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Abstract

The theory of Ulrich modules has many powerful and broad applications ranging from the
original purpose of giving a criterion for when a local Cohen-Macaulay ring is Gorenstein
to new methods of finding Chow forms of a variety to longstanding open conjectures in
multiplicity theory. For example, the existence of Ulrich modules and Ulrich-like objects
has been the main approach to Lech’s conjecture, which has been open for over 60 years.
However, existence results have been very difficult to establish and for over thirty years,
it was unknown whether (complete) local domains always have Ulrich modules. Recently,
Ma introduced the weaker notion of (weakly) lim Ulrich sequences and showed that
their existence for (complete) local domains implies Lech’s conjecture. Ma then asks if
(weakly) lim Ulrich sequences always exist for complete local domains.

In this thesis, we answer the question of existence for both Ulrich modules and weakly
lim Ulrich sequences in the negative by constructing (complete) local domains that do not
have any Ulrich modules or weakly lim Ulrich sequences. A key insight in our proofs is the
classification of MCM modules over a ring R via the Ss-ification of R. Moreover, for local
domains of dimension 2, we show that the existence of weakly lim Ulrich sequences implies
the existence of lim Ulrich sequences. Finally, our counterexamples are not standard-
graded or Cohen—Macaulay. As such, we construct candidate counterexample rings that

are standard-graded and/or Cohen—Macaulay from our original counterexamples.
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Chapter 1

Introduction

This thesis explores the existence of Ulrich modules, lim Ulrich sequences, and weakly
lim Ulrich sequences. Ulrich modules were introduced by Bernd Ulrich in 1984 as a
means to study the Gorenstein property of Cohen-Macaulay rings [U]. Since then, the
theory of Ulrich modules has become a very active area of research in both commutative
algebra and algebraic geometry [B].

Commutative algebra is the study of commutative rings, ideals, and modules. Com-
mutative rings arise naturally in the field of algebraic geometry, which is the study of
algebraic varieties. Algebraic varieties are geometric shapes determined by solutions
to systems of polynomials. An example of such a geometric shape is a circle, which
is the set of points (a,b) that are solutions to the equation 22 + y? — 1 = 0. To each
algebraic variety, we can associate a commutative ring, which is called a coordinate ring.
Conversely, given a coordinate ring, we can recover the geometric shape. By studying the
algebraic properties of commutative rings, we can understand the geometric properties
of algebraic varieties.

One such algebraic property is the Hilbert-Samuel multiplicity (or multiplicity for



short), which can be thought of as a measure of the complexity of a ring. Geometrically,
the Hilbert-Samuel multiplicity measures the singularity of a point on an algebraic variety.
For example, the multiplicity of the local ring at the origin of the parabola y = 22 is 1
while the multiplicity of the local ring at the origin of the cusp y* = 2% is 2. In general,

larger multiplicities correspond to worse singularities.

1.1 Motivation and History

A major motivation for studying Ulrich modules is that the existence of Ulrich modules
for (complete) local domains implies Lech’s conjecture, which has been open for over 60

years.

Conjecture 1.1.1 (Lech’s Conjecture [L60]). Let ¢ : (R,m, k) — (S,n,1) be a flat local

map between local rings. Then en(R) < ey(S5).

Intuitively, this conjecture says that if there is a nice map between R and S, the ring S
is at least as complex as k. While Lech’s conjecture is simple to state and philosophically
reasonable to expect, it was wide open for virtually all cases until very recently. In the
1960 paper where he first introduced the conjecture [L60], Lech proved the conjecture
for rings of dimension 2. For next three decades or so, this was the only known major
case of Lech’s conjecture.

The major breakthroughs that followed utilized either Ulrich modules or sequences
of modules {M,,} that better approximate the Ulrich condition as n gets larger. In the
1990s, Herzog, Ulrich, and Backelin proved that strict complete intersection rings had
Ulrich modules — thus proving Lech’s conjecture for strict complete intersections. The

next major case was proven in Hanes’s thesis [Ha99] where he proved Lech’s conjecture



for standard-graded rings of dimension 3 over a perfect field & of characteristic p > 0.
Hanes’s proof involved constructing a sequence of maximal Cohen-Macaulay (or MCM)
modules {M,,} that approximated the Ulrich condition.

Almost two decades later, Ma proved Lech’s conjecture for rings of dimension 3 in
the equicharacteristic case in [Mal]. Then in [Ma2], Ma introduced the notion of weakly
lim Ulrich sequences which is a much more general notion of a sequence of modules that
approximate the Ulrich condition than the one used in Hanes’s thesis. For example,
while Hanes’s sequence consisted of maximal Cohen—Macaulay modules, the sequences
in Ma’s construction need not be Cohen-Macaulay, much less maximal Cohen-Macaulay.
See Chapter 2 for definitions. In [Ma2], Ma shows that the existence of weakly lim
Ulrich sequences implies Lech’s conjecture. He then proves Lech’s conjecture for all
standard graded rings over perfect fields by constructing weakly lim Ulrich sequences for
all standard graded domains over perfect fields of characteristic p > 0. The characteristic
0 case of Lech’s conjecture follows by a reduction modulo p argument.

Ulrich modules entered the sphere of algebraic geometry in a paper by Eisenbud and
Schreyer, where they defined and used Ulrich bundles to give new methods for computing
Chow forms of a variety [ES]. A major open question in algebraic geometry is the

following:

Question 1.1.2 ([ES], [B]). Does every smooth projective variety X C P™ have an Ulrich

bundle, i.e., a vector bundle whose associated graded module T'.(E) = €D, , H*(X, E(m))

1s an Ulrich module?

In [ES], Eisenbud and Schreyer proved new existence results for Ulrich modules
including for Veronese subrings of degree d of a polynomial ring in n variables.

Very recently, Iyengar, Ma, and Walker introduced two new multiplicity conjectures:



Conjecture 1.1.3 ([IMW]). For a local ring R, every nonzero R-module M of finite

projective dimension satisfies Lr(M) > e(R).

Conjecture 1.1.4 (IMW]). For a local ring R, every short complex F' supported on the

mazimal ideal satisfies xoo(F') > €(R), where Xoo(F) is the Dutta multiplicity.

Remark 1.1.5. A short complex supported on the maximal ideal is a non-exact complex

F of finite free R-modules that has the form

F:O—)Fdim(R)—)...—)F1—>F0—>O

such that the homology modules H;(F") have finite length for all 1.

The first conjecture implies Lech’s conjecture for Cohen—Macaulay rings. The second
conjecture implies Lech’s conjecture. Many of the cases established for these two
conjectures in [IMW] utilize Ulrich modules and lim Ulrich sequences.

Historically, the existence of Ulrich modules has been a very difficult and elusive
question. The existing literature is rather sparse and has mainly explored positive
existence results, i.e., classes of rings for which Ulrich modules exist. The major existence

results are that Ulrich modules exist for the following classes of rings:

1. two-dimensional, standard graded Cohen-Macaulay domains [BHU]
2. strict complete intersection rings [HUB]
3. generic determinantal rings [BRW]

4. some Veronese subrings of degree d of a polynomial ring in n variables:

e n = 3 with d arbitrary and n = 4 with d = 2° in arbitrary characteristic [Ha99]



e arbitrary n and d in characteristic 0 [ES]

e arbitrary n and d for characteristic p > (d — 1)n+ (n+ 1) [Sa]

Beyond these results, there has been limited progress. In particular, for over thirty
years, it has been unknown whether or not (complete) local domains always have Ulrich

modules.

1.2 Main Theorems

Given the strength of the implications of existence, one may expect that Ulrich modules
do not exist for all local domains. A major obstruction to finding counterexamples is
that there are essentially no good criteria to test whether or not a ring has an Ulrich
module. Directly proving that a ring has no Ulrich modules involves classifying all of its
MCM modules — yet another incredibly difficult problem — and showing that none of the
MCM modules are Ulrich. Furthermore, positive existence results for large classes of
two-dimensional rings seemed to indicate that a counterexample would be fairly complex.
As such, finding a counterexample was considered to be a very difficult — if not intractable
— problem.

In this thesis, we resolve the question of existence of Ulrich modules in the negative.

Theorem A. Ulrich modules do not always exist for complete local domains. More

explicitly, the local domain

R = k[xna anrl, 33”1/7 yn7 yn+17 xynu $y]m7



where m is the mazimal ideal (z", "1, 2™y, y™, y" 1 xy™, xy), and its completion
R =k[2", 2" 2"y, "yt 2y, oy

do not have Ulrich modules for n > 2.

The key ingredient to proving that R does not have Ulrich modules is Lemma 3.1.1,
which states that any MCM module over R is an MCM module over its Sy-ification S.
When S is regular, any MCM module over S has the form S®". This yields the following

intermediary theorem:

Theorem B. Let (R, m, k) be a local domain. Suppose R has an Ss-ification S such that
S is a reqular local Ting. Then every MCM module of R has the form S®". Consequently
R has Ulrich modules if and only if S is an Ulrich module of R.

Then the idea behind the counterexample in Theorem A is to construct a ring R
such that its Se-ification S is a regular ring, but S is not an Ulrich module of R. Now,
Theorem B holds in greater generality than just dimension 2. A natural question to ask
is if we can construct a more general class of rings using the same idea. The answer is

yes! In fact, we can construct a counterexample in any dimension d > 2.

Theorem C. Let S = k[z] = k[z1,...,x,] where n > 2. Let u = uy, ..., u, be a system
for parameters of S such that I = (u)S is not integrally closed. Let I be the integral
closure of I in S. Let {gx}rea be an arbitrary collection of elements in I and f € T — 1.
For 1 < j <wn, let v;,w; be elements of the mazimal ideal of ku] that generate a height
2 ideal in R (e.g. one can take powers of distinct elements in {uy,...,u,}). Define R to

be the domain

R = k[u][f][vjz;, wizsli<j<nlgrlrea.



Then R has no Ulrich modules.

The counterexamples in Theorems A and C can be taken to be fairly nice monomial
algebras that have low dimension. This suggests that counterexamples may be quite
ubiquitous and thus, having an Ulrich module may be a special property that characterizes
certain classes of rings. The ubiquity of counterexamples remains completely unexplored.
In general, the question of existence still remains wide open in many cases of interest. For
example, the counterexamples in this thesis are not Cohen—Macaulay and the original

question posed by Ulrich in [U] remains open:
Question 1.2.1 ([U]). Does every local Cohen—Macaulay ring have an Ulrich module?
The second major contribution of this thesis answers a question posed by Ma in [Ma2]:

Question 1.2.2 ([Ma2]). Does every complete local domain of characteristic p > 0 with
an F-finite residue field admit a lim Ulrich sequence, or at least a weakly lim Ulirch

sequence?

A positive answer to Question 1.2.2 in conjunction with the argument for reduction
modulo p > 0 in [Mal] would have resolved Lech’s conjecture in the equicharacteristic

case. However, in this paper, we answer the question in the negative.
Theorem D. Weakly lim Ulrich sequences do not always exist for complete local domains.

To prove Theorem D, we establish important characterizations of (weakly) lim Ulrich

sequences for local domains of dimension 2. In particular, we first show:

Theorem E. Let (R,m,k) be a local domain of dimension 2. If R has a weakly lim

Ulrich sequence, then R has a lim Ulrich sequence consisting of torsion-free modules.



Moreover, in the case where R C S is a local module-finite extension of local domains
such that S/R has finite length and S C frac(R), there ezists a lim Ulrich sequence of

R-modules that is also a lim Cohen—Macaulay sequence of S-modules.
Then we prove the following theorem:

Theorem F. Let (R,m, k) be a local domain of dimension 2. Suppose R has an Ss-
ification S that is a reqular local ring. If R has a weakly lim Ulrich sequence, then R has
an Ulrich module. In particular, by Theorem B, if R has a weakly lim Ulrich sequence,

then S 1s an Ulrich module of R.

We want to make two important observations with regard to our results on the existence
of weakly lim Ulrich sequences.

First, in the proofs of the statements involving (weakly) lim Ulrich sequences, we
heavily use the fact that the rings have dimension 2, in addition to the fact that the
So-ifications of the counterexample rings are regular. On the other hand, in the proofs
of our theorems about Ulrich modules, the dimension did not matter as long as the
dimension was at least 2.

Second, the idea of constructing sequences that approximate the Ulrich condition
arose, in part, because of the difficulty of constructing Ulrich modules. Weakly lim
Ulrich sequences are a weaker notion than Ulrich modules. For example, the modules
in the sequence need not be Cohen—-Macaulay. Ma uses this flexibility to great effect
to prove Lech’s conjecture for standard-graded rings over perfect fields. While our
counterexample to the existence of weakly lim Ulrich sequences indicates that there are
some limitations to this approach, it also highlights the mysterious nature of the Ulrich
property. In particular, lim Ulrich and weakly lim Ulrich sequences are special kinds of

lim Cohen—Macaulay and respectively, weakly lim Cohen—Macaulay sequences. In [BHM],



Bhatt, Hochster, and Ma prove that every complete local domain of characteristic p > 0
with an F-finite residue field admits a lim Cohen—-Macaulay sequence. (See comment in

[Ma2].)

1.3 Structure of the Thesis

The structure of this thesis is as follows: In Chapter 2, we review the basic definitions and
properties that will be used throughout the thesis including the definitions and properties
of Ulrich modules and (weakly) lim Ulrich sequences. In Chapter 3, we prove our results
about rings with regular Sp-ifications as well as the main theorem that Ulrich modules
do not always exist for complete local domains. In Chapter 4, we construct a candidate
class of Cohen—-Macaulay rings from the counterexample rings R,, from Chapter 3 that
possibly could yield a counterexample in the Cohen-Macaulay case. In Chapter 5, we
prove our theorems characterizing weakly lim Ulrich sequences in dimension 2 as well
as the theorem that weakly lim Ulrich sequences do not always exist for complete local

domains.



Chapter 2

Preliminaries

In this chapter, we review the definitions and properties as well as the notation that will
be used throughout the thesis. Many of the results in this chapter are standard in the
literature and can be found in [Mat], [SH], [S]. As such, we omit most of the proofs.
Ma’s paper [Ma2| is the main reference for the definitions and properties of (weakly) lim
Cohen—Macaulay sequences and (weakly) lim Ulrich sequences. All rings in this thesis
are commutative with multiplicative identity 1 and Noetherian. In particular, all local
rings (R, m, k) include the Noetherian property. For simplicity, we will assume that & is

infinite unless explicitly stated otherwise.

2.1 Notation

Let (R,m, k) be a local ring of dimension d. Let M be a finitely generated module
over R. For simplicity, we assume that k is infinite unless explicitly stated otherwise.

Throughout the thesis, we use the following notation:

* L =T1,---,4q

10



« {r(M) is the length of M as a module over R. We write {(M) when it is clear from

the context which R is being used.
« H;(x; M) is the i-th Koszul homology of the module M with respect to x.
« hf(z; M) = Lp(Hi(z; M))
o x(@; M) = 3o (=) (Hi(z; M) = Yo (—1) hil; M).
e (e M) = S0 (<) (s M) = 30 (< 1) h(as M),
« vg(M) is the minimal number of generators of M.

« egp(M) is the multiplicity of M with respect to the maximal ideal m. When M = R,

we write e(R).

2.2 Definitions and Properties

2.2.1 Integral Closure of Rings and Ideals

Definition 2.2.1. Let R C S be an extension of rings. Then an element s € S is integral
over R if s satisfies a monic polynomial with coefficients in R. That is, there exists a

positive integer n such that
§" =1 18" 08" 2 L s 4 7.

Definition 2.2.2. Let R C S be an extension of rings. Then the integral closure of R
in S is the subring of S generated by all the elements of S that are integral over R. If R

is a domain, we say that R is normal if the integral closure of R in frac(R) is R.

11



A key ingredient to the main results in this thesis is a module-finite extension of a
domain called the Ss-ification. The following definition and proposition is adapted from

[HH].

Definition 2.2.3. (Ss-ification [HH]) Let R be an domain. Let frac(R) be the fraction
field of R. The Ss-ification of R, denoted S, is a ring extension R C S C frac(R) that

satisfies the following conditions:

1. S is module-finite over R.
2. S satisfies Sy as an R-module.

3. Forany f € S— R, theideal R:gr f ={a € R| af € R} has height > 2.

Proposition 2.2.4 ([HH]). Let (R,m, k) be a local domain. Let S be the subring of
frac(R) consisting of all elements f € frac(R) such that the ideal R :g f has height > 2.
Then R has an Ss-ification if and only if S is module-finite over R, in which case S is

the unique Ss-ification of R.

Definition 2.2.5. Let R be a ring and let ] C R an ideal. Then an element r € R is

integral over I if it satisfies a monic polynomial f(z) of degree n such that the coefficient

d—t

of 2%t is an element of It for 1 <t < n.

Definition 2.2.6. Let R be a ring and let I C R be an ideal. Then the integral closure

of I, denoted 1, is the ideal consisting of all elements r € R that are integral over 1.
A proposition that we will be use frequently in this thesis is the following:

Proposition 2.2.7. Let R be a ring and let I C R be an ideal. Let R C S be an integral

extension of rings. Then ISN R =1.

12



Definition 2.2.8. Let R be a ring. Let I C J. Then [ is a reduction of J if J is integral

over .

Proposition 2.2.9. Let (R, m, k) be a local ring of dimension d. Then any reduction
of m is generated by at least d elements. If k is infinite, then m has a reduction that is
generated by d elements rq,...,rq. The elements r1,...,rq form a system of parameters

for m.

Definition 2.2.10. Let (R, m, k) be a local ring of dimension d with infinite residue
field k. Then we say that an ideal I C m is a minimal reduction of m if [ is a reduction

of m generated by d elements.

Remark 2.2.11. In [SH], a minimal reduction of m (more generally, for an ideal I) is
defined to be a reduction of m (resp. I) that is minimal with respect to inclusion. In the

case where the residue field k is infinite, this definition coincides with Definition 2.2.10.

2.2.2 The Hilbert-Samuel Multiplicity

Definition 2.2.12. Let (R, m, k) be a local ring of dimension d. Let M be a finitely
generated module over R. Let I C R be an m-primary ideal. Then the length (M /1" M)

eventually agrees with a polynomial of degree ¢ in the variable n where c is

dim(M) = dim(R/Anng(M)).

If dim(M) = dim(R), then the leading term of the polynomial has the form 5n? where

e is a positive integer.

Definition 2.2.13 (Hilbert-Samuel Multiplicity). Let (R, m, k) be a local ring of dimen-

sion d. Let I C R be an m-primary ideal. Let M be a finitely generated module over R.

13



The Hilbert-Samuel multiplicity of R with respect to I is

er(M) = d! lim M

n— o0 nd

where dim(R) = d. If the dim(M) < d, then e;(M) = 0. If I = m, then we call e,(M)
the multiplicity of M and denote ey, (M) as eg(M) or e(M).

Proposition 2.2.14. Let (R,m, k) be a local ring of dimension d. Let M be a finitely
generated R-module. Let I C J be m-primary ideals of R. Then we have the following

properties:
(a) e;(M) < er(M)

(b) Let I and J be the integral closures of I and J respectively. Then if I = J, we have
BI(M) = GJ(M).

Theorem 2.2.15 (Rees). Let (R,m,k) be a formally equidimensional local ring. Let
I C J be m-primary ideals. Then I = J if and only if e;(R) = e;(R).

Proposition 2.2.16. Let (R,m, k) be a local domain, I C R an m-primary ideal, and

M a finitely generated R-module. Then e;(M) = rankg(M) - er(R).

Theorem 2.2.17. (Serre [S]) Let (R,m,k) be a local ring of dimension d. Let M be
a finitely generated R-module. Let xq,...,xq be a system of parameters for R and let

I = (x1,...,2q)R. Then

is equal to er(M).

14



Theorem 2.2.18. (Serre [S]) Let (R, m, k) be a local ring of dimension d and M a

finitely generated R-module. Let x1, ..., x4 be a system of parameters of R. Then
d
Xi(z; M) = (=1)""hy(a; M) > 0.

i=1

Proposition 2.2.19. Let (R, m, k) — (S,n,1) be a flat local map of local rings such that

mS is n-primary. Let M be a finitely generated R-module. Let I be an m-primary ideal.
(a) Then dim(S @r M) = dim(M).

(b) [fﬂ = mS, then 6](M) = 6[5'(5 QR M)

2.3 Ulrich modules and (weakly) lim Ulrich
sequences

Definition 2.3.1 (MCM). Let M be a finitely generated module over (R, m, k). Then
M is mazimal Cohen-Macaulay (or MCM) module of R if depthy(M) = dim(R).

Proposition 2.3.2. Let (R, m, k) be a local ring of dimension d. Let M be a mazimal
Cohen—Macaulay module of R. Then there exists a system of parameters ry,...,rq that
is a regular sequence on M. Equivalently, every (part of a) system of parameters is (part

of ) a reqular sequence on M.

Proposition 2.3.3. Let (R, m, k) be a local domain of dimension d. Let M be an MCM

module over R. Let vg(M) be the minimal number of generators of M. Then we have
(a) er(M)=4U(M/IM), where I Cm is a minimal reduction of m, and

(b) er(M) = vr(M).

15



Definition 2.3.4. Let (R, m, k) is a local ring of dimension d. Let M be an MCM
module over R. Then M is an Ulrich module if eg(M) = vgr(M). Equivalently, M is an

Ulrich module if mM = I M for any minimal reduction I C m.

Lemma 2.3.5. Let (R,m, k) be a local domain containing k. Let L be a finite algebraic
extension of k. Then S = L ®; R s a local ring with mazimal ideal mS and S has an

Ulrich module if and only if R has an Ulrich module.
The proof of Lemma 2.3.5 is standard. We include it below for completeness.

Proof. Observe that S is a free module-finite extension of R and that m.S is the maximal
ideal of S. So any system of parameters for R is a system of parameters for S.

Now suppose N is an Ulrich module over S. It is clear that any MCM module
over S is an MCM module over R. We have e(R) = e(S) because the length of
S/(mS) = L ®g (R/m') over S is the same as the length of R/m' over R. Let [L : k] be
the degree of the field extension. Then vgr(N) = [L : kJvs(N) and we have

er(N) =rankg(N)e(R) = [L : kJrankg(N)e(R) = [L : k|rankg(N)e(S) = [L : kles(N).

Then
er(N) _es(N) _,
VR(N) V5<N) '

So N is an Ulrich module of R.

On the other hand, if M is an MCM module of R, then S ®r M is an MCM module of
S, and we have eg(M) = eg(S ®r M) and vr(M) = vs(S ®g M). So if M is an Ulrich
module of R, then S ®z M is an Ulrich module of S.
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Remark 2.3.6. Let (R, m, k) be a local ring of dimension d. Throughout this thesis, we
assume that k is infinite for simplicity. However, what we really want to assume is the
existence of a minimal reduction of m —that is, a reduction of m that has d generators. If
k is infinite, then such a minimal reduction always exists. If k is finite, such a minimal
reduction may not exist. But this is easily remedied without loss of generality. In
particular, in Lemma 2.3.5, one need not restrict to the case where the local ring (R, m, k)
contains k. There always exists a flat local ring extension (S5, n,l) where n = mS, the
field extension k£ C [ is finite, and a minimal reduction with d generators exists for n.
Then by proposition 2.2.19 and a virtually identical argument as Lemma 2.3.5, we see

that R has an Ulrich module if and only if S has an Ulrich module.

Definition 2.3.7. Let (R, m, k) be a local ring of dimension d. A sequence of finitely
generated R-modules {M,,} of dimension d is called lim Cohen-Macaulay if there exists
a system of parameters z such that for all 7 > 1, we have

i Ll M)

——= =0

A sequence of finitely generated R-modules {M,,} of dimension d is called weaky lim

Cohen—Macaulay if there exists a system of parameters x such that

; M,

n—o0 VR(Mn) =0

Definition 2.3.8. Let (R, m, k) be a local ring of dimension d. A sequence of finitely
generated R-modules {M,,} of dimension d is called lim Ulrich (respectively, weakly lim

Ulrich) if {M,} is lim Cohen—Macaulay (respectively, weakly lim Cohen—-Macaulay) and
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lim er(Mn) =
n—0o0 VR(Mn)

Proposition 2.3.9 ([BHM]|[Ma2]). Let (R,m, k) be a local ring of dimension d.

(a) [BHM] If {M,} is a lim Cohen—Macaulay sequence of R, then for every system of

parameters ¥ = xy,...,%Tq, we have

1 I et S/
nl—>n010 ]/R<Mn> 0

where 1 > 1.

(b) [Ma2] If {M,} is a weakly lim Cohen—Macaulay sequence of R, then for every

system of parameters xr = x1,...,xq, we have

M,
lim xa(z; M)

= =0.
n—00 VR(Mn)

2.3.1 Lech’s Conjecture

Recall the statement of Lech’s Conjecture:

Conjecture 2.3.10 (Lech’s Conjecture [L60]). Let ¢ : (R,m, k) — (S,n,l) be a flat

local map between local rings. Then en(R) < ey(S).

The existence of Ulrich modules for complete local domains implies Lech’s conjecture.

It is known that we can reduce Lech’s conjecture to the case where:

1. R is a complete local domain.

2. dim(R) = dim(S) = d, equivalently mS' is primary to nS.
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See [Mal], [Ha99].

Proposition 2.3.11. Let (R, m, k) be a complete local domain. Suppose R has an Ulrich

module. Then Lech’s conjecture holds for R.

Proof. We can reduce to the case where mS is primary to nS. Let M be an Ulrich

module over R. Then S ®r M is a MCM module over S and we have

1 1

en(S) = ks (S ©n ) en(S ®pr M) > rankn (0) vs(S®gr M)
1
- rank (M) V()
= en(R). O

In [Ma2], Ma proves that the existence of a weakly lim Ulrich sequence for complete
local domains implies Lech’s conjecture. The proof of this is similar to the one above
once some key facts about (weakly) lim Cohen-Macaulay sequences and (weakly) lim

Ulrich sequences are established.
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Chapter 3

Counterexamples Concerning

Ulrich Modules

3.1 Ulrich modules do not always exist for local
domains

Let (R,m, k) be a local ring. For simplicity, we assume that the residue field k is infinite.

Lemma 3.1.1. Let (R, m, k) be a local domain. If R has an Ssy-ification S that is a local

ring, then any MCM module M of R is an MCM module of S.

Proof. Let M be an MCM module over R. We want to show that for any f € S — R
and any m € M, there is a well-defined element f-m € M. Let W = R — {0}. Since
M is MCM, it is torsion-free over R and embeds in W~1M. It suffices to show that
f-(m/1) € M. Since the height of the ideal R :p f is at least two, there exist u and v

in R :g f such that the sequence u, v is a part of a system of parameters for R. Since M
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is MCM, the sequence u, v is a regular sequence on M. Then

v~ ((uf) - (m/1)) = u- ((vf) - (m/1)) € oM

implies that (vf)-(m/1) € vM. Since M is torsion-free over R, we have f-(m/1) € M. O

Theorem 3.1.2. Let (R,m,k) be a local domain with k infinite. Suppose R has an
So-ification S such that S is a regular local ring. Then every MCM module of R has the
form S€". Consequently R has Ulrich modules if and only if S is an Ulrich module of R

if and only of 1S =mS for any minimal reduction I of m.

Proof. By Lemma 3.1.1, any MCM module M over R is MCM over S. But S is regular.
Hence M = S®" The second statement follows immediately because S®* is an Ulrich

module of R if and only if S is an Ulrich module of R. m

Theorem 3.1.3. The local domain
R = kla", 2" 2"y, "y ay”, oy,

where m is the mazimal ideal (z™, 2™ a™y, y™, y" 1 xy™, xy), and its completion
R= k[, 2™ 2™y, y", g™t oy, 2y

do not have Ulrich modules for n > 2.

Proof of Theorem 3.1.3. The proof is essentially the same for R and R. We will work
with R. We claim that the Ss-ification S of R is k[x,y](,). Both 2™ and y" multiply

x and y into R. The ideal (z",y")R has height 2 in R; so the Sy-ification S of R must
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contain = and y by Proposition 2.2.4. Since k[z,y|(,) is normal and contains S, it must
be the Ss-ification S of R.

Since S is a regular local ring, it suffices to check that S is not an Ulrich module over R
by Theorem 3.1.2. One can compute that the ideal (zy, 2™ — y™)R is a minimal reduction

for m. But (zy,z" —y™)S # (a™, 2", 2™y, y", y" " xy™, 2y)S as ideals in S. O

We can use R to give a new counterexample to the localization of Ulrich modules —
that is, a local ring (7',n, ¢) that has an Ulrich module M and a prime ideal p C T such
that M, is not an Ulrich module over 7T,. While a counterexample to localization was
first given by Hanes in [Ha99], the following counterexample is stronger in the sense
that T" localizes to a ring that has no Ulrich modules whereas Hanes’s counterexample

localizes to a ring that does have an Ulrich module.

Counterexample 3.1.4 (Localization). Consider the ring
T = k[s"™, sa™, 2" 2™y, sy, y" T, ay”, s Layl,
where n = (s"1, sz™, 2" 2y, sy™, ¢y wy”, s"Lay) and n > 2. Let
0 : T = k[s,2,9](s.0)
be the inclusion map and p = ¢ '((z,y)). Then the localization T} is the ring

e[ 0) 0(0) ( O O]

localized at the obvious maximal ideal. But 7, has no Ulrich modules by Theorem 3.1.3.

(n+1)

It remains to show that 7" has an Ulrich module. Let S = k[s, z, y](sﬁz’y) be the Veronese
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subring of degree n+ 1 with maximal ideal a. One can compute er(T) = (n+1)* = eg(9).
The rings 7" and S have the same fraction field and so ranky(S) = 1. Now S has
an Ulrich module M by Proposition 3.6 in [Ha04]. Then M is MCM over T and
ranky (M) = rankg(M). Then

(n+1) - rankp (M) = ep(M) > vp(M) > vs(M) = es(M) = (n + 1) - rankyp(M).

Thus er(M) = vp(M) and M is Ulrich over 7.

We can extend the ideas in Theorem 3.1.3 to construct a more general class of

counterexamples.

Theorem 3.1.5. Let S = kfz] = k[zy,...,x,] where n > 2. Let u = uy,...,u, be a
system for parameters of S such that I = (u)S is not integrally closed. Let I be the
integral closure of I in S. Let {g\}rea be an arbitrary collection of elements in I and
fel—1. Forl<j<n,letvjw; be elements of the mazimal ideal of k[u] that generate
a height 2 ideal in R (e.g. one can take powers of distinct elements in {uy,...,u,}).

Define R to be the domain

R = k[u][f][vjz;, wizsli<j<nlga]ren.

Then R has no Ulrich modules.

Proof. First, notice that k[u] C k[z] is a module-finite extension. Then R is (Noetherian)
local and R C k[z] is a module-finite extension.

Let mp be the maximal ideal of R. From the construction of R, it is clear that
U =1Ui,..., U, is a system for parameters for R and in fact, a minimal reduction of mp

because all the other adjoined elements are integral over (u)S in S and thus integral
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over (u)R in R. Then for all 1 < j < n, the element x; is multiplied into R by v; and w;,
which generate a height 2 ideal in R. Thus z; is in the Sy-ification of R for all 1 < j < n.
But this means that S = k[z] is the Ss-ification of R.

By Theorem 3.1.2, it suffices to show that S is not an Ulrich module of R. But

(u)S # mpgS because f ¢ (u)S. Thus R has no Ulrich modules. O

Remark 3.1.6. In [IMW], Iyengar, Ma, and Walker consider rings of the form 7' =k + J
where S = k[z,y] and J C S is an ideal primary to (x,y)S. If J has a minimal reduction
I = (u,v)S, then the rings T have the form in Theorem 3.1.5. Thus T"= k + J has no
Ulrich modules if J # IS.

In the case where J does not have a minimal reduction, we can reduce to the previous
case by taking a finite algebraic field extension of k£ so that J has a minimal reduction

and then applying Lemma 2.3.5.

24



Chapter 4

A Candidate Class of

Cohen-Macaulay Rings

In Chapter 3, we constructed counterexamples to the existence of Ulrich modules for
(complete) local domains in all dimensions. The key idea was to find rings R such that
the So-ification S of R is a regular local ring that is not an Ulrich module of R. Our
counterexamples were necessarily not Cohen-Macaulay because a Cohen-Macaulay ring
is Sy and a regular local ring is Ulrich module over itself. The following difficult question

remains open:

Question 4.1. Let (R, m, k) be a local Cohen-Macaulay domain. Does R have an Ulrich

module?

Moreover, the counterexample rings in Chapter 3 are not standard-graded. We will
show in Chapter 5 that the two-dimensional rings R,, have no weakly lim Ulrich sequences,
which is a weaker notion than that of an Ulrich module. On the other hand, in [Ma2],
Ma showed that standard-graded rings over a perfect field of characteristic p > 0 have

weakly lim Ulrich sequences. Then a natural question to ask is the following:
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Question 4.2. Let R be a standard-graded k-algebra. Does R have an Ulrich module?

In this Chapter, we construct a candidate class of rings. Recall that for n > 2, the
rings

R, = klz", 2" 2™y, y", vt ay”, 2y

do not have Ulrich modules.
In Chapter 3, we “homogenized” the generators of R,, and added the element s"*! to

construct the rings

o n+1 n n+1 n n n+1 n n—1
T, = K[s" s, a" " ay, y"s, y" T wy”, wys™ T

These rings have Ulrich modules but localize to rings that have no Ulrich modules.

In this chapter, we construct candidate classes of standard-graded and Cohen-Macaulay
rings for counterexamples to existence of Ulrich modules. More specifically, we construct
the “homogenized” rings U,, that do not contain s"*! in the hopes that the “pathologies”

of the nonexistence of Ulrich modules from the original counterexamples R,, are preserved.

Define U,, as follows:

Moreover, we determine the integral closure V,, of U,. The integral closure of a monomial
algebra is a monomial algebra as well. Surprisingly V,, is also generated in degree n + 1
and thus, also standard-graded. By a famous result of Hochster [Hoc72], a normal
monomial algebra is Cohen—Macaulay. We also compute the integral closure W, of U,
in k[x,y, s]. We compute multiplicities and minimal reductions for U,,, V,,, and W,, and

discuss the relationships between these rings and their Ulrich modules. Finally, we have
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not yet been able to determine whether the rings U, V,,, and W,, have Ulrich modules
for n > 3. As a V,,-module, the ring W,, splits into a direct sum of rank one MCM
modules over V,, (and over U,.) We show that these rank one MCM modules are not

Ulrich modules of V,, or U,

4.1 Computing V,, and W,

One can check the following lemma:

Lemma 4.1.1. The fraction field of U,, is the same as the fraction field of the Veronese

subring klx,y, s|" C k[x,y, s|, which is k(z" ™, y/z, s/x).

Theorem 4.1.2. Let L, be the monomials of degree d in the d-th graded piece k|x,ylq
of the polynomial ring klz,y|. Let n > 2. Then V,, is generated by monomials of degree

n+ 1 and has the form
Voo = k[Lyi1, Los, ayLy 35 wyLly_4s®, ... xylis"? zyLlos" "]

where aLyf = {auf | p € Ly}.

Proof. The integral closure of a monomial algebra is a monomial algebra. So it is enough
to find all the monomials of degree n+1 in V,, and show that any higher degree monomial
in V,, can be written as a product of the monomials of degree n + 1.

Recall that

. +1 +1 -1
Up = k[xn57xn 7xny7ynsayn nynamysn ]

Any monomial in the integral closure V,, must have a power in U,. So we want to

determine all monomials 2%y’s’ such that there exists a positive integer N such that
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(z2y®s)N € U,.
Notice that V}, contains all monomials of the form z%y® where a and b are non-negative

integers such that a +b = n + 1 because

(xayb)n—i-l — (ajn—&-l)a(yn—&-l)b‘

We also have all monomials of the form x%y’s where a and b are non-negative integers

such that a + b = n because

(z%y’s)" = (z"s)"(y"s)".

Therefore, a monomial 2%y°s? is in V,, if and only if for the corresponding exponent vector
(a,b,7), there exists a positive integer N such that (Na, Nb, Nj) is in the Zs-linear sum

of vectors of the following types:
« (i,n —1,1) corresponding to monomials of the form x'y" s where 0 < i < n,

« (1,1,n — 1) corresponding to the monomial zys"!

, and
e (i,n+1—1,0) corresponding to monomials of the form x’y" "'~ where 0 < i < n+1.

We want to characterize all such exponent vectors (a, b, j). We consider the case where
n = 2 and the case where n > 3 separately.

If n = 2, then zys is a monomial of type (i,2—4,1) where 1 < i < n. Then a monomial
p = x%P’s’ of degree a + b+ j = 3m is in V; if and only if there exists a positive integer

N such that (Na, Nb, Nj) can be written as a sum of
« h vectors of type (i,2 —i,1) where 0 < i < 2, and

« Nm — h vectors of type (i,3 —4,0) where 0 <14 < 3.

28



Since L3 C V5, this is equivalent to N, a, b, j and h satisfying
« h =Ny,
ea+b=3m—j,
« 2h < Na + Nb, and
e h < Nm.

Since h = Nj and a + b = 3m — j, the two inequalities are both

Nj < Nm.

This inequality does not depend on N. Dividing by N yields j < m. So 2%°s’ € V, if
and only if a + b+ 7 = 3m and 7 < m.

We want to determine the monomials of degree n +1 = 3 in V5. But this means
7 < m = 1. We have already shown that all such monomials are in V,,. Now suppose
that m > 2. Then a +b = 3m — j > 2j because j < m. If a,b > j, then 2%’s/ =
(zys)? (x4 7y*=9). So we are done. If we have the case where b < j, then we also have the
case where a < j because of the symmetry of x and y in Us. So without loss of generality,
suppose b < j. Then a — b > 2(j — b). So x%y’s? = (zys)b(x?s)?Px2=0=20-Y Thus, V; is

generated in degree n + 1 = 3 and

Vo = k[2®, 2%y, xy?, y°, a®s, s, ays).

Notice that in this case U; = V5.
Now assume that n > 3. We already showed that V,, contains all monomials in x,y, s

where j = 0 and j = 1 in V,,. So we may assume that j > 2. Let 2%9"s’ be a monomial
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of degree m(n + 1) in V,, where m is a positive integer. Then there is a positive integer
N such that (2z%y’s?)" is in U,, and there are non-negative integers h and k such that

the vector (Na, Nb, Nj) can be written with
« h vectors of type (i,n —i,1) where 0 <1i < n,
« ¢ vectors of type (1,1,n — 1), and
« Nm — h —t vectors of type (i,n+ 1 —1,0) where 0 <i <n -+ 1.

Let (p, ¢, h) be the exponent vector corresponding to the product of the h monomials of
type (i,n —i,1). Then since £,,.; C V,,, we have %’z € V,, if and only if the following

conditions are satisfied:

(a) h+t< Nm.
(b) h+t(n—1) = Nj.
(c) p+q=hn
(d) p+t< Na.

(e) ¢+t < Nb.

Rewriting (b) as h = Nj — t(n — 1), we can replace (a) with

Nj—tin—=1)+t=Nj—t(n—2) < Nm (4.1)

and we can replace (c) with

p+q=(Nj—t(n—1))n. (4.2)
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Then the conditions that we need to satisfy are:
(') Nj—t(n—2) < Nm.

(b") h=Nj—t(n—1).

() p+q=(Nj—tln—1)n

(d) p+t < Na.

(¢) ¢+t < Nb.

Now suppose that n > 3 and j > 2. Then we can rewrite (a') as

> NUZm)
- on—2
Since h > 0, we can rewrite (b’) as
< 2V
“n-—1

and (d') and (¢’) as

t<Na and t < Nb.

Finally, using t < Na and t < Nb, we can rewrite (¢) as

(Nj—t(n—1))n+2t < N(a+b)

which then yields
N(jn — (a+b))
~ (n—=2)(n+1)

(4.3)
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Now a+b=m(n+ 1) — j. So we have
N(n—(a+b)=N(Gn—m(n+1)+j)=Nn+1)(j —m).

Then the inequality in 4.3 is just

NG —m)

t >
n—2

Combining the inequalities above, we have

NG=m) o min{ NJ

,Na, Nb}. (4.4)

n— 2 n—1

Thus, a monomial x%’s’ is in V;, if and only if a+b+j = m(n+1) for some m, and there
exists a positive integer N and non-negative integers ¢ and h such that h = Nj —t(n—1)

and ¢ is in the interval

[N(j——2m)7 min{ le ,Na, NbH .

n — n —

Now, the inequality in 4.4 does not depend on N and holds for all sufficiently large
and sufficiently divisible N. So we may divide 4.4 by N to get an equivalent condition

involving only j. That is, we have

j—m

<min{ J ,a,b}. (4.5)

n—2

Claim 4.1.2.1. Let j > 2. Let pn = x%y’s’ be a monomial of degree n+ 1. The u € V,,

if and only if j <n—1 and p € xyL,_j 15 .
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Proof. This is the case where m = 1. Then from 4.5, we have

]—1< J
n—2"—n-—1

which simplifies to

j<n-—1.
Since 7 > 2 and n > 3, we know that
0<‘7_ <a,b
n_

Since a and b are integers, we have a,b > 1. Moreover, for any j < n — 1, we have

) — 1
0<l==<1<ab
n—2
So p=z%’s? € xyL, ;15 where j <n — 1. O

It remains to show that V}, is generated in degree n +1. Let m > 2. Let u = 2%"s’ be

a monomial of degree m(n + 1) in V,,. We may assume that j > 2. Then (a, b, j) satisfies

]_mgmin{ J ,a,b}.
n—2 n—1
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Claim 4.1.2.2. Ifa >0, b >0, and j > n— 1, then we can factor p as

=y Sj — ($y8n_1)$a_1yb_18j_(n_l)

and the monomial % 'y*~'s7=("=Y is an element of V,, of degree (m — 1)(n + 1).

Proof. We just need to show that z% 1y*~1s/~ (=1 satisfies the inequalities
(@) j—(n—1) < (m—1)(n—1)

(b/) j—(n=1)—(m-1) <a-1

n—2

(C’) j=—(n=1)—(m-1) <b-1

n—2
Now

jm-D—(m-1) _j-m

— 1.
n—2 n—2

But this means that (a'), (b'), and (¢’) are equivalent to

So we are done.

]

Using Claim 4.1.2.2, we can reduce the proof to the case where a = 0 or b = 0 or

j<n-—1.

Case 1: (a = 0 or b = 0) The case where a = 0 is the same as the case b = 0 by

symmetry. Without loss of generality, we assume b = 0. In this case, we have 2%s’. Since
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1
:
IA
(=
I

0, we have j < m. Now j +a =m(n+ 1) and so

a=m(n+1)—j>mn>jn.

Then 2%s/ = (2"s)?z* 7™ and a — jn = (m — j)(n + 1). So we are done.

Case 2: (j < n—1) In this case, we must have a,b > 0. Then there exists p; € :Uyﬁn,j,lsj

and iy = 2°y? such that 2%y’s’ = p1 5. So we are done.

This completes the proof that

Vo = k[Lpi1, Lns, 0yLy_ 35> 0yl 45>, ... wylys™ %, wyLlos™ . O

Lemma 4.1.3. Let W, be the integral closure of U, in klx,y,s|. Then

Vi, = W, Nklz,y, s] ™.

Proof. Since W, is the integral closure of U, in k[z,y, s] and V,, is the integral closure of
U, in k[x,y, s]"™ C k[z,y, s], it follows that W,, contains V,,. So V,, is contained in the
intersection W,, N k[, y, s]™*Y.

On other hand, if u € W, N k[z,y, s]"*Y, then u is integral over V,, because W, is
integral over V,,. Now w is also an element of k[z,y, s] (n+1) which has the same fraction
field as V,,. So u must be in the fraction field of V,, and therefore, u must be an element

of V,. O]

Theorem 4.1.4. Let W, be the integral closure of U, in k[x,y,s]. Then W,, is normal
and

W’I’L = k[x7 y? ‘rns7 yn57 ‘ryS7 'Ty827 R xysnil]'
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Proof. Let W = klz,y,x"s,y"s, xys, vys®, ..., xys" . We first check that the genera-
tors of W/ are integral over U,. It is clear that z and y are integral over U, because

"yt e U,. Now consider s'zy where 1 < j < n — 1. Then

n—1—j, n—1—j

)n—l Y

(Tay)" ™t = (s"ay)a

So W) is contained in W,,. It remains to show that W, = W,,.
A monomial 2%°s’ € W, if and only if (z%’s?)"*! € V,,. Then 2%ts’ € W, if and

only if the exponent vector (a(n +1),b(n + 1),j(n + 1)) satisfies

T e R S

where m = a + b+ j. We want to show that z%y’s’ € W!. Since x,y € W/, we already
have the case where j = 0. We may assume that 7 > 0. The inequality in 4.6 is equivalent

to the following inequalities:
(a) 2j < (a+b)(n—1),
(b) j(n+1) = (a+b+j) < aln+1)(n—2),
(c) j(n+1) = (a+b+j) <bn+1)(n—2).

We claim that we can factor out zys" '. More precisely, the monomial 24~ 1y?~1si—n+!

is also an element of W/. We need to check that (a — 1,0 — 1,7 — (n — 1)) satisfies
(@) 2(j—(n-1)<(@a=1+b-1)(n—1),
M) G—m=1)n+1)—(a—1+b—-1+j—(n—1)) <(a—1)(n+1)(n—2), and

) —n=1)n+1)—(a—1+b—1+7—-(n—=-1) < (b—-1)(n+1)(n—2).
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But (a’), (b), and (¢’) are equivalent to (a), (b), and (c). So z¢~t¢y*~1s/="*1 € W, . This
means that we can factor out as many zys" ! as possible and reduce to the case where
a=0orb=0orj<n—1. Notice that if j > 1, then from condition (a), we have

0<2j/(n—1) <a+b. Then we must have a > 0 or b > 0.

Case 1: (a > 0,b >0, j < n—1) First notice that if j < n — 1, we have 2%’s’ = (zys’)u

where p is a monomial in x and y. So we are done.

Case 2: (a = 0 or b = 0) Without loss of generality, we may assume that b = 0 because

of the symmetry of  and y in W/. We have 2%s’ € W/. Then the three inequalities are
(") 2j < a(n—1),

(b") j(n+1) = (a+7j) < a(n+1)(n—2), and

(") j(n+1)—(a+j) <O.

The last inequality yields jn < a. Then z%s/ = (2"s)’z*~7" € W,,." This finishes Case 2.

This concludes the proof that W, = W,,. O

4.2 The Multiplicities of V,, and W,

In this section, we compute the multiplicities of V,, and W,,. Because V,, is standard-
graded and has dimension 3, its Hilbert function eventually agrees with a polynomial of
degree 2 called the Hilbert polynomial. The Hilbert polynomial can be used to compute
the multiplicity of V,, localized at its homogeneous maximal ideal. Put another way,
we can extend the notion of multiplicity from the local setting to the standard-graded

setting in a compatible manner. See Chapter 1 for more details.
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On the other hand, the ring W,, is not standard-graded and in particular, the Hilbert
function of W), is not the same as the Hilbert function of the associated graded ring of
W, localized at its maximal ideal. In fact, the Hilbert function of W,, does not eventually
agree with a polynomial. By “the multiplicity of W,,,” we mean the multiplicity of W,
localized at its homogeneous maximal ideal.

Throughout this section, it will be convenient to switch between the local setting and
the graded setting. For simplicity of notation, we will write V,, and W, for both the
graded rings and their localizations at their respective homogeneous maximal ideals

when it is clear from context which setting we are working in.

Proposition 4.2.1. Let n > 2. Let W, be the ring

klz,y,x"s,y"s, vys, xys>, ..., vys" ']

localized at the maximal ideal my, = (x,y, z"s,y"s, vys, xys?, ..., xys" ). Then

I=(x—y"s,y—a"s,xys" W,

is a minimal reduction for myy, . The multiplicity of W,, is n+1 and the type of W,, is n.

Proof. For simplicity of notation, we will write gr(W) for the associated graded ring of
W,, with respect to its maximal ideal myy. To show that I = (x — y"s,y — 2"s, xys" 1)
is a minimal reduction of myy, , it is enough to show that the images of x — y"s,y — 2"s,
and zys"~! in gr(W) form a linear system of parameters for gr(W).

Now the associated graded ring gr(W) has the form klx,y, u, v, wy, ... w,_1]/J where

J is the ideal generated by the leading forms (i.e., lowest degree terms) in the kernel of

38



the surjection
o klz,y,u,v,wy, .. wel] > klx,y, 2s, y"s, wys, ..., oys™ T
where z — x, y — y, u > 2"s, v — y"s, and w; — xys’ for 1 <i<n—1.
We have the following relations in ker(yp):
e w! " — (zy)" 1w, =0for 1 <i<n-—1.
e ov —y" tw; = 0.

-1

e yu — 2" wy = 0.

Then xv,yu, and w; where 1 < ¢ < n — 1 are nilpotent in the associated graded ring

gr(W). Killing w,,_1, * — v, and y — v make z,y, u,v and w,_; nilpotent in

gr(W) /(wp—1, 2 — v,y — u)gr(W).

So w,_1, * — v, and y — u are a linear system of parameters for gr(W) and

I=(z—y"s,y—a"s,xys" ")

is a minimal reduction of myy,, .
The multiplicity of W, is the length of W, = W,,/(z — y"s,y — a"s, vys"})W,,, which

is the same as the k-vector space dimension of W,.

Claim. The element xy is 0 in W,.
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Proof. In W,,, we have & = y"s, y = 2"s, and zys"~' = 0. Then

zy = (y's)(a"s) = (s*wy) (zy)" ™
= (o) () ("))
= (s*zy) (s wy)" " (wy) DY

= (s%ay)(s" wy)? (wy)" " (ay) DO

= 0. [l

Claim. Let My, be the mazimal ideal of W,,. Then (my, )? = 0.
Proof. We already showed that xy = 0. Now consider the products w;w; = (zys’)(zys’)
where 1 <i,j <n—2.1fi+75>n—1, then
wiw; = (zys" 1) (zysH)-Dy = 0,
If14 7 <n—1, then
wyw; = zys't (zy) = 0.

Next, notice that

w? = a(y"s) = (szy)(y"~') = 0.

By symmetry 3? = 0. Finally, we have

vw; = x(wys') = (y"s)(zys')
= (y")(wys™) = (y" ") (a"s) (zys"™)

= (xy)" 2x(zys)(zys™) = 0.
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By symmetry yw; = 0. [

Now there are no linear relations between z,y, and the w; for 1 <7 < n — 2. So then

we must have
W~ Elx,y,w; | 1 <i<n-—2]
C(myy,wi | 1< <n—2)%

Thus the multiplicity of W,, is n + 1 and the type is n. [

Proposition 4.2.2. Let n > 2. Let V,, be the standard-graded ring

Vn = k[£n+17 ‘CTLS? xy£n73827 xy‘cnfélsgu s 7'ry£18n727 1331505”71]-

Then the multiplicity of Vi, is n® + 1

Proof. We will compute the multiplicity of V,, by using the Hilbert function of V,, which

is defined as

Hilby, (m) = €([Va]m) = dimg([Va]m)-

where the m-th graded piece [V,,],, which consists of forms of degree m(n + 1). We will
consider the case where n = 2 and n > 3 separately.
Let n = 2. Then recall from the previous section that a monomial 2%°s’ € V; if and

only if the following conditions hold:
(a) a+b+j=3m.
(b) j <m.
Since a,b > 0, we can rewrite these conditions as

(') a+b < 3m and
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(b)) a+b> 2m.

The area defined by these inequalities is a trapezoid whose vertices are integer coefficients.
We want to find the number of lattice points in this region. Pick’s theorem says that the
area of a polygon whose vertices have integer coordinates is determined by the number
of lattice points in the following way: Let i(m) be the number of interior lattice points

and b(m) be the number of boundary lattice points. Then the area of the region is

Notice that i(m) is quadratic in m and b(m) is linear in m. Since
i(m) < A(m) < i(m) + b(m),

we have A(m) is asymptotic to (i(m)+b(m)). That is, Hilby,(m) is asymptotic to A(m).
We have

Alm) = S(om® — 4m?) = _(5m?).

Thus, the multiplicity of V5 is 5 = n? + 1
Now let n > 3. Recall from the previous section that a monomial 2%s’ € V,, if and

only if the following conditions hold:
(a) a+b+j=m(n+1).
(b) a,b = (j —m)/(n—2).
(¢) j <m(n—1).

Since a,b > 0, we can rewrite these conditions as
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(@) a+b<m(n+1),

(b") (n—1)a+b>mn,
(') a+b(n—1)>mn, and
(d) a+b > 2m.

The last condition (d’) is redundant and can be obtained from (b") and (¢’). We want to
determine the number of lattice points in the region determined by these inequalities.

On (a,b)-plane, the intercepts of the above conditions are
(a") (m(n+1),0),(0,m(n+1))

(b’) (mn/(n —1),0),(0,mn), and

(¢) (mn,0), (0, mn/(n—1)).

This is a pentagon with vertices that have integer coordinates.

Figure 4.1: Area A(m) split into a triangle and a trapezoid

We want to find the area A(m) of the pentagon. We can split up A(m) as a triangle

with vertices (0, mn), (m,m), and (mn,0) and a trapezoid. See Figure 4.1. The area of
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the trapezoid is

1 1 1
§m2(n +1)% - é(mn)2 = 5(271 + 1)m?.

The area of the triangle is

1
E(n2 — 2n)m?>.
Then
1
A(m) = 5(?12 + 1)m?.
Thus, the multiplicity of V,, is n? + 1. m

Proposition 4.2.3. Let n > 2. Let V,, be the localization of

E[Loi1, Lns, 2yLy_38%, xyLly_48°, ... aylis" 2 ayLlos" ']

at the homogeneous maximal ideal

my, = (Lpi1, L8, 2yL_38”, ayLo_yss®, ... xylss" > xyLlos" ).

n

Then I = (2™ — y"s, y" T — ams, xys" 1)V, is a minimal reduction of my,.

Proof. For large n, it can be cumbersome to work directly with V,, because of the number
of monomial generators. We can work with W, instead. The multiplicity of W,, as a

Vp-module is ey, (W, )ranky, (W,,) - ey, (V). The fraction field of W, is

k(z,y,s) =k(z,y/z,s/x)

and the fraction field of V,, is

kE(z"*t y/z,s/).
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So ranky, (W,)) = n+ 1 and ey, (W,) = (n + 1)(n® + 1). In order to prove that I =
(x™ Tt — g5,y — a"s, xys" 1)V, is a minimal reduction for my; , by Rees’s theorem, it
suffices to show that e;(1,,) is (n + 1)(n? + 1). Note that e;(W,) > (n + 1)(n® + 1) and
er(W,) is the length of Q,, == W, /(z"™! — y"s,y" ™! — a"s, zys"1)W,. So if we find a

spanning set for @, as a k-vector space with (n + 1)(n? + 1) elements, we are done.

Claim. The following elements span ), as a k-vector space:
o 2ty where 0 < i,5,<n+1 but both i,j cannot be equal to n + 1.
o iylw,, where wy, = xys™, 1 <m<n—2, and 0 <1i,j < n.

Proof. Note that in @Q,,, we have 2"t = y"s, y"*! = 2"s, and zys"~! = 0. We want to
show that all monomials in @),, can be written as a sum of the basis elements. We first
consider the case z'y/w,, where either i > n or j > n. Choose ¢ = max{i,j}. Because
the relations we are quotienting out are symmetric in x and y, we may assume ¢ > j

without loss of generality. Then

Y wn, = 2 (y )y w,, = 2O (w4

Notice that the total degree of z and y in the monomial has decreased by 1 while the
subscript on the w term has increased by 1. Let ¢/ = (i — (n+ 1)) and j' = j + n. Repeat
the process until either the exponents on x and y are at most n or until the subscript on
the w reaches n — 1. In the latter case, the monomial is 0 because w,,_, = zys" 1 = 0.
The algorithm must terminate because at each step, the total degree of  and y decreases
by 1 and the subscript on w increases by 1.

Next, we consider the case 'y’ where either i > n + 1 or j > n + 1. Without loss of
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generality, suppose ¢ > n + 1. Then

i

giy = (yns)xi—(n-l—l)yj — Dy,
So we have reduced to the previous case.
Finally, in the case where : = 5 = n + 1, we have
xn—i—lyn—l—l — (ZL’”S)(ynS) — (821’y)l’n_1yn_1 _ I_n—lyn—lw} N

The total number of elements in the spanning set above is

(n+22—-D+m+1)2*n—-2)=n*+n*+n+1

But this is the same as (n + 1)(n* + 1). O

Proposition 4.2.4. Let n > 2. Let U, be the localization of

n n+l _..n n n+1 n n—1
k[l‘ S, T LY, Y S, Y y LY 5, XYS ]

at the homogeneous mazimal ideal my, = (x"s, 2™, 2™y, y"s, y" 1 zy", xys"1). Then

I = (2" — s, y" ™ —a"s, ays" MU,

is a minimal reduction for my,, and the multiplicity of U, is n® + 1.

Proof. Since 2"t — y"s, y"*t — 25, and zys" ! generate minimal reduction for the
maximal ideal of V;, which contains my,, and V,, is integral over U,, it follows that my,

is integral over (z"*t — y"s, y" T — 2"s, xys" ) U,.
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To get the multiplicity of U, it suffices to compute the length of
Vi /(@™ — syt — ams ays" TV,

because V,, is a rank 1 Cohen—Macaulay module over U,,. But I'V,, is a minimal reduction
for the maximal ideal of V,,. So this length is precisely the multiplicity of V,, which is
n? + 1. ]

4.3 Relationships between U,, V,, and W,

Theorem 4.3.1. Let (R, mg, k) — (S, mg,l) be a module-finite extension such that mg
15 integral over mg. It suffices for the generators of mg to be integral over mg. Then

the parameters that give a minimal reduction of mg give a minimal reduction of mg.

Moreover, if M is an Ulrich module of S, then M is an Ulrich module of R.

Proof. Let d = dim(R) = dim(5). Let z1,..., x4 be a system of parameters of R such
that the ideal they generate I = (z1,...,24)R is a minimal reduction for mg. Now mg
is integral over mpg, and mp is integral over I. So mg is integral over I.S. But IS has
d =dim(S) generators. So .S is a minimal reduction for mg.

Let M be an Ulrich module of S. Clearly M is still an MCM module over R. Now
IM CmpM C mgh.

Then we have IM = mgM because M is an Ulrich module of S. So IM = mgzM. But

this means M is an Ulrich module of R.
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Corollary 4.3.2. Let (S,n,k) be a complete local ring of dimension d containing k. Let
(1,...,2q4) be a minimal reduction of n. If S has an Ulrich module, then any ring R

such that k[z1,...,2q4) € R C S has an Ulrich module.

Applying Theorem 4.3.1, we see that any Ulrich module of W, is an Ulrich module
over U,, and any Ulrich module over V,, is an Ulrich module over U,,. Then to show that
V,, or W, has no Ulrich modules (if this is indeed the case), it is enough to show that U,

has no Ulrich modules.
Theorem 4.3.3. The ring Uy = V5 has an Ulrich module.

Proof. We show that U, has a rank one Ulrich module. If M is a rank one Ulrich, then
M must be an ideal I C U,. Now an ideal I is MCM over Us if and only if the depth of
is 3. Because U, is a domain, I is MCM over U, if and only if the quotient ring U, /IUs
is a Cohen—Macaulay ring of dimension 2 and I has pure height one (i.e., all the primes
in its primary decomposition have height one). The multiplicity of U, is n*> + 1 = 5. So
then I is a rank one Ulrich module over U, if and only if I is an ideal of pure height one
such that the quotient ring Us/IU; is a Cohen—Macaulay ring of dimension 2. We show
that such an ideal I exists.

Using Macaulay2 [M2], we compute a presentation of Us. In particular, we have the

following isomorphism:

© ¢ k[uy, ug, us, v1, vo, v3, w]/J = k[z?, 22y, xy?, P, 2%s, yPs, vys| = Us

where J is generated by the relations

1. vovg — w?

2. usv3 — VW
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3. UoU3 — UW
4. uv3 — W
5. v1Uy — usw
6. UV — U W
7. UUy — WqW
8. uZ — ugvy
9. UgU3 — UV
10. u3 — uyus

which were computed using Macaulay2 [M2].

Claim 4.3.3.1. The ideal I = (ug,us,v1,v3,w) is an Ulrich module.

Proof. We want to compute the quotient U,/IUs,. In this quotient, the relations listed
above become trivial. Then Us/IU; = k[uy,vs], which is a two-dimensional Cohen—
Macaulay ring. So [ is a rank one MCM module of Us. Since I has five generators, it is

an Ulrich module. OJ

]

Remark 4.3.4. The same approach does not appear to work for U,, where n > 3. This
is because the multiplicity of U, is n? + 1, but the number of monomial generators of
the maximal ideal remains the same. So finding an “obvious” Ulrich module becomes
more difficult. One could possibly try to work with V,, since the monomial generators

increases quadratically, but the process quickly becomes very computationally laborious.
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Lemma 4.3.5. Let n > 2. Let W, and V,, be the monomial algebras defined in the

previous sections. Then considering W, as a V,-module, we have

Wn = EBZ:OWH,P - Vn s> (@Zzlwn,p)

where W, , is spanned by all homogeneous elements of degree p modulo n + 1. Fach
Wi, has rank 1 as a V,,-module (also as a U,-module by restriction of scalars) and is

Cohen—Macaulay over V,, (resp. over U,).

Proof. 1t is clear that W,, = V,, & (@gzlwn,p), and that because W, is a Cohen—Macaulay
V,-module, each W, , is a Cohen-Macaulay V,,-module. To see that W, , has rank 1 as a
V,-module, it is enough to see that each W, , # 0. This is because ranky, (W,) =n + 1,

and there are n + 1 summands. But 2 -V,, C W, ,. O

Theorem 4.3.6. Letn > 3 and 0 < p < n. The rank one Cohen-Macaulay summands

Wi, are not Ulrich modules of U, or V.

Proof. Tt is enough to show that the W, , are not Ulrich modules of U,,. The multiplicity
of each W, , is n* + 1. So it suffices to show that the minimal number of generators of
W, , is less than n? + 1.

Let my, be the maximal homogeneous ideal of U,. From the previous section, we

n—+

know that a minimal reduction of my;, is [ = (2" — y"s, y"* — 2"s, xys" ). A basis

for Q, = W,,/IW,, is
1. %" where 0 < a,b, < n + 1 but both a,b cannot be equal to n + 1, and
2. 2%y w; where w; = zys’, 1 <i<n—2 and 0 < a,b < n.

Then Q,,/(z" ™, y" ™, zy", 2"y)Q, = W, /my, W,,. So, we want to determine what basis
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n+1 ,n

elements of @),, are multiples of x +1 2y", and 2™y. Removing the obvious multiples,

Y

we have the following spanning set for W,, /my, W, :

1. 2", y", %® where 0 < a,b, < n, and

2. 2% w; where w; = zys’, 1 <i<n—2,and 0<a,b<n—1.

Note that for i > 2, we have

= 2" (eys') = (2")wi s = " iy = 0.

If © =1, then

n+1

2wy = 2" (zys) = (2"s)ry = y" " axy = 0.

Similarly, y"w; =0 for 0 < <n — 2.

The elements of this spanning set that have degree p modulo n 4 1 form a spanning
set of W), ,/my, W, ,. Note that degree of the elements of the first type (i.e., monomials
in z and y only) ranges from 0 to 2n — 2. The degree of the elements of the second type

ranges from 3 to 3n — 2

Claim 4.3.6.1. The number of elements of type one (i.e., monomials of the form x%y°)

in the spanning set that have degree p modulo n + 1 is max{n — 1, p + 1}.

Proof. The number of elements of degree p is p + 1. Consider the elements that have
degree p+ (n+ 1). If p > n — 2, then there are no basis elements of this degree. If
p <n — 3, then we have a,b > p+ 1 because a,b < n. So there are n — p — 2 elements.
Finally, there are no elements of the form z%y® that have degree p + 2(n + 1). Then the

number of elements of degree p modulo n + 1 is

p+1+max{n—p—2,0} =max{n—1,p+ 1} O
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It remains to count the number of elements of type 2 that have degree p modulo n + 1.
These are elements of the form x“ybwi where 0 < a,b < n — 1. Now w; = zys’ and so
2%y w; = %y’s'zy has degree a + b+ i+ 2. Then counting the number of elements x% w;
that have degree p modulo n+ 1 is the same as counting the number of monomials 2%y°s’

such that
cat+b+i=p—2(modn+1),
«0<a,b<n-—1,and
1< <n—2.

We can get an upper bound on the number of monomials 2%"s’ satisfying the above

conditions by counting the monomials z%’s’ satisfying
ca+b+i=p—2(modn+1),
+0<a,b<n—1,and
c0<i<n-—2.

This is the same as the sum of the Hilbert function of T = k[x,y,s]/(z",y", s" 1)
evaluated at p —2, p—2+4 (n+ 1), and p — 2 + 2(n + 1). Let Hilby(d) be the Hilbert
function of T. We can compute a closed form of Hilby(d) using the Koszul complex
Ko(z",y", s" % k[x,y, s]), which is a free resolution of T" as a module over k[x,y, s]. Note
that we will want to keep track of the grading. Let R = k[z,y,s] and d = a + b + i.

Then we have the following Koszul complex for T

0 — R(—3n+1) = R(=2n) ® R(—2n+ 1) ® R(—2n + 1)

— R(-n)® R(—n) @ R(—n+1) >R (= T) = 0.
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Let Hg(d) be the Hilbert function of k[x,y, s]. So we have
d+2
o - (57)
Then the Hilbert function of T' = k[z,y, s]/(z", y", s" ') has the form

where Hgr(m) = 0 if m < 0. Note that Hgr(m) = 1 if m = 0. Thus, in order to get more

explicit formulas, we need to consider the following cases:

ed<n—1,
ed=n-—1,
od:n’

en<d<?2n-—1,

e d=2n—1,

o d=2n, and

e 2n<d<3n—1.
We compute Hilbr(d):

ed<n-—1

1
Hilby(d) = Hr(d) = 5(ol2 +3d +2)

ed=n-—1
1
Hilby(d) = Hp(d) — 1 = 5(012+3d+2) —1
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1
Hilby(d) = Hr(d) — 5 = 5(dQ +3d+2)-5

en<d<2n-—1

Hlle(d) = HR<d> — 2HR(d — n) — HR(d —n—+ 1)

1
- 5(_2d2 + 6dn — 8d — 3n* 4+ 11n — 8)

d=2n—1

Hilby (d) = Hp(d) — 2Hp(d — n) — Hp(d —n + 1) + 2

1
= 5(—2c12+6dn—8d—3n?+ 11n —8) +2

Hilby(d) = Hp(d) — 2Hp(d —n) — He(d —n+1) +7
1

= 5(—2<12+6dn—8d—3n?+ 1ln —8)+7

n<d<3dn—1

Hilby(d) = Hp(d) — 2Hg(d —n) — Hr(d — n+ 1) + 2Hg(d — 2n + 1)
+ Hp(d—2n) — Hp(d — 3n+ 1)

1
= §(d2 — 6dn + 5d + 9n® — 15n + 6)

Recall that: 0 < p < n. We want to sum the cases where the values of d are d = p — 2,
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d=p+n—1,and d = p+ 2n. This will give us an upper bound for the number of basis

elements of the form z%w;.

« Case 1: p=0
— When d = p — 2 < 0, we have 0.

— Whend=p+n—1=n—1, we have
1, 5 1
— When d = p + 2n = 2n, we have
Loy
§(n —5n—8)+7

Summing the three terms, we have n? — 2n + 2.

« Case 2: p=1
— When d = p — 2 < 0, we have 0.

— When d = p+n —1=n, we have

1
§(n2—|—3n—|—2) - 5.

— When d = p+ 2n = 2n + 1, we have

1
5(712 —Tn +12).
Summing the three terms, we have n? — 2n + 2.
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e Case 3:2<p<n—1
— When d = p — 2, we have

Solp— 1)

— When d = p+n — 1, we have

L 2

§(n —2np+n—2p° —4p—2).
— When d = p + 2n, we have

Loy 2

§(n —2np —bn+ p° —5p+6)

Summing the three terms, we have n? — 2n + 2.

« Cased:p=n-—1

— When d = p — 2 =n — 3, we have
1 1
S(plp—1)) = 3 (n 30 +2).
— Whend=p+n—1=2n—2, we have
Ly 2 Ly
é(n —2np+n—2p —4/)—2):5(71 —n)

— When d = p+ 2n = 3n — 1, we have 0.

Summing the three terms, we have n? — 2n + 1.

« Case b: p=n
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— When d = p —2 =n — 2, we have

S0l —1)) = 5(n” —n).

— When d=p+n—1=2n—1, we have

1
§(n2—3n—2)+2

— When d = p+ 2n = 3n, we have 0.

Summing the three terms, we have n? — 2n + 1.

Recall that the upper bound for the elements of type 1 (monomials in = and y) with
degree p modulo n + 1 is max{n — 1, p + 1}. Adding these to the upper bounds for the
elements of type 2 (i.e., monomials of the form z%y’w;) with degree p modulo n + 1, we

have the following upper bounds for the minimal number of generators of W, ,/my, W, ,

e Case 1: p=0

max{n—1,p+1}+n>-2n+2=n—1+n*>*-2n+2=n?>-—n+1.

e Case 2: p=1

max{n—1,p+1}+n’—-2n+2=n—1+n*-2n+2=n%>-n+1

e Case 3:2<p<n-—1

max{n —1,p+1}+n*—-2n+2=n—1+n*-2n+2=n%>-n+1
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o Cased: p=n—1

max{n —1,p+1}+n*—2n+1=n+n*-2n+1=n*-n+1

e Case b: p=n

max{n —1,p+1}+n*—2n+1=n+1+n*—2n+1=n%-—n+2.

But n > 2, andson? —n+2<n?+1and n> —n+1<n?+1. Thus, the W, , are not
P

Ulrich modules for U,, and consequently, they are not Ulrich modules for V,,.
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Chapter 5

Lim Ulrich Sequences and Weakly
Lim Ulrich Sequences for Domains

of Dimension 2

5.1 (Weakly) lim Cohen—Macaulay and (weakly) lim
Ulrich sequences over domains of dimension 2

Definition 5.1.1. Let (R, m, k) be a local ring. Let M = {M,} be a sequence of
nonzero finitely generated R-modules. Let vg(M,,) be the minimal number of generators
of M,. Let {a,} and {b,} be a sequence of positive integers. We define ~, to be the
equivalence relation ~p where {a,} ~n {b,} if

n_bn
lim ¢

=0.
n—00 VR(Mn)

For the sake of simplicity, we write a, ~a b, instead of {a,} ~a {b,}.
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Lemma 5.1.2. Let (R,m, k) be a local ring. Let M = {M,} and N = {N,} be two
sequences of nonzero finitely generated R-modules. Let {a,} and {b,} be a sequence of
non-negative integers. Suppose vg(Ny,) ~a Vr(M,). If ay ~paq by, then a, ~p by. In

particular, vr(M,) ~xn vr(Ny,).

Theorem 5.1.3. Let (R, m, k) be a local domain of dimension 2. Let {M,} be a weakly
lim Cohen—Macaulay (resp. weakly lim Ulrich) sequence over R. Let C, C M, be a
torsion submodule such that the quotient M, := M, /C, has no finite length submodules.

Then the sequence {M,,} is a lim Cohen—Macaulay (resp. lim Ulrich) sequence over R.

Proof. Let M = {M,} be a weakly lim Cohen—-Macaulay sequence over R. Let I = (z)
be a system of parameters of the maximal ideal m and let vg(M,,) be the minimal number

of generators of M,,. First, we check that

VR(Mn> ~ M VR(Mn)-

Consider the short exact sequence

0—C,— M, — M, —0.

We know that vg(M,,) < vr(M,) < vg(M,) + vg(C,). So it suffices to show that

VR(On) ~ M 0
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From the short exact sequence, we get the long exact sequence of Koszul homology

0 — Hy(z; Cy) — Hylx; M) — Hy(z; M,,)

— Hl(g; Cn) — Hl(z; Mn) — Hl(i; Mn) — HO(Q; Cn) — HO(E; Mn) — HO(E; Mn) — 0.

Now M, has no finite length torsion submodules, so H, (z; Hn) = 0. We observe the

following;:
(a) Ha(z;Chn) = Ha(z; M)
(b) ha(z; Cn) < ha(z; My)
(¢) x1(z; M) > 0 for any finitely generated R-module M [S]
(d) x(z;C,) =0

(e) 0 < ho(z; M) — ho(z; M) < ho(z; Cy,)

From (a), (b), and (c), it follows that

0 < xa(z; Cn) < xala; M,,).

and because M is weakly lim Cohen—Macaulay, we have

X1(2; Cn) ~pm 0. (5.1)

But x(z; C,) = 0 and so, xi1(z;C,) = ho(z; C,) = ¢(C,,/(2)C,,). Then the inequality

vr(Cn) = U(Cp/mC) < U(C/(2)C)
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yields

VR(Cn) ~ M 0

Next, we show that {M,} is a lim Cohen-Macaulay sequence over R. We already

know that ho(x; M,) = 0. It remains to show

i @ M)

n—00 VR(Mn)

By Lemma 5.1.2, it is enough to show that

hi(z; M
hm 1(&7 n)

n—00 VR(Mn) =0

because vr(M,) ~a vr(M,). Take the alternating sum of the lengths of the Koszul

homology in the exact sequence
0 — Hy(x;C,) — Hy(x; My,) — Hy(z; M,)) = Ho(z; C,) — Ho(z; M,,) — Ho(x; M) — 0.
This is the sum

hi(z; Cp) — hy(z; My,) + by (23 M) — ho(a; Cp) + ho(z; M,,) — ho(x; M,) = 0.
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Then

hi(z; M,) = —hi(z; Cp) + ho(z; Cp) + hy(x; M) — ho(z; M,,) + ho(z; M,,)
= —ho(z; Cy) + ha(z; My,) — ho(z; My,) + ho(z; M,)
- _h2(§; Mn) + hl (&; Mn) - hO(&; Mn) + hO(&; Mn)

= xa(z; My,) — (ho(z; My) — holz; My)).
Now we know that
X1(z; M) ~pm 0

and by (e) and 5.1 above, we have
0 < ho(a; My) — ho(z; M) < ho(z; Cp) = xa(z; Cp) ~a 0.

[hus
x: M
li hl (_a n)

= 7 = O
n—oo ]/R<Mn)

and the sequence {M,} is lim Cohen—Macaulay. It remains to check that

6R<Mn>

n—o0 VR(MTL)

But er(M,) = er(M,) and vr(M,) ~rm vr(M,), so the condition immediately follows

and thus {M,,} is a lim Ulrich sequence of R. O

Definition 5.1.4. Let (R, m, k) be a local domain and let M be finitely generated
torsion-free R-module. Let (S,n, /) be a local module-finite extension domain of R.

Suppose K = frac(R) = frac(S). Then we define M S to be the S-module generated by
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M in M®RIC

Remark 5.1.5. In the case where R is a local domain with a Ss-ification S that is local,

if M is an MCM module of R, then MS = M by Lemma 3.1.1.

Lemma 5.1.6. Let (R, m, k) be a local domain of dimension 2 and let M be a finitely
generated torsion-free R-module. Let (S,n, ) be a local module-finite extension domain
of R. Suppose S C frac(R) and S/R has finite length. Choose a fized constant t such

that m'S C R. Let x,y be a system of parameters for R. Then

(a) MS C M :xgpm (2, y")R,
(b) (M :ygpi (2, y"))/M = Hy(2', y"; M),

(c) C((MS/M) < hy(zt,y*; M).

Proof. Part (a) is clear by the choice of ¢. Part(c) follows immediately from parts (a)

and (b). It remains to prove part (b). Define
o Hi(z"y's M) — (M :yepi (28, 9") /M

to be the map

o [2]- 5]

Yyt b
where the equality follows from the relation ux® + vy' = 0. This map is well-defined.
If [(u,v)] is trivial, then there exists w € M such that [(u,v)] = [y'w, —z'w]. But
[y'w, —z'w] is mapped to [(y'w)/y'] = [w/1] = 0.

For the map going the other direction, define
V(M yepk (28, 9") /M — Hy(2,y' M)
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to be the map
1= [ f, =" f)].

This is clearly well-defined. The maps ¢ and 1) are inverses, so we are done.

]

Theorem 5.1.7. Let (R, m, k) be a local domain of dimension 2. Let (S,n, () be a local
module—finite extension domain of R such that S C frac(R) and S/R has finite length.
Let M = {M,} be a lim Cohen—Macaulay (resp. lim Ulrich) sequence of torsion-free
R-modules. Then the sequence N'= {M,S} is a lim Cohen-Macaulay (resp. lim Ulrich)

sequence of R-modules and also a lim Cohen—Macaulay sequence of S-modules.

Proof. We first prove that

VR(Mn) ~ M I/R(MRS)

Let @, = M, S/M,. Note that @,, has finite length because S/R has finite length. The
short exact sequence

0—> M, —M,S—Q,—0

yields the long exact sequence

o= Torf(Qn, k) = M, @pk — M,S®rk — Q, @r k — 0.

Then

vr(M,) < vp(M,S) + {(Torf(Qn, k)) < vr(M,) + vr(Qn) + L(Torf(Qn, k)).
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and so it suffices to show that

((Torf(Qn, k) ~p 0 and  vg(Q,) ~aq 0.

Let x = x1,25 be a system of parameters for R. By Lemma 5.1.6, we know that
0(Qn) < hy(at, zh; M,) for some fixed ¢. But M is a lim Cohen-Macaulay sequence, so
hy (2}, xb; M,,) ~p 0 and

Then

Next, by taking a prime cyclic filtration of (),,, one can observe that

U(Tor( (Qn, k) < UQ)U(Tory (k, k)).

Then it immediately follows that

{(Torf(Qn, k)) ~pq 0.

We now show that A= {M,,S} is a lim Cohen-Macaulay sequence of R-modules. It

is enough to show that
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Because M,, and M, S are torsion-free over R, we have the long exact sequence

0 — Ho(z; Q) — Hi(z; M,) — Hy(z; M,S) — Hi(2; Q)

— Ho(z; M,) — Ho(x; M,S) — Hy(z; Q,) — 0.

Observe that for all 2 > 0

hi(x; Qn) ~pm 0.

We see that

h2(£; Qn) ~M 0

because Hy(z;Q),) injects into Hy(x; M,). We already proved that £(Q,) ~ar 0. It

immediately follows that

Then, it follows from x(z;Q,) = 0 that

hi(z; Qn) ~pm 0.

From the long exact sequence on Koszul homology, we have

ha(x; M,S) < hy(z; My,) + ha(z; Q).

But hy(z; M,) ~am 0 and hy(z; Q) ~am 0. Therefore, N' = {M,,S} is a lim Cohen—
Macaulay sequence over R.

If M is lim Ulrich, it immediately follows that A is lim Ulrich because
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er(M,) = er(M,S) and vg(M,) ~r vr(M,S). It remains to check that N = {M,, S} is
a lim Cohen—Macaulay sequence for S.
For any i, the Koszul homology H;(x; M, S) does not change for whether we think of

M, S as an R-module or an S-module. We also have

VR(MnS) S VR(S)Vs(MnS),

which yields

VR(MnS>
—— < vg(M,S).
vr(S) s(MaS)
Then
hi(z; M,S) _ . vg(S)hf(z; M,S) . hit(a; M,S)
v " — — — 2 —=().
TN VA R S g Vv R L GO S v Ay

Thus N = {M,,S} is a lim Cohen-Macaulay sequence over S.
O

Theorem 5.1.8. A sequence of finitely generated nonzero torsion—free modules {N,,}
over a reqular local ring S of dimension 2 is lim Cohen—Macaulay if and only if for the

manimal free resolution

0— S = 8" =N, =0

we have lim, o b, /a, = 0. Such a sequence is always lim Ulrich.
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Proof. Let x,y be a regular system of parameters for S. We have

ap = VS(Nn) = ho(l’,y; Nn)

and

b, = hy(z,y; Ny,).

Then {N,} is lim Cohen—-Macaulay over S if and only if

: N,
lim w: lim b_”:().

n—00 I/S(Nn) n—00 (y
Moreover, we have

N _

tim W) g =

n—o0o ]/S( n) n—o0o Ay,
Thus {N,,} is a lim Ulrich sequence for S. O

5.2 Weakly lim Ulrich sequences do not always exist
for local domains

Theorem 5.2.1. Let (R, m, k) be a local domain of dimension 2. Suppose R has an

Ss-ification S that is a reqular local ring. The following are equivalent:

(a) R has a weakly lim Ulrich sequence.
(b) R has an Ulrich module.

(¢) S is an Ulrich module of R.

(d) For any minimal reduction I of m, we have IS = mS.
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Proof. First, (c) and (d) are equivalent by definition. Next (b) and (c) are equivalent by
Theorem 3.1.2. It is clear that (b) implies (a). It remains to show that (a) implies (b).

Suppose R has a weakly lim Ulrich sequence. Then by Theorems 5.1.3 and 5.1.7,
there exists a lim Ulrich sequence M = {M,} of torsion-free R modules that are also S

modules. Consider the minimal free resolution

0— S — §9% 5 M, — 0

where a, = vs(M,). Now

vr(S™) = b,vr(S)

and

er(S™) = buer(S).

Then Theorem 5.1.8 yields

. I/R(Sb") . I/R(S)bn . VR(S)bn . VR(S)bn
1 = lim ——~— < lim ——~— = lim ——— =
o (V) e (M) = ek (ML) T
and
. er(S™)y er(S)b, . er(S)bn .. er(S)b
1 =1 <1 = lim ——— =0.
oo vp(My)  novee vp(My) = nowo vg(My) oo ay 0
Consequently, by the minimal free resolution above, we have
I/R(Mn) ~ M I/R(San) = VR(S)(In, (52)
and
er(M,) ~p er(S™) = er(S)ay. (5.3)
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Combining equivalences 5.2 and 5.3, we have

tim Sy, el erlS)

n—oo Up(S)  n=oo vp(M,)  vr(S)

Thus S is an Ulrich module of R. O]

Theorem 5.2.2. Weakly lim Ulrich sequences do not always exist for (complete) local

domains.
Proof. This is immediate by Theorem 3.1.3 and Theorem 5.2.1. [

Corollary 5.2.3 (Localization). Weakly lim Ulrich sequences do not always localize for
local domains. More precisely, there exist local domains (R, m, k) that have a weakly
lim Ulrich sequence {M,} and a prime ideal p such that {(M,),} is not a weakly lim
Ulrich sequence for R,. Moreover, there exist local domains that have weakly lim Ulrich

sequences and a prime ideal p such that R, has no weakly lim Ulrich sequences.

Proof. This is immediate by taking k to be perfect and char(k) > 0 in Counterexample

3.1.4 and applying Theorem 5.2.1. O

71



[BHM]

[BHU]

[BRW]

[ES]

[Ha04]

Bibliography

A. Beauville. “An introduction to Ulrich bundles.” Eur. J. Math. 4.1 (2018),

pp. 26-36. DOI: 10.1007/s40879-017-0154-4. MR: 3782216. 1, 3

B. Bhatt, M. Hochster, and L. Ma. “Lim Cohen-Macaulay sequences of mod-

ules.” In preparation. 8, 18

J. P. Brennan, J. Herzog, and B. Ulrich. “Maximally generated Cohen-Macaulay
modules.” Math. Scand. 61.2 (1987), pp. 181-203. DOI: 10.7146/math.scand.

a-12198. MR: 947472. 4

W. Bruns, T. Romer, and A. Wiebe. “Initial algebras of determinantal rings,
Cohen-Macaulay and Ulrich ideals.” Michigan Math. J. 53.1 (2005), pp. 71-81.

DOI: 10.1307/mmj/1114021085. MR: 2125534. 4

D. Eisenbud and F.-O. Schreyer. “Resultants and Chow forms via exterior
syzygies.” With an appendix by J. Weyman. J. Amer. Math. Soc. 16.3 (2003),

pp. 537-579. DOI: 10.1090/50894-0347-03-00423-5. MR: 1969204. 3, 5

D. Hanes. “On the Cohen-Macaulay modules of graded subrings.” Trans. Amer.
Math. Soc. 357.2 (2005), pp. 735-756. DOIL: 10.1090/S0002-9947-04-03562~-7.

MR: 2095629. 23

72


https://doi.org/10.1007/s40879-017-0154-4
https://www.ams.org/mathscinet-getitem?mr=3782216
https://doi.org/10.7146/math.scand.a-12198
https://doi.org/10.7146/math.scand.a-12198
https://www.ams.org/mathscinet-getitem?mr=947472
https://doi.org/10.1307/mmj/1114021085
https://www.ams.org/mathscinet-getitem?mr=2125534
https://doi.org/10.1090/S0894-0347-03-00423-5
https://www.ams.org/mathscinet-getitem?mr=1969204
https://doi.org/10.1090/S0002-9947-04-03562-7
https://www.ams.org/mathscinet-getitem?mr=2095629

[Ha99)]

[HH]

[Hoc72]

[HUB]

[IMW]

[L60]

[M2

D. Hanes. Special conditions on mazximal Cohen-Macaulay modules, and ap-
plications to the theory of multiplicities. Ph.D. thesis. University of Michigan,
1999, 107 pp. URL: https://www.proquest.com/docview/304517426. MR:

2699070. 2, 4, 19, 22

M. Hochster and C. Huneke. “Indecomposable canonical modules and connect-
edness.” Commutative algebra: syzygies, multiplicities, and birational algebra
(South Hadley, MA, 1992). Vol. 159. Contemp. Math. Amer. Math. Soc., Prov-
idence, RI, 1994, pp. 197-208. DOI: 10.1090/conm/159/01509. MR: 1266184.

12

M. Hochster. “Rings of invariants of tori, Cohen-Macaulay rings generated by
monomials, and polytopes.” Ann. of Math. (2) 96 (1972), pp. 318-337. DOI:

10.2307/1970791. MR: 304376. 26

J. Herzog, B. Ulrich, and J. Backelin. “Linear maximal Cohen-Macaulay mod-
ules over strict complete intersections.” J. Pure Appl. Algebra 71.2-3 (1991),

pp. 187-202. DOI1: 10.1016/0022-4049(91)90147-T. MR: 1117634. 4

S. B. Iyengar, L.. Ma, and M. E. Walker. “Multiplicities and Betti numbers
in local algebra via lim Ulrich points.” Apr. 20, 2021. arXiv:2104.10140v1

[math.AC]. 4, 24

C. Lech. “Note on multiplicities of ideals.” Ark. Mat. 4 (1960), 63-86 (1960).

DOI: 10.1007/BF02591323. MR: 140536. 2, 18

D. R. Grayson and M. E. Stillman. “Macaulay2, a software system for research
in algebraic geometry.” Available at http://www.math.uiuc.edu/Macaulay?2/.

48, 49

73


https://www.proquest.com/docview/304517426
https://www.ams.org/mathscinet-getitem?mr=2699070
https://doi.org/10.1090/conm/159/01509
https://www.ams.org/mathscinet-getitem?mr=1266184
https://doi.org/10.2307/1970791
https://www.ams.org/mathscinet-getitem?mr=304376
https://doi.org/10.1016/0022-4049(91)90147-T
https://www.ams.org/mathscinet-getitem?mr=1117634
https://arxiv.org/abs/2104.10140v1
https://arxiv.org/abs/2104.10140v1
https://doi.org/10.1007/BF02591323
https://www.ams.org/mathscinet-getitem?mr=140536
http://www.math.uiuc.edu/Macaulay2/

L. Ma. “Lech’s conjecture in dimension three.” Adv. Math. 322 (2017), pp. 940—

970. po1: 10.1016/j.aim.2017.10.032. MR: 3720812. 3, 7, 19

L. Ma. “Lim Ulrich sequence: proof of Lech’s conjecture for graded base rings.”

May 5, 2020. arXiv:2005.02338v1 [math.AC]. 3, 7, 9, 10, 18, 19, 25

H. Matsumura. Commutative ring theory. Second. Vol. 8. Cambridge Studies in
Advanced Mathematics. Translated from the Japanese by M. Reid. Cambridge

University Press, Cambridge, 1989. MR: Mat. 10

J.-P. Serre. Local algebra. Translated from the French by C. Chin and revised
by the author. Springer Monogr. Math. Berlin: Springer-Verlag, 2000. DOTI:

10.1007/978-3-662-04203-8. MR: 1771925. 10, 14, 15, 61

R. C. Saccochi. Ulrich Schur Bundles in Prime Characteristic p. Ph.D. thesis.
University of Illinois at Chicago, 2020, 70 pp. URL: https://www.proquest.

com/docview/2519038272. 5

C. Huneke and I. Swanson. Integral closure of ideals, rings, and modules.
Vol. 336. London Mathematical Society Lecture Note Series. Cambridge Uni-

versity Press, Cambridge, 2006. MR: 2266432. 10, 13

B. Ulrich. “Gorenstein rings and modules with high numbers of generators.”

Math. Z. 188.1 (1984), pp. 23-32. DOI: 10.1007/BF01163869. MR: 767359. 1, 7

74


https://doi.org/10.1016/j.aim.2017.10.032
https://www.ams.org/mathscinet-getitem?mr=3720812
https://arxiv.org/abs/2005.02338v1
https://www.ams.org/mathscinet-getitem?mr=Mat
https://doi.org/10.1007/978-3-662-04203-8
https://www.ams.org/mathscinet-getitem?mr=1771925
https://www.proquest.com/docview/2519038272
https://www.proquest.com/docview/2519038272
https://www.ams.org/mathscinet-getitem?mr=2266432
https://doi.org/10.1007/BF01163869
https://www.ams.org/mathscinet-getitem?mr=767359

	Dedication
	Acknowledgments
	Table of Contents
	Abstract
	Chapter 1. Introduction
	1.1 Motivation and History
	1.2 Main Theorems
	1.3 Structure of the Thesis

	Chapter 2. Preliminaries
	2.1 Notation
	2.2 Definitions and Properties
	2.2.1 Integral Closure of Rings and Ideals
	2.2.2 The Hilbert-Samuel Multiplicity

	2.3 Ulrich modules and (weakly) lim Ulrich sequences
	2.3.1 Lech's Conjecture


	Chapter 3. Counterexamples Concerning Ulrich Modules
	3.1 Ulrich modules do not always exist for local domains

	Chapter 4. A Candidate Class of Cohen-Macaulay Rings
	4.1 Computing Vn and Wn
	4.2 The Multiplicities of Vn and Wn
	4.3 Relationships between Un, Vn, and Wn

	Chapter 5. Lim Ulrich Sequences and Weakly Lim Ulrich Sequences for Domains of Dimension 2
	5.1 (Weakly) lim Cohen–Macaulay and (weakly) lim Ulrich sequences over domains of dimension 2
	5.2 Weakly lim Ulrich sequences do not always exist for local domains

	Bibliography

