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ABSTRACT

Time-dependent nuclear reactor simulations are essential in improving the safety, effectiveness,
and efficiency of nuclear reactor designs, experiments, and operations. This thesis proposes,
implements, and tests two new methods designed to improve two different aspects of time-
dependent reactor simulation: (1) Multiple Balance Time-Discretization (MBTD), a robust
second-order accurate time-stepping method, an alternative to the highly reliable Backward Euler
(BE); and (2) a-Weighted Multigroup Constants (a-MGXS), an alternative formulation of
multigroup constants that offers advantages over the traditionally-used k-Weighted Multigroup
Constants (k-MGXS) for time-dependent neutron transport simulations.

Despite being only first-order accurate, BE has been the primary time-discretization
method in reactor simulations due to its simplicity and robustness (unconditionally stable and
free of spurious oscillations). The Multiple Balance method [Morel & Larsen 1990] was
originally introduced as a spatial discretization for neutron transport methods. We show that its
application to time-discretization (MBTD) yields a method that is not only robust like BE but
also second-order accurate. MBTD consists of solving two coupled balance equations at each
time step. In this thesis, three general strategies for solving these coupled equations are explored.
MBTD adaptations are made for (1) the finite difference method (FDM) applied to the neutron
diffusion equation and for (2) several techniques for the neutron transport equation, including
Source Iteration (SI), applied to the Diamond-Difference (SN-DD) and Method of
Characteristics (MOC). By exploiting the results of Fourier convergence analysis, an effective
Diffusion Synthetic Acceleration (DSA) method for MBTD-SI is developed. Four representative
kinetic problems are devised to test and assess the relative efficiency of MBTD versus BE. It is
found that MBTD is about 2, 2.5, and 3 times computationally more expensive than BE for
neutron diffusion with FDM, neutron transport DSA with SN-DD, and MOC, respectively, given
the same uniform time-step size. However, due to its higher-order accuracy, MBTD is generally

more efficient than BE: a larger time step can be used to achieve a certain accuracy. Finally, a
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similar trend is observed in a neutronics/thermal-hydraulics tight-coupling multi-physics
application, where MBTD is more efficient than BE for reasonably accurate simulations (relative
error less than ~10%).

Multigroup neutron transport methods remain as essential tools for reactor simulations,
but their accuracy can only be as good as their multigroup constants (MGXS). Estimation of
MGXS is traditionally based on the solution of the k-eigenvalue neutron transport calculation.
However, the k-eigenfunction is not physically representative for systems that are far from
critical, which is the case in many reactor transient simulations. Representing the asymptotic
behavior of time-dependent transport problems, the a-eigenfunction may be a better alternative
for the calculation of MGXS. In this thesis, physics-preserving MGXS for time-stepping
methods are derived. A review of a-eigenvalue iteration methods is presented. A relaxed a-k
Iteration developed to simulate the fundamental a-mode is implemented in the open-source
Monte Carlo code OpenMC and verified with several benchmark problems. Results from four
kinetics problems simulating absorber injection and removal to initially-critical infinite-medium
fast and thermal systems emphasize that the fundamental a-eigenfunction—as a multigroup
constant weighting spectrum—offers physical characteristics that make it advantageous (in

producing accurate solutions) over the typically used fundamental k-eigenfunction.
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CHAPTER 1

Introduction

The heart of a nuclear power plant or nonpower reactor is the nuclear reactor [1], where the
neutron-induced nuclear fission chain reaction is maintained and controlled to generate energy or
produce useful radiations and radioactive materials. Computational simulations of nuclear
reactors [2] are essential in improving the safety, effectiveness, and efficiency of nuclear reactor
designs, experiments, and operations. A reactor simulation essentially solves a mathematical
model that may involve complex interactions between multiple physics in the reactor, including
thermal-hydraulics, material structure, and chemistry. Nevertheless, the essence of a nuclear
reactor simulation lies in the neutron transport, a key element of physics that keeps track of the
free neutrons—the main actor of the fission chain reaction—in the reactor: how they are spatially
distributed, how fast and in which direction they move, and how their population varies in time.
Steady-state simulation is of primary interest to the nuclear reactor community because nuclear
reactors are typically operated in steady-state mode. However, time-dependent simulation is
important in assessing the performance of a reactor during transients and over its operational
cycles.

This thesis proposes, implements, and tests two new methods to improve two different
aspects of time-dependent reactor simulation. The two methods are (1) Multiple Balance Time-
Discretization (MBTD), a robust second-order accurate time-discretization method, an alternative
to the highly reliable Backward FEuler (BE); and (2) a-Weighted Multigroup Constants
(a-MGXS), an alternative formulation of multigroup constants that offers advantageous physical
characteristics over the traditionally used k-Weighted Multigroup Constants (k-MGXS) for time-
dependent neutron transport simulation.

We note that all equation numbers, acronyms, table numbers, figure numbers,

chapter/section numbers, and citations are hyperlinked to their source or definition for those



viewing this document as an electronic PDF. Additionally, Python scripts used to generate and
present numerical results in this thesis are provided in the author’s Github repository

(https://github.com/ilhamv/ilham_variansyah_dissertation)[3].

1.1 Time-Discretization and MBTD

In a time-dependent reactor simulation, we usually discretize the time dependence of the
simulated physics. This time dependence is typically characterized by a first-order temporal
derivative, which yields an initial value problem. Finite difference, or time-stepping, often
becomes the preferred time-discretization method due to its simplicity, which allows the
straightforward adaptation of existing steady-state simulation methods and computational
programs. Even advanced time-discretization methods such as PCQM (Predictor-Corrector
Quasi-Static Method) [4] and TML (Transient Multi-Level) [5] essentially employ some basic
time-stepping methods in advancing a solution from one time-point to the next.

Standard, widely used finite time-stepping methods are the Forward Euler (FE),
Backward Euler (BE), and Trapezoid (or Crank-Nicholson, CN) methods [6]. FE is simple but
requires a very small time-step to guarantee stability; this makes it inappropriate for the stiff’
problems typically encountered in reactor dynamics. CN is favorable because of its higher
(second) order of accuracy; however, it suffers from persisting spurious oscillations if the time
step is insufficiently small. Despite being only first-order accurate, BE remains as the favorite
method in practice [5][4] due to its robustness—being free from producing spurious oscillating
solutions regardless of time-step size.

It is reasonable for a reactor analyst to choose the first-order accurate BE over the
second-order accurate CN. BE's robustness is indispensable because spurious oscillations may
yield unphysical solutions and may jeopardize the prediction of multi-physics feedback. CN
indeed damps any occurring spurious oscillations in time; however, this damping is effective
only if the time step is sufficiently small, and it is not always possible to predetermine if a time
step is small enough. This argument is relevant even if we use an adaptive time-stepping
technique. Most, if not all, adaptive time-stepping techniques are based on using information
from solution estimates to determine the optimal time-step size to be used [6]. If the solution
estimates are generated from a method that suffers from spurious oscillations, the calculated

time-step size may not be as optimal as predicted. Therefore, even adaptive time-stepping
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techniques can benefit from a robust method such as BE.

Is a higher order of accuracy necessary? If yes, why stop at second-order accuracy? A
higher-order method (third-order or higher) can always be formulated, theoretically at least.
However, second-order methods typically achieve the right compromise between accuracy and
complexity [7]. First-order methods are often not accurate enough. Third- and higher-order
methods are more accurate, but they have issues associated with stability or being too
complicated to implement. Therefore, despite all the reasoning for the robust BE, it is always
tempting to use CN, especially because we can easily switch from BE to CN for “free”. For
example, in a computational program that adapts the 8-Method time-stepping formulation [8][4],
we just need to change the parameter from 8 = 1 for BE into 8 = 0.5 for CN. There has always
been a dilemma of choosing CN for accuracy or BE for robustness. Even though robustness often
wins, it would be a significant advance if a method could be found that is not only robust (like
BE) but also second-order accurate (like CN).

The Multiple Balance (MB) method was first proposed in 1990 as a novel spatial
discretization for the discrete ordinate neutron transport method (SN) [9]. A simple analysis,
verified with numerical experiments, shows that MB is second-order accurate and robust—it
produces strictly non-negative, non-oscillatory solutions regardless of the spatial mesh size. MB
spatial discretization has been further studied in [10] and [11]. However, MB application as time-
discretization (MBTD) has not previously been investigated.

MBTD is not an entirely new idea [12]. It can be straightforwardly demonstrated that by
applying MB formulation as a time-discretization to a simple initial value problem, one obtains a
robust second-order accurate method. The problem is, when we implement MBTD to a practical
problem, such as the time-dependent neutron transport equation, we obtain two coupled balance
equations—each of which has similar complexity to the original balance equation—that must be
solved simultaneously at each time step. It is unknown if there is an efficient strategy to solve the
coupled balance equations so that the benefit of higher accuracy outweighs the additional
computational complexity per time step. The first application of MBTD to time-dependent
neutron transport was done by the author in [13].

In this thesis, the application of MBTD to time-dependent reactor simulation is
investigated. In Chapter 2, the MBTD formulation and its basic features are introduced. Chapter
3, Chapter 4, and Chapter 5 respectively investigate the application of MBTD to neutron



diffusion, neutron transport, and a typical multi-physics reactor problem. Each investigation is
centered on comparing the formulation, computational complexity, theoretical convergence, and
numerical results of the BE and MBTD methods. The objective is to assess the relative
effectiveness of MBTD to BE, which will help in concluding whether MBTD is a worthy higher-
order alternative to the robust method BE. Finally, conclusions are presented in Chapter 8, along

with discussions of planned future work.

1.2 Multigroup Constants Calculation and a-MGXS

Accurately solving the time-dependent neutron transport equation is essential in a reactor
transient simulation. The neutron transport equation can be solved using either a Monte Carlo or
a deterministic method. The Monte Carlo method offers high-fidelity, continuous-energy,
neutron transport simulation with minimal approximation. However, it suffers from stochastic
uncertainties requiring expensive calculation of a large number of samples (neutron histories).
Applications of the Monte Carlo method for solving the time-dependent neutron transport
equation include those in the Monte Carlo code TART [14], Serpent [15], MCATK [16],
TRIPOLI-4 [17], McCARD [18], and MCNP [19].

Deterministic methods continue to be essential tools in reactor transient simulations.
Bounded with approximations, these methods give reasonably good solutions with less
computational effort than the Monte Carlo method. Time-stepping methods, as discussed in the
previous section, are often used in deterministic reactor transient simulations. In any of those
time-stepping methods, the system properties (e.g., cross-sections) are discretized or
homogenized over the phase space. These homogenized properties are known as the multigroup
constants.

The multigroup constants should be appropriately weighted to preserve the underlying
physics of the problem. There is a growing interest in using the Monte Carlo method as a means
to generate the multigroup constants [20][21]. An approach typically performed in this hybrid
methodology is to run a k-eigenvalue Monte Carlo simulation over the whole (or a portion) of
the reactor core and use the resulting neutron flux distribution—the fundamental k-
eigenfunction—as the weighting spectrum for the multigroup constants. However, the k-

eigenvalue equation only represents the actual physical problem—i.e. time-dependent neutron



transport—if the system is precisely critical. The fundamental k-eigenfunction makes a
reasonable weighting spectrum for a system that is close to critical. However, this idea is
challenged if the system is far from critical, which is often the situation in reactor transients.

The fundamental eigenfunction of the a-eigenvalue problem may be a better alternative
weighting spectrum. This eigenfunction represents the asymptotic-in-time behavior of the
system. This does not necessarily make the fundamental a-eigenfunction a superior weighting
spectrum as it may not be important in the earlier time of a transient (as demonstrated by
McClarren [22], for example). Nevertheless, the fundamental a-eigenfunction has a physical
characteristic that is relevant to the actual time-dependent problem, something that the
fundamental k-eigenfunction lacks. Several studies [23][24][25] emphasize that the fundamental
k- and a-eigenfunctions are markedly different for systems that are far from critical, and the
discrepancies become more pronounced in heterogeneous systems. This may lead to
considerably different integral parameters, including the average fission production, neutron
lifetime, and infinite multiplication factor. Furthermore, more recent studies [25][26]
demonstrate the effectiveness of using the fundamental a-eigenfunction instead of the k- as the
weighting spectrum in the hybrid eigenfunction expansion method Transition Rate Matrix
Method (TRMM [27][28][29][30]).

Methods that calculate a-modes (or eigenpairs) of the time-dependent neutron transport
problem without actually solving the time-dependent problem (like TRMM and Dynamic Mode
Decomposition [22]) are needed so that one can use the resulting a-eigenfunctions as the
multigroup constants weighting spectra. The a-eigenvalue Monte Carlo method has been an
active research area [31][32][24][33][34][35][36][37][38][39][25]. Methods presented in the
earlier works [32][24][33][36][39] are specifically devised to calculate the prompt a-mode,
while later works [37][38][25] generalize these methods to include contributions from the
delayed neutrons. Furthermore, methods for calculating higher a-modes are investigated in [34].

In the second part of this thesis, we investigate the effectiveness of the fundamental a-
eigenfunction (a-MGXS) compared to the k-eigenfunction (k-MGXS) as the multigroup constants
weighting spectrum for time-dependent neutron transport calculations. This work is based on the
author’s accepted manuscript of an article [40] published in Nuclear Science and Engineering.
Chapter 6 presents a review of a-eigenvalue neutron transport iteration methods, which are the

key ingredient in generating the a-eigenfunction weighting spectrum for calculating a-MGXS. In
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Chapter 7, a-MGXS for the time-stepping neutron transport method is derived, and its
effectiveness is compared to that of k-MGXS by simulations of multi-group kinetic test problems.

Conclusions are presented in Chapter 8, along with discussions of planned future work.



CHAPTER 2

Multiple Balance Time-Discretization
(MBTD)

In this chapter, the MBTD formulation and its basic features are discussed. In Section 2.1, we
present several well-known first- and second-order time-stepping methods for solving general
linear initial value problems. Section 2.2 introduces the MBTD formulation. In Section 2.3, a
simple analysis is performed to reveal the accuracy and stability of the methods discussed in the
previous sections. Section 2.4 discusses strategies for solving the MBTD coupled balance
equations introduced in Section 2.2. Finally, an MBTD formulation for non-linear problems,
which is particularly essential for multi-physics reactor simulations, is given in Section 2.5. A

summary of the chapter is presented in Section 2.6.

2.1 Time-Stepping Methods

Let us consider an initial value problem with an autonomous (time-independent) linear operator:

ou

= > .
5t + Lu(t) =0, t=>0, (2.1)

with initial condition u(0) = u,. In a typical time-stepping method, Eq. (2.1) is operated with

At™1 fttkk_l(-)dt to obtain

U — Ug-1 _
T+Luk=0, k=1,2, . (2.2)
1 (&
u, = u(ty), U, = Iy u(t)dt, t, = kAt, (2.3)
tk—1



with the aim of being able to calculate the time-step solution u; from the given previous solution
Uy_,. However, Eq. (2.2) introduces an additional unknown: the time-average solution . To
proceed, we need to make an approximation for 4. Figure 2.1 illustrates the temporal grid of the
numerical solution, where at each time step k we need to solve two unknowns (4, and uy) per

Eq. (2.2).

to =10 ty t; b—1 tx

Figure 2.1: Temporal grid for the numerical solution of time-stepping methods

The standard time-stepping methods include Forward Euler (FE, or explicit Euler),
Backward Euler (BE, or implicit Euler), and Crank-Nicholson (CN, or Trapezoid), which

respectively approximate i, as follows:

Uk-1, FE,

7 = e BE 2.4)
Up-1 + Uy CN
2 ’ '

Equation (2.4) is often referred to as the auxiliary equation of the method, which is introduced
to solve the original balance equation, Eq. (2.2).

In an explicit method like FE, all computational nodes (e.g., in the spatial variable) of the
time-step solution u;, can be calculated independently, because each of them depends only on the
previous time-step solution uj_;. This means explicit methods can take full advantage of
massively parallel computation. However, this embarrassingly parallel feature and the overall
simplicity of FE (and other explicit methods) come with very limited stability (discussed in
Section 2.3): an extremely small time-step size At is required to produce a meaningful
converging solution, especially for a stiff problem [6] (which is typically the case in reactor
simulations). On the other hand, implicit methods like BE and CN need to perform an operator
solve to generate the solution u, at each time-step, because the operator L acts upon the

unknown u,. However, this makes implicit methods like BE and CN stable and more suitable for



the typically stiff problems in reactor simulation.
As will be discussed in Section 2.3, FE and BE are first-order accurate, while CN is
second-order accurate. An advanced second-order accurate method, TR-BDF2, is suggested in

[41]:

Uy — Upe— Up_1 + Up_ +u
(k k1+Lk1 k-1/2 k=0

At 3 '
(2.5)
Ug—1/2 — Uk-1 Ug—1 + U172
At/2 2 B

TR-BDEF2 offers better stability and improved accuracy compared to CN, with an additional cost
of performing an extra operator solve at each time-step. In Eq. (2.5), we sequentially solve for
Uy_1/2 and then u; in the second and the first equation, respectively. We note that the second
equation is essentially a CN method solving for u,_;,, from the given u,_; with half of the
time-step size At, and the first equation is a second-order backward-difference formula solving

for uy, from the given uy_,/, and uy_;.

2.2 MBTD

Strictly speaking, the auxiliary equations of FE, BE, and CN—shown in Eq. (2.4)—are not
based on physics. In MBTD, a physics-based auxiliary equation is used instead. This auxiliary
equation is obtained by finite-differencing the original continuous equation, Eq. (2.1), with the
following criteria: (1) only the unknowns (u;, and ) should be used, (2) the auxiliary equation
should limit to Eq. (2.1) as At—0, and (3) should be as “implicit” as possible. We call the

auxiliary equation that meets these criteria the balance-like equation:

Up — Uy
At/2

+ Ly, = 0. (2.6)

For convenience, the original balance Eq. (2.2) and MBTD’s auxiliary (or balance-like)

Eq. (2.6) are presented below:



Up — Ug—q _
—+ Lu, =0,
( At k

(2.7)

U — Uy
At/2

+Luk = 0.

Equation (2.7) is MBTD. The two equations in Eq. (2.7) are coupled; they cannot be
sequentially solved like those in Eq. (2.5) of TR-BDF2. It was unknown whether there is an
efficient strategy for solving the coupled balance equations of MBTD, Eq. (2.7). Before we
present proposed strategies for solving the MBTD coupled equations, accuracy and stability of

the described methods are discussed next.

2.3 Accuracy and Stability

Accuracy and stability of the time-stepping methods discussed in the previous sections (FE, BE,
CN, TR-BDF2, and MBTD) can be characterized by considering the following simple time-
dependent neutron transport problem (a more general time-dependent neutron transport is
discussed in Chapter 4):

1dy

——+2Y(t) =0, t=0, 2.8
I 2.8)

with initial condition ¥(0) = 1, and total macroscopic cross-section X; > 0. The solution y(t)

exponentially decays in time, and we seek a one-step solution Y (At) = ;:

1 = P(AL) = Apgact Mo, (2.9)

where
Apact(M) =" =1-n+ %nz - %n3 +0m", (2.10)
n = vIAt. (2.11)

We note that the solution 1, is presented in terms of the amplification factor A(n). The non-

dimensional parameter 1 represents the number of optical-thicknesses (or mean-free paths X7 1)
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traveled by the neutrons per time-step size At; it is a measure of the numerical resolution or how
effective the time-dependent physics is captured by the chosen time step At. The lower 7 is, the
better the numerical resolution and the better the time-dependent physics is captured. By solving
for ¥, from the given 1, using the discussed time-stepping methods, we can determine the
corresponding amplification factors A(7n). These are summarized in Table 2.1 and Figure 2.2 and

are useful for accuracy and stability analysis.

Table 2.1: Summary for simple stability analysis of time-stepping methods

Method Amplification factor: | Time-step error factor: | Stability: Robustness:
ctno
A(n) Apxaci(m) — A(n) Al <1 ] 0<|A(n)| <1
1
8 1-7 S +0m?) n<2 n<1
BE 1 L2 4o >0
147 —5n°+0(°) n=
1- %n 1
CN —n®+0(@n*Y) n<2
141 12
2 n=0
TR- 12 — 5y 1
—n3 4 <24
BDF2 12 + 71 + 12 247 0@ =
1 1
MBTD ——n*+0(n* >0
i g e 7 ") n
1.00 + —— Exact
FE
0.75 1 o IBE
0.50 1 -=- CN
-A- TR-BDF2
0.25 - MBTD
;VE 0.00 1 N L S SRR A a
~0.25 - A it o S SR CEEY CEEY S oh sl el it
ﬂ\
~0.50 - \B\ﬂ
ik = Y
~0.75 - R S ——rs
~1.00 -
00 25 50 7.5 100 125 150 17.5 20.0
n

Figure 2.2: Amplification factor of the time-stepping methods
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In general, the closer A(n) is to Agyg,((n) (Which can be observed in Figure 2.2), the
better the method is in replicating the exact solution for different values of . Accordingly, small
values of 1 are typically preferred for sufficient accuracy. The error factors introduced per time
step, [Apxact() — A(n)], are shown in Table 2.1 for the five time-stepping methods. It is shown
that FE and BE are first-order accurate, while CN, TR-BDF2, and MBTD are second-order
accurate. Additionally, it is worth mentioning that in general (by looking at the leading
coefficients), TR-BDF?2 is twice as accurate as CN, and CN is twice as accurate as MBTD.

The sign and magnitude of A(n) characterize the stability of a method at a given 7. If
|A(m)| < 1, the method is stable and produces a non-diverging solution (numerical error not
growing per time step). If A(n) < 0, spurious oscillations are produced in the solution (a
solution Y, will have a different sign from the previous solution Y,_;). These spurious
oscillations will be damped (with a damping ratio of |A(n)]) only if —1 < A(n) < 0. Otherwise,
if A(n) < —1, the method becomes unstable, and its solution diverges.

A sufficiently small 7 is required for FE to guarantee stability. This strict condition
makes the method not appropriate for a typically stiff problem, which is characterized by high
vX, for this example. For CN, it is found that A(n) approaches —1 as n — co. This means that
CN always damps any occurring spurious oscillation, since |A(n)| < 1 regardless of At.
However, the damping will be inefficient if 1 is insufficiently small, because the damping ratio
|A(n)| will be very close to one.

For TR-BDF2, A(n) approaches 0 as n — oo, which makes TR-BDF2 an L-Stable
method [6], a highly desirable stability property for solving a stiff problem. Furthermore, it is
guaranteed that the damping ratio of TR-BDF2 is always smaller than ~0.212, as shown in
Figure 2.2. Nevertheless, even though well-damped, spurious oscillations are still possible with
TR-BDEF2 for relatively large 7.

Amplification factors for BE and MBTD decay to 0 as n = oo. This makes both methods
not only L-Stable, but also free from spurious oscillation, because A(n) > 0 regardless of At.
Given these, we consider BE and MBTD as robust time-stepping methods. (We define a robust
method as one that is not only L-Stable but also free from spurious oscillations.)

It is worth mentioning that the amplification factor of BE, CN, and TR-BDF2 may be
negative in the case of X; < 0 (exponentially growing solution, or supercritical system);

however, this is not the case for MBTD. Nevertheless, At is typically very small in a
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supercritical system to achieve acceptable accuracy and convergence of the neutron transport
source iteration (discussed in Chapter 4).
To demonstrate the robustness of BE and MBTD, we apply the described methods (FE,
BE, CN, TR-BDF2, and MBTD) to solve the following simple stiff problem:
Y 2y =20x0, O =0,

dt
(2.12)

dx

T + 20x(t) =0, x(0) = 1.

In general, a problem is called stiff if we are attempting to compute a solution that is smooth and
slowly varying (relative to the time interval of the computation), but in a context where the
nearby solution curves are much more rapidly varying [6]. The stiffness of a problem is often
characterized by the significantly different time scale of its solutions. For example, in Eq.
(2.12), the solution x(t) is much more rapidly varying than y(t). A more practical example
would be the significant different time scales of solutions of the neutron and delayed neutron

precursor equations (discussed more in Chapter 3).

1.2 =
I
:4\‘\ —— Exact
I

1.0 R FE

) n > - -
| X ©- BE

-H- CN
—-A- TR-BDF2

0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00
t

Figure 2.3: Time-stepping method solutions for the simple linear stiff problem

The analytical solution of y(t) and its numerical time-stepping solutions with At = 0.2
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are shown in Figure 2.3. It is found that the FE solution diverges. CN and TR-BDF2 produce
oscillating solutions; however, the oscillations are gradually damped, where TR-BDF2 damps
the oscillation better than CN. Meanwhile, solutions of BE and MBTD are free from spurious
oscillations, but MBTD produces a more accurate solution than BE—both in the initial

“boundary layer” and the asymptotic solution—due to its higher-order accuracy.

2.4 Strategies for Solving the Coupled Balance Equations

In MBTD, the balance-like auxiliary equation Eq. (2.6) is introduced to solve the original
balance equation Eq. (2.2); this results in the coupled balance equations [Eq. (2.7), rewritten

below for convenience]:
Up — Ug—1 _

———+ Lu, =0,
At + Uy
(2.13)
Uy — Uy
At/2

+Luk = 0.

In relatively simple problems like those in Egs. (2.8) and (2.12), the coupled equations can be
straightforwardly solved by substituting the second equation into the first one. However, in the
more practical problem (such as the neutron transport), the linear operator L is not as simple,
making direct substitution prohibitive.

One of the significant merits of using the standard time-stepping methods—in particular
BE, CN, and TR-BDF2—is that we can leverage the standard steady-state operator solver of the

physics of interest, which is typically represented in the form of
Lu=0Q, (2.14)

(or in the generic linear algebra form: Ax = b) where Q is a right-hand-side (RHS) independent

source. For example, in BE, Eq. (2.2) reduces to

Up — Ug—q
— 4+ Lu, =0, 2.15
At Uy ( )
1 1
<L + E) uk = Euk_l. (2 16)
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This can be easily re-cast into the steady-state form of Eq. (2.14), where we introduce the so-
called time-absorption term 1/At into the steady-state operator L and introduce the previous
solution term u;_; into the RHS independent source Q. Such straightforward adaptation of the
steady-state solver applies for CN and TR-BDF2 as well. However, it is less obvious if the same
approach can be efficiently used to solve the coupled equations of MBTD, Eq. (2.13). Three
strategies to solve Eq. (2.13) are investigated in this section: (1) Substitution, (2) Iterative Solve,

and (3) Simultaneous Solve.

2.4.1 Substitution

In Substitution, we substitute the second equation (balance-like auxiliary equation) of Eq. (2.13)

into the first one (original balance equation); this gives

Ug — Ug—q

1
ot (L + EAzrl,z)uk = 0. (2.17)

The merit of Substitution is that we reduce the two coupled balance equations [Eq. (2.13)]
having two unknowns %, and u, into a single combined equation [Eq. (2.17)] having one
unknown u,.

MBTD with the Substitution strategy [Eq. (2.17)] is structurally more comparable to BE
[Eq. (2.15)]. They share the same memory complexity for the unknown u, and the only
difference is the operator L? term in Eq. (2.17). It is found that the L? term serves as a correction
term to BE, which allows MBTD to achieve a higher order of accuracy while maintaining
robustness. However, this Substitution strategy is advantageous only if the operator L is simple,

such that numerically handling L? is practical.

2.4.2 Iterative Solve

The motivation of the Iterative Solve is to make use of the standard steady-state operator solver
as a black box, similar to what is adopted in the standard time-stepping methods [in particular,
BE Eq. (2.15)]. The main idea is to lag some terms in Eq. (2.13) such that we obtain some
forms of the standard steady-state Eq. (2.14), which then can be solved iteratively. Five iterative

schemes are formulated: (1) Simple Lag, (2) Parallel Lag, (3) Lagged Substitution, (4) Lagged
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0(At?), and (5) Lagged 0(At). Later in this section, a simple convergence analysis is performed

to assess the convergence rate of the proposed iteration schemes.

Simple Lag
In Simple Lag, we lag u,, in the first equation of Eq. (2.13):

-1
U — — U

—(D
L =0,
AL + Lu,,
(2.18)
(ORI
U™ — Uy )
—+ L = 0.
Atz

The superscripts @ indicate the iteration index. First, we solve the first equation of Eq. (2.18) to

get ﬁ,((l)

from a given u,_4 and an initial guess (or the previous iterate solution) of u,((l_l). Later,
by using the newly solved ﬂ,((l), we solve the second equation to obtain the new iterate solution of

u,(cl). The iteration is performed until the solutions u;, and u; converge.

Parallel Lag

In Parallel Lag, we respectively lag u; and %, in the first and the second equation of Eq.

(2.13):

(u(l_l) —u
K k-1 )
— 4+ Lu,” =0,
At k
(2.19)
o _ =U-1
Up ™ — Uy 0
+ L = 0.
At/2 Ui

Since the first and the second equations are now independent, they can be simultaneously solved

in parallel; this gives Parallel Lag a computational advantage over the other iterative strategies.

Lagged Substitution

This method modifies the combined equation of the Substitution strategy by lagging the

BE-correction term in Eq. (2.17):
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0
u — Up—

& F D 4 ¢0 =,

at (2.20)

1
(O =~ atlw).

By lagging the BE-correction term {, we avoid directly solving the L? operator, which is the
main limitation of the Substitution strategy. The new iterate solution of { can be evaluated as the

following:

O _

1 1 u u
O — = Oy _= Tk k-1, 2(0-1)
"= zAtL(Luk ) = 2AtL( AT +7 ) (2.21)

Lagged 0(At?)

It is a rule of thumb [12] to lag a small quantity in formulating an iterative method. In this

method, the following small quantity,
Up — Zﬁk + Up—-1 = O(Atz), (2 22)
is introduced into the first equation of Eq. (2.13) as the lagged term in the iteration scheme:

=
U™ — Ug—1

1
—(1 — —(l—
At/2 + Lu,(c) = ——(u,(cl D _ Zu,(cl Uy uk_l),

At
(2.23)

By careful observation, one can find that Eq. (2.23) does not actually lag the small quantity that
we hoped for [which is the LHS of Eq. (2.22)]; it just lags a part of it [the first two terms, shown

with superscript "V in Eq. (2.23)], which is not 0(At?), and may result to a sub-optimally

converging iteration scheme.

Lagged 0(At)

This iterative method is formulated to anticipate the issue found in the formulation of the

Lagged 0(At?). Instead of Eq. (2.22), the lagged quantity introduced into Eq. (2.13) is
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which yields the following iteration scheme:

—(D
U —Uk—1 o Looaony  _a-n
(2.25)
— 4L = 0.
Atz M

It is worth mentioning that, compared to BE [Eq. (2.15)], all the five Iterative Solve strategies
have about twice the memory complexity, because they need to store both u;, and @ (or ¢ in

case of Lagged Substitution) during the iteration.

Convergence analysis

A simple convergence analysis is performed to assess the convergence rates for the five
formulated Iterative Solve strategies: (1) Simple Lag, (2) Parallel Lag, (3) Lagged Substitution,
(4) Lagged 0(At?), and (5) Lagged 0(4t). The simple problem of Eq. (2.8) is considered. We
apply MBTD by using the five Iterative Solve strategies, and then re-casting the resulting

numerical equations into the typical iteration matrix form [6]:
Mu® = Ny 5, (2.26)

where u = [ty ug] and s = [ug—; 0]/At for Simple Lag, Parallel Lag, Lagged 0(4t?), and
Lagged 0(4t), and u = uy, and s = uy,_; /At for Lagged Substitution. Given the matrices M and
N, we can determine the iteration matrix G = M~1N and its corresponding spectral radius p(G)
(the largest absolute value of eigenvalues of a matrix). The resulting spectral radii for the
Iterative Solve strategies are shown in Figure 2.4.

The spectral radius p of an iteration matrix represents the worst-case estimate for the
error reduction factor per iteration; the smaller p, the faster the convergence; while p > 1
indicates that the iteration scheme diverges. From Figure 2.4, it is found that Simple Lag
generally converges more quickly than Parallel Lag; yet, if the two equations in Eq. (2.19) are

simultaneously solved in parallel, Parallel Lag potentially reduces the required time in producing
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iterate solutions by a half. Nevertheless, both Simple Lag and Parallel Lag diverge for smaller 7.
On the other hand, Lagged Substitution works very well for smaller n; however, it diverges for
larger n. Since the whole point of MBTD is to obtain a higher-order robust method, we need an
iterative strategy that converges regardless of 7. Such requirement is satisfied only by Lagged
0(At?) and Lagged 0(At), where Lagged 0(At) performs better due to its generally lower p;
this finding demonstrates the utility of consistently lagging a small quantity in an iterative

scheme.

1.0 A
—=— Simple Lag

—&— Parallel Lag

0.8 4+ —6— Lagged Substitution
—A— Lagged O(At?)

—7— Lagged O(At)

@ 0.6 -
QL A Ar A
0.4 -
0.2 A A
3
0.0 1 T T — . . E—— '
107! 100 101

n
Figure 2.4: Spectral radius of the MBTD Iterative Solve strategies

Based on the simple convergence analysis, it is found that Lagged 0(4t) [Eq. (2.25)] is
the best Iterative Solve strategy for solving the MBTD coupled equations. Nevertheless, despite
the relatively low spectral radius of Lagged 0(4t) (i.e., p is always lower than 0.2), the Iterative
Solve strategy may make MBTD significantly more expensive than BE. In BE [Eq. (2.15)], we
only need to perform one steady-state solve to obtain the next time-step solution u,. In MBTD
with Lagged 0(4t) strategy [Eq. (2.25)], we need to perform two steady-state solves at each
iteration. In two iterations, MBTD with the Iterative Solve is already four times more expensive
than BE. This significant extra computational cost may outweigh the higher-order accuracy,
which could make MBTD with Iterative Solve strategy less efficient than BE.

Exploiting the steady-state solver may result in a more competitive overall iteration
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scheme, particularly if the steady-state problem is solved iteratively. This can be done by
considering the MBTD Iterative Solve as the outer iteration and the iterative steady-state solver
as the inner iteration. The idea is to avoid unnecessary inner iteration convergence in the earlier
stage of the outer iteration; thus, instead of converging the inner iteration, a certain number of
inner iterations (e.g., one) is performed per outer iteration. Since the outer and the inner
iterations are intertwined together, a problem/solver-specific convergence analysis needs to be
done to determine the overall convergence rate, and it is possible that the outcome may be
different than the one shown in Figure 2.4, to the extent that an originally non-converging
method (i.e., Simple Lag, Parallel Lag, and Lagged Substitution,) may converge when it is

intertwined with the steady-state iterative solver.

2.4.3 Simultaneous Solve

In this MBTD strategy, we simultaneously solve for %, and u; in Eq. (2.13). Simultaneous
Solve is analog to that performed in BE per Eq. (2.16). To show this, we re-cast Eq. (2.13) into
the following

1 1

Lu;, + —u;, = —up_q,
e T g e T Ay k-1

(2.27)
2 _ 2
_Euk + (L +E)uk =0.
Once the rest of the system's phase space (in case of neutron transport: space, direction of flight,
and kinetic energy) is discretized, Eq. (2.16) of BE and Eq. (2.27) of MBTD are reduced to
systems of algebraic equations, which are illustrated in Figure 2.5.

In Figure 2.5, I is the diagonal identity matrix, and L represents the typical steady-state
matrix operator. It is evident that MBTD with Simultaneous Solve strategy consists of solving a
linear problem with a “four-block” matrix, with a doubled number of unknowns (and thus
memory complexity) compared to that of BE. The diagonal blocks are structurally identical to
the “single-block” matrix of BE; they only differ in the magnitude of the time-absorption At™2.

Meanwhile, the off-diagonal blocks are just uniform-valued diagonal matrices.
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Figure 2.5: Systems of algebraic equations of BE and MBTD

Once the four-block matrix (and also the long RHS vector) is constructed, one can use a
standard linear solver to find the unknown [Uy U], similarly to what would be done in BE.
However, some methods, particularly the iterative ones, may need a slight modification to be
able to solve the MBTD four-block matrix. For example, the Gauss-Seidel (GS) method requires
a strictly diagonally dominant matrix to guarantee convergence. For some physical problems,
such as neutron diffusion (discussed in Chapter 3), this condition for convergence is always
satisfied by the single-block matrix of BE. However, it may not be satisfied by the four-block
matrix of MBTD if the At is very small such that the elements of the upper-right block dominate
the diagonal element of the upper-left block of the matrix. This issue can be remedied by
modifying the iteration scheme. Let us re-cast the single-block matrix problem of BE as the

following:
Ax = (AL + AD + Au)x = b, (2 28)

where the unknown x =u; and A;, Ap, and Ay respectively denote the lower diagonal,

diagonal, and upper diagonal parts of a BE matrix A. GS iteratively solves Eq. (2.28) as follows:
(AL + AD)X(D =b— (Au)x(l_l), (2 29)

where the superscripts ) denote the iteration index. Now, let us similarly re-cast the four-block

matrix problem of MBTD:
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A1 +Ayp+ A A
el e 120 x=b, (2.30)

Ay1 Az Az1p Az +Azp + Az

where the unknown x = [y U] and we note that the off-diagonal blocks (A;, and A,;) are
diagonal. To avoid the non-diagonally dominance issue of the four-block MBTD matrix, the

modified-GS iteratively solves Eq. (2.30) as follows:

A1+ A11p Az p

A 0
W — _[ 1Ly ] a-1) 2 31
xW = x ) )
Az1p Az + AZZ,D] ( )

0 Axny

It is illustrative to observe that, instead of sequentially solving the whole unknowns from
the top to bottom as is done in the standard GS, the modified-GS simultaneously solve the two
unknowns—sequentially—from their respective top to bottom, which is shown in Figure 2.6.
This discussion about modifying standard GS serves as a guideline for adapting other iterative
methods—that are also characterized with “sweeping” solutions from one end to the other—for
solving the four-block matrix of MBTD Simultaneous Solve strategy. Such iterative methods
include SOR (Successive Over-Relaxation), and more importantly, the neutron transport source

iteration (discussed in Chapter 4).

Standard GS Modified-GS
1 1
L —1 _
At At
2 I 2 2
At \Y: At

Figure 2.6: GS vs. the modified-GS for MBTD Simultaneous Solve strategy

2.5 MBTD for Non-Linear Problems

The previous sections discuss the application of MBTD for solving a linear time-dependent
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problem with an autonomous (time-independent) operator Eq. (2.1), and the resulting MBTD
coupled balance equations are shown in Eq. (2.13). In this section, we discuss the application of
MBTD for solving a non-linear time-dependent problem, which is essential for multi-physics
reactor simulation (discussed in Chapter 5).

Let us consider a generic non-linear problem:

ou
57 = flLu®l,  t=0, (2.32)

with initial condition u(0) = u,. Similar to Section 2.1, Eq. (2.32) is operated with

At1 ftik_l(')dt to obtain

U — Ug—1 1 bk
—_— = t,u(t)]dt, k=1,2,... 2.33
T ) (2.33)

Since f[t,u(t)] is generally unknown, we need to make an approximation for the integral in Eq.
(2.33). Time-stepping methods essentially differ from how they approximate this integral. Given
this observation, time-stepping methods are essentially numerical integration methods.

The standard time-stepping methods (FE, BE, and CN) approximate Eq. (2.33) as

follows:

f(tk—liuk—l)' FE,
Ug — Ug-1 _ f (e, uge), BE,

At N f(tk_l,uk_1) + f(tk'uk)
> )

(2.34)

CN.

By referring to the balance-like auxiliary equation of the linear problem Eq. (2.6), one can

formulate a balance-like auxiliary equation for the non-linear problem of Eq. (2.32):

U — Uy
At/2

= f (tr, wk)- (2.35)

However, the original balance equation Eq. (2.33) and the derived balance-like auxiliary
equation Eq. (2.35) do not make solvable coupled balance equations. This is because Eq. (2.35)
does not satisfy the first criteria (discussed in Section 2.2) of the MBTD balance-like auxiliary
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equation, as it introduces a new unknown of .
By closely observing Eq. (2.35) [and Eq. (2.6) for the linear problem], it is evident that
Uy 1s essentially a solution that is located (in time) At/2 prior to u. This means, MBTD
essentially suggests that the time-average solution approximately equals the mid-point solution,
or Uy = Ug_1/2 = U(ty—1 + At/2). By following this underlying idea, one would approximate
the time-average of f[t,u(t)] as its mid-point value, which yields solvable MBTD coupled
balance equations for the non-linear problem:
% = f(tk—1/z’uk—1/z):

(2.36)
U — Ug—-1/2

At/2 = f(tr-1, Ug-1)-

We note that Eq. (2.36) reduces to Eq. (2.7) if the operator f is linear and autonomous.

The MBTD coupled balance equations for the non-linear problem shown in Eq. (2.36) is
essentially a mid-point method, which (1) approximates the time-average of f[t, u(t)] to its mid-
point value f (tk_l /20 Uk—1 /2) and (2) introduces an auxiliary equation to describe the mid-point
solution uy_1/,. For MBTD, the mid-point solution is approximated by a right-implicit (or right-
BE) equation. As a comparison, the more widely known mid-point method, which is also known
as the two-stage explicit Runge-Kutta (RK) method [6], approximates the mid-point solution

Uy _1/2 With a left-explicit (or left-FE) equation:

{uk — Ug-1

At = f(tk—l/Z'uk—l/Z);

(2.37)

Ug—1/2 — Ug—1
/AtT = f(tk—liuk—l)-

Any reasonably formulated time-stepping method (or one-step method for initial value

problem ODEs [6]), including MBTD, can be represented in the s-stage RK form:
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\

whose coefficients

S
U = Up—q + Atz bif (ty—1 + ;AL Y)),

i=1

S

YQ=1%_1+At22auf@k4—kthY),
j=1

are often displayed in the so-called Butcher tableau:

€1 |A11 Q12 - Qgg
Cr [ Q1 Qpp o+ Qg
Cs | As1 Agz = Agg

b, b, - b

i=1,72..

’Sl

(2.38)

(2.39)

For example, the Butcher tableau for FE, BE, CN [Eq. (2.34)], two-stage explicit RK [or left-
explicit mid-point, Eq. (2.37)], and MBTD [or right-implicit mid-point, Eq. (2.36)] are

respectively shown below:

0
1

0 0
1/2 12

‘1/2 1/2

0
1/2

0 0
1/2 0

o 1
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(2.41)

(2.42)

(2.43)



1/2 |1 -1/2
41 0 (2.44)
‘ 1 0
Furthermore, for RK methods [6], consistency requires
S S
122191', Cl-=2al-j, i=1,2,...,s, (245)
i=1 j=1
while second-order accuracy requires
N
1
E = Z bici , (2 46)
i=1

which is satisfied by CN, two-stage explicit RK, and MBTD.
To test the non-linear formulation of MBTD and further demonstrate its robustness

compared to the widely-used methods BE and CN, a simple non-linear stiff problem from [6] is

considered:

du

T Alu(t) — cos(t)] — sin(t), (2.47)
with A = —108, initial condition u(0) = 1.5, analytical solution

u(t) = e*u(0) — 1] — cos(t) . (2.48)

The problem is numerically solved with At = 0.1, and the numerical solutions are shown in
Figure 2.7. It is evident that even though stable, CN does not well handle under-resolved
transients. On the other hand, the robust methods BE and MBTD still produce meaningful

solutions even with a relatively large time-step size.
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1.5 TaT
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u(t)
o
o
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Figure 2.7: Time-stepping method solutions for the simple non-linear stiff problem

2.6 Summary

In this chapter, we have discussed the formulation and basic features of the proposed time-
stepping method MBTD. MBTD consists of solving two coupled balance equations [Eq.
(2.13)]—the original balance equation and the physics-based balance-like auxiliary equation—
to obtain the next time-step solution u; from the previous solution uj_;. A simple analysis,
summarized in Table 2.1 and Figure 2.2, shows that MBTD is not only second-order accurate,
but also robust (i.e., L-stable and free from spurious oscillation regardless of time-step size At).
Furthermore, a simple stiff problem Eq. (2.12)—whose analytical and numerical solutions are
shown in Figure 2.3—is devised to demonstrate the second-order accuracy and robustness of
MBTD.

It is unknown if there is an efficient strategy to solve the MBTD coupled balance
equations. Three strategies are proposed: (1) Substitution, (2) Iterative Solve, and (3)
Simultaneous Solve. Substitution solves the coupled balance equations by directly substituting
the auxiliary equation into the original balance equation, which reduces the problem into a single
combined equation [Eq. (2.17)]. However, Substitution is advantageous only if numerically
handling the L? operator is practical.

Iterative Solve iteratively solves the coupled balance equations by lagging some of the
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terms. Six Iterative Solve strategies are proposed: (1) Simple Lag, (2) Parallel Lag, (3) Lagged
Substitution, (4) Lagged 0(4t?), and (5) Lagged 0(A4t). A simple analysis, summarized in
Figure 2.4, shows that Lagged O(4t) [Eq. (2.25)] is the most optimum method because of its
always converging iteration scheme (p < 0, regardless of At) and relatively low spectral radius
p. To mitigate the significant additional cost (relative to that of BE) due to the multiple solves
required in the iteration, it is suggested to exploit the steady-state solver. For example, if the
steady-state problem is also solved iteratively, we can set a certain number of inner iteration
(steady-state solve) per outer iteration, such that unnecessarily converging the steady-state
problem in the earlier stage of the outer iteration can be avoided.

Simultaneous Solve solves for the two unknowns (i, and u;) in the coupled balance
equations, which make a four-block matrix problem as shown in Figure 2.5. An adaptation of a
standard operator solver may be required to appropriately solve the MBTD four-block matrix
problem. For an iterative operator solver characterized by sweeping solutions from one end of
the computational nodes to the other—such as GS, SOR, and more importantly, the neutron
transport source iteration (discussed in Chapter 4)—we need to modify the iteration scheme.
This is done by simultaneously solving for the two unknowns, as illustrated in Figure 2.6.

Finally, MBTD coupled balance equations for non-linear problems, which is essential for
multi-physics reactor simulation (discussed in Chapter 5), are formulated and shown in Eq.
(2.36). It is found that MBTD is essentially a variant of the mid-point method, where the mid-
point solution is approximated by a right-implicit auxiliary equation. Furthermore, MBTD can be
re-cast into a two-stage implicit RK method [Eq. (2.38)], whose Butcher tableau is shown in Eq.
(2.44). Numerical solutions of a simple non-linear stiff problem shown in Figure 2.7 further
emphasizes the robustness of MBTD compared to the widely-used implicit methods BE and CN.

The formulation and strategies discussed in this chapter serve as general guidance for
applying MBTD to a time-dependent problem. In Chapter 3 and Chapter 4, MBTD application to
neutron diffusion and neutron transport is respectively discussed, followed by its application to a

typical multi-physics (neutronics + thermal-hydraulics) reactor problem in Chapter 5.
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CHAPTER 3

MBTD Application to Neutron Diffusion

The neutron diffusion method has been an essential tool for reactor simulations [8]. It
approximates the physical neutron transport equation (discussed in Chapter 4) by assuming that

neutrons “diffuse” from high to low neutron density according to Fick’s Law [2]:
J=| Qp(Q)da ~ -bv U w(ﬁ)dal = —DV¢. (3.1)
4T 4T

Here v is the directional angular flux, ¢ is the neutron flux, and j is the neutron current. This
reduces the neutron transport problem into a neutron diffusion problem, which is much easier to
solve—not to mention that diffusion problems have been well-studied in many other fields [6].
The diffusion coefficient D is often defined as the isotropic-scattering 1/3Z; or the transport-
corrected formulation 1/3%;,., where X; and X;. are the total and transport cross-section,
respectively. However, definitions for the neutron diffusion coefficient that preserve physical
properties of neutron transport are typically the most effective [42].

Fick’s Law or Eq. (3.1) is a reasonable approximation for many reactor problems.
However, solutions of the neutron diffusion equation may be inaccurate near boundaries or
interfaces of materials with very different neutronic properties, and in regions with strong
absorption, high neutron streaming, highly anisotropic scattering, or an independent neutron
source [2]. Despite its lack of resolution in angle, neutron diffusion well captures the nearly
isotropic features of the neutron flux distributions. This further extends its usefulness as a basis
for accelerating neutron transport iteration methods [43][4][5].

In this chapter, the application of MBTD to the neutron diffusion equation is investigated,
in particular, its numerical formulation and efficiency are compared to those of BE. In Section

3.1, we present the time-dependent neutron diffusion equation and its other forms, including
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steady-state and eigenvalue problems. A representative mono-energetic 1-D slab problem is
considered. This simple problem yields informative results, and its numerical analysis and results
reveal strong incentives for generalization to more practical problems. In Section 3.2, the spatial
discretization Finite Difference Method (FDM) is presented. The application of the time-stepping
6-Method (in particular BE) is discussed in Section 3.3, which is followed by that of MBTD in
Section 3.4. A stability analysis for the discussed methods is performed in Section 3.5. In Section
3.6, standard and traditional approximations for the delayed neutron source are presented, and
their adaptations for MBTD are formulated. Four analytical test problems are devised in Section
0 to verify the characteristics and assess the efficiency of the methods. Numerical results are

discussed in Section 0. Finally, Section 3.9 summarizes the chapter.

3.1 Neutron Diffusion Equations

We consider a mono-energetic 1D-slab time-dependent neutron diffusion with one delayed

neutron precursor:

(%%—(f—%D( t) 0% + T, )P (x, 1) = vpEe(x, ) (x, t) + AC(x,t) + Q(x, 1),
(3.2)
ac
ETA + AC(x, t) = vaZe(x, )P (x, 1), x € [0,X], t>0,
vV=yv,+vg, (3.3)
with albedo (or reflectance) boundary conditions
*(0, (X,
;_EO g = q;(t), ;*EX g = ap(t), t>0, (3.4)
0 = 2% t)+D(; 2 ‘;i’ (3.5)
and initial conditions
¢(x1 O) = ¢init(x)r C(x, 0) = Cinit(x)l x € [01 X] (3 6)

Eq. (3.2) describes the balance equations for the neutron flux ¢(x,t) and the delayed neutron
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precursor concentration C(x,t). In the neutron balance equation, we see that neutrons diffuse in
space with diffusion coefficient D (x, t), are absorbed with absorption cross-section X, (x,t), and
are produced via prompt fission production with cross-section v,X¢(x, t), from a delayed source
by means of precursor radioactive decay AC(x,t), and an independent source Q(x,t).
Considering the precursor balance equation, precursors decay with precursor decay constant A
and are produced via delayed fission production with cross-section vZ¢ (x, t).

In operator form, Eq. (3.2) becomes

10
;a—i) + M(x,)p(x,t) = Fp(x, t)p(x,t) + AC(x,t) + Q(x, 1),
(3.7)
aC
E + AC(X', t) = Fd(xr t)¢(x1 t)r
with migration operator
d d
M(x,t) = =——D(x,t) o~ + Zq(x, 1), (3.8)
0x 0x
and prompt and delayed fission production operators
Fp(x) t) = szf(xr t)r Fd(x, t) = Vde(x, t)) (3 9)

respectively.
It is instructive to consider a time-dependent neutron diffusion equation without delayed
neutrons. One way to achieve this is to assume 0C/dt << AC(x,t) (instantaneous precursor

decay) in Eq. (3.2):

L0 MG 0BG ) = PG, D06 8) + QD) (3.10)

F(x,t) = Fp(x,t) + Fgq(x,t). (3.11)

A similar problem without delayed neutrons can be obtained by assuming that v; = 0 and
Cinit(x) = 0, or that AC(x,t) is negligible to the rest of the terms in the neutron balance

equation. In Section 3.3 and 3.4, the 8-Method and MBTD are respectively applied to solve this
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time-dependent problem without delayed neutrons [Eq. (3.10)]. Later in Section 3.6, the
methods are generalized to include the delayed neutron precursor balance equation for solving
the actual problem of Eq. (3.2).

In Section 2.4, it is mentioned that one of the significant merits of using time-stepping
methods is that we can leverage the standard steady-state operator solver, which is typically
represented in the form of Eq. (2.14). The steady-state neutron diffusion equation is derived by
setting d¢p/dt =~ 0 and dC/dt = 0 in Eq. (3.2):

M) ¢p(x) = F(x)p(x) + Q(x), (3.12)
ERZCTC) @12

Additionally, let us consider the eigenvalue diffusion equations. The usual k-eigenvalue
diffusion equation is derived by setting d¢/dt = 0, dC/dt = 0, Q(x) = 0, and introducing a

scaling factor 1/k (inverse of the eigenvalue) in front of the fission neutron sources in Eq. (3.2):

1
M@)p(x) = 2 F)¢(x), (3.14)
c(o) < LFaI06) @15

The a-eigenvalue (or time-eigenvalue) diffusion equation is derived by assuming a solution in
the form of ¢(x,t) = Pp(x)e? and C(x,t) = C(x)e* for Eq. (3.2), and removing the

independent source Q(x, t):

(MG + 2] 600 = F (00600 + — = Fa(0)p (), (3.16)
_Fa@9@

For specific cases in which |a| > A, the simpler prompt a-eigenvalue diffusion equation is

preferred instead:
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(M@ +2] 600 = Fp (060 (3.18)

The k-cigenvalue Eq. (3.14) is useful in determining the off-criticality of a system (how far k
deviates from unity), while the a-eigenvalue Egs. (3.16) and (3.18) represent the asymptotic-in-
time behavior of neutrons in the system. We note that @ > 0 when a system is supercritical (k >

1), @ < 0 when a system is subcritical (k < 1), and @ = 0 when a system is critical (k = 1).

3.2 Finite Difference Method

Here we discretize the spatial variable of the neutron diffusion equations. It is instructive to start

by considering the steady-state problem shown in Egs. (3.12) and (3.13):

d d
D) oA L) = vE (W) + Q) (3.19)
1
Clx) = Ivde(x)d)(x), (3.20)
with boundary conditions

O )
FO-% T G.21)
JEx) = P00 iM@ (3.22)

4 2 dx’

Let us consider a system with piece-wise cross-sections within non-uniform spatial

meshes of size Ax;:

5.(0) =%,  x€[xj_12%412),  J=12,...), I, =Z4Vi.D, ..,

J
(3.23)
xl/z = O, xl_l_l/z = X, xj+1/2 = xj_l/z + Ax], ZAXJ = X.
=1

Then, we define the cell-averaged quantities:
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1 Xj+1/2 1 Xj+1/2 1 Xj+1/2

j-1/2 j-1/2 j-1/2

where subscripts j and j + 1/2 respectively denote cell-averaged and cell-edge quantities. Figure
3.1 illustrates the spatial grid of the numerical solution.

Next, we adapt the box-scheme FDM by (1) approximating the cell-edge neutron currents
with left- and right-handed derivatives

do Djr1/2 — P; bjs1— Djr1/2
—D(x)— =_-p 2= —_p = T/ (3.25)
[ dxlyex;yy ), T Ax;/2 T Axjy4/2
and operating Egs. (3.19) and (3.20) with Ax;™ f;f+1//22(-)dx:
j-1
=) =) +) +) _
—2 7+ [Bay + 20 + 37|y — 3P0 = VI 85+ Q) (3.26)
1
where
1 /D 1 /D
) _ _(_) ) _ _(_)
=P = (e , (3.28)
] A.X,']' Ax j+1/2 J A.X,']' Ax j-1/2
( 2 —0
Ax;/D, T
(D ) : =1, -1
—_— = ] ] =1..,)—1, 3 29
Ax/jy1s2 { Ax;j/Dj + Axjy1/Dj1s (3.29)
2
\ Ax]/D] ’ ] N ],
¢o = B, ¢]+1 = BR¢]1 (3.30)
B, = ! B, = ! (3.31)
L_l_aLAxl/Dl_l_l, R_l_aRAx]/D]-I—]_ )
1+a, 4 1+ap 4
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Re-casting Egs. (3.26), (3.30), and (3.27) into matrix operator form, we obtain

(M-F)¢=Q, (3.32)
C = 1F

=~ Fap (3.33)

F=F,+F, (3.34)

Here ¢, C, and Q are column vectors of size (J X 1) with elements of ¢;, C;, and Q;. Fp, and Fg4

are diagonal matrices of size (J X J) with elements of v,X;; and v4X¢ ;, respectively. M is a
tridiagonal matrix of size (J X J) with lower and upper diagonals of —Z}_) and —Z]G), and with
diagonal elements of X, ; + Z](_) + Z}ﬂ, except for the left- and right-most elements which

respectively have additional terms of —Zg_)BL and —Z](+)BR, representing the two boundary
conditions.

Eq. (3.32) is essentially a sparse linear algebra problem of the form Ax = b, where A =
M —F, x = ¢, and b = Q. Therefore, we can solve for ¢ in Eq. (3.32) by using any working
linear algebra solver. In this thesis, ILU-preconditioned Krylov method GMRES [44] is used to
solve such sparse linear algebra problems. Once the neutron flux solution ¢ is obtained, the
delayed neutron precursor concentration € can be straightforwardly calculated per Eq. (3.33).

We can apply the same FDM formulation to the time-dependent diffusion equations.

Equation (3.2) becomes:

1d
4 M@ - F,0]0(0) = 260) + Q1)
(3.35)
dc ~
i AC(t) = Fa(t) (D),
¢ (0) = Pinis, C(0) = Cinis- (3.36)
Similarly, the time-dependent diffusion without delayed neutrons Eq. (3.10) becomes
1do M F = 3.37
~ZP 4 M) - FOI$) = Q0. (3.37)
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The time-dependent vectors and matrices in Egs. (3.35)—(3.37) follow the definition of those in
the steady-state problem Egs. (3.32) and (3.33), except that each of their elements is time-

dependent: ¢;(t), C;(£), Q;(t), a,(¢), ag(t), and Z, ;(t).

b1/2 b3/2 bs/2 bj-1/2 Djr1/2 br-1/2 br1/2
| b1 | (0P} | | oy oy

X172 =0 X3/2 X5/2 Xj—1/2 Xjt+1/2 Xj—12 X412 =X

Figure 3.1: Spatial grid for the numerical solution of FDM

Additionally, we can apply the same FDM formulation to the k-eigenvalue [Eq. (3.14)],
a-cigenvalue [Eq. (3.16)], and prompt a-cigenvalue [Eq. (3.18)], and respectively obtain

_1F.¢

1
(04 _ A _ Fd¢
(M+;I)¢—Fp¢+a—HFd¢, c=—"= (3.39)
(M+g1)¢=F¢ (3.40)
. L. .

3.3 6-Method

Here we apply the time-stepping 6-Method [8][4] to the neutron diffusion equation without

delayed neutrons shown in Eq. (3.37). In a time-stepping method, we set the following:

¢k = ¢(tk)i Qk = Q(tk)' k = O, 1; sy (341)
to =0, ty = tg—q + Aty, (3.42)
b0 = Dinir- (3.43)

Now, let us re-cast Eq. (3.37) into
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1dé
odr fairrlt, ()], (3.44)

where the diffusion operator is defined as
fairrlt, ()] = —[M(t) — F(1)](¢t) + Q(1). (3.45)

The 6-Method solves Eq. (3.44) as follows:

1
v¢k At‘l’k == (1= 0)faipy (tier, Die—1) + O fasrs (tio bic). (3.46)
K
ForBE (6 = 1),
1
(M ~Fit T’) P = Qefrio (3.47)

with the effective independent source at t;, defined as

1
Qerrr = Qi + —tk¢k—1- (3.48)

We note that the time-index subscript k similarly applies to the operators: M, = M(t;) and
F, = F(ty).

It is evident that for FE (6 = 0), the next time-step solution ¢, can be obtained via
straightforward matrix and vector operations based on the previous time-step solution ¢b;_4 and
the cross-section data at the previous time tj,_,. For the implicit methods BE [Eq. (3.47)] and
CN (8 = 1/2), a linear operator solve needs to be performed to obtain the solution ¢;. However,
those linear problems have the same form as that of the tridiagonal steady-state problem [Eq.
(3.32)], except for the additional time-absorption (1/vAt;) term and the effective independent
source. In other words, the implicit methods BE and CN (or implicit time-stepping methods in
general) reduce a time-dependent problem to solving a steady-state problem for each time step.
In this thesis, ILU-preconditioned GMRES is used to solve the sparse linear BE systems [Eq.
(3.47)].
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3.4 MBTD

Here we apply MBTD to the time-dependent neutron diffusion equation without delayed
neutrons shown in Eq. (3.37), and then compare the resulting numerical method to that of BE
[Eq. (3.47)]. In addition to the time-stepping method setup shown in Egs. (3.41)—(3.45), we

define the mid-point quantities:

G172 = P(ti-1/2), Qi-1/2 = Q(ti-1,2), k=12,.., (3.49)

where ty_q/, = ty—q + Aty /2. MBTD solves Eq. (3.44) as follows:

1y — Pr-1
;A—tk = faiff [tk—1/2; ¢k—1/2]'
(3.50)
1¢r — br-1/2
Y fairfltie, Pil,
which gives
1
((Mk—1/2 — Fi1/2)Pr-1/2 + = Pi = Qefri-1/2
UAtk
(3.51)
2
= g+ (M= Fi+ —1) ~ ,
VAL, Pr-1/2 ( Y b = Qefri
with effective independent sources defined as
1
Qerri-12 = Qk-172 + 77— Pr-1, Qefri = Qu (3.52)
UAtk

Eq. (3.51) is a fully-discretized MBTD coupled balance equation for the time-dependent neutron
diffusion without delayed neutrons Eq. (3.10).

We now consider the three strategies for solving MBTD coupled balance equations
discussed in Section 2.4: (1) Substitution, (2) Iterative Solve, and (3) Simultaneous Solve. With

Substitution, Eq. (3.51) reduces to
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PRt (M —F)" + (Mk—1/2 —Fy_12 + LI)] b1 = Qcfp, (3.53)
2 VAt
where
(M —F)" = (My_1/2 = Fie1/2) My — Fio), (3.54)
VAt

Qs = Qerrie-1/2 + (Mi-1/2 = Fie172) —— Qespe (3.55)

The operator (M — F)* represents the square of the steady-state operator, which in this case is a
fourth derivative operator having five-diagonal elements. We apply the migration and fission
operator to the independent source, which is a consequence of squaring the whole operator: each
term operates on itself and all the other terms. In this thesis, the resulting five-diagonal matrix
problem of Eq. (3.53) is solved with ILU-preconditioned GMRES. Compared to BE [Eq.
(3.47)], the major additional work of MBTD with the Substitution strategy [Eq. (3.53)] includes
(1) preparing the five-diagonal matrix, which involves multiplying two tridiagonal steady-state
operator matrices, and (2) solving a five-, instead of tri-, diagonal linear problem.

The Lagged 0(4t) Iterative Solve strategy is considered. It reduces Eq. (3.51) to

1 1
o _ (1-1) (-1
<Mk—1/2 —Fy_q1/2 + mo ¢k—1/2 = Qeffk-1/2 — VAL, ( k B ¢k—1/2)’
(3.56)

k k VAL, k effk VAL, k-1/2"

Both equations are tridiagonal and similarly structured like that of the BE Eq. (3.47). It is
evident that the memory complexity of this strategy is twice that of BE, and the additional work
highly depends on the number of iterations required to converge the solutions ¢y_1/, and ¢y.
The convergence rate of the iteration scheme is estimated to correspond to the spectral radius of
Lagged 0(4t) shown in Figure 2.4.

Eq. (3.51) is structurally similar to the one shown in Figure 2.5, with L(t) in the form of
tridiagonal steady-state operator [Eq. (3.32)]. With the Simultaneous Solve strategy, the

unknowns @y_q,, and ¢, are simultaneously obtained by solving the four-block matrix of Eq.
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(3.51) using a linear solver. Compared to BE, the additional work of MBTD with Simultaneous
Solve strategy depends on how much faster the linear solver solves the tridiagonal problem of

BE [Eq. (3.47)] compared to the four-block problem of MBTD [Eq. (3.51)].

3.5 Von Neumann Stability Analysis

In this section, Von Neumann analysis [6] is used to characterize the stability of the time-
dependent neutron diffusion methods: (1) 8-Method with FDM, and (2) MBTD with FDM. Von
Neumann analysis is based on Fourier analysis and is typically used to determine the stability of
discretized linear PDEs with constant coefficients.

Let us consider the time-dependent neutron diffusion equation without delayed neutrons

for a non-supercritical infinite medium:

10p 3%
;E - Dﬁ + Zad)(x, t) = vqub(x, t), X € [_oo; OO], t >0, (3 57)

where £, = vZr. The problem can be rearranged in terms of non-dimensional coefficients as

10 D 0%¢
vE, 0t I, 0x2

+{p(x, 1), (3.58)
where { is a measure of off-criticality, which is defined as

{=k-D0-0), (3.59)

and depends on criticality (or multiplication factor) k = vif/Z, and scattering ratio ¢ = Zg/Z;.
For this stability analysis, since £, = vZf, we note that =1 < { < 0.

Applying FE and FDM, we obtain the following:

1
E(Qbk,j — Pr-1j) = Tiz (Pr-1jo1 = 2¢p—1,j + Pr-1,j+1) + {Pr1,j, (3.60)

where we introduce the non-dimensional parameter n = vZ;At, and define two new non-
dimensional parameters: 7 = X;Ax and ¢ = DX,, which are the spatial-mesh size Ax and

diffusion coefficient D in the unit of optical thickness, respectively. Next, we introduce the
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Fourier ansatz:
b = A(w)e@=h gy = el@EAY, (3.61)

where A(w) is the amplification factor corresponding to Fourier mode w. Substituting Eq.

(3.61) into Eq. (3.60), we obtain
Alw)=1-z (3.62)

where

2
zZ=- {(n + gT—Z [cos(wT) — 1]}. (3.63)
Since —1 < { < 0 and —1 < cos(wt) < 1 for any value of w, we note that

4
0<—n<z<-gn+s. (3.64)
The amplification factor of FE in Eq. (3.62) is similar to the one in Table 2.1, except that
we replace n with z, which is defined in Eq. (3.63). The amplification factors for BE, CN and
MBTD can be similarly derived; nevertheless, it is worth to mention that the mid-point solution

of MBTD can be expressed in terms of the Fourier ansatz:

1 . .
Pr-1/2j = (1 + 52) A(w)e'0Eebr], (3.65)

A method is stable if |A(w)| < 1, and free of spurious oscillations if 0 < A(w) < 1, for
all values of w. By evaluating the inequalities, we can estimate the stability and robustness of a
method based on the non-dimensional parameters ¢, ¢, and more importantly, 7 and 7. The
results of the Von Neumann stability analysis are summarized in Table 3.1. It is found that there
is a severe restriction for FE to achieve stability: 1 (and thus At) must decrease at about the rate

2 is much smaller than T when T is

of 72 as we refine the spatial mesh Ax, and we note that T
small. Furthermore, the same severe restriction applies to CN to guarantee free of spurious
oscillations. Finally, it is again theoretically proven that BE and MBTD are unconditionally

robust.
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Table 3.1: Summary for Von Neumann stability analysis of neutron diffusion

Free of

Method Stabilit . o
eHtio Aty spurious oscillations

4n 4n
FE 2=z = m=1
BE Unconditional

4
CN Unconditional g—Z —-{n<2
T

MBTD Unconditional

3.6 Approximations for Delayed Source

In this section, we generalize the formulation of BE [Eq. (3.47)] and MBTD [Eq. (3.51)] to
include the delayed neutron precursor equation. Let us recast the time-dependent neutron

diffusion with delayed neutrons Eq. (3.35) into

1d
;d_‘f = Furs[t (6, €O,

(3.66)
c
o = A + Fa(De (),

where the diffusion operator is defined as

fairr[t, @), €] = =[M(t) = F, (D] (1) + 2C (1) + Q). (3.67)

3.6.1 Standard and Traditional Approximations

By applying BE to the neutron equation in Eq. (3.66), one obtains

1 1
(Mk—Fp‘k‘FKtkI)d)k=Qk+m¢k_1+lck. (368)

Three approximations for the delayed source ACj are considered: (1) standard BE formulation,
and the traditionally used (2) linear and (3) quadratic delayed fission production [8][5][4]. By

applying the standard BE formulation to the precursor equation in Eq. (3.66), one obtains
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AL,

ACkp = ———ACp_q + ———
k714208, T T 1+ 2A¢,

F k- (3.69)

On the other hand, the two traditional approaches analytically solve the precursor equation in Eq.

(3.66), which is essentially a heterogeneous first-order ODE,

tk ,
AC, = e MuAC,_  + 4| e MtV F (e (e)dt, (3.70)

tk—1

and approximate the delayed fission production F4(t")¢(t") as a linear or quadratic function:

ot -t t' — by
Fy(t)p(t) ¥ ——Fgp-1Pr-1+ ——Faudr (3.71)
At AL,
or
" =t —t)
Fa(tHo(t') = Y
a(t)e((t) [Atk—l(Atk—l-I'Atk) dk-2Pr-2 572

t" = tr—2) (" — tx—1)
(Aty_q + Aty) Aty

N l(t — tr—2) (' — ty) Fard

(
F _(I)_ +
thlgtk dk-1¥Yk-1 l

We note that the quadratic approximation Eq. (3.72) introduces a slight additional complexity to
keep track of the quantities at ¢, _,.
The resulting BE formulation with the three delayed neutron approximations can be

represented in the following general form:

1
<Mk —Fefpr + —1> bk = Qefr i (3.73)
UAtk
) k-1
Qerri = Qi + m‘l’kq + z Sk'kFar Pr + $conACr-1, (3.74)
k'=k-2

where the effective fission production operator F .55 is defined as

Fefrk = Fpr + SksiF g (3.75)
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and the constants &/, and -, are provided in Table 3.2. Finally, once the neutron flux

solution ¢, is obtained, the precursor solution €y, can be calculated as follows:

Ck = $c-kCr-1 +% Z S’k Far Pr - (3.76)
k'=k—-2

The constant &,/_,;, can be physically defined as the effective contribution factor of
delayed fission production at ¢, to delayed neutron source at t,—i.e., the effective contribution
of F g1y to ACy. Similarly, ¢ is the effective contribution factor of the previous time step
delayed source ACy_4. Even though the contribution factors of the linear and quadratic delayed
fission production approximations are considerably more complicated than those of the standard
BE (as observed in Table 3.2), they are expected to be more accurate because they exactly

represent the contribution factor of ACj_4, which is an exponential decay.

Table 3.2: Delayed source contribution factors of BE

Standard
agEar Linear F ;¢ Quadratic F;¢
Aty 2 (1 — e~2Atk)
$k—2-k 0 0 Aty
(Atg_q + Aty )AAL,_4 _(1 i e—Mtk)
-4 _ _
¢ 0o | [ e e
k—1-k tk ( k-1 ) ~AAt
AAL, — 1— k
- e_lAtk k=1 | Atk /1Atk ( ¢ )
AAtk 1— e—lAtk 1 < 2 _ Atk—l) (1 _ e_/lAtk)
fk—ﬂ( 1 2 1- 1+ /1Atk Atk
+ AAt, Aty (Atg_1 + At )2 )
1
—AAty —AAty
Scok | T3 e, ¢ ¢

It is evident that the precursor equation is relatively simple such that the delayed source
ACy, can be explicitly represented as a function of the unknown neutron flux ¢, which then can
be substituted into the neutron equation. This allows us to reduce the neutron diffusion problem
with delayed neutrons to Eq. (3.73), which has the same form as the one without delayed

neutrons in Eq. (3.47), except for the additional terms which correspond to the effective delayed
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source and are collapsible into the effective independent source Qs and the effective fission
production operator F.ss. Ultimately, again, we manage to reduce the time-dependent problem

into solving a form of steady-state problem Eq. (3.32) at each time step.

3.6.2 Adaptation for MBTD

Now we adapt the delayed source approximations described in the previous subsection for

MBTD. By applying the MBTD formulation to the neutron equation in Eq. (3.66), one obtains

1 1
((Mk—1/2 — Fpp—1/2)Pr-1/2 + m‘l’k = Qr-12 + mqbk—l + ACx-1/2,
(3.77)

2
_1/2 +|M; — F +—I> = + ACy,.
VAL, Pr-1/2 ( e Fort O br = Qi K

It is found that MBTD coupled balance equations need to approximate not only AC, but also
ACk-1/2.

The previously-described approaches are considered: (1) the standard MBTD
formulation, and (2) the linear and (3) quadratic delayed fission production. By applying the
standard MBTD formulation to the precursor equation in Eq. (3.66), one can represent ACj, and
ACy_1/7 as functions of ¢y and ¢y_4/,. In the later approximations, in addition to the analytical

expression of ACy, in Eq. (3.70), we can also derive

tk ,
AC, = e MU/2)Cy 4y + A e M=t )F ()t dt' . (3.78)
tk—1/2
In the linear delayed fission production approach, similar to BE, MBTD uses the linear
interpolation in Eq. (3.71). However, the quadratic delayed fission approach comes more
naturally in MBTD. This is because instead of using and keeping track of the quantities at t;_,

as in Eq. (3.72), F g x—1/2®x-1/2 can be used for the quadratic interpolation:
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- tk—l/Z)(t’ — ty)
Fgr_1Pr-1

! ! (t’
Fa(t)p(t) ~ [ 2

(" — tr-) (' — )
+ l —AtZ /4

, , (3.79)
t - tk—1)(t - tk—l/z)

AtZ/2

(

For-1/2Pk-1/2 + I Fg Pk
In addition to the three delayed source approximations described, another approach is
developed; we call it MB+ delayed source formulation. This approach is similar to the linear and
quadratic delayed fission production approximations in which the precursor heterogeneous ODE
in Eq. (3.66) is analytically solved; however, instead of approximating the delayed fission

production in Egs. (3.70) and (3.78), we approximate the integrals by following the MBTD

formulation:
tx ,
f e~ Alti—t )Fd(t’)qb(t’)dt’ ~ Atke_Mt"/de,k—1/2¢k—1/2' (3.80)
tk—1
tk , At
f e M=tV F (P (t)dt ~ 7Fd,k¢k- (3.81)
¢

k-1/2

The resulting MBTD coupled balance equations with the four delayed neutron

approximations can be generalized in the following form:

( [Mi-1/2 = Fefpi-1/2]Pr-12
1
+ [ml - Ek—>k—1/2Fd,k] bk = Qefri-1/2)

T (3.82)
- [vAtk I+ fk—l/z—»de,k—l/Z] Pr-1/2

2
+ [Mk ~Feppic m’] Pr = Qefro

1
Qefri-1/2 = Qr-1/2 + [El + fk—1—>k—1/de,k—1] Pr-1+ $cok-1/2ACk-1, (3.83)

Qerri = Qr + Sk—1-kFar-1Pr-1 + $cokACi-1- (3.84)

46



Table 3.3: Delayed source contribution factors of MBTD w/ standard formulation

E—)k—l/Z §—>k
Ek—1—> 0 0
1 At
fk—1/2—> 1- 2 2
1+ 1At + (AAt)? /2 1+ AAt, + (AAt)? /2
- B AAt, /2 (AAt,)?% /2
k= 1+ AAt, + (AAt,)?%/2 1+ AAt, + (AAt,)?%/2
1 . 1 1
$co At 14 AAt, + (AAt)2/2] | 1+ AAt, + (AAL,)?2/2

Table 3.4: Delayed source contribution factors of MBTD w/ linear F ;¢

§—>k—1/2 E—)k
—AAty/2 —AAt
fk—1—> l + u — e_AAtk/z u — e_AAtk
2 AAE, AAL;,
fk—1/2—> 0 0
1 1— e—lAtk/Z 1— e—/lAtk
Sk 2 1At A0t
fC—> e—lAtk/Z e—lAtk
Table 3.5: Delayed source contribution factors of MBTD w/ quadratic F ;¢
E—)k—l/Z §—>k
—AAty/2 —AAty/2 —AAt —AAt
. - Aan2 L= 3e w/ Ll-e w/ _iap, _ LH3eT 1 et
AAt, (AAt,)?% /4 AAt;, (AAt,)?% /4
e—lAtk/Z 1-— e—lAtk/Z 1+ e—lAtk 1— e—lAtk
$k-1/2- 1+ — —
ANt /4 (AAt,)?%/8 ANt /4 (AAt,)?%/8
1+ e—lAtk/Z 1-— e—ﬂ.Atk/Z 3+ e—lAtk 1-— e—ﬂ.Atk
- - + +
Sk AL, (AAt,)2 /4 At (AAt,)2 /4
EC—> e—lAtk/Z e—lAtk

Table 3.6: Delayed source contribution factors of MBTD w/ MB+ formulation

f—>k—1/2 E—)k
fk—1—> 0 0
Sk-1/2- AALy, Aty e~ HAtk/2
Sk _ A gAAtk/2 0
fC—> e—lAtk/Z e—lAtk

47




The effective fission production operators Fss are similarly defined in Eq. (3.75), and the

constants &,_,,+ and &q_p+ (for each of the four methods) are provided in Table 3.3, Table 3.4,
Table 3.5, and Table 3.6. This general form is structurally similar to that in Eq. (3.51), which
means that we can apply the same MBTD coupled balance strategies for neutron diffusion
without delayed neutrons discussed in Section 3.4. Finally, once the neutron flux solution ¢y, is

obtained, the precursor solution Cj, can be calculated by

0
1
Cr = $cokCr-1 + 7 z EkrijaokFa(tiris2) Prsisz- (3.85)

i=-2

3.7 Analytical Test Problems

Table 3.7: The analytical kinetic test problems

Test Initial condition Transient Part 1 Transient Part 2
Problem (steady-state) (0<t<t,) (t, <t < 2t)
Subcritical Reactivity insertion Decreasin
KP1 without delayed neutrons by decreasing X, . &
— oy ] . . independent source
Subcritical with independent source: but still subcritical: by a half:
(prompt only) p =—3.8%, Q(t) = Q, p =—1.15%, Q(t}; = '/2
=0 t, = 8 ms 0
Same as KP1,
KP2 but with delayed neutron: Same as KP1,
—= = p = —1.788%, Same as KP1
Subcritical p = —5.928%, but £. = 50 «
B = 0.65%, 1 =0.08s" Ut =
KP3 . ' Critical Delayed sugercnhcal Subcritical
- without independent source: by decreasing X: ORI
Delayed _ _ by increasing Z,:
supercritical 2= 10 G =0 p =10.363, = —0.41$
P B = 0.65 %, A = 0.08s? t.=25s p '
KP4 Prompt supe?rcrltlcal Subcritical
— Same as KP3, by decreasing Z: N
Prompt — 1 _ by increasing X,:
supercritical butA=04s p = 1.188, p =—0.19%
t; = 18 ms '

The analytical test problems comprise four kinetic problems of mono-energetic infinite
homogeneous media with one delayed neutron precursor group, which are summarized in Table
3.7. Each kinetic problem starts with an initial condition followed by two parts of transients

(each with a duration of t): (1) Transient Part 1 and (2) Transient Part 2. In this infinite medium
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problem, the criticality of the system is defined as k = vX; /X, and the corresponding reactivity
is defined as p = (k — 1)/k. This is often represented in the dollar unit of delayed fission
neutron fraction 8 = v4/v = 1$. We note that a system is subcritical when p < 0, critical when
p = 0, delayed supercritical when 0 < p < 8, and prompt supercritical when p > 3. A typical
value of B = 0.65% is used, and we use 4;, = 0.08 s~ and 2 = 0.4 s~ [45] as the precursor
decay constant A for slow (p < f) and fast transients (p > [3), respectively. Finally, by setting
D =1/3%; =1.15cm and vZI; =0.026 cm™1, and considering a typical mean neutron
generation time of thermal reactors of A =1/ (vaf) = 5x 1075 s, we set the neutron speed
v = 3.8 X 10° cm/s.

Each transient part of the four kinetic problems described in Table 3.7 can be modeled as
the following:

d¢

1
2 (0) = V() +AC() +Q,

(3.86)

dcC
I + AC(t) = vaZep(2), t>0,

with initial conditions ¢(0) = ¢init, C(0) = Cipnie. This can be analytically solved by the

method of normal mode decomposition [46]. We start by recasting the problem in matrix form:

dq) _ UQ
—- T A®(D) = [ 0 ] (3.87)
[ _ U(Za—v Ef) —vA
o(t) = C(t)], A—I _dej’j : l (3.88)

Next, we define the normal vector u(t) that satisfies
Vu(t) = ®(¢t), (3.89)

where V is the eigenvector matrix of A, such that

w0
AV—V[O wz], (3.90)

49



and w; and w, are the corresponding eigenvalues of V. By introducing Eq. (3.89) into (3.87),
and then using Eq. (3.90), we can reduce the original problem Eq. (3.87) into

du Tw; 0
e o |uo=s (3.91)
s=y-1 [”(;3], u(0) = V-10(0). (3.92)

This has the solutions

u; (0) + S;t, w; =0,

Ul(t) ui(o)e(l)it _l_;l(ea)it _ 1), w; # O, (393)

i
with i = 1, 2. Finally, once we obtain u(t), we can determine the analytical solutions ¢ (t) and
C(t) per Eq. (3.89).

The resulting analytical solutions for the four kinetic test problems are shown in Figure
3.2. With the absence of delayed neutrons, the solution of KP1 smoothly and rapidly (in
milliseconds) grows and decays to new steady-state solutions, which are governed by the
strength of the independent source. In KP2 and KP3, the two significantly different time
responses of prompt and delayed neutrons are responsible for the prompt jump and prompt drop
at the beginning of the first and the second part of the transients; these emphasize the stiffness of
KP2 and KP3. Finally, KP4 simulates a system under prompt supercriticality, which is an
inherent characteristic of typical reactivity accident simulations. These four kinetic test problems
are used as benchmarks to investigate, verify accuracy and stability, and assess the efficiency of
the discussed methods (particularly those of MBTD and BE). Later in Chapter 4, the same
kinetic test problems are used to investigate the application of the methods in neutron transport

problems.
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Figure 3.2: Analytical solutions of the kinetic problems
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3.8 Numerical Results

First, in Section 3.8.1, the four kinetic test problems described in the previous section are
numerically solved as is (infinite medium, no spatial dependency) with BE, CN, and MBTD by
following their respective standard formulations in Section 2.1 and 2.2. The numerical solutions
are then compared to the analytical solutions to determine and verify the accuracy and stability
of the methods. Second, the delayed source approximations of BE and MBTD (derived and
discussed in Section 3.6) are applied, and their numerical results are compared. Finally, in
Section 3.8.3, the test problems are modeled as very large 1D-slab diffusion problems, such that
the solutions at the center of the slab approximate the solutions of the infinite medium problems.
These very large slab problems are then solved with BE and MBTD formulations for neutron
diffusion problems derived in this chapter. This last numerical experiment is performed to test
the formulation and assess the relative efficiency of the methods in solving diffusion problems:
i.e., how much more expensive MBTD is compared to BE, and how much work (or time) is

needed by each method to achieve a certain accuracy.

3.8.1 Accuracy and Stability

Figure 3.3 shows the resulting numerical solutions with relatively large uniform At. It is shown
that (1) CN generally suffers from spurious oscillation, especially in the stiff problems KP2 and
KP3; (2) the robust BE and MBTD well capture the overall features of the analytical solutions
without spurious oscillation; (3) MBTD produces significantly more accurate solutions compared

to BE due to its higher order of accuracy.
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As we refine At, CN starts to damp its spurious oscillation. However, for solving the stiff
problems KP2 and KP3, as shown in Figure 3.4, an extremely small At that well-resolves the
prompt jumps and prompt drops is needed for CN to effectively damp the spurious oscillations

and obtain physically meaningful results.
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Figure 3.4: Numerical solutions (with refining At) of the kinetic problems
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Relative errors of the method numerical solutions at the final time t = 2t as a function
of At are compared in Figure 3.5. This error metric is chosen to verify the methods' accuracy
orders and stabilities in this section and in Section 3.8.2. The same error metric is used to assess
the relative efficiency of MBTD to BE in solving the four kinetic test problems in Section 3.8.3
(for neutron diffusion) and Section 4.6.2 (for neutron transport). Later in Section 5.2, variants of
error metrics will be used to assess the methods' relative efficiency in solving a multi-physics
problem.

From Figure 3.5, it is evident that BE is first-order accurate (refer to broken lines o< At),
while CN and MBTD are second-order accurate (refer to the dotted lines o< At?). In addition, it is
shown that CN is twice as accurate as MBTD, which is expected per Table 2.1. The conditional
stability of CN is observable as well, especially for KP2 and KP3.

Another worth noting finding is that BE may suffer from spurious oscillations in the
exponentially growing prompt supercritical system KP4, which leads to producing a non-
physical negative solution, as shown in Figure 3.6. This is aligned with the observation of the BE
amplification factor in Table 2.1: if At is not sufficiently small, the magnitude of the negative
valued 7 (in exponentially growing system) will be larger than unity so that the amplification
factor of BE becomes negative. On the other hand, MBTD preserves the positivity of its
amplification factor so that it is still free from spurious oscillations even in such an exponentially

growing problem.
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Figure 3.6: Possible spurious oscillation of BE in prompt supercritical problem KP4
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3.8.2 Delayed Source Approximations

Figure 3.7 compares the resulting relative error of different delayed source approximations of BE

and MBTD for kinetic problems KP3 and KP4.

103_
P -=-- 1storder !
/ <
- A 2nd order <
/’.ﬁ&‘;‘ 102 4 F ".&E
10! 4 /,:é.w:,@g_o Jff;—
Pt ﬁa . Y
X o QQ s ,*’;”:"" gg
[y ’f’ _,*" ..‘z/ = P "“ x
010711 .o Gu R on s S 10° oot B
5 -~ ’g,--w*@, ‘.."sz o ”f”j'/ R .'ﬁ'/." %
o M"Q" DA o- BE o e g RS
s | FEEC e s @
© 10-3 4 W Ay -+ (linear) ® . ‘;xﬁm
& g ¥+ (quad.) 2 10721 R
o )g'z' -5- MBTD xx/gw
10-5 w* IIZ( %+ (linear) s g <§
e g < (quad.) 1074 1 B
os ctr- (MB+) S
1072 1071 10° 10! 101 10° 10!
At, s At, ms
(a) KP3: Delayed supercritical (b) KP4: Prompt supercritical

Figure 3.7: Accuracy of the delayed source approximations for the kinetic problems

For KP3 [Part (a) in Figure 3.7], it is found that all delayed source approximations of BE (blue
lines) produce first-order accurate methods. The linear (“+" marker) and quadratic (down-
triangle marker) delayed fission production approximations of BE produce considerably more
accurate solutions than the standard BE delayed source formulation (circle marker). As for
MBTD (red lines), it is evident that the linear (cross marker) and quadratic (diamond marker)
delayed fission production approximations, unfortunately, produce first-order accurate methods.
This indicates that the MBTD linear and quadratic delayed fission production approximations
introduce a first-order inaccuracy, hindering the full potential of MBTD. Nevertheless, the
standard MBTD delayed source formulation (square marker) preserves the second-order
accuracy of MBTD and outperforms the other three MBTD delayed source approximations. It is
worth mentioning that the fourth method MB+ (star marker) manages to preserve the second-
order accuracy, but it introduces a large constant in front of the leading error term, making it
considerably less accurate and inferior to the standard MBTD delayed source formulation.

Different results are observed for KP4 [Part (b) in Figure 3.7]. This is mainly because
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prompt neutrons dominantly drive the transient of the prompt supercritical system. It is found
that all delayed source approximations of BE have the same accuracy. As for MBTD, all of the
delayed source approximations produce a second-order accurate method, where the linear and
quadratic delayed fission production approximations are respectively less and more accurate than
the standard MBTD formulation and MB+.

The main goal of this thesis work is to seek a robust second-order method. We concluded
that the standard MBTD delayed source formulation is the most appropriate delayed source
approximation for MBTD. As for BE, because of the lack of significant improvement from the
quadratic approximation (at least for the test problems), the linear delayed fission production

approximation is used for the rest of this thesis work in gauging the relative efficiency of MBTD.

3.8.3 Efficiency

The infinite medium kinetic test problems in Table 3.7 are modeled as large 1D-slab diffusion
problems such that the solutions at the center of the slab approximate the solutions of the original
infinite medium problems. The diffusion problems are then numerically solved by using the
neutron diffusion formulations of BE [Eq. (3.73), with linear delayed fission production] and
MBTD [Eq. (3.82), with standard MBTD delayed source formulation Table 3.3]. Furthermore,
we consider the three strategies of MBTD: (1) Substitution [described in Eq. (3.53)], (2) Lagged
0(At) Iterative Solve [described in Eq. (3.56), with relative error 2-norm convergence criterion
of 107°], and (3) Simultaneous Solve. The simple diffusion coefficient D = 1/3%, is used, the
full-width (2X) for the large slab model is chosen to be 1800 mean free paths 1/%;, and the
spatial-mesh size Ax is taken to be one half of the mean free path. To take advantage of the
symmetry and exercise the diffusion solvers with varying boundary conditions, left-vacuum
(a;, = 0) and right-reflecting (ar = 1) boundary conditions are used. Finally, SciPy’s sparse
ILU-preconditioned GMRES linear solver [47] is used to solve the resulting linear problems with
a relative error tolerance of 1077, The simulations are performed with uniform time-step size
At = 2t /K, with number of time steps K ranging from 2 to 10*. The resulting relative errors
and the simulation runtimes are shown in Figure 3.8.

In Figure 3.8, two plots are presented for each of the kinetic problems. The first plot (on

the left) shows the calculation runtime for each At. It essentially informs the computational work
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required for the methods to generate solutions with a given time-step size. The smaller At, the
more linear problems need to be solved during the whole simulation t € [0, 2t,], thus the larger
the computational cost and the longer the runtime. Nevertheless, the smaller At, the more
accurate the solution, and how much more accurate the solution depends on the method’s order

of accuracy, as shown in Figure 3.5.
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Figure 3.8: Runtime and efficiency of BE and MBTD for diffusion problems

The second plots (on the right) are similar to the first plots (on the left) except that they
replace the x-axis with the resulting relative error of simulation with the given At. This second
plot effectively compares the efficiency of the methods. If we draw a horizontal line at a fixed
runtime, we can compare the achieved accuracy of the methods given the same computational
effort (runtime). If we draw a vertical line at a fixed relative error, we can compare the

computational cost of the methods to achieve that specified accuracy.
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First, let us observe the results of KP2, KP3, and KP4 [Part (b), (¢), and (d) in Figure
3.8]. From their first plots (on the left), it is found that the runtime of MBTD with Simultaneous
Solve strategy (solid red line with square marker) is at most about two times larger than that of
BE given the same value of At. Furthermore, from the second plots (on the right), it is found that
MBTD’s curve is always at the bottom-left side of the BE’s, except for larger relative errors,
which correspond to the small number of time steps K or low temporal resolution. This means,
for reasonably accurate simulations, MBTD with the Simultaneous Solve strategy is more
efficient than BE: (1) with the same computational effort, higher accuracy can be achieved, or
(2) to achieve a certain accuracy, less computational effort is required.

Now let us turn to observe the results of KP1 [Part (a) of Figure 3.8], where we also
compare the efficiency of the three strategies of MBTD. From the first plot (on the left), it is
found that MBTD with the Substitution strategy [broken green line with star marker, labeled as
MBTD (Subs.)] is slightly less expensive than the Simultaneous Solve strategy and almost as
expensive as BE. This finding suggests that Substitution is a more efficient strategy, by a small
margin than the Simultaneous Solve. Nevertheless, the applicability of the Substitution strategy
for practical problems is limited. In this simple mono-energetic 1D-slab problem, we can
straightforwardly construct the squared diffusion operator, which manifests as a five-diagonal
matrix. However, in practical problems with multiple dimensions in space and multiple neutron
energy groups, the squared diffusion operator is much more complicated; one can imagine that
by squaring the operator, each of the terms is operated to itself and to all the other terms. Even if
we can effectively construct such a complicated squared operator matrix, the efficiency will not
be much improved from that of Simultaneous Solve, which—on the other hand—is much easier
to adapt for more practical problems.

Finally, it is also observed from Part (a) of Figure 3.8 that the Lagged O(At) Iterative
Solve strategy [broken magenta line with cross marker, labeled as MBTD (Iter.)] is about six to
seven times more expensive than BE. This indirectly indicates that only three iterations are
needed to achieve convergence, since the Lagged O (At) strategy solves two BE-like problems at
each of the iterations. Despite the small number of iterations required for convergence and its
ease of implementation (directly using BE routine as a black-box), the entailing six to seven
times more work is enough to conclude that the Lagged O(At) Iterative Solve strategy is too

inefficient compared to the other two strategies.
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3.9 Summary

In this chapter, we investigate MBTD application to time-dependent neutron diffusion problems.
The MBTD formulation for neutron diffusion problems without delayed neutron precursors and
the strategies for solving the resulting coupled balance equations are discussed in Section 3.4. A
mono-energetic 1-D slab problem is considered in the formulation; however, its representation in
terms of operators serves as a guideline for generalization to more practical problems.

A Von Neumann analysis is performed to characterize the stability and robustness of 6-
Method (FE, CN, and BE) and MBTD with FDM spatial discretization in terms of non-
dimensional parameters: the scattering ratio c, the criticality k, the ratio of diffusion coefficient
to optical thickness ¢, and—more importantly—the optical distance travelled per time step n and
the optical thickness of spatial mesh t. These are summarized in Table 3.1. While it is again
theoretically proven that BE and MBTD are unconditionally robust, it is found that there is a
severe restriction for FE to achieve stability—n must decrease at about the rate of 72—and the
same severe restriction applies to CN to guarantee robustness (free of spurious oscillation).

Standard and traditional delayed source approximations of BE are presented, and their
adaptations for MBTD are discussed in Section 3.6. These delayed sources allow us to generalize
the method formulations to include the effect of delayed neutron precursors by means of
effective contribution factors. These effective contribution factors are summarized in (1) Table
3.2 for BE Eq. (3.73), and (2) Table 3.3 to Table 3.6 for MBTD Eq. (3.82).

Four infinite-medium kinetic test problems are devised in Section 0 and summarized in
Table 3.7. The problem set comprises source-driven subcritical systems, without and with
delayed neutrons (KP1 and KP2, respectively), a delayed supercritical system (KP3), and a
prompt supercritical system (KP4). Their analytic solutions are given in Figure 3.2. These four
analytical test problems are used as benchmarks to investigate, verify accuracy and stability, and
assess the efficiency of the discussed methods, along with their respective delayed source
approximations and solving strategies (for MBTD).

Numerical experiments are discussed in Section 0, and the results are presented in Figure
3.3 to Figure 3.8. Figure 3.3 to Figure 3.5 (1) verify the accuracy order and robustness of BE and
MBTD; (2) emphasize the persisting spurious oscillation of CN, especially in solving the
challenging stiff problems KP2 and KP3, and (3) demonstrate the possible spurious oscillation of
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BE in the exponentially growing prompt supercritical problem KP4. Figure 3.7 compares the
accuracy and stability of the delayed source approximations of MBTD. It is found that the
standard MBTD delayed source formulation is the most optimum approximation, as it effectively
preserves second-order accuracy. Finally, it is found that Simultaneous Solve is the most
efficient strategy for solving the MBTD neutron diffusion coupled balance equations, as it is
easier to implement (relative to Substitution) and only about two times computationally more
expensive than BE, given the same value of At as shown in Figure 3.8. This ultimately makes

MBTD a more efficient method, compared to BE, for reasonably accurate simulations.
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CHAPTER 4

MBTD Application to Neutron Transport

In this chapter, the application of MBTD to the neutron transport equation is investigated; in
particular, its numerical formulation and efficiency are compared to those of BE. In Section 4.1,
we present the time-dependent neutron transport equation and its other forms, including the
steady-state and the eigenvalue problems. A representative mono-energetic 1-D slab problem
with isotropic scattering is considered. Despite its simplicities, it serves as a guideline, and its
numerical analysis and results reveal strong incentives for generalization to more practical
problems. In Section 4.2, standard steady-state neutron transport methods are discussed; these
include Source Iteration (SI) and the discretization methods discrete ordinate (SN) and Method
of Characteristics (MOC). Section 4.3 presents how the steady-state neutron transport methods
discussed in the preceding section are integrated and adapted into the time-stepping methods BE
and MBTD for solving time-dependent neutron transports, where the Simultaneous Solve
strategy is used to solve the resulting MBTD coupled balance equations. In Section 4.4, a Fourier
analysis is performed to characterize and compare the convergence of BE-SI and MBTD-SI. In
Section 4.5, Diffusion Synthetic Acceleration (DSA) for BE and MBTD are formulated, and the
resulting iteration schemes are again Fourier-analyzed. Numerical experiments are performed in
Section 4.6, where the four analytical test problems devised in Section 0 are used as benchmarks
to verify the characteristics and assess the efficiency of the discussed neutron transport methods.

Finally, Section 4.7 summarizes the contents of the chapter.

4.1 Neutron Transport Equations

Let us consider a mono-energetic 1D-slab time-dependent neutron transport equation with

isotropic scattering and one delayed neutron precursor:
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(o 1oy oY _
——p g+ D Yl t) =

1 1
) 5 [Zs(x, t) + v Ze(x, t)]qb(x, t) + EAC(x, t)+Q(x,ut), (4.1)

oC
¥ + AC(x, t) = vgZe(x, )P (x, 1), x€[0,X], uel[-1,1], t>0,

with boundary conditions

1/)(0, U, t) = l/)L(M' t)) u € [0;1]:

(4.2)
lp(X, U, t) = lpR(ﬂ; t), ue [_1,0], t> 01
and initial conditions
l/)(x, U, 0) = l/)init(x; M)l C(x, 0) = Cinit(x)i X € [O, X]' u € [_Ll]' (4 3)
where neutron flux ¢ is the “directional sum” of the angular flux :
1
#G0) = | W Odu. (4.4)
-1

Different from the neutron diffusion equation in Eq. (3.2) that approximates neutron streaming
as a diffusion process, the neutron transport equation exactly models the neutron streaming
process with respect to the neutron direction of flight. In this 1D-slab problem, this is represented
by the polar angle cosine u. In operator form, Eq. (4.1) reduces to

(18_1/) + T, u, )Y(x,u,t) = [S(x, t) +

Fu(x,1)
2

1
v ot lﬁb(x' t) + EAC(X, t)+Q(x,ut),

(4.5)
?)—f + /1C(x, t) = Fd(X, t)¢(xr t)r

where the transport operator T and the isotropic scattering operator are respectively defined as

0 1
T(x,ut) = oot Z(x,t), S(xt)= EES(x, t). (4.6)
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The fission production operators F, and F 4 are identical to those defined in neutron diffusion in

Section 3.1.

Similar to what is done in Section 3.1 for neutron diffusion, we consider the steady-state

and eigenvalue equations for the neutron transport. The steady-state equation is:

F(x,t)
2

T(x,wp(x, p) = [S(x, t) + l ¢(x,t) +Q(x, ),

Fi(x, t)od(x
C0o = Fa 096
A

The k-eigenvalue equation is:

F(x
2

1 t)
T@mwwﬂr{ﬂmﬂ+z ]¢&x

c = LT 000

The a-eigenvalue equation is:
1 A
[TComw + 3] peomw = {s@0 + 3 |Fee 0 + = Fat 0|} 600,

Fq(x)¢(x)

€t = a+ A

Finally, the prompt a-eigenvalue diffusion equation is:

Fy(x,1)
2

hmm+ﬂwmm=kmo+ hum

4.2 Source Iteration, SN, and MOC

Let us consider the steady-state neutron transport Eq. (4.7) with

1
¢(x>=‘[ e
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(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)



and boundary conditions

Eb(o: l'l') = lpL(u)r u > 0;
(4.15)

v, =yYr(w), wu<0.

It has been standard practice to iteratively solve this neutron transport problem by the following

iteration scheme:

TCx, 1™ (x, 1) = [S(x, t) + @] () +Q(x, ), (4.16)
or
aypW 1
u—— + 2P (o ) = S [Z500) + v )]V () + QG ), (4.17)
1
pV(x) = ] YO (x, w)du, (4.18)

where the superscript ¥ indicates the iteration index. The iteration starts by making an initial
guess of ¢ to solve for ) per Eq. (4.17), which is then used to obtain the new iterate ¢
per Eq. (4.18). This iterative method, which is known as Source Iteration (SI), is advantageous
because it decouples the angular neutron flux ¥ in pu, such that we can independently solve
Y(x,u) for each value of u from their respective boundary conditions. This embarrassingly
parallel process makes neutron transport methods effectively parallelizable.

Now, we would like to discretize the angular and spatial variables of Egs. (4.17), (4.18),

and (4.15). The discrete ordinate method (SN) approximates the equations as follows:

D

1
Hn d_; + 2Py () = 3 [Z:00) +vEr ()] P () + @ (%), (4.19)
N
dP) = Y PP wy, (4.20)
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l/)n(O) = l/)L,n; Un > 0,
(4.21)

lpn(X) = lpR,n' Un <O,

where Y, (x) = ¥ (x, 4,,) and Gauss-Legendre quadrature set of order N are used for u,, and w,,.
The left boundary condition (and also the right) can be simply interpreted as ¢, , = ¥ (i) or
can be more accurately defined as
n+ n/2
Lo mbL (W

Yin = , (4.22)
b LWy,

which preserves the total neutrons entering the system within incident cosine angle in w,, about
Hn-

The next task is to discretize the spatial dependence of the system. Let us consider the
same system with piece-wise constant cross-sections within non-uniform spatial meshes of size
Ax; described in Eq. (3.23). We note that the spatial grids are identically set up like the box-
scheme FDM for neutron diffusion discussed in Section 3.2. Now, we define the cell-edge and

cell-average quantities (denoted by subscripts ;+1,, and j, respectively):

( 1 Xj+1/2
Ynjr1z = Yn(Xa12),  Wnj = Ax. Yn(x)dx,
Xj Jxi_

j—1/2

] . (4.23)
1 Xj+1/2 ]
=) Ynwnr  Quj=p | QCOdx, =12

\ n=1 J xj—l/Z

The spatial grid of Y (and also ¢) is identical to the one illustrated in Figure 3.1. We note that
subscript j and n respectively indicate spatial and angular indexes. By operating Egs. (4.19) and

(4.20) with Ax;"* [7*1/2(.)dx, we obtain
Xj-1/2

Bn (@ ) o _1 (1-1)
A_xj (lpn,j+1/2 - 1rl’n,j—1/2) + Zt,ﬂ/’n,j - E (Zs,j + sz.j)¢j + Qn,}" (4.24)

N
0 = Z YWy, (4.25)
n=1
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lpn,l/z = Y0 Un >0,
(4.26)
lpn,]+1/2 = Yrn pn < 0.

Finally, to be able to solve Eq. (4.24), we need an approximation that relates the cell-edge
Y, j+1/2 With the cell-average 1, ;. One of the simplest spatial discretization is the second-

order-accurate Diamond-Difference method (DD), which approximates

1
o _ ) )
lpn,j - E(lpn,j+1/2 + wn,j—l/z)' (4.27)

It is evident that DD is essentially CN for spatial discretization.
Egs. (4.24) and (4.27) (hereafter referred to as “SI with SN-DD”) can be solved by
sweeping the solutions, for each angular index n, from one end to the other. For forward

transport sweep (U > 0), we solve for ¥y, j41/, and Yy, ; from the previously solved ¥, ;_4/, or
the boundary condition ¥y, 1, per Eqs. (4.24) and (4.27). For backward transport sweep (un, <
0), we solve for ¥, ;_1/, and ¥, ; from the previously solved ¥, j1/, or the boundary condition
Yn j+1/2 Per Eqs. (4.24) and (4.27). Once we obtain all of the cell-average 1, j, we can update
the cell-average neutron flux iterate solution ¢; per Eq. (4.25) and proceed to the next iteration.

Another widely used spatial discretization method is the Method of Characteristics. In
this method, instead of using Eq. (4.27), we analytically solve Eq. (4.19) for each spatial step j

by assuming a constant RHS source:

D

Hn d;cl + Zt,jlpr(ll)(x) = O,(lljl); (4.28)
where
A=1) 1 (1-1)
Qn‘j = E (Zsﬂj + sz:])¢] + Qn,j- (4 29)

For forward transport sweep, we analytically solve for ¥y j;q1/, and ¥, ; from the given

Yn j-1/2- This gives
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Q(l D Q(l—l)
0) 0) —Tp e
wn J+1/2 7 <¢n j-1/2 ) e~ + 3 ’ (4. 30)

Zt'j t,j
A-1)
o_%i 1 0) o,
Un,j Yo, Tn (lpn,j+1/2 Un,j- 1/2) 7 (4.31)

where the non-dimensional quantity 7, ; is the number of optical thickness traveled—with

respect to the flight direction p,—per spatial mesh Ax;:

ZtAx]-
Tn,j: 0w .

(4.32)

Egs. (4.30) and (4.31) are hereafter referred to as “SI with MOC”.

4.3 Transport Methods for BE and MBTD

In the previous section, we describe standard transport methods ST with SN-DD [Egs. (4.24) and
(4.27)] and SI with MOC [Egs. (4.30) and (4.31)] for solving the steady-state neutron transport
Eq. (4.7). In this section, we will apply the time-stepping methods to the time-dependent neutron
transport Eq. (4.5) such that we end up with a problem in the form of the steady-state Eq. (4.7).
Therefore, we can utilize the standard steady-state transport methods described in the previous
section to solve the discretized time-dependent neutron transport.

Applying the time-stepping method BE to the time-dependent neutron transport Eq.
(4.5), we obtain the following:

Ty (x, 1) + ]w,i%x u)—lS()+ Fegralx )]cp,? V@) + Qeprr(xm),  (4.33)

VAL,

where the effective independent source is

1
Qerra(x, ) = Qrlx, ) + VAL, Yie—1(x, 1)
k-1 (4.34)

$' o Fap' (1) pr (%) + §cp ACk_1(x) |-
k'=k-2

L1
2
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The effective fission production operator Fzf is identical to the one for the neutron diffusion

equation in Eq. (3.75), and the delayed source contribution factors &,_,;, and &._, are provided
in Table 3.2. Once we solve Eq. (4.33) and obtain the neutron flux ¢, (x), we can calculate the

precursor concentration solution Cj, (x) as follows:

1
Cr(x) = &copCr—1(x) + 1 z fk'ade,k'(x)¢k'(x)- (4.35)
k'=k-2

We note that the source iteration method has been applied to Eq. (4.33), as shown by the
iteration indexes V. This method is hereafter referred to as BE-SL. By inspection, it is evident
that BE-SI Eq. (4.33) is similar to the steady-state SI Eq. (4.16), except for the time absorption
cross-section 1/vAt, augmenting the transport operator, the effective fission production
operator, and the effective independent source. Therefore, we can directly apply the neutron
transport methods SN-DD and MOC to discretize and solve BE-SI Eq. (4.33); the resulting
methods are hereafter referred to as “BE-SI with SN-DD” and “BE-SI with MOC?”, respectively.

1
Forward I
1
Sweep 1
. O
k \ 4 W/
1
wk.n.j—% | Yionj lpk,n,j%
1
ter——) ® .
1
1 .
wk—l,n,j—% ! l/)k_l'n'] lpk—l,n,j+%
1
X. 1 X. 1
=3 jt+3

Figure 4.1: Illustration of BE forward (u,, > 0) transport sweep
At each iteration, BE-SI (either with SN-DD or MOC) solves the discretized transport
problem by means of forward and backward transport sweeps. A transport sweep is performed
for each directional index n. Figure 4.1 illustrates how the forward transport sweep of BE is
performed. The broken vertical line indicates the cell-average quantities. At each step of a

forward sweep, we solve for the hollow nodes (cell-average Yy p, ; and outgoing flux Yy, j11/2)

from the given solid nodes. We know the solutions at tx_1 (Yx—_1nj-1/2> Pk-1n)> and
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Yr—1n,j+1/2) from the previous time-step solve or the initial condition, and we know the
incoming flux solution at t; (Y j—1/2) from the previous forward sweep solve or the boundary
condition. At each forward sweep, SN-DD [in the form of Eqs. (4.24) and (4.27)] essentially
solves a 2 X 2 matrix problem, while MOC computes the BE-SI version of Egs. (4.30) and
(4.31), which includes evaluation of exponential function exp[—(l +1/n j)Tn' j] that depends
on the material property X;  ; and the numerical discretization parameters Ax;, uy,, and Aty.

Now, by applying MBTD to the time-dependent neutron transport Eq. (4.5), we obtain
the following MBTD coupled balance equations:

(Ti 12 Ce 19, 5 (x X ) + w,i”( 1)

o (%)

rrk-1200] dk(x)
Efl ¢]El_11/)2 (x) + fk—>k—1/2

= [Sk—l/z (x) +

+Qerrr—1/2(x, 1),
. (4.36)

0 o) + [T + O, )

VAL, VAt ]

F e
= fk_l/zﬁk““‘;“()qbff 00 + [sk< ) + ”"( )]qb“ ¢

. +Qess i (X, 1),

where the effective independent sources are

1
Qeff,k—l/z(x' W = Qk—l/z(x' W + Yre—1(x, 1)
UAtk

. (4.37)
t3 [€kte—1/2F a k-1 Pre—1 () + Ecopm1/24Ck-1 (0],

1
Qerri(x, i) = Qlx, ) + > [€k—1okF a1 Pr—1(x) + &y ACk_1 ()] (4.38)

The effective fission production operator Fgf is similarly defined as Eq. (3.75), and the delayed

source contribution factors &,s_, and {._, are provided in Table 3.3 for MBTD standard delayed
source formulation. Once we solve Eq. (4.33) and obtain the neutron fluxes ¢, (x) and

®k-1/2(x), we can calculate the precursor concentration solution Cy (x) as follows:
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0
1
Cre(x) = &copCrr () + 7 z Sirijz—kFanris2()Prsis2(x). (4.39)

i=-2
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Figure 4.2: Illustration of MBTD forward (u,, > 0) transport sweep

We note that a source iteration method has been applied to the MBTD coupled balance
equations Eq. (4.36) as shown by the iteration index D: this method is hereafter referred to as
MBTD-SI. We wish to discretize MBTD-SI Eq. (4.36) such that at each iteration we can solve
the discretized problem by means of forward and backward transport sweeps similar to that of
BE-SI. Figure 4.2 illustrates how we plan to perform the forward transport sweep of MBTD. The
vertical and horizontal broken lines respectively indicate the cell-average and the mid-point in
time quantities. At each step of a forward sweep, we solve for the four hollow nodes (Yx_1/27,js
Yr—1/2n,j+1/2> Yin,j» ad Yy p j11/7) from the given solid nodes. It is evident that this transport
sweep procedure simultaneously sweeps and solves for the solutions at t;_; /, and t;. This means
it is essentially the Simultaneous Solve strategy, and we can see how it relates to the modified-
GS (with respect to the standard GS) illustrated in Figure 2.6.

Before we discuss the adaptation of the neutron transport methods SN-DD and MOC for
MBTD-SI in the next paragraph, we compare the memory complexity of MBTD-SI and BE-SI.
In the Simultaneous Solve strategy for solving neutron diffusion Eq. (3.82), we double the

number of neutron flux unknowns ¢. In addition to the time-step solution ¢, we need to store
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the mid-point solution ¢ _;/, as well, each of size (J X 1). This makes the memory complexity
of MBTD twice that of BE. In the neutron transport problem, however, the memory complexity
is dominated by the angular neutron flux 1 of the size (J X N). While it is not necessary to store
all (J X N) of ¥ during the source iteration of solving a steady-state problem, in a time-
dependent problem we need to store the next time-step solution 1), because it will be used as an
independent source term for the next time-step calculation. Therefore, both MBTD-SI and BE-SI
need to store Y. However, while it is true that MBTD-SI needs to store ¢, and ¢y 44, it does
not need to store y_q,,. Therefore, both MBTD-SI and BE-SI have similar memory
complexities dominated by 1, of size (J X N).

We can directly derive an SN-DD formulation for MBTD-SI Eq. (4.36). This gives us a
tridiagonal 4 X 4 matrix problem (instead of just 2 X 2 like the one for BE) to solve at each
transport sweep step. While in practice it is not necessary to actually create and solve the
tridiagonal 4 X 4 (or 2 X 2 for BE) matrix problem, this observation effectively compares the
computational complexity of BE and MBTD transport sweeps with SN-DD.

Adapting MOC for MBTD, unfortunately, is not as straightforward as SN-DD. Reflecting
on the main idea of MOC, we can attempt to formulate its adaptation for MBTD as follows. We
would like to analytically solve Eq. (4.36) for each spatial step j by assuming constant RHS

Sources:

d
) ) (l 1)
(e Zesa/2g ) B o )+_¢ 20 =000,
(4.40)

2 d 2
O] ) (l 1)
_vAtklpk—l/z,n(x)+(Iflna+zt,k,j At ) ( ) kn] ’
where

Feff,k—l/Z.i)d)(z 1) dk]

-1 -1
Q}(c 1/)271] (Sk 1/2,j + 2 k-1/2,j +fk—>k 1/27 5 ¢]E )+Qeff,k—1/2,n,j: (4-41)

Faj_ 1/21

F
l l eff kj l
Q;(m? Sk-1/2ok— 5 bes 11/)2,]' + (Sk,j + )¢;((+113 + Qesfi+inj- (4.42)

Unlike the heterogeneous first-order linear ODE solved in MOC of BE [which is structurally
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equivalent to the one found in the steady-state MOC Eq. (4.28)], here for MBTD we have a
system of heterogeneous first-order linear ODEs that needs to be solved at each step of the
transport sweep. One can analytically solve Eq. (4.28) by means of a matrix method and find
that the matrix of the system of ODEs has complex conjugate eigenvalues. It follows that in

calculating the solutions (Yx_1/2n,j> Wk—-1/2n,j+1/2> Yin,j» a0d Vi n j11/2), we need to evaluate
not only the exponential function exp[—(l +1/n j)Tn' j]—which is the only “non-trivial”

function to be evaluated in BE—but also trigonometry functions sin(rn, im j) and cos(rn, i/m j).
Later in Section 4.6.2, it is found that the evaluation of the trigonometry functions takes a large
portion of the overall computational work, such that a considerable speedup can be obtained by
storing the required values of the nontrivial function evaluations. Complete derivations of SN-

DD and MOC for MBTD are presented in Appendix A.

4.4 Fourier Analysis

In the previous section, we formulated BE-SI and MBTD-SI with SN-DD and MOC, and
compared their computational complexities per transport source iteration. Another factor that
typically dominates the overall computational work of an iterative method is the convergence
rate, which represents how quickly the iteration converges and gives a rough idea of how many
iterations are needed to obtain the solutions with the desired accuracy. In this section, a Fourier
analysis (FA) [48][12] is performed to characterize and compare the convergence rate of BE-SI
and MBTD-SIL.

Let us consider a simple non-fission infinite (—oo0 < x < o0) homogeneous medium
problem with isotropic scattering. The equation for BE is

0y

1 1 1
(st <2t 4 E) i) = 5 T () + —— i1 (6, ),

(4.43)
1
i) = ] e ).

BE-SI solves Eq. (4.43) as follows:
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O]
1 1 - 1
U 6; + (Zt + E) w,gl)(x, u) = 525(15,8 Yo + Ewk—l(x: ),

(4.44)
1
Wix) = f P (x, wdu,
-1

The iteration error equation for BE-SI can be obtained by subtracting Eq. (4.44) from Eq.
(4.43):

afw® 1 1
- Y — ) Ff® =_y FU-1) )
Bt (30 + =) FOGo ) = 55 F 00
(4.45)
1
FO(x) = f FO G, wdu,
-1
where the iterate errors at iteration number (1) are defined as
FO@R =il w) — b (),
(4.46)

FO@x) = ¢p(x) — p (x).

Next, we introduce the typical Fourier ansatz [12][48] for neutron transport source

iterations:
O, p) =0 ta(we @,  FO(x) = glAel@Zt, (4.47)

Here A and a(u) are Fourier coefficients associated with the Fourier mode w, and 6 is the
eigenvalue of the iteration method, which acts as an error amplification factor for the Fourier
mode w. The w dependency of A, a(u), and € in the Fourier ansatz Eq. (4.47) is not written for
simplicity. It is evident that the iteration method converges if |6| < 1 for all w, such that the
error £ (x, 1) decreases as [ increases (or as we keep iterating). The main objective of this

Fourier analysis is to determine 6 and the spectral radius p of the iteration method:

p= max [O(w)]. (4.48)

—oco<w<00
By substituting the Fourier ansatz Eq. (4.47) into the iteration error Eq. (4.45), we
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obtain (for BE-SI):

c
a(w,p) =3 , (4.49)
2 1 ,
(1 + ﬁ) + ipw
c
Ope.si(w) = aarctan (1 n 1/77)' (4.50)
PBE-SI = (lui_%IHBE-SI(w)l =TT 1n’ (4.51)

where we use the non-dimensional parameters ¢ = X;/%; and n = vX,At. Before we discuss the
significance of the Fourier analysis results of BE-SI [Eqs. (4.49)—(4.51)], the Fourier analysis
of MBTD-SI is discussed next.

The coupled balance equations for MBTD are
(ﬂa + Zt) Yr-12(x, ) + Elpk(x, W = > (Zs +VEf) Pro1y2(x) + Elpk—l(x' 0,

2 d 2 1
< _Elpk—l/z(x, ,Ll) + [Ha + (Zt + E)] l/)k(x, ,Ll) = E (25 + VZf)¢k(x), (4. 52)

1 1
beas@ = [ apCowdn, 900 = [ witowdn.
-1 -1
MBTD-SI solves Eq. (4.52) as follows:
( d 1 1 1
) ) _ (I-1)
(1= 2 ) oG ) + =G ) =5 (B + V5 S0, (0 + s G )

~ 250 o+ [t (z+ )| wc )—1(2 +vE ) V), (4.5
UAtl/)k_l/z X, U Max t T UAL l/)k X, U — o\ qubk x), (4.53)

1 1
a0 = [ Wiadn,  #06 = [ WG
-1 -1

The iteration error equation for MBTD-SI can be obtained by subtracting Eq. (4.53) from Eq.
(4.52):
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( ag® 1
U ox +Ztg(l)(x'”-)+

1
[P =5 (2 +vE)6 V(@)

A

2 D of 2 D 1 -1
— g0 + o (B + ) FOCo) = 5 (3 +vE)F (@),

VAt 0x

6O @) = f g0Cowdy,  FOG) = f 0 e, .

-1 -1

where the iterate errors at iteration number (1) are defined as

9O = YO ) = P2, o), FO M) =il w) = (),
GO = prerya(0) = 021 (0, FOG) = e (x) — o ().
Referring to Eq. (4.47), we consider the following Fourier ansatz:

9D (x, ) = 01 1h(p)ew=ex, GO (x) = §'Beiw=tx,

f(l)(x, ﬂ) = 81"1a(u)ei“’zt", F(l)(x) = 9lheiwZtx

(4.54)

(4.55)

(4.56)

Again, for simplicity, the Fourier mode w dependency of the eigenvalue 6 and Fourier

coefficients A, B, a(u), and b(u) is not written. By introducing the Fourier ansatz Eq. (4.56)

into Eq. (4.54), we obtain

hy (w, 1) 1hy(w,p) ]

c
b(u)zz_’%(w;#) _;h3(w;ﬂ) |

E hi, ((D; .U) h, (w, .U) A-
7 hs(w, 1) hs(w,p) |’

c
a(u) = 2
and
1
(6B = 1,(w)B - Cha(w)A,
2
0A = 5112(0))3 + Iz(a))A,
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where

1 1
h ) = ) h ) = . )
( 1@, ) 1+ iwu 2@, 1) (1+2/n)+ivu
(4.59)
2
hlZ(wJ ﬂ) = hl((l), .u-)hZ (Cl), ﬂ); h3 ((,U, I'l) =1+ n_zhlz ((,U, M)J
¢ (1 hy(w,p) ¢ (*hy(w,w)
L(w)=5| 7—F——=du, L@=5| —F———=du,
T2t ™ Y T2 e,
(4.60)
¢ [ hip(w,p)
L(w)==| ——=du.
12 2 -1 h3 ((,U, ,Ll) H
Rearranging Eq. (4.58) in terms of the eigenvalue 8, we obtain:
6% + b(w)0 + é(w) =0, (4.61)
where,
- . 2 5
b(w) = —[h(w) + L(w)], &w)="h(w)(w) +n—2112(w) : (4.62)
Therefore, the eigenvalue of MBTD-SI is:
—b(w) + vV Db2(w) — 4¢(w)
Omprp-si(w) = . (4.63)

2

One can plot |Oyprp-si(w)| as a function of w (as shown in Figure 4.3) to find that the
magnitude of the eigenvalue maximizes as w — 0, similar to that of BE-SI in Eq. (4.50). This

means the spectral radius can be determined as

1
C )
J1+42/n+2/1?

n*+n+tin
n?+2n+2

(4.64)

Pmprp-s1 = lim |Byprp.si(w)| = ‘C
w—0

where it turns out that the leading eigenvalues of MBTD-SI are a pair of complex conjugates.
The Fourier analysis results for BE-SI and MBTD-SI are summarized in Figure 4.3 and

Figure 4.4. Figure 4.3 presents the eigenvalue |6(w)| as a function of the Fourier mode w at a
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certain value of ¢ and 7, while Figure 4.4 presents the spectral radius p as a function of 7 at the
largest possible value of ¢ = 1.0. The spectral radius of an iteration method represents the worst-
case estimate of error reduction factor per iteration; the smaller p, the faster the convergence. It
is found that convergence is guaranteed by both methods regardless of n (or At), because p is
always smaller than 1 (note that p — ¢ as n — 00). This verifies the applicability of the proposed
method MBTD-SI. Furthermore, it is found that BE-SI and MBTD-SI have very similar spectral
radii, and thus convergence rates. This means the number of iterations required by BE-SI and

MBTD-SI to achieve convergence is about the same.

0.51 —e— BE-SI
. -E- MBTD-SI
N —6— BE-DSA
0.4 1

-E- MBTD-DSA

[6(w)]

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
w

Figure 4.3: Eigenvalues of SI and DSA forc =7 = 1.0
The Fourier analysis performed in this section assumes a system without fission.
However, we can easily replace ¢ with k + (1 — k)c for systems with fission, where for the
infinite medium problem k = vX,/Z,. In a supercritical system (k > 1), the factor k + (1 — k)c
is larger than one. This means that a sufficiently small n (or At) is needed for convergence (p <

1) in simulating a supercritical system, and this generally applies to both BE-SI and MBTD-SI.
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Figure 4.4: Theoretical spectral radius of SI and DSA forc =1

4.5 Diffusion Synthetic Acceleration

Nuclear reactor simulation problems are typically characterized by a large dimension (relative to
the optical thickness) and high scattering ratio c. This makes a huge challenge for BE-SI and
MBTD-SI (or source iteration methods in general), whose spectral radius is proportional to c, as

discussed in the previous section. To address this issue, a diffusion-based acceleration method is

81



usually performed in-between the source iterations. In this chapter, we derive, and then Fourier-
analyze, Diffusion Synthetic Accelerations (DSA) for BE-SI and MBTD-SI, which hereafter are
referred to as BE-DSA and MBTD-DSA, respectively.

A theoretical justification on why a diffusion method can effectively accelerate the
convergence of BE-SI and MBTD-SI can be obtained by observing the Fourier coefficients in
Egs. (4.49) and (4.57), respectively. In the previous section, we learned that the most persisting
error modes (the largest |8]) correspond to w — 0. By Taylor-expanding the coefficients a(w, u)
and b(w, 1) in Egs. (4.49) and (4.57) and taking the limit w — 0, one can find that the most
slowly converging error modes of both methods are nearly isotropic or weakly dependent on u.
A quantity that is weakly dependent on direction, which in this case is the iteration error, can be

very well captured and eliminated by the neutron diffusion approximation.

4.5.1 BE-DSA

Let us consider an adaptation of the more general BE problem in Eq. (4.33):

1
vAtk

( oY
.Ua_xk + [Zt,k(x) +

] Vi (x, 1)

1
=3 [Z51(C0) + Feppr(0)] e () + Qeprie (x, 1),

1
Prc(x) = j e (4.65)

YO, ) =y, (w), wuelo1],

\ l/)k(X, M) = l/)k(X; _ﬂ)i u € [_LO]

Here we have a left-incident-flux [for vacuum ;(u) = 0] and right-reflecting boundary
condition. In BE-DSA, each iteration starts by normally calculating a source iterate solution of

BE-SI, but here the iterate solution is considered to be an intermediate solution, which is denoted

by superscript ‘~'/?) as shown in the following:
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(9 (1-1/2)

1
k (1-1/2)
p et (2 + | e

1 (-1
= 2 [Zs,k(x) + Feff,k(x)]d)k () + Qeff,k(x; (),
1
3 ¢1§l_1/2)(x) =j ll),gl_l/z)(x,u)du, (4.66)
-1

PP 0,m) = (), we o],

\ l/)l((l_l/Z)(X; ) = l/),((l_l/z)(X; —), u € [—1,0].

By subtracting Eq. (4.66) from the “exact” Eq. (4.65), and introducing iteration errors

FOo ) = e w) =y (x, ),
1 (4.67)
F(x) = f uf (e, wydu,
-1

we obtain the following exact error equation:

1
vAtk

0
(0t [+ ] Few

1 1/2 -1
= 2 [Zok () + Foppac 0] [Fo 00 + 8@ - 97V ),
(4.68)

fO,w=0  uelo1]

\ f(X,[J.) = f(X, —,Ll), u € [_1,0]

We note that there is no error in the left-incident-flux boundary.
By taking the zeroth angular moment, or f_ll(-)dy, of the interior equation in Eq. (4.68),

we obtain:

dF,

1
T |2kt = Fogpao) + 53] Foo)

= [Z610) + Fegra @] [0 7200 — ¢ V0]

(4.69)
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while by taking the first angular moment, or f_ll u(-)du, we obtain:

dF,

— = 0. 4,
P + [Zx (%) +vAtk Fi(x)=0 (4.70)
However, by using the P/ approximation,
1 3 1
JCADES EFo(x) + E.UFl(x) - = §F0(x), (4.71)
Eq. (4.70) gives
~ JdF, ~ 1
Fi(x) = —D(x)a, D(x) = T~ (4.72)
320k () (1+7)
k

Finally, substituting Eq. (4.72) into Eq. (4.69) we obtain

d

dF, 1
=D T+ [2a (@) = Feppae) + | Foo)

tx
= [Z6000) + Fepra ] |87 00 — ¢ V().

(4.73)

Now we need boundary conditions. Respectively operating the left and right boundary
conditions in Eq. (4.68) with [ 01 u(-)du and f_ol u(-)du, while considering the P1 approximation
Egs. (4.71) and and (4.72), we obtain:

1 1_  _dF
(P00 = 5D 2

=0,
dx

x=0

(4.74)
dF,

dx

x=X

This suggests that flux-incident and reflecting neutron transport boundary conditions respectively

translate into vacuum and reflecting boundary conditions for the error diffusion equation.
Equation (4.73) is essentially a steady-state diffusion for F, which can be numerically

solved using the box-scheme FDM discussed in Section 3.2. Once we obtain F,;, we can use it to

improve, or make a correction to, the intermediate solutions per Egs. (4.67) and (4.71). We then
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declare the new, accelerated, iterate solutions ¢£z):
l -
D00 = ¢ () + Fo(). (4.75)

Additionally, when convergence is achieved, we can calculate 1/),?) to be used as the

independent source in the next time-step calculation as follows:

- 1 3
@ Com) =Y o) + S Fo() + S uF (), (4.76)
where the cell-average of the error current F; (x) can be approximated as:

~ Fojr1/2 = Foj-1/2 (D;/A%)F; + (Djs1/A%j11)Fy4q
Fl,j = _D] ) 0‘j+1/2 = — — .
ij' D]/Ax] + D]-+1/ij+1

(4.77)

This is consistent with the left- and right-handed derivative approximations of the box-scheme
FDM Eq. (3.25). However, to be able to perform Eq. (4.76), we need to store l/),gl_l/ 2. this
means another angular flux storage of size (J X N) is needed, in addition to the one for Y _;.

Otherwise, if we do not want to store 1/),((1_1/ 2), we need to perform an extra transport iteration,

during which we directly update 1;,_; into 1/),51).

Now we summarize how BE-DSA works. First, we perform a normal transport sweep of
BE-SI to solve for the intermediate solution d),gl_l/ 2) per Eq. (4.66), either by using SN-DD or
MOC. Next, we solve the diffusion Eq. (4.73) [with diffusion coefficient in Eq. (4.72) and BCs
in Eq. (4.74)] by using the box-scheme FDM to obtain the error Fy. Finally, we calculate the
new iterate solution qb,gl) per Eq. (4.75).

A Fourier analysis of BE-DSA can be similarly performed like that of BE-SI in Section

4.4 by using the following Fourier ansatz:

f(l_l/z)(x, ﬂ) — Hld(y)ei“’ztx, F(l—l/z)(x) — QlAeiw):tx,
(4.78)
FO (x) = HlAeinfx, FO(X) — Qlyeithx,

where the iteration solution error FO, and the intermediate solution errors f¢~1/2) and F(U-1/2),
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are defined as

( FO(x) = ¢ (x) — pP (x),

VDG = o — P, (4.79)

( FOYD(x) = ¢ () — o P (),

and F, is essentially an estimate of the actual intermediate error F(~1/2 per P, approximation
Eq. (4.73).

The resulting eigenvalue and spectral radius of BE-DSA are:

c[1 — Oppg1(w)]

OE-psa(w) = Opp.gi(w) — T 2 ) (4.80)
1—Ctmt
n - 3(1+1/n)
Pee-psa = lim  |Opg.psa(@)], (4.81)
—oco<w< o

which are respectively presented in Figure 4.3 and Figure 4.4. It is evident that BE-DSA
effectively eliminates the most persisting error mode of BE-SI, which occurs as w — 0. The
spectral radius of pgg.psa can be obtained by searching for the maximum |Ogg.psa(w)|; in this
thesis work, SciPy’s optimization function [47] is used to determine w at which |Ogg.psa(w)]

maximizes.

4.5.2 MBTD-DSA

Next, we formulate MBTD-DSA by following the derivation of BE-DSA in the previous section.

The following MBTD coupled balance equations are considered:
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a —
[Ha+Zt,k—1/z(x)]1plgl_11//22)( ,u)+ lp(z 1/2)( 0

1
~2 5 [Esk-1/2(0) + Feppe 1/2(x)]¢kl 11/)2(95) t Skok-1/2—5 — dk(x) o V)

+Qerf—1/2(x, 1),

2 ) 2
_ (1-1/2) o (1-1/2)
o e G ) + fum+ B0 + A — [l

Fyp- 1/2(x)

J = &k-1/2-k Pic1)p () +§[zs,k<x) + Forra(@]d " () (4.82)

+Qeff,k+1(x’.u):
(1-1/2) b e1y2) (1-1/2) b -1
6500 = [ wE R nde, 67 @ = [ w T wwdn,
-1 -1

p 0w =y 0w =yw, peloll

W @ =@, B, ) = 0l K-, e [-10].

We note that the MBTD-DSA iteration indexing, which considers the intermediate solutions, is
already applied in Eq. (4.82).
Similar to that of BE-DSA, by subtracting Eq. (4.82) from its associated “exact”

equation, and introducing iteration errors

(9Co 1) = rmrpCom) =, o), FOOm) = PrCe ) — 9 (),

) (4.83)

1
6 = [ wrgComdn, B = [ wfeunds,

-1 -1
we obtain the coupled error equations. Then, by taking the zeroth and the first angular moments
of the error equations, applying the Pl approximation to both f(x,u) and g(x,u), and
appropriately translating the neutron transport boundary conditions into the error diffusion

equations, we obtain the coupled diffusion equations for the errors Fy(x) and G,(x):
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d dc
r{_ ED(x) d_xo + [Za-1/2(6) = Feppr-1/2 (x)]Go(x)}
d dF, 1
+ {aD*(x) d_xo + [vAtk - Ekﬁk—l/ZFd,k(x)] Fo(x)}
= [Zsk-1/2(0) + Fepf—1/2(x)] [¢(l_1/2)(x) oy

k—1/2 k—1/2(x)]
+E&xok-1/2F apr(x) [¢,§l‘1/2)(x) - ;El_l) (x)],
{ (4.84)
d adG 2
{—2 ED*(JC) d_xo - [m + $k-1/2-kFar-1)2 (x)] Go (x)}
d _dF, 2
- DGt [Ban) = FoppaC) + 51| o)

- -
= &x-1/2-kF ak-1/2(x) [¢,£_11//22)(x) - ¢,El_11/)2 (x)]

H[Eok () + Feppae@] [ (1) = 07V ()],

with boundary conditions
1 1 1 1
ZF0(0)+§F1(O) =0, ZGO(O)-}_EGl(O) =0,

(4.85)
F,(X)=0, G,(X)=0.

Here the error “currents” and the three diffusion equations are respectively defined as

~. . dG dF
G1(x) = ~D(0) >+ D" () —

dx’
(4.86)
FLG0) = —2D°(0) 220 _ pa) 20
1= X dx X ax
) 1 1
X) = )
Ne(x) + 2+ ;3&?("' tk—l/Z)
Nk-1/2(X (4.87)

D(x) = [m(x) +2]D*(x),  D(x) = M_1/2(x)D*(x).

Equation (4.84) is similar to the MBTD coupled balance equations for neutron diffusion in Eq.
(3.82); both of the equations are a four-block matrix problem. However, different from the

MBTD coupled balance equations for neutron diffusion [Eq. (3.82)], where only its diagonal
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blocks are tridiagonal (corresponding to the typical steady-state diffusion operator), in the error
equations of MBTD-DSA [Eq. (4.84)] all of the four blocks are tridiagonal. Nevertheless, we
can still apply the box-scheme FDM discussed in Section 3.2 to numerically discretize and solve
for the errors G, and F, in Eq. (4.84), since each of the block is essentially a steady state
diffusion operator. It is worth mentioning that the diffusion operators of the diagonal blocks
have left-vacuum and right-reflecting BCs, while the diffusion operators of the off-diagonal
blocks have left- and right-reflecting BCs. This is true because at the boundaries, the D* terms in
the off-diagonal blocks of Eq. (4.84) collapse into the BCs Eq. (4.85) per Eq. (4.86).

Once we obtain G, and F;, we can calculate the new iterate solutions:

B2 1,00 = )y () + Go(x),

(4.88)
¢ () = ¢V @) + Fo(o).
When convergence is achieved, we can calculate lp,(cl)(x, w) per Eq. (4.76), but with
Goj+1/2 — Goj-172 = Fojr1i2 —Foj-1/2
F,; = —2D; — S22 _p 2 J2 4.89
LJ J ij J ij ( )

to be used as the independent source in the next time-step calculation [note that we do not need
to calculate and store 1/),9_)1 26 1]

Now, we summarize how MBTD-DSA works. First, we perform a normal MBTD-SI
transport sweep to solve for the intermediate solutions ¢£z_—11//22) and gb,il_l/ = per Eq. (4.82),

either by using the MBTD adaptation of SN-DD or MOC. Next, we solve the four-block
diffusion Eq. (4.84) [with diffusion coefficients in Eq. (4.87) and BCs in Eq. (4.85)] by using

the box-scheme FDM to obtain the errors G, and F,. Finally, we calculate the new iterate
solutions qb,gl_)l /2 and d),gl) per Eq. (4.88).
A Fourier analysis of MBTD-DSA can be similarly performed like that of MBTD-SI in

Section 4.4 by using the following Fourier ansatz:
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[ G(l)(x) — HlBeiwztx' F(l) (X) — HlAeintx,

g(l—l/z)(x, ‘u) — 91—1B(H)eiw2tx’ f(l_l/z)(x, ‘u) — 91—1a(u)eiw2tx,
X (4.90)
G(l—l/z)(x) — 91—1§eiw2tx' F(l—l/z)(x) — Ql—lAeintx'

\ Go(x) = 91_1]/Geiw2tx, Fy(x) = 91—1)/Fei(u2tx'

Here the iteration solution errors G® and F®, and the intermediate solution errors g1/

f-1/2 gU-1/2) and FU-1/2) are defined as
([ GOM) = 1) — 2, (0), FO@) = ¢(x) — P (),
(1-1/2) — _ ., @-1/2)
g O 1) = Yrea2(0 1) =Py, (1),

4 (4.91)
FOYD (e, 1) = P (1) — P (),

GOVYD(0) = g1 2(0) — B (0, FOTD0) = ¢ () — ¢ 2 (),

and G, and F, are essentially estimates of the actual intermediate errors G ¢~1/2) and F(=1/2) per
P; approximation Eq. (4.84). Details of the Fourier analysis of MBTD-DSA can be found in
Appendix B.

The resulting eigenvalue and spectral radius of MBTD-DSA are respectively presented in
Figure 4.3 and Figure 4.4. It is evident that MBTD-DSA effectively eliminates the most
persisting error mode of MBTD-SI, which occurs as w — 0. More importantly, it is shown that
the spectral radius of MBTD-DSA is similar to that of BE-DSA. This means that both have
similar convergence rates and require similar numbers of transport iterations to achieve

convergence.

4.6 Numerical Results

Two numerical experiments are performed. First, in Section 4.6.1, we verify the theoretical
convergence rates obtained from the Fourier Analysis of the four iterative methods: (1) BE-SI,

(2) MBTD-SI, (3) BE-DSA, and (4) MBTD-DSA. Second, in Section 4.6.2, the same numerical
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experiment performed in Section 3.8.3 is considered to compare the relative efficiency of BE and

MBTD with transport methods SN-DD and MOC.

4.6.1 Convergence Rate of SI and DSA

The spectral radius of an iterative method can be numerically estimated by taking the ratio of

“residuals” of two consecutive iterations:

o =,

Prumerical = ”d)(l) _ ¢(l—1)|| ' (492)
2

As we keep iterating and [ increases, pr(lfl)merical converges to the actual spectral radius of the

method. Therefore, in this experiment, we would like to verify whether the ratio of the

residuals—or the numerical spectral radius prgfl)merica] defined in Eq. (4.92)—of the four iteration

methods (BE-SI, MBTD-SI, BE-DSA, and MBTD-DSA) converge to their respective theoretical
spectral radii obtained from the Fourier Analysis in Sections 4.4 and 4.5.
The kinetic problem KP1 described in Section 3.7 is simulated using the four iteration

methods with a certain value of At (or n). Figure 4.5 shows the resulting numerical spectral radii
®

p numerical

(4.51), (4.64), and (4.81).
It is found that the numerical spectral radii of BE-SI and BE-DSA (top-left and bottom-

for the four methods which are compared to their respective theoretical values per Egs.

left in Figure 4.5) converge to their respective theoretical values. However, this is not the case
for the MBTD methods. The numerical spectral radius of MBTD-SI (top-right in Figure 4.5)
does not converge to the expected theoretical value. Yet, it is observed that upon “convergence”,
the numerical spectral radius keeps changing periodically around the theoretical value. This
anomaly is due to its complex conjugate leading eigenvalues, something that typically does not
appear in standard iteration methods. In MBTD-DSA (bottom-right in Figure 4.5), however, such
oscillations in the numerical spectral radius are not evident. This is because MBTD-DSA has a
high convergence rate (low spectral radius p) so that convergence is achieved only in a few
iterations and the iteration is terminated before oscillations in the numerical spectral radius start

to appear. Further investigation is needed to better characterize the significance of the complex
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conjugate leading eigenvalues in MBTD-SI and MBTD-DSA.
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Figure 4.5: Numerical spectral radius for problem KP1 with n = 10.0

Strictly speaking, such oscillating numerical spectral radius or ratio of the residuals,
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which is evident in MBTD methods, seems problematic. However, the methods still, in average,
converge with the same rate as the theoretical convergence rates. The oscillations of the
“instantaneous” convergence rate are just an inherent feature of MBTD methods.

It is worth adding that the resulting numerical spectral radii converge to slightly below
the theoretical values. This is because the numerical experiments simulate a very large—yet
finite—system, while the theoretical spectral radius is based on the Fourier Analysis of an
infinite medium system. The faster rate of convergence observed for the finite system is likely

due to leakage, which is not accounted for in the infinite-medium Fourier analysis.

4.6.2 Efficiency

The same numerical experiment performed in Section 3.8.3 is considered, except that now we
use the time-dependent neutron transport methods discussed in this chapter for simulating the
large 1D-slab models of the four test problems shown in Figure 3.2. We would like to compare
the relative efficiency of BE and MBTD for the following combinations of transport methods:
(1) DSA with SN-DD and (2) DSA with MOC. The pure, unaccelerated, SI methods are not
considered because they require extremely small At (relative to the simulation time interval 2t;)
to obtain a reasonably low spectral radius p and thus a reasonable convergence rate.

All of the BE methods use the linear delayed fission production approximation (Section
3.6.1), while all of the MBTD methods use the standard MBTD delayed source formulation
(Section 3.6.2). It is worthwhile to emphasize that we adapt the Simultaneous Solve strategy for
solving the MBTD coupled balance equations. The number of directional quadrature N is set to
8, and the spatial-mesh size Ax is taken to be one tenth a mean free path. The convergence

criterion for the transport iterations is set as follows:

|¢(l+1) — ¢(1)| -
max |¢)(l)| s (1 - pnumerical)EtOl' (4.93)

where the desired error tolerance €;,, = 107> is multiplied by one minus the current iterate

spectral radius estimate p(l) defined in Eq. (4.92). Finally, SciPy’s sparse ILU-

numerical

preconditioned GMRES linear solver is used to solve the diffusion problems of the error

corrections Fy and G, in the DSA methods [Eqgs. (4.73) and (4.84)] with a relative error
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tolerance of 1077,

The simulations are performed with different time-step sizes At, and the resulting relative
errors and the simulation runtimes are shown in Figure 4.6 and Figure 4.7 for DSA with SN-DD
and MOC, respectively. We note that the figures are identically set up as the ones for neutron
diffusion methods in Figure 3.8 (we refer to Section 3.8.3 for a discussion on the significance of
the axes of the plots). It is found that MBTD-DSA with SN-DD and MOC are respectively about
2.5 and 3 times computationally more expensive than those of BE-DSA given the same value of
At, but the second-order accuracy of the MBTD methods make them more efficient than BE
methods for a wide range of achieved accuracies. Nevertheless, the efficiency margins are not as
large as the one observed in the time-dependent neutron diffusion problems in Chapter 3, where
MBTD is only two times computationally more expensive than BE. In other words, the benefit of
using MBTD over BE is the largest in neutron diffusion simulations, followed by neutron
transport simulations with SN-DD, and then with MOC.

It is worth mentioning that there is a trend anomaly in the first two relative error data of
BE in simulating KP4 [figure part (b) in Figure 4.6 and figure part (d) in Figure 4.7]. This is
because BE suffers from spurious oscillations for an exponentially growing system if At is not
sufficiently small (as shown in Figure 3.6).

As briefly mentioned in Section 4.3, we obtain a considerable speedup for MBTD with
MOC by storing the values of the non-trivial function evaluations, which require memory of size
(J X N). The speedup is demonstrated in figure part (a) of Figure 4.7. It is found that MBTD
with MOC and the additional storage is about as efficient as MBTD with SN-DD.

It is found that MBTD (either -DSA or -SI) with SN-DD does not converge in the stiff
problems KP2 and KP3, except if the time step is sufficiently small; the ratio of the residuals
oscillates around unity as we keep iterating. This reminds us of the stability issue encountered in
solving the stiff problems KP2 and KP3 with CN in Section 3.8.1. There seems to be a
connection with the issue that we have now since DD is essentially CN applied to spatial
discretization. However, this issue does not occur for BE (either -DSA or -SI) with SN-DD. This
indicates that the combination of MBTD and DD yields transport iteration methods that
conditionally converge. A Fourier analysis of the discretized systems should reveal and
characterize this conditional (for MBTD with SN-DD) an unconditional (for BE with SN-DD)

convergence.
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Figure 4.6: Runtime and efficiency of BE and MBTD with SN-DD
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Figure 4.7: Runtime and efficiency of BE and MBTD with MOC

4.7 Summary

In this chapter, we investigated the application of MBTD to time-dependent neutron transport
problems. The MBTD formulations for Source Iteration with SN-DD and MOC neutron
transport methods are derived in Section 4.3. Distinct from with BE-SI or standard SI for steady-

state problems, MBTD-SI (with Simultaneous Solve strategy) performs two transport sweeps
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simultaneously (as shown in Figure 4.2) instead of just one (Figure 4.1): (1) for SN-DD, this
means MBTD-SI needs to solve a tridiagonal 4 X 4 matrix instead of 2 X 2 at each transport
sweep step, (2) while for MOC, this means MBTD-SI needs to “analytically” solve a system of
two (instead of one) heterogeneous first-order linear ODEs, which has complex conjugate
eigenvalues requiring evaluation of not only an exponential function but also trigonometry
functions. Another important observation is that the memory complexity of MBTD transport
methods is similar to that of BE methods. MBTD methods need to store both ¢ and ¢yq/2,
while BE methods only need to store ¢,. However, while both BE and MBTD methods need to
store the memory-dominating ¥ , ;, MBTD does not need to store Y41/2n,j-

A Fourier analysis is performed in Section 4.4 to characterize the convergence rate of
BE-SI and MBTD-SI, and the results are shown in Figure 4.3 and Figure 4.4. It is found that both
methods have similar spectral radii and thus convergence rates, regardless of 7. Furthermore, the
most persisting Fourier error modes for both methods is the flat mode, which is associated with a
nearly isotropic angular dependence indicating a strong incentive of diffusion acceleration.

Diffusion Synthetic Acceleration for MBTD is derived in Section 4.5. Unlike BE-DSA or
the standard DSA for steady-state problems, the error correction diffusion problem of MBTD-
DSA is a four-block (instead of one) of typical diffusion tridiagonal matrices. A Fourier analysis
is performed for BE-DSA and MBTD-DSA, and it is found that both methods have a similar
spectral radius and thus convergence rate, regardless of 17, as shown in Figure 4.4.

Figure 4.5 verifies the theoretical convergence rates of the SI and DSA methods obtained
by the Fourier analysis in the previous sections. Furthermore, it is found that MBTD methods
“suffer” from an oscillating ratio of residuals upon convergence because of their complex
conjugate leading eigenvalues. Figure 4.6 and Figure 4.7 respectively present the relative
efficiency of DSA methods with SN-DD and MOC for the four kinetic test problems. It is found
that MBTD-DSA with SN-DD and MOC is respectively about 2.5 and 3 times computationally
more expensive than BE-DSA given the same value of At, but the second-order accuracy of the
MBTD method makes it a more efficient method compared to BE for reasonably accurate
simulations. A caution, however, needs to be given in simulating stiff problems (like KP2 and

KP3) using MBTD with SN-DD, due to its conditional transport iteration convergence.
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CHAPTER 5

MBTD Application to a Multi-Physics Problem

This chapter presents the first attempt to apply the robust second-order MBTD method to a non-
linear multi-physics problem. In Section 5.1, a multi-physics tight-coupling method for MBTD is
derived. A simple multi-physics problem of coupled neutronics/thermal-hydraulics, which is

typically encountered in reactor simulations, is developed and numerically solved in Section 5.2.

5.1 Multi-Physics Tight-Coupling for MBTD

Let us consider a generic time-dependent 2-physics problem:

o, .
a—’i = flbw(®,w@®)],  i=12, (5.1)

where f;[t, u;(t), u,(t)] is the single-physics operator of physics i. By directly applying BE to

this multi-physics problem, we obtain for each i

u; (t) — u; (te-1)
At,

= filtr, ug (tx), uz (). (5.2)

By following the MBTD formulation for non-linear problems discussed in Chapter 2, we obtain

for each i

{ui(tk) ;tl:(tk_l) = filtk-1/2 w1 (ti-1/2) w2 (ti-1/2) ]

nlt ;tZ}(Ztk—l/Z) = filtr, us (t), uz (tr)]-

(5.3)

Equation (5.2) can be solved iteratively as follows:
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O]

u, () —uq (- _

1 G Z ) _ p L el 6]
At;,

ué” (tx) — up(te-1)
At

(5.4)

=f, [tk' uil)(tk)' ugl) (tk)]:

where one physics is solved at a time by lagging the other physical variable or using the updated
solution if available. The iteration method of Eq. (5.4) is also known as the multi-physics tight-
coupling or Piccard Iteration. Furthermore, a staggered (Gauss-Seidel-style) approach is applied
in Eq. (5.4), where new solutions are used once they are available. A multi-physics MBTD tight-

coupling method for this problem would be:

( u(l)(t)—u(t_) )
( 1 \lk o 1\ k-1 =fl[tk-1/z;u§l)(tk—1/z);ugl 1)(tk_1/2)],
k

ugl)(tk) u1 (tk 1/2)

Aty /2

0
Uy () — up(tye—1)
( 2 \‘tk = 2\lk-1 =fz[tk—1/2:ugl)(tk—l/z)’ugl)(tkq/g)],
k

ugl) (tx) — ugl) (tk—1/z)

\ Aty /2

= fi|to w1V )|
(5.5)

= fo|t ul” (60,4 (80 |

5.2 Multi-physics Test Problem and Results

We adopt the simple 1D multi-physics test problem proposed in [49]. This problem was designed
to capture the behavior of a k-eigenvalue neutronics/thermal-hydraulics system calculation of
typical circular fuel pin cells inscribed within square water coolant channels by a one-
dimensional model. The parameters and variables are treated as constant values at a given axial
height. Furthermore, mono-energetic neutron diffusion was assumed. This steady-state multi-
physics test problem is then modified into a transient problem.
A time-dependent neutron diffusion equation without delayed neutrons is considered:
10¢p 0 d¢

——=r "3 DD+ Za(M(x,t) = VI (M, 1), >0, (5.6)

with vacuum boundary conditions and a spatial domain x € [0, X] spanning the fuel channel
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length X = 360 cm. The diffusion coefficient is defined as D(T) = 1/3Z.(T), the neutron speed
v and fission multiplication v are respectively set to be 2.2 X 10° cm/s and 2.43, and the
parameter ¢ is a variable to alter the criticality of the system. The neutron flux distribution
¢(x,t) is proportional to the linear heat generation rate in the fuel: q(x,t) = kZr(T)p(x, t).
The neutron cross-sections are functions of the fuel and coolant (water) temperatures T(x,t) =

[T¢(x,t) T, (x,t)], which are modeled by linear interpolations based on the data showed in
Table 5.1:

(T Ty) = Ce + CofTr + Coy T Zu =24, 25, VEf (5.7)

Table 5.1: Cross-sections at reference temperatures [49]

Tr [Kl Ty [K] | Z(T) [/em]  Z(T) [/em]  vE(T)[/cm]
565 565 | 0.655302  0.632765  0.0283063

1565 565 | 0.653976  0.631252  0.0277754
565 605 0.61046 0.589171  0.0265561

The time-dependent heat equations for the fuel and the coolant are

pfAfcpf(Tf) (x t) + 2nRch [Tf(x t) — T, (x, t)] = q(x,t), (5.8)

pw (T, A, ch(TW) (x t) + mch(TW) (x t) = Zanh[Tf(x, t) — T, (x, t)], (5.9)

with a boundary (inlet temperature) condition of T,,(0,t) = Ty, ;, = 565 K. The cross-sectional
areas of the fuel and coolant are respectively Ay = an and 4, = (d2 — Af), with Rf = 0.5 cm
and d = 1.3 cm. The mass flow rate m, heat transfer coefficient h, and energy deposited per
fission K are respectively set to be 0.3kg/s, 0.2W/cm?-K, and 191.4 MeV. The Python
package thermo [50] is used to generate the density p and specific heat capacity ¢, of the fuel
(U0,) and coolant (water at 15.5 MPa) as a function of the respective temperature.

The steady-state solutions—e¢ss(x), Trss(x), and Ty, ss(x) shown in Figure 5.1—at a

linear power rate of P = 200 W/cm is used as the initial condition. This is obtained by solving
the steady-state k-eigenvalue multi-physics problem of Egs. (5.6)—(5.9), with the neutron flux

normalized to the power rate P, and searching for the value of ¢ that gives k = 1 (or &g). The
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neutron diffusion Eq. (5.6) and the water coolant heat transfer Eq. (5.9) are spatially discretized
using the box-scheme FDM (Section 3.2) and the upwind method [6], respectively. With the
Relaxed Picard Iteration method (similar to the one studied in [49]), relaxation parameter w =
0.5, ] = 1800 equally sized spatial meshes, multi-physics coupling relative error tolerance €, =
1075 (for ¢, T¢, and T,,), and SciPy’s sparse ILU-preconditioned GMRES and non-linear solver
MINPACK [47] (for respectively solving the linear problem in the k-eigenvalue neutron
diffusion and the non-linear heat transfer problems, both with a relative error tolerance of

€, X 1072), we found &g = 0.8097, which corresponds to k = 1.00001.
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Figure 5.1: Initial conditions of the multi-physics problem

In the test problem, the transient is induced by instantaneously dropping the inlet coolant
temperature T, ;, from 565 to 515K at t = 0. The transient is simulated up to 1s. This
temperature perturbation gradually inserts positive reactivity (due to T,, negative feedback) from
x =0 to X, which is later counteracted by a negative reactivity insertion due to the fuel
temperature rise (T; negative feedback). The reactivity change in time is shown in the secondary
y-axis of Figure 5.2. This time-dependent multi-physics problem is solved with the staggered
multi-physics tight-coupling methods of BE and MBTD [Egs. (5.4) and (5.5), respectively] with
K € [20,1000] uniform time steps. A staggered multi-physics tight-coupling CN solution with
K = 2000 is used as the reference solution. The simulation results are presented in Figure 5.2
and Figure 5.3.

Figure 5.2 shows the average linear power of the reference, MBTD, and BE solutions
with several different values of K. The first and the second arguments in the parentheses next to
the plot label in the legend respectively denote K and the time required to generate the solution.
It is found that with K = 100, MBTD manages to produce a highly accurate result (red broken
line with square marker). On the other hand, with the same K = 100, the BE solution (purple

broken line with upside-down triangle marker) is far from accurate. If we refine the time step to
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K = 600, the solution of BE (blue broken line with circle marker) improves, but it is still
considerably less accurate than that of MBTD with K = 100, not to mention that the runtime
already exceeds the runtime of the MBTD. If we further refine the time step to K = 1000, the
solution of BE (broken green line with triangle marker) slightly improves, but it is still less
accurate than the MBTD solution with K = 100, while the runtime is more than twice longer.
Figure part (a) of Figure 5.3 shows that the runtime of MBTD to generate solutions is
about three times longer than that of BE for the same At. Three error metrics are used for
comparing the efficiency of MBTD and BE: (1) the total power [ P(t)dt, (2) the peak power,
and (3) the time of peak power. These are respectively presented in figure (b), (c), and (d) of
Figure 5.3. It is found that MBTD is generally more efficient than BE for reasonably accurate

simulations (relative error smaller than ~10%).
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Figure 5.2: Simulation results of the multi-physics problem
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CHAPTER 6

a-Eigenvalue Neutron Transport
Iteration Method

At this point, we shift gear into the second part of this thesis, to investigate the effectiveness of
the a-weighted multigroup constants (a¢-MGXS). In this chapter, we discuss several methods for
solving the a-eigenvalue neutron transport equation. In Section 6.1, the k- and a-eigenvalue
neutron transport problems are presented, followed by a review of their respective iteration
methods in Section 6.2. A simple infinite medium kinetic problem is considered; however, it
serves as general guidance for applications in more practical problems. Implementations of a
selected a-eigenvalue iteration method to the open-source Monte Carlo code OpenMC [51] are
discussed in Section 6.3. These implementations are then tested against several benchmark

problems in Section 6.4 for verification.

6.1 Eigenvalue Neutron Transport Equations

An infinite medium neutron transport problem with autonomous (time-independent) cross-

sections is considered:

10 ®
[ Ea_(f+zt(E)¢(E, t) =f0 VsZs(E' = E)$(E', t)dE'

o 1]
< +-f0 Xp(E, - E)Vpi(E’)¢(E’, t)dE’ + ZZXd,i,j(E)Ai,jCi,j(t)i t>0, (6 1)
i=1j=1

]:

dac; ; o0
k at uiu® = [ v B EI0E O
0

with initial conditions ¢(E,0) = ¢inic(E) and C; j(0) = Cipirj, Where i =1,2,..,1 and j =
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1,2, ...,J] respectively indicate isotope and delayed neutron precursor group index. Scattering
multiplicity v and isotope-dependent delayed precursor group data [4; j, Vg ;(E), Xq,;(E)] are
considered. Furthermore, it is worth to acknowledge the isotopic precursor group concentration
Cyj, especially if A;; # Ay, ; which indicates that C;; and Cyr,;; are essentially different
species.

The k-eigenvalue neutron transport equation of Eq. (6.1) is the following:

o)

2.(E) i (E) = f V2 (E' = E) i (E)E’

0

I J (6.2)
1 [ee)
b | D ha B = BB + D xai s By (B |31 (B
07 j=1

where ¢, (E) is the eigenfunction corresponding to the eigenvalue k. In k-eigenvalue
calculation, we are typically interested in obtaining the fundamental mode which corresponds to
the largest eigenvalue k. The k-eigenvalue Eq. (6.2) essentially forces a system that is originally
unsteady [or time-dependent per Eq. (6.1)] into becoming steady, by scaling the fission neutron
production with the factor k. Therefore, Eqgs. (6.1) and (6.2) are essentially two different
physical problems, unless if k = 1.

Meanwhile, the corresponding a-eigenvalue neutron transport equation of Eq. (6.1) is as

follows:

[o9)

[268) + 5] 9o (B) = | wiZo(E' > E)po (BB

0

N

© ]
+ [ B > BB ENE + )Y et BV isCaiis (g3
0 i=1j=1

aCpij+AijCaij = j Vaij2ri(E) ¢ (E)dE",
0
which is derived by assuming solutions in the form of

P(E, t) = pg(E)e™, Cij(t) = Cqyje™, (6.4)

where ¢, (E) and Cy; ; are the corresponding eigenfunctions of the eigenvalue a. We note that
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Eq. (6.3) is essentially exact because it is derived by directly substituting Eq. (6.4) into Eq.
(6.1), without introducing any approximation. It is customary to substitute the precursor group
equation in Eq. (6.3) into the neutron equation, making possible a direct comparison with the k-
eigenvalue Eq. (6.2):

[ee)

a
[2:E) + =] $(B) = f VeZg(E' > E) o (E")dE’
0

o ] J 1 (6.5)
+J;) ; Xpi(E' = E)vy,;(E') + jZle,i,j(E) lﬁl Va,ij(E") ¢ Zri(E') o (E")E" .

In an a-eigenvalue calculation, we are typically interested in obtaining the fundamental
mode, which corresponds to the fundamental, or the algebraically largest (the right-most),

eigenvalue. If the fundamental eigenvalue is very large, such that @ > A;; (e.g., in a prompt

supercritical system), the simpler prompt a-eigenvalue equation is preferred instead:

[ee)

[2:B) + =] o) = f VG (E' > E) o (E)dE'
o (6.6)
+f Xp(E' = E)vyZe(E" )Py (E")AE" .
0

In a delayed supercritical or subcritical system, however, the fundamental mode corresponds to
the slowest delayed mode, which is comparable to the smallest |/1i, j|. This means Eq. (6.6) is not

appropriate for calculating the fundamental mode of subcritical and delayed supercritical
systems. Nevertheless, if we are looking for the prompt mode of a deeply subcritical system,

which corresponds to the most negative or the left-most eigenvalue such that |a| < 4; ;, it is

justified to use the prompt a-eigenvalue Eq. (6.6).

6.2 «a-Eigenvalue Iteration Methods

Let us first consider iteration methods for solving the k-eigenvalue Eq. (6.2). Equation (6.2) can

be represented in the following operator terms:

1
Ty (E) :S¢k(E)+EF¢k(E)' (6.7)
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where

[o9)

T (E) = L(E)pi(E),  Se(E) = j Vs (E' = E) i (ENAE,

0

: N , (6.8)
FouE) = | ) L' = EWpaCBD) + ) s s (EIvasy (B | 21 (E b (B)E

\ 0 5 =1

Two k-eigenvalue iteration methods are considered—(1) power iteration (hereafter is referred to
as k-Iteration), and (2) source iteration (hereafter is referred to as k-SI)—which respectively

solve Eq. (6.7) as the following:

(T =9 (E) = g Foi (B, (6.9)
To0(E) = (5 + 2 F) 6. (6.10)
Both methods update the eigenvalue k as follows:
D
F E

(T - o (E))

where (-) = [ Ooo(-)dE . Most, if not all, Monte Carlo transport codes adapt the k-Iteration method

[Eq. (6.9)]. On the other hand, deterministic transport codes typically adapt the k-SI method
[Eq. (6.10)].
Now, let us discuss the a-eigenvalue iteration methods. Equations (6.5) can be
represented in the following operator terms:
I
T ? E)=|S ——F E 6.12
( +;)¢a( )— + pl+ 4 +/11] d,ij ¢a( ): ( 12)

i=1

or
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(T+2) $uB) = (5 + FOa(B), (6.13)

where

Fpiba(E) = f i (E' = By ((EVZ; (B o (EDE',

A

Faijba(E) = f X (EWas j(ENE (B bo (E')AE',
0

I ]
ZZ Fp'i-l_de'i"' o Fa= +Za+/1u
i=

j:l i=1
We define F, as the time-corrected fission production operator. Similarly, the prompt a-

(6.14)

M~

eigenvalue problem Eq. (6.6) becomes

a
(T + ;) $a(E) = (S + Fp) o (E). (6.15)

There are several known methods for solving the a-eigenvalue neutron transport
equation. Some are iterative, and some are not. Five a-eigenvalue iteration methods are
considered: (1) Traditional a-k Iteration [31][32], (2) Relaxed a-k Iteration [35][37], (3) a-
Iteration-F [33], (4) a-Iteration-T [36], and (5) a-Iteration-F&T [38].

6.2.1 Traditional a-k Iteration

The first of the kind is the Traditional a-k Iteration, made popular by Hill [31] and Brockway et
al. [32] and designed to solve the prompt a-eigenvalue Eq. (6.15). In the Traditional a-k

Iteration, a parameter k is introduced to the a-eigenvalue as the following:

a4 0)
<T+T>¢a (E)-( +WF)¢ (). (6.16)

Given a fixed value of a“~ ), we essentially have a k-eigenvalue method with an additional time

absorption &'~V /v. This k-eigenvalue method is then solved (either with k-Iteration or k-SI) to
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obtain ¢§P and k(. After that, the a eigenvalue can be updated as the following:

(=T +F)ee (B)

(6.17)
L ()

As we keep iterating, the parameter k converges to unity, while eigenvalue a converges to the
desired prompt a eigenvalue. This method is considerably more expensive than k-eigenvalue

methods, since a k-eigenvalue problem is solved in each iteration.

6.2.2 Relaxed a-k Iteration

Zoia et al. relax [35] the a-k Iteration method by allowing an a eigenvalue estimate update at
each k-eigenvalue iterate. The Relaxed a-k Iteration for solving the prompt a-eigenvalue

problem is the following:

al-D 1
0] _ -1
where the k “eigenvalue” is updated as follows:

(Fp0d (E))
a1

k® = :
((T +—= S) s (E))

(6.19)

Hereafter, any mention of a-k Iteration refers to Relaxed a-k Iteration.

A simple linear update procedure is used in [35] for updating the prompt a eigenvalue.
Later, Kia et al. [39] introduce an improved prompt a eigenvalue update procedure for the
Relaxed a-k Iteration; yet, it is basically equivalent to Eq. (6.17).

Later, Zoia et al. generalize [37] the a-k Iteration by considering the contribution of the
delayed fission neutron production, or in other words adapting the method for solving the actual

a-cigenvalue problem Eq. (6.13) with delayed neutrons:

T+a(l_1) s\ =L -Dep 6.20
v - d)a ( )_ -1 a(l—1)¢0{ ( ), ( . )
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where
1
F - =Z Fpl+za(l 1)+/1 il (6.22)

i=1

and the k and a eigenvalues are respectively updated as follows:

(a9’ () 6.24)
- ( Ol(l 1) W ’ )
(r+55—-5)oL @)

3 0

a® = <(S T+ I:g(l))(pa (E)), (6.25)
( bq (E))
or per Eq. (6.22):
Ai
(S—T+F,)oLE) + X1, ¥, W(Fdl,dni”(E))

a® = . (6.26)

& L0 (Ey)

Equation (6.26) is a non-linear problem with (I x J) + 1 eigenvalue a“*¥ solutions. Section
6.3.3 will discuss how the eigenvalue « is updated in a Monte Carlo simulation per Eq. (6.26).
The other three iterative methods—introduced by Yamamoto et al. [33], Shim et al. [36],
and Josey et al. [38]—are categorized as a-Iteration methods, in which the a-eigenvalue problem
is iteratively solved without introducing the artificial k eigenvalue. These methods—hereafter
referred to as a-Iteration-F [33], a-Iteration-T [36], and a-Iteration-F&T [38]—differ in which
terms in the equation are lagged in their respective iteration schemes. These are discussed in the
next subsections. The prompt a-ecigenvalue will be used in the discussion; nevertheless,
generalizations to include the delayed neutrons can be similarly made like the one in [37] or in

this subsection.

6.2.3 a-Iteration-F
The a-Iteration-F introduced by Yamamoto et al. [33] lags the fission production term as
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follows:

a~V 0) (t-1)
<T+ . —s>¢ (E) = F,pl "V (E), 6.27)

where the a eigenvalue is equivalently updated per Eq. (6.17).

By closer observation, it is evident that a-Iteration-F [Eq. (6.27)] is similar to the
Relaxed a-k Iteration [Eq. (6.18)]. The only difference between the methods is the artificial
constant k introduced in the a-k Iteration. However, this artificial constant k is not essential in
the overall iteration scheme of a-k Iteration; it only acts as a normalization factor. Therefore,
Relaxed a-k Iteration is equivalent to a-Iteration-F, except that Relaxed a-k Iteration calculates
an estimate of k at each iteration. Nevertheless, since k converges to unity, having an estimate of
k at each iteration is useful as it provides additional information for convergence monitoring.

It has been well observed [52] that instability may occur in simulating a very subcritical
system with the a-k Iteration (or a-Iteration-F). This instability is attributed to the large negative
value of a, leading to an overall negative value of the augmented total cross-section during the
iteration: T 4+ "V /v < 0. This instability issue can be eliminated by lagging the time

absorption (or production) term, as adapted in the next two methods.

6.2.4 a-Iteration-T

The a-Iteration-T introduced by Shim et al. [36] lag the time absorption/production term:

YN a™V
(T—S—F,)p, (E) cp (E). (6.28)

This method is essentially a power iteration of the a-eigenvalue problem. It is evident that, for
finite medium transport problems, a-Iteration-T requires storing the angular flux from the
previous iteration. Furthermore, in a supercritical system, a-Iteration-T needs to solve a
supercritical fixed source problem, which has no physical solution, at each of its iterations. This

makes a-Iteration-T problematic for simulating a supercritical system.
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6.2.5 a-Iteration-F&T

The a-Iteration-F&T introduced by Josey et al. [38] lag the fission production and the time

absorption/production terms:

gD
(T - 8¢ (E) = (Fp —T) oy (E). (6.29)
Similar to a-Iteration-T, a-Iteration-F&T was invented to avoid the potential instability in
simulating a deeply subcritical system. However, different from a-Iteration-T, a-Iteration-F&T
works for a supercritical system because it also lags the fission production term.

The a-k Iteration and the three a-Iteration methods are often referred to as a-static
iteration methods. These methods are well known for their Monte Carlo implementations;
however, they are essentially iteration schemes applicable for the deterministic method as well. It
is worth to emphasize that specific implementations or techniques—such as the time absorption
(or delta production) reaction [32][24] and the particle weight correction [33]—do not
necessarily introduce new iteration methods.

Other notable methods for solving the a-eigenvalue problem include the Transition Rate
Matrix Method (TRMM) [30] and the Domain Mode Decomposition (DMD) [22]. TRMM
discretizes the system and directly solves the discretized a-eigenvalue problem. DMD calculates
the a-modes corresponding to an approximate transport operator constructed via domain mode
decomposition of generated time-dependent neutron transport solutions. As described earlier in
this section, in most applications of the a-eigenvalue neutron transport equation, obtaining the
prompt or the fundamental a-mode is of main interest. In such applications, the iterative a-static
methods are more favourable than TRMM and DMD: TRMM needs to finely discretize the
system and calculates all of the corresponding a-modes just to accurately obtain the desired
prompt/fundamental a-mode, while DMD needs to accurately solve the time-dependent neutron
transport equation for a sufficiently long time so that the prompt/fundamental a-mode is

contained in the approximate transport operator.

6.3 Monte Carlo Implementation and OpenMC
The generalized Relaxed a-k Iteration described in Eq. (6.20) is implemented into the open-
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source Monte Carlo code OpenMC [51] by slightly modifying the existing k-eigenvalue
simulation routine. The implementation is set up to converge to the fundamental a-mode, which
corresponds to the algebraically largest eigenvalue. As mentioned in the previous section, the
Relaxed a-k Iteration may suffer from instability upon simulating the prompt a-mode of a
deeply subcritical system because of the large negative eigenvalue a < — max(li, j). However,
this issue does not arise when we are solving for the fundamental @-mode which corresponds to
a>— min(li, j). Following the discussion of the previous sections, the equations presented in
this section are those of infinite medium problems. Yet, the implementation in OpenMC applies
to general neutron transport problems.

By comparing the Relaxed a -k Iteration Eq. (6.20) and the k-Iteration method Eq. (6.9),
which is the long-established standard Monte Carlo method for solving k-eigenvalue problems, it
is found that besides the usual streaming and reaction terms, there are two a-eigenvalue-specific
terms that must be simulated as well: (1) the time absorption/source, and (2) the time-corrected

delayed neutron emission.

6.3.1 Time Absorption/Source

Time absorption/source is pertinent to the time cross-section term «/v in Eq. (6.20). This term
can be physically treated as a time absorption reaction (a > 0) or a time delta source production
(a < 0) that competes with the actual neutron reactions. This is by far the most used technique in
treating the time absorption/source term [32][24][35][36][38].

Another approach is to apply the particle weight correction technique [33][25], in which

anytime a particle moves a distance d, its weight is corrected as

a
Whew = Wold €XP (_ ; d) ’ (6 30)
1 (¢ a
w :Ef Wold €XP (—;s) ds. (6.31)
0

The corrected weight w,,, is the neutron weight at the end of the track, while the average
weight along the track w is used for any track-length estimator tally. This approach is physically

meaningful: during a Monte Carlo simulation, neutrons advance in time when they move from
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one point to another, and their potential contribution (weight) to the change of the neutron
population continuously changes during the travel.

The particle weight correction approach is implemented to OpenMC. With this
implementation, care must be taken in tally-scoring with a mesh filter since the particle weight

continuously changes along the particle flight track.

6.3.2 Time-corrected Delayed Neutron Emission

This is pertinent to the fission production term vy ;X; in Eq. (6.20). The delayed neutron
production of each precursor group, v, ; ;, is corrected with a factor 4; ;/ (a + A ]-) [37][38][25],
and the time-corrected total fission production v, ; replaces the one normally used in standard k-

eigenvalue simulation as follows:

J J

A
V(B) = Vpi(B) + ) Vais(B) = vei(B) = vp(B) + ) —H—va iy (B). (6.32)
j=1 j=1 v

This correction is performed during fission neutron sampling and k eigenvalue tally
scoring. The correction is physically meaningful: if [a| > A, ;, then prompt fission neutrons are
mostly sampled, suppressing the average contribution of delayed neutrons. However, if || is

comparable to A; ;, then the delayed neutrons’ average contribution and sampling probabilities

J
are appropriately scaled up or down. In particular, when searching for the fundamental
eigenvalue of a very subcritical system, which is slightly greater than — min(/li, j), the
probability of sampling delayed neutrons from the slowest precursor group is scaled up to a large
extent. This significantly shifts the fission neutron spectrum to the delayed neutron spectrum
Xa,ij(E).

It is important to note that rescaling should be performed during tally-scoring of fission
production with an analog estimator. In addition to rescaling due to the division by k, delayed
neutron emission rescaling should also be performed, so that the proper fission production is
scored. This is typically the case when tallying fission production with a post-collision energy

filter. The following prompt and delayed fission neutron correction factor should be multiplied to

the original analog estimator score:

115



a+/1i,j

(6.33)
A’l,]

o=k  faij=

6.3.3 Relaxed a-k Iteration as Monte Carlo Simulation

In a Monte Carlo implementation, the Relaxed a-k Iteration [Eqs. (6.20)—(6.26)] is translated

into the following:

=y
[ +3 (E) o (E) =] V2 (E' > E)pP (ENAE'

0
, XoiE' = E)vpl(E') (6.34)
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i=1 j=1
(a® — g~ 1>)U cp;”(E)dE] [ f vp(E)Zf(E)¢(l)(E)dEl+
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+zz a® +Al} If vle(E)ZfL(E)d)(l)(E)dEl -1,
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(6.36)

) (- Uf z ”MEHZ - 1)+,1 Ve (B)| 34 (E) ¢ (E)AE = 1. (6.37)

Equation (6.34) describes how the a-k Monte Carlo simulation works. The lagged
fission term indicates that sampled fission neutrons are stored for the next iteration/generation
fixed-source, which in turn is normalized, as shown in Eq. (6.37). The standard k eigenvalue
update procedure is shown in Eq. (6.35). The a eigenvalue update procedure shown in Eq.
(6.36) is derived by integrating Eq. (6.34) over the whole phase space using the new

eigenfunction estimate; then, the absorption and leakage integrals are replaced by using the
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normalization condition and the previous eigenvalue iterate definition. Equations (6.34), (6.35),
and (6.37) are readily implemented in OpenMC once the time correction mechanisms previously
discussed are enabled.

Equation (6.36) makes a non-linear problem with (I X J) + 1 eigenvalue a® solutions,

where ail) > aél) > e > a((;i +1 and the fundamental eigenvalue satisfies ail) > —min(4; ;).

This is where one can effectively control which a-mode to simulate. In this thesis work, Newton-
Raphson (NR) algorithm is used to obtain the fundamental mode ail). However, if a® <

— min(li, j) is obtained during an NR iteration, which indicates that NR tries to jump over the

fundamental root ail), then the iterate solution is changed into a® =05 [a(l_l) - min(li, j)],
giving a flavour of the bisection algorithm to the update strategy for subcritical systems.

The implementations presented here are introduced on top of OpenMC repository commit
8fcd74bl4bba3b553ac8£c904100e787a69e87ed. Concerning the user interface, to
activate the time correction capabilities and run the static fundamental a-eigenvalue simulation,
the Python API attribute Settings.alpha mode is set to True while running in
eigenvalue mode. In addition, when running in multi-group energy mode, the

multigroup speeds must be listed into Python API attribute Settings.mg speeds.

6.4 Verification Results

In all continuous energy calculations (including those in Chapter 7), OpenMC Official Data
Library ENDF/B-VII.1 is used, along with the provided thermal scattering S(a, ) data for 'H in
H>O, at temperature 294 K. Two sets of static problems are set up to verify the static
fundamental a-eigenvalue method implementation in OpenMC. The significance of the time-
corrected spectrum is also investigated by comparing the calculated fundamental k- and a-

eigenfunctions.

6.4.1 Cullen’s Godiva Problems

Cullen’s Godiva problems [24] have been used as a benchmark for static prompt a-eigenvalue
Monte Carlo calculation. This problem set consists of the original and modified versions of the

Godiva homogeneous spherical Highly Enriched Uranium (HEU) reactor, which primarily tests
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the time absorption/source capability described in Section 6.3.1. The prompt supercritical
problems (Problem #2, #3, and #4) are considered in this work. Problems #1 (slightly subcritical)
and #5 (very subcritical) are not considered because the referred benchmark solutions calculate
the prompt instead of the fundamental mode of the subcritical systems. Problem #2 (bare fast
system) consists of the bare HEU (0.937695 at.% 2*°U, 0.052053 at.% 2%U, 0.010252 at.% >*U)
sphere with a density of 37.4796 g/cc and a radius of 8.7407 cm. Problem #3 (reflected fast
system) is similar to Problem #2, except for the 30 cm radius-thick 1 g/cc light water (2.0 at.%
'H, 1.0 at.% '®O) covering the HEU sphere. Problem #4 (bare thermal system) is similar to
Problem #2, except for the light water blended into the HEU sphere giving an atomic fraction
composition of 0.937695 at.% 23U, 0.052053 at.% >*%U, 0.010252 at.% >**U, 200.0 at.% 'H, and
100.0 at.% '°O normalized to a density of 18.7398 g/cc.

The problems are run with 10° particles per generation and 300 active generations; the
number of passive generations is set to 50 for Problems #2 and #3, and it is set to 250 for
Problem #4. The resulting fundamental k and « eigenvalues are compared to those obtained by
Cullen et al. and Zoia et al. [24][35], as shown in Table 6.1. Zoia et al. use ENDF/B-VII.O at
room temperature, which may contribute to the slight discrepancy. The resulting normalized
fission neutron productions vZf¢p(E) associated with the fundamental k- and a-eigenfunction
are shown in Figure 6.1; 1,000 equal-lethargy energy bins in interval 10 eV to 20 MeV and an

additional bin encompassing interval 0 to 10™* eV are used.

Table 6.1: Fundamental k- and a-eigenvalues of Cullen’s Godiva problems

Problem #2 #3 #4
OpenMC 1.59458 1.67047 1.80426
k | Tripoli-4 [35] 1.58455 1.66782 1.79282
TART [24]  1.582 1.661 1.771
OpenMC 144.766 146.659 0.665
% | Tripoli-4 [35] 144.9 146.9 0.671
HS© 1 TART [24] 1447 146.6 0.653
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Figure 6.1: Fission productions and eigenvalues convergences of Cullen’s Godiva problems

The convergence of the eigenvalue a is shown in the right figures of Figure 6.1. It is also
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shown that the eigenvalue k converges to unity and the Shannon entropy (of 1 cm? cubes
covering the system) converges to a constant. The calculated fundamental a-eigenvalues are
reasonably close to those found by Cullen et al. and Zoia et al. The resulting normalized fission
neutron productions shown in the left figures of Figure 6.1 agree with those of Cullen et al. It is
shown that the k-eigenfunction overestimates the thermal neutron distributions; this is because
the k-eigenvalue simulation disregards the time absorption («/v) effect, which is stronger for the
slow thermal neutrons. The criticality k of Problem #4 is larger than the others, but its «a
eigenvalue is considerably smaller; this is because the neutrons driving the chain reaction move
much more slowly in the bare thermal system of Problem #4, leading to slower population
growth or smaller @, regardless of super-prompt criticality. This indicates that in thermal
systems, a and the time absorption effect are generally smaller and less pronounced than in fast
systems. Problem #3 emphasizes a striking time absorption effect in a reflected fast system; the
markedly different spectrum is evident because the static k-eigenvalue simulation does not
account for the significant time absorption suffered by neutrons moderated in the reflector and

reflected back into the core.

6.4.2 Two-Group Infinite Media

A two-group, infinite medium problem is considered:

2
1
“v_¢g + L gy = z 2s,g'5gPg’
g g =1

2 2 (6.38)
* Z Xp.g(L = B)veZp g by + Z)(d,jﬁglicjl g=12,
g'=1 j=1
2
alj + 4;C = Z BiviZsgibgr,  J=1,2. (6.39)

!

g =1

The physical parameters used are those suggested by Zoia et al. [37]: v; = 10, v, =5,%5,,1 =
1/2, Y5152 = 1/2, Zs,Z—»l =0, Zs,Z—»Z =1, Zf,1 =0, Zf,z =1, Zt,l =2, Zt,z =3, B =496/4,

B, =6/8, Xp1 =1 Xp2=0, Xa151 = 3/4, Xa1-2 = /4 Xa2o1 = 1/2, Xa2-2 = 1/2, 44 =
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0.5, and A, = 0.07. Given v¢ and §, the eigenvalue problem can be deterministically solved; the
resulting dominant eigenvalue a and the associated neutron flux eigenvector [¢4, ¢,] serve as
the benchmark solutions. Criticality (a = 0) is achieved when v = 24/5 and § = 1. Two sets
of problems are considered: (1) varying vy about 24/5 with fixed § = 1, and (2) varying § about
1 with fixed v; = 24/5. These subcritical, critical, and delayed supercritical problems primarily
test the time-corrected delayed neutron emission capability described in Section 6.3.2.

The two-group infinite-medium problems are solved with the static fundamental a-
eigenvalue implementation in OpenMC with 10° particles per generation and 50 passive and 300
active generations. The Python library numpy.linalg.eig is used to directly solve the
eigenvalue problems and obtain the reference solutions. The resulting fundamental a-
eigenvalues and the thermal-to-fast ratios of the associated neutron flux eigenvectors, ¢, /¢4, are
shown and compared in Figure 6.2. Excellent agreement is found between the OpenMC results

and the reference solutions.
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Figure 6.2: Fundamental eigenvalues and the thermal-to-fast flux ratios of 2G infinite media
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CHAPTER 7

a-Weighted Multigroup Constants
(a-MGXS)

In this chapter, we investigate the relative effectiveness of the a-MGXS and k-MGXS. Multigroup
constants that preserve the underlying time-dependent physics of the neutron transport are
derived in Section 7.1. A simple infinite medium kinetic problem is considered; however, it
serves as general guidance for applications in more practical problems. The typically-used k-
weighted (k-MGXS) and the proposed a-weighted multigroup constants (a-MGXS) are discussed
in Section 7.2. Section 7.3 presents numerical results of four static and kinetic problems, which
are devised to emphasize the significant differences of the fundamental k- and a-eigenfunctions

and to compare the effectiveness of the a-MGXS and k-MGXS.

7.1 Multigroup Constants for Time-Dependent Problem
Any time-stepping method used to solve the time-dependent problem of Eq. (6.1) involves
operating the equation with At™? [ tt”_l(-)dt:

[ee)

(1 _ _
25 19 (5) — s (B + 2DV (E) = | wBE > D) (B

o 1 ]
- f 2o (E' = EW, 3 (E") G (E)AE' + Z Z Xai (B ;Coi s 7.1)
0 i=1 j=1
1 _ *® _
. (Coij— Cne1ij) +2ijCnij = f Vaij2ri(E)$n(E")dE",
0

where the initial condition becomes ¢o(E) = ¢;nii(E) and Cy;j = Ciyir; ;. The time-step and

time-average solutions are defined as follows:
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_ 1 th+1
bu(F) = $(E,t), B =1 | SO
n (7.2)

B 1 (tnt1
Cnij = Cij(tn), Crij = Ef C;j(t) dt.
tn

Everything is treated exactly up to this point. Now, by introducing the multigroup

approximation, the equation reduces to

( 1 1 1 _
A_ _g¢n,g - Vn 14 ¢n—1,g + 2:t,gd)n,g
G ]
< Z (Vs s)g’—>g¢ng’ + Z (vapzf) $n,g’ + Z(Xd’l)j—hgc_‘n,j ’ (7 3)
g'=1 j=1
1 G
At(Cn] Cn—l])-l'/l]Cn] = Z(def)g’—’1¢ng,'
\ g’:l
1
bog = | Pini(E)dE, Coj = z Ciniti,j - (7.4)
Eg i=1

{J’n,g = d_)n(E)dE ) CTn,j = Z C_'n,i,j ’
Eg i

(7.5)
bug= | Ga(EMIE,  Coj=) Cuy.
Eg -

The next step would be introducing a time-stepping method (e.g., BE, CN, etc.) to approximate
the time-average quantities so that we can numerically solve the problem. However, our
objective here is to derive multigroup constants that preserves the physical properties of the time-
dependent system as much as possible.

Two kinds of homogenization occur in the transition from Eq. (7.1) to Eq. (7.3): (1)
continuous energy E into discrete energy group g, and (2) isotopic precursor group (i,j) into
effective precursor group j, as shown in Eq. (7.5). It is desirable for the multigroup constants
(energy and effective precursor groups) in Eq. (7.3) to satisfy Eq. (7.5) and to preserve all the
physical terms in Eq. (7.1). This suggests
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= : (7.6)
Yng  [f,, da(E)IE]
[, 2 (E)Bu(E)E]
Sty =1 , (7.7)
[J;, $n(E)dE]
[ng Jg VsIs(E' > E)n(E")dE' dE]
(VsZs)grong = s — ) (7.8)
|5, BuEaE|
[ng g xp(E' > E)YVEf(E") pp (E")dE' dE]
(XprZf)g,_)g = 7 — , (7.9)
|5, BuEaE]
Yil. vaiiZri(ENGn(ENAE'
(VaZr),._, =[ Fg ) - ] (7.10)
|5, uEnaE|
3 = [le Jo :’od,i,jzf,i(E )¢n_(E )AE'] | 711
Zif}.[fo Va2 (E)dn(ENAE'|
[fE Xa,j(E) [ va ;2 (Epn(E")AE' dE]
(Xad)jog = — A (7.12)

7 v, 2 (EN (BN AE']

Egs. (7.6)—(7.10) follow the typical flux-weighted multigroup constant definition. The
effective precursor group decay constant A; is defined as shown in Eq. (7.11) to satisfy the
effective precursor group definition in Eq. (7.5). Given Egs. (7.5) and (7.11), the effective
delayed neutron emission is defined as shown in Eq. (7.12) to preserve the group-wise total
delayed neutron emission. Furthermore, it follows that the definitions of Eqs. (7.11) and (7.12)

simultaneously implies
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Zi TACn,i,j Zi FAC_n,i,j (7 13)
ACK,i,j = Cn,i,j - Cn—l,i,j .

LJ

The multigroup constants defined in Egs. (7.6)—(7.12) are relevant for any time-stepping
method. Most Monte Carlo codes are capable of tallying physical quantities expressed by the
square-bracketed terms in Egs. (7.6)—(7.12). However, a tally filter of pre- and post-collision
energy and of a delayed precursor group, as well as a nuclide-wise tally scoring mechanism, are
needed to compute the desired quantities. These capabilities are offered in OpenMC as tally filter
EnergyFilter, EnergyoutFilter, and DelayedGroupFilter, and tally attribute

nuclides.

7.2 a-MGXS

Based on Egs. (7.6)—(7.12), it is evident that to calculate multigroup constants that effectively
preserve the underlying time-dependent physics of the system during the calculation time step n,
estimates of ¢,,_1(E), ¢,(E) and ¢, (E) are needed as the weighting spectra. The typical
approach k-MGXS [20][21] assumes the following:

¢n—1(E) ~ ¢n(E) ~ $n(E) ~ ¢k(E): (7- 14‘)

where ¢ (E) is the fundamental eigenfunction of the k-eigenvalue neutron transport Eq. (6.2).
However, per discussion in Section 6.1, the assumption of Eq. (7.14) is justified only if k =~ 1.
This is because Egs. (6.1) and (6.2), and thus Eq. (7.1), are essentially two different physical
problems if k # 1 (in other words, we solve a wrong problem).

An alternative approach is to assume the weighting spectra in Egs. (7.6)—(7.12) to be the

following:

Pn-1(E) = ¢pn(E) = ¢pn(E) = ¢ (E), (7.15)

where ¢, (E) is the fundamental eigenfunction of the a-eigenvalue neutron transport Eq. (6.5).

Similar to the k-MGXS approximation Eq. (7.14), the a-MGXS approximation Eq. (7.15) is
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justified if @ = 0 (or k = 1). In particular, for a critical system (a¢ = 0 and k = 1), Egs. (6.1),
(6.2), and (6.5) are equivalent, so that the energy dependence of ¢ (E), ¢, (E), and ¢ (E, t) are
identical. However, unlike the k-eigenvalue Eq. (6.2) (which is the basis of k-MGXS), the a-
eigenvalue Eq. (6.5) is still effectively equivalent to Eq. (6.1) given the factorization Eq. (6.4),
even if k # 1 (in other words, we still solve the right problem).

The a-MGXS approximation of Eq. (7.15) is based on the fact that the fundamental a-
eigenfunction ¢, (E) represents the asymptotic shape of the actual flux ¢ (E,t). Eventually, the
energy dependence (not the amplitude) of ¢(E,t) converges to ¢,(E). In particular, if
Gn-1(E) = ¢p,(E), then the actual time-dependent neutron flux ¢(E,t) already reaches the
asymptotic shape and evolves only in magnitude. It follows that the closer the initial condition is
to the fundamental a-cigenfunction—i.e., ¢,_1(E) = ¢,(E)—the better the a-MGXS should
work. This physical feature is not offered by the k-MGXS approximation Eq. (7.14). The a-
eigenvalue iteration method implementation in OpenMC (discussed in Chapter 6) is used to
solve Eq. (6.5) and generate the fundamental a-eigenfunction weighting spectrum ¢, (E) for
calculating the multigroup constants in Egs. (7.6)—(7.12).

7.3 Numerical Results

7.3.1 Static Problems

Four problems are considered: prompt supercritical and subcritical homogeneous fast and
thermal infinite medium systems. The doubled-density and watered HEU material in Cullen’s
Godiva Problems #2 and #4 are used for the prompt supercritical fast and thermal systems,
respectively. Boron-10 with atomic fractions of 10 at.% and 0.5 at.% are respectively mixed into

the HEU materials to make the subcritical fast and thermal systems.

Table 7.1: Fundamental k- and a-eigenvalues of the static infinite medium problems

Problem Fast system Thermal system
Supercritical Subcritical Supercritical Subcritical
k 2.26138 0.42924 1.82603 0.48846

a (s 223.852 x 10° -0.013082 0.683 x 10° -0.013082

The problems are run with 10° particles per generation and 300 active generations; the
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number of passive generations is respectively set to 50 and 250 for the fast and thermal systems.
The resulting fundamental k and a eigenvalues are shown in Table 7.1. The resulting normalized
neutron fluxes, presented in a semi-log plot of E¢(E), associated with the fundamental k-
(broken red line) and a-eigenfunction (solid blue line) are shown in Figure 7.1; 1,000 equal-
lethargy energy bins in interval 10 eV to 20 MeV and an additional bin encompassing interval 0

to 10 eV are used for the thermal systems (the threshold 10 eV is replaced with 100 eV for the
fast systems).
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Figure 7.1: Fundamental k- and a-eigenfunctions for the four static problems

We emphasize that a semi-log plot of E¢(E), like those shown in Figure 7.1, effectively
visualizes the relative weight of ¢(E). A ratio of any two visual areas under a semi-log plot of
E@¢(E) is equivalent to the integral ratio of the corresponding ¢(E); that is, if A; and A, are

visual areas respectively spanning energy range [E;, E,] and [E,, E,], then
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Table 7.1 shows that the calculated fundamental a-eigenvalues for the subcritical
problems are slightly greater than —min(4;;) = —0.013336 5™ (4, of **U). It is important to
emphasize how the resulting fundamental k- and a-eigenfunctions differ, because they are used
as the multigroup constant weighting spectra in the kinetic problems discussed in the next
section. It is shown that in the supercritical problems (figures on the left in Figure 7.1), the
fundamental k-eigenfunctions overestimate the distribution of the slower neutrons. In the
subcritical problems (figures on the right in Figure 7.1), despite the small magnitude of « (and
thus negligible delta time source effect), significant differences are evident in the fundamental k-
and a-eigenfunctions; this is primarily because the delayed fission spectra dominate the prompt.
The relatively jagged delayed fission spectra and the high probability of scattering with '°B give
raise to the strongly jagged structure of the subcritical fast system spectrum, as shown on the top-

right figure of Figure 7.1.

7.3.2 Kinetic Problems

Four kinetic problems are considered. The four static problems presented in the previous
subsection are used as the perturbed system in the respective kinetic problems. The initial
condition is chosen to be the critical configurations obtained by adjusting the Boron-10 content
in the fast and thermal systems. Therefore, these kinetic problems simulate absorber injection
and removal (at t = 0) to the initially-critical fast and thermal systems. In all of the problems,
the flux shape or the energy distribution converges from the initial critical spectrum (dotted
green in Figure 7.1) to the fundamental a-eigenfunction (solid blue in Figure 7.1) in time, and it
may have nothing to do with the fundamental k-eigenfunction (broken red in Figure 7.1) at all.
Table 7.2 shows the material composition of the initial critical and perturbed systems.

The kinetic problems are solved by adapting the a-MGXS and k-MGXS, which
respectively use the fundamental k- and a-eigenfunction as the weighting spectrum in

calculating the multigroup constants per Egs. (7.6)—(7.12). The thermal systems are solved with
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energy groups G = 1,2,4,8,16, and the fast systems are solved with G = 1,3,5,9,17. The
group structures of the thermal systems are those of OpenMC’s CASMO-X group structures. The
group structures of the fast systems are similar to the one used in the static problems: G — 1
equal-lethargy energy bins in interval 100 eV to 20 MeV and an additional bin encompassing
interval 0 to 100 eV. Finally, the second-order accurate time-stepping method CN is used with a
thousand uniform time steps placed between the reference solutions logarithmically spaced time
points to minimize time discretization error in solving the kinetic problems. TRMM [30] with
G = 1,001 energy groups (identically structured like those of the static problem plots shown in

Figure 7.1) are used as the reference solutions. The metric being compared to the reference

solution is the total neutron flux ¢ (t) = [ Ooo ¢(E, t)dE at logarithmically spaced time points.

Table 7.2: Material composition for the kinetic problems

Atomic fraction, at.% 108 'H 160 24y 25y 238y
Critical 2.7092
Superecritical 0.0 0.0 0.0
Subcritical 10.0
Thermal Critical 0.14761
system Superecritical 0.0 200.0 | 100.0
(18.7398 g/cc) | Subcritical 0.5

Fast system
(37.4796 g/cc)

0.010252 | 0.937695 | 0.052053

Figure 7.2 shows the resulting total fluxes ¢ (t) (left figures) and the ratios of ¢ (t) to the
reference (right figures). It is found that the solutions calculated using a-MGXS are generally
more accurate than those using k-MGXS. a-MGXS preserves the asymptotic behavior of all the
four problems (flat lines at longer times in the right figures in Figure 7.2), regardless of G.
Meanwhile, k-MGXS only correctly captures the asymptotic behavior of the subcritical problems,
which is mainly governed by the precursor group decay. The better performance of the a-MGXS
is mainly because the initial condition critical spectra (dotted green in Figure 7.1) are close to the
fundamental a-eigenfunction (solid blue in Figure 7.1). The fundamental k-eigenfunction spectra
(broken red in Figure 7.1) may have nothing to do with the actual neutron population throughout
time, since the time-dependent neutron energy distribution shape “moves” from the initial critical
spectrum to the fundamental a-eigenfunction.

The supercritical thermal system is a special case: the initial critical spectrum is almost

identical to the fundamental a-eigenfunction, as shown in the bottom-left figure of Figure 7.1.
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This which leads to an exceptionally accurate solution throughout time, regardless of G. The two
spectra are nearly identical because the only difference between the perturbed system and the
initial system is the amount of Boron-10, for which the thermal absorption cross-section is
proportional to 1/v. This 1/v absorption in the initial critical system is effectively replaced by
the time absorption a/v in the static calculation of the perturbed supercritical system. Another
special case is the subcritical thermal system. In this case, the k-eigenfunction is the better match
to the initial critical spectrum, as shown in the bottom-right figure of Figure 7.1. This enables the

k-weighted approach to produce more accurate solutions at early times; nevertheless, the a-

weighted approach is still more accurate at late times.
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CHAPTER 8

Conclusions and Future Work

8.1 MBTD

Multiple Balance Time-Discretization (MBTD) is a robust second-order accurate time-
discretization method, an alternative to the highly reliable Backward Euler (BE). This thesis
work investigates the applications of MBTD for time-dependent neutron diffusion (Chapter 3)
and neutron transport (Chapter 4) problems, including a first attempt to solve a typical time-
dependent multi-physics problem of coupled neutronics/thermal-hydraulics (Chapter 5). The
main objective of the investigation is to assess the relative effectiveness of MBTD compared to
BE, thus deciding whether MBTD is a worthy higher-order alternative robust method and a more
efficient method than BE, taking into account (1) with the same computational resource, higher
accuracy can be achieved, and/or (2) to achieve a certain accuracy, less computational resources
are required. Simple, yet representative, mono-energetic 1-D slab problems with isotropic
scattering are considered. Despite their simplicity, these problems yield interesting and
informative results, and their numerical analysis and results reveal strong incentives for
application to more practical problems.

The basics of MBTD were discussed in Chapter 2, including its formulation for linear
and non-linear problems, its mathematical relation to other time-stepping methods, its second-
order accuracy and robustness, and the significance and computational consequences of the
MBTD coupled balance equations. Three strategies for solving the coupled balance equations
were compared: (1) Substitution, (2) Iterative Solve, and (3) Simultaneous Solve. It was found
that Substitution is the most efficient strategy, but only if numerically handling the squared
operator is practical. Iterative Solve is attractive because it is the least invasive strategy, as we
can use an existing steady-state solver as a black-box and iteratively solve the system; however,

modification of the methods (e.g., limiting the number of inner iterations per outer iteration of
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the overall iteration scheme) is needed to make MBTD with Iterative Solve competitive to BE.
Simultaneous Solve is by far the optimum strategy, due to its easier implementation and
reasonably good computational performance.

Adaptations of the standard and the traditional delayed neutron source approximations
(applicable for both neutron diffusion and transport) for MBTD were derived. It is found that the
standard MBTD delayed source formulation is the most accurate method that maintains second-
order accuracy.

Adaptations of the neutron transport Source Iteration (SI) and Diffusion Synthetic
Acceleration (DSA) for MBTD were also derived. Fourier analysis revealed that the spectral
radii, and thus convergence rates, of the derived MBTD transport iteration methods are similar to
those of BE.

The computational complexity of MBTD, relative to that of BE, was assessed by
comparing the problems resulted from their discretization methods. For neutron diffusion Finite
Difference Method (FDM), MBTD yields a four-block matrix problem, where the diagonal
blocks are of typical steady-state neutron diffusion operator, and the off-diagonals are diagonal
matrices. In neutron transport, Discrete Ordinates with Diamond-Difference (SN-DD) yields a
4 X 4 (instead of just 2 X 2) tridiagonal matrix problem to be solved at each step of the transport
sweep; while for MOC, MBTD needs to analytically solve a system of two (instead of one)
heterogeneous first-order ODEs having complex conjugate matrix eigenvalues.

Four infinite-medium kinetic test problems were devised: (1) a source-driven subcritical
system without delayed neutrons, (2) a source-driven subcritical system, (3) a delayed
supercritical system, and (4) a prompt supercritical system. These four analytical test problems
were used as benchmarks to verify accuracy and stability, and to assess the efficiency of the
MBTD methods for neutron diffusion and neutron transport. It was found that—relative to BE—
MBTD is about (1) two times computationally more expensive for neutron diffusion with FDM,
(2) 2.5 times more expensive for neutron transport DSA with SN-DD, and (3) 3 times more
expensive for neutron transport DSA with MOC, given the same value of At. However, thanks to
its second-order of accuracy, we found that MBTD is generally more efficient than BE, for
reasonably accurate simulations.

Similar trends were observed in the MBTD application for the multi-physics problem,

which is a time-dependent problem adaptation of the simple, yet representative, 1D multi-physics
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steady-state problem proposed in [49]. By adapting the staggered multi-physics tight-coupling,
we found that MBTD is about three times computationally more expensive than BE given the
same value of At, but its second-order accuracy again makes MBTD more efficient than BE for
reasonably accurate simulations (relative error smaller than ~10%).

Future work includes testing the MBTD methods for solving more practical problems in
which we have a heterogeneous multidimensional problem with multigroup cross-sections and
anisotropic scattering. The preferred Simultaneous Solve strategy, which essentially solves the
four-block operator problem, scales well with the increasing problem complexity, as illustrated
in Figure 2.5: if the physical problem becomes more complex, the diagonal blocks individually
follow the increasing complexity of the steady-state operator, while the off-diagonal blocks
remain as diagonal operators. Furthermore, will be necessary to consider integrating MBTD into
the more advanced neutron diffusion and transport methods, such as nodal diffusion methods [§]
and quasi-static time-stepping methods [4][5], which are typically used in solving the more
challenging practical problems.

In Chapter 4, it was revealed that the combinations of MBTD and SN-DD yield
conditionally converging methods. This warrants a Fourier analysis of the discretized systems to
better characterize the convergence rate of the methods. Another suggested convergence analysis
work is to study the effect of the coarse diffusion acceleration typically done in practice, in
which the error diffusion problem has a coarser spatial mesh compared to the one used in the
main neutron transport problem.

A multi-physics tight-coupling method was used in Chapter 5 to test the MBTD
application for solving multi-physics problems. Another widely used multi-physics coupling
technique is the loose-coupling (also known as operator-splitting). This is similar to tight-
coupling, except that no iteration is performed. The lagged terms are replaced by the solution
from the previous time step. However, it is well understood that traditional operator-splitting
introduces a first-order inaccuracy, which severely hinders the potential of MBTD. Therefore, to
maximize the efficiency of MBTD in the multi-physics loose coupling, an operator-splitting

technique that allows higher-order accuracy is needed [7].
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8.2 a-MGXS

Deterministic methods remain as essential tools in reactor transient simulations. Since the
deterministic methods are only as good as their multigroup constants, appropriate multigroup
constants that preserve the time-dependent physics of the problem need to be calculated. The
effectiveness of the a-Weighted Multigroup Constants (a-MGXS) offers advantageous physical
characteristics over the traditionally used k-Weighted Multigroup Constants (k-MGXS) for time-
dependent neutron transport simulation because of their ability to preserve the asymptotic
behavior of the system.

A review of a-eigenvalue iteration methods is presented in Chapter 7. The Relaxed a-k
Iteration method is implemented into OpenMC and verified with Cullen’s Godiva problems and
two-region infinite medium problems, respectively testing the time absorption/source and time-
corrected delayed fission emission capabilities. This new implementation is used to generate the
fundamental a-eigenfunction for multigroup constant calculations.

Results from kinetic problems simulating absorber injection and removal to the initially-
critical infinite-medium fast and thermal systems show that the a-MGXS generally produces
more accurate solutions than the k-MGXS. These results emphasize that, as a multigroup constant
weighting spectrum, the fundamental a-eigenfunction offers physical characteristics that make it
advantageous (in producing accurate solutions) over the typically used fundamental k-
eigenfunction. The next work on a-MGXS is to investigate its effectiveness in simulating more

practical heterogeneous reactor problems.

135



APPENDICES

136



APPENDIX A

SN-DD and MOC for MBTD

Derivations of SN-DD and MOC for BE are presented first, followed by those for MBTD.
Simplified but representative equations are used as the starting points of the derivation. Please
refer to Section 4.3 for a full context of the methods.

At each step of BE transport sweep, we would like to solve the following equation:

dy

1 ~
uuaz+(ﬁf+ag)¢u)=g, x € [0, Ax], (A1)

to obtain the cell-average and the outgoing cell-edge solutions:

_ 1 Ax .\
=g veod,  wr =, (a.2)

from the given incoming cell-edge solution:
Y0) =y~ (A.3)

SN-DD operates Eq. (A.1) with Ax~! fOAx(-)dx and introduces the diamond-difference

auxiliary equation:

1. 1 __Q
;(l[) -y )+<1+E> —Zt, (A.4)

P =0 +y), (A.5)

Where the non-dimensional parameters are defined as
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_ LAx

MK n = vI/At. (A.6)

We note that Egs. (A.4) and (A.5) make a 2 X 2 matrix problem with the unknown vector

[ y*I"
MOC analytically solves the heterogeneous linear ODE [Eq. (A.1)]:
ANE czf") Q
Y(x) = <¢ - 5) Iul (Et' (A.7)
where
(=1 +1 (A.8)
= 0 )
This gives
+ — - _ Q -t E

YT = <¢ o > t o (A.9)
)= a—;(llﬁ Y7). (A.10)

Now let us derive SN-DD and MOC for MBTD. At each step of MBTD transport sweep,

instead of Eq. (A. 1), we need to solve the following coupled equations:

| |ﬂ+2tlp1(x)+—l/)2(x) Q1,

(A.11)
0O + il G2 (B ) ) = B

to obtain the cell-average (1, and 1,) and the outgoing cell-edge solutions (¥, ¥3), from the

given incoming cell-edge solution:

l/’1(0) =1, 1/)2(0) =1;3. (A.12)
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We note that 1, (x) and ¥, (x) corresponds to the time-average (or mid-point) and the next time-

step solutions, respectively.
SN-DD operates Eq. (A.11) with Ax~1 | OAx(-)dx and introduces the diamond-difference

auxiliary equations:

S R
;(¢1—w1)+¢1+5¢2—2—t,
(A.13)
2 1 Q.
S - +(142) =
P = Wy +91), P = W3 +¢3), (A.14)

where the non-dimensional parameters 1 and T are identical to those in Eq. (A.6). We note that
Egs. (A.13) and (A.14) make a 4 X 4 tridiagonal matrix problem with the unknown vector
[y ¥if ¥, 3l

MOC analytically solves the coupled heterogeneous linear ODEs [Eq. (A.11)]. We start
by re-casting Egs. (A.11) to a matrix form:

|ul di Q
Z—td—‘HhP( x) = 5, (A.15)
with initial condition
YO) =y~ = [zg] (A.16)
where
_ Y1 (x) ~ Q1 _ 1 1/n
o=l e- [@zl' =am 142l (17
and
Y I N e P71
Y= 1/;2] = ij; P(x)dx, Yr = Eb}] = P(Ax). (A.18)
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The general solution is
Y(x) = Pr(x) + ¥, (A.19)

where the particular solution 1, can be straightforwardly obtained:

Q
=A"1= A2
wp A Zt Y ( 0)
2 2\'ri+2/m -1/n
A‘1=(1+—+—> : A.21
non? 2/n 1 (4.21)
The homogeneous solution can be determined by solving
dyp = 2
—+—A = 0. A.22
dx + |‘Ll| ll)h(x) ( )

We need to determine the eigenvalues of the system of ODEs [Eqgs. (A.22)]; it is found that it

has complex conjugate eigenvalues:
Ay = Age + idm, (A.23)

%, 13,

, Sl 24 A.24
T |l (a.24)

where ( is identically defined in Eq. .
Let us consider a solution that corresponds to the eigenvalue A,. The associated

eigenvector can be found to be

!
V+—[1+l_]. (A.25)
Thus, the corresponding solution is
P () = eV, = e[V (x) + iV2 (0]}, (A.26)

where
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cos(Aymx) —sin(A;nx)

Vi) = cos(Aymx) + sin(Amx) 1’ Va(x) = cos(Aymx) — sin(Amx) ]’ (A.27)

These suggest that the homogeneous solution has the following form:
P (x) = [CV1(x) + CV2(0)]e e, (A.28)

The constants C; and C, can be determined from the initial condition:
P~ = [C1V1(0) + CLV2(0)] + ¢y, (A.29)

Therefore,

Y =[CV1(8x) + GV, (8x)]e ™" + 9y, (A.30)
B =, AT -y (a3
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APPENDIX B

Fourier Analysis of MBTD-DSA

Details of the algebra in the Fourier analysis of MBTD-DSA (described in Section 4.5) is

presented here. Similar to the Fourier analysis of MBTD-SI in Section 4.4, a simple non-fission

infinite (—oo < x < 00) homogeneous medium problem with isotropic scattering is considered.

The iteration error equations for MBTD-DSA can be obtained by referring to the iteration

scheme shown in Egs. (4.82), (4.84), and (4.88):

1 1
(1-1/2) _— f(-1/2) _ 2y gU-D
)G+ ) = 55,6V,

— g +

_d
—-D—+73,
X

(B.1)
0 2 1
o (e ) r e = gu )
66 = [ g G,
- (B.2)
1
PO = [P,
d? 1
l GO(X) + ID*d— + E FO(X)
= 5,606 - 6V,
(B.3)

2

D*d—+ itl(;o(x)+ l—ﬁd—2+<2 + i)lFO(x)

dx
= 3, [FY2 (x) = FV ()],
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GO x) = 62 (x) + Gy (x),

(B.4)
FO(x) = F7V2) (x) + Fy (x),
where
1 1 - -
D* = — 73y D=m+2)D", D(x) =nD". (B.5)
n + 2+ ﬁ t

Here g~/ fU-1/2) q(=1/2) and FU=1/2) are the intermediate solution errors; G, and F, are
the correction terms; G D and FO are the iteration solution errors.

As mentioned in Section 4.5, we consider the following Fourier ansatz:
[ G(l) (X) — HlBeintx, F(l) (X) — HlAei‘”th,
g(l—l/z) (x’ ‘u) — 91—1B(M)eiw2tx, f(l—l/z) (x, 'u) — 01—1@(M)eiw2tx’

. (B.6)
G(l—l/z)(x) — 81—1Beiw2tx, F(l—l/z)(x) — 91—1Aeiw2tx,

\ Go(x) = Ql—lyGeintx, Fy(x) = 91—1yFeiw2tx.

By introducing the Fourier ansatz into the the iteration error equations, we obtain

(~ c[hy(w,p) 1hyy(w,u) ||
blw) = E _h3(a’; ) _; hs(w, 1) A_ ’

J (B.7)
a(w) = ¢ E hiz(w, 1) h,(w, 1) A-

\ 2|n hz(w,p1) hs(w, 1) |’

(5 = f BQdi = 1 (0)B — S 11y
-1 n
4 (B.8)

1
N R 2
\A = f a(wdu = 5112(0))3 + L (w)A,
-1

Ci(w)yg + Cro(W)yr = C(é - B);
(B.9)

—2C1(w)ye + Cr(w)yr = C(A — A),
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{QB = B +]/G,

0A = A+ yp,

where

1 1
h ) = ) h ) = . )
( 1@, ) 1+ iwu 2@, 1) 1+2/n)+ivu

2
ihu(a’; ﬂ) = hl((l), .u-)hZ (Cl), ﬂ); h3 (0), I'l) =1 + n_zhlz (0), M)J

o (M (e, e (T hy(w,)
(Il(w) B Ef_l hs(w, 1) it (@) = E.f_l hs(w, w) i
_¢ Y hyp (0, 1)
i L7 (w) _Ef—1 hs (@, 1) du,

C=m+2)c, C(x) =ncr, C* =

\ 3(71_}_2_'_3)'

Introducing Eq. (B.8) into Eq. (B.9), we obtain:
{Vc = H;(w)B — Hy(w)A,
Yr = H3(w)B + Hy(w)A,

where
2,(0)

ﬁ C3(w)
H1 (w)

L(w)—1- I, (w)

Hi(w) =c

@) + 21 () - 1)

1
Ha(w) =c A, ()
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( ~ A 2 1
Clw)=C+(1—-o0), cgw)=c+(1—c+5) Cua(w) = =€+,

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)



2 Ci(w)

=1, (w) + [ (w) — 1]
Hy(w) = c1— Cﬁl((“;)) i (B.17)
1C4(w)
L(w)—1-= I, (w)
Hy(w) = c— H”(il)(‘”) - (B.18)
(@) = G (w) + 2@ g ) = () + Z) (B.19)

Cs(w) G (w)

Finally, introducing Egs. (B. 14) and (B. 8) into Eq. (B. 10), and then rearranging in terms of the

eigenvalue 6, we obtain:
62 + b(w)6 + é(w) = 0, (B. 20)
where,
b(w) = —[I,(A,1) + H3(4,1,¢) + I, (@) + Hy(w)], (B.21)

1 2
@) = (@) + Hy@)I[1 (@) + Hy(@)] + |1 12 (@) + Ha(@)| [ o) + Hy(@)|. (8.2

Therefore, the eigenvalue of MBTD-DSA can be calculated as:

—b(w) +/b2(w) — 4¢
Omprp-psa (@) = (@ £V Z(OJ) c(a)). (B.23)
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