00 = 5 (14 £U@N T —2™)) 20N + S (@F T — a8 0,0 i < N -1,
1
Oinbe = =5 f1(@F 7 = aM)o, 2} i< N,

1
Dn®e = §fe”(‘bév_l — ).

Due to Zfi}l 0;N"t=1and 1+ f/,1 — f/ >0, we obtain that 9;®. > 0 and

N
D o) =1. (7.48)
=1

P

Denote by 92®N the principal submatrix of 9*®Y by removing the last row and

column. We rewrite the trace as

N-1
Tr(510°®)) =Tr(S10°0N) + 2> (1’ + p™)0fy P + Oy e

=1

(14 (@) = 2™)) Tr(Si0%00 )

N-1
FU@Y =) [ (0N )T -S4 98N =23 (i + )28 41

€
=1

+

N~ N

According to our induction, we know that Tr(2;0?®N-1) < 0. Since
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(1+ fI(®N —2N)) >0, f/(®N — 2N) > 0, it suffices to show that

N—1
(OPN T8 00N =2 (i + Mg e 1 | <. (7.49)

i=1

Due to the equality SV," 9,0N~! = 1, we obtain that

N—-1
@Y TS0t =) 0N+ Y (W — 190N T 00N

i£j<N—1
=1+ Z ,Ul‘i‘,u )aq)N laq)Nl
i#j<N-1
Similarly, we have that
N-1 N-
22u+u )0; PN = Zu+u 1)o;eN 1.
=1 =1
Therefore (7.49) is equivalent to that
N-1
D (W = 1aRY TR < Y (i + N = 10,2 (7.50)
i#j<N—1 i=1
For fixed i < N — 1, according to our assumption ™ = max{u!,...  u"} we have
that
D e L e il YO A WO A
JSN—1,57i JEN—1,57i

< (4 pN = 1o

Summing from ¢ = 1 to i = N — 1, we obtain the inequality (7.50), and hence (7.49).
In conjunction with (7.48), we finish proving the induction.

Step 2: Solving the nonlinear PDE with the linear PDE: Denote by u the solution
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of

0= wu(t,z)+ %Tr (202, u(t, x))

with terminal condition ®y,,, and by u° the solution of
1
0 = Ou(t, x) + §T7“ (202, uc(t, ) (7.51)

with terminal condition ®.(smooth approximation of @, satisfying Tr(%,0*® (z)) <
0). In order to show that « is optimal, it suffices to prove that u solves PDE (7.17). To
show this solution property, it is sufficient to show that u solves (7.25), d;u(t,z) > 0
for all (t,z) € [0,1) x RV, and Tr(32,0%,u(t,x)) < 0.

We can differentiate (7.51) in x twice to obtain that
we(t, v) = Tr(X,02 u(t, r))
solves the same PDE
0 = uwe(t,x) + %Tr (202, we(t, x))

with final condition

w(1,x) = Tr(3,02,®.(z)).

Due to the choice of ®, we have that that w(1,z) < 0.
Thus, by the maximum principle, we(¢,z) < 0 for all (e, ¢, ) € (0,1) x [0, 1] x RY.

Fix t € [0,1). Due the Malliavin calculus representation of 92 v°,

u(t,z) =E |®(z + \/Z(Wl—t))\/z_l Wl_th(lt__tgi — Ol \/z_1

and we have that 02 u‘(t,r) — 02, u(t,x). This implies that for all ¢ € [0,1) and
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x € RV,

Tr(2,02,u(t,z)) < 0.

Thus, thanks to (7.46)

2Hp (02, u(t,r)) = sup Z u(t, 7)E*[AG'AGY]

a€Ap | ij=1

= sup coTr (S102,u(t, x)) — Tr (2202, u(t, )

aEAR

= ¢, Tr (107,u(t, x)) — Tr (2202,u(t, z)),

and therefore o is optimal among balanced strategies and u solves (7.25) and is
therefore equal to U.

Note also that using the the density of the Brownian motion one can show that

7
Oiu(t,x) = (1 —0)P (ith coordinate of (z + /SWi_,) is maximal) + N 0

(7.52)

for all (t,z) € [0,1) x RY and 6 > 0. Thus, u also solves (7.17).

Step 3: The derivatives of u satisfies (7.34). According to Lemma 7.5.2 and
Proposition 7.5.3, the coefficient matrix ¥ of the optimal adversary is positive definite.
Then there exists some matrix P = (P, ... , Py) with det P > 0 such that ¥ = P P.

It can be easily verified that the solution is given by

det P _ Py
u(l -t z) = W/@ 2 Pz —y) dy.

RN

Note that @, () = (1 — 6) max{z',... 2V} + £ 3 2" is differentiable almost ev-
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erywhere and

6
8i<1>m79(x — y) = (1 — Q)H{xifyizcbm(a:fy)} + N a.e.

Therefore we obtain that

0 1—0)det P _lPy?
diu(l —t,x) = +L/e gty -y} 4Y

N (2mt)N/2
RN
9 (1 — 0) det P 7%
=57 T ent)vE / e lyize, ) Y- (7.53)
RN

Differentiating the above equation with respect to a7, it follows that

(1 — 9) det P _ |Pa—Py|? P-TP(x — y)
a?ju(]' - t? I) - = (27Tt)N/2 — e 2t L 4 / :H_{yizq;m(y)} dy (754)
RN

Similarly, it can be easily seen that

8f’jku(1 —t,x)

(1—0)detP [ _ipery? (P[P
==y J ¢ "\ Tr ) Meeaen

RN

L (1-6)detP /e_pxgtpye (P]-TP(SC - y)) (PJP(I —Y)

L, d
(2mt)N/2 t P ) {yi>®m(y)} Y

RN
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and also

)

(1 —0)det P _ipa—ry? [ PPy PPz —vy)
:—(27rt)N/2 e 2t Jt ; Liyisd, ) dy

RN

(1—0)detP [ _ipo—ry2 (PP(x—y)\ (P[P,
e )T T ;) Moz @

RN

(1—0)detP [ _ire-ru? ( P/ P\ [ P]P(z—y)
MR © 7 E ; t Lyrzen ) 4y

RN
(1—0)detP
(2mt)N/2

/e B ( J g & (t y) l (t v) Liyi> e, 4Y-

RN

Let us show that there exists a constant C' such that for any x € RV

C
07 u(l —t,z)| < 7

It can be easily seen that

(1—@)detP [ _ime ( PPy
\afju(l —ta)l = _W e ’ Liai—yi> 0, (a—y)} Y

__(1—0)detP/€p32 PrPy ]

L VE ) e (g0} Y
RN

<(1—0)detP e’%]PjTPy\dy: C

> (QW)N/Q\/E 2 %

Similarly, it can be proved that

?

C
051 — t,2)| < =
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and

¢

3
2

|0 Jklu( , )| <

~

Now let us estimate %u and 9% u. Since dyu = —1Tr(L9%,u), we obtain that

Ol — t,2)| = | SOTr(S0%,u(1 — 1,2))

= %Tr (za;ﬁ (%Tr(E@ixu(l —t,x)))) :

The right hand of the above equation is a linear combination of J; i mu(l —1t, x), and

_ ’%Tr(E@igC@tu(l _ 7))

hence

¢

Similarly, it can be easily verified that
C C
| waa ( )‘ < ?7 ’afaru(l - t,l’)| < ?, Vr € RN,

which concludes the proof of (7.34).
[

Example 7.5.4. In the special case of u' = p,7 =1,... , N, the equation becomes

N N
_ 1 2\ 92 2\ 92
0=0,U(t,x) + 5 Iax ijZZI(Q/wa p)o5U(t, ) + ;(ca 2uce + p°)0;U(t, x)

Since 1- VU = 1, we have Zf?;:l(QMCa — p?)0%U(t,z) = 0. Hence the equation can
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be simplified as

1
0=0U(t,x) + 5 max ((ca — 2pca + p*)AU(t, 7)) (7.55)
acAp
Note that
1 ) LA —2u)(p+ L1 =)+ 12 it p<1/2,
C:= 3 mix(ca — 2UcCy + 7)) =
aCApB .
T —2u) (e — %p) + 2 itu>1/2.

It can be easily verified that C' > 0. We claim that the solution of (7.55) is the

solution of the following equation,

0=d,U(t,z) + CAU(t,z), (7.56)

additionally the asymptotic strategy a* in (7.32) for the adversary guarantees U as

a lower bound of regret.

7.6 Conclusion

In this chapter, we study an expert prediction problem, where an adversary only
corrupts one expert at each round and a forecaster makes predictions based on ex-
perts’ past gains. The forecaster aims at minimizing his regret, while the adversary
wants to maximize it. Therefore this problem can be interpreted as a zero-sum game
between the adversary and the forecaster. Using viscosity theory tools in the field of
partial differential equation, we provided the growth rate of regret for the forecaster.
A strategy of the adversary is called balanced if the expected gain of each expert is
the same under this strategy. We showed that the growth rate of regret fundamen-
tally depends on whether balanced strategies exist and whether the final condition ®

satisfies the strictly monotone condition Assumption 7.2.2 (iii),
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(i) Balanced strategies exist,  does not satisfy Assumption 7.2.2 (iii): the growth

rate of regret is bounded below by the solution of (7.25); see Theorem 7.4.3.

(ii) Balanced strategies exist, ® satisfies Assumption 7.2.2 (iii): the growth rate of

regret is given by the solution of (7.25); see Theorem 7.4.7.

(iii) Balanced strategies do not exist, ® does not satisfy Assumption 7.2.2 (iii): the

asymptotic regret is of order v/ M; see Proposition 7.4.9.

(iv) Balanced strategies do not exist, ® satisfies Assumption 7.2.2 (iii): the asymp-

totic regret is —oo; see Proposition 7.4.11.

Also, we designed asymptotic optimal strategies for the adversary in Proposition 7.4.8,

and solved (7.17), (7.25) in some special cases; see Proposition 7.5.3.
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CHAPTER VIII

On Non-uniqueness in Mean Field Games

8.1 Introduction

The theory of mean field games (MFGs) was introduced recently (2006-2007)
independently by Lasry, Lions (see [136], [137], [138]) and Caines, Huang, Malhamé
(see [116], [117]). It is an analysis of limit models for symmetric weakly interacting
N +1-player differential games (see e.g. [61], [62]). The solution of MFGs provides an
approximated Nash Equilibrium. It also under some conditions follows that MFGs
are limit points of N + 1-player Nash equilibria.

The influential work [56] by Cardaliaguet, Delarue, Lasry, and Lions established
the convergence of closed loop equilibria using the the so-called master equation,
which is a partial differential equation with terminal conditions whose variable are
time, state and measure. It is known that under the monotonicity condition, the mas-
ter equation possess a unique solution, which is used to show the above convergence.
A similar analysis was carried in finite state mean field games by Bayraktar and Co-
hen [24] and Cecchin and Pelino [66] independently obtain the above convergence
result (as well as the the analysis of its fluctuations).

In this chapter, we consider a case when the monotonicity assumption is not
satisfied and resolve a conjecture of [109], in which a two-state mean field game with

Markov feedback strategies is analyzed. In this game the transition rate of each
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player is the sum of his control and a background jump rate n > 0. Supposing an
anti-monotone running cost (follow the crowd game), [109] poses a conjecture on
the nature of the limits of N + 1-player Nash equilibrium. We proceed by using
similar techniques to [67], which considers an anti-monotone terminal condition. In
particular, we again rely on the entropy solution of the master equation to prove the
convergence and show that the limit of N + 1-player Nash equilibrium selects the
unique mean field equilibrium induced by this entropy solution. In [67], they showed
that the mean field game equation has at most three equations, while in our model if
n < %, the number of solutions is increasing with time horizon and can be arbitrarily
large. Also, the entropy solution in our case cannot be written down explicitly, and
so we need to construct using the characteristics and check that it is entropic. For
numerical methods towards the convergence of N+1 player games to entropy solution,
we refer readers to the work of Gomes et al. [103]. Let us mention the recent work by
[88], where they study linear-quadratic mean field games in the diffusion setting. To
re-establish the uniqueness of MFG solutions, they add a common noise and prove
that the limit of MFG solutions as noise tends to zero is just the solution induced by
the entropy solution of the master equation without common noise.

The chapter is organized as follows. In Section 8.2, we introduce the N + 1-player
game we are considering, and introduce the equations characterizing the mean field
equilibria. In Section 8.3, we show that the forward backward equation characterizing
the mean field game possesses a unique solution if n > %, may have multiple solutions
if n < % Furthermore, we also determine the number of solutions. In Section 8.4, we
explicitly find the entropy solution of the master equation. In Section 8.5, we show
that if n = 0 each player in the N + 1-player game will follow the majority and briefly
present that the optimal trajectories of NV + 1-player game converges to the optimal

trajectory induced by the entropy solution of the master equation.
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8.2 Two states mean field games

We consider the N + 1-players game with state space X = {0, 1}, and denote the
state of players by Z(t) := (Z; (t));v:ﬁl, which evolves as controlled Markov processes.
The jump rate of Z;(t) is given by o/ (t, Z(t)) +n, where o/ : [0, T] x XN+ — [0, +00)

is the control of player j and > 0 is the minimum jump rate, i.e.,

P[Z;(t+h)=1—i|Z;(t) =i] = (& (t, Z(t)) + n)h + o(h).

Denote by A the collection of all the measurable and locally integrable functions

0, 7] x ¥¥* — [0, 400), and by a1 = (a?,... ;o 1) € ANT! the control of all

players. It is can be easily seen that the law of Markov process is determined by the
N+1

control vector o .

Let the empirical measure of player j at time ¢ to be

TR,
ONTLI(t) = I 07, (t)=0-
k=1,k#j
Then given the running cost function
1—60 i=0
F6,0) = 11— 0—i] - (8.1)
0 =1,

the control vector a1 € ANT! and it is associated Markov process (Z(t))o<;<r, the

objective function of the k-th player is defined by

T

J’i\f-i-l(aN-i-l):E[/f(zk@)?gN—i—l,k(t))_'_

0

aF(t,Z(t))
2

dt
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For a control vector a® ! € AN*! and 8 € A, define the perturbed control vector by

g, k#]

B, k=

aN b g, =

Definition 8.2.1. A control vector o™ € AN*! is a Nash Equilibrium if for any
k=1,  N+1

TN = b T ([ )).

To find the Nash equilibrium, it is standard to solve its corresponding Hamilton-

Jacobi equations for value functions VNT1(¢,i,0),i = 0,1 (see e.g. [104]).

4
. . AR 11,0))2

_%VN+1(tv 2, 0) = f(@v 0) ~{ ;t 2
+n(VNTL(t, 1 —i,0) — VNTH(L,0,0))
IN(L-0) (aff“(t, 10+ 550 + n) (VY1104 1) — VI 1,0))

+N6 <aiv+1(t> 07 0 — %) + 77) (VN+1(t’ ]-7 0 — %) - VN+1(ta ]-7 9))a

VNH(T, i, 0) =0,
\
(HJB)

where the optimal control is given by

a T (t,5,0) = (VT 0,0) — VT, 1 —4,0)),.
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It is also easy to write down the corresponding mean field game equation,

.

0 = (1= 0())((u(t, 1) — u(t,0))4 +n) — 0(t)((u(t,0) — u(t, 1))+ +n),

dt

. . _ ' e
—Lu(t,i) = £(i,0) — nlu(t,i) —u(t,1 —i)) — LLIzbIz0))7

(MFG)
and see e.g. [104] and the corresponding master equation, the corresponding master
equation,

(

—2U(t,i,0) = f(i,0) — [(U(t,iﬁ)—U;t,l—iﬁ)JrF + Ut 1—14,0) — U(t,i,0))

+2U(t,4,0)(U(t,1,0) — U(t,0,0) +n)(1 —0)
(ME)

—2U(t,4,0)(U(t,0,0) — U(t, 1,0)1 +n)0,

U(T,i,0) =0,

\

see Bayraktar, Cohen [24] and Cecchin, Pelino [66]. Recall from the latter two refer-
ences that the uniqueness of (MFG) and (ME) is guaranteed by the so-called mono-

tonicity condition, i.e., for every 6,6 € [0, 1],

D (=D)L 0) — £@0))O—0) >0,

i=0,1

which does not hold true with our choice of running cost.

8.3 non-uniqueness

We show that the mean field equations (MFG) may have multiple solutions. Tak-
ing

y(t) =u(t,1) —u(t,0), x(t)=20(t) — 1,
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then (MFG) becomes

Lo =y —zly| — 2nx

—dy =2 — Jylyl — 2ny (8.2)

y(T) = 0,2(0) = 20 — 1.

The second one of (8.2) is equivalent to

1 d
= 2y — —1. 8.3
v = gylyl + 2y — —y (8.3)

Taking derivative with respect to ¢ in (8.3) and in conjunction with (8.2), we obtain

2 1
U+ Yy — 5y = 3nlyly — 4y = 0. (8.4)

For simplicity, we time reverse the system and try to solve

2
Ly+y—1yd = 3nlyly — 4’y = 0

(D) |y(T)| + 2ny(T) + 4y(T) = 2(T) =20 — 1 (8.5)

y(0) = 0.

Since (8.5) contains only the y variable, it can be uniquely solved if imposing the initial
conditions y(0) = 0, £y(0) = v, and we denote its C* solution as y,(.). Therefore
the number of solutions to (8.5) is just the number of initial velocity v such that
20 — 1 = x,(T), where for any ¢ > 0

2u(8) = S0l 0] + 2m(T) + L) (5:6)

2 dt

We rewrite the differential equation as a derivative with respect to y instead of ¢,
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ie.,
Py d (1 dy Nt d (1 d
a2 dt\2°dt’ Jdy dy\2'dy '
We can therefore get an implicit solution

1
d_y 1 (8.7)
dy G(y) + v2

where G(y) = 3y* + 2n|y[* + 4n°y® — y>.
When y > 0, the first order derivative of G is

G(y)=y> +6my> + 80y — 2y = y(y + 30 — /2 + 2)(y + 3n + /12 + 2).

It is then easy to conclude the following results
o Ifn> 1 , the function G(y) is strictly increasing for y > 0;

e If 0 <7 < 4, the function G(y) decreases on the interval [0, \/n? 4+ 2 — 31| and

increases on the interval [/7n? 4+ 2 — 37, +00);

e If n < 1,[v| < wo, the function G(y) + v* maybe negative for some y € R.
Let us denote by y(v) the smallest positive root of G(y) + v* = 0. Since the
function y — G(y) first decreases to —vZ over the interval [0, /02 + 2 — 3],
and then increasing to +oo over the interval [\/m — 31, +00), we know that
the function y — G(y) +v* decreases over [0,y(v)) and crosses 0 at y(v), which

implies that y(v) is a simple root.

Let vg := \/—G(\Mf +2—3n)ifn < 3. and

whose role will be clear in the next result.
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Lemma 8.3.1. The following properties hold for solutions y,(.),

o y,(.) is strictly increasing if v > 0, strictly decreasing if v < 0, identically 0 if

v =0,

o If eithern > 3,0 € R orn < 3,|v| > vo, then the solution y,(t) < +oo if and
only if t < f0+°° ﬁ. Furthermore, y,(.) is strictly increasing if v > 0,
strictly decreasing if v < 0;

o Ifn <1 |v]€(0,v9), the solution y,(.) is a periodic function.

Proof. The first statement is clear. We prove the rest by writing down the unique C*
solution explicitly.
If either n > 3,0 € Ror n < 3,|v| > vy, then G(z) +v* > 0 for any z € R and

thus we obtain from (8.7) that

Yy

. dz
t= mgn(v)o/m.

Since the function y — [/ —=%— is strictly increasing, for any ¢ < |, oo _de
0 \/G(2)+02? ’ 0 \/G(z)+v2’

we can find a unique y,(t) such that

t:/mdf

It can be seen that the function ¢ — y,(¢) is C', and therefore is the unique solution
to (8.5).
Since G(y, (t))+v? is always nonnegative, the solution y, (¢) must oscillate between

[—y(v),y(v)]. For any 0 <t < T'(v), there exists a unique y,(t) such that

Yo (1)
. / dz
J G(z) +v?
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Define a periodic function, still denoted by v,(.),

(

Yo (t — 4kT (v)) t € [4kT(v), (4k + 1)T(v)),
@ Yo ((4k 4+ 2)T(v) — t) t € [(4k + 1)T(v), (4k + 2)T(v)),
Yo =
—yp(t — (4k +2)T(v)) t € [(4k+2)T(v), (4k + 3)T(v)),
\ —yp((4k +4)T(v) —t) te[(4k+3)T(v),(4k+4)T(v)).
It can be easily seen that y,(¢) is the unique C' solution to (8.5). ]

Proposition 8.3.2. Ifn > %, then x,(T') is strictly increasing with respect to v and

therefore (8.5) has unique solution.

Proof. It can be seen that both of the equation (8.5) and the function v +— x,(T") are
odd. Therefore y_,(.) = —y,(.), x_(T) = —z,(T), and we only need to prove the
proposition for v > 0.
. . . +oo dz
The strictly decreasing function v fo e approaches +o0o as v — 0,

approaches 0 as v — +o00. Therefore any positive T" there exists a unique u > 0 such

that
+oo

d
[t
J G(z) +u?
As a result of Lemma 8.3.1, the solution y,(.) is finite at 7" if and only if v < u, and

there exists a unique y,(7") > 0 such that

yu(T)
dz

VG (2) + 0?2

T —

and also %”|T = /G(y,(T)) + v2. Suppose 0 < v; < vy < u. Due to the fact that

G(2) +v? < G(2) +v3,Vz € R, we obtain

d d
Yoy (T) < Yo (T>v Eyvl (T> < Eym (T)’
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from which we can conclude z,,(T) < x,,(T). As a result of lim y,(T") = +o0, we
v—U

obtain lim z,(T) = 400, and thus there exists a unique solution to (8.5) for any
v—U

20 —1 € R.
O

As a result of the above proposition, the mean field equation (8.2) may have
multiple solutions only if n < % To find the number of solutions, we study the period
of y,(.) in the following lemma. Note that since y_,(t) = —y,(¢) and yo(t) = 0, it

suffices for us to consider the period of y,(.) for v € (0, vp).

Lemma 8.3.3. Suppose 0 < n < %, v € (0,v9), and y(v) is the smallest postive root

of z— G(2) +v?. Recall (8.8) and define

y(v)

o dz
H(v) _/—\/W

v

Take T'(v) = T(—v),H(v) = H(—v) if v € (—v0,0). Then both T(.) and H(.) are

increasing with respect to v over the interval (0,vo), and lim T'(v) = 4o0.
v—U0

Proof. By the definition, we have G(y) + v? = (% + 2n|y])? + v* — y?, from which we
can conclude that y(v) > v, and therefore H(v) is positive.

By change of variable p = ﬁ, we obtain

dp

1 1
T(v) b
v) = = .
Gl@p) | v \/1 (0)2p* + 2y (v)p3 + (402 — 1)p? + 2
V@2 T )2 1Y Y il y(0)?
0 0

Denote the square of the bottom of the integrand by P(v,p), i.e.,

’U2

y(v)?

1
P(v,p) == Zy(v)2p4 + 2ny(v)p® + (4n* — 1)p* +
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To prove T'(v) is increasing, it suffices to show that P(v,p) is decreasing with respect

to v for any fixed p € [0, 1].

Since y(v) is an increasing function of v, the derivative %(v, p) is no larger than

4B (v, 1), which is equal to 0 according to the definition of y(v),

dP d(G(y(v)) + v?)

1) =
dv(v’ ) dv

=0.

Therefore P(vy,p) > P(vy,p) for any p € [0,1],0 < v1 < vy < vp.

We can also rewrite H(v) as

and it is enough to show that v — ﬁ is decreasing. Taking derivative of the following

equation with respect to v,

we get dfl(:) = -z (23;2”)), and thus

U2
d, v . y)—v®  y0)+ F0

- _ dv_
') T P y(0)?

As a result of di’i—(v”) > 0, we obtain that G’ (y(v)) < 0 and %(ﬁ) < 0 is equivalent to

/

G (y(v))y(v) + 20 > 0. We conclude our claim by the following computation,

!

G (y()y(v) +20° = G (y(v))y(v) + 20" = 2(C(y(v)) + v*)

1
= 5y(0)" + 2py(v)* > 0

In the end, it can be seen that the function z — G(2) + v3 is always positive over

the interval [0, +00) and only attains 0 at z = \/n? +2 — 3n. Since G(z) + v is a
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polynomial, we obtain that y(vg) = /02 + 2 — 31, (z — /1% + 2+ 3n)? is a factor of

G(z) + v3, and hence

P
lim T(v) = e _
Jm T(v) = Ja e e

O

For each k € N, define Ty (v) := (2k — 1)T'(v) + H(v) if |v| € (0,vp), and Ti(v) :=
+o00 if |u] > vy. Now we show that for v # 0, {Tx(v) : k € N} is the set of times T’
such that x,(7) attains 0 (T;(v) = +oo for |v| > vy simply implies that x,(t) never
reaches 0 for those v). As a result of Lemma 8.3.1, the function z,(7") can equal to 0
only if n < 3, [v] € (0,v0) or v = 0. Setting z,(T) = 0, by (8.6) we get

1 d
1 ., d
= So(D)lyo(T)] + 2y (T) + sign(=-vu (T))V G (T)) + v*.

Moving the last term to the left, taking square of both sides and plugging in the

formula of G(y), it becomes

1 1

<§yv(T)|yv<T)‘ + Qva(T))z + /02 - (yv(T))2 = (§yv<T)‘yv(T>’ + 277yv<T))27

which is equivalent to v? — (y,(T))? = 0. Therefore we obtain that |y,(T)| =
v, sign(y,(T)) = —sign(Ly,(T)), from which we conclude that z,(T) = 0 if and
only if T"'= Ty (v) or v = 0.

Therefore Ti(v) is the first time z,(¢) reaches 0. Taking T;(0+) := 1;{51 Ty(v), it
can be seen that for ¢ < T7(0+),v # 0, we have x,(t) # 0. Before computing the

number of solutions, we still need one more result, which is also important for us to

construct the entropy solution of the master equation in the next section.
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Lemma 8.3.4. Suppose ) < 3. Then for any (z,t) € Rx R\ {0} x Ry, there exists

a unique v(z,t) € Ry such that x,(t) = x,t < Ty(v) (simply take v(z,t) =0 if x =0).

Proof. Step 1. For any 0 < vy < vy < vy, we prove that v, (t) < y,,(t),Vt €
(0,7 (vy1)]. Otherwise suppose vy, (t) = Yy, (t) for some ¢t € (0,71 (vy)]. If t < T(vy),

as in the proof of Lemma 8.3.1 we have

Yuq (1) Yug (t)

(8.9)

which s impossible since G(2) + v < G(2) +v3. If £ € (T(v1), T(v2)], then y,, (1) >
Yoo (T'(v1)) > Yo, (T'(v1)) > yy, (t), which is contradictory to our assumption. If ¢ €
(T'(va), T1(v1)], we have

Yuq ®) d yvz(t) d
M) —t= | —e s | L o7, 1,
G(z) + v} ) G(z) + v3

which contradicts to Lemma 8.3.3.

Step 2. For any vy < v; < v9,t € (O,f0+oo ﬁ], we have y,, (1) < yu, (1),
which can be proved as in Step 1.

Step 3. For any 0 < vy < vy < vy, we prove that x,, (t) < x,,(t), vt € [0,T1(v1)].
Otherwise suppose t = sup{t : z,, (t) = x,,(t),t < T1(v1)}, where supreme is attained
by the continuity of x,,(.) and z,,(.). To show the contradiction, we prove that
L (24,(t) — 3, (t)) < 0, in which case these two curves have to intersect after time ¢

since z,, decreases to 0 at time T3 (ve) > T (vy).

If t > T(vy), we have

Eor(£) = S (8% + 200 (£) — /G (g (1)) + 02

2
= (1) 200, (1) - 50 ()3 Gy (1)) + 08 = ().
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Since we proved ys, (t) < yu,(t), the derivative 4y, (¢) must be negative, and hence

1 1
Yo ()72, (¢ \/G (Yo (6)) + 02 = S5 (6)° 20905 (1) =/ G (9 (1)) + 03 (8.10)

Combining (8.10) and Ly,,(t) = —\/G(ys,(t)) +v2,i = 1,2, we obtain

d 1 2
300) = 20, (0) =0 (/G0 )+ 8 = G0 = 204 1)

= a0 (VG0 18 — a0 210) 4 1))

Because of (8.10) and the fact that y,, (t) > y,, (t), we deduce that & (z., (t)—z,, (t)) <

0 is equivalent t0 /G(yu, (t)) + v3 — 3Yu, (£)* — 214, (t) + 1 > 0, which is true since

1 1
G(y’vz (t)) + U% - 5%}2 (t>2 - 27791;2 (t) +1> _§yv2 (t)2 - 277%2 (t) +1

1
> —5(\/772 +2—=3n)%=2n(v/n*+2-3n) +1>0.

If t <T(vq), by the same reasoning we have

%ym (1) + 2090, () + 1/ Gy, () + v = %yvz () 4 200, (1) + 1/ G(ywy (1)) + 03,

and also

F0(0) = 2 (0) =) (Y Gla(0) + 8+ 300 + 21m0) 1)

= ) (/G 0+ 07+ (0 + 200~ 1),

Accordingly, it suffices to show that (\/G(yv2 (1)) + 03 + 3y, () +20y,, (1) — 1) <0,

which is equivalent to

L7 = 20 (0. (8.11)

Glyun(t) +25 <1 3
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Taking square of (8.11) , we obtain the equivalent inequality v3 + 4ny,,(t) — 1 < 0.

Since y,,(t) < y(ve), we conclude our claim by the following computation

U3 + ANy, (t) — 1 <03 4+ dny(ve) — 1 = —G(y(v2)) + 4ny(ve) — 1

= — (%y(vz)2 + 2ny(vy) — 1)* < 0.

Step 4. For any vy < v; < va,t € (0, [ ﬁ], we have z,, (t) < x,,(t),
which can be proved as in Step 3.

Step 5. Until now we have shown that the stopped curves {z,(t) : 0 <t < T1(v)}
do not intersect, and it remains to prove that for any (z,t) € Ry x R, there exists
a v(z,t) € Ry such that z,(t) = z,t < Ti(v). Note that according to (8.5), for any
fixed t, the couple (y,(t), %yv(t)) is continuous with respect to the initial velocity v,
and thus the mapping v — x,(t) is also continuous.

First suppose z < x,,(t) and t < T7(0+). As a result of leli% x,(t) =0, vh_)nq[)lo T, (t) =
Ty, () and the continuity of v — z,(t), we know that there must exist some v € (0, vp)
such that z,(t) = z. The equality t < Ti(v) simply follows from the inequality
t <T1(0+) < Ti(v).

Suppose = < x,,(t) and t > T1(0+). Since 71(v) increases to +00 as v increases
to vy, we know that there exists a unique v € (0,vg) such that ¢ = T3(v"), which
also implies z,/(t) = 0. According to the continuity of v — z,/(t), and the fact that
vlg{)lo Ty(t) = @y, (t), we know there must exist a v > v such that x,(t) = z, and
t="T(v") < Ti(v).

dz

In the end suppose © > z,,(t). Because the mapping v f0+°° ——=—iS
v/ G(z)+v?

decreasing from +oo to 0 over the interval (vg, +00), there exists a unique v’ > gy

such that f0+oo % — ¢, which also implies 2,/ (t) = +00. Again by the continuity

of v — z,(t) and the fact that lim z,(t) = x,,(t) < x, there exists a v > vy such that
v—0

x,(t) = x. O
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Proposition 8.3.5. Suppose n < % Then there exists a unique solution to (8.5) for
any T > 0 if |20 —1| > 1—n%—n\/n? + 2, and the number of solutions to (8.5) can be
arbitrarily large if |20 — 1| < 1 —n? —n\/n2 + 2 and T is large enough. In particular,

the number of solutions with boundary condition 20 — 1 = 0 is given by

1+ 2sup{k : T, (0+) < T}.
keN

Proof. Recalling vy = \/—G(\/n2 + 2 — 3n), we first prove that z,,(t) is increasing
with respect to ¢t and tliIJ'rn Ty (t) =1 =0 — /12 + 2.
— 100

Taking derivative of the following equation,

1

20ot) = 10 (006 + 2900 6) + 000

we get Lz, (1) = (Yoo (t) + 20) Ly (£) + G (yu, (t)). Therefore z,,(t) is increasing is
equivalent to

(1) 20) S 1) > 5 o (1), (8.12)

Since both sides of (8.12) are positive, it is enough to show that

(Yoo (t) + 277)2(%%0 ()% — }L(G’(yvo(t))f > 0.

Plugging in the equality Ly, (t) = /G (y,(t)) + v3 and the formula of G, the in-

equality becomes

20(yo (1))* + (40" — 1+ 05) (5o (1)) + Anuye, (1) + 4n*vg > 0.
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Now we finish proving z,,(t) is increasing by the following equality,

20(yuo (8))? + (477 = 1+ 05) (3o (1)) + 4nvgye, (1) + 40*v]

4nPvd
(Yo (t) = V/1? +2 4 3n) (2ny+
’ (V% +2 — 3n)?

Recall Lemma 8.3.1, y,, () is given by the equation

Yvg (t)

. dz
J G(z)+v3
Combining the equality proved in Lemma 8.3.3 that [V WS _de +00, we

0 V (Z)+Uo
conclude that hgrn Yoo (t) = v/1m?* + 2 — 3n. Also, according to (8.7), we get that

lim yvo \/G \/7] + —377 =0.

t—+oo dt

Therefore by (8.6), we conclude the second claim

, 1
lim (1) = S(V1* +2=30)° + (V1P +2=3n) = 1= =/’ +2.

It can be seen that the curves {z,(t) : t > 0,v > v} never cross each other, and
that x,(t) < 1 —n> —ny/n2 +2 for any t > 0 if v < vy. Therefore according to
Lemma 8.3.4, if |20 — 1| > 1 —n? — n\/m, there exists only one v > vy such that
1,(T) =20 — 1.

Now suppose that 0 < 20 — 1 < 1 —n? —n+/n? + 2. For each v € (0, 1), define

M (v) := max z,(t).

>0

As a result of Lemma 8.3.4, M (v) is actually an increasing function, and there exists

a unique v € (0,v) such that M (v) = 20 — 1. Also for any v € [0, 1), we can define

272



t(v) as the unique ¢ satisfying z,(t) = 20 — 1,¢ < Ti(v), which is also an increasing
function of v. Then (z,(.),y,(.)) is a solution of (8.4) with time horizon T' = ¢(v).
Since the period of z,(.) is 4T (v), and Ulg{)l() t(v) = +o0, for each k € N we know that
if T > t(v) +4kT (v), there must exist some v' € [v,v9) such that T' = ¢(v") +4kT(0').
Therefore we conclude that the number of solutions to (8.4) with time horizon T is

greater than

2115{/@ T > t(v) + 4kT(v)},

which can be arbitrarily large if T is large enough.

In the end, we consider the number of solutions for the terminal condition 260 —1 =
0. We have already shown that T (v) is the time when z,(t) attains zero. According
to Lemma 8.3.3, the functions Ty (v) are increasing with respect to v for each k € N
and lim Ti(v) = 400. Since z_,(t) = —x,(t), and v = 0 is always a solution, the

v—0

number of solutions is just

1+ 2{(k,v) : Tx(v) =T,k € Nyjv € (0,v9)} =1+ 2sup{k : T;,(0+) < T'}.
keN

8.4 The Master Equation

Letting Y'(¢,0) = U(t,1,0) — U(t,0,0), z = 20 — 1, and time reverse the master

equation (ME), we obtain the equation

8—Y + 2(277xY +

8.13
2 2 2 ( )

Yl YR\
ot  Ox -

with the boundary condition Y (0,z) = 0,Vx € [—1,1].
Since the equation has the form of a scalar conservation law, there exists a unique

entropy solution. By the method of characteristics, we directly construct a piecewise
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C! solution to (8.13) and then check it is entropic.

Rewriting (8.13) as

oy oy B Y|V
e + %(2773: —Y +zlY|) = -2nY — — 1

and letting y(t) = Y (t,z(t)), 22 = 2nz — y + z|y|, we obtain the characteristic curve
of (8.13)
T =20z —y +zlyl,

dy = oy — W 4 g,

\

whose solution is given explicitly in Lemma 8.3.1. If n > %, the solution given by

characteristic curves is smooth everywhere. If n < %, the shock curve is taken to be

v(t) = 0,t € R,. See our illustration in Figure 8.1.

Figure 8.1: Characteristic curves, n = 0.1,7 = 3 on the left; n = 0.6,7 = 1 on the
right.

Proposition 8.4.1. The function Y (x,t) := Yy (t) is the entropy solution of (8.13)
with shock curve y(t) = 0,t > T1(0+4), where v(z,t) € R is defined in Lemma 8.3.4.

Proof. Tt is clear that the function Y (z,t) is C' outside the shock curve, and we
only need to check the Rankine-Hugoniot condition and the Lax condition (see [67,

Proposition 3|). Define

Yi(t) = lgile(x,t), Y. = li%lY(:v,t).
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If t > T1(04), there exists a v > 0 such that ¢ = T3 (v) since v +— T (v) is increasing
to 400 as v increases to vy. Also it can be seen that lﬁ]g v(z,t) = v. According to the
discussion above Lemma 8.3.4, we conclude that Y, (t) = y,(t) = v = 15161 v(x,t), and
similarly Y_(t) = — 1{551 v(z,t). If t < T1(0+), the mapping v — x,(t) is continuous

and strictly increasing, which is zero at v = 0. Therefore hﬁ)l v(z,t) =0, and Y, (t) =

Y_(t) = 0. In summary, we have

limv(z,t) ift > T1(0+),
Vi(t) =Y (1) = { "0

0 if t <T1(04).
Taking g(z,Y) = 2nzY + %m — YTQ - %2, we have
Y. 2 Y_(4))2
iy(t) —0= —eg 4 e _9(y(®), Y5 (1) — a(v(1), Y-(2))
di Yi(t) = Y_(1) Yol — Y (1) )

which verifies the Rankine- Hugoniot condition.

For any c strictly between Y_(¢) and Y, (¢), t > T1(0+), we have

a(r(1),0) — g (), Yo (1)) THE -2 ety
c—Y,(t) c—Y, (¢ 2 7

c—Y_(t) c—Y_(t) 2 7
and therefore
g9(v(t),0) —g(v(®), Y5 (¥)) _d_ o e(v(t).c) —a(y(t),Y-(1))
c— Y, (t) = dtV(t) =0< c—Y_(t) ’
which verifies the Laz condition. O]

Remark 8.4.2. It is easily seen that the entropy solution of (8.13) corresponds to a
solution of (ME).
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Remark 8.4.3. By Lemma 8.3.4, we know that for any 6 € [0, 1], there exists a unique
v’ such that z,(T) =20 — 1,7 < Ty(v'). Then (z, (T —t),y, (T —t)) solves (8.2),

which is the mean field equilibrium induced the entropy solution.

8.5 N + l-player game and the selection of Equilibrium

In this section, we consider the N + 1-player game and always assume 1 = 0.
Since the model we are considering is invariant under permutation, it can be easily
seen that

VATH(8,0,1 - 0) = VIF(2,1,0),

and therefore we only need to consider the HJB systems for VN *1(¢,1,6):

4
ai\Hl 1, 2
_%VN+1(t7 170) = f(179> ! (Qt LoD
+N(1 =)ol (¢, 1,0) (VN 1,60 + +) — VITL(E, 1,6))

+NOaNT(t,0,0 — 5 )(VVTH(E, 1,0 — +) — VTt 1,0))

VNHY(T, 1,0) = 0,
\

(8.14)

where the optimal control policy is

G*N+1 (ta i? 9) = (VNJrl (t: ia 6) - VNJrl(t? 1- ia 6))+

As a result of the local Lipschitz continuity of the HJB equation (8.14), the system
can be uniquely solved with terminal condition VN*(T,0,0) = 0, which provides us
the unique Nash Equilibrium of the game. Supposing that the representative player

is applying the zero control while the other players are taking the optimal policy, then
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by the definition of Nash Equilibrium we conclude that

VNt 1,0) < E[/Tf(i(t)ﬁt)dt] <T-t

Now we prove that if the representative player agrees with the majority, then he will

keep his state by taking the zero control.

Proposition 8.5.1. Taking
YN, 0) = VT, 1,0) — VITL(E,0,0) = VTN 1,0) — VT, 1,1 - 6),

for any 6 € {0,+, ..., 1} we have

YN, 0) > 0 (alF(t,0,0) =0)  if 0>,
(8.15)
YVH(E,0) <0 (a1 (t,1,0) =0)  if 0 <

N — N —

Proof. We only prove the first inequality of (8.15) for even N, and the rest can be

1

,5) = 0, it is enough for us to show it for

proved similarly. As a result of YV +1(¢

02%—1—%. Take

1
WY, 0) = VT 1,0) — VT, 1,60 — N)'

According to (8.14), we obtain

d ’}/N—i-l(t 0)|YN+1(t 8)
_YNJFl — 1 _ 2 ) 5
+NY (YN“(t, 0 — %)WN“(@ 0) + Y (8, 0) W (1 -0+ %))

— N(1-1#6) (YN“(t, 0), WNTL(t, 0 + %) + YN 0+ %)H/VN“(t, 1— 9)),
(8.16)
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L YN 1—0)2 YNt 1—0— +)2
N 2 B 2

1
— NOYNTH (1 —0) W (1 — 0 + N)

1
+ N1 —-0)YN 1 -6 N)_WN“(t, 1—-0)

i N+1 o _i N+1 o
+ N+ YL =0 ) WY (1 - 6)

o _ _l N+1 _ _z N+1 o _l
N1 =0 = Y 1= — o) WV (11— 0 - 1),
(8.17)

By our terminal condition VVTY(T,1,0) = 0, it is easy to see that YN (T 0) =
WNHY(T, §) = 0, and both £YNTHT, ), LWNTH(T, 1 - §) are negative if 6 > 1. And
therefore by the continuity of VNT1(¢ 1,0), there exists a small positive € > 0 such

that YNTL(¢,0), WN+L(t, 1 —0) are positive during the time interval [T —¢, T'). Define

1
s:= sup {t: W T (t,1-0)=0o0r YVT(t,0) = 0 for some § > ~}.
{t<T—e} 2

We finish the argument by showing that Y™*1(¢,0) and WN*1(¢,1 — ) are both
positive for ¢t € [s,T —€],0 > %, which implies s has to be —oo. By the definition of
s, we have YNTL(¢ 0) = = YNt 1 —0) > 0,WNT(t,1—-0) > 0if t € [s,T — ¢),

0> %, and therefore we obtain the following inequality from (8.16),

d

N+1
_YN+1 (t, 0) < YN+1 (t, 0) (Y (tv 8)

dt 2

— N(1—0)WN(t,0 + %))

Since VNTL(¢,1,0) < T, we get that |[YN*L(¢,0)] < 2T, [WN*L(¢,0)| < 2T for any

0 €{0,+,...,1}. Therefore Y*1(t,6) is bounded below by the solution of

Li(t) = (T +2NT)I(t)

(T —¢) =YNTUT —¢,0),
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which is always positive. Similarly, for ¢t € [s,T — €], 0 > %, we obtain the inequality

from (8.17)

%WN“(t, 1—6) < N(1—60)YN*'(t,1—6— %)WN“(t, 1—6)

<2NT(1 - O)WNT(t,1-0),

which implies W¥T1(¢, 1 —0) > 0 for t € [s,T — €. O

Remark 8.5.2. Recall that Z(t) is the state of the N 4 1 players at time ¢t when agents
play the Nash equilibrium given by (HJB). Denote by V*1(¢) the fraction of players

at state 0, i.e.,

1 N+1
j=1

and let U be the solution of (ME) corresponding to the entropy solution of (8.13).
According to Proposition 8.5.1, ¥ +1(t) will always stay on one side of % if GNTL(0) #
%. In combination with the fact that U(t,14,0) is smooth outside the curve J(t) = %,
it can be easily seen that VN*1(¢,1,0) converges to U(t,1,0) if § # 5 (see e.g. [67,
Theorem 8] ).

Let (&;);en be the ii.d initial datum of Z; such that P[¢; = 0] = 0 # 1, P[¢; =
1] = 1—40. Denote by Zj the i.i.d process in which players choose the optimal control
a(t,i) == (U(t,i,0(t)) — U(t,1 —i,0(t)))+, where U is the corresponding entropy
solution of (ME). Also, we can prove the propagation of chaos property by using the

technique developed in [66] and [67].

8.6 Conclusion

When 7 > 1/2, the N-player game converges to the mean field game following the
analysis of [24] and [66]. Here we considered the case when n = 0 and showed that

the N-player game value functions converge to the entropic mean-field game solution
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and verified in this case the conjecture of [109].
When 7 € (0, %), it is always possible for players to jump to the other state.
1

5, and when we use Ito’s

Therefore §V*1(¢) may not always stay on one side of
formula to the entropy solution U, there would be extra jump terms. Subsequently
our strategy does not work when n € (0,1/2), and new techniques are needed. We
leave this as an open problem.

When 6 = 1/2, it is expected that the N player limit will charge the two solutions
we obtain with equal probability (as in [88]), which is numerically justified by the
Figure 3 of [109]. Hence in that case the N-player empirical distribution will not
converge to the stable fixed points of the MFG map (in the language of [109]) unlike

what is claimed in the conjecture.
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CHAPTER IX

Solvability of Infinite Horizon McKean-Vlasov
FBSDEs in Mean Field Control Problems and

Games

9.1 Introduction

Motivated by infinite horizon mean field control and mean field game, in this chap-
ter we establish existence and uniqueness of solutions to an infinite horizon McKean-

Vlasov FBSDE

(

dXt - B(ta Xta }/;fa ‘C(Xta }/;f)) dt + O-dVVtv

§dY, = —F(t,X,,Y,, L(X,,Y,)) dt + Z,dW,, ¥t >0, (9.1)

onga
\

where (W;) is a Brownian motion on a stochastic basis (2, F,F,P), B, F : Q x
R, x R? x Py(R?) — R are two progressively measurable functions, and £ is an
Fo-measurable square integrable random variable. Compared with finite horizon FB-
SDEs, in (9.1) no terminal conditions are required. Instead, for the well-posedness
we specify the solution space which determines asymptotic behavior of the processes.

Due to our interest in infinite horizon discounted problems, we look for solutions
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(X:,Y:, Zy) to (9.1) in L%(0,00,R?), where K € R and L% (0, 00, R?) is the Hilbert

space of all R?-valued adapted stochastic process (v;) such that

[e.o]

E /eKt|vt|2dt < +o0.
0

Using methods of [163] and [161, 182], we show that there exists a unique solution
(X:,Y:) € L2(0,00,R?) to (9.1) under two sets of assumptions. As applications, we
solve the corresponding infinite horizon McKean-Vlasov FBSDEs of mean field type
control and mean field game problems.

The study of mean field games was initiated independently by Lasry, Lions (see
[136], [137], [138]) and Caines, Huang, Malhamé (see [116], [117]), which is an analysis
of limit models for symmetric weakly interacting N + 1-player differential games.
Since then, mean field game has been an active research area. We refer the readers
to [21, 22, 24, 66] for the study of finite state mean field games, to [31, 58, 67, 8§]
for uniqueness of mean field game solutions, and to [61, 62] for a nice survey. Also,
inspired by the surge of interest in optimal control, several works have been published
for the analysis of mean field type control, which includes the distribution of controlled
states in coefficients; see e.g. [8, 39, 63].

The investigation of BSDEs was pioneered by Pardoux and Peng [158, 159] in
the early 90s, which is now a standard tool in stochastic optimization problems (see
e.g. [60, 164]). Applying Pontryagin’s maximum principle, both mean field game
and mean field type control can be studied using McKean-Vlasov FBSDEs; see e.g.
(64, 63]. For analysis of FBSDE, we refer to a common reference [148].

The linear quadratic model for infinite horizon mean field game and mean field
type control have been studied in [57, 116, 166] using HJB-FP equations and in [20]
using martingale method respectively. [166] provided the exact stationary solution

to linear quadratic infinite horizon mean field games. We also refer to [57, 77] for
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the PDE analysis of long time behavior of mean field game. For the best of our
knowledge, this chapter is the first to investigate infinite horizon mean field game
and mean field type control problems using FBSDE techniques.

The result of the chapter is organized as follows. In Section 9.2, we prove the
existence and uniqueness of solutions to (9.1) under two sets of assumptions; see
Theorems 9.2.4 and 9.2.8. In Section 9.3, as an application, we solve the infinite
horizon mean field type control problems and games. In Section 9.4, we analyze the
particular case of linear quadratic models.

In this rest of this section we will list some frequently used notation.

Notation. Denote by P2(R") the space of random variables in R™ with finite second
moment endowed with the Wasserstein 2-metric W,. For any R", define d, to be the

Dirac measure at the origin, and for any random variable X, denote by £(X) the law

of X.

9.2 Solutions to infinite horizon McKean-Vlasov FBSDEs

In this section, we establish the existence and uniqueness of the infinite hori-
zon McKean-Vlasov FBSDE (9.1) under two sets of assumptions. For any (v;) €
L2(0,00,R"), we define the exponentially weighted L? norm

ol == E /eKtwdt

0

For simplicity, we only solve (9.1) for one dimensional (X, Y, Z;), but our results can

be easily generalized to multidimensional case.
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9.2.1 Continuity method

Asin [163], we study the following family of infinite horizon FBSDEs parametrized
by A € [0, 1],

(

X} = (AB(t, X2, Y2, L, V) = k(1= MY + 6(t)) dt + o dWV;,
Y = —(AF(t, X2, Y2 LR, Y) + (1= NXR + 9() dt + 22 dWq, - (9-2)

Xg=¢ (X272 € Li (0,00, RY),

\

where ¢, are two arbitrary processes in L% (0,00,R) and « is a positive constant
to be determined below in Assumption 9.2.2. Note that when A =1, ¢ =0, ¥ = 0,

(9.2) becomes (9.1), and when A = 0, (9.2) becomes

(

dX) = (=Y + ¢(t)) dt + o dW;,

dY,) = —(kX0 + () dt + Z0 dW,, (9.3)

Lemma 9.2.1. Assume that —2x < K < 0. For any ¢,% € L%(0,00,R), there exists

a unique solution (X°, Y9 7% € L% (0,00, R3) to (9.3).

Proof. The argument is almost the same as [163, Lemma 2], and we repeat it here

for readers’ convenience. Let us consider the following infinite horizon BSDE,

AP, = —(—kP, + (1) + () dt + (Q, — o) dW,, ¥t > 0.

Applying [163, Theorem 4] with the fact that K + 2k > 0, the above equation has a

unique solution (P, Q) € L%(0,00,R). Then we consider the following SDE,

dXt = (—/QXt - /Q]Dt + ¢(t)) dt + o th, XO = 5
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Since P,Q,¢ € L%(0,00,R), it can be easily seen that the above equation has a
unique solution over arbitrary finite horizon [0,7]. Therefore, it remains to show

that X € L%(0,00,R). Applying Ito’s formula to | X;|?, it follows that

Ele""|Xr|*] - E[¢?]

T T
=E /(K —2k)e™ X + 265X, - (=P, + ¢(t))) dt | +E / Kt;2 gy
0 0

Choose a positive € such that K — 2k + € < 0. Using the inequality
1
251X, - (—kP, + ¢(t)) < ee™ X, + E(—KJPt + ¢(1))?,

we easily obtain that
T
E[eXT| X7|?] — <E /K 2k + €)™ X, P dt | + C.,
0

where C. is a constant that only depends on e and ||P|%,||Q|%, ||¢]|%. Letting
T — oo in the above inequality, we conclude that X € L%(0,00,R). It can be easily
verified that (X°,Y? Z%) = (X, X + P,Q) € L%(0,00,R?) is a solution to (9.3). The
uniqueness can be proved in a similar way as in Theorem 9.2.4.

]

Assumption 9.2.2. (i) There exists a positive constant | such that for any z,x',y,y’ €

R, m,m’' € Py(R?)

|B(t,z,y,m)—B(t, 2",y ,m")| + |F(t,z,y,m) — F(t,z' 3/, m')|

<z — 2| + |y = y[ + Wa(m,m') as.

(i) There exist constants k > —K/2 > 0 such that for any t > 0 and any square
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integrable random variables X,Y, X', Y’

A

E|KXY - X(F(t,U) - F(t,U")) + Y(B(t,U) — B(t, U'))} < —kE [X2 n Y/?] ,

where X =X — X', Y =Y =Y and U = (X,Y, L(X,Y)),U = (X',Y', L(X",Y")).

Proposition 9.2.3. Suppose \g € [0,1) and for any Fy-measurable square integrable
random variable &, ¢, € L%(0,00,R), (9.2) has a unique solution (X0, Y20 Z>0)
in L%(0,00,R3). Then under Assumption 9.2.2 there exists a &y independent of \g
such that for any & € [0,8)], ¢, € L3%(0,00,R?), (9.2) also has a unique solution

(XP0+0 Y hots, Z2040) i [2.(0, 00, RY).

Proof. For any pair (x,y) € L%(0, 0o, R?) such that ¢ = &, according to our hypoth-

esis, there exists a unique solution (XY, Z) to the following equation

dXt = (AoB(t, Xt, }/;5, Mt) — /ﬁ?(l — )\0)1/;5 + 5(B(t, Tty Yt mt) + Kiyt) + ¢(t>) dt + O'th,
dm = —()\Op(t, Xt, }/;g, Mt> + :‘i(l — )\0)Xt + 5(F<t,$t,yt, mt) — th) + w(t)) dt + Zt th,

XO = 57
where my 1= L(zy,y;) and M, := L(X,,Y;). We define a map ® via
O (z,y) — (X,Y).

Then a fixed point of ® is a solution to (9.2) with parameter \g + 6. Let us prove
that ® is actually a contraction.

Take another (', ') and its image (X', Y”’) under ®. Denote u; = (x4, yr, m¢), Uy =
(X4, Yy, My), and &, = xy — 2,9 = y; — y, and similarly X,,Y,. Since X,Y €
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L%(0,00,R), there exists an increasing sequence of T} such that lim T; = oo and

1—00
lim E [eKTiXTiYTJ = 0.
i 00
By Ito’s formula, it can be easily seen that
E [eKTiXTiYTi}
T;
~ \E / Kt (KXY, — X(F(1,U,) — F(+,U) + Vi(B(t,U) — B(.U7) ) di
0
T; T;
— k(1= X)E /eKt (XE + Yff) dt| 4+ (K — MK)E /eKtXtig dt
0 0
T;
+ KOE /QKtC&ff+ﬁ@>dt
0
T;
+ O / Xt (< X(F(t ) — F(t,u)) + Vi(Blt,w) — B(t.u))) de | (9.4)
0

According to Assumption 9.2.2 (ii), it holds that

E [Kf(t?; ~ X(F(,U,) — F(t,U)) + Yi(B(t,U,) — B¢, U;))] < —4E [Xf + Yf} .

(9.5)

Therefore by Assumption 9.2.2 (i) and the fact that

Wa(L (e, ye), Lz}, 91) < VE[ze — 2] + VE[ly: — wil?],
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it can be easily deduced from (9.4)

T;
o ki + Al vy o
E [GKTiXTiYTi] <- (m + K2 — %) E / ekt (Xf + Yf) dt

0
T;

4
/<5+ Ko+ 416 /Kt 2 2)

0

Letting ¢ — oo and choosing § < 5, we actually obtain that

3k +12z
N N 1
E /eKt (X2+72)dt| < SE /eKt (82 + 92) dt | .
0 0
and therefore ® is a contraction. O

Theorem 9.2.4. Under Assumption 9.2.2, for each Fo-measurable square integrable

random variable &, (9.1) has a unique solution in L% (0,00, R?).

Proof. By Lemma 9.2.1, for any ¢,v € L3(0,00,R), there exists a solution in
L2%(0,00,R) to (9.2) with A = 0. Then according to Proposition 9.2.3, for any
¢,v € L%(0,00,R) there exists a solution to (9.2) with A = d;. Repeating this pro-
cess for f%} many times, we conclude that there exists a solution to (9.2) with A = 1.
In particular, letting ¢ = 0,9 = 0, we get a solution to (9.1).

For the uniqueness, suppose there exist two solution (X,Y,Z), (X', Y’ Z') €
L2.(0,00,R3) to (9.1), and denote X = X — X')Y =Y —Y',Z = Z — Z'. There

exists a sequence of T; — oo such that E [eKTiXTiYTJ — 0. By Ito’s formula and
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Assumption 9.2.2, we have that

E [GKTiXTi?Ti}
T;
=E / (KXY, = X(F(LU) = F(6,UD) + Vi(B(L,U) = B(L,UY) ) di

0

T;
< —(r+ K/2)E / it (X7 472 di
0
Letting T, — oo, we conclude that | X||% = [|[Y||% = 0, and hence complete the
proof. O]

9.2.2 Fixed point argument

We prove the existence of solution to (9.1) under another monotonicity condition,
which in the spirit of [161],[182]. The main idea is as follows. Take any process
(z;) € L2%(0,00,R) such that zy = £. Using [160, Theorem 4.1], there exists a unique

solution (¥, Z;) to the following infinite horizon BSDE

dyt = —F(t, .’L’t,yt,ﬁ(l't,yt)) dt + Et th, vt Z 0. (96)

And then we show that there exists a unique solution to the forward McKean Vlasov

SDE

dXt = B(tathtv ‘C(tht)) dt + O-dVVta (9 7)

and hence we construct a mapping which sends (z;) to (X;). We will prove that this
mapping is a contraction, and hence its unique fixed point is the unique solution to

(9.1). First we present the main assumption of this subsection.
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Assumption 9.2.5. (i) There exists some constants k1, ke such that for any t € Ry,

$;$/7y>y/ € R, me PQ(RQ)

(y - y/>(F<t7 z,Y, m) - F(t7‘r7 yI7 m) S _K1|y - y/|2 a.s.,

(x —2)(B(t,z,y,m) — B(t,2’,y,m)) < —ra|z — 2']* a.s.

(ii) F(t,x,y,m), B(t,z,y,m) are Lipschitz in (xz,y,m). There exist some positive

constant Iy, ly such that for anyt € Ry, z, 2"y, € R, m,m’' € Py(R?)

|F(t,z,y,m) — F(t,z',y,m")| < l(|Jz — 2'| + Wa(m,m")) a.s.,

|B(t,l', y7m) - B(tv :I;,y’,m/)\ < l2(’y - y/‘ + W2<m7 ml>> a.s.

(1ii) There exist some positive constants €y, €; and negative constant K such that

—2k1 + 201 + 2l161 < K < 2K9 — 21y — 2l2€2,

and also

4[1[2 S €1€2<K + 2:‘11 - 2[1 — 2[161)(—}{ + 2%2 - 2[2 - 2[262).

(iv) ||F(7070750)”%( + ||B(7070750)||%( < +00.

Lemma 9.2.6. Under Assumption 9.2.5, for any (z;) € L3.(0,00,R) there exists a

unique solution (y,%) to (9.6) such that (y,z) € L3(0, 00, R?).

Proof. According to [160, Theorem 4.1], for any (y;) € L%(0,00,R), there exists a

unique solution (7,,%;) € L%(0, 00, R?) to the infinite horizon BSDE

dyt = —F<t,.’ljt,yt,£(.’lft, yt)) dt + Et th, Vit Z 0. (98)
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Therefore it suffices to show that (y;) — (7;) is a contraction on L?%(0,00,R). Take
any (y:), (y) € L%(0,00,R), and denote by (7,), (¥,) their corresponding solutions to
(9.8).

From Ito’s formula, one can easily deduce that
Ke®'[g, — gi|* dt + e[z, — 7" dt = de™'[5, — 7" — 2¢"" (5, — 71) d(7, = 7)) (9.9)

Since 7,7 € L%(0,00,R), there exists a sequence of T; — oo such that
E [eKTi@TZ_ —y’TiP] — 0. Integrating (9.9) over interval [0,T;], taking expectation,

and letting T; — oo, we obtain that

E /Ke’“!yt — g+ e E -7 dt | = —E (|5, — 5ol’]
0
+ E /26Kt(yt - y:&) (F(t> xtaym E(-Tta yt)) - F<t7 «’En?éa ‘C(xta y;))) dt
0

For the second term on the right hand side, we have that

254 (g, = 31) (F(t, 20,9y, L2, 90)) — F(t, 21,75, L(24,9))))
< 26Kt(@t - g;) (F(tu xt7@t7 E(Ihyt)) - F(tvxtay:ta ‘C(xta yt)))
+2¢" (g, — 7,) (F(t, e, 7y, Lz, y)) — F(t, 20,7, L(24,93)))

< =2k e[, = G + 2|7, = Gl Wa(L(x, ), L, 7))
Together with Wi(L(z¢, yt), L(xs,y;)) < LE[|y: — v;]?], it holds that
(K + 26 = W)y = 71l + 17 = Z'lli < llly = Il

Since K + 2ky — I3 > [, the mapping (y;) — (7,) is indeed a contraction. O
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Proposition 9.2.7. Under Assumption 9.2.5, for any (y,) € L3(0,00,R) there exists

a unique solution X to (9.7), and furthermore X € L3.(0, 400, R).

Proof. The existence and uniqueness of solution to (9.7) is standard (see e.g. [60]).
We only need to show that the unique solution X belongs to the space L3 (0, +00, R).

Applying It6’s formula, it can be easily seen that

t
E "X, =E[¢%] + 2E /eKSXS - B(s, X, 7, L(X,,7,)) ds
0

s t
+ KE /eKs|Xs|2ds +E /6K302ds : (9.10)
0 0

For the integrand of the second term on the right, we have that

Xs : B(SaX&ysa ‘C(X&ys))
= X, (B(s, X, U, L(X,9,)) — B(s,0,7,, L(X,,7,)))
+ Xs : B(S7 07?37'6()(57?3))

< = X + X[ - (1B(5,0,7s, 00 @ L(7,))] + 2WVa(bo @ L(7,), L(Xs, 7)) -
With the fact that Wy (5o ® L(7,), L(Xs, 7)) < /E[|Xs|?], one can easily derive that
1
E [X - B(s, X, Uy, L(X0))] < (= + 1o+ &) X[* + = (I1B(5,0,9,, 00 © L(T))[)
2

Therefore from (9.10), we obtain that

t

E [eKt|Xt|2} < (—2ka + 2l + K + 263) / e/ X,[? ds + Co,
0

where C,, is a constant depends on K, o, E[£%], 1o, || B(+,0,0,0)||%, |[7l|%. Due to As-

sumption 9.2.5 (iii), the coefficient before the integral on the right hand side is nega-
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tive, and thus we conclude the || X||% < +oo. O
Theorem 9.2.8. There exists a unique solution (X,Y,Z) to (9.1) in L3%(0, 00, R3).

Proof. For any x € L2%(0, 00, R) such that zo = £, define ¥(z) := (y,%z) € L%(0, 0o, R?)
to be the unique solution to (9.6), and for any (7,%) € L% (0, 00, R?), define ®(7,%) :=
X € L%(0,00,R) to be the unique solution to (9.7). We prove that the composition
®oW: L2(0,00,R) = L%(0,00,R) is a contraction, and hence the fixed point of
® o ¥ provides the unique solution to (9.1). Take z,z’ € L%(0,00,R) such that
w0 =3h =€ (7,%) = W), (7,7) = U(@), and X = 0(5,%), X' = &(7,7).

From It0’s formula, one can easily deduce that

Ke™'g, — g dt + "'z, — z|* dt = de™'|y, — 7, — 2™ (g, — 7)) d(y, — 7).
(9.11)

Since 7,7 € L%(0,00,R), there exists a sequence of T; — oo such that
E [eKTi

and letting T; — oo, we obtain that

Ur, — yhﬂ — 0. Integrating (9.11) over interval [0,7;], taking expectation,

E / KeXg, — g2 + Xz, — 22 dt| = —E [[g, — 70/°]
0

+E / 25 (G, — 7)) (F(t, 40, Ty, L(24,7,)) — F(t, 2,75, L(2},7,))) dt
0

(9.12)
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For the second term on the right hand side, we have that

2€Kt(?7t - y:ﬁ) (F(t,xt,gt,ﬁ(xt,gt)) - F(ﬁ%a@i&aﬁ(x:&vgg)))
—2r1"Mg, — 77 + 20e™ g, — 7| |z — 2| + WalL(ze, 7,), L(2),7})))

< —2me g, — G + 20" g, — 71| (loe - 2i] + /Bl — 21 + VE[, — 7).

IN

Therefore it holds that
— 2 - =2 20 12
(K +2r1 =20 = 2he) [T =T lx + 7 =7k < E—Hx —2'[| - (9.13)
1

Applying Ito’s formula to de’?|X; — X/|?, similarly we obtain that
-E /Kef“pgt — X, dt
0
=F /QeKt(Xt — X)) (B(t, Xy, L(X:,7,)) — B(t, X[, 5, L£(X],7,))) dt
0

Note that

E [2¢5(X, = X}) (B(t, X, 5, £(X0. 7)) = B X0, 7 LX) |
<E [—2/@'26Kt|Xt — X{\Q + 212€Kt’Xt - X (’yt — T + WalL(X:,7,), E(Xt/ag::)))]
21
< (=26 + 20 + 2be)E [ X, - X[P| + Z2E M), - 717
2
and therefore

2L,
(=K + 2ky — 2l — 2l62) || X — X% < E—ij — 7% (9.14)
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According to Assumption 9.2.5 (iii), (9.13), (9.14), it can be easily seen that

2[5
ea(—K + 25 — 215 — 2lzes
< 4141,
T oere(K + 261 — 2l — 2l161)(— K + 2K9 — 21y — 2l5€9)

X — X'|I% < )||@—y’||%<

lv = 2'|l% < llz =2/l

and therefore ® o W is a contraction.

9.3 Infinite horizon mean field game and mean field type

control

In this section, we apply our main results to solve the infinite horizon mean field
type control problem and the infinite horizon mean field game. First in Subsec-
tion 9.3.1, we derive the corresponding McKean-Vlasov FBSDEs (9.20) and (9.27) by
Pontryagin’s maximum principle, and solve the problems given solutions to (9.20) and
(9.27). Then in Subsection 9.3.2, we provide sufficient conditions for the existence of
solutions to (9.20) and (9.27). Let > 0 be a discount factor and A C R be a convex
control space. Suppose b, f : R, x R X Py(R) x A — R are two measurable functions.

We work under the following assumption.
Assumption 9.3.1. (i) b(t,z, p,a) is Lipschitz in (z, u,a), and f(t,z, u,a) is of at

most quadratic growth in (z, u,a). There exists a positive constant | such that for any

' € P2(R), teR,, 2 €R, a€A,

|b(t7$’/~%a) - b(tux7ul7a)| S lWQ(,ua:u,)

(i) 1|b(-, 0,00, a)|[2, < 400, [;° e | f(-,0,00,a)|dt < 400 for some (and thus any)
ac A

(iii) There ewists a constant k > | — & such that for any t > 0, a € A, p € P2(R),
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T :L‘, 0 ]:71:7 ,CL 0 1’:,1’/7 ,CL < KR\T l'/ .
N l’ll —

9.3.1 Pontryagin’s maximum principle

Define A := L? (0, 00, A) to be the space of all admissible controls. For any control

a € A, let (X;) be a strong solution to the following controlled McKean-Vlasov SDE

dXt = b(t, Xt7 E(Xt), O{t) dt +o0 th,

X, = €.

As in the proof of Proposition 9.2.7, it can be easily shown that under Assump-

tion 9.3.1, we have that (X;) € L? (0,00, R). The cost functional takes the form

e}

J(a):=E /e‘”f(t,Xt,/J(Xt),ozt) dt| ,
0
which is finite for any o € A due to Assumption 9.3.1. We want to solve the mini-
mization problem

inf J(a). (9.15)

acA

Let us formally derive the maximum principle of the mean field type control problem.
Suppose « is an optimal control. Choose another admissible control 3, define af :=

a + €, and denote by X€ the state trajectory corresponding to the control a‘. Let

X;— X
V; = lim —t——*
e—0 €
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be the variation process. Introduce the short-hand notation
O = (Xt7‘c(Xt)7at)7 0; = (Xf,[,(Xf),ozi)
Then it can be shown that V' satisfies

v, = (@b(t, 0:) - Vi + E |9,b(t, 0)(X2) - Vi| + Dab(t,0,) -5t) dt,
Vo =0,
where (X, V) is an independent copy of (X, V) defined on (€2, F,P) and

E 8,b(t, 0,)(X,) - 174 is the derivative on the probability measure space when the

state variable and the control are fixed, i.e.,

E [8ub(t, 7, L(X;), a)(X,) Vt] (9.16)

r=Xt,a=at

To make (9.16) clear, in the following remark we briefly introduce how to differ-
entiate functions of probability measures. We refer readers to [61, Chapter 5] for a

nice survey on this topic.

Remark 9.3.2. Let Q be a polish space and (P, F) be an atomless probability measure
over 0. For any function u : P2(R) — R, we define its lift to the Hilbert space
L*(Q, F,P;R) by w(X) := u(L£(X)). Then u is said to differentiable at o = L£(X))
if 7 is Fréchet differentiable at X,. By identifying L?(Q, F,P;R) with its dual, the
Fréchet derivative of u at Xj, denoted by Du(Xy), is an element in L?(Q, F,P;R).
It can be shown that there exists a measurable function d,u(so) : R — R such that

Ouu(po)(Xo) = Du(Xy) P-a.s. Therefore we define the derivative of u at g as the

measurable function 0,u(j), which satisfies

u(p) = u(po) + E [9u(po) (Xo) - (X — Xo)| + (]| X — Xo[2),
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where £(X) = p, L(Xo) = po-

The function v — J(«) is Gateaux differentiable in the direction £ and its deriva-

tive is given by

d
EJ(OHLG/@)

e=0

o0

—E /e—” (@cf(t,@t) Vi +E |0, f(t,0)(X) - Vi| + 0uf(t,6:) -@t) dt
Define the generalized Hamiltonian
H(t,z, pu,a,y) == b(t,z,pm,a) - y+ f(t,z, u,a) — rey. (9.17)
We consider the following infinite horizon BSDE
dY, = — (am(t, 0, +E [aﬂ(t, ét)(xt)]) dt + Z, AW, (9.18)

where O, 1= (0,,Y;) = (X4, L(X}), oy, Y;) and (é,ﬁ,f, @) is an independent copy of
(0,0, F,P).

According to Itd’s formula, it can be easily seen that

dij(a —|— 65) = E /e_rtaﬂ{(t, @t) . ﬁt dt
€ e=0
0

Thus when « is an optimal admissible control with the associated stochastic processes

(X, Yy, Zy), it holds that

H(t7 Xt7 E(Xt), g, }/{5) = melgl H(t, Xta ;C(Xt), a, }/;) Leb X P a.e.
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For any x,y € R, m € Py(R?) with first marginal u € Py(R), define

ai(z,y, p) = argmin H(t, z, u, a,y), (9.19)
a€A

and

Be(t,z,y,m) = b(t,z, p, & (w,y, 1)),

F.(t,z,y,m) = axﬂ(t,m,u,dt(fv,y,u),y)+/@ﬂi(t,x’,u,dt(fv’,y’,u),y’)(w)dm(:ﬂ/,y’)-
/yl

Z,

The above discussion connects the infinite horizon mean field control problem to the

McKean-Vlasov FBSDE

;

dXt = Bc(ta Xta }/;fa ‘C(Xty Y;f)) dt + O_du/ta

dY, = —F.(t, X, Y, L(X;, V3)) dt + Z, dW, (9.20)

onf.

\
Proposition 9.3.3. Let (b, f) be differentiable in (z,u,a), Assumption 9.3.1 hold
and H be convex in (x,p,a). Suppose ||a.(0,0,00)|[%, < +oo, & is Lipschitz and
(B., F.) satisfies either Assumption 9.2.2 or 9.2.5 with K = —r. Then we have that
J(&) = min, J(a).

Proof. Due to Theorem 9.2.4, 9.2.8, there exists a uniques solution (X, Y, Z) to (9.20).
Let us denote 0] = (X, L(X3), &e( Xy, Vi, £(Xy))) and ©F := (6;,Y;). For an arbi-
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trary admissible control o and its associated process X', we have that

J(&) — J(a') =E / e (H(t, X, £(X,), 60, V) — H(L X1, L(XD), o), V7)) dt
0
_E / et (b(t, Xo, £(X3), X)) — b(t, X!, L(X)), a;)) Y, dt
0
+rE /e—”(Xt — X)) Y, dt| . (9.21)
0

It can be easily seen that there exists a sequence of T; — oo such that
E [e*TTi (X1, — Xpv) - YTZ} — 0. Applying It6’s formula to e (Xr, — Xgv) - Y1, and

letting T; — oo, we obtain that

o

E / e (X, — X! (&C’H(t, oM +E [aﬁ(ém(xt)}) dt

0
—E /e” (—T(Xt — X))+ bt Xy, £(X,), X)) — b(t, X!, L(X)), a;)) Y, dt
0
(9.22)

According to the convexity of H and the fact that &; = argmin, 4 H(t, Xi, £(X:),a,Y?),

it holds that

H(ta X;, ‘C(XD? a;’ Y;) - H(tv Xt’ ‘C(Xt)> dta YZ)
> (X! — X;) - 0,H(t,0)) + E [GM’H,(t, OM(X,) - (X! — 5(;)] + (a} — &) - O H(t, O0)

> (X[ = X,) - 0,H(O7) + B [9,1(1,00)(X0) - (X] - X)) (9.23)
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By Fubini’s theorem, we have that
B (X - X)-E [9,(80)(x)] | = BB [0, 00)(%) - (X, - %]

In conjunction with (9.21), (9.22), (9.23), we conclude that
J(&) - J(o) <E /e—” (H(t, X0, £(X), 61, Y5) — H(t, X!, LX), 0, Y2)) dt
0
{ e (X, — X)) (a;rz(t, 0N +E 8MH((:)Q)(Xt)D dt
<E /e—“ (H(t, X0, £(X0), 60, Yi) — H(t, XL LX), ol Y)) d
0
~E {/ et <(Xt — X])- 0, H(t,00) + E |8, H(t, 00)(X,) - (X; — )Z';)D dt| <o.
0

]

Now we introduce an infinite horizon mean field game with discounted cost. Sup-

pose there are N players, and each player i has state variable X} at time ¢. Denote the

empirical distribution of N players by 1, := % 21]\;1 O0xi. Given admissible controls
al,...,a" € Aand N independent Brownian motions W*, ... , W the players have
dynamics

dX} =b(t, X}, i, al)dt + cdW/, i=1,... N. (9.24)
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The cost functional for player ¢ is given by

[e.9]

Jiat,...,a™):=E /e_’"tf(t,XZ,ﬁt,a,’;)dt : (9.25)
0

where 7 > 0 is the discount factor and f : Ry X R x Py(R) x A — R is the running
cost. We want to study the Nash equilibrium as N — oo.
Suppose fi, converges to a measure flow u; in equilibrium as N — oco. Then a
representative player wants to minimize
Jﬂ(a) =K /ertf<t7 Xt7 Mt at) dt )

0

under the constraint
dXt = b(t, Xta ,ut, Oét) dt + g th

As the variational argument for the mean field type control problem, the optimal
strategy of the representative should be given by &(t, Xy, Yy, i) where (XY, 7) is

the solution to

dXt - b (tu Xt7 ,utu @t(Xtu }/:‘,7 ,ut)) dt + Jth7

dY, = =0, H (t, X, e, (X, Yo, ), V) dt + ZydWy, V>0, (9.26)

For any m € P»(R?) with first marginal 1 € Po(R), define

Bg(t7 z,yY, m) = b(t7 x, u, @t(xv Y, N’))a

Fg(t7x7y7m> = _awﬁ(tax7lu’aéé(x7yaﬂ>7y)
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It also required that the law of X; coincides with p;. Thus plugging pu; = £(X;) in
(9.26), we obtain the FBSDE of mean field game

(

dXt = Bg(t, Xt, }/t; ;C(Xt, K)) dt + Uth,
dY, = —F,(t, Xy, Yy, L( Xy, Y2)) dt + Zy dW,, Vit > 0. (9.27)

onf.

\

Proposition 9.3.4. Let (b, f) be differentiable in (x,a), Assumption 9.3.1 hold and
H be convez in (z,a). Suppose ||&.(0,0,80)|%, < 400, &y is Lipschitz and (By, F,)
satisfies either Assumption 9.2.2 or 9.2.5 with K = —r. Then there exists a unique
solution (X,Y,Z) € L*,(0,00,R?) to (9.27) which provides an equilibrium to the

infinite horizon mean field game, i.e.,

JEX)(q) < JF ¥ (), Va e A

Proof. Given the existence of solutions to (9.27), the proof is standard, see e.g. [61,

Theorem 3.17]. O

Remark 9.3.5. In the mean field game, since there are large number of players, any
change of a representative player doesn’t impact the measure flow (11;). Therefore ()
is fixed in the derivation of (9.26). That’s the main difference from mean field control
problem, where the law £(X;) changes as the control changes. For more detailed

discussions, see e.g. [63].

9.3.2 Solvability of Mean field type control and Mean field game FBSDEs

In this subsection, we find sufficient conditions on the given data for the ex-
istence and uniqueness of solutions to (9.20) and (9.27). For the mean field type

control problem, we assume that b(t,z, jt,a) = by(t) + by (¢) + by (t)x + by(t)a, where

303



bo(t), be(t), by (t), by(t) are deterministic functions. For the mean field game problem,
we assume that b(t, z, u,a) = bo(t, ) + bi(t)x + ba(t)a, where by abuse of notation

bo(t, -) is a measurable function of u € Py(R) for any ¢ € R,. Let us compute (B, F,),

Bc(ta z,y, m) :b0<t> + El (t)ﬁ + bl (Zf).ilf + bZ(t)dt(xa Y, :u)7
Fc(ta z,y, m) :b1<t>y + a'):f(ta Z, W, dt(xv Y, :u)) - Ty

S50+ [ S e ) ) i), (929

YA

x7y

where p is the first marginal of m.

Definition 9.3.6. A continuously differentiable function p : R — R is said to be

n-convex for some 1 > 0 if

p() = p(z) = (¢ = 2) - 0up(z) 2 (2" = 2)?, V2,2 €R.

It can be easily seen that if 0,p is (-Lipschitz, then

p() = p(z) = (Z' = 2) - 0:p(2) < |(2' = 2) - / Oup(t(2' = 2) + 2) — Dop(2) di

(2 — 2)2

AN
(S Pas

First, we show the Lipschitz and convex property of the minimizer &; (9.19).

Lemma 9.3.7. Suppose b(t,x, 1, a) = bo(t, 1) +b1(t)x+bo(t)a, f is once continuously
differentiable in (x,a), n-convezr in a, and O,f is l-Lipschitz in (u,x). Then it holds
that

[b2(2)]
21

R R [ l
G (z,y, 1) — qu(2, 9, p1)| < %Il’/ — x|+ Iy —y| + %V\é(u? i), (9.29)
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and for any (t,z,y,pu) € Ry x R? x Py(R),
|Gu(z,y, )| < 07 (10af (t, 2, 1 a0)| + [b2(t)y]) + |aol. (9.30)
Furthermore, if A =R and 0, f 1s (-Lipchitz in a, it follows that
205(t)*n

bo()(y' — ) - (Gulz, ) — dulz,y, 1)) < —T(y’ —y)>. (9.31)

Proof. The proofs of (9.29) and (9.30) are from [61, Lemma 3.3, Lemma 6.18]. Denote

ap = &u(x,y,p) and &, = & (x,y’, ). In the case that A = R, it is clear that
Y, b t Yy, p

aaH(ta T, L, Oy, y) = aaH<t7 Z, [, OA‘;? y,) = 0, and thus
bo(0)(y — y) + (Ouf (t, 2, 11, &) — Ouf (L, , 1, é)) = 0. (9.32)
Since f is n-convex in a and 0, f in (-Lipschitz in a, we obtain that

(OAéf‘, - OAét)2 Z f(t7 Zz, W, d:ﬁ) - f(t7 z, W, OAét) - (d:‘, - @t) ’ (9af(t,a:, H, OAét) Z 77(54 - OAét)27

(OA'/:S - dt)Q > f(tv Ty, &t> - f(t, xZ, W, dz,f) - (dt - d:t) : aaf(tvrv 2 d{t) > 77(54 - dt)27

and therefore
C(dé - dt)Q > (d:f - dt) ’ (aaf(t>$a 1y d;) - 8af<t7xv 2 dt)) > 277(&:5 - dt)z‘
Multiplying (9.32) by (&; — &;) and using the above inequality, we get that

G687 — @)* = =ba()(y — ) - (&) — &) = 2n(6; — &),
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and also

~

at_dt| Z

b2(t)], ,
< Y —yl.

Therefore we conclude that

bo()(y —y) - (&) — &) < —2n(d, — &) < —T(y’ —y)*.

We show that the following function, as a part of F, (9.28), is Lipschitz
W (t,2,m) > by ()T + ®(t, z,m),

where

B(t,x,m) = / B, f (4,2, 1 Gl 1)) (e ).

YA

x7y

Lemma 9.3.8. Assume that f is once continuously differentiable in (x,p,a), n-
convez in a, O, f is l-Lipschitz in (x, 1), and 0, f (t, &', u, a)(x) isl-Lipschitz in (2', pu, a, ).

Then for any x, T € R, m,m € Py(R?) it holds that

[(4n + 21 + |bo(t)])
2n

|U(t,xz,m) — W(t,z,m)| < (|51(t)\ + ) Wy(m,m) + |z — T|.

(9.33)
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Proof. Together with Lemma 9.3.7, we have the Lipschitz property

|0uf (2" i a2,y ) (@) — Ouf (0,7, 11, 6T, T, 1)) (@)

<" =@+ e,y 1) — (@7, 1))

[ by (t

Therefore it holds that

[(2n + 1+ [ba(1)])
2n

/ Bt 2!, i, dula o, 1) () d(m — ) (' o) | <

/

Wz(?”fl,ﬁ),

!

Y

and hence

|\I/(t,x,m) - \Ij(t7fam)|
< |l_)1(t)|Wl<V7 V/) + |<I>(t,x,m) - (I)(t7fa m)| + |Cb(t,f7 m) - q)(taf7m)|

< [ba (8) [ Wa(m, ) + Iz — 7] + / Ouf (8,2, 1, 6u(2' sy, 1) () d(m —m) (2, o)

Y

+ / |0uf (8,2, 1, (', ) (T) = Ouf (82" T, (2,3 0) (@) | dim(a, )
Z'/7y,

[(4n + 21 + |ba(2)])
2n

< <|51(t)|+ >W2(m,m)+l|a:—f|.

]

Remark 9.3.9. [61, Lemma 5.41] provides a sufficient condition for the Lipschitz prop-

erty of

(', 0, 2) = B f (b2, a) ).

Theorem 9.3.10. Let b(t,z,p,a) = bo(t) + by(t)f + by(t)x + ba(t)a. The conclu-

sion of Proposition 9.3.3 holds under either conditions (i), (ii), (i), (iv) or conditions
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("), ("), (ii"), (iv") below, and thus & solves the minimization problem (9.15).

(i) bi(t),bo(t) are uniformly bounded, and there exists a positive constant | such

that [by(t)] < 1 and —max;bi(t) > | — L. f is once continuously differen-

tiable in (x,p,a), of at most quadratic growth in (x,u,a), and it holds that
bo(), | f(-,0,00,a)|"/? € L% (0,00, R) for some (any thus any) a € A.

(ii) There exist some positive constants 1,1 such that the following convexity condi-

tion holds

f(ta x/7/'L/7 CL/) - f(ta T, W, CL) - a(m,a)f(t7 T, [, CL) ’ (l’/ -, a — (l)
~E[0,f(t, 2, p.0)(X) - (X' = X)] > 12’ —2)* +n(d — a)?,
or any t € Ry whenever X', ave aistributions ', [ respectively.
R, wh X', X h distributi ! el

(i1i) O.f and O,f are l-Lipschitz in (u,a) and (x,p) respectively. O,f is (-Lipschitz

in a, and 0, f(t,«', p,a)(x) is -Lipschitz in (2, 1, a, x).

(iv) A =R, and it holds that

9, — =
T 2 I 2 2

1 2 2 2 2 2
iﬁmm{ 3Afﬂ+m@@pzmwn_§_z+|@@u}>

N3

(9.34)

(1’) b1(t), ba(t) are uniformly bounded, and there exists a positive constant | such that
|bi(t)| < 1. f is once continuously differentiable in (x, i, a), of at most quadratic
growth in (z,p,a), and it holds that b(-),|f(-,0,8,a)|"? € L%, (0,00,R) for

some (any thus any) a € A.

(11°) There exists a positive constant n such that the following convexity condition
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holds

f(t,x',,u',a') - f(t7$aﬂ7a) - a(a:,a)f<t7xaﬂaa) ' (l’, - I’,CL, - CL)

—E [0/ (t, 2, 1,0)(X) - (X' = X)] 2 n(d - a)’,

for any t € Ry whenever X', X have distributions 1, u respectively.

(1ii”) Oy f and O, f arel-Lipschitz in (x, u,a) and (z, 1) respectively. 0, f(t, ', pu, a)(x)

is l-Lipschitz in (', p, a, x).
(iv’) It holds that

012 + 41Dy (t)]

Y

rntaxbl(t) < —max {9[ — g + max

21
4bo (1) |1 + 3bo(t)?
31— L 4 max ()L + 3b5(1) } (9.35)
2 t 2n

Proof. Assume that conditions (i), (i7), (¢i7), (iv) hold. It is clear that Assumption 9.3.1
is satisfied, and due to Lemma 9.3.7 &; is Lipschitz and &.(0,0,d0) € L?,(0, 00, R).
According to condition (ii), it can be easily seen that H is convex in (z,p,a). By
Lemma 9.3.8 and explicit formulas of (B, Fi.) (9.28), Assumption 9.2.2 (i) can be
easily verified. It remains to to check Assumption 9.2.2 (ii) with K = —r.

Take any square integrable random variables X, Y, X', Y’ and denote p = £L(X),
p o= L(X"),m = L(X,Y),m = L(X',Y'). Define X = X — XY =Y — Y’ and
U= (XY, L(X.,Y)),U = (X" Y' L(X',Y")). Let us compute

A~

—r XY — X(F.(t,U) = F,(t,U")) + Y(B.(t,U) — B.(t,U"))
= =X (Ouf (t, X, 1, 60X, Y, 1)) = Duf (8, X', !, 6n( X', Y!, ) + U (X, m) — W(X', m))

+ ¥ (BUOELX] + balt) (44X, Y, ) — & (X Y ) ) (9.36)
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Since f is t-convex in z, we have that

- X (aa:f(taXa Ky dt(X> Y7 M)) - awf(ta X/a :u,v dt(Xla Y/’ M/)»
= _X (azf(taXaﬂvdt(XaKM)) - 8ccf(t7X/7ﬂ'7 dt(X7KILL))>

- X (axf(tv Xla 2 dt(Xa }/a M)) - axf(ta Xl) /J“/> dt(X/a Ylv [L,)))

|02(1)]
2n

. ) 0 o ,
s—2LX2+Z|X|(w2<u,u>+%|X|+ |Y|+%w2<u,m). (9.37)

According to (9.31), it follows that

}A/b2<t> (dt(Xv Y, /u) - CAY?f(X,a Yl? MI))

:}A/bQ(t) (dt(Xa K :u) - @t(Xa Y/’ M)) + }A/b2<t) (dt(Xv Ylv :u) - dt(Xla Y/’ //)>
2otV < Lo ,
<—-——FY Yby(t)| | —|X|+ — . .
= o +[Yba(2)] 277| |+277W2(u,u) (9.38)
Using Lemma 9.3.8, equations (9.36),(9.37),(9.38), condition (iv) and basic inequali-
ties, Assumption 9.2.2 (ii) can be verified.
Assume that conditions (i), ('), (i7i’), (iv") hold. We only check Assumption 9.2.5,
and the rest is very similar to the first part of proof. Recalling the formula (9.28), it

can be easily verified that

(y - y/) (Fc(t> z,y, m) - Fc<t7 Z, y/a m)) < (bl<t) — T+ %) (y - ?/)27
(z — ') (B.(t,z,y,m) — Be(t, 2, y,m)) < (bl(t) + |b22(:])|l) (v —2')?,

|F(t,z,y,m) — Fo(t, 2, y,m')|

12+ |by(t)]l 2
< (SZ + M) Wy (m,m') + (2l + —) |z — 2|,
2n 2

’Bc(ta z,Y, m) - Bc(t7 xz, y/7 m/)’

|ba(2)]1 N, ba(t)? /
< 1 _ )
< (l + 2 Wa(m,m') + —217 ly — |
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Therefore we define

1 = — max (bl(t) —r+ M) ,

2n
by ()1
Ko = —In?X (bl(t) + | 22(77>| ) ’
2
— <3l+w> |
t 277
2
lQ — Imax (l —l— ‘b2(t)|l —+ b2<t> ) .
t 2n 2n

Due to condition (iv'), it can be easily verified that

—2K1 + 611 < —1r < 2K — 6y,

and hence Assumption 9.2.5 (iii) is satisfied. O

Now we provide sufficient conditions to solve (9.27). Assume that b(¢, x, p,a) =

bo(t, 1) + by(t)x + ba(t)a. Then it is clear that

Bg(t,x,y,,u) :bO(tnu) + bl(t)x + bQ(t)dt(xvynu)a

Fg(t, ZT,Y, IU) :bl(t)y + axf(ta T, M, OA‘t(a:a Y, ﬂ)) -1y

Theorem 9.3.11. Let b(t,x,p,a) = bo(t, 1) + bi(t)z + bo(t)a. The conclusion of
Proposition 9.3.4 holds under either conditions (i), (i1), (1i1), (iv)

or conditions (i), (it"), (1), (iv") below, and thus (L(X}), &) solves the infinite hori-

zon mean field game.

(1) by(t),be(t) are uniformly bounded, and bo(t,p) is l-Lipschitz in p, such that
—max; bi(t) > | — 5. f is once continuously differentiable in (x,a), of at

most quadratic growth in (x,p,a), and it holds that b(-, &), |f(-,0,d,a)|*/? €
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L?,(0,00,R) for some (any thus any) a € A.
(ii) f is t-convex in x and n-convez in a.

(i1i) O f and O, f are l-Lipschitz in (u,a) and (x, p) respectively. O,f is ¢-Lipschitz

ma.

(iv) A =R and it holds that

r
> —.
-2

3 P 3!b2<t>|l72bz(t)277 Z_M} (9.39)

Htlfmln{QL—E—g— e 2 —3 e

(1°) by(t),ba(t) are uniformly bounded, and bo(t, ) is l-Lipschitz in . f is once
continuously differentiable in (x,a), of at most quadratic growth in (x,u,a),
and it holds that b(-,00), |f(-,0,80,a)|"/? € L% (0,00, R) for some (any thus

any) a € A.
(ii°) f is n-convex in a, conver x.
(117°) Oy f is l-Lipschitz in (z,p,a), and O, f is l-Lipschitz in (z, u).

(w’) It holds that

312 + |ba (1)1

Y

mf,txbl(t) < —max {3l - g + max

2n
4 [ 2
3T s 2O+ 3ba() } (9.40)
2 t 2n
Proof. The proof is almost the same as that of Theorem 9.3.10. O

Remark 9.3.12. Using PDE tools, [57, 77] studied the long time behavior of mean
fields games in the special case when b(t, z, u, a) = a, f(t,z, pu,a) = L(x,a) + F(z, p).

Their main assumption, the convexity of y — —inf,{ay+ L(x, a)}, is similar to (9.31)
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which is needed in Assumption 9.2.2 (ii). However in the case that A # R, (9.31) may
no longer hold. This is a case when Assumption 9.2.5 can prove to be less demanding
since (9.31) is not needed.

[57, 77] proved that the vanishing discount limit for the infinite horizon problem is
the solution to an ergodic mean field games [77, Theorem 6.4], and that the solution to
the discounted mean field game converges to the unique stationary solution exponen-
tially fast [57, Theorem 3.7]. It remains open to show the above convergence results

for general models using FBSDE techniques, and we leave it for future research.

9.4 Linear quadratic models

In this section, we apply Theorem 9.3.10, 9.3.11 to linear quadratic models. For
any p € P2(R), define 7w := [z pu(dx) as the mean of distribution p. Let us suppose
A =R, and

b(t, x, j1,a) :=by (t)x + by () + ba(t)a,

ft,z, p,a) ::1 (:L’Qq(t) + (x — m)%q(t) + a2p(t)) ,

2

where by (t), b1 (t), ba(t), q(t),q(t), p(t) are deterministic functions.

In this simple case, we can explicitly compute (9.19)

Plugging in (9.20) and (9.27), we obtain that

_ hy(1)?
p(t)

Fu(t,z,y,m) = bi(t)y + (q(t) +q(t))x — q(t)i — ry + bi(t)7,

Bc(t7 z,Y, m) = Bg(ta z,Yy, m) = bl(t)x Yy + El(t)ﬁa

Fy(t,z,y,m) = bi(t)y + (q(t) +q(t)x — q(t)m — ry,
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where p and v are the first and second marginals of m respectively.

Applying Theorem 9.3.10, 9.3.11, we can easily obtain the following two corollaries.

Corollary 9.4.1. Suppose by(t),bs(t), q(t),q(t), p(t) are bounded. Letl, i, n,& be some
positive constants. Then &y solves the mean field type control problem under either of

the following:

(i) [br(O)] < 1, =bu(t) = 15, & = p(t) = 20, q(t) = 20, q(t) 2 0, [g(t)| <1 for allt,

and (9.34) holds.

(ii) |bi(t)] <1, p(t) > 2n, q(t) >0, q(t) >0, |q(t)| + [a(t)| <1 for all t, and (9.35)
holds.

Corollary 9.4.2. Suppose by(t),bs(t), q(t),q(t), p(t) are bounded. Letl, i, n,& be some
positive constants. &y solves the mean field game under either of the following two

conditions:

(i) ()] < L =bi(t) > 1— L, &> p(t) > 2n, q(t) > 2, [g(t)] < for all t, and

(9.39) holds.

(i) [br(t)] < 1, p(t) > 2n, q(t) +q(t) > 0, |g(t)| + [g(t)] < for all t, and (9.40)
holds.

Remark 9.4.3. Tt is known that one can solve linear quadratic mean field games by
Riccati equations, and thus the solution Y; is a linear transformation of X;. As in
[61, Section 3.5, one may assume that Y; = n(¢t)X; + x(t), Z; = n(t)o, and it can be

shown that (n(t), x(t)) solves

0 = i(t) — n(t)* 28 +(t) (204(t) — 1) + q(t) + (1),

0= x(t) + x(t) (—n(t)% +bi(t) - r) — q(OT(t) + )b (O)T(E), V>0,

(9.41)
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where Z(t) := E[X;] together with 7j(¢) is the solution to

(

(1) = (bl(t) +hi(t) — ﬁ(t)w> T(t), V>0, (9.42)

\

Both (9.41) and (9.42) are systems of infinite horizon ordinary differential equations,
and we impose the growth condition [ e~ (z(t)? + x(t)?) dt + sup, [n(t)| < oo, and
that 7(t) > 25 (bi(t) —7/2).

When there exists a solution (n(t), x(t), Z(t)) to (9.41)(9.42), it can be easily veri-
fied that Y; = n,X; + x¢, E[X;] = Z(t) solves (9.27) and that (X;,Y;) € L? (0, 00, R?).
Therefore by the uniqueness result of MFG FBSDE (9.27), the solution to (9.41)(9.42)
is also unique. The solvability of (9.41) and (9.42) is strongly connected with an
equivalent deterministic linear quadratic optimal control problem, which is beyond
the scope of this chapter and we refer to [61, Section 3.5.1]. Similarly, one can also
write down ordinary equations for solutions to infinite horizon linear quadratic mean

field control problems.
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