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On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model #1 in Table III.1. Shown are memory kernels obtained
via the SG-NZ (dashed red), ZKG-NZ (dashed blue), and M-GQME (solid green)
schemes. The memory kernels of all three schemes perform similarly for this set of
parameters, with all elements having finite lifetimes. On the right is the electronic
population difference as a function of time for model #1 in Table III.1. Shown are
the exact result as well as the results obtained via direct application of the Ehrenfest
method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via
the Ehrenfest method. Notably, the direct application of Ehrenfest yields worse results
than any of the GQME approaches that use Ehrenfest as input. . . . . ... ... ..
On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model #2 in Table III.1. Shown are memory kernels obtained
via the SG-NZ (dashed red), ZKG-NZ (dashed blue), and M-GQME (solid green)
schemes. The memory kernels of all three schemes perform similarly for this set of
parameters, with some elements having slightly more erratic behavior than seen in the
model #1 memory kernels given in Fig. II.1. On the right is the electronic population
difference as a function of time for model #2 in Table III.1. Shown are the exact result
as well as the results obtained via direct application of the Ehrenfest method and via
SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest
method. While still showing markedly better results than the direct application of
Ehrenfest, the SG-NZ GQME approach deviates from the exact results at longer times
more so than the ZKG-NZ and M-GQME approaches. . . . . ... ... ... ...
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On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model #3 in Table III.1. The SG-NZ memory kernel (dashed
red) has long-time oscillations not seen in the M-GQME memory kernel (solid green)
and ZKG-NZ memory kernel (dashed blue). All three memory kernels show higher
instability compared to the memory kernels of models #1 and #2, shown in Figs. I1.1
and I1.2. On the right is the electronic population difference as a function of time for
model #3 in Table III.1. Shown are the exact result as well as the results obtained via
direct application of the Ehrenfest method and via SG-NZ, ZKG-NZ, and M-GQME
with memory kernel calculated via the Ehrenfest method. While still performing bet-
ter than the direct application of Ehrenfest, the GQME approaches show significant
departure from the exact results. The reason for this can be traced to the breakdown
of the validity of the treatment of the nuclear DOF as classical within the Ehrenfest
method when the frequency of the nuclear modes increases. . . . . ... ... ...
On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #4 in Table III.1. The SG-NZ memory kernel (dashed red)
has long-time oscillations not seen in the M-GQME memory kernel (solid green) and
ZKG-NZ memory kernel (dashed blue), with some elements of the SG-NZ memory
kernel oscillating around values other than zero. This behavior leads to varying elec-
tronic population difference dynamics for the SG-NZ scheme with different memory
times as shown in the graph on the right and in Fig. I1.6. On the right is the elec-
tronic population difference as a function of time for model #4 in Table III.1. Shown
are the exact result as well as the results obtained via direct application of the Ehren-
fest method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calcu-
lated via the Ehrenfest method. While initially closer to the exact results, the SG-NZ
GQME approach shows asymptotic oscillations at longer times which are not seen in
the ZKG-NZ and M-GQME approaches. . . . .. ... ... ... ... ......
On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #5 in Table III.1. The ZKG-NZ memory kernel (dashed
blue) and M-GQME memory kernel (solid green) perform similarly while the SG-
NZ memory kernel (dashed red) displays different behavior, with some elements not
converging to zero. On the right is the electronic population difference as a function
of time for model #5 in Table III.1. Shown are the exact result as well as the results
obtained via direct application of the Ehrenfest method and via SG-NZ, ZKG-NZ, and
M-GQME with memory kernel calculated via the Ehrenfest method. For the unbiased
case, good agreement is seen between all approaches and the exact results. This is
a notable deviation from the biased cases, where direct application of Ehrenfest is
unable to capture the exact dynamics while the GQME approaches give significantly
more accurate results, particularly for the ZKG-NZ and M-GQME approaches. . . .
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1.1

Electronic population difference as a function of time for model #4 in Table III.1
with the memory truncated at ¢y, = 1.5 !, Shown are the exact result as well as
the results obtained via direct application of the Ehrenfest method and via SG-NZ,
ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest method.
Here, the SG-NZ GQME approach achieves good agreement with the exact results
while the ZKG-NZ and M-GQME approaches show significant differences. However,
as seen in Fig. I1.4, a memory time of ¢, = 10.0 I'"! is more reasonable than ¢, =
1.5T71; this leads to the results shown in Fig. I1.4, where the ZKG-NZ and M-GQME
approaches obtain better agreement with the exact results than the SG-NZ approach.
Electronic population difference as a function of time for model #4 in Table III.1 with
varying memory times for the SG-NZ method and the M-GQME method in the top
graph and bottom graph, respectively. The SG-NZ method shows changing dynamics
with differing memory time while the M-GQME converges to dynamics that do not
change with increasing memory time. The dashed line in the top graph indicates the
memory time used by Kelly et. al. (see Fig. I1.6) and the dashed line in the bottom
graph indicates the memory time used in this paper (see Fig. I1.4). . . . . . ... ..
The real and imaginary parts of the nonvanishing matrix elements of the projection-
free input 7 (7) for model #2 in Table III.1. The lifetimes of the projection-free input
Fi(7) and F(71) are more than double the lifetime of the M-GQME memory kernel
for the same set of parameters, as shown in Fig. I1.2. Also, the D AD D imaginary and
DAAD real elements for F;(7) and the DADD real, DAAD real, and DAAA real
elements for F;(7) appear to be converging to values other than zero. . . . . . . ..
The real and imaginary parts of the nonvanishing matrix elements of the projection-
free input F;(7) and F»(7) for model #3 in Table III.1. The instability seen within
the M-GQME memory kernel for this set of parameters (Fig. I1.3) can also be seen
in the projection-free input F;(7). The lifetimes of the projection-free input JF(7)
and JF5(7) are closer to the lifetime of the corresponding memory kernel (Fig. I1.3)
compared to F1(7), F2(7), and K(7) of model #2, as seen in Figs. 1.8 and I1.2.

On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model 1 in Table III.1. Shown are memory kernels obtained
via the Ehrenfest (red), LSCI (magenta), and LSCII (blue) methods. On the right
is the electronic population difference, o.(t) = opp(t) — oaa(t), as a function of
time for model 1 in Table III.1. Shown are the exact result (black circles), the results
obtained via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta),
and LSCII (dashed blue) methods and results obtained based on the GQME with the
memory kernel calculated via the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-
GQME, solid magenta), and LSCII (LSCII-GQME, solid blue) methods. . . . . . .
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On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model 2 in Table III.1. Shown are memory kernels obtained
via the Ehrenfest (red), LSCI (magenta), and LSCII (blue) methods. On the right
is the electronic population difference, o.(t) = opp(t) — oaa(t), as a function of
time for model 2 in Table III.1. Shown are the exact result (black circles), the results
obtained via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta),
and LSCII (dashed blue) methods and results obtained based on the GQME with the
memory kernel calculated via the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-
GQME, solid magenta), and LSCII (LSCII-GQME, solid blue) methods. . . . . . .
On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model 3 in Table III.1. Shown are memory kernels obtained
via the Ehrenfest (red), LSCI (magenta), and LSCII (blue) methods. On the right
is the electronic population difference, o.(t) = opp(t) — oaa(t), as a function of
time for model 3 in Table III.1. Shown are the exact result (black circles), the results
obtained via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta),
and LSCII (dashed blue) methods and results obtained based on the GQME with the
memory kernel calculated via the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-
GQME, solid magenta), and LSCII (LSCII-GQME, solid blue) methods. . . . . . .
On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model 4 in Table III.1. Shown are memory kernels obtained
via the Ehrenfest (red), LSCI (magenta), and LSCII (blue) methods. On the right
is the electronic population difference, o,(t) = opp(t) — caa(t), as a function of
time for model 4 in Table III.1. Shown are the exact result (black circles), the results
obtained via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta),
and LSCII (dashed blue) methods and results obtained based on the GQME with the
memory kernel calculated via the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-
GQME, solid magenta), and LSCII (LSCII-GQME, solid blue) methods. . . . . . .
On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model 5 in Table III.1. Shown are memory kernels obtained
via the Ehrenfest (red), LSCI (magenta), and LSCII (blue) methods. On the right
is the electronic population difference, o.(t) = opp(t) — oaa(t), as a function of
time for model 5 in Table III.1. Shown are the exact result (black circles), the results
obtained via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta),
and LSCII (dashed blue) methods and results obtained based on the GQME with the
memory kernel calculated via the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-
GQME, solid magenta), and LSCII (LSCII-GQME, solid blue) methods. . . . . . .

Tree diagram of the titles for the eleven approaches to obtaining the memory kernel
exploredin thischapter. . . . . .. ... ... ... ... .. .. .. .. .. ...,
Tree diagram of the approaches to obtaining the memory kernel including equations.
Starting from the upper left and moving clockwise, shown are the electronic popula-
tion differences, 0. (t) = opp(t) — oa4(t), for the bare expansion of the two-equation
approaches, the projection-first approaches, and the projection-second approaches.
The input method is LSCI, with the direct application of LSCI results shown on each
graph as a solid black line. Exact results are shown in black circles on each graph.
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V.7
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V.9

Starting from the upper left and moving clockwise, shown are the electronic popula-
tion differences, 0. (t) = opp(t) — oa4(t), for the bare expansion of the two-equation
approaches, the projection-first approaches, and the projection-second approaches.
The input method is LSCII, with the direct application of LSCII results shown on
each graph as a solid black line. Exact results are shown in black circles on each graph.
In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the propagator expansion of the two-equation approaches with a time step
of At = 0.01T7! on the left and a time step of At = 0.005T! on the right. In
the bottom row, shown are the electronic population differences for the propagator
expansion of the projection-first approaches with At = 0.01I'~! on the left and a
time step of At = 0.005T ! on the right. The input method is LSCII, with the direct
application of LSCII results shown on each graph as a solid black line. Exact results
are shown in black circles on each graph. The M-TE-C1 and M-TE-C2 results are
not shown in the top row because the results are still being verified. Similarly, the
projection-second results are not shown because results with the modified form are
still being verified. . . . . . ... Lo
In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oaa(t), for the bare (left) and static (right) expansions of the modified two-equation
approaches. In the bottom row, shown are the electronic population differences for the
bare (left) and static (right) expansions of the modified projection-second approaches.
The input method is LSCI, with the direct application of LSCI results shown on each
graph as a solid black line. Exact results are shown in black circles on each graph.

In the top row, shown are the electronic population differences, o.(t) = opp(t) —
o44(t), for the bare (left) and static (right) expansions of the modified projection-first
approaches. In the middle row, shown are the electronic population differences for
the dynamic expansion of the modified projection-first approaches with a time step
of At = 0.01T! (left) and a time step of At = 0.005T' ! (right). In the bottom
row, shown are the electronic population differences for the dynamic expansion of
the modified projection-first approaches with a time step of At = 0.01 '~ (left) and
a time step of At = 0.005T~! (right). The input method is LSCI, with the direct
application of LSCI results shown on each graph as a solid black line. Exact results
are shown in black circlesoneach graph. . . . . . .. .. ... .. ... ... ...
Shown are the electronic population differences, o.(t) = opp(t) — oaa(t), for the
system-bath form approaches. In the top row, the bare expansion is used; in the middle
row, the static expansion; and in the bottom row, the dynamic expansion. The left
column is results with LSCI as input method and on the left are the results with LSCII
as input method, with the direct application of each shown with a solid black line.
Exact results are shown in black circles on each graph. . . . . . . ... .. ... ..
Shown are the electronic population differences, o.(t) = opp(t) — oaa(t), for the
modified form approaches. Starting from the upper left and moving counter-clockwise
are the results with the bare expansion, the static expansion, the dynamic expansion
with At = 0.005T!, and the dynamic expansion with At = 0.01T~!. The input
method for the GQME is LSCI, with the dynamics of the direct application of LSCI
shown with a solid black line. Exact results are shown in black circles on each graph.
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IV.10 Shown are the electronic population differences, 0.(t) = opp(t) — caa(t), of the

V.1

V.2

V.3

V4

V.5

V.6

VI.1

five approaches that do not obtain converged results with increasing memory time
for the bare expansion with LSCI as the input method. Starting from the upper left
and moving clockwise, the five approaches are SB-TE, SB-PS, M-PS-C, M-TE-NC,
and M-PS-NC. The memory times are given in the legend in units of I'"!. The exact
results are shown as black circles and the results from the direct application of LSCI
are shownasasolidblackline. . . . . .. ... ... ... ... .. .. .. ...

Electronic population as a function of time for states 1, 2, and 3 with an initial elec-
tronic state starting in state 1. Shown are the exact results displayed with circle
markers as well as the results obtained via direct application of the Ehrenfest method
with dashed lines and via M-GQME with memory kernel calculated via the Ehrenfest
method with solid lines. The state 1 dynamics are red for each method, state 2 results
are orange, and stage 3resultsareblue. . . . . . . .. ..o L.
Electronic population as a function of time for states 3, 5, and 6 with an initial elec-
tronic state starting in state 6. Shown are the exact results displayed with circle
markers as well as the results obtained via direct application of the Ehrenfest method
with dashed lines and via M-GQME with memory kernel calculated via the Ehrenfest
method with solid lines. The state 3 dynamics are blue for each method, state 5 results
are green, and stage 6 resultsare purple. . . . . . .. ..o Lo L.
Memory time convergence for the modified approach to the GQME, with memory
times in ps given in the legend. We can see that by 0.4 ps at the latest, the populations
for these states have converged results, regardless of increasing memory time. . . . .
Memory time convergence for the Shi-Geva approach to the GQME, with memory
times in ps given in the legend. Here we see the failure of the Shi-Geva approach
noted in Sec. II.5 of unstable results with increasing memory times, despite accurate
results at early memory times. . . . . . . ... ..o
Select memory kernel elements with the modified approach to the GQME. The real
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ABSTRACT

One of the greatest challenges facing computational chemistry is the simulation of
electronically nonadiabatic dynamics. While there are several reduced dynamics meth-
ods for doing so, they often rely on restrictive assumptions such as weak coupling be-
tween the electronic and nuclear degrees of freedom (DOF) or between electronic states.
An alternative approach for simulating nonadiabatic dynamics is via mixed quantum-
classical (MQC) and quasiclassical (QC) methods which can handle strong coupling but
their reliability and computational feasibility decrease with increasing simulation time.
In comparison, the generalized quantum master equation (GQME) requires no approxi-
mation in its derivation and scales favorably with increasing simulation time.

In the first chapter of this dissertation, two previous approaches to the GQME will
be examined and a modified approach to the GQME (M-GQME) will be introduced. The
two previous approaches are reliant on splitting the Hamiltonian into system, bath, and
system-bath coupling terms which is neither natural nor convenient for simulating nona-
diabatic dynamics. In comparison, the M-GQME is optimized for simulating nonadia-
batic dynamics. Within the M-GQME, new protocols will be introduced for calculating
the memory kernel via different MQC and QC methods. Through the application of the
M-GQME to a spin-boson model with the memory kernel obtained via the Ehrenfest
method, it will be shown that the M-GQME is more stable and robust compared to the
previous approaches and that limiting the use of Ehrenfest to calculating the memory
kernel enhances its accuracy in comparison to using it to directly simulate the system’s

dynamics.
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In the second chapter, two mapping Hamiltonian (MH) approaches with a QC ap-
proximation will be outlined and utilized to calculate the memory kernel of the M-
GQME. These QC/MH methods have several advantages over the Ehrenfest method,
including describing both the electronic and nuclear degrees of freedom as classical-like
quantities and the ability to have non-Hermitian initial electronic states. By combining
the QC/MH methods with the M-GQME on the spin-boson model, it will be shown that
the M-GQME with the QC/MH methods outperforms both the M-GQME with Ehrenfest
and the direct application of the QC/MH methods.

In the third chapter, forty-four different methods for obtaining the memory kernel
of the GQME are systematically explained and explored, including the three approaches
previously discussed. The ability to calculate the memory kernel of the GQME is rel-
atively new and a thorough examination of the different ways of obtaining the memory
kernel has not been done. Through the study of these many approaches on the spin-boson
model, the impact of the different approaches will be described and the benefits of the
M-GQME compared to other approaches further solidified.

In the fourth and fifth chapters, the M-GQME will be applied to models of the Fenna-
Matthews-Olson (FMO) complex, a photosynthetic system, and the 2,6,-bis(methylene)
adamantyl (BMA) radical cation, which contains a conical intersection. These two sys-
tems represent areas of considerable interest, given the prevalence of photosynthesis and
conical intersections in biologically- and technologically-relevant systems. As will be
shown, the success of the M-GQME with FMO and preliminary failure with BMA illu-
minates future areas where the M-GQME is expected to succeed along with the limita-

tions of its application.
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CHAPTER 1

Introduction

I.1 Motivation and Methods for Simulating Electronically
Nonadiabatic Dynamics

Broadly defined, chemical dynamics is the study of processes that involve mass, charge, and
energy transfer in molecular systems. Such processes can be reactive (i.e., involving breaking
and forming chemical bonds) or non-reactive (e.g., charge and energy transfer). Examples in-
clude vibrational and electronic relaxation and oxidation-reduction reactions which are pertinent
to many technologically- and biologically-relevant processes, such as photovoltaics and photosyn-
thesis. Quantum dynamical effects often play a central role in these important processes, including
when they take place in the condensed phase.'™ As a result, the simulation of quantum dynamics
in condensed-phase systems remains one of the most important challenges facing computational
chemistry. In principle, quantum dynamics in such systems can be simulated by numerically solv-
ing the Schrodinger equation. However, the exponential scaling of the computational cost with
system dimensionality makes the numerically exact simulation of quantum dynamics in complex
molecular systems non-feasible, with the important exception of a subclass of model Hamiltonians
whose form makes such an exact simulation possible.*"'” Because of this, many methods involving
approximations have been proposed to simulate quantum dynamics in the condensed phase.

Nonadiabatic molecular dynamics corresponds to an important class of inherently quantum-

mechanical dynamical processes. Commonly-used approaches for modeling the nonadiabatic
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molecular dynamics are based on Marcus theory, ""!! Fermi’s golden rule (FGR),"'*"'* or the Red-

1.19-25 However, these approaches are based on multiple restrictive

field quantum master equation.
assumptions (see Table I.1). In particular, these approaches are perturbative in nature and assume
weak coupling between the electronic and nuclear degrees of freedom (DOF) or between elec-
tronic states. An alternative approach for simulating nonadiabatic dynamics is via mixed quantum-
classical (MQC) and quasiclassical (QC) methods. These methods can handle strong coupling but
their reliability and computational feasibility decrease with increasing simulation time.

In this dissertation, an approach for simulating nonadiabatic molecular dynamics is pursued
that is based on the generalized quantum master equation (GQME). Importantly, the GQME de-
scribes the quantum-mechanically exact dynamics of the electronic DOF and as such is not subject
to the restrictive assumptions underlying the above-mentioned perturbative methods. The GQME
is arguably the most general framework for simulating electronically nonadiabatic reduced dy-
namics, as it requires no approximations in its derivation and has the ability to capture the full
electronic density matrix.”*=> Within the GQME, the memory kernel is the key quantity, as it both
gives the correlation between molecular structure and electronic dynamics and is the most difficult
quantity to calculate. The memory kernel can be calculated from projection-free inputs® obtained
via MQC and QC methods, which are known to become inaccurate and/or expensive with increas-
ing simulation time. The memory kernel is often short-lived in comparison to the lifetime of the
system, allowing one to restrict the dynamical input to short times. Thus, restricting the use of
MQC and QC methods to calculating the short-lived memory kernel is an important advantage
of the GQME. For example, the Ehrenfest method* is feasible for complex systems but known
to become increasingly inaccurate with increasing simulation time. Thus, restricting its use to a
short-time learning period circumvents the need to address its inaccuracy at longer times. Another

d,*”* which is a robust and accurate

example is the mixed quantum-classical Liouville metho
mixed quantum-classical method whose computational cost rapidly increases with increasing sim-
ulation time. Once again, restricting its use to a short-time learning period needed for calculating

the memory kernel allows one to extend the applicability of the mixed quantum-classical Liouville



method to arbitrarily long times.

Marcus equilibrium FGR nonequilibrium FGR Redfield GQME
Quantum nuclear effects - + + +
Dynamical nuclear effects
Non-Condon effects
Non-Gaussian statistics -
Nonequilibrium initial state
Coherence dynamics - - -
Non-perturbative - - -

Table I.1: Hierarchy of Reduced Dynamics Methods

+
+
+

+ + + +

D+ o+ + o+
++ + + + + +

Direct application of GQME approaches is relatively new, with the first method introduced in
2003?% and much of the further expansion and study occurring within the last five years, 23>0
As such, deeper understanding of the approaches and the aspects that lead to better results is yet
to be fully determined. An in-depth review of the various GQME approaches would help with
determining the optimal approach to use in different applications along with identifying features
of the system and approaches that are most impactful. Since the GQME approaches can also be
used with a variety of input methods, creating a framework that can be used with one’s choice
of input MQC or QC method is essential, as different methods offer either greater efficiency or
greater applicability and the choice of method depends on the system being tested.

It is also important for the GQME framework, with all of its options, to be extendable to any
application involving complex molecular systems. Being able to do so will allow for direct insight
into the molecular picture underlying electronically nonadiabatic dynamics, to suggest ways for
improving the efficiency of systems and technologies based on nonadiabatic dynamics.

The GQME-based methodology fills a gap which is not addressed by currently available meth-
ods for simulating electronically nonadiabatic dynamics. Methods based on FGR or the Redfield
equation require assuming weak electronic coupling between electronic states or electronic and
nuclear DOF while direct application of MQC and QC methods that can handle strong coupling
often have decreasing reliability and/or computational feasibility with increasing simulation time.
The GQME-based methodology allows one to restrict the dynamical input to short times while

providing a unified framework that can describe a wide range of coupling strengths. As such,



it capitalizes on the advantages of both alternative approaches without suffering from the corre-

sponding disadvantages.

.2 Wave Function v. Density Operator Formalisms

Many formulations of quantum dynamics, including the Schrodinger equation, describe the state
of a system using a time-dependent wave function W(r,t). However, wave functions can only
describe the state of isolated, or “closed,” quantum systems. A different description of the quantum
state is needed when dealing with an open system that constitutes a subsystem of an extended
quantum systems. The density operator offers this necessary flexibility, as it is able to describe the
state of both open and closed quantum systems.

While wave functions represent ket vectors, |W(¢)), in Hilbert space, the density operator is
represented by a matrix in the same space. Generally speaking, the density operator is given
by p(t) = > pe(t)|r(t))(Wx(t)|, where {px(t)} are real, non-negative numbers that satisfy
dope(t) = 1k and {|¢x(t))} are kets in the Hilbert space of the system. The case where the
slflm has only one term corresponds to a pure state while the case where it has two or more terms
corresponds to a mixed state. The density operator has several important properties, including that
it is Hermitian [i.e., p(t) = p'(¢)]; the diagonal elements of the density matrix are non-negative
and have a trace of 1; the trace of the density operator squared is bound by Tr{p?(t)} < 1, with
equality iff the system is in a pure state; and the density matrix elements must satisfy the Schwartz
inequality, {j17(1)17) (Ip(1) k) > | k1(0)13) |

For a closed system, the density operator often starts out in a pure state, given by p(t) =
|W(t))(W(t)|. Furthermore, the state maintains its purity upon time evolution. The equation of

motion for the density operator of a closed system can then be derived using the time-dependent



Schrodinger equation:

70 = g (lworwen) = (Fwe) wol+ o (o))
=~ H|U)(U(8)] + | W) (T ()| H
Cott) = 1 [f.4(0)] = (1) )
where £ = [FI ,] is the quantum Liouville superoperator. Eq. (I.1) is known as the quantum

Liouville equation and describes the dynamics of a closed system when described by the density

operator p(t).

I.3 Nakajima-Zwanzig Generalized Quantum Master Equa-
tion

In the case of a subsystem of an extended quantum system, the extended system can often be as-
sumed to be a closed system. Therefore, the dynamics of the extended system can be described by
the quantum Liouville equation, Eq. (I.1). Similar to the Schrodinger equation, a numerically exact
solution of the quantum Liouville equation scales unfavorably with system size and is computa-
tionally unfeasible for most systems of practical interest, particularly condensed-phase systems. A
reduced dynamics approach takes advantage of the fact that in many cases, only a few DOF are of
interest and the rest of the DOF only matter insofar as their impact on the dynamics of the DOF of
interest. Mathematically, one can focus on the subsystem of interest by using projection operator
techniques. A projection superoperator P is defined by the idempotence property P? = P and has
a complimentary projection superoperator Q = I — P. The Nakajima-Zwanzig GQME describes

the dynamics of the projected density operator Pp(t):

d ¢ ‘ ,
- Pilt) = —iPLPp(t) - / drPLe I QLPp(T) — iPLeT L Qp(ty) . (1.2)
to



Figure 1.1: Fenna-Matthews-Olson (FMO) Complex showing the eight electronic states on one of
the trimers.

The reader is referred to Section 10.4.2 of Ref. 1 for the derivation of this equation. It is important
to note that the general Nakajima-Zwanzig GQME given in Eq. (I.2) is an exact equation of motion

with no approximations made during the derivation.

I.4 Systems of Interest for the GQME

An important attribute of the GQME methodology is its applicability, by design, for simulating
nonadiabatic dynamics in truly complex molecular systems. Many condensed-phase molecular
systems of technological or biological importance are known to have quantum effects that are
not being fully captured by current methods used to study their dynamics. Systems of particular
interest include organic donor-acceptor dyads and donor-bridge-acceptor triads in liquid solution, *’
organic photovoltaic materials,*® and photosynthetic systems such as the Fenna-Matthews-Olson

(FMO) complex*’ (Fig. 1.1)°" and Photosystem II.""



These systems can be described by an overall Hamiltonian with the following general form:

Ne N,
H=>"H|j){§l+ > Vielg)kl - (1.3)
j=1 jk’;:jl

Here, H; = P/2 +V, (R) is the nuclear Hamiltonian when the system is in the electronic state

~

l7), R = (f%l, ey }A%Nn> and P = (ﬁl, s pm) are the mass-weighted position and momentum
operators of the NN, nuclear DOF, and {ij =V (R)} couple electronic states to each other.
Throughout this dissertation, boldfaced variables, e.g., A, indicate vector quantities; a hat over a
variable, e.g., B, indicates an operator quantity; and calligraphic font, e.g., C, indicates a super-
operator.

It should be noted that the electronic states, {| )}, are assumed to be independent of R (i.e., the
so-called crude adiabatic basis?). The index j in Eq. (I.3) runs over the N, electronic states. For
example, a two-state donor-acceptor system would correspond to N, = 2. Many processes involv-
ing nonadiabatic dynamics in condensed phase systems are described in terms of a Hamiltonian of
the form of Eq. (I.3). Furthermore, describing nonadiabatic dynamics in terms of a crude adiabatic
representation, rather than in terms of Born-Oppenheimer representation, is not an approximation
since the dynamics is independent of the representation employed. >’

Importantly, {R, P} are meant to correspond to the Cartesian positions and momenta of the
individual atoms in a complex molecular system that would typically consist of a large number
(> 10%) of atoms. Thus, V; (ﬁ) would typically correspond to the electronic-state-specific po-
tential energy surface (PES) that describes the interaction between the atoms in electronic state
|7). The electronic coupling terms, {Vj (R) } can be R—dependent, with the assumption that
they are R-independent corresponding to the Condon approximation. Our working hypothesis is
that {Vj (R) } and {V]k (R) } can be obtained from on-the-fly electronic structure calculations
and/or semi-empirical force fields (e.g., see Ref. 18).

In most cases of practical importance, the initial state of the overall (nuclear + electronic)



system would be given by a density operator of the following form:
P(0) = pn(0) ® 6(0) - (14)

Here, p,(0) = Tr.{p(0)} is the reduced density operator that describes the initial state of the
nuclear DOF, where Tr.{-} stands for partially tracing over the electronic Hilbert space. Similarly,
the reduced density operator that describes the initial state of the electronic DOF is obtained by

partially tracing over the nuclear Hilbert space:
5(0) = T {p(0)} = > o (0)1) (K] - (L)
The state of the overall system at a later time ¢ would then be given by:
p(t) = e 5 (0) ® 6(0)e /M = 71105 (0) ® 6(0) . (L6)

Here, H is the overall Hamiltonian, Eq. (1.3), and £(-) = [H, -] is the corresponding Liouvillian.
The nuclear and electronic states at time ¢ are described by the corresponding reduced density

operators,

pu(t) = Tre{p(t)}

o(t) = To{pt)} = > o))kl . (L7)

J,k=1

Importantly, knowledge of (¢) would allow for the evaluation of both the electronic populations,
{o;;(t) = (jlo(t)|7)}, and coherences, {o,i(t) = (j|6(t)|k)|j # k}. The electronic density

matrix element at time ¢ can be written in terms of overall system quantum correlation functions



of the form (AB(t)) = Tr { Aeifit/n ge—mt/n}:

Ne

o) = Y 7un(0) Te{ a0 ) (vl ™/ k) e /1 (8)

u,v=1

Here, Tr = Tr.Tr, is the trace over the electronic and nuclear Hilbert spaces.

I.5 Overview of The Dissertation

The rest of this dissertation will be organized as follows. In Chapter I, the previous approaches
to the GQME will be outlined and a modified approach introduced with results provided compar-
ing these approaches on the spin-boson model with the Ehrenfest method as input. In Chapter
II1, two mapping Hamiltonian (MH) methods combined with a quasiclassical (QC) approximation
will be introduced and their results as input methods for the modified approach to the GQME (M-
GQME) will be compared with the Ehrenfest method on the spin-boson model. An exploration of
the various approaches to the memory kernel of the GQME will be outlined in Chapter IV along
with the information gleaned from applying these methods to a spin-boson model. In Chapter V,
the Fenna-Matthews-Olson (FMO) complex, a photosynthetic complex with long-lived quantum
coherences, will be introduced and the results from applying the M-GQME to FMO will be pro-
vided and discussed. Another molecular system, the non-Condon 2,6-bis(methylene) adamantyl
(BMA) radical cation will be introduced in Chapter VI along with two other systems of interest for
future work and preliminary results from the application of M-GQME to BMA will be provided. A
short summary of the dissertation and outlook for future projects with the M-GQME will be given
in Chapter VII. Mathematical proofs of equations and additional results for the spin-boson model

from Chapter IV are provided in Appendices A and B, respectively.



CHAPTER 11

Modified Approach to the Generalized Quantum

Master Equation

I1.1 Introduction

The modified generalized quantum master equation (M-GQME) scheme presented herein builds
upon, but is distinctly different from, previously proposed schemes’®**3* based on the Nakajima-
Zwanzig GQME (NZ-GQME) given in Eq. (1.2).%?%?%5%! These previous approaches are built by

first dividing the overall Hamiltonian into a system-bath form,
H=Hs+ Hg + Hpg . (IL1)

Here, H s 1s the system Hamiltonian, H g 1s the bath Hamiltonian, and H Bs 1s the coupling between
system and bath. While casting the overall Hamiltonian in the system-bath form has proven to be
extremely useful in many other contexts, it is neither natural nor convenient when dealing with an
overall Hamiltonian of the form of Eq. (I.3). This is because the first term in Eq. (I.3), % H,l5) (],
=1
associates a different nuclear Hamiltonian, H ;» with each electronic state, |j), thereéy making it
impossible to come up with a uniquely defined bath Hamiltonian, Hp. Tt should be noted that
while it is in principle possible to cast the Hamiltonian in Eq. (I.3) in the form of Eq. (II.1), the

fact that there is no one unique way of accomplishing this can complicate the implementation of a

GQME-based approach which is based on the system-bath form in a number of ways:
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(i) First, when using an approximate method to evaluate the memory kernel, different choices
of H B, H g, and H ps may lead to different results without a clear criterion for choosing

between them.

(i) Second, the nuclear DOF are often assumed to start out at equilibrium with respect to Hp,
such that p,,(0) = p3 = exp [— BH B] /Z where Zp is the canonical partition function to
H 5, which means that the definition of H p nheeds to change whenever the nuclear initial

conditions, i.e., p,,(0), does.

(iii) Third, the system-bath coupling, Hps, is often defined so that TrB{fI psPy}t = 0, which

implies that the definition of Hpg will also be dependent on the choice of Hpg.

(iv) Fourth, the projection operator used to derive the GQME is often defined as P(-) = p3 ®

Trp{-}, and would also need to be modified when the definition of Hp changes.

Ne .
(v) Fifth, the second term in Eq. (I.3), > Vji|j)(k
jk=1
k#j

proximation, Vj, — Vi, and therefore part of the system Hamiltonian. However, this term

, 1s purely electronic in the Condon ap-

becomes a system-bath coupling term in the non-Condon case, thereby making it difficult to

create a unified computational framework that can treat both Condon and non-Condon cases.

Therefore, the development of the modified GOME (M-GQME) approach that avoids casting the
Hamiltonian in the system-bath form given in Eq. (II.1) is an improvement over the previous ap-
proaches.

The rest of this chapter is organized as follows. Previous approaches to the GQME that are
based on the system-bath splitting of the Hamiltonian given in Eq. (II.1) are described in Sec. I1.2.
The modified approach to the GQME is outlined in Sec. II.3. The method of obtaining the memory
kernel via projection-free inputs is described in Sec. I1.4. The procedure for calculating these
projection-free inputs with the Ehrenfest method is outlined in Sec. II.5. The results obtained by
applying the Ehrenfest method with the GQME to a spin-boson model and the discussion of these

results are reported in Sec. I1.6. Concluding remarks are given in Sec. II.7.
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IL.2 Previous Approaches to the GQME

In previous approaches to the GQME, that Hamiltonian is in system-bath form as given in
Eq. (Il.1) and the initial nuclear density matrix in Eq. (L4) is often given by 5,(0) = p% =
e~BHz / TrB{e*'BHB } It is also often assumed, without loss of generality, that H Bs 1s defined
such that <]:IBS>‘;’_§ = TrB{ﬁ?FIBS} = 0. As described in Sec. 1.3, the dynamics of the projected
state, Pp(t) is given by the NZ-GQME given in Eq. (I.2)."*%%% Using a projection operator of the
form P(-) = p3 ® Trp{-}, substituting it into Eq. (1.2), and tracing over the bath Hilbert space
then leads to the quantum-mechanically exact dynamics of the reduced system density operator,
given by a GQME of the following form:

—&(t):—%cs&(t)— /0 k(o —1) | (11.2)

Here, —iLs6(t)/h = —i[Hg,&(t)]/h and — fot dTKC(7)o(t — 7) correspond to the bath-free and
bath-induced contributions to the system’s reduced dynamics, respectively.

The bath-induced component is dictated by the memory kernel superoperator, K(7), which,
under the above mentioned conditions, can be written in a variety of different, yet equivalent,

forms:

— _—Trp cBSe-“ﬁ-ﬁBsP)T/h.cBSﬁg} . (I1.3)

12



Here, Lps(-) = [Hps, -] and Q = 1 — P. The memory kernel () typically vanishes at 7 > 7,
where 7, is the characteristic finite correlation or memory time of the system.

Simulating the dynamics of the system DOF based on Eq. (I1.2) requires knowledge of Lg and
KC(7). Obtaining Lg is straightforward given knowledge of the Hamiltonian, making the mem-
ory kernel the key quantity needed for simulating the dynamics of the electronic DOF based on
Eq. (I1.2). However, the evaluation of /() is made challenging by the fact that it is time-dependent
and the time dependence of /C(7) is nontrivial because it is dictated by the projection-dependent

—iQLT/h

propagator, e , rather than by the projection-independent propagator, e~“7/". One strategy

for overcoming the latter difficulty is by using a scheme for evaluating KC(7) from projection-free

—iLT/h —iQLT/h

inputs, i.e., inputs that involve e rather than e . Combined with exact or approximate
methods for evaluating those projection-free inputs can then lead to a methodology that can be
applied to complex molecular systems.

The following subsections outline two of the previously proposed schemes for calculating /C(7)
from projection-free inputs. The differences between the schemes can be generally traced back to
which of the forms of the memory kernel, Eq. (I1.3), is chosen as the starting point. Each of these
approaches then uses the following general operator identity to determine a scheme for evaluating

K () from projection-free inputs: >*

e~ iBT/h — g=iAT/h _ % / dr'e7ACTTINB — A)em BT (IL4)
0

I1.2.1 Shi-Geva Approach

The original scheme for calculating the memory kernel of the GQME?® was based on the fol-

lowing expression for the memory kernel [see Eq. (I1.3)]:

1 4 <
K(r) = =5 Trp{ Lose EEoP Lot | (IL5)
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Substituting A = £ and B = £ — L¢P into the operator identity in Eq. (IL.4), one can then obtain

o i(L—LpsP)T/h _ ,~iLT/h +%/T dTle—z‘L(T—T’)/EEBSpe—i(E—LBsP)T’/ﬁ ) (I1.6)
0

Substituting Eq. (I1.6) into Eq. (II.5) leads to the following expression for the memory kernel:

K(r)=Ki(1)+ 2/ Ki(r —7)Ko(7") . (I1.7)
0
Here,
1 —iLT/h ~eq
]CI(T) = ﬁTrB{EBse 'CBS/)B} (118)
and
1 —i(L—LpsP)T/h ~eq

]C2(T) = ﬁTI'B{G LBS)OB} (Hg)

are auxiliary kernels that are needed in order to calculate the memory kernel.

It should be noted that unlike /C; (), which is projection-free, K5(7) is projection-dependent.
As such, calculating ICy(7) involves a similar challenge to that of calculating K(7). However,
ICo(7) can be evaluated from the following Volterra equation, obtained by substituting Eq. (I1.6)
into Eq. (I.9):

Ka(r) = Ks(7) +i / ' dr'ICs(m — 7)Ka(7') . (11.10)
0

Here,

1 | »
Ka(r) = ﬁTrB{e_"CT/rLEBSpE?} (IL11)

is a projection-free auxiliary kernel. Thus, given the projection-free inputs K1 (7) and KC3(7), the
memory kernel, K(7), can be obtained with the Shi-Geva (SG-NZ) approach via the two coupled

equations, Eqs. (IL.7) and (I1.10).
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I1.2.2 Zhang-Ka-Geva Approach

An alternative scheme for calculating the memory kernel of the GQME?’ was based on writing

the memory kernel in the following form [see Eq. (I11.3)]:

1 | .
K(r) = ﬁTrB{ﬁBse_’Q&/hQﬁpg} - (I1.12)

Substituting A = £ and B = QL into Eq. (I1.4) and plugging that into Eq. (II.12) then leads to the

following Volterra equation for K(7):

K(r) = &(r) + %CD(T),CS + /UT dr'®(r — K(T') . (I.13)

Here, ®(7) is a projection-free input:
o(r) = %TrB{ﬁBSe—W%g} . (IL.14)

Therefore, the memory kernel can be obtained with the Zhang-Ka-Geva (ZKG-NZ) approach by

first calculating ®(7) and ®(7) and then calculating the memory kernel via Eq. (II.13).

II.3 The Modified Approach to the GQME

The modified approach starts with a system whose overall Hamiltonian is given by Eq. (1.3),
rather than by Eq. (II.1). As described in Sec. 1.3, the dynamics of the projected state, Pp(t) is
given by the NZ-GQME given in Eq. (I.2). "*9%% Next, the projection operator is explicitly defined
as follows:

P()=p' @ Tr,{-} . (IL.15)

Here, o' is a reference nuclear density operator of one’s choice (as long as Tr, { prefl = 1, which

is required for P? = P). Substituting the projection operator in Eq. (II.15) into Eq. (I1.2) and

15



tracing over the nuclear Hilbert space then leads to the following GQME for the reduced electronic

density operator 6 (t):
- t
Do) = Loy () - / dr K(r)o(t — 1)+ T(t) . (IL16)
0

Here,
(LYe" = Tr, { L% (I1.17)

n —

A

accounts for the Hamiltonian and Markovian dynamics generated by the Hamiltonian (H )™ =
Tr, {f[ f)ﬁff}, while the remaining two terms on the R.H.S. account for the non-Hamiltonian and
non-Markovian dynamics generated by the coupling between the electronic and nuclear DOF. More

specifically, the memory kernel, KC(7), which accounts for the effect of the nuclear DOF within the

time interval (0, ¢) on the electronic DOF at time ¢, is given by

1 —1 T ATe
K(r) = ﬁTrn{E e—i9L /hQﬁpnf} (IL18)
and the inhomogeneous term, I (t), which accounts for the effect of the initial state of the nuclear

DOF on the electronic DOF at time ¢, is given by
1(t) = —%Trn{ﬁe"'%/ hQﬁn(O)} : (I1.19)

It should be noted that both IC(7) and I (t) would typically vanish at 7,¢ > 7., where 7. is the
characteristic finite correlation or memory time of the electronic DOF.

As is well known, there is no one unique choice of ;' in Eq. (I1.15) and the specific choice is

dictated by the questions one is asking and convenience.?”*+> As a result, different choices of pref
would lead to different versions of the GQME. In this sense, the equation of motion that governs
the dynamics of the electronic DOF is not unique, although the different equations of motion must
all reproduce the same electronic dynamics (as long as the quantum-mechanically exact memory

kernel and inhomogeneous term can be obtained). In practice, it is convenient to choose P in a
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manner that will simplify the resulting GQME. The assignment prf = /,,(0) (the initial state of the
nuclear DOF) is such a convenient choice and leads to the following definition of the projection
operator:

P() = pu(0) @ Tro{-} . (11.20)

This choice is convenient because it leads to the elimination of the inhomogeneous term from the
GQME.” However, it should be noted that this choice also implies that the memory kernel will be
explicitly dependent on the initial state of the nuclear DOF. In other words, changing the state of
the nuclear DOF at the initial time ¢ = 0 [p,,(0)] would alter the equation of motion [see Eq. (I1.21)]
that dictates the dynamics of the electronic DOF at later times ¢ > 0. It should also be noted that
the specific form of p,,(0) is dictated by how the system is prepared, which is ultimately dependent
on the experimental setup. Importantly, p,,(0) need not be of the form p3 = Zgle_BHB. It should
be noted that this is also not required within the ZKG-NZ scheme (see Sec. 11.2.2).%

Substituting the projection operator in Eq. (I1.20) into Eq. (I1.16) leads to the following GQME

for the electronic reduced density operator, & (t):

—o(t) = —$<c>na(t) - /0 Kt | (IL.21)

Here, (£)? (the overall Liouvillian averaged over the initial state of the nuclear DOF, resulting in
a superoperator in the electronic Liouville-subspace) and /() (the memory kernel superoperator)

are given by:

(L () = Tra {pa(0)L} ()

Ne
= | D _H) y|+Z Yld)y (k-] (I1.22)
7j=1 7,k=1
k]
and
K(r) = 1T Le Q5. (0 11.23
(r) = 5 Te { LT QL (0)} (11.23)



respectively.

Importantly, evaluation of the Liouvillian and memory kernel terms in Egs. (I1.22) and (I1.23),
respectively, does not require casting the Hamiltonian in system-bath form or that the initial state
of the nuclear DOF corresponds to thermal equilibrium with respect to the bath Hamiltonian. In
what follows, Eq. (I.21) is referred to as the modified GOME (M-GQME), in order to distinguish
it from versions of the GQME which are based on casting the overall Hamiltonian in system-bath
form and assuming that the initial state of the nuclear DOF corresponds to equilibrium with respect
to the bath Hamiltonian (see Sec. 11.2).

It should be noted that the expression for the memory kernel, Eq. (I1.23), can be further simpli-
fied by introducing the Condon approximation, ‘A/]k — Vjk, leading to the following equation for
the memory kernel:

1

K(r) = ﬁm{czm e—iQﬁT/ﬁgcmf)n(O)} . (11.24)

To prove this, let £ = L0 + Line, Where

Ne
Ezero(') — [I:Izeroa ] = [Z H]‘]><]’7 ] )
j=1
A . (I1.25)
Lin() = [Hue )| = | D Vili) (Kl |

Jk=1
k#j

[see Eq. (I.3)] and note that £;,, becomes a purely electronic superoperator in the Condon approx-
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imation. As a result:

Tr, { [rinte_iQLT/ﬁ QA}

= 'CintTrn { eiigﬁﬂ-/h QA}

i 1/ Y )

QA}
(11.26)

}

i 1/ @Y )
= EimTI'n{[Q —ﬁQL:QT + 5 (_7_1) QEQEQT + ...

= LinTro {O]...]} = Lin (Trn {[...]} = Tt {P[...]1})
= Lo (Tt {[...]} = Tt {[...]}) =0

This implies that one can replace £ by L, on the left side of the exponent in Eq. (I1.23).

L can also be replaced by L., on the right side of the exponent in Eq. (I1.23), since

QLinpn(0)5 (1) = LinQpn(0)5 (1) = Lint [pn(0)5 (t) — Ppu(0)5(2)]

IL.27)
= Lin [pn(0)5(t) — pu(0)a(t)] = 0
Therefore, in the Condon limit,
K(r) = ¢ {E emiLT/hQL, (0)} (I1.28)
h2 n Zero ZCI‘Op’I’L . .

II.4 M-GQME Memory Kernel and Projection-Free Inputs

Simulating the dynamics of the electronic DOF based on Eq. (I.21) requires knowledge of
(£)% and k(7). Obtaining (£)? requires the evaluation of the time-independent averages over the
nuclear DOF at the initial time, (H;)° and (V;)?, which are relatively straightforward to calculate,
either fully quantum-mechanically, semiclassically, or fully classically. %

Assuming that (£)° can be obtained, the memory kernel of the M-GQME, Eq. (I1.23), is the key

quantity needed for simulating the dynamics of the electronic DOF based on Eq. (I1.21). However,
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unlike (£)?, the evaluation of K(7) is made challenging by the fact that it is time-dependent.

Furthermore, the time-dependence of K(7) is nontrivial because it is dictated by the projection-

—iQLT/h —iLT/h

dependent propagator, e , rather than by the projection-independent propagator, e

One strategy for overcoming the latter difficulty is by using a scheme for evaluating XC(7) from

—iLT/h —1QLT/h

projection-free inputs, i.e., inputs that involve e rather than e . Combined with exact
or approximate methods for evaluating those projection-free inputs can then lead to a methodology
that can be applied to complex molecular systems.

Substituting A = £ and B = QL into Eq. (IL.4) results in

e—iQET/ﬁ — e—iET/ﬁ + % /T d7_/6—i£(7—7/)/ﬁ73£€—i9[:7//h ) (1129)
0

Substituting Eq. (I1.29) into Eq. (I1.23) then leads the following Volterra equation of the second-

kind for K(7):
K(r) =iF(r) — %]—“(7')<£>91 +1 /T dr' F(r — 7K(T) . (I1.30)
0
Here,
F(r) = %Trn{ﬁe‘i“/ﬁﬁn(o)} : (IL31)

Thus, given the projection-free quantity F(7), Eq. (IL.30) can be solved numerically for the
projection-dependent /C(7) (see Sec. I11.4.1). In the Condon case, substituting Eq. (IL.29) into

Eq. (IL.28) leads to the following Volterra equation of the second-kind for /C(7) in the Condon

limit:
1 T
’C(T)ZFl(T)—i—ifz(T)<£zm>2+z’ / dr' Fo(r — 7)K(7') . (11.32)
0
Here,
1 .
Fi(r) = ﬁTrn{ﬁzeroe”“/hﬁmﬁn(O)} : (I1.33)
1 o
Fao(r) = ﬁTrn{Ezeme*Z“/hpn(O)} . (I1.34)

20



In contrast to the memory kernel, F(7), F;1(7), and F»(7) are not required to have finite lifetimes.
Hence, the problem of calculating K(7) translates into that of calculating F(7) and F(7) in the
non-Condon case and F;(7) and F»(7) in the Condon case.

In practice, K(7), F(7), Fi1(7), and Fo(7) are each represented by N2 x N2 matrices in terms
of the electronic basis {|j)[j = 1,..., N} (e.g. 4 x 4 matrices in the case of a system with two

electronic states). The corresponding matrix elements of F(7) are given by:

Fieun(r) = 2T (1) H1) L7, 0) o]}
= 2T { O e 1, e
= e puO) ) (ol ™7 [y — ] IRy e @33
b T puaele ™ [Vl 1 Vi )7}

=1

Performing similar derivations, the matrix elements of F;(7) are given by

1 A N A N . .
ﬂmﬁﬂzﬁﬂ{hmm%meQWwWW%mmm—my“W§ (I1.36)

and the matrix elements of F»(7) are given by
1 - N . .
Fagran(7) = 3 T { pn(O)u) (vl b) al (A, — 11,) eZHT/h} (IL37)
Thus, Fjkuy(T), F1 jkus(T), and Fo k. (7) can be given in terms of expressions of the form:

T {Q ) (] e T/ T |b)<a!e’m7/h} . (IL38)

Here, the nuclear operator Q is pn(0) for Fjpu(T) and Fo k. (7) and [ﬁuﬁn(O) — ﬁn(O)I:IU for
Fijku(T) while the nuclear operator I' = I'(R) is either

(i) Vj<f{> —Vk(f{) witha = j and b = k,
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Qi) Vja (R) with a # j and b = k, or
(i) Vi (R) witha = j and b # k

and terms with a # j and b # k do not occur and options (ii) and (iii) do not occur for Fi ju, (7)
and F2 jjuy (7).

The number of quantities of the form of Eq. (I.38) that needs to be calculated scales rather
favorably with the dimensionality of the electronic Hilbert space (~ N2). It should be noted that
those quantities only need to be calculated once for a given initial state, and that they can be

calculated independently in a trivially parallelized manner.

I1.4.1 Numerical Solution of the Memory Kernel Volterra Equation

In this section, the iterative algorithm used for solving Eqgs. (I1.30) and (II.32) numerically is
outlined. It should be noted that these equations are Volterra equations of the second kind, and as

such have the following general form:

f(t) = / s h(t,s)f(s) + g(t) . (IL39)

to

Given that h(t, s) and ¢(t) are known, this equation is solved for f(¢). Comparing Eq. (I1.39) with
Egs. (IL.30) and (I1.32) shows that in our case this is an operator equation with t, — 0, t — 7,
s — 7', and f(t) — K(7) in both the Condon and non-Condon cases and h(t,s) — iF (1 — 7')
and g(t) = iF(1) — +F(7)(L)? for a non-Condon system and h(t,s) — iF»(7 — 7') and g(t) =
Fi(1) = 3 F2(T)(Lyero)" for a Condon system.

The iterative algorithm starts out with f(¢) = ¢(¢) as the initial guess. Substituting this initial
guess into Eq. (I1.39) generates another estimator of f(¢), which is then substituted back into
Eq. (II.39). This procedure is repeated until convergence, where the estimators obtained in two
subsequent steps are indistinguishable within a prescribed tolerance.

In practice, f(¢) is a matrix and time is discretized, ¢, = nAt with n = 0,1,2, ..., Npax. Let
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fir(nAt) be the value of (3, k)-th matrix element of f after the i-th iteration:

nAt Ne
e (nAt) = / dthﬂ(nAt, $)fit(s) + gin(nAt) (I1.40)
0 =1

The time integral in Eq. (I.40) is calculated via the extended trapezoidal rule. The results re-
ported in this paper were obtained using the following criterion for convergence: |f}, (nAt) —
;gl(nAt) < 10710 (for all time steps n and matrix elements jk). For the applications reported

in this chapter, the typical number of iterations necessary for obtaining converged results was 4-16.

IL.5S Ehrenfest Method for Obtaining the Projection-Free In-
puts

The methodology outlined in Sec. II.4 is general and can be used for calculating the memory
kernel of the M-GQME via any exact or approximate method of one’s choice.?”*>#+%-%7 In this
section, a protocol is outlined for calculating the projection-free inputs Fjxy,(7), F1 jkus(7), and
F2 jkuv(T) via the Ehrenfest method. This starts by noting that they can be given in terms of expres-
sions of the form of Eq. (I1.38). The expression in Eq. (I1.38) can be interpreted as the expectation
value of I |) (a| at time ¢ when the initial state is given by  |u) (v| and the dynamics is dictated by
the overall Hamiltonian, H [see Eq. (I.3)]. However, while Q always contains p,,(0), which is by
definition a legitimate nuclear density operator, associating |u)(v| with an initial electronic density
operator, 7(0), is not possible when u # v since in this case |u)(v| is not Hermitian, has zero trace,
and does not satisfy the Schwarz inequality [ |ojx| < (ajjakk)l/ 7.

The fact that |u)(v| is not a legitimate density operator when u # v can become an obstacle
when one attempts to evaluate Eq. (I1.38) via semiclassical or mixed quantum-classical methods. In
this section, this point is demonstrated in the context of the Ehrenfest method. Within this method,
the nuclear DOF are treated classically, the electronic DOF are treated quantum-mechanically, and

the impact of the electronic DOF on the nuclear DOF is treated in a mean-field manner. In practice,
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initial positions and momenta of the nuclear DOF are sampled based on the Wigner transform of
Pn(0), prw (R, P;t = 0), or its classical limit, and expectation values are obtained by averaging
over the corresponding ensemble of classical trajectories. The effect of the nuclear DOF on the
electronic DOF is accounted for by the fact that each classical trajectory of the nuclear DOF, R(t),
corresponds to a different realization of a time-dependent Hamiltonian that govern the dynamics

of the electronic density operator,

Fa(t) = S GIRIG+ Y VRO 41
j=1 j;cl;:jl

The effect of the electronic DOF on the nuclear DOF is accounted for by propagating the nuclear

DOF on the mean-field PES:

N Ne
Vor (R) =D o;(0)Vi(R) + Y o3 () Vik(R) (I1.42)
j=1 j.k=1
k#j

Attempting to use the Ehrenfest method when the initial electronic density operator is non-
Hermitian, e.g., 6(0) = |u)(v| when u # v, results in a complex mean-field PES, which in turn
leads to nonphysical complex classical positions and momenta of the nuclear DOF. This problem
can be bypassed by switching to a basis of the electronic Liouville space consisting of operators
that satisfy the conditions for a density operator. The choice of basis is not unique but a relatively

unbiased choice that satisfies hermiticity, trace one, and Schwarz inequality corresponds to:

[ {ul + o) ol + ) (o] + o) G|
[l + ool = ifubo] + o) (ul|

(I1.43)

The results reported in this chapter were obtained based on this choice. It should be noted that
Montoya-Castillo and Reichman ™ proposed an alternative approach for resolving the above men-

tioned discrepancies which is based on the identity |u)(v| + |v){u| = >, Ax|Ax) (M| and sep-
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arately simulating Ehrenfest dynamics for each |\;)(\g| (here, {|\x)} are the eigenfunctions of
|u)(v] + |v)(u| and {\;} are the corresponding eigenvalues).
In practice, one starts with X, and Y,,, instead of |u)(v| and |v)(u| as initial electronic states,

to obtain the Ehrenfest approximations of

Tr {© K" D(R) ) ale 7/}
A A (IL.44)

Tr {Q YT/ D(R)|b) <a|e*iHT/h}
The corresponding results for |u) (v| and |v)(u| as the initial electronic states can then be expressed

as linear combinations of the results in Eq. (I.44). For example:

T { Q) (o] D(R)[b) ale 77"}
= T {0, T (R) ) a7
4T {Q Yoo T/ D (R) ) (a|e_m7/h} (IL45)
— ST {2l T(R)B) (a7

- e )

I1.6 Results for a Spin-Boson Model

In this section, the applicability and robustness of the M-GQME is demonstrated by obtaining
the memory kernel via Ehrenfest-based projection-free inputs and applying the M-GQME to a spin-
boson model system with two electronic states [donor (D) and acceptor (A)], harmonic electronic
PESs which are shifted in equilibrium energy and geometry, and an electronic coupling coefficient

which is assumed to be constant (Condon approximation). The overall Hamiltonian is given by:

H = Hp|D)(D| + HalA)(A| + Vpa| D)(A| + Vap|A)(D| , (I1.46)
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where

X[ p2 o1
o Pl oy s
HD—E—F; 9 +2W2Ri ci R )

N A
) P2 o1 . . (IL47)
Hi=— L4 R+ R, '
A 6—1-2 5 —|—2wZ S+ )
Vpa=Vap =T

Here, ' is a positive constant, 2¢ is the shift in equilibrium energy between the donor and acceptor
states (¢ = 0 and € # 0 correspond to the unbiased and biased cases, respectively) and 2¢;/w? is
the corresponding shift in equilibrium geometry along the ¢-th mode coordinate. Since this system
satisfies the Condon approximation, the projection-free inputs F;(7) and F»(7) are used to obtain
the memory kernel as shown in Sec. 11.4.

Also compared are the results obtained based on the M-GQME scheme to those obtained from
GQME-based schemes that start out with the overall Hamiltonian in a system-bath form. The
schemes used are the Shi-Geva®® (SG-NZ) and Zhang-Ka-Geva”’ (ZKG-NZ) system-bath-based
schemes (see Sec. I1.2), that have the form of Eq. (II.1) with the system, bath, and system-bath

terms given by:

Hg = e[| D){D| — |A)(A[] + T [|D)(A] + |A)(D]] ,
N A
2 Lra 2 B 54
Iy = 5 [+ Ha = Z“ o Wil (I1.48)

Hps = — Zcz [1D)(D] — | A) (Al

The values of {w;} and {¢;} (i = 1,..., N,,) are obtained based on an Ohmic spectral density

with exponential cutoff:

JW) =33 %5@) T N (I1.49)
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Here, £ is the Kondo parameter (a measure of the shift in equilibrium geometry) and w, is the
cutoff frequency. The discrete set of N,, nuclear mode frequencies, {ws, ...,wy, }, and coupling
coefficients, {cy,...,cn, }, for the Ohmic spectral density with exponential cutoff, Eq. (II1.25),

were obtained following the procedure described in Ref. 68:

w; = —Ww1n (1 — zﬂ> (I1.50)

We

Ci = \/ fhwowi . (1151)

Here, the 7 in Eq. (I1.50) refers to the number of the mode (rather than the imaginary unit) and

wo = - (L= emmloe) (I152)

n

where wy, = wmax 18 the frequency of the highest frequency mode.
The value of wy,y 1s determined using the following procedure. First the parameter « is defined

as

Wmax d J
g do W) g (W ) (I1.53)
fo dwJ( )

The parameter o controls the discretized spectral density. A value close to one yields a spectral
density that covers high frequencies but at the cost of an overall coarse-grained frequency distri-
bution. This could be compensated by an increased number of modes at the expense of increased
computational costs. In practice, the actual value of « is determined in a manner that balances
accuracy with cost. For the calculations reported in this paper, the value of o was set to 0.95.

Given the value of «, wi.x can be determined from Eq. (I11.53),

Wy = — [W (1 - a) — 1} W | (IL.54)

e

where W () is the Lambert W function, W (ze”) = x. W (x) was calculated numerically using the

python library function scipy.special.lambertw(zx,i,tol) with x = (o — 1) /e, « = 0.95, i = —1,
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and tol = 1075, with the result rounded to the next whole integer for wpay.

The initial state of the nuclear DOF was chosen as:

676]:13
p(0) = —— (IL55)
Tr,, { e BHB }
where Hyp is as in Eq. (I1.48) and the initial nuclear position and momenta are sampled based on
the Wigner transform of Eq. (I11.26),

Nn

pnw(R.P;0) =]

i=1

tanh(Phi/2) {_Mnh(ﬁm’i/ 2 (5‘2 _ R?)} (IL56)

12
<h oo, 5 Twi

It should be noted that this particular choice is dictated by our desire to compare the M-GQME
scheme with the SG-NZ and ZKG-NZ schemes, which require that the initial nuclear state corre-
sponds to thermal equilibrium with respect to the bath Hamiltonian, by definition and to eliminate
the inhomogeneous term, respectively. At the same time, it is also important to emphasize that the
M-GQME is designed to accommodate arbitrary initial nuclear states of one’s choice.
Calculations were carried out for five different sets of parameter values (see Table III.1) aver-
aged over 10° trajectories. The memory kernel and projection-free inputs elements were found to

have the following properties:
() Kjjuo(T) = Frjjun(T) = Fajjun(T) = 0,
(i) and K (T) = Kijou(7) 5 Frghun(T) = Fipjou(T) 5 Fajiun (T) = =F5 pjou(7) -

The nonvanishing matrix elements of the memory kernel superoperators, which were calculated
using the Ehrenfest method and the population difference between donor and acceptor states, which
corresponds to the expectation value of 7,(t) = |D)(D|(t) — |A)(A|(t), for models #1-5 are
shown in Figs. II.1-11.5, respectively. Exact results were adopted from Ref. 44 for models #1-4
and from Ref. 69 for model #5. The nonvanishing matrix elements of the projection-free input

superoperators J; (7) and F(7) for models #2 and #3 are given in Figs. I1.8-11.9 .
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Table II.1: Model and simulation parameters

model parameters numerical parameters
Model # || € r B | & | we || Wmax | Nn At
1 1.0 1.0 |50]0.1 1.0 5 1400 | 0.02

10| 1.0 {50]0.1 |20 10 | 400 | 0.02
1.0 1.0 | 50|01 |75 36 [400| 0.02
1.0 1.0 |50 |04 (20| 10 |400 | 0.02
0.0]0.33[30[0.1]1.0 5 1200 0.02

Nl W|N

One observation that can be gleamed from Figs. II.1-11.5 is that the M-GQME and ZKG-NZ
schemes produce memory kernels that are better behaved at long time than those produced by the
SG-NZ scheme. More specifically, with the exception of model #1, the memory kernels obtained
via the SG-NZ scheme are observed to oscillate asymptotically, rather than vanish.

The instabilities of the Ehrenfest-based SG-NZ memory kernels have been reported in previous
studies.*>* In one previous study,** these instabilities were dealt with by truncating the memory
kernel at short times. This indeed reproduces the population dynamics reported in Ref. 44, which
also happens to be in excellent agreement with the exact result (see Fig. I1.6). For example, in the
case of model #4, this meant truncating the memory kernel at ¢, = 1.5 ['—!.* However, truncat-
ing the memory kernel at t,e, = 1.5 '~ also causes the M-GQME and ZKG-NZ to disagree with
the exact result. A closer inspection of Fig. I1.4 reveals that the memory kernel is actually longer
lived and that truncating it at ¢yem = 10.0 ! would be more reasonable.” Indeed, truncating the
memory kernel at ¢, = 10.0 ! rather than at ¢,,.,, = 1.5 '~ significantly improves the agree-
ment between the population dynamics produced by M-GQME and ZKG-NZ and the exact result
(see Fig. I1.4). At the same time, it also causes the population dynamics produced by the SG-NZ
to oscillate asymptotically around the exact result, which is consistent with a similar observation
made in Ref. 44. In another previous study,*” the memory time was determined by a “plateau of
stability” found in the o,(t) dynamics with respect to the memory time. However, as shown in
Fig. I1.7 and acknowledged in Ref. 32, this plateau can be short-lived or nonexistent. Additionally,

determination of the plateau of stability without knowledge of the exact results can be challenging.
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Figure II.1: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #1 in Table III.1. Shown are memory kernels obtained via the SG-NZ
(dashed red), ZKG-NZ (dashed blue), and M-GQME (solid green) schemes. The memory kernels
of all three schemes perform similarly for this set of parameters, with all elements having finite
lifetimes.

On the right is the electronic population difference as a function of time for model #1 in Table III.1.
Shown are the exact result as well as the results obtained via direct application of the Ehrenfest
method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest
method. Notably, the direct application of Ehrenfest yields worse results than any of the GQME
approaches that use Ehrenfest as input.

In comparison, ¢, (t) dynamics within the M-GQME and ZKG-NZ schemes converge smoothly, as
seen in Fig. I1.7, which makes finding a plateau of stability unnecessary. The M-GQME and ZKG-
NZ convergence are obtained with a memory time equal to the lifetime of the memory kernel, e.g.,
tmem = 10.0 ! in the case of model #4.

Another observation is that the population dynamics produced by M-GQME, ZKG-NZ, and
SG-NZ with memory kernels obtained via the Ehrenfest method are in much better agreement

with the exact result than the population dynamics obtained via direct application of the Ehrenfest
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Figure I1.2: On the left are the real and imaginary parts of the nonvanishing matrix elements of
the memory kernel for model #2 in Table III.1. Shown are memory kernels obtained via the
SG-NZ (dashed red), ZKG-NZ (dashed blue), and M-GQME (solid green) schemes. The memory
kernels of all three schemes perform similarly for this set of parameters, with some elements having
slightly more erratic behavior than seen in the model #1 memory kernels given in Fig. II.1.

On the right is the electronic population difference as a function of time for model #2 in Table III.1.
Shown are the exact result as well as the results obtained via direct application of the Ehrenfest
method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest
method. While still showing markedly better results than the direct application of Ehrenfest, the
SG-NZ GQME approach deviates from the exact results at longer times more so than the ZKG-NZ
and M-GQME approaches.

method. At first sight, this is somewhat surprising, given that the memory time, ¢yem = 10.0 71,
is comparable to the population relaxation time scale. However, it should be noted that within
the GQME, the effect of the density operator at time ¢ — 7 on its dynamics at time ¢ decreases
with increasing 7 due to the finite lifetime of the memory kernel. Thus, as the Ehrenfest method
becomes less accurate with increasing time, its contribution to the dynamics through /C(7) dimin-

ishes as well. As a result, using the Ehrenfest method to calculate the memory kernel leads to
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Figure I1.3: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #3 in Table III.1. The SG-NZ memory kernel (dashed red) has long-
time oscillations not seen in the M-GQME memory kernel (solid green) and ZKG-NZ memory
kernel (dashed blue). All three memory kernels show higher instability compared to the memory
kernels of models #1 and #2, shown in Figs. II.1 and I1.2.

On the right is the electronic population difference as a function of time for model #3 in Ta-
ble III.1. Shown are the exact result as well as the results obtained via direct application of the
Ehrenfest method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via
the Ehrenfest method. While still performing better than the direct application of Ehrenfest, the
GQME approaches show significant departure from the exact results. The reason for this can be
traced to the breakdown of the validity of the treatment of the nuclear DOF as classical within the
Ehrenfest method when the frequency of the nuclear modes increases.

significantly more accurate results than using the Ehrenfest method to calculate the population
dynamics directly. It should be noted that the authors of Ref. 32 also argued that the improve-
ment of the GQME over direct Ehrenfest could be due to the additional information about the
electronic-nuclear coupling gained through the sampling of nuclear operators within the inputs for
the memory kernel.

Yet another interesting observation is the loss of accuracy and stability of the memory kernels
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Figure I1.4: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #4 in Table III.1. The SG-NZ memory kernel (dashed red) has long-
time oscillations not seen in the M-GQME memory kernel (solid green) and ZKG-NZ memory
kernel (dashed blue), with some elements of the SG-NZ memory kernel oscillating around values
other than zero. This behavior leads to varying electronic population difference dynamics for the
SG-NZ scheme with different memory times as shown in the graph on the right and in Fig. 11.6.
On the right is the electronic population difference as a function of time for model #4 in Table III.1.
Shown are the exact result as well as the results obtained via direct application of the Ehrenfest
method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest
method. While initially closer to the exact results, the SG-NZ GQME approach shows asymptotic
oscillations at longer times which are not seen in the ZKG-NZ and M-GQME approaches.

with increasing cutoff frequency, w,. (see Figs. II.1-11.3). This can be traced back to the treatment
of the nuclear DOF as classical within the Ehrenfest method. More specifically, increasing w,
corresponds to increasing the frequency of the nuclear modes and thereby making the assumption
that they can be treated as classical less valid. Along with the increasing instability, another trend
seen in Figs. II.1-11.3 is that with the increasing cutoff frequency, the scale of the memory kernels

also increases.
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Figure I1.5: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model #05 in Table III.1. The ZKG-NZ memory kernel (dashed blue) and M-
GQME memory kernel (solid green) perform similarly while the SG-NZ memory kernel (dashed
red) displays different behavior, with some elements not converging to zero.

On the right is the electronic population difference as a function of time for model #5 in Table III.1.
Shown are the exact result as well as the results obtained via direct application of the Ehrenfest
method and via SG-NZ, ZKG-NZ, and M-GQME with memory kernel calculated via the Ehrenfest
method. For the unbiased case, good agreement is seen between all approaches and the exact
results. This is a notable deviation from the biased cases, where direct application of Ehrenfest is
unable to capture the exact dynamics while the GQME approaches give significantly more accurate
results, particularly for the ZKG-NZ and M-GQME approaches.

Finally, it is interesting to contrast the biased case (¢ # 0, Figs. II.1-11.4), with the unbiased
case (¢ = 0, Fig. II.5). While direct application of the Ehrenfest method appears to produce
rather accurate results in the unbiased case, it is observed to lead to significant deviations in the
biased case. This can be traced back to the Ehrenfest method’s failure to capture detailed balance.
Interestingly, restricting the use of the Ehrenfest method to calculating the memory kernel and sim-

ulating the electronic dynamics through the GQME gives rise to significantly more accurate results
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Figure I1.6: Electronic population difference as a function of time for model #4 in Table III.1
with the memory truncated at #,,., = 1.51'!. Shown are the exact result as well as the results
obtained via direct application of the Ehrenfest method and via SG-NZ, ZKG-NZ, and M-GQME
with memory kernel calculated via the Ehrenfest method. Here, the SG-NZ GQME approach
achieves good agreement with the exact results while the ZKG-NZ and M-GQME approaches
show significant differences. However, as seen in Fig. I[.4, a memory time of ¢ye, = 10.0T1
is more reasonable than t,.,, = 1.5T7!; this leads to the results shown in Fig. I1.4, where the
ZKG-NZ and M-GQME approaches obtain better agreement with the exact results than the SG-
NZ approach.

in the biased case. It should be noted that given the quantum-mechanically exact memory kernel,
the GQME is guaranteed to satisfy detailed balance since it corresponds to the exact equation of
motion of the electronic DOF. The fact that it still does rather well even when the memory kernel is
calculated via the Ehrenfest method should be considered as yet another advantage of the GQME

approach.
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II.7 Concluding Remarks

Although the system-bath paradigm has been a central theme in the study of quantum open sys-
tems, there are cases where it is not desirable to cast the overall Hamiltonian in system-bath form,
Eq. (IL.1). A prime example is nonadiabatic dynamics, where it is neither natural nor convenient to
cast the Hamiltonian in terms of a system Hamiltonian, which only depends on the electronic DOF,
a bath Hamiltonian, which only depends on the nuclear DOF, and a system-bath interaction term,
which couples them. This is because the overall Hamiltonian underlying nonadiabatic dynamics
associates a different nuclear Hamiltonian with each electronic state, thereby making the definition
of a single bath Hamiltonian non-unique and essentially arbitrary. The lack of a unique system-
bath Hamiltonian can be particularly problematic when approximate methods are used to evaluate
the memory kernel, as would often be the case when dealing with realistic molecular models, since
different choices of bath Hamiltonian may lead to different results without a clear criterion for
choosing between them.

This chapter utilized the fact that the GQME, which represents the exact equation of motion of
the electronic DOF during nonadiabatic dynamics, does not in fact need to be based on casting the
overall Hamiltonian in system-bath form.?>>’! This form of the GQME is referred to as the M-
GQME. Also presented is a practical scheme for calculating the memory kernel of the M-GQME,
either exactly or approximately, that does not rely on the system-bath form. In doing so, we end up
with a natural and convenient GQME-based approach for simulating the dynamics of the electronic
DOF during nonadiabatic dynamics.

It should be noted that unlike other methods for simulating nonadiabatic dynamics, such as
Ehrenfest, surface hopping, MQCL, and SQC, the approach based on the M-GQME is focused
on the dynamics of the electronic DOF. The dynamics of the nuclear DOF is only captured to the
extent that it impacts the electronic DOF. The memory kernel represents the minimum input of the
nuclear DOF that is required in order to account for their effect on the dynamics of the electronic

DOF. In this respect, the GQME can be thought of as going beyond approaches based on FGR,
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where the coupling between the electronic and nuclear DOF is assumed weak and the impact of
the nuclear DOF on the electronic DOF is captured by the two-time autocorrelation function of the
coupling between nuclear and electronic DOF.!*~!® Unlike FGR-based approaches, the GQME
does not require assuming weak coupling between electronic states and describes the electronic
dynamics in terms of the full electronic density matrix, rather than in terms of the electronic pop-
ulations, which correspond to its diagonal elements.

On the one hand, the loss of more detailed information on the dynamics of the nuclear DOF
may be viewed as a disadvantage of the GQME-based approach to nonadiabatic dynamics. On the
other hand, focusing on the memory kernel rather than on a complete description of the nuclear
DOF, offers several important advantages. First, it is often the case that the only interesting aspect
of the nuclear dynamics is its impact on the electronic dynamics. Thus, the compactness of the
memory kernel provides an elegant way for focusing on this aspect without needing to figure out
whether or not a given detail of the nuclear dynamics impacts the electronic DOF. Second, the
compactness of the memory kernel and its finite memory time also implies that calculating it via a
given method, either exact or approximate, can be more cost-effective and/or lead to more accurate
results than a direct application of the same method. Third, it should be remembered that most
useful approximate methods describe nuclear dynamics in terms of an ensemble of classical-like
trajectories, and are constructed in such a way that only the ensemble average, rather than indi-
vidual trajectories, can be related to physically meaningful measurable quantities like electronic
populations and coherences. The fact that the memory kernel is defined in terms of a trace over the
nuclear DOF implies that it incorporates this ensemble-averaging automatically and is therefore
directly related to the only relevant measurable quantities.

In summary, the M-GQME provides a rigorous and general approach for simulating electron-
ically nonadiabatic dynamics. Within this approach, the memory kernel superoperator is the key
quantity which dictates how the electronic dynamics is impacted by the nuclear DOF, regardless of
the strength or type of coupling. What makes this approach particularly appealing is the fact that

calculating the memory kernel via exact or approximate methods can be more cost-effective and/or

37



accurate than direct application of those methods. Given the non-uniqueness associated with the
choice of basis in Eq. (I.43), which appears to be inherent to the Ehrenfest method, it would
also be highly desirable to explore calculating the memory kernel via approximate methods other
than the Ehrenfest method. The following chapter will explore two different mapping Hamiltonian
methods with a quasiclassical approximation that do not require the Eq. (I.43) and compare their

results as input methods for the GQME to Ehrenfest.
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Figure I1.7: Electronic population difference as a function of time for model #4 in Table III.1
with varying memory times for the SG-NZ method and the M-GQME method in the top graph and
bottom graph, respectively. The SG-NZ method shows changing dynamics with differing memory
time while the M-GQME converges to dynamics that do not change with increasing memory time.
The dashed line in the top graph indicates the memory time used by Kelly et. al. (see Fig. I1.6) and
the dashed line in the bottom graph indicates the memory time used in this paper (see Fig. 11.4).
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Figure I1.8: The real and imaginary parts of the nonvanishing matrix elements of the projection-
free input F;(7) for model #2 in Table III.1. The lifetimes of the projection-free input F;(7)
and F,(7) are more than double the lifetime of the M-GQME memory kernel for the same set of
parameters, as shown in Fig. I1.2. Also, the DAD D imaginary and D AAD real elements for F;(7)
and the DADD real, DAAD real, and DAAA real elements for J,(7) appear to be converging to
values other than zero.
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Figure I1.9: The real and imaginary parts of the nonvanishing matrix elements of the projection-
free input F;(7) and F»(7) for model #3 in Table III.1. The instability seen within the M-GQME
memory kernel for this set of parameters (Fig. I1.3) can also be seen in the projection-free input
Fi1 (7). The lifetimes of the projection-free input F; (7) and F»(7) are closer to the lifetime of the
corresponding memory kernel (Fig. I1.3) compared to F1(7), Fa(7), and K(7) of model #2, as
seen in Figs. I1.8 and I1.2.
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CHAPTER III

Mapping Hamiltonian + Quasiclassical

Approximation Methods with the M-GQME

III.1 Introduction

The central quantity within the GQME framework is the memory kernel superoperator. The
compact nature of the memory kernel (a N2> x N? matrix, where N, is the number of electronic
states involved) and the fact that it contains all the information needed to account for the effect
of the nuclear DOF on the electronic DOF makes it a key quantity when it comes to determin-
ing the correlation between molecular structure and electronic dynamics. The memory kernel is
often found to be short-lived compared to the time scale of the electronic dynamics it impacts,
which suggests that the ability to accurately capture the electronic dynamics can be enhanced by
restricting the use of approximate methods to calculating the memory kernel.>® This is because the
accuracy of the approximate methods often deteriorates with increasing time while the GQME is
exact beyond the approximate method used to capture the short-lived memory kernel.

Several recent studies have pursued such a strategy with the Ehrenfest method as the approx-
imate method of choice for calculating the memory kernel, including the one shown in Chapter
I1.°%32:35 The Ehrenfest-based approach has met with considerable success for the benchmark mod-
els it was applied to (see Sec. I1.6). However, there are several reasons for why extending the range
of approximate methods used for calculating the memory kernel beyond the Ehrenfest method is

desirable. First, being able to choose from different approximate methods can be beneficial, given
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that the suitability of the approximate method can often be informed by the system and process it
is applied to. Second, the requirement that the electronic density matrix be Hermitian in order for
the mean force experienced by the nuclear DOF within the Ehrenfest method to be real has led to
multiple protocols for calculating the memory kernel, which can give different answers, without
a clear criterion for choosing between them.*>*> Third, as a mixed quantum-classical method, the
Ehrenfest method treats the dynamics of the electronic and nuclear DOF in terms of rather differ-
ent quantities (a wave function or density matrix and phase-space variables, respectively). Treating
both electronic and nuclear DOF as classical-like > could therefore make it easier to incorporate
the method into existing classical molecular dynamics (MD) codes.

Approximate methods that seem to overcome some of these potential shortcomings of the
Ehrenfest method can be obtained by combining the mapping Hamiltonian (MH) approach’>~*
with quasiclassical (QC) approximations, including the linearized semiclassical (LSC) approxima-

41538190 Within the resulting QC/MH methods, the electronic DOF are mapped onto classical-

tion.
like variables, so that the dynamics of the overall system (electronic DOF + nuclear DOF) can be
described in terms of classical-like trajectories. In addition, within LSC, the force on the nuclear
DOF is real even when the initial electronic state is non-Hermitian.

Previous to the research outlined in this chapter, there was one other preliminary study that
used a QC/MH approach for calculating the memory kernel; > the work presented herein extends
upon it in several ways. First, two different ways of using a QC/MH method to calculate the
memory kernel of the GQME are tested and compared. Second, the implementation is done within
the framework of the recently introduced GQME formalism outlined in Sec. I1.3, which is geared
towards simulating electronically nonadiabatic dynamics.*> Third, the accuracy of the QC/MH-
based approaches are tested and compared to the Ehrenfest-based approach on a wider range of
parameter space.

The remainder of this chapter is organized as follows. Two different versions of the QC/MH

method are described in Sec. III.2. The calculation of the GQME memory kernel from projection-

free inputs obtained via the QC/MH method is described in Sec. I11.3. The utility and accuracy of
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combining QC/MH with GQME are demonstrated on a benchmark model in Sec. I1I.4. Concluding

remarks are offered in Sec. IIL.5.

III.2 The Mapping Hamiltonian (MH) Approach and Lin-

earized Semiclassical (LSC) approximation

I3

onto an isomorphic set of operators, {M;;(q,p)}, that satisfy the same commutation rela-

The MH approach is based on casting the complete set of purely electronic operators, {|j)(k

tions: 72,73,91-98

17) (k| — M (4,p) - 1)

Here, {q, p} represents a set of auxiliary Cartesian coordinate and momentum operators associated
with the mapping (not to be confused with the coordinate and momentum operators of the actual

electrons). The motivation for replacing the original set of electronic operators with the mapping

operators can be traced back to the fact that unlike {|j)(k|}, {M, (q, p)} have classical-like ana-
logues. As a result, classical-like approximations can be constructed.
Within the MH approach, |u)(v| and |k)(j| in Eq. (I.8) are replaced by M,, (q,p) and

My (4, p), respectively, so that:
Ne
oi(t) = > 0u(0) Tr{ﬁn(O)Muv (&, D) /"My, (4, p) e_’Ht/h} : (I11.2)

u,v=1

Applying the LSC approximation to Eq. (II1.2), we obtain the following approximate expression

for o (t): 7%

() - (i) > o

e (IT1.3)
/ / / pn(0)lyy (Ro, Po)[Muo]w (a0, Po) [Mislw (as, Pe)
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where N = N, + N,, is the total number of DOF of the overall system. The W subscripts in

Eq. (II1.3) denote the corresponding Wigner transforms,

im Z . Z
[Muv]w(q,p)z/dze p/h<q+ §’Muv (q,p)‘q——> :
(111.4)

1/n(0)]y (R, P) Z/dZ e—iZP/h<R N %

/sn<0>‘R— §>

Importantly, {R;, P;, q;, p;} are obtained by starting at the initial state {Ry, Pg, qo, po} and solv-

ing the classical Hamilton equations based on the following classical-like Hamiltonian:

Ne Ne

H(R,P,q,p) = Y H;(R,P)[Mylw(a,p) + > Vi(R)[Mulw(a,p) - (IIL5)
j=1 j,k=1
ki

The above-mentioned QC/MH approach has several attractive features:

* Advantageous computational cost: The computational cost of calculating UJL.,fC(t) is the

same as that of a classical MD simulation of a classical system with N DOF.

* Captures feedback between nuclear and electronic dynamics: The classical-like Hamil-
tonian in Eq. (II.5) couples (R, P) and (q,p). As a result, the electronic dynamics is
affected by the nuclear dynamics and vice versa. Thus, feedback between the nuclear and

electronic DOF, which is the central feature of electronically nonadiabatic dynamics, is cap-

tured by QC/MH.

* Goes beyond Ehrenfest: The initial electronic state is mapped onto
Ne
> 0k(0)[Myy]w (o, Po), which implies a distribution over the initial conditions,
Gok=1

(do, Po). This distribution arises from two sources: (i) [My,|w (qo, Po) is typically not a
localized function of (qy, pg) and thereby calls for sampling different initial (qq, po) and (ii)
unless the system starts in one of the basis states, (0) = |j)(j|, different electronic density
matrix elements will give rise to different (qg, pg) distributions. Importantly, (q;, p;)

depend on (qg, po) and will differ from one choice of (qg, po) to another. Furthermore,

45



the dynamics of the nuclear DOF takes place on a PES which is explicitly dependent on

(a, pr):
Ne Ne
VR, 1) = > [Mjlw(an p)Vi(R) + > [Mdw(a, p)Vie(R) . (11L.6)
j=1 jk=1
ks

Thus, the same choice of (R, Py) can lead to multiple (R, P;) since different choices of
(do, po) would lead to different (q;, p;) and thereby different forces that the nuclear DOF
are subject to. This is similar to surface hopping methods (although in this case, the force
terms change continuously) but should be contrasted with the Ehrenfest method, where the
force on the nuclear DOF is obtained by averaging over the entire instantaneous electronic

state and thereby does not allow for such multiplicity of nuclear trajectories to emerge.

* Treats electronic populations and coherences on equal footing: Populations and coher-
ences have their own mapping variables {[;;]w (q, p) for populations and [M;x]w (q, p),
with j # k, for coherences}. This should be contrasted with the Ehrenfest method, where
states with non-zero coherences can give rise to complex forces on the nuclear DOF, and
with surface hopping methods, which is focused on population transfer between electronic

states and underestimates decoherence.””>'"’

The actual choice of mapping variables is not unique and multiple choices of mapping variables
have been proposed and employed.’*~® This can be considered an advantage due to the flexibility
it allows for choosing a mapping approach which would be best suited to the problem at hand.
The research presented in this chapter adopted the widely used choice proposed by Stock and
Thoss (ST)"* (sometimes also referred to in the literature as the Meyer-Miller mapping, due to its
similarity to the mapping proposed earlier by Meyer and Miller ®).

Within the ST mapping, each electronic state is associated with a different quantum harmonic

oscillator. The creation and annihilation operators of these independent harmonic oscillators,

o
{aj,aj

73 =1 .. Ne}, satisfy the following commutation relations: [dj,d;] = 0. The elec-

46



tronic operators, {|j) (k|}, are then mapped onto harmonic oscillator operators ’*

fan . (111.7)

J

|7) (k] = a

The mapping in Eq. (IIL.7) is justified by the fact that {|j)(k|} and {d}dk} satisfy the same com-
mutation relations among themselves. Using Eq. (I11.7), the Hamiltonian in Eq. (I.3) can also be

, Y
cast in terms of {d;, a; }:

e Ne
H=> Hjala;+ Y _ Vpdlar . (I1L.8)
=1 jik=1
k#j
. . Ne N A Ne t
It should be noted that the electronic closure relation, 231 17)(j| = 1, maps onto 231 asa; =
j= J=

1. While the latter identity is clearly not generally true for the sum of number operators of a

system consisting of multiple harmonic oscillators, the fact that % d} a; commutes with the overall
=1

Hamiltonian in the ST representation, Eq. (II1.8), implies that i]t is a constant of the motion. This

means that the quantum dynamics in terms of the ST mapping variables is restricted to the subspace

spanned by the singly-excited states of the overall Hilbert space of a system that consists of NV,

harmonic oscillators,
{|11) =1,0,...,0,0),...,|[1n.) =10,0,...,0,1)} . (I1I1.9)

Within this subspace, d;&k = |1;)(1%|. Thus, mapping |j) (k| onto |1;)(1,| is equivalent to mapping

it onto d;dk, and guaranteed to give the same results as long as those operators are treated fully
quantum mechanically. However, this is no longer the case when the LSC approximation is applied,
which leads to the two different versions of the LSC approximation described below.

One version of the MH approach can be obtained by expressing d;r- and a; in terms of Cartesian
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coordinates and momenta {§;, p; }, as follows:

N Lo
a}:—%@j—%) )
1

(I1L.10)
4= 75x (qu + iﬁj)
Combining the mapping in Eq. (II1.7) with Eq. (III.10) then yields
T A A L /o o
N = ) @, p) =5 (3 + 53— h)
IL.11)

I\ (3] = M)(q,p) = o (chq7 + Papy + 14D, — zm%) :

where \ # 7 and the indices A and ~ will be used consistently throughout this chapter to indicate
indices that are always not equal. This is opposed to all other indices, e.g., j and k, which can be

equal unless specifically denoted otherwise. The corresponding Wigner transforms are then given

by

[MS)] (ap) = % (qi +p3— ﬁ) :

1

(II1.12)
|:M)(\'1y)i| W<q’ p) = ﬁ <Q)\Q’y + PP~ + Z'quy — ip)\q,y)

Another version of the MH approach can be obtained based on mapping |7) (k| onto |1;) (1|

[see Eq. (II1.9)]. The corresponding Wigner transforms are then given by (see Sec. I11.2.1)

13| (a.p) = Gla.p) (qi +p3 - E) :

2 (IIL.13)
[M iﬂ (@P)=Gla,p) (qqu + PADy + Dy — ipm) :
where G(q, p) is a phase-space Gaussian function,
2Ne+1 1 & 2 2
Gla,p)=——exp|—3 > (a2 +1?) (IIL.14)
=1

Importantly, according to Eq. (I.3), calculating 07> (t) calls for integrating over the initial
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conditions, {Rg, Po} and {qo, po}. In practice, this requires being able to sample {Ry, Py} and
{qo, po} based on well-behaved probability densities. While [5,,(0)]w (Rq, Po) typically provides
such a well behaved probability density for {Rg, Py}, this is not the case for {qo, po} within
LSCI. This is because [Mii)]w(q, p) = %(qi +p3 — h) and [Mi}y)]w(q, p) = 2ih<q,\q7 -
PAD~y + 1Py — z'pAq7> are not bounded functions of {q, p}. Attempting to determine {qo, po}
by requiring that [M j%)] W(qo, Po) = 0,(0) reveals that it is not possible to find a specific set
of values of {qo, po} that satisfy this equation (see Sec. I11.2.2). This implies that there needs to
be a distribution over {qo, po}, such that the above-mentioned condition is satisfied on average,
< [M ](,1)] W(qo, p0)> = 0,;(0). However, requiring that this condition is satisfied on average does
not uniquely determine the underlying distribution over {qo, po} (see Sec. I11.2.2).

On the other hand, the phase-space Gaussian function G(q,p) in [M J(,?} W(q, p) [see
Eq. (Ill.13)] provides a natural and unique choice of a probability density. Thus, in what fol-
lows, we choose to use Eq. (II.13) at the initial time. However, this still leaves one with a choice
of which of the two mappings to use when evaluating [M;]w (q:, p:). This in turn leads to two

different versions of LSC, which we refer to as LSCI and LSCII. More specifically [see Eq. (II1.3)]:

N Ne
O_LSCI/H (t) _ 1 Z o (0)
ik 21h “

u,v=1

x / dR, / dP, / dq, / dp, [ (0)]y (Ro, Po) [Mﬁ)] CTR [M;;V <2’] lanp)

(IIL.15)

where (1)/(2) corresponds to the choice between Eq. (II1.12)/(I11.13) for [My;]w (q;, p:). There-
fore, the difference between the QC/MH methods is that LSCI uses [Mﬁ) } . (do, po) for initial
electronic sampling and [Mﬁ)] . (do, po) for the electronic dynamics at time ¢ while LSCII uses
[ng?,)} o (qo, po) for both initial electronic sampling and the electronic dynamics at time ¢. It
should be noted that in the literature, LSCI has also been referred as the Poisson-bracket mapping
equation (PBME) '°" and LSCII has also been referred as the linearized semiclassical initial value

representation (LSC-IVR).!??
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II1.2.1 Derivation of LSCII mapping variables

This section details the derivation of the mapping variables for the electronic populations and
coherences within LSCII, Eq. (III.13). To this end, the harmonic oscillator ground and first excited

state wavefunctions in the position representation are used, given by

1\
SOO(%‘):(—) e /2

AT (IIL.16)
901(Qj):(7r—h3> qje’qf/%

Using Eq. (II1.16), the mapping variables of the electronic populations are given by:
—1iZ Z
[Mﬁ)}w(q, p) = /dze "/h<q+ 5

z
1 1 - =
5 ,\>< aAld 2>
‘ 2 2
— /dwaw*/hﬁPl (q,\ + EA) 1 <QA - %)

Ne
—1z, 2 2
< [ / dze™ P g, ((Jl + é) ®o <QI - %)
=1

I#£)

2 B\ o T o e
= = (q§ + Pi — 5) e—(@x+p3)/h H 9~ (@i +p})/h
=1

5Y

I11.17)

Ne

2N8+1 h 1
= T(qiﬂ?i - 5) exp [— = (ql2 +p12)

=1
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Similarly, the mapping variables of the electronic coherences are given by:

2 —iz Z Z
2] @[] @p = famer(as 2 (1la-2)

. z z . 2 z
_/dz)\e_zz)\p)\/hgol q>\ _|_ _A ()00 q)\ — _A /dzfye_mpr/hQOO Q’Y + _’Y ()01 q’Y — _’Y
2 2 2 2

e zZ 2

dze~ =/l ~l _ =

X H / ze o (QZ + 7 Yol q 5

I# Ay
23 2, 2 2
— \/%(q)\ _ Z’pA)e(qAﬂ’%)/h\/;(q,y +Zp —(2+p2)/n H 9~ (gt +p})/h
l#M
9Ne+1 1 Ne

= (QA_ZPA)<(]7+ZP7)€XP[ - (q?ﬂ??)
=1

(111.18)

II1.2.2 Initial conditions within LSCI

In this section, we discuss determining {qo,po} within LSCI by requiring that

[M j(ﬂ (do,po) = 0;x(0). To this end, we consider a system with two electronic states,
W

{|D),|A)}, whose initial state is given by 5(0) = |D){D|. Requiring that [M;,?}W(qo,po) =

0,;(0) then leads to the following set of four coupled equations for {¢p o, Pp.0, 44,0, P40}

;h (cho+pbo—n) = 1, (IIL.19)
21h<QAO+pAO h) = 0,

% <QD,OC]A,0 + PD,OPA,O) = 0,

%:L <QD,0PA,0 - pD,O(JA,o) = 0.

However, those four equations are inconsistent and therefore cannot be solved by a unique choice
of {¢p.0,PD.0: 94,0, P40} Thus, it appears that the only way to simultaneously satisfy those four

equations is by imposing a distribution over {qp o, Pp,0, 4,0, Pa,0 } and requiring that the equations
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are satisfied on average.

For example, expressing Eq. (II1.20) in terms of action-angle variables {np o, up o, 40, Ua0},

defined by
g0 = v/ 2h(njo + 1/2) cos(ujo) ,
(II1.20)
pj,O = —4/ 2h(nj70 + 1/2) sin(ujyo) s
yields:
npo=1, nao=0 , /Aponageao—uro) =( (I11.21)

which can be satisfied on average by allowing w49 — up to be uniformly distributed between
(0, 27), such that (e!(#40=4p0)} = (). However, this choice is not unique. As an example, one can
add a distribution over the action variables, np o and n4, such that (npo) = 1 and (ns) = 0.
The recently introduced symmetrical quasi-classical method (SQC) of Cotton and Miller is based
on such an assumption, where the shape and width of the distribution over np o and n 4 ( are picked

so as to maximize efficiency and accuracy. >~

II11.3 QC/MH Methods and the GQME

Previously in Sec. 11.5, the procedure for using the Ehrenfest method to obtain the projection-free
inputs, through which the memory kernel and subsequently the reduced dynamics can be calcu-
lated, was outlined. A similar procedure can be used to determine how to calculate the projection-
free inputs using QC/MH methods. The projection-free inputs are built by correlation functions of

the form given in Eq. (I1.38). Within the QC/MH methods, these correlation functions are approx-
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imated by [see Eq. (III.15)]:

Tr {Q|u> (v]eHT/ r(f{)|b><a|e—if”/ﬁ}

1

~ —(QWH)N/dRO/dPO Qw (Ro, Po) [Mﬁ)] . (do, Po) T'w(R) [Mb(i)/@)} W(QT7 p,)

(I11.22)

As noted previously in this section, the QC/MH methods differ from the Ehrenfest method in that
the electronic populations and coherences are treated on equal footing and the initial electronic
state contains a distribution function. This means that QC/MH methods do not need to use linear
combinations when starting in electronic states |u) (v| with u # v and can instead directly calculate

the correlation functions given in Eq. (I11.22), even for non-Hermitian initial electronic states.

II1.4 Illustrative applications

In this section, we demonstrate the feasibility and accuracy of calculating the memory kernel
of the GQME via the two versions of the QC/MH method outlined in Sec. III.2. We do so by
applying the method to the spin-boson model and comparing to the quantum-mechanically exact

44,6

results. ***° We also compare to results based on calculating the memory kernel of the GQME via

the Ehrenfest method, shown previously in Sec. I1.6, and results obtained by direct application of
the two QC/MH methods and the Ehrenfest method.

The spin-boson Hamiltonian is put in the form of Eq. (I1.3):

H = Hp|D){(D| + Ha|A)(A| + Vpa|D)(A| + Vap|AND| (11.23)
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where

Y[ P21
- P21,
HD—E—F; 9 +2W2Ri ci R )
X (P21, X (I11.24)
Hy=— T CWPRR f R '
s e+; 5wl e
Vpa=Vap =T

Here, 2¢ is the shift in equilibrium energy between the donor (D) and acceptor (A) states and I’
is a positive constant describing the electronic coupling between the donor and acceptor states.
Since I' is a constant, this system satisfies the Condon approximation and therefore we will use the
projection-free inputs J;(7) and J5(7) to obtain the memory kernel [see Eqs. (I1.33) and (11.34)].

The same as in Sec. I1.6, the spectral density is assumed Ohmic with exponential cutoff:

A N, = o0
J(w) = gz C—fé(w —w;) —— @éwe*‘”/‘”ﬂ : (I11.25)

w; 2

where ¢ is the Kondo parameter and w, is the cutoff frequency. The discretization procedure to
obtain the /V,, nuclear mode frequencies and coupling coefficients is given in Sec. I1.6. The initial

state of the nuclear DOF was chosen as:

e—ﬁ(ﬁD-i-HA)/Q
pn(0) = i (II1.26)
Trn{e—ﬁ(HD+HA>/2}

and the initial nuclear positions and momenta are sampled based on the Wigner transform of
Eq. (I11.26),

Nn

pnw(R.Pit=0) =[]

=1

tanh(Shw; /2) exp {_Qtanh(ﬁhwi/Q) <P_Z2

1 2 p2
— - 5 +§wiRi>] . (I11.27)

Calculations were carried out for the five different sets of parameter values studied previously

in Sec. I1.6 and copied below in Table III.1, with the sole difference being a time step of At =
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0.01T~! as opposed to At = 0.02T'"'. Models 1-3 differ only in increasing cutoff frequency,
model 4 represents a high-friction case, and model 5 corresponds to an unbiased, weakly-coupled
system at higher finite temperature.

The numerical integration scheme was adopted from Ref. 72 with some differences. We start

out by writing the overall system Hamiltonian operator, Eq. (I.3), in the following form

. P2 .
H:7+ZV ) j|+Zij Vi) k| = Hy + Hy (I11.28)
j=1 7,k=1
k#j
Here,
D2
Hl - P_ )
2
Z 1)l + Z hﬂf )
7,k=1
N ) (II1.29)
 Zum
Vo(R) = = 7

hix(R) = |Vi(R) = Vo(R)| 6(j, k) + Vi (R)(L — 8;)

Within QC/MH, the dynamics is governed by the corresponding classical-like mapping Hamilto-

nians [see Eqgs. (II1.12) and (II1.13)]:

A P2
Hl = 7 )
LN (I11.30)
H, = Vo(R) + o ;1 hik(R)(45qk + pjpr)
k=
In the next step, hj,(R) is diagonalized:
hi(R) = Cj(R)E(R)CHR) . (IIL.31)

Here, {E£;(R)} and {C};(R)} are the eigenvalues and eigenvectors of h;;(R), respectively. The
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latter can be obtained in closed form for the two-state system used in this paper defined in

Eq. (I11.24): 103

Fu(R) = /B, + 1, (R) = ~Bo(R)
hia
Cii(R) =Cxn(R) = r h
(R) (R) \/[El(f}) —hi(R)]? + hi,
h11<R) — EI(R)
VIE(R) — hn(R)P + i,

(111.32)

Ci2(R) = —Cxn(R) =

The propagation of {q;, p;, R¢, P;} from time 7 to time 7 4+ A7 is carried out in three steps:

1. Propagate R by half time step from 7 to 7 + A7 /2, based on H;:

2. Propagate {q, p, P} by one time step, from 7 to 7 + Ar:

¢ (T + A7) = C3(R)CH(R) (I11.34)
X {cos (@) qx(7) + sin (@) Pk(ﬂ} :
pi(T + A7) = C;(R)C,H(R) (I11.35)
o (P2 i) s (BEET) )|
V(R

PAr+ A7) = P(7)

A I1I.
OR, T (II1.36)

Ne h. . T+AT
N %z _1%(];—1552)[ dt [qj(t)Qk(t) +pj(t)pk(t)} ,
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For the spin-boson model used in this paper, Eq. (I11.36) can be put in the following form:

OVo(R:)
~ OR
_ % > 8%—}(5"){@2(7) +55(7) = (R [cjj(r)qk(T) +pj(7)pk(7)} } 7

Pi(t 4+ AT) = P(1) AT (II1.37)

where,

B =S Cl R 5 5= CHRIp) (I1138)

Notably, Eq. (II1.37) has an additional term on the R.H.S. which is not included in Eq. (C19)
of Ref. 72. The accuracy of Eq. (III.37) with the above mentioned extra term was verified
numerically by comparing to results obtained by calculating the integral in Eq. (II1.36) with

the extended trapezoid method.

3. Propagate R by half time step from 7 + A7/2to 7 + AT, based on H;:

Ri(T+ A7) =R; (T + %) + P(t + AT)% . (I11.39)

The results reported in this paper were obtained by averaging over 200,000 trajectories for each
model and choice of dynamical method. Figs. III.1-IIL.5 give the nonvanishing matrix elements
of the memory kernel superoperators and the population difference between donor and acceptor
states, which corresponds to the expectation value of 6. (t) = |D)(D|(t) — |A)(A|(t), for models
1-5, respectively. Exact results were adopted from Ref. 44 for models 1-4 and from Ref. 69 for
model 5.

Inspection of the results in Figs. III.1-II1.5 gives rise to the following noteworthy observations:

* Direct application fails to capture dynamics at long times: For all the models consid-
ered, simulation of the electronic dynamics by direct application of either LSCI, LSCII, or
Ehrenfest methods gives rise to qualitatively different results that become increasingly less

accurate with increasing time (see Figs. III.1-II1.5). More specifically, while direct applica-
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Table I1I.1: Model and simulation parameters

model parameters numerical parameters
Model # || € r B | € | we | Wmax | Vn At
1 1.0 1.0 |500.1|1.0 5 400 | 0.01
2 1.0 1.0 |50]0.1]20] 10 |400| 0.01
3 1.0 1.0 |500.1 |75 36 |400 | 0.01
4 1.0/ 1.0 |50]04 |20} 10 |400| 0.01
5 0.0 0.333]3.0/0.1]1.0 5 1200 0.01
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Figure II1.1: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model 1 in Table III.1. Shown are memory kernels obtained via the Ehrenfest
(red), LSCI (magenta), and LSCII (blue) methods.

On the right is the electronic population difference, o,(t) = opp(t) — caa(t), as a function of
time for model 1 in Table III.1. Shown are the exact result (black circles), the results obtained
via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta), and LSCII (dashed
blue) methods and results obtained based on the GQME with the memory kernel calculated via
the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-GQME, solid magenta), and LSCII (LSCII-
GQME, solid blue) methods.
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Figure II1.2: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model 2 in Table III.1. Shown are memory kernels obtained via the Ehrenfest
(red), LSCI (magenta), and LSCII (blue) methods.

On the right is the electronic population difference, 0.(t) = opp(t) — 044(t), as a function of
time for model 2 in Table III.1. Shown are the exact result (black circles), the results obtained
via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta), and LSCII (dashed
blue) methods and results obtained based on the GQME with the memory kernel calculated via
the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-GQME, solid magenta), and LSCII (LSCII-
GQME, solid blue) methods.

tion of LSCI is typically observed to produce a faster relaxation and too small asymptotic
values of ¢ (t) compared to the exact results, LSCII and Ehrenfest are observed to produce
slower relaxation and larger asymptotic values of o, (¢) compared to the exact results (al-
though LSCII is observed to be in somewhat better agreement with the exact results than
Ehrenfest). LSCI and LSCII are also seen to damp the oscillatory behavior of o (¢) more

strongly compared to Ehrenfest.

* Improvement over direct application with the GQME for all methods: Remarkably,
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Figure II1.3: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model 3 in Table III.1. Shown are memory kernels obtained via the Ehrenfest
(red), LSCI (magenta), and LSCII (blue) methods.

On the right is the electronic population difference, 0.(t) = opp(t) — 044(t), as a function of
time for model 3 in Table III.1. Shown are the exact result (black circles), the results obtained
via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta), and LSCII (dashed
blue) methods and results obtained based on the GQME with the memory kernel calculated via
the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-GQME, solid magenta), and LSCII (LSCII-
GQME, solid blue) methods.

despite the rather inaccurate and qualitatively different behavior of the three methods, they
produce similar, and rather accurate, results when their use is restricted to calculating the
memory kernel of the GQME, with LSCII typically leading to the most accurate results,

Ehrenfest to the least accurate results, and LSCI’s accuracy intermediate between them.

* Computational benefit of shorter memory time needed for LSCII-GQME: The mem-
ory kernels produced by LSCI and LSCII tend to have a less oscillatory behavior at longer

times than those produced by the Ehrenfest method, with LSCII producing the most stable
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Figure I11.4: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model 4 in Table III.1. Shown are memory kernels obtained via the Ehrenfest
(red), LSCI (magenta), and LSCII (blue) methods.

On the right is the electronic population difference, 0.(t) = opp(t) — 044(t), as a function of
time for model 4 in Table III.1. Shown are the exact result (black circles), the results obtained
via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta), and LSCII (dashed
blue) methods and results obtained based on the GQME with the memory kernel calculated via
the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-GQME, solid magenta), and LSCII (LSCII-
GQME, solid blue) methods.

kernels (see Figs. III.1-111.5). As a result, in all five sets of model parameters under consid-
eration, it was possible to obtain converged electronic dynamics via LSCII-based memory
kernels using a memory time which is shorter compared to that used to obtain the LSCI-
and Ehrenfest-based memory kernels (see Figs. III.1-II1.5), including twice by more than a
factor of 2 compared to Ehrenfest (see Figs. I11.2 and II1.5). Memory times were determined
by the algorithm outlined in Sec. III.4.1. Given that the calculation of the projection-free
inputs and the subsequent calculation of the memory kernel are the most costly parts of a

GQME-based simulation, being able to cut the memory time corresponds to a significant
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Figure II1.5: On the left are the real and imaginary parts of the nonvanishing matrix elements of the
memory kernel for model 5 in Table III.1. Shown are memory kernels obtained via the Ehrenfest
(red), LSCI (magenta), and LSCII (blue) methods.

On the right is the electronic population difference, 0.(t) = opp(t) — 044(t), as a function of
time for model 5 in Table III.1. Shown are the exact result (black circles), the results obtained
via direct application of the Ehrenfest (dashed red), LSCI (dashed magenta), and LSCII (dashed
blue) methods and results obtained based on the GQME with the memory kernel calculated via
the Ehrenfest (Ehr-GQME, solid red), LSCI (LSCI-GQME, solid magenta), and LSCII (LSCII-
GQME, solid blue) methods.

reduction in computational cost.

* Improvement in results for least-classical set of parameters: The QC/MH approach in-
volves the approximation that the nuclear DOF can be treated classically, which is not always
valid. The high cutoff frequency of model 3 (see Fig. II1.3) implies that treating the nuclear
DOF as classical may be the least justifiable for this model. Indeed, the Ehrenfest method
was shown in Sec. I1.6 to deviate significantly from the exact result in this case (see Figs. I1.3

and I11.3).% Interestingly, while LSCII is also observed to deviate from the exact result in
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this case, it is also seen to significantly outperform Ehrenfest (see Fig. II1I.3). Since both
Ehrenfest and LSCII treat the nuclear DOF classically, this difference seems to suggest that
the inferior performance of Ehrenfest is partially due to the mean field approximation under-

lying it.

II1.4.1 Memory time convergence algorithm

In this section, we outline the algorithm used to obtain the memory time for the dynamics of the
electronic population difference, o,(t) = opp(t) — oa4(t). For each step, convergence is defined
as

|0, (nAt) — 0, max (nAL)| < 0.02 (II1.40)

for all n = 0,1,2,..., Njpax, Where Ny At is equal to the chosen maximum value of ¢ and
0. max(NAL) is the electronic population difference for a memory time fimem max = NmaxAt. The
convergence parameter of 0.02 was chosen as it is 1/100th of the maximum range of the o (t)
values, from —1 to 1.

For the spin-boson model in this paper with parameters given in Table III.1, ¢pem max = 151t
for models 1, 3, and 5; ?em, max = 20 I't for model 2; and ¢em, max = 10 I't for model 4. For models
1-4, tnem, max 18 €quivalent to the maximum time of the exact results while a longer time was chosen
for model 5 because the maximum time of the exact results was shorter than one full oscillation.

The memory time convergence algorithm is as follows:

1. Calculate o, nax(t) with a memory time equal to the maximum value of I't in Figs. IIL.1 -

IIL.5.

2. Calculate o,(t) with a memory time equal to half the maximum value of I't. There are two

possible scenarios:

* If Eq. (II1.40) is satisfied, the memory time is decreased by 2.5 and a boolean, «, is set

to t rue to denote that the first instance of convergence has been reached.
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» If Eq. (II1.40) is not satisfied, the memory time is increased by 2.5 and o = false.
While a« = false, continue to calculate o, (t) with the memory time increasing by 2.5

for each loop until Eq. (I11.40) is satisfied and o = t rue.

3. Once o = true, the memory time is decreased by 2.5 and o,(¢) recalculated in a loop
until Eq. (II1.40) is no longer satisfied, with o.(t) stored as o e (t) each time the loop
restarts. A boolean, 7, is then set to true to indicate that non-convergence has occurred

after convergence had been reached previously.

4. Once 1 = true, the memory time is increased by 2.5 then decreased by 0.25 in a loop while
the recalculated o (¢) satisfies Eq. (II1.40), with o () stored as o prey(t) each time the loop
restarts. If Eq. (IIL.40) is no longer satisfied, o, v (t) is determined as the converged o ()

at the lowest possible memory time (by steps of 0.25).

III.S Concluding remarks

This chapter introduced two different ways of using the QC/MH method to calculate the memory
kernel of the GQME. The two QC/MH-based approaches were benchmarked against a spin-boson
model, for which the exact results are known, and compared with a previously proposed Ehrenfest-
based approach.

There are several reasons why the QC/MH method can be the method of choice for calculating
the memory kernel of the GQME. First, due to the requirement that the electronic density matrix
be Hermitian in order for the mean force experienced by the nuclear DOF within the Ehrenfest
method to be real, there are multiple protocols for calculating the memory kernel that can give
different answers, without a clear criterion for choosing between them.*® In contrast, within both
LSCI and LSCII, the force experienced by the nuclear DOF is always real regardless of whether
or not the initial electronic state is described by a Hermitian operator. Second, the fact that LSC
treats both electronic and nuclear DOF on the same footing in terms of classical-like phase-space

variables should make it easier to incorporate into existing classical MD codes.
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The results reported in this chapter demonstrate that LSC provides a useful route for calculating
GQME memory kernels. LSCII in particular seems to produce asymptotically better behaved mem-
ory kernels that lead to both computational cost reduction and more accurate electronic dynamics
in comparison to both Ehrenfest and LSCI. Further study of the accuracy and computational cost
of combining QC/MH, as well as other approximate and exact methods, with the GQME approach
would be highly desirable. For example, Saller, Kelly, and Richardson have recently introduced a
new QC/MH-based method that shows great improvement over LSCI and LSCIIL. '**!% Using their
approach for calculating the memory kernel, which would be desirable in cases where it is seen to
be less accurate on its own, can be achieved following the procedure proposed in this paper. Sev-

eral other recently proposed methods '%'%7

aimed at simulating the dynamics of systems described
by the Hamiltonian in Eq. (I.3) may also benefit from being combined with the GQME approach.
Along with exploring other input methods, research into extending the range of applications to

models with more than two states, anharmonic PESs, and non-Condon electronic coupling is also

of great interest.
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CHAPTER IV

Exploration of the Various Approaches to Obtain the
Memory Kernel of the GQME

IV.1 Introduction

In Chapter II, the Shi-Geva, Zhang-Ka-Geva, and modified approach to the GQME were intro-
duced. Due to the many variations of the memory kernel, partially introduced in Eq. (II.3), and the
manipulability of the general identity given in Eq. (I1.4), these three approaches are only three of
many. Additionally, as introduced in Ref. 32, the projection-free inputs can be calculated various
ways, by calculating the correlation functions (CFs) in the form given in Eq. (I1.38) (i) directly
or (i1) following one of three types of expansions involving time-derivatives of other projection-
free inputs or of the time propagation superoperator for the reduced electronic density matrix,
U(T) = Tr,{e *"p,(0)}.

In this chapter, the methods studied include four system-bath approaches and three modified
approaches with Condon and non-Condon variations along with the four possible expansions for
obtaining the projection-free inputs for each, leading to forty-four different methods of obtaining
the GQME. It should be noted that these forty-four different methods are obtained with no approx-
imations, meaning that if an exact input method is used, they would give the same result. However,
with approximate input methods, these different methods could and are expected to give different
results. This thorough investigation of the GQME helps to understand the impact of the different

components of the projection-free inputs and the form of the Volterra equations on the results,
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allowing better selection of the approach to use for future systems and input methods of interest.
In this chapter, the eleven different approaches (the four system-bath approaches and three
modified approaches with Condon and non-Condon variations, with one having two different Con-
don variations) will be introduced in Sec. IV.2. The four expansions possible for each of the eleven
approaches will be outlined Sec. IV.3. The results for these methods on the spin-boson model with
the two QC/MH input methods from Chapter III will be outlined in Sec. IV.4. A discussion of
these results is given in Sec. IV.5. Concluding remarks are given in Sec. IV.6. Additional results

are included in Appendix B.

IV.2 Approaches for obtaining the memory kernel

In this section, the eleven different approaches for obtaining the memory kernel will be dis-
cussed in further detail. The eleven approaches can first be divided into whether they are based
on the system-bath splitting of the Hamiltonian detailed in Sec. I1.2 or if they are based on the
modified form of the GQME outlined in Sec. II.3. This distinction will be noted in differentiating
the approaches by including either System-Bath for the former or Modified for the latter in the
approaches’ titles.

The approaches can further be divided based on the number of equations needed to obtain the
memory kernel. Four approaches, one with the system-bath form and three with the modified form,
have two equations to obtain the memory kernel: the first equation is a Volterra integral equation of
the second type to obtain an intermediary projection-dependent input and the second is an equation
to obtain the memory kernel from the projection-free and projection-dependent inputs. These four
approaches are designated by including Two-Equation in their titles and 7E in their abbreviations.

The remaining seven approaches all have only one Volterra equation to obtain the memory
kernel directly from the projection-free inputs. These seven approaches can be divided based on
the form of the memory kernel the approach begins with; more distinctly, based on the form of the

exponential within the memory kernel. For the approaches explored in this chapter, the relevant
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forms of the system-bath memory kernel are

K(r) = %TrB{ Lpge—iE—LosPIihp [;efg} 7 (IV.1)
_ %TrB{EBSeiQ“/hQﬁﬁig} , (IV.2)
_ %TrB{EBSe_iQET/hQEBSﬁ?} , (IV.3)
_ %TrB{cBSQeMQT/%BSﬁ?} ; (IV4)

the relevant forms of the modified non-Condon memory kernel are

K(r) = %Trn{ce@“/hgcﬁnm)} , (IV.5)
1 4
- ﬁTrn{EQ e—Z‘QT/hcﬁn(O)} : (IV.6)

and the relevant forms of the modified Condon memory kernel are

1 ,
’C(T) = ﬁTrn{Ezero 6_ZQ£T/EQ£zeroﬁn(0)} > (IV7)
= T £10 QL (0 V.8
- ﬁ rn{ zero < € zeroPn( )} . ( . )

Looking at the memory kernel forms given in Eqgs. (IV.2), (IV.3), (IV.5), and (IV.7), the exponent
has the projection superoperator Q first and the Liouvillian superoperator £ second. In comparison,
Eqgs. (IV.4), (IV.6), and (IV.8) have the projection superoperator Q second and the Liouvillian
superoperator L first in the exponent. For this reason, the four approaches that have memory
kernels of the forms given in Egs. (IV.2), (IV.3), (IV.5), and (IV.7) are designated as Projection-
First (PF) and the three approaches that have memory kernels of the forms given in Egs. (IV.4),
(IV.6), and (IV.8) are designated as Projection-Second (PS).

The two-equation, projection-first, and projection-second approaches that use the modified
form of the GQME have both non-Condon and Condon versions, leading to six different ap-

proaches. Additionally, the modified two-equation approach has two different Condon versions,
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giving a total of seven different approaches that use the modified form of the GQME. Combined
with the four approaches that use the system-bath form of the GQME, this gives the eleven dif-
ferent approaches for obtaining the memory kernel. The list of titles and abbreviations of these

approaches is:

» System-Bath Two-Equation (SB-TE);

» System-Bath Projection-First, Version 1 (SB-PF1),

» System-Bath Projection-First, Version 2 (SB-PF2);,

» System-Bath Projection-Second (SB-PS);

* Modified Two-Equation Non-Condon (M-TE-NC);

* Modified Two-Equation Condon, Version 1 (M-TE-C1);
* Modified Two-Equation Condon, Version 2 (M-TE-C2);
* Modified Projection-First Non-Condon (M-PF-NC);

* Modified Projection-First Condon (M-PF-C),

* Modified Projection-Second Non-Condon (M-PS-NC);
* Modified Projection-Second Condon (M-PS-C);

and can be visualized using the titles-only tree diagram shown in Fig. IV.1. These eleven ap-
proaches are further detailed in the following subsections and a more detailed tree diagram is
given at the end of this section in Figs. IV.2.

The identities used by the approaches to obtain projection-free inputs have one of the following

general forms: 2%2%:0%:108
e—iBT/h — e—i.AT/ﬁ o %/ dr' e—iA(T—T')/ﬁ(B o A)e—z’BT’/h ’ (IV9)
0
efiBr/h _ efiAr/h _ %/ dr' efiAq-’/h(B _ ‘A)efiB(TfT/)/h ’ (IV.10)
0

where the first equation was given previously in Eq. (I1.4). Additionally, the different approaches
use Liouvillian superoperators based on the splitting of the Hamiltonian. The system-bath Hamil-
tonian is given by H=H s+ H B+ H Bs [see Eq. (II.1)] and each term has a matching Liouvillian
operator; e.g., Lg = [ﬁs, ], Lp = [ﬁB, -], and Lpg = [F[Bg, -], respectively. The modi-

N A N A Ne
fied Hamiltonian can be split into two terms H = H,eo + Hin given by Hyeo = > H;|j)(J|
j=1
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Figure IV.1: Tree diagram of the titles for the eleven approaches to obtaining the memory kernel

explored in this chapter.

N Ne .
and Hy = >, Vjilj)(k|. Each term has a matching Liouvillian operator as well, given by

j.k=1
k#j

Loero(+) = [Hyero, -] and L (+) = []ffim, -], respectively [see Eq. (I1.25)].

70



IV.2.1 System-Bath Two-Equation Approach (SB-TE)

The system-bath two-equation approach (SB-TE) is the same as the Shi-Geva approach intro-
duced in Sec. II.2.1. While more details are given in Sec. I1.2.1, some details are copied below that
are important for understanding the expansions of the projection-free inputs given in Sec. IV.3 and
for comparing to the other methods. The SB-TE approach uses a memory kernel of the form given
in Eq. (IL.5):

1 » e
(r) = 25 Trp{ Lps e EnsP/h L8

Substituting A = £ and B = £ — LpsP into the operator identity in Eq. (IV.9) and plugging into

the memory kernel above gives the following expression for the memory kernel [Eq. (I1.7)]
K(r) =Ki(1) + 2/ Ki(r — 1)Ko (7))
0

where [see Egs. (I1.8) and (11.9)]

1 . &
Ki(r) = 7 Trp {EBsefmT/hﬁBs Pg} :
1 .
Ko(7) = i Trp {e_Z(E_EBSP)T/EﬁBS [')fgq}

Repeating the process for /Co(7), since it is projection-dependent, leads to the Volterra equation

[see Eq. (I1.10)]
Ko(7) = Ks(7) + Z/ dr' Ks(r — 7 Ka(7')

0

where [see Eq. (I.11)]

Therefore, obtaining the memory kernel via the SB-TE approach requires first calculating Ky (7)

and /C3(7), then calculating /Co(7) through Eq. (I1.10), and finally calculating /C(7) via Eq. (IL.7).
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IV.2.2 System-Bath Projection-First Approach, Version 1 (SB-PF1)

The system-bath projection-first approach, version 1 (SB-PF1) is the same as the Zhang-Ka-
Geva approach introduced in Sec. I1.2.2. While more details are given in Sec. [1.2.2, some details
are copied below. The SB-PF1 approach uses a memory kernel of the form given in Eq. (II.12):

1 . o
() = g Tru{ Lose ™oL}

Substituting A = £ and B = QL into Eq. (IV.9) and plugging that into the memory kernel above

leads to the following Volterra equation for K(7) [see Eq. (IL.13)]:

K(r) = B(r) + @ (r)Ls + /O dr'®(r — 7 )K(7) |

where ®(7) and ®(7) are the projection-free inputs [see Eq. (I1.14)]

1 , e
(I)(T) = %TI‘B{LBseilﬁT/hpg} N

. 1 . e
b(r) = ﬁTrB{EBSe_’ET/hﬁpg} . (IV.11)

Therefore, obtaining the memory kernel via the SB-PF1 approach requires first calculating ®(7)

and <I>(7') and then calculating the memory kernel via Eq. (I1.13).

IV.2.3 System-Bath Projection-First Approach, Version 2 (SB-PF2)

The system-bath projection-first approach, version 2 (SB-PF2) was previously introduced in

Ref. 32. In the SB-PF2 approach, the memory kernel has the form

1 . .
K(r) = ﬁTrB{LBSeizgﬁT/hQ»CBSp;} . (IV.12)

72



Substituting 4 = £ and B = QL into Eq. (IV.9) and plugging that into Eq. (IV.12) leads to a

Volterra equation of the form

K(r) =Ki(r) + /T dr’' o(r — 7K(7') (IV.13)

0

where KC;(7) is as given in Eq. (IL.8) and copied above in Sec. IV.2.1 and ®(7) is as given in
Eq. (I1.14) and copied above in Sec. IV.2.2. Therefore, obtaining the memory kernel via the SB-
PF1 approach requires first calculating /C;(7) and ®(7) and then calculating the memory kernel
via Eq. (IV.13). Notably, this approach has projection-free inputs that are also used in the SB-TE
and SB-PF1 approaches, which will help narrow down the effect of the form of the projection-free

inputs and the equations for the memory kernel.

IV.2.4 System-Bath Projection-Second Approach (SB-PS)

The system-bath projection-second approach (SB-PS) was previously introduced in Ref. 32. In

the SB-PS approach, the memory kernel has the form

1 | .
K(r) = ﬁTrB{ﬁBsQeﬂﬁgT/hﬁBsp;} - (IV.14)

Substituting A = L£Q and B = L into Eq. (IV.10) and plugging that into Eq. (IV.14) leads to a

Volterra equation of the form

K(r) =Ki(1) + /T dr' K(r — 7Ks(r') (IV.15)

0

where KC;(7) is as given in Eq. (IL.8), IC3(7) is as given in Eq. (II.11), and both are copied above
in Sec. IV.2.1. Therefore, obtaining the memory kernel via the SB-PF1 approach requires first
calculating /C; (7) and KC3(7) and then calculating the memory kernel via Eq. (IV.15). Notably, this
approach uses the same projection-free inputs as the SB-TE approach but only a single Volterra

equation is needed to obtain the memory kernel, rather than two coupled equations. Additionally,
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the memory kernel is the first superoperator in the integral whereas in the Volterra equations in the

SB-PF1 and SB-PF2 approaches, it is the second superoperator.

IV.2.5 Modified Two-Equation Approach (M-TE)

IV.2.5.1 Non-Condon Variation (M-TE-NC)

The non-Condon modified two-equation approach (M-TE-NC) starts from a memory kernel of

the form:

K(r) = %Trn{cge—i@f/hcﬁn(())} : (IV.16)

Substituting A = £ and B = LQ into the operator identity in Eq. (IV.9) and plugging into

Eq. (IV.16) above gives the following expressions for the memory kernel

K(r) = () = 086 41 ar' i =) = L0006 - )| aur) . avan

where F () is the time-derivative of F(7) given in Eq. (IL31), which is equivalent to

Fi(r) = —% Tr,, {ﬁe"“/ﬁﬁ ,an(())} , IV.18)

and G(7) and G,(7) are given by
G(r) = %Trn {e‘i‘” hﬁﬁn(o)} (IV.19)
Gao(T) = %Trn {G_MQT/ hﬁﬁn(O)} (IV.20)

Repeating the process for Go(7), since it is projection-dependent, leads to the Volterra equation

Go(T) =G(71) +1i /OT dr'G(t — 7)Ga(7") . (IV.21)
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Therefore, the process of obtaining the memory kernel via the non-Condon M-TE approach (M-
TE-NC) requires first calculating F(7) and G(7), then calculating G,(7) through Eq. (IV.21), and
finally calculating KC(7) via Eq. (IV.17).

IV.2.5.2 Condon Variation, Version 1 (M-TE-C1)

The Condon modified two-equation approach, version 1 (M-TE-C1) starts from a memory kernel

of the form:

IC(T) = %Trn{ﬁzerog efiEQT/h,Czeroﬁn«))} . (IV22)

Substituting A = £ and B = LQ into the operator identity in Eq. (IV.9) and plugging into

Eq. (IV.22) above results in the following derivation

1 . [T . , o
IC(T) _ ﬁTrn{ zeroQ |:€7,£T/h + % / dT/ efzﬁ(‘rf‘r )/h‘cpe*’LEQT /h:| Ezeroﬁn(o)}
0
_ 1 —iLT/h ~
= FLZTI'n{'CzerOQ6 *Czeropn(o)} (IV23)

+ % / " %Trn{ﬁzmgew(TT/)/hE,én(O)} Tr, {e*wQT’/hcmpn(O)}
0
= hiTrn{Ezero e_ZET/r»Czeropn( )} 72 Trn{['zeroﬁn(o)} Tr, { _lLT/}L»Czeropn( )}
/ ar’ [ﬁTrn{ﬁme—W—T (Lo + Lin ) n(0) }

T L (O} T fe O (e L) m(@}}% o ()

1 T 1 . / R
=F (7’) — E<£Zero> .FQ( ) /0 dr’ |:h2 Trn{ﬁzeroe—lﬁ(T—T )/E[’Zcropn(o)}

1

1 /
+ ﬁTrn{Ezeroe_Z£(T T )/hﬁn(o) }Eint - ﬁ<£zero> Trn{ _ZC(T_T )/hﬁzeroﬁn(o)}

1 —iL(T—7")/h /
+ ﬁ<£zer0> Trn {6 £ )/rpn(0>}£int:| g2,zero(7— )

K(r) = Fi(r) — ;( sero)Gaero(T) + /0 dr’ {ﬂ(f —7) + %}—Q(T — ) Lin (IV.24)

1
- h< zer0> gzero(

1 / /
) - ﬁ<£zero>2ul\/[(7— e )'Cint:| g2,zero(7— ) y
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where L, is able to commute with 5,,(0) and move outside of the trace over the nuclear DOF
because it is a purely electronic superoperator in the Condon approximation. i (7) is as given in
Eq. (IL.33),

5 T { Lo " Ly 5u(0)} (Iv.25)

‘Fl(T) = 2

and G,ero(7) and Ga yero(7) are given by

1

Grero (7) = + Trn{ TETINL s (0 )} : (IV.26)
1 .

G sero(T) = 7 T {6%97/ hﬁzeroﬁn(O)} : (IV.27)

Repeating the process for G, ,er0(7), since it is projection-dependent, results in the following deriva-

tion of the Volterra equation

1 . ) T . ’ ; ’
g2,zero<7'> — ﬁ Tr,, { {ezm’/h + %/ dr' e*lﬁ(T*T )/hﬁfpefz[,QT /ﬁ:| Ezeroﬁn(o)}
0
o 1 —zLT/fL
= 3 T {7 L (0) | (IV.28)

) T 1 - / - !
+ % / dr’ 7 Tr, {e’w(T’T )/hﬁﬁn(O)} Tr, {e’wgf /hﬁzeroﬁn(O)}
0
T 1 - /
= Gruro(T) + i /0 dr' [73 Tr, {e-lﬁ“-f Vﬁ,czem;jn(())}
1 —iL(T—7")/h » 1 —iLOT' /I ~
+ 7 Tr, {e pn(O)}Eim X 7 Tr,, {e Ezem,on(())}

T 1
g2,zer0<7—> = gzero(T) + Z/ dT/ |:gzer0(7— - Tl) + ﬁuM(T - Tl)£in£| gQ,Zero(T/) . (IV29)
0

Therefore, the process of obtaining the memory kernel via the Condon M-TE approach, ver-
sion 1 (M-TE-C1) requires first calculating F;(7) and G,ero(7), then calculating Gs ,er0(7) through
Eq. (IV.29), and finally calculating /C(7) via Eq. (IV.24).

IV.2.5.3 Condon Variation, Version 2 (M-TE-C2)

The Condon modified two-equation approach, version 2 (M-TE-C2) starts from the same mem-

ory kernel as M-TE-C1, Eq. (IV.22), and uses the same identity expression. The difference begins
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in the derivation of the Volterra equation, starting from Eq. (IV.23):

1

{0 i)

+ ; / dr’ ﬁ Tr, {ﬁzeroQe’w(T’T/)/hﬁﬁn(O)} Tr, {e’mgT’/hﬁzemﬁn(O)}

= T Lo L)}~ 25T Lraon(0)} T {7 Lo (0)}

. ' o o
+ ; / dr’ ﬁTrn{EQe_w(T_T W,cpn(())} Tr, {e-lﬁgf /ﬁ,czem,an(())}

= L { L L0} = T L)} T, {77800}

—i—%/OTd {;Trn{/le =T/ L 5 (0 )}

K(r) =

- %Trn{ﬁ,én(O)} Tr, {e—iﬁ“—“)/hcpn(o)}} Tr, {e—“QT’/ﬁ,cmﬁn(o)}
K(7) = Fi(r) = 3 oo Gisnlr) 1 [ a7 (7 = 7) = L(0126(7 = 7| Gason()

(IV.30)

where F (7) is as given in Eq. (I1.33) and copied in Sec. IV.2.5.2, G, is given in Eq. (IV.26), F(7)
is given in Eq. (IV.25), G(7) is given in Eq. (IV.19), and G ,er0(7) is given in Eq. (IV.27). The ability
of the second term to go from L, in the first line to £ in the second comes from the fact that in the
Condon approximation, Tr,{LiyQ[...]} = Lin Tr,{Q[...]} = Line(Tr, {[...]} — Tr.{P[...]}) =0,
so this step is essentially adding zero in the form of %Trn {/Lier—’[(T_T/)/ hﬁﬁn(O)} in order
to get to the full Liouvillian operator used in F (7). Obtaining the Volterra equation for G ,er0(7)

starts the same way as in the M-TE-C1 approach but stops the derivation at Eq. (IV.28), leading to

_ 1 —iLT/h
gQ,zero(T) - h Trn { ﬁzeropn( )}
+ % / dT/ % Trn {efi[:(Tfﬂr’)/h‘CpAn(O)} Trn {eiiﬁgﬂ-l/hﬁzeroﬁn (O)}
0

g2,26r0(7—> = gzero(T) + Z/ dT’ g(T - 7J)g2,zer0(7—/) . (IV31)

0
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Therefore, the process of obtaining the memory kernel via the Condon M-TE approach, version

2 (M-TE-C2) requires first calculating F;(7), Gero(7), F(7), and G(7), then calculating Gy ser0(7)

through Eq. (IV.31), and finally calculating K(7) via Eq. (IV.30).

IV.2.6 Modified Projection-First Modified Approach (M-PF)

The modified projection-first approach (M-PF) is the same as the modified approach introduced
in Sec. II.3 and is the approach that is referred to in previous and upcoming chapters as the modified
GOME (M-GQOME). While more details are given in Sec. I1.3 and Sec. 1.4, some details are copied
below that are important for understanding the expansions of the projection-free inputs given in

Sec. I'V.3 and for comparing to the other methods.

IV.2.6.1 Non-Condon Variation (M-PF-NC)

The non-Condon modified projection-first approach (M-PF-NC) uses a memory kernel of the

form given in Eq. (I1.23):

1 —1QLT ~
K(r) = 1T { £ 7957705, (0) }
Substituting A = £ and B = QL into Eq. (IV.9) and plugging the identity into the memory kernel

above leads to the Volterra equation given in Eq. (I1.30):

K(r) = Z]:(T) — %.F(T)<£>2 -+ i/TdT/.F(T - K

0

where [see Eq. (I.31)]

F(r)= %Trn {,Ce_wT/hﬁn(O)}

and F(7) is as given in Eq. (IV.25). Therefore, the process of obtaining the memory kernel via
the M-PF-NC approach requires first calculating F(7) and F(7) and then calculating X (7) via
Eq. (IL30).
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IV.2.6.2 Condon Variation (M-PF-C)

The Condon modified projection-first approach (M-PF-C) uses a memory kernel of the form
given in Eq. (I1.28):

1 .
IC(T> = ﬁTrn{»Czero e_ZQET/hQ»Czeroﬁn(o)}

Substituting 4 = £ and B = QL into Eq. (IV.9) and plugging the identity into the memory kernel

above leads to the Volterra equation given in Eq. (I1.32):

K(r) = Filr) = 3 7o) L) + 1 [ ' Falr = 00

0

where F(7) is as given in Eq. (IL.33) and copied above in Sec. IV.2.5.2 and F,(7) is as given in
Eq. (I1.34):

1

Fo(r) = 7 Tr,, {ﬁzeme_i“/ﬁﬁn(())}

Therefore, the process of obtaining the memory kernel via the M-PF-C approach requires first

calculating 77 (7) and F»(7) and then calculating /C(7) via Eq. (I1.32).

IV.2.7 Modified Projection-Second Modified Approach (M-PS)

IV.2.7.1 Non-Condon Variation (M-PS-NC)

The non-Condon modified projection-second approach (M-PS-NC) uses the same memory ker-
nel as the M-TE-NC approach, Eq. (IV.16). Substituting A = £Q and B = £ into Eq. (IV.9) and
plugging the identity into Eq. (IV.16) results in the Volterra equation

: 1 T
K(r) = iF(r) = £ (£06(7) + i [ dr' K7 = 7)9(7) | (V32)
0
where F(7) is given previously in Eq. (IV.25) and G(7) is given in Eq. (IV.19). Therefore, the
process of obtaining the memory kernel via the M-PS-NC approach requires first calculating F (1)

and G(7) and then calculating KC(7) via Eq. (IV.32).
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IV.2.7.2 Condon Variation (M-PS-C)

The Condon modified projection-second approach (M-PS-C) uses the same memory kernel as
the M-TE-C1 and M-TE-C2 approaches, Eq. (IV.22). Substituting A = £Q and B = L into

Eq. (IV.9) and plugging the identity into Eq. (IV.22) results in the Volterra equation

K(r)=Fi(r) — %<£Zem)ggm(r) + 2'/0 d' K(T — 7)Gero (7)) (IV.33)

where F7(7) is given in Eq. (I1.33) and G,.;,(7) is given in Eq. (IV.26). Therefore, the process of
obtaining the memory kernel via the M-PS-C approach requires first calculating 7 (7) and Gero(7)

and then calculating /(1) via Eq. (IV.33).
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System-Bath Form (SB)
d

Lo(r) = —%Cs&(t)

- /O Car k(o — 1)

Modified Form (M)
d z
7 (Lo(t)

—a(t)
/ dr K(7

a(t—r)

Two-Equation Approach (SB-TE)

K(r)=Ki(r) + i/o dr’ Ki(t — m)Kao(7') (L7)

Ka(r) = K3(7) + i/T dr’ Ks(t — 7)Kao(7') (IL10)
0

PI”OJGCUOI’I First Approach Version 1 (SB-PF1)
K(r)=d(r) + - @(T)£S+/ dr' (7 — TYK(') (L13)

Projection-First Approach, Version 2 (SB-PF2)
K(r) = Ki(m) + /T dr' ®(r — K(') (IV.13)
0

Projection-Second Approach (SB-PS)
K(r)=Ki(r) + dr’' K(t — )Ks(r) (1V.15)
0

Two-Equation Approach (M-TE)
Non-Condon (M-TE-NC)
1

K(r) =iF(r) — FLRG(T) + i/OTdT/ [z'f'(T -7 - %(z:)gg(T —7)|G2(r") AV.I7)

Go(1) =G(7) + i/OT dr'G(r — ™)Ga(7")  (IV.21)
Condon, Version 1 (M-TE-C1)

1 T 1
K(r) = Fi(r) — ﬁ<£zem>9lgzero(7') + i/o dr’ [}'1 (r—7")+ %}—2(7‘ — 7L (IV.24)

1 1
| - %(L‘«zero>9zgzero(7' - 7'/) - ﬁ (Ezero>9l Z/{M(T - Tl)£intj| g2,zer0(7'l)

G2 zer0(T) = Gero(T) + 1/ dr'’ [gzem(’r - 7'/) + %MM (r— T/)ﬁim] g2,zer0(7—/) (Iv.29)
0

Condon, Version 2 (M-TE-C2)

’C(T) =5 ('7') - %(ﬁzero>ggzero(7')

(Iv.30)

n i/OTdT' {i}'—(,,. — ) - %(Q?Lg(r - 7'/)] G2 zer0 (')

g2,zer0(7') = gzero(T) + ’L/ dT’g(’T - T/)g’z,zero('r/) av.3n
0

Projection-First Approach (M-PF)
Non Condon (M PE-NC)
K(r) = iF(r) - 4(7)( )0 4+ 2/0 dr' F(r —7)K(r') (IL30)
Condon (M-PF-C)
K(r) = Fi(r) - %f2(7)<£zero>2 +1 OTdT/ Fo(r —HK(7') (11.32)
Projection-Second Approach(M-PS)
Non-Condon (TM—PS—NC)
K(r) = iF(r) - %<£>gg(ﬂ +i / dr' K(r —7)G(r) (IV32)
0
Condon (M—TPS—C)
A7) = Fo(r) = 3 (L) Gumo(T) + i /0 dr' K(r = 7 )Guero(r') (IV.33)

Figure IV.2: Tree diagram of the approaches to obtaining the memory kernel including equations.
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IV.3 Expansions of the Projection-Free Inputs

The expansions of the projection-free inputs can be categorized based on the nature of their
nuclear operators. The first type of expansion involves direct calculation of the projection-free
inputs as they are given Sec. IV.2 and is therefore called the Bare expansion. The second type
of expansion involves calculating the projection-free inputs with CFs and time-derivatives of CFs
that only have nuclear operators at time ¢ = 0 and is called the Static expansion. The third type
of expansion involves calculating the projection-free inputs with CFs and time-derivatives of CFs
that only have nuclear operators at time ¢ = 7 and is called the Dynamic expansion. The fourth
type of expansion involves calculating the projection-free inputs from only the time propagation
superoperator for the reduced electronic density matrix, U(7) = Tr,{e=*"/"4,(0)}, and is called
the Propagator expansion. The expansions of each of the projection-free inputs are summarized

in Tables IV.1 and IV.2. The proofs of each expansion for each projection-free input are given in

Appendix A.
Projection Bare
-Free . Static Expansion Dynamic Expansion Propagator Expansion
Expansion
Input
. 1
d 1 d i —U(r) + ﬁﬁsb[(T)[,g
K1(7) Eq. (I1.8) i—Ks3(1) — —LsK3(7) —&(7)+ =D(7)Ls —
dr h dr h _ Ur), L }
) ~8
h +
. 1 . 1
Ks(T) Eq. (dL.11) Eq. (dL.11) iUu(T) — ﬁu(r)[,g Uu(r) — ﬁU(T),CS
. d i-
: i—K3(1) + zU(T)Ls d . i
&(r) | Eq.avin 47 ) (1) —U(7) = 5 LsU(T)
—ﬁ[,SU(T),CS — ﬁﬁsKg (1)
o(r) | Eq. (L14) —U(r) — %ESL{(T) Eq. (IL14) ~U(r) — %ﬁsU(T)

Table I'V.1: Expansions of the System-Bath Projection-Free Inputs.

In this table, numerical derivatives of projection-free inputs are indicated with d/dr in front of
them, to differentiate from projection-free inputs that have an overdot in their symbol, e.g., F (1)
and <I>(7') However, the numerical derivatives of the time propagation superoperator I/ (7) are
denoted with a single overdot for the first derivative and a double overdot for the second derivative,
in order to be compact. Additionally, [A, B]; = AB + B.A denotes the anticommutator.
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Projection Bare
-Free . Static Expansion Dynamic Expansion Propagator Expansion
Expansion
Input
F(r) | Eq.(1V.25) L6r) < Fr) U(r)
T q. IV. 9T T (T
F(r) | Eq.(L31) iU (T) Eq. (IL31) iU (T)
. d . QT
Zdigzero(T) d 1 _U(T) - ﬁ [Z/{(T), £int:|
Fi(7) Eq. (I1.33) ™1 zd—}"g(T) - ﬁfg(T)Eim 1 +
- %cint gzero (T) T +ﬁ£intu(7)£mt
. 1 . 1
Fo(T) Eq. (I.34)  aU(T) — ﬁﬁimu(ﬂ Eq. (I.34) Uu(T) — %Eimu(f)
G(7) Eq. (IV.19) Eq. (IV.19) iU(T) iU(T)
. 1 . 1
Grero(T) | Eq. (IV.26) Eq. (IV.26) iUu(r) — EU(T)[,im iUu(r) — %U(T)ﬁim

Table IV.2: Expansions of the Modified Projection-Free Inputs.

In this table, numerical derivatives of projection-free inputs are indicated with d/dr in front of
them, to differentiate from projection-free inputs that have an overdot in their symbol, e.g., F (1)
and @(7’) However, the numerical derivatives of the time propagation superoperator (1) are
denoted with a single overdot for the first derivative and a double overdot for the second derivative,
in order to be compact. Additionally, A, B], = AB + B.A denotes the anticommutator.

IV.4 Results for a Spin-Boson Model

The 44 different methods of obtaining the memory kernel were tested on the spin-boson model
outlined in Secs. I1.6 and II1.4. The parameters tested were those of model 2 in Table III.1. In this
model, the energy splitting is 2e with € = 1, the off-diagonal coupling is I' = 1, the temperature is
given via f = 1/kgT = 5, and the number of nuclear number modes is N,, = 400. Calculations
were carried out with 10° trajectories with a time step At = 0.005 !, The spectral density is the
Ohmic spectral density outlined in Sec. I1.6 with a Kondo parameter £ = 0.1, a cutoff frequency
w. = 2, and a maximum frequency of wy,.x = 10. Exact results were adopted from Ref. 44.

The input methods used were the two QC/MH methods outlined in Chapter I1I, LSCI and
LSCII. The Ehrenfest method was not used as an input method due to the added difficulty of

tracking the impact on the dynamics of the choice of initial basis outlined in Sec. IL.5.
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IV4.1 System-bath vs. Modified Form

The first comparison we will examine are the approaches based on the system-bath form of the
GQME, outlined in Secs. IV.2.1 - IV.2.4, compared to those based on the modified form of the
GQME, outlined in Secs. IV.2.5 - IV.2.7. All of the results in this section are with a memory time
of 20 1,

In Fig. IV.3, the electronic population difference results of applying each of the approaches
with the bare expansion are shown, split into three graphs based on the type of approach (i.e., TE,
PF, or PS), with LSCI as input method for the GQME. From this figure, it can be seen that the
system-bath TE and PS approaches have much larger oscillations than their modified counterparts.
The non-Condon M-TE and M-PS approaches have both damped oscillations and underestimate
the dynamics while the Condon M-TE and M-PS approaches have damped oscillations but accurate
estimation of the dynamics. Comparatively, the PF approaches for both system-bath and modified
forms are able to obtain accurate results.

In Fig. IV.4, the electronic population difference results of applying each of the approaches
with the bare expansion are shown, split into three graphs based on the type of approach, with
LSCII as input method for the GQME. From this figure, it can be seen that the problems that
the LSCI-GQME had with the TE and PS approaches for both system-bath and modified forms
seen in Fig. IV.3 have been corrected by using LSCII as input method instead, though the SB-TE
and SB-PS results still have slightly larger amplitudes than the exact results. Additionally, the PF
approaches for both system-bath and modified forms are able to get accurate results with LSCII as
well as LSCI.

From Figs. IV.3 and IV.4, for the bare expansion, there is slight improvement shown with the
M-TE and M-PS approaches compared to the SB-TE and SB-PS approaches but the SB-PF and
M-PF approaches outperform all of the other approaches and yield the same results regardless of
system-bath or modified form. This indicates that the choice of type of approach (i.e., TE, PF, or

PS) has more impact than system-bath v. modified form, though there are some differences seen
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Figure IV.3: Starting from the upper left and moving clockwise, shown are the electronic popula-
tion differences, o, (t) = opp(t) — o44(t), for the bare expansion of the two-equation approaches,
the projection-first approaches, and the projection-second approaches. The input method is LSCI,
with the direct application of LSCI results shown on each graph as a solid black line. Exact results
are shown in black circles on each graph.

there for TE and PS approaches. It is also possible that more differences would be seen between the
system-bath and modified forms of the PF approaches for a model that they are unable to capture
the exact results for.

Shown in Fig. I'V.5 are the electronic population difference results for the propagator expansion
with LSCII as input method, with the TE approaches shown in the top row and the PF approaches
shown in the bottom row and the time step of the left column results is At = 0.01 '~! whereas
the time step of the right column results is At = 0.005T~!. The results with LSCI as input

method are given in Appendix B rather than this chapter because they show the same trends as
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Figure IV.4: Starting from the upper left and moving clockwise, shown are the electronic popula-
tion differences, o, (t) = opp(t) — o44(t), for the bare expansion of the two-equation approaches,
the projection-first approaches, and the projection-second approaches. The input method is LSCII,
with the direct application of LSCII results shown on each graph as a solid black line. Exact results
are shown in black circles on each graph.

the LSCII-GQME results. The results for the Condon M-TE approaches and the PS approaches
are not shown because their results are still being verified. The results in Fig. IV.5 show that the
propagator expansion dynamics are much more sensitive to time step for the system-bath form
compared to the modified form. Results for even smaller time steps are being calculated and
may allow the propagator system-bath results to converge to the modified results but at much
higher computational cost than the modified form approaches. Regardless, the dynamics with the
propagator expansion are much worse compared to the bare expansion shown in Fig. IV.4, with

the propagator expansion giving back the dynamics of the direct application of the input method
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while the bare expansion improves the results compared to the direct application as is normally
seen with GQME. Ref. 71 observed this phenomenon for the SB-PF2 approach with Ehrenfest
method as input and did a Fourier-Laplace transform to show that when the projection-free inputs
are calculated with the time propagation operator U(7) and its time derivatives, then the results

with the GQME will be equivalent to the dynamics of the direct application of the input method.
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Figure IV.5: In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the propagator expansion of the two-equation approaches with a time step of At
0.01T~! on the left and a time step of At = 0.005T ! on the right. In the bottom row, shown
are the electronic population differences for the propagator expansion of the projection-first ap-
proaches with At = 0.01 T'~! on the left and a time step of At = 0.005 ! on the right. The input
method is LSCII, with the direct application of LSCII results shown on each graph as a solid black
line. Exact results are shown in black circles on each graph.

The M-TE-C1 and M-TE-C2 results are not shown in the top row because the results are still being
verified. Similarly, the projection-second results are not shown because results with the modified
form are still being verified.
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IV4.2 Non-Condon vs. Condon

In Fig. IV.6, the results for the bare and static expansions of the modified two-equation and
projection-second approaches with LSCI as the input method are shown. As can be seen, the non-

Condon approaches slightly underestimate the dynamics while the Condon approaches are more

accurate.
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Figure IV.6: In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the bare (left) and static (right) expansions of the modified two-equation approaches.
In the bottom row, shown are the electronic population differences for the bare (left) and static
(right) expansions of the modified projection-second approaches. The input method is LSCI, with
the direct application of LSCI results shown on each graph as a solid black line. Exact results are
shown in black circles on each graph.

Shown in Fig. IV.7 are the bare, static, dynamic, and propagator expansions for the modified

projection-first approaches with LSCI as the input method. The same results with LSCII are given
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in Appendix B. For the bare and static expansions, the non-Condon and Condon M-PF approaches
give the same accurate results. For the dynamic and propagator expansions, results are shown for
time steps of At = 0.01T~! and At = 0.005T ! to illustrate that the non-Condon projection-
first approaches have not converged with respect to time step for the dynamic and propagator
expansions. Additionally, the dynamic and propagator expansion results give worse results when
compared to the bare and static expansions. The Condon dynamic and propagator expansion results
for the M-PF approach give the same results as the direct application of LSCI and it is likely that

the non-Condon results will converge to the same dynamics.
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Figure IV.7: In the top row, shown are the electronic population differences, o.(t) = opp(t) —
o44(t), for the bare (left) and static (right) expansions of the modified projection-first approaches.
In the middle row, shown are the electronic population differences for the dynamic expansion of
the modified projection-first approaches with a time step of At = 0.01 I'~! (left) and a time step of
At = 0.005 T~ (right). In the bottom row, shown are the electronic population differences for the
dynamic expansion of the modified projection-first approaches with a time step of At = 0.01 7!
(left) and a time step of At = 0.005I~! (right). The input method is LSCI, with the direct
application of LSCI results shown on each graph as a solid black line. Exact results are shown in
black circles on each graph.
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IV4.3 Two Equations vs. One Equation for the Memory Kernel

Four approaches, one with the system-bath form and three with the modified form, have two
equations to obtain the memory kernel; the first equation is a Volterra integral equation of the
second type to obtain an intermediary projection-dependent input and the second an equation to
obtain the memory kernel from the projection-free and projection-dependent inputs. The other
seven approaches, three with system-bath form and four with the modified form, have one Volterra
integral equation of the second type to obtain the memory kernel from projection-free inputs.

In Fig. IV.8, the electronic population difference results are compared for the SB approaches
for the bare, static, and dynamic expansions with LSCI and LSCII as input methods. Notably,
for the bare expansion with LSCI, the SB-TE and SB-PS give the same results while SB-PF1 and
SB-PF2 give the same results as each other, but different from SB-TE and SB-PS. The SB-TE and
SB-PS approaches have the same projection-free inputs, /C; (7) and KC3(7), while SB-PF1 has the
projection-free inputs ®(7) and (), and SB-PF2 shares one projection-free input with each of
the other approaches, with it using K (7) and ®(7). K1 (7) and ®(r) are fairly similar projection-
free inputs with nuclear operators at times t = 0 and ¢ = 7 but C3(7) and ®(7) are not, with K3(7)
having a nuclear operator at time ¢ = 0 and with ®(7) having its nuclear operator at time ¢t = 7. The
greater success of the SB-PF1 and SB-PF2 approaches, which have ®(7), compared to the SB-TE
and SB-PS approaches, which have IC3(7), seems to run counter-intuitive to the results of the static
and dynamic expansion shown in Fig. IV.8. The static expansion, where projection-free inputs are
built of CFs with only nuclear operators at time ¢ = 0 or time derivatives of the time propagation
superoperator, gives much better results than the dynamic expansion, where the projection-free
inputs are built of CFs with only nuclear operators at time ¢ = 7 or time derivatives of the time
propagation superoperator. In fact, the dynamic expansion results give back the dynamics of the
direct application of the input method. As seen in Figs. B.1 and IV.5 and discussed in Sec. IV.4.1,
the propagator expansion of the SB approaches have larger amplitudes than the dynamics of the

direct application of the input method but this is expected to decrease to the dynamics of the direct
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application of the input method with smaller time step, giving the same results as the dynamics
expansion.

Shown in Fig. IV.9 are the results for the bare, static, and dynamic expansions with the modified
form approaches with LSCI as input method. The same results for LSCII are shown in Appendix B.
The bare and static expansions behave the same while the dynamics expansion gives comparatively
worse results. In the bare and static expansions, the M-TE and M-PS approaches do comparatively
worse that the M-PF. The non-Condon M-TE and M-PS approaches give the same results, the
two Condon M-TE approaches give the same, and better, results, and the Condon M-TE and M-
PS approaches giving similar but not the same results. The M-TE-NC and M-PS-NC approaches
use the same projection-free inputs, F(7) and G(7), and the M-TE-C1 and M-PS-C approaches
use the same projection-free inputs, Fi(7) and G,e, While the M-TE-C2 uses all four that the
other approaches use. It is interesting then that the M-TE-C1 and M-PS-C approaches do not
give the exact same results, as was seen with the other approaches that have the same projection-
free inputs, M-TE-NC and M-PS-NC and, shown previously in Fig. IV.8, the SB-TE and SB-
PS approaches. The M-TE-C1 approach has more complicated equations that the M-TE-NC and
SB-TE approaches, with two terms in the linear and integral part of both equations, but the fact
that it obtains the same results as the M-TE-C2 approach, which has simpler equations, seems to
indicate that this is not the cause of the differences between M-TE-C1 and M-PS-C. In the dynamic
expansion results in Fig. IV.9, the M-TE-NC and M-PF-C approaches give back the dynamics of
the direct application of LSCI, gaining no accuracy from using the GQME. The M-PF-NC is more
sensitive to the change in time step than the M-TE-NC and M-PF-C approaches, but it could also
end up giving back the dynamics of the direct application of LSCI with a converged time step.
The M-TE-C1 and M-TE-C2 approaches’ results are not shown because the results are still being
verified. The results for the propagator expansion are not shown in this chapter as they are similar

to the dynamic expansion results, with the graphs given in Appendix B.
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Figure IV.8: Shown are the electronic population differences, 0.(t) = opp(t) — c44(t), for the
system-bath form approaches. In the top row, the bare expansion is used; in the middle row, the
static expansion; and in the bottom row, the dynamic expansion. The left column is results with
LSCI as input method and on the left are the results with LSCII as input method, with the direct
application of each shown with a solid black line. Exact results are shown in black circles on each
graph.
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Figure IV.9: Shown are the electronic population differences, o,(t) = opp(t) — caa(t), for the
modified form approaches. Starting from the upper left and moving counter-clockwise are the
results with the bare expansion, the static expansion, the dynamic expansion with At = 0.005 T,
and the dynamic expansion with At = 0.01I'"!. The input method for the GQME is LSCI, with
the dynamics of the direct application of LSCI shown with a solid black line. Exact results are
shown in black circles on each graph.

IV4.4 Memory Time Convergence

Shown in Fig. IV.10 are the five approaches, SB-TE, SB-PS, M-PS-NC, M-PS-C, and M-TE-
NC, that do not converge with respect to memory time for the bare expansion with LSCI as the
input method. All of the projection-second approaches and all of the two-equation approaches
except the two Condon approaches fail to obtain converged results with increasing memory time.
For these five approaches with LSCI as the input method, the static and propagator expansions also

do not obtain converged results with increasing memory time but the dynamic expansions do. All
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of the other approaches with LSCI as the input method and all of the approaches with LSCII as
input method give converged results for the bare expansion with increasing memory time, with the

longest memory time needed to converge being 8 I't.
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Figure IV.10: Shown are the electronic population differences, o.(t) = opp(t) — g4a(t), of the
five approaches that do not obtain converged results with increasing memory time for the bare
expansion with LSCI as the input method. Starting from the upper left and moving clockwise, the
five approaches are SB-TE, SB-PS, M-PS-C, M-TE-NC, and M-PS-NC. The memory times are
given in the legend in units of I'"!. The exact results are shown as black circles and the results
from the direct application of LSCI are shown as a solid black line.
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IV.5 Discussion of Results

With the many methods for calculating the memory kernel explored in this chapter, some valu-

able insight can be gained. These insights can be summarized as follows:

* System-bath vs. Modified form: While there are differences between the results of the bare
expansion with LSCI for the TE and PS approaches, the more critical differences seem to
stem from the type of approach (TE, PF, or PS) rather than the form of the Hamiltonian used.
Considering the disadvantages of the system-bath form and the advantages of the modified

form outlined in Chapter 11, this makes the modified form the preferable one in general.

» Effect of number of equations for the memory kernel: The TE and PS approaches share
the same projection-free inputs but have a different number of equations needed to obtain
the memory kernel. The TE approaches require first calculating a projection-dependent in-
put with a Volterra equation before calculating the memory kernel with an equation of the
projection-free and projection-dependent inputs. In contrast, the PS approaches have a sin-
gle Volterra equation for the memory kernel. As shown in the results in this chapter, this
difference causes little to no difference between the results (with the only slight difference
seen for the M-PC-C approach compared to the M-TE-C1 and M-TE-C2) and the more crit-
ical differences come from the different projection-free inputs and their expansions than the

number of equations.

 Effect of the projection-free inputs on the memory time convergence in the bare expan-
sion: For LSCI, the two-equation and projection-second approaches struggle to converge
their results with respect to memory time for the bare expansion while the projection-first ap-
proaches do not. The main difference between these approaches stems from the projection-
free inputs that either have nuclear operators at time ¢ = 0 or time ¢ = 7 and not both. For
the TE and PS approaches, these projection-free inputs have the nuclear operator at time

t = 0 while the PF approaches have the nuclear operator at time ¢ = 7. Considering the
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first point in this list, it may have been expected then that the TE and PS approaches would
have given better results but instead the opposite is seen. It is possible that the time ¢ = 7
nuclear operators are stabilizing the longer time dynamics. For the model explored here,
the PF approach results are too accurate to see if the memory time becomes unstable for the

static expansion, which would help to prove (or disprove) this point.

Effect of the expansions: As seen and discussed previously in Refs. 32 and 71, the bare
and static expansions are able to give similar and accurate results while the dynamic and
propagator expansions give back the same dynamics as the direct application of the input
method. This result seems to add credence to the proposition that the sampling of the static
nuclear operators done within the projection-free inputs improves the accuracy of the GQME

compared to the direct application of the input method.

Overall greater success of the PF approaches: While the TE and PS approaches were able
to give accurate results and converging memory time for some expansions, the PF approaches
were most consistent in giving accurate, converged results. The only area where the PF
approaches struggled compared to the TE and PS approaches is in the convergence of the
non-Condon dynamic and propagator expansions with LSCI. However, since the dynamic
and propagator expansions have been proven to fail to give improvements compared to the
direct application of the input method, this failure of the M-PF-NC approach is essentially

irrelevant, since those expansions should not be used.

IV.6 Concluding Remarks

The GQME is a complex method for obtaining electronic dynamics in the condensed phase. The

relative recency of the derivation of approaches to be able to calculate the GQME means that the

impact of the various components of the GQME is unknown. The memory kernel in particular

can be calculated in a variety of ways without obvious advantages to any particular way. For this

reason, the thorough investigation of the many methods for obtaining the memory kernel explored
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in this chapter adds valuable insight into the GQME.

From the results shown in this chapter and the disadvantages of the system-bath form and the
advantages of the modified form outlined in Chapter II, it can be concluded that the modified
projection-first approach with either the bare or static expansion is the best general method. The
bare expansion of the modified projection-first approach is what has been referred to in previous
chapters and will be referred to in upcoming chapters as the modified GOME (M-GOME). As seen
in Chapters II and III, the M-GQME was already known to perform well but the results in this
chapter show that it outperforms other methods in several ways. The new insight into the success
of the static expansion with the M-GQME could be of use for future systems in which the longer
time dynamics are more erratic and the inclusion of nuclear operators at time ¢ = 7 could be

exasperating difficulties with convergence.
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CHAPTER V

Photosynthetic Systems with M-GQME

V.1 Introduction

Photosynthetic light-harvesting systems are of considerable interest due to their prevalence in
nature and the efficiency of excitation energy transfer (EET) within them. Better understanding
of EET in these systems can also help to yield improvements in artificial systems designed to
mimic them.'”” The experimental observation of long-lived quantum coherence in some photo-
synthetic systems has led to interest in the importance of quantum effects on photosynthesis.''""
The Fenna-Matthews-Olson (FMO) complex was one of the first photosynthetic systems observed
to have long-lived coherences. These coherences were originally designated as electronic coher-
ences'!'"!'* but recent experimental and theoretical advancements indicate a significant contribu-
tion from vibrational coherences, demonstrating the importance of the nuclear DOF on the FMO
dynamics.'">~'"” These dynamics has been extensively studied, including with exact results for
a model Hamiltonian via hierarchical equations of motion (HEOM).''®~'?" This makes the FMO
complex an appealing benchmark model system for testing methods for simulating nonadiabatic
dynamics. In this chapter, the robustness and accuracy of the GQME methods with short-lived
inputs obtained via the Ehrenfest method will be tested by applying them to FMO.

The rest of this chapter is organized as follows. The FMO complex is described in Sec. V.2.

The results obtained by applying the Ehrenfest method with the GQME to the FMO complex and

the discussion of these results are reported in Sec. V.3. Concluding remarks are given in Sec. V.4.
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V.2 Fenna-Matthews-Olson (FMO) Complex

FMO is often described by a Frenkel exciton Hamiltonian of the following form''®!?! [see

Eq. (1.3)]

Ne
Z J!+ZV3k\J . (V.1)

7,k=1
ki
Here, {H;} and {V};.} are given by
Ne Nn/Ne pQ
. i .
Hi=ci+3 > S5+ Vi(R)
k=1 i=1
Nn/Ne 1 2 Ne Nn/Ne 1
~ C; A
VR = Y g (R %) 303 Juti (V2
i=1 v =1 i=1
I#5
‘7jk = F]k

Here, N, = 7 is the number of electronic states; N,, = 1400 is the number of nuclear DOF;
{Rl,h e R N..N, + and {15171, ey PNS’ N, } are the mass-weighted position and momentum operators
of the nuclear DOF, respectively; {c1, ..., cn, /. } and {wy, ..., wn, /v, } are the mass-weighted cou-
pling coefficients and frequencies for the nuclear normal modes, respectively; ¢; is the energy of
the electronic state |j); and I';; are the nonadiabatic couplings between electronic states, which
are constant for FMO.

The initial state of the overall system is given by Eq. (I.4), p(0) = 5,,(0) ® &(0), where p,,(0)
and (0) are the reduced density operators of the initial states of the nuclear and electronic DOF,

respectively. For FMO, the initial nuclear density operator is given by

Ne Nn/Ne
exp —52 Z ”+ w2R2

5 (0) = R (V.3)
2R2

Tr<exp|—

101



and the initial electronic density operator is given by 6(0) = |1)(1] or 6(0) = |6)(6] (using the
usual numbering of the BChls, originally chosen by Fenna and Matthews '>?).

The energies {¢;} and couplings {I';;} of the electronic states are given in cm™! by '"”

12410 —87.7 5.5 —5.9 6.7 —13.7 —9.9
—87.7 12530 30.8 8.2 0.7 11.8 4.3
9.9 30.8 12210 —-53.5 —-2.2 —-9.6 6.0
—-5.9 8.2 —=53.5 12320 -70.7 —17.0 —-63.3 (V4)
6.7 0.7 —2.2 =70.7 12480 81.1 —1.3
—-13.7 11.8 —-96 -—-17.0 &81.1 12630 39.7
—-9.9 4.3 6.0 —63.3 —1.3 39.7 12440
The nuclear normal modes are described by a Debye spectral density
2 Wew
J(w) = — V.5
() w? 4 w? (V.9
where the discrete set of coupling coefficients {c;} and frequencies {w;} are given by
ot nN, (. 1
w; = w,tan N, -5 ,
(V.6)

[2AN,
C; — W .
Ny,

Here, w. = 106.14 cm™! is the cutoff frequency and A = 35 cm™! is the reorganization energy. *°

V.3 Results and Discussion

The dynamics of the FMO complex were obtained using the modified approach to the GQME
(M-GQME) as outlined in Sec. II.3 with the projection-free inputs obtained with the Ehrenfest
method, following the same procedure as in Sec. II.5. Since FMO is a Condon system (i.e., the

electronic coupling terms are not dependent on R), the projection-free inputs calculated are J;(7)
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and F,(7), given in Egs. (I1.33) and (I1.34), respectively. The results for the FMO complex were
calculated with a time step of At = 0.25 fs and 35,000 trajectories per initial condition. The
Volterra equation in Eq. (I.32) was solved using an iterative algorithm, outlined in Sec. 11.4.1, and
the GQME in Eq. (II.21) was solved using a Runge-Kutta 4th-order algorithm.

Fig. V.1 shows the populations of states 1, 2, and 3 with the dynamics starting in state 1 and
Fig. V.2 shows the populations of states 3, 5, and 6 with the dynamics starting in state 6 for the
direct application of the Ehrenfest method (MF) and for the MF-GQME method with a memory
time of 0.4 ps. It should be noted that for several of these states, the memory time is converged at
lower values (see Fig. V.3) but the memory time given is the value at which all states are converged.
As seen in Figs. V.1 and V.2, the MF-GQME is able to obtain much more accurate results compared
to the direct application of the Ehrenfest method.

While the FMO model has been studied previously with a GQME method in Ref. 46, it was
done using a variation of the Shi-Geva approach (also called the SB-TE approach in Chapter
IV).?%4 As shown previously in Ref. 35 and Sec. IV.4.4, the Shi-Geva approach can have un-
stable results with regards to the memory time for the spin-boson model. For this reason, results
were generated using the Shi-Geva approach following the procedure outlined in Ref. 35 for FMO,
to see if the memory time converged. In Fig. V.4, we can see that these problems with the Shi-Geva
approach apply also to the FMO model while in Fig. V.3 we can see that the results are very stable
with regards to memory time for the M-GQME.

The ability to have stable results with regards to memory time is critical for systems in which
the exact results are not known. With the Shi-Geva approach, a “plateau of stability” method was
used previously, in which the memory time was determined by a memory time range in which
the results were stable.?>***® However, the plateau of stability can be small to non-existent and
therefore difficult to determine. Additionally, without exact results, determining where to search
for a plateau of stability can be difficult. With the spin-boson model, it was possible to guess what
the memory time should be based on when the memory kernel elements decay to zero.*>*> For the

FMO model, many of the memory kernel elements are much more erratic, as shown in Figs. V.5
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Figure V.1: Electronic population as a function of time for states 1, 2, and 3 with an initial elec-
tronic state starting in state 1. Shown are the exact results displayed with circle markers as well
as the results obtained via direct application of the Ehrenfest method with dashed lines and via
M-GQME with memory kernel calculated via the Ehrenfest method with solid lines. The state 1
dynamics are red for each method, state 2 results are orange, and stage 3 results are blue.

and V.6, thereby making the determination of the memory time based on the memory kernel ele-
ments less straightforward. With the modified approach to the GQME, even for large systems, the
memory time converges and stays converged even with erratic memory kernel elements, allowing
for greater certainty of the GQME results when the exact results are unknown.

The FMO complex is a well-studied molecular system with exact results but there are many
systems of interest for which exact results have not been or cannot be determined. Therefore, a
GQME approach that is not reliant on the existence of exact results and is able to give converged

results with increasing memory time is critical for these systems.
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Figure V.2: Electronic population as a function of time for states 3, 5, and 6 with an initial elec-
tronic state starting in state 6. Shown are the exact results displayed with circle markers as well
as the results obtained via direct application of the Ehrenfest method with dashed lines and via
M-GQME with memory kernel calculated via the Ehrenfest method with solid lines. The state 3
dynamics are blue for each method, state 5 results are green, and stage 6 results are purple.

V.4 Concluding Remarks

Photosynthetic systems are of considerable interest due to their prevalence in nature and the
efficiency of excitation energy transfer (EET) within them. Better understanding of this EET can
help to yield improvements in artificial photosynthetic systems.'”” The observance of long-lived
quantum coherence in some photosynthetic systems has led to interest in the importance of quan-
tum effects on photosynthesis. '’ The Fenna-Matthews-Olson (FMO) complex was one of the first
photosynthetic systems observed to have long-lived coherences and its dynamics has been exten-
). 118-120

sively studied, including with exact results via hierarchical equations of motion (HEOM

This makes the FMO complex an appealing system to test methods for obtaining photosynthetic
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Figure V.3: Memory time convergence for the modified approach to the GQME, with memory
times in ps given in the legend. We can see that by 0.4 ps at the latest, the populations for these
states have converged results, regardless of increasing memory time.

dynamics on.

The M-GQME method has been found to give accurate dynamics for the spin-boson model,
as seen in Chapters II, III, and IV. In this chapter, the M-GQME was shown to also be able to
obtain accurate dynamics for a model of the FMO complex, which increases the complexity of
the dynamics by having seven electronic states compared to only two in the spin-boson model.
Additionally, the M-GQME had converged results with regards to memory time for FMO as well
as the spin-boson model, which is in contrast to the Shi-Geva approach. This result is especially
important moving forward in applying the GQME approach to other photosynthetic systems. Many
photosynthetic systems of interest are not as extensively studied as FMO and do not or cannot
obtain exact results. For these systems, it is important to have an approach that remains converged
with respect to memory time, as it will be much more difficult if not impossible to find the memory

time that gives the correct results if it does not.
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Figure V.4: Memory time convergence for the Shi-Geva approach to the GQME, with memory
times in ps given in the legend. Here we see the failure of the Shi-Geva approach noted in Sec. I1.5
of unstable results with increasing memory times, despite accurate results at early memory times.
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CHAPTER VI

Linearized Vibronic Coupling Systems with

M-GQME

V1.1 Introduction

Conical intersections (Cls) are believed to play a central role in many photochemical pro-
cesses. 1737133 Being able to calculate the rates of electronic transitions through CIs in a reliable
and feasible manner is therefore key for understanding such processes and developing rational de-
sign principles towards controlling them. An exact fully quantum-mechanical simulation of the
dynamics of electronic transitions through Cls is limited to relatively low-dimensional molecular
systems and/or simple model Hamiltonians.*'%*13* Thus, developing approximate methods for
simulating the dynamics of electronic transitions through CIs in complex molecular systems is
highly desirable.

In Chapters II, III, and V, the modified approach to the generalized quantum master equation
(M-GQME) was shown to have considerable success with the spin-boson model and the Fenna-
Matthews-Olson (FMO) complex. However, neither of these systems include CIs. The goal in this
chapter is to extend the range of applications of the M-GQME to systems with CIs. This is done
in the context of the linear vibronic coupling (LVC) model Hamiltonian. '>>:'*> The choice of the
LVC model Hamiltonian as a benchmark for testing the ability of the M-GQME to describe the
dynamics of electronic transitions through CIs is motivated by the fact that it has been reported

to provide a rather accurate description of CI photophysics in many polyatomic molecules and
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the ability to calculate quantum-mechanically exact electronic transition rates for it. The anal-
ysis was performed on a LVC Hamiltonian parameterized for the 2,6-bis(methylene) adamantyl
(BMA) radical cation polyatomic system. Two other polyatomic systems, fulvene and and the 2-
methylene-6-isopropylidene adamantyl (MIA) radical cation, are also outlined in this chapter as
simulating their dynamics is a goal of future work in this area. The choice of these systems was
motivated by the availability of ab-initio parameter sets and the fact that these systems were used
in the past as benchmarks for equilibrium Fermi’s golden rule (EQ-FGR), nonequilibrium Fermi’s
golden rule (NE-FGR) and LSC approximations with EQ-FGR and NE-FGR. '*!'" It should also be
noted that these systems represent the inverted region (fulvene), normal region (BMA), and in the
vicinity of the transition point between those two regions (MIA).

The rest of this chapter is organized as follows. The LVC model and choice of initial state
are described in Sec. VI.2. The models of the aforementioned molecular systems described by the
LVC Hamiltonian, the results obtained by applying the Ehrenfest method with the M-GQME to
BMA, and the discussion of these results are reported in Sec. VI.3. Concluding remarks are given

in Sec. VI.4.

V1.2 The Linear Vibronic Coupling (LVC) Model and Choice

of Initial State

125,135

The LVC model Hamiltonian is given by

H = Hy 1) (1] + Hy)2)(2] + Via(R)[1)(2] + Var (R)[2)(1] (VL)
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where

A

2

~

Hj=—+ Vii(R)

. M1 D
Vii(R) = Aj + Z g B+ d'R; (VL.2)
VoR) =1 (R Zcz ;

H ; represents the nuclear Hamiltonian when the system is in the electronic state |j) (j = 1,2),
Vlg(f{) =Vu (f{) are the coupling terms between the two electronic states, and /V,, is the number
of nuclear DOF.

Within the LVC Hamiltonian, Eq. (VI.1), the nuclear DOF are given in terms of their mass-
weighted coordinates, R = (Ry, ..., Ry, ), and momenta, P = (P,..., Py, ). Importantly, the
diabatic potential energy surfaces (PESs), V}(R) = % [%wf]%f + dgj )]A%Z] , are assumed harmonic
and identical, except for a shift in equilibrium energyZ;d geometry. The electronic coupling terms,
Vlg(f{) =V (f{) are assumed linear in the nuclear coordinates. The fact that the electronic cou-
pling terms are explicitly R-dependent (i.e., in the non-Condon regime) is what makes it possible
for the LVC Hamiltonian to account for CIs.

In what follows, the initial state of the overall system is given by Eq. (I1.4), 5(0) = p,(0) ®
a(0), where p,,(0) and 6(0) are the reduced density operators that describe the initial states of the
nuclear DOF and electronic DOF, respectively. The initial electronic state, 6(0), is assumed to
be given by |1)(1| or |2)(2|. The initial nuclear state, p,,(0), is assumed to be given by /5, (0) =
e~B1: / Tr{e*‘m?} if 5(0) = [1)(1] or pp(0) = e P / Tr{efﬁfh} if 5(0) = [2)(2|. Here,
B = 1/kgT where T is the absolute temperature and kp is the Boltzmann constant. It should be
noted that this choice corresponds to a nonequilibrium initial state since the nuclear DOF are in

equilibrium with respect to one electronic state while the electronic DOF are described by the other

state.
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The electronic density operator at a later time ¢ is given by
6(t) = o1 (1)[1)(1] + 022()[2) 2] + 015(1) [1)(2] + 021 (B)[2) (1] (VL3)

where

o3u(t) = Tr{ pu (0l ale ™M) e /1 (V4)

Here, p,(0)|a)(c| is the aforementioned nonequilibrium initial state. o,;(¢) corresponds to the
population of the j-th electronic state and o, (¢) (where j # k) corresponds to the electronic

coherence between the j-th and the k-th electronic states.

V1.3 Results and Discussion

In this section, the preliminary results of calculations performed on the LVC model are re-
ported for the set of parameters corresponding to the gas-phase molecules the 2,6-bis(methylene)
adamantyl (BMA) radical cation. The sets of parameters corresponding to fulvene and the 2-
methylene-6-isopropylidene adamantyl (MIA) radical cation are outlined as well, as they are of
interest for future work. These parameters were adopted from Ref. 13, where they were ob-
tained from electronic structure calculations and the Koppel diabatization scheme.'**'*® Several
key model parameters for the three molecules are shown in Table VI.1. It should be noted that
fulvene corresponds to the Marcus inverted region (|AE| > E,), while BMA and MIA corre-
spond to the Marcus normal region (|AE| < E,). For BMA, the initial electronic state is given by
d(0) = |1)(1] and the initial nuclear state is p,,(0) = e=PHz / Tr{e*'BHQ} (the electronic states are
as labeled in Ref. 13). In the case of fulvene, 6(0) = [2)(2| and p,(0) = e /Tr{e‘ﬁﬁl} and
for MIA, (0) = |1)(1] and j,(0) = e~#72 /Tr{e*m%}.

The results obtained with the M-GQME were done using the Ehrenfest method outlined in
Sec.IL.5. Because BMA is a non-Condon system, the projection-free inputs calculated are F (1) and

F(7), given in Eqgs. (IV.25) and (I1.31), respectively. Calculations were carried out with 200,000
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fulvene BMA MIA

# modes 30 78 96
|AE| (a.u.) 0.0989 0.0004 0.0250
E,. (au.) 0.0887 0.0297 0.0274

Table VI.1: Number of nuclear modes, absolute value of the reaction free energy, |AE|, and
reorganization energy, F,., for fulvene, BMA, and MIA.

trajectories and a variety of time steps. The preliminary results for BMA are shown in Fig. VI.1.
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Figure VI.1: On the left is the donor population dynamics for the gas-phase BMA radical cation
for time steps of 2.419 x 1073 fs, 1.209 x 1072 fs, and 2.419 x 10~ fs and memory times of
137.826 fs, 149.94 fs, and 149.94 fs, respectively. The results of the direct application of Ehrenfest
(Ehr) for the three time steps are shown with dashed lines while the GQME results with Ehrenfest
as the input method are shown with solid lines. On the right is the donor population with a time
step of 1.209 x 1072 fs are given for the memory times listed in the legend. The dynamics for the
direct application of Ehrenfest are also given with a gray line. The MCTDH results, represented
by a black line, give the exact dynamics for BMA with the LVC model in both graphs.

In the left graph of Fig. V1.1, it can be seen that the M-GQME results for BMA are sensitive to
the time step, much more so than the results from the direct application of Ehrenfest. In Ref. 139,
it was noted that the coherence, o1¢(t), is relatively small (~ 10?) and oscillates rapidly for the
systems under consideration in this chapter. This means getting converged results for the coherence
requires a significantly larger number of trajectories and smaller time step than the populations. For
Ref. 139, this was not justified because the paper was examining the direct application of QC/MH

methods and the population transfer dynamics were the main quantity of interest. However, for the
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GQME, the coherences need to be converged because they contribute to the projection-free inputs,
meaning that a large number of trajectories and small time step will be needed to get accurate
GQME results. It is possible that the computational cost of obtaining these results could reach
prohibitively costly levels. An interesting option to explore would be to use the static expansion
of the M-GQME described in Sec. IV.3, as the elimination of nuclear operators at time ¢ = 7 may
decrease the impact of the erratic coherences and the static expansion was shown to perform as
well as the bare expansion. One concern with this would be how smooth the static projection-free
inputs would be, since their time derivatives could introduce errors if they are not smooth.

As seen in the right graph in Fig. VI.1, BMA also has a memory time as long as the time
for which the MCTDH results are given. This is not surprising given the stepwise dynamics of
BMA, indicating that there is still memory in the system from the initial excitation. For the sake
of obtaining dynamics, this is problematic as the increasing memory time will be computationally
costly. For the GQME, a memory time as long as the dynamics is not ideal, as it increases the time
that the approximate methods used to calculate the projection-free inputs must be used, leading to

higher computational costs and less accurate results.

VI.4 Concluding Remarks

While the goal of the M-GQME is to apply to molecular systems, for the systems outlined in
this section, the use of the M-GQME may not be justified. Because of the rapidly oscillating
coherences, the GQME requires much smaller time steps and greater number of trajectories than
the population dynamics which can be obtained via the direct application of a mixed quantum-
classical or exact method. Additionally, because the memory time of these systems is very long,
the GQME may not give much more accurate results even when converged. This means that the
GQME will be much more costly without necessarily giving much benefit.

For systems with conical intersections, more exploration is needed to determine if the GQME

can provide accuracy and computational benefits as it has been shown to do for Condon systems
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in the previous chapters. This is an important goal of future work with the GQME.
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CHAPTER VII

Conclusion

VII.1 Summary

The simulation of electronically nonadiabatic dynamics in condensed phases is an area of con-
siderable interest and challenge for computational chemistry. The reduced dynamics methods
for simulating electronically nonadiabatic dynamics often rely on restrictive assumptions such as
weak coupling between the electronic and nuclear degrees of freedom (DOF) or between elec-
tronic states. An alternative approach for simulating nonadiabatic dynamics is via mixed quantum-
classical (MQC) and quasiclassical (QC) methods. These methods can handle strong coupling but
their reliability and computational feasibility decrease with increasing simulation time. In compar-
ison, the generalized quantum master equation (GQME) requires no approximation in its derivation
and scales favorably with increasing simulation time.

Within the GQME, the memory kernel is the key quantity and most difficult to calculate. Two
approaches were introduced in 2003 and 2006 for calculating the GQME but they were reliant on
splitting the Hamiltonian into system, bath, and system-bath coupling terms, which is not natural
nor convenient for many systems of interest. In Chapter II, a modified approach to the GQME (M-
GQME) was introduced and compared with the two previous approaches on the spin-boson model
with Ehrenfest as the input method. It was shown that the M-GQME was able to obtain either the
same or better results compared to the previous approaches for all sets of parameters. An important

distinction between the M-GQME and one of the commonly used previous approaches is its ability
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to obtain converged results with respect to increasing memory time. This behavior is critical for
systems in which tuning the memory time to achieve the exact results will not be available.

While the M-GQME with Ehrenfest as input method was able to obtain better results than the
direct application of Ehrenfest for the spin-boson model in Chapter 11, it was not able to obtain the
exact results for all sets of parameters. In Chapter III, two mapping Hamiltonian + quasiclassical
approximation (QC/MH) methods, LSCI and LSCII, were introduced and used as input for the
M-GQME. For the same five sets of parameters for the spin-boson model as in Chapter II, these
QC/MH methods combined with the M-GQME were able to obtain more accurate results than
both the direct application of the QC/MH methods and the Ehrenfest method combined with the
M-GQME. Of the three input methods, Ehrenfest, LSCI, and LSCII, LSCII with the M-GQME was
able to obtain the best results with the shortest memory time for most of the sets of parameters.

The modified approach and the two previous approaches are only three of many possible ways
of obtaining the memory kernel. In Chapter 1V, forty-four different methods for calculating the
memory kernel were explored and the results of applying these methods to one set of parameters
for the spin-boson model with the two QC/MH methods from Chapter III as input methods were
presented and discussed. This thorough investigation of various ways of obtaining the memory
kernel helped to outline the impact of the forms of the projection-free inputs and the equations for
the memory kernel on the accuracy and convergence of the GQME results. Through this investi-
gation, it was shown that the M-GQME and one of its variants were the most accurate, stable, and
generally applicable methods for obtaining the memory kernel.

In Chapter V, the M-GQME method was applied to the Fenna-Matthews-Olson (FMO) com-
plex with Ehrenfest as the input method. It was shown that the M-GQME was able to obtain much
more accurate results than the direct application of Ehrenfest for the FMO complex. Additionally,
while a GQME method had previously been applied to the FMO complex, it was done with the
previous approach that was shown to have non-converged results with respect to memory time for
the spin-boson model in Chapter II. In Chapter V, it was shown that this issue with the previous

approach also occurs with the FMO complex while the M-GQME is able to obtain converged re-

118



sults with respect to memory time. These results with the FMO complex establish the M-GQME as
a feasible and accurate method for simulating electronically nonadiabatic dynamics in multi-state
photosynthetic systems. Considering the many photosynthetic systems of interest without robust
dynamics results, this is an area that the M-GQME can provide important insight into in the future.

In Chapter VI, the M-GQME was applied to a molecular system containing a conical intersec-
tion (CI). While all of the models studied in the previous chapter satisfied the Condon approxima-
tion (e.g., their electronic coupling terms were not dependent on the nuclear position), any system
that contains a CI must by nature be non-Condon. Considering the importance and prevalence of
systems containing ClIs, this represents an area of interest for the applicability of the M-GQME.
In the preliminary results for the 2,6-bis(methylene) adamantyl (BMA) radical cation polyatomic
system studied in Chapter VI with the Ehrenfest method as input, it was found to require a much
smaller time step than the direct application of Ehrenfest in order to obtain the population dynam-
ics due to the osillatory nature of the coherences. The direct application of Ehrenfest is not as
reliant on the convergence of these coherences in order to obtain the population dynamics but for
the M-GQME, the coherences play an important role in obtaining the projection-free inputs and
therefore need to be converged. Additionally, BMA was found to have a memory time at least as
long as the length of the MCTDH results previously calculated. These two facts make the cal-
culation of converged BMA results with the M-GQME computationally costly and possibly not
much more accurate than the input method, due to the long memory time. Further exploration of
BMA and other systems with CIs is important to determining the limitations and applicability of

the M-GQME.

VII.2 QOutlook

This dissertation outlined an introduction, exploration, and application of the M-GQME and
provided comparison of the success of the M-GQME in relation to other methods of determining

electronically nonadiabatic dynamics and other approaches to the GQME along with important
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insight into systems of interest where the M-GQME is expected to succeed or fail. Moving forward,
there are many areas in which the M-GQME is expected to provide benefits.

The M-GQME could be further optimized and extended by developing it for lower-dimensional
quantities like electronic populations, electronic coherences, photonic correlation functions, and
other such quantities. For many systems, the full electronic density matrix is not necessarily of
interest and calculating lower-dimensional quantities should provide computational advantages
if not also accuracy benefits. The M-GQME could also provide benefits to currently existing
packages such as multi configuration time dependent Hartree (MCTDH)* as a multi-scale tool to
get long-time outputs from inexpensive short-time inputs.

While many systems can be adequately described with model Hamiltonians, a goal of the M-
GQME is to apply to truly molecular systems with on-the-fly electronic structure calculations or
with electronic state-specific force fields. One such system of interest is the carotenoid-porphyrin-
Cgo molecular triad, a bioinspired molecular triad whose conformations affect its charge transfer
abilities.*” Another area of recent interest is the description of photonic DOF, such as those in
quantum cavities. The M-GQME could provide useful insight into the manipulation of quantum

cavities to control chemical dynamics.
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Appendix A

Proofs of the Expansions of the Projection-Free

Inputs from Chapter IV

This appendix gives the mathematical proofs of the expansions of the projection-free inputs

given in Sec. IV.3.

I.1 System-Bath Expansions

L11 Ky(7)

I.1.1.1 Static Expansion

d i d —iLT A
ZE/C:s(T) = Trp {6 £ /h/CBSpE?}
1

= ﬁ TI"B {L: G_iLT/hﬁBsﬁqu}
1

=73 Trp { (ﬁB +Ls+ EBS) €_wT/hﬁBSﬁ?}

* The term with Lz is equal to zero because, for any operator A= > j S*j ® Bj where S*j and

~

Bj are system and bath operators, respectively, because

Tep { £pA} = 35 T {15, 8]} =0 . (A1)

J/

J ~~

=0
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* Because Lg is a purely system superoperator, it can be pulled out of the partial trace over the

bath:

1 i A€ 1 —iLT1/h ~C 1
ﬁ TI"B {LS eilﬁT/hEBSpg} = ﬁﬁs TI"B {6 = /T,CBsch}} = ﬁﬁleg(T) (AZ)

Putting the terms back together,

. d 1 —iLT ~C 1 —iLT NS
ZE’CE;(T) = ﬁ Trp {ﬁB e L /hﬁBSplg} +ﬁ_2 Trp {Ese L /hﬁBspE?}/
0 1
ﬁ*CSK:S (T)
1 ; e
+ = Trn { Los e "L} (A3)
Ki(7)
’ K:Static(7'> = ZiKg(T) - lﬁg’Cg(T) .
o dr h
I.1.1.2 Dynamic Expansion
d v d :
—d —— T {E 72£T/ﬁ/\eq}
a2 = fgr e (Ls e
1 ; e
= ﬁ TI‘B {ﬁBS G_lﬁq—/h[:pg}
1 : e
=12 Trp {EBS e~Hr/h <»CB +Ls + EBS) qu}
* The term with Lz is equal to zero because
Lopy = [As. %] =0 (A4)

* Because L is a purely system operator, it can both commute with 5% and move outside of
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the partial trace over the bath:

1 1

ﬁ TI‘B {EBS G_Z[T/hﬁsﬁ?} = ﬁ TI"B {»CBS e_iET/hﬁ%]}ES = ——(I)(T),CS

Putting the terms back together,

d 1 ; e 1 —iLT/h e
%@(T) = ﬁ TI"B {EBS e_wT/h[,Bqu} + ﬁ TI“B {»CBS € £ /r’ﬁspg}

- .
— - ®(7)Ls

1 . R
+ 7 Trp {ﬁBs G_ZLT/E'ﬁBSP?}

J/

-~

. ICl(T)

namic d ¢
KT (r) = () + 3 (7)Ls

I.1.1.3 Propagator Expansion

. 42 .
—u(T) == _W TI'B {€_Z 7/ ﬁ;}
1 .
= ﬁ TYB {ﬁeilcﬁr/hﬁﬁg}
1 4 e
= ﬁ TYB {ﬁelET/h<£B + ES‘ + EBS)ﬁI;]}

* From Eq. (A.4), we know

1 )
= T { LMLy} = 0

 Since Lg is a purely system superoperator,

1 . e
= Trg {ﬁe*’“/hﬁgﬁfg‘}} — Ty {Leflﬁf/h,sg},cs
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So now we have

- 1 i A€ 1 —iLT/h ~e
—U(T) = 2 Trp {Le_ZET/hpg}ﬁs + 7 Trp {Ee £ /fEBS,oB(,l}
1
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* From Eq. (A.1), we know

1 7 /I~
ﬁ Trp {ﬁB G_ZET/hpBE},CS =0

1 ; e
ﬁ TI‘B {LB eimT/hEBSpB} =0

 Since Lg is a purely system superoperator,

1 - e 1 il B e 1
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Putting this all together, we get
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Plugging in Eq. (A.6) and Eq. (A.7), we reach

Ku(7) = —Ti(7) — ~ Lot (r)Ls + (— L(r) — izsu(f))ﬁs _ %cs (@u(f) _ %U(T)zs)

12 h h
. 1 ;. 1 ) . 1
= —U(7) = 5 LsUT)Ls — %umcs + 5 LsU(T)Ls — %Lsum + 5 LsUT)Ls
! - 1 70
propagator _ - _
KYPE () = —U(r) + 55 LsUT)Ls — 1 {U(T), ﬁs} .

I.1.2 ICg (7’)

I1.1.2.1 Dynamic and Propagator Expansion

WU(T) = ZE Trp {e”ﬁ/hﬁ;‘}

1 )
=7 Trp {e_’&/hﬁﬁfg}

1 : e
= ﬁ TI"B {B_ZET/h<£B + ﬁs + ﬁBS)pBE}

From Eq. (A.4), we know the Lp term is equal to zero and because Lg is a purely system super-

operator:

1 ; NG 1 —1LT[h ~€ 1
ﬁTrB {e‘wT/h’LSpE?} = ﬁTrB {e £ /r’qu},CS = ];LU(T),CS

Plugging this back in, we get:

. 1 : o 1 i e
iUu(T) = 7 Trg {e"LT/ﬁﬁg}ES—I— 7 Trp {e ZLT/EEBSpE?}

1 IC3(7')
h

dynamic &

L KCHRE (1) = iU (1) — —U(T)Ls (A.6)
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L1.3 &(7)

I.1.3.1 Static Expansion

From Eq. (A.3), we know

ic%_lcii( )%TIB{/: e=ilr/hp Aeq}‘i‘ﬁTrB{['BSe T/ Aeq}

! ! HC 1 il N
i )+h2 s {EBSS L q} + o2 s {ﬁBse L q}

dr
1 A~ LT ~C
ﬁ — Trp {E e/ L g q} +—= 2 Trp {5356 LTI q}/

-~ -~

7—1:L£51C3(7') (r)

From Eq. (A.4) and because L is a purely system superoperator, we know

d 1 1 ,
ZEIC;))( )+ TI"B {LBS € wT/hﬁ Aeq} + = TI"B {L:BS 6_1£T/h£5,53§}

72 72
pu— 0 )
—%(I)(T)ﬁg
1 iLT/h N 1 —iLT/h p A€
_ﬁTI‘B{['Se ﬁ/rﬁ q}+h TI"B{,CBSS E/rﬁpg}l
1 .
ﬁﬁleg(T) CI)(T)
T static . d 4 1
. (7') = ZE’CE;(T) — ﬁq)(T)ES — ﬁﬁS]C3(7')

1.1.3.2 Dynamic Expansion

The dynamic expansion is straightforward, so no proof is given.
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1.1.3.3 Propagator Expansion

. 2 .
—U(1) = ——=Trp {e‘wT/h,éig}

dr?
1 )
= o Trp { L™ L50 |
1

= Trp { (ﬁB +Ls+ EBS) €_wT/h£/3§}

From Eq. (A.1), we know the term with Lp is equal to zero and because Lg is a purely

system superoperator:

1 ) 1 )
= Trp {ﬁseﬂﬂf/hﬁﬁg} = —LsTrp {e”“/hﬁﬁg}

We can expand the £ of the above RHS and use Eqs. (A.4) and the fact that Lg is a purely

system superoperator to reach

1 i NG 1 —iLT1 /I A 1 —iLT NS
ﬁﬁs Trp {e_’”/ﬁﬁpg} = ﬁﬁs Trp {e £ /hpf(}}ﬁg + ﬁﬁg Trp {e £ /hﬁggpg}

1 1
= ﬁcsu(T)ﬁg + ﬁﬁsKg(T)
Plugging this back in, we get:

—H(T) = %ﬁsU(T)ﬁs + %ﬁs/C:a(T) + ‘I)(T>

L (r) = () ~ s LU(T)Ls — 3 L5Ks(r)
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Plugging in Eq. (A.6), we get:

b(r) = (1) — %ﬁsu(ﬂﬁs - %ﬁs <zu(f) U (T)ﬁs)
= —U(T) — %ESU(T)ﬁs - %ﬁsu(ﬂ + %ESU(T)ES
propagator (1Y — 74 (1) — %ESZJ(T)

.14 O(7)

I.1.4.1 Static and Propagator Expansion

: d .

—U(r) = 0 Trp {eilh/hpB(l}
o i —iLT/h eq
=7 Trp {Ee pB}

1

=z Trp { (CB + L + ﬁBS) 67%7/%}?}

From Eq. (A.1), we know the L5 term is equal to zero and because Lg is a purely system super-
operator:
%TrB {,Cse_i&/ﬁp;’;} = %ﬁg Trp {e_i’CT/hp%]} = %EsU(T)

Plugging this back in, we get:

—U(T) = lﬁg Trp {e‘i&/hp?} + % Trp {EBSe_iLT/hp?}

n 5
LsU(r) (r)
h
static & . 1
. (I)propagator(T) — —Z/{(T) — ﬁ£5u<7—) (A.7)
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.2 Modified Expansions

121 F(r), F(1),and G(7)

The expansions of F(7), F(7), and G() are all straightforward so no proofs are given.

122 Fi(7)

I.2.2.1 Static Expansion

Zd%_gzero( ) = ;_idi TrN{ T L peropv (0 )}
— % Try {Ee’im/ﬁﬁzeroﬁN(O)}
= 2 Ten { (Lo + Lo ) Lo (0}

In the Condon limit, L, is a purely electronic superoperator, so this can be written as

d 1 —iL7/h ~ 1 —iLT/h
ZEgzero( ) = ﬁ TrN {ﬁzeroe / ﬁzeropN(O)} +ﬁ_2£int TrN { »CzeropN( )}/
1
fl (T) ﬁﬁintgzero (7_)
static . d 1
" fltt (T) = ZEgzero(T) - ﬁﬁintgzero(7>
1.2.2.2 Dynamic Expansion
. d 1 d il /R~
ZE}—Q( T) = T Try {Ezeroe £ /hpN(())}
1 —iLT/h p A
- ﬁ TrN {Ezeroe “ /ELPN(())}
1 —i LT ~
= ﬁ TrN {Ezeroe Lr/h (ﬁzero + ﬁint) pN(O)}
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In the Condon limit, L, is a purely electronic superoperator, so this can be written as

d 1 j ~ 1 —iLT /R A
ZEJT-Q( ) ﬁ_Q TrN {ﬁzeroe_zﬁT/hﬁzeropN(O)} + = hQ TI'N {Czero6 £ /}LpN(O)}ﬁmi
F 1
1<T> ﬁ}—Q(T)»Cint
L () = i Fy(r) — 3 Folr) L
SOl dr h "

1.2.2.3 Propagator Expansion

. d? o
-U(T) = ——— Try {e"ﬁT/hpN(())}

= %TrN {ﬁe*i“/hﬁ;}N(O)}

1

=3 Try { (EZem + ﬁim> e erih <£zer0 + Ei“‘) PN (0)}

In the Condon limit, L;, is a purely electronic superoperator, so this can be written as

. 1 1 ; .
—U(T> = 75 TrN {‘Czero6 ZﬁT/hﬁzeropN( )} + = FLZ TrN {['zeroe_ZLT/hpN(O)}‘Cint

h2
Fi( 1
I(T) E«FQ(T)Eim
1 1 : .
+ ﬁﬁint TrN { zﬁT/hﬁzero)ON( )} + ﬁﬁint TrN {e_lET/hpN(O) }Lint
L Gl L ()
A intYzero\ T 72 intd\T ) ~int
. 1 1 1
" -Fl (T) = _u<7-) - 7_1-F2<T>£int - ﬁﬁintgzero(T) - ﬁﬁintu(T)ﬁint
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Plugging in Egs. (A.8) and (A.9), we reach

Fi(r) = —i(r) %(@U(T) - %ﬁimum)ﬁim - %cim <iU(T) - %U(T)gim>

! Lintu (T) Lint

R
. i . 1 7 . 1
= _M(T) - ﬁu(T)/Cint + ﬁﬁintu(T)‘Cim - ﬁﬁintu(T) + ﬁﬁintu(T)/Cint
1
- ﬁﬁimu(T)Lint
. i 1
Fi(r) = =U(T) = 5 [U(7), Lon| |+ 5 Lonld (7) L

123 Fo(r)

1.2.3.1 Static and Propagator Expansion

" _ d —iLT/h A
iU(r) = e Try {e pN(T)}

= % Try {Ee_wT/ﬁpAN(T)}

1

=z Try { <£zero + Eint) e M py <O)}

In the Condon limit, L, is a purely electronic superoperator, so this can be written as

7 1 —1LT/h A 1 —iLT/h A
ZU(T) = ﬁ TrN {'Cze:ro6 £ /hpN(O)}J—i‘ﬁﬁim TI‘N {6 L /hpN(O)}
1
Fa(7) ~ Land(7)
h
static & . 1
oL JFROPRRON (Y — (1) — — Lindd(T) (A.8)

h
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L2.4  Gpero(T)

I1.2.4.1 Dynamic and Propagator Expansion

2y _ 4 d —iLT/h A
id(T) =i Try {e pN(O)}

_ % Tey {4/ Lhx(0) }

= Ty [ Lo+ L) (0))

In the Condon limit, £, is a purely electronic superoperator, so this can be written as

7 1 —iLT ~ 1 —iLlT/h A~
ZM(T) - ﬁ TrN {6 “ /E‘CzeropN(O)} + ﬁ TI'N {6 £ /hpN(O)}Eim
NV 1 ~
Fenl) SUT) L
Dropagator . 1
oo (1) = U(T) = SUT) Lin (A.9)
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Appendix B

Additional Results of the Various Approaches to the
GQME from Chapter IV

This appendix includes additional results for the various methods to the obtain the GQME out-

lined in Chapter IV.

II.1 Additional Results

II.1.1 System-Bath v. Modified Form

Shown in Fig. B.1 are the electronic population difference results for the propagator expansion
with LSCI as input method, with the TE approaches shown in the top row and the PF approaches
shown in the bottom row and the time step of the left column results is At = 0.01 whereas the
time step of the right column results is At = 0.005. The results with LSCII as input method are
given in Fig. IV.5 and show the same trends as the LSCI-GQME results given here. The results for
the Condon M-TE approaches and the PS approaches are not shown because their results are still

being verified.

I1.1.2 Non-Condon v. Condon

In Fig. B.2, the results for the bare and static expansions of the modified two-equation and

projection-second approaches with LSCII as the input method are shown. Contrasting with the
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Figure B.1: In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the propagator expansion of the two-equation approaches with a time step of At =
0.01 on the left and a time step of At = 0.005 on the right. In the bottom row, shown are the
electronic population differences for the propagator expansion of the projection-first approaches
with At = 0.01 on the left and a time step of At = 0.005 on the right. The parameters are those of
model 2 in Table I'V.1 and the input method is LSCII, with the direct application of LSCII results
shown on each graph as a solid black line. Exact results are shown in black circles on each graph.
The M-TE-C1 and M-TE-C2 results are not shown in the top row because the results are still being
verified. Similarly, the projection-second results are not shown because results with the modified
form are still verified.

results for LSCI as input method shown in Fig. I'V.6, the non-Condon approaches are slightly more
or as equally accurate as the Condon approaches.

Shown in Fig. B.3 are the bare, static, dynamic, and propagator expansions for the modified
projection-first approaches with LSCII as the input method. Differing from the same results with

LSCI as input method given in Fig. IV.7, all four expansions show very similar results for the
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Figure B.2: In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the bare (left) and static (right) expansions of the modified two-equation approaches.
In the bottom row, shown are the electronic population differences for the bare (left) and static
(right) expansions of the modified projection-second approaches. The input method is LSCI, with
the direct application of LSCI results shown on each graph as a solid black line. Exact results are
shown in black circles on each graph.

Condon and non-Condon M-PF approaches and the M-PF-NC approach is converged with respect
to time step by a time step of At = 0.005. Similar to Fig. IV.7, the dynamic and propagator
expansion results give worse results when compared to the bare and static expansions, giving back

the same results as the direct application of LSCII.
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Figure B.3: In the top row, shown are the electronic population differences, o,(t) = opp(t) —
oa4(t), for the bare (left) and static (right) expansions of the modified projection-first approaches.
In the middle row, shown are the electronic population differences for the dynamic (left) and prop-
agator (right) expansions of the modified projection-first approaches. The parameters are those of
model 2 in Table IV.1 and the input method is LSCI, with the direct application of LSCI results
shown on each graph as a solid black line. Exact results are shown in black circles on each graph.

I1.1.3 Two Equations v. One Equation for the Memory Kernel

Shown in Fig. B.4 are the results for the bare, static, and dynamic expansions with the modified
form approaches with LSCII as input method. Compared to the same results for LSCI shown in
Fig. IV.9, it can be seen that the bare and static expansions again behave the same while the dynam-
ics expansion gives comparatively worse results. However, within each expansion, the approaches
behave very similarly, which can be contrasted with the results shown in Fig. IV.9.

In Fig. B.5, the electronic population difference results for the modified form approaches
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Figure B.4: Shown are the electronic population differences, o,(t) = opp(t) — ga4(t), for the
modified form approaches. Starting from the upper left and moving counter-clockwise are the
results with the bare expansion, the static expansion, the dynamic expansion with At = 0.005,
and the dynamic expansion with At = 0.01. The input method for the GQME is LSCII, with the
dynamics of the direct application of LSCII shown with a solid black line. The parameters are
those of model 2 in Table 1V.1 and exact results are shown in black circles on each graph.

with the propagator expansion with LSCI and LSCII as input method and time steps of At = 0.01
and At = 0.005 are shown. Similar to the dynamic expansion results shown in Fig. IV.9, with LSCI
as input, the M-TE-NC and M-PF-C approaches give the same dynamics as the direct application
of LSCI and the M-PF-NC approach has not converged by a time step of At = 0.005. For LSCII,
all three approaches give the same dynamics as the direct application of LSCII, with the results

converged for the time step At = 0.005.
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Figure B.5: Shown are the electronic population differences, o,(t) = opp(t) — gaa(t), for the
system-bath form approaches. In the top row, the bare expansion is used; in the middle row, the
static expansion; and in the bottom row, the dynamic expansion. The left column is results with
LSCI as input method and on the left are the results with LSCII as input method, with the direct
application of each shown with a solid black line. The parameters are those of model 2 in Table
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