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1. INTRODUCTION

The notion of a difference set in a general finite group was introduced
in [1] and has been extensively studied in the case where the group is
abelian. In [2] we have generalized this concept to that of a loop difference
set and discussed its relation to certain types of block systems and designs.
The present paper discusses certain cases of the existence of these
combinatorial structures in loops which are the additive structures of
special cyclic neofields. More precisely, if (—d)z and (—d), are the right
and left negatives of the element 4 in an additive loop L of order v, then a
v, k, Ay right (left) loop difference set is a k-subset D = {d, , d, ,..., dy}
of I with the property that each element of L — {0} occurs exactly A times
among the differences d; + (—d))p((—d)), + d;),and 0 < A <k <v — 1.
By an easy counting argument it is readily seen that here the parameters
satisfy the equation

v — DA = k(k — 1). (L.1)

We remark that, in contrast to the situation for groups, a right loop
difference set need not, in general, be a left loop difference set. However,
if L is a loop in which D is a right loop difference set then the anti-
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isomorphic copy of L is a loop in which D is a left loop difference set, and
conversely. Thus, we shall withount loss of generality, restrict our attention
to, Joops which admit right loop difference sets.

Fundamental to the present approach is the introduction of further
structure into the loops under consideration, and this is done by restricting
our attention to loops which represent the additive structures of cyclic
neofields of order v. We discuss the conditions under which the eth powers
or the eth powers plus zero, e | v — 1, form a right loop difference set in
these structures. These conditions are, in fact, an extension of Lehmer’s
criterion [4] to cyclic neofields. It is found that for ¢ = 2 the squares and
the squares plus zero form right loop difference sets in every cyclic neofield
of order v = 3 (mod 4).

Essential to the successful application of Lehmer’s criterion is the
development of a workable cyclotomic theory for the structures under
consideration. In Section 3 we construct a special family of right inverse
property (RIP) cyclic neofields for every order v > 5 for which, unlike
the situation for the finite field, the problem of cyclotomy is completely
solved. Here the analysis yields the neofield analogue of residue difference
sets for e = 2 for every set of Hadamard parameters v, k = (v — 1)/2,
A= (v — 3)/4, and complementary Hadamard parameters v, k, =
@+ 1)/2, A, = (v + 1)/4, with v = 3 (mod 4). In the last section we
turn our attention to a special class [3] of commutative inverse-property,
cyclic (CIP) neofields of prime-power order, where the problem of
cyclotomy is solved if and only if it is solved for the corresponding field.
Residue difference sets are investigated for the values e = 2, 3, 4, 6, and 8.
With respect to the situation in the field, no new residue difference sets
are obtained in the constructed neofields for e = 2, 3, 4, and 8. However,
for ¢ = 6 the sextic residues and the sextic residues plus zero are found
to form difference sets in certain classes of these constructed neofields.
This does not happen in the fields.

2. PRELIMINARIES

For the terminology and notation concerning neofields the reader is
referred to Section 2 of [3]. Let N, (+, -) be a cyclic neofield of order v with
presentation given by N, ={0,1,a,4%,...,a°%, a"1 =1, and the
presentation function T(x) =1+ x for all xe N,. We introduce a
cyclotomic structure into N, in a manner analogous to that for finite fields
(see [6] for details). For any proper divisor e of v — 1, 1 <e < v — 1,
we write v — 1 = ef and define the cyclotomic classes in N, by

C;={a*t|s=0,1,..,[f— 1}, i=01,.,e—1 @.n
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Note that the cyclotomic classes are pairwise disjoint, of the same
cardinality, and that their union is N,*. If b is a fixed element in N,*,
let (C;,b; C;) denote the number of ordered pairs (z;, z;)e C; X C;
such that z; -+ b = z;, and (b, C; ; C,) denote the number of ordered pairs
(z;, z;) € C; X C; such that b + z; = z; . Noting that in a cyclic neofield
every element x has a unique two-sided negative —x, where —x = (—1)x,
we define the four types of cyclotomic numbers

(a) (17’)+ = (Cz H 1) CJ')’ (b) (lsJ)E == (C’t > _1’ Cj)’

where 0 < i,j < e — 1. We shall also write z - (—1) as z — 1. Note that
—1=11if v is even and that —1 = a®»V2 if v is odd [5]. Now, the
cyclotomic class to which —1 belongs is given by

(2.2)

{Cos if vf'is even,

“1€ic..,  ifufisodd.

(2.3)
The following lemma gives the elementary relations for the ¢? cyclotomic
numbers of each type for a fixed cyclic neofield N, of order v and fixed
proper divisor e | v — 1.

LemMA 2.1. The four types of cyclotomic numbers, where (i,j) is a
generic notation for any one of the four, satisfy the following elementary
relations for a given N, and e.

() (i + me,j -+ ne) = (i,j) for all integers m and n.
(i) If n; and G, are defined by

—

, vf even and i = 0,
, vf odd and i = ¢/2,
0, otherwise,

- 31’ Jj= O,
M= 0, otherwise,

o

then
e—1 e—-1
=0 =0

® T GHR= Y Gi=r~9,.
© T Gk=Y Gt =r—0b,.

i=0

641/8/1-8
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e—1 e—1

(d) Z Gr=3 GIr=f~n.

j=0

_ (G, Dk,  tfeven,
© G (e/2 :_ ie2+j);, ufodd.

- (e— i j— Dk, vf even,
® GDT=len i 0, ofodd

Proof. (i) follows since N,*(-) is cyclic. From the first four relations
in (i) we prove (c). The other three will follow in similar fashion. The

expression

e—1

Y Gk

j=0
counts the total number of elements of the cyclotomic class C; that are
followed additively by an element of some other cyclotomic class. Now
| C;| = f and the only element of C; not followed by an element from
another cyclotomic class would be —1 when —1 e C;. By (2.3), -1 (C;
either when ¢f is even and i = 0 or when vf'is odd and i = ¢/2. Thus, this
first expression in (c) equals f — §; . By virtually the same argument, the
second expression in (¢) also equals f— 8;. Relations (e), (f), and (g)
follow algebraically from the definitions of the cyclotomic numbers and
2.3).

In the special case ¢ = 2, the distribution of squares and nonsquares
in the rows and columns of the addition table N, for a cyclic neofield
N, provides just enough additional information to combinatorially
determine all of the cyclotomic numbers. We demonstrate this by exhibiting
the numbers (0, 0); for all cyclic neofields of order v = 2f + 1.

LEMMA 2.2. For any cyclic neofield N, of order v = 2f + 1,

@—3/4=(—-1)2 if v=3(mod4),

0,0z = (v — 54 = (f — 2)/2, if v=1(mod34).

The relations of Lemma 2.1 now suffice to determine all cyclotomic numbers
for N, withe = 2.

Proof. Letv = 3 (mod 4). Here fis odd and the relations of Lemma 2.1
imply that (0,0); = (1, )3 = x and (0, Dz + 1 = (1, 0)z = y, where
x + y = f. Now, there are x squares in the set Q, = {a* + (—1) |0 <
i <f—1}, and since 0€ Q, there are f— 1 — x nonsquares in Q.
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Since —1 is a nonsquare, there are f — 1 — (f — 1 — x) = x nonsquares
in the set @y = {a¥* 4- (—1){ 0 < { << f — 1}. Consider the number of
elements z € N, such that —1 + z is a nonsquare. One of these is z = Q.
Suppose z 5= 0. Then the remaining number is the number of ze N, *
such that either z—* + (—1) is a square when z7'is a square or z7* + (—1)
is a nonsquare when z~* is a nonsquare. By the above this number is 2x;
hence, the total number of nonsquares in {—1 4 z]ze N} is 2x 4 1.
Since this number must be f we have x = (f — 1)/2, as asserted. The
proof for » = 1 (mod 4) is entirely similar.

If the cyclic neofield, in addition, has the right inverse property (RIP)
then further relations are obtained.

Lemma 2.3. If N, is an RIP cyclic neofield, then the following relations
hold in addition to those of Lemma 2.1.

o oo (DR, uf even,
@ Gr= (j+Re/2, i+ ef2)s, ufodd.

Proof. We first prove (ii). Now (/) is the number of pairs (r, 5)
such that
atm+t 4 (—1) = a9, O0<rns<f—1.

By the RIP this is the number of pairs (r, s) such that

qesti + 1 = aer—H’

which is (7, i)k . Now (i) follows from (ii) and Lemma 2.1(ii)e.
Further relations are also obtained when the cyclic neofield is (additively)
commutative.

LemMma 2.4, If N, is a commutative cyclic neofield, then the following
relations hold in addition to those of Lemma 2.1.

W) GPr= ) =(e—ij—ik.

o oo @GR, uf even,
W) @Dr= D= 16" e, ey, of odd,

Proof. The first equations of (i) and (ii) are easy. The second equations
follow by Lemma 2.1(ii)f and e.

When the cyclic neofield has both commutative and RIP addition, i.e.,
is a CIP neofield, then the content of Lemmas 2.1, 2.3, and 2.4 reduces to
the elementary relations for the fields (cf. [6, p. 25]).
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We now establish Lehmer’s criterion for the existence of eth power right
loop difference sets in cyclic neofields.

LemMa 2.5. Cyis a {v,(v — L)/e, (v — 1 — e)/e®) right loop difference
set in the cyclic neofield N, if and only if

0,0)z =A=(@—1—e)e?
foralli =0,1,..,e—1.

Proof. Foreachuandi, 0 <u <f— 1,0 <i<e— 1, the number
of pairs (5,2) 0 < 5, t << f— 1, for which

aes — gt = aeu-}-i

is the same as the number for which

qtts—t 1 = ae(u-—t)+z’

which is (0,i)z . Hence, C; is a (v, k, A) right loop difference set if and
only if (0,i); = Aforalli =0, 1,..,e — 1. Since k = f = (v — 1)/e we
have by (1.1) that A = (v — 1 — €)/e.

COROLLARY 2.6. The set of squares is a {v, (v — 1)/2, (v — 3)/4> right
loop difference set in every cyclic neofield of order v = 3 (mod 4).

Proof. By Lemmas 2.5 and 2.2.
As in the case of the finite fields, there is an immediate criterion for the
eth powers plus zero to be a right loop difference set in a cyclic neofield.

LemMmA 2.7. CouU {0} isa<v, (v — 1 + e)fe, (v — 1 + e)/e®) right loop
difference set in the cyclic neofield N, if and only if

@) for uf even, (0,0 +2= (0,05 = (v — 1+ e)fe® for all i,
1<ig<e— 1.

(i) for of odd, (0,005 1 = (0, ¢/)5 + 1 = (0,0)5 = (© — 1 + e)/e?
SJoralli + 0, e/2.

Proof. Similar to the proof of Lemma 2.5. Here we have the additional
differences a*” — 0 = g and 0 — g = —a*, 0 < r < f— 1. These
represent each element in C, twice if —1 € C, , i.e., vfis even, and represent
each element in C, and in C,,, once if —1 € C, 5, i.e., vf is odd. Hence the
lemma.
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COROLLARY 2.8. The set of squares plus zero is a <{v, (v + 1)/2, (v + 1)/4)
right loop difference set in every cyclic neofield of order v = 3 (mod 4).

Proof. By Lemma 2.2 and part (ii) of Lemma 2.7.

COROLLARY 2.9. If N, is an RIP cyclic neofield then

@ Cyisalv, (v — Ve, (v — 1 — e)fe* right loop difference set in N,
ifandonly if (,0), = (v —~ 1 —e)fe2 foralli =0,1,..,e — 1.
(i) CoU{Otisalv, (v — 1+ e)fe, (v — 1 - e)/e?> right loop difference
set in N, if and only if
(@) for of even, (0,0)f + 2 = (i,0)% = (v — 1+ e)fe* for all
il<i<e— 1,
(b) forufodd, (0,0); 4 1 = (¢/2,0); + 1 = (i, 0)f = (v—1+e)/e?
Sfor all i += 0, e/2.

Proof. Lemmas 2.5, 2.7, and part (ii) of Lemma 2.3.

Lemma 2.10. If C, or Cy U {0} is a right loop difference set in a cyclic
neofield N, , then 2 + ged(e, f).

Proof. If v is even then ¢ must be odd; while for v odd, (f — 1)/e or
(f -+ D/e (i-e., A) an integer implies that e and f cannot both be even.

The following result, which is used implicitly in the last section, follows
directly from the work of Lehmer [4].

Lemma 2.11. If N, is a commutative cyclic neofield of odd order v,
then exactly one of the cyclotomic numbers (0, h)} is odd.

Proof. Suppose z,-+ 1 =1z, where z,cC, and z;eC;. Then
gt +1 =14 z5" = (zp + 1) 23" = z,z5" where 75 € Cyand z,;z3' € C; .
These solutions z, , z;* pair up except when z, = z;* or z, = +1. Since
—14+1=0¢C;, z, = —1 is ruled out, and since 1 5% -1 when v is
odd we are left with 1 4~ 1 = z, = 0 for some h. Here z, = 1 is unpaired,
whence (0, A)} must be odd.

In the subsequent sections we shall be concerned only with RIP cyclic
neofields and right loop difference sets therein, We therefore restrict our
attention to the cyclotomic numbers (i, j); for these structures, and
henceforth simply write the more usual (i, j) for them.

3. A Crass oF CycLic RIP NEOFIELDS

In this section we construct a special infinite family of cyclic RIP
neofields and show that here, unlike the case for the finite field, the problem
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of cyclotomy (and hence the existence of eth power difference sets) is
completely solvable. Let N, = {0, 1, g, a?,..., a?~% be the set of elements
written in terms of the multiplicative generator «, a*! = 1, where
O:x=x-0=_0forall xeN,.Forv > 5 we construct the presentation
function 7: N, — N, as follows:

(1) Ioviseven

1, x =0,
T(x) = {0, x =1,
a¥, x=dandl <j<v—2.
2) Hwvisodd
1, x =0,
_Ja¥, x=aand 0 < j < (v — 3)/2,
T(x) = 0, x = —1 = gv-v/2,
a¥, x=dand v+ D2 <j<<v~2

The addition in N, is introduced by 0 + x = x + 0 = xand | + x = T(x)
for all xe N, and is extended to all of N, by distributivity. Clearly the
function 7T is onto. It is easy to verify that for no x,yeN,, x # 1, do
we have xT(y) = T(xy), whence N,(+) is a loop and thus N,(+, °) is
a cyclic neofield. It remains to be shown that these neofields have the RIP.

LemMma 3.1.  The neofields N, constructed above have the RIP.

Proof. Since N*(-) is cyclic and both distributive laws hold, it suffices
to prove that for all j, 0 < j < v — 2, we have

@+ 1)+ (=) =d.

We give details for the (more difficult) case where v is odd; the analysis
for even v being entirely similar. For j = 0 we have, by construction

A+D+ ) =TH + (=D
= a(l + a®-32) = qT (@97 = 1.

For 1 < j < v — 2 we use the relation @’ + 1 = a’T(a™%), whence

av_j—l, 1 <j < (U - 3)/2a
@+ 1 =10, j=@w-—1)2,
avi, w+D2<Lj<v—2,
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and then
a(v—l)/z(a(v—l)/z—j + 1)’ 1 <)< (u — 3)/2,
@ + 1)+ (=1) = g, j=@—=Dp,
avVR(g-D2=it L) (0 + D2 < L v -2,
= al.

The additive class structure for this collection of neofields is completely
determined by the following theorem.

THEOREM 3.2. Let v =¢f + 1 > 5, and let N, be the cyclic RIP
neofield of order v constructed above. Then, the nonzero cyclotomic numbers
,7),0 <i,j<e- 1, for N, and e are given by

(i) v even:

0,00 +1=(k,e—k)y=f for k=12,.,e—1.
(i) v odd:

(a) Iffis even,

=tk,e—k+1D)=f2 for k=12,.,¢e—1.

(b) Iffis odd,
(e/2, e/2) = (e[2,¢/2 4 1) = (f — D)2,
and
ke —ky=t(k,e—k+1D-+1
=(f+12 for k=1,2,.,(e—2)2,

while

kie—k+1=(k,e—k+1)=((+ D)2

Jor k= (e 2)2, (e + 4/2,....,e —1,e.

Proof. We present the proof for v odd, the proof for v even being
similar, By construction,0 +1 = 1,1+ 1 = g, and

a1 << (v-—-3)2,
dr1=10,  j—@—Dp
avi, +D2<j<e 2
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Now, a+1=a"2eC,, since v—2=¢f+1—2= —1 (mode),
whence, for 1 < 1 + ke < (v — 3)/2,

al+ke _|_ 1 = gqv—2-ke ¢ Ce—l

also. Now
v —3))2 =1f2le — 1 + }ed;
where
5. — 0, feven,
77,  fodd,

whence, if fis even, there are (f — 2)/2 complete residue systems modulo e
plus the residues 1, 2,..., e — 1 among the exponents j, 1 <j < (v — 3)/2,
while, if fis odd, there are (f — 1)/2 complete residue systems modulo e
plus the residues 1, 2,..., (¢ — 2)/2 among these exponents.

Similarly,

v—2—(@+DR2+1=@0—3)2=1[f2l—1+ e,

and

— ({1 (mod e), feven,
W+DR2=eff2+1= e/2+ 1(mode), fodd,

whence

Co, feven,

a2 1| = gl-D2 e {
+ C.n,  fodd.

Thus, if fis even there are again (f — 2)/2 complete residue systems mod e
plus the residues 1, 2,..., e — 1 among the exponents j, while if fis odd,
there are (f — 1)/2 complete residue systems mod e plus the residues
ef2 4 1,e/2 + 2,..., e — 1 among these exponents. Collecting these results
yields the theorem.

The cyclotomic matrix for N, and e is defined to be the ¢ X e matrix C,
whose 7, j entry is the cyclotomic number (7,5), 0 < i, j <<e— 1. As
illustrative examples, we exhibit the matrices C, for vodd and e = 2, 3, 4.

v—5 | v—1 v—3 | v+1
4 4 4 4

<
ol
—
<
SN
—_
<
B
(9%)
<
-P-!I
w

feven fodd
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v—7 1 v—1
< |6 °
v—1 v—1
e=31=| 0 %
v—1 | v—1
0 6 6
f even
v—9 | p—1 v—5 | v+3
g 5 0 0 3 5 0 0
v—1 v—1 vr—5 v+3
ool I AU -l N e el U L o o
e = 4:
v—1 | v—1 v—5 1 v-5
01 0% =% |=% O 10 ||
v—1 | v—1 v—5 1 v+3
O 1w ° L -l -l
feven fodd

Theorem 3.2 and Corollary 2.9 give immediate necessary and sufficient
conditions for the eth-powers or the eth-powers plus 0 to form a right loop
difference set in the above cyclic RIP neofields.

THEOREM 3.3. The set of eth-powers and the set of eth-powers plus 0
in the special class of cyclic RIP neofields N, (v > 5) constructed above form
a right loop difference set if and only if e = 2 and v = 3 (mod 4), in which
case the parameters of the difference set are v,k = (v — 1)/2,A = (v — 3)/4
andv, k = (v+ 1)/2, A = (v + 1)/4, respectively.

We remark that for v = 7 we have
Co = {1, a2 a%, @+ Cy =10, 1, a},
1 + Cl) = {aa a2, 05}’ (14 + Co = {15 a3’ 05}’
a+ Cy=1{0,a"a%, @+ Cy={0,a a%,
at + Cl) = {a: a3’ (14},

641/8/1-9
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which is a <7, 3, 1) block design, by inspection; we also have the <7, 4, 2>
block design {x 4+ D} for D = C, U {0}and xe N, . For v = 7, however,
we have

1+ Cy={d1 <j<v—2andj=1,2(mod 4)},
a*+ Cp = {43 <i<v—3andi=0,3(mod4)} U {a},
and
1 +{CoU{0}} = {1 + Cp} U {1},
@* +{Co U {0} = {a® + Co} U {a*},
whence
{l + C}nia* + C} = {a},

and A = (v — 3)/4'> 1 implies that C, is not the initial block of a
v, (v — 1)/2, (v — 3)/4> right loop design. Further,

(1 +{G VU {0}) N (@ + {Co Y {0}}) = {a, a,

and A = (v -+ 1)/4 > 2 implies that C, U {0} is not the initial block of a
v, (v + 1)/2, (v + 1)/4) right loop design. Nevertheless, by Theorem 3.2
of [2], we have that

[ ConN(x+C)li=A forall xeN,,x 0,

whenever C, is a right loop difference set in a cyclic neofield with the RIP.

4. CycLotoMy IN A FamiLy or CIP NEOFIELDS

Let F,(+, -) be a finite field of order v = ef + 1 > 11 with presentation
given by F, = {0, 1, a, @%..., a°% and the presentation function 7(x) =
1 4+ x, xeF,. Define T, on F, by

T(x), x =0, —1,

Tolx) = x/T(x),  otherwise,

and T’ by
T'(x) = —1+x, xeflF,.

Let S = {x e F,| T'Ty(x) # x}, and for x € S define the orbit 8(x) of x by
0(x) = {x, T'To(x), (T'To)*(x)}-

The following theorem was proved in [3].
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THEOREM 4.1. Let F (-, *) be a field of order v = 11 with presentation
Sunction T, and let T, be any mapping on I, satisfying

(@ T,=Tand T, = TyonF,,

(b) for each x €|, , either T (x) = T(x) or Ty(x) = Ty(x),

(c) if Ty agrees with T (or Ty) at x € S, then T, agrees with T (or T,)

on B(x) U H(x),

Then T is the presentation function for a CIP neofield N ([H, -) where N ()
is identical to F ().

In order to discuss the cyclotomic structure of the neofields N,
constructed by Theorem 4.1, we assume that the cyclotomic structure for
F. and e is known. For x € .S we have

0y v O(x™) = {x, —1/T(x), —T(x)/x, 1/x, —x/T(x), —T(x)},
which reduces to a triple
o(1) = {1, —YT(1), —~T(1)}

precisely when x e 8(1). If T, is the presentation function of a fixed
neofield N, constructed by Theorem 4.1, and if x € § — 6(1) is an element
of N, for which T, (x) = T(x), then the cyclotomic relations for F, and e
are altered in a regular manner depending upon the cyclotomic classes
to which x and T(x) belong. For x € C; and T(x) € C;, we have Table 1.

TABLE I

8x)y v 8(xY) T{0(x) ©w 8(x)} Tolb(x) © 8(x~1)}

X

eC, T e G ——eC,
X (x) o) € ;
—1 {C.;ufeven X —~1 {C,_;tfeven
— ——€ Ci_j —c
7() {Cuesvfodd () X ACupa-s tf 0dd
R O i U) —1 \ e—1
T(x) . {Cs; tf even -t C,_, vfeven TeC,
X {Cojpuii vf 0dd x  AC, vfodd
i T(x) 1
- C1.7[ — CIA,' - e—j
S e T [S T eC
—x _{Ci_, vf even { {C: vf even
— € — e Cpy —XE |
T(x) {Coerimsvf odd T(x) IC.ovivf 0dd
CTwe 3C . vf even e C; vf even T(x) cC,,
l’C,/2+,- of odd Cejari vf 0dd X
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Hence, replacement of T by T, on 8(x) U 8(x~?) effects the changes in the
cyclotomic relations for F, and e as shown in Table 1I.

TABLE 11
vfeven vf odd

decrease by 1 increase by 1 decrease by 1 increase by 1
0N G,i—J) @) i—pn

.. . R , e .. . € , € ,
e—ji—jp (—je—1i (3 I i 1) (—2— hs t)
Geie—i) (i (€+._.e ) (6’+. )
J—Le—1 J— L] 2 J—1 "2‘ i —2' J—4J
e—ij—1) (e—ie—)) (e —ij—1i) e—die—j)
G—j N G—)i (6’+. , ) (€+. .6’+.)
i—je—J i—J, i) 5 T Je—J S =L T
G i) Gj—i e+.t’+.) (€+.. )
(1 sJ— 1) (2 by i 5 Thi—d

If we now denote by (i, j) the orbit of the cyclotomic number (i, )
under the elementary cyclotomic relationships for commutative IP
neofields

@ GH=(—ij—i

o (G D vf even,
o G)= (e/2 +j,ef2 +1i), ufodd,

we find
(. j)
(i) 2> (e — i, j — ) (i) 2> (e — i, j — 1)
bI Ib bI 11,
) G—ie—0 (+ig+i) (G+i—iz—i)

aI 10 ai 111
e —ji=pli—je~j) (5—ii—j)<>(G+i—ie—i
vf even of odd
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Direct comparison shows that 6(, j) and &(e — i, e — j) comprise the
entries under “decrease by 1” and “increase by 1, respectively, in the
above table; thus the orbits @(,j) and 6(x) U §(x~1) are intimately
connected. We remark that the orbits under @ are {(0, 0)} for uf even,
{(0, ¢/2)} for uf odd; {(e/3, 2e/3), (2¢[3, e/3)} for uf even, {(e/3, e/6),
(2e/3, 5¢/6)} for vf odd, when e = 0 (mod 3); {(i, 0), (e — i, e — i), (0, 1)}
for vf even, {(i, e/2), (e — i, ¢/2 — i), (0, ¢/2 -+ i)} for vf odd, when i == 0
(mod ¢); and the proper sextuples @(, ) otherwise. In the first two cases
we have O(, j) = B(e — i, e — ), whence the choice T, = T, on the
corresponding sextuples leaves the cyclotomic numbers for the parent
field structure unaltered. In the third case we have @(i, j) = O(e — i, e — j)
if and only if e is even and i = ¢/2, while if ©(, j) is a proper sextuple
we find ©(i,j) = O(e — i, e — j) for exactly the schemes

06, /)
Qi, i) «—> (e — 2i,e — i) i, i) < (e — 2i,e — i)
! ! ! !
i, 2i) (e — i, e — 2i) (g+i,%—{—2i) (g_i,g—zi)
} ! ! !
(e — i, i) ~——> (i, e — i) (g—i,i)<———>(%—i—i,e~i)
vf even vf odd

where neither i nor 2/ = 0 (mod e). In every remaining case the choice
T, = T, on the relevant sextuple 8(x) U 6(x~?) alters the field cyclotomic
numbers by +2 or 41 depending on whether or not 8(, j) is a triple or
a sextuple; the (inequivalent) cyclotomic numbers affected are the represen-
tatives of 8(i, j) and G(e — i, e — j), respectively. Finally, if 7(1) =2 € C;,
then the choice T, = T, on 8(1) effects the change as shown by Table I1I,

TABLE 11
vf even vf odd
decrease by 1 increase by 1 decrease by 1 increase by 1
©,/) ©,e —)) ©,) ©,e—p
e 4 e
—e—j -0 (___.’ “.) (__.’__)
e—je—D e~j,0 5 —he—J 7 55
e e e
N Ve R
(.0 (18)] > th 5 T




124 JOHNSEN AND STORER

which leaves the cyclotomic numbers for the field unaltered if and only if
Jj = 0 where | ©(0, 0)] = 1 or j = e/2 where | €(0, ¢/2)] = 3 for vf even;
Jj = 0 where | ©(0, 0)| == 3 or j = ¢/2 where | 8(0, ¢/2)| = 1 for of odd.
We remark that, for small values of e, the eth power character of 7(1) = 2
is known, and thus j is explicitly determined by v (see [6], for example).

Combination of the preceding remarks shows that the cyclotomic
structure of any neofield N, constructed from the field F, by Theorem 4.1
is determined by the corresponding structure in F, ; in fact we have proved
the following theorem.

THEOREM 4.2. Let N, be a fixed neofield constructed from the field I,
of order v = p* = ef + 1 by Theorem 4.1, let X = {x,, x5 ,..., x,,} be an
ordered system of representatives for the orbit pairs 0(x) U 6(x7) from S
on which Ty = T,, and let | X; ;| be the number of elements x, € X,
X3 & 0(1) for which x;’ € C; and T(x;)) € C; for some x; € 0(x;) U 8(xY).
Finally, let

U = {4, ;| A;; a representative of 6(i, j)}

and
W = {4];| A} a representative of ©(,j)}

be the inequivalent cyclotomic numbers for F,, e and N, , e respectively.
Then we have

A;,; = Az',f
if
1) 16Gj)) <3,
(2 1 63,)) = 3 and (¢/2,0) € 6(, ),
(3) | 0G,)) = 6 and for some i', (2i',i") € O, j).
Otherwise,
r 6 —_— N — 8.
Ajy == Ay + TOGI O Xgimg ) — 1 Xis ) — 85
where

1, fo)NX = @ and2eCy
for some (0,j) € (i, ), j* # 0, ¢/2,
8is=(—1, FOUNX+* zand2eC,
for some (0,j) e @G, j),j # 0, /2,
0, otherwise.
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We now apply Theorem 4.2 to the neofields N, and those e, namely
e=2,346, and 8, which have proven themselves interesting com-
binatorially in the case of the fields [, . We then discuss the resulting
combinatorial structures in N, and their relationship to the corresponding
field structures in these cases. We have, in the following corollaries,
used the known cyclotomic structure for [, and e (as in [6]).

COROLLARY 4.3. When e = 2, the cyclotomic matrices for the neofields
N, have the forms

Al B A | B
B! B A A
vf even of odd

and the inequivalent cyclotomic numbers are given by
44 = v — 5, 44 = v — 3,
4B =p — 1, 4B = v 4 1,

feven fodd.

COROLLARY 4.4, When e = 3, the cyclotomic numbers for N, are given
by the matrix

Al B\| C
B|C | D
C|D| B
and the relations
94 = v — 8 + ¢,

18B = 2v — 4 — ¢ — 9d — 18e,
1I8C =2v — 4 — ¢ + 9d + 18e,
9D =v 4+ 1 +¢
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where

€ = 80,1 + 2(] Xo,1 l - l X0.2 ])’

and 4p* = ¢* 4 27d? with ¢ = 1 (mod 3); the sign of d is ambiguously

determined.

We remark that, using the cubic character of 2 € |, , we have

1, for ®(1) N X % @ and ¢ + d = 0 (mod 4),

80.1 = {~—1 ’
0, otherwise.

COROLLARY 4.5.
by the matrices

A|B|C|D

B|D;E|E

C|E|C|E

D|E|E|B
vf even

and the relations
164 = v — 11 — 6x,
168 = v — 3 + 2x + 8y -+ 16¢,
16C = v — 3 + 2x,
16D = v — 3 + 2x — 8y — 16e,
16E = v+ 1 — 2x,

where

for (1) N X # @ and ¢ — d = 0 (mod 4),

When e = 4, the cyclotomic numbers for N, are given

A|lB|C|D

E{E|D| B

A|E|A|E

E|\D|B}E
vf odd

164 = v — 7 4 2x,
16B = v+ 14 2x — 8y -+ 16e,
16C = v + 1 — 6x,
16D = v+ 14 2x + 8y — 16e,
16E = v — 3 — 2x,

€= 03+ 2(| Xos| — | Xo11)

and v = p* = x% + 4y? with x = 1 (mod 4); the sign of y is ambiguously

determined.
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In the cases e = 6 and 8 below, we present the results only for the
combinatorially interesting case uf odd (cf. Lemma 2.10); the analysis
for vf even is entirely similar.

COROLLARY 4.6. When e = 6 and vf is odd, the cyclotomic numbers
for N, are given by the matrix

and the numbers (i, 0) = {4, G, H} are given by

364 = v— 11 + 4C, T2A = 2v — 22 — ¢ — 94,
36G=v—5—2c+9d+ 36, 72G = 2v — 10 + 5c + 9d + 72¢,
36H=1v—5—2c—9d — 36e, 72H = 2v — 10 — 4¢c — T2¢,

if2eCyor Cy if2€Cyor C;

724 = 20— 22 — ¢+ 9d,
72G = 2v — 10 — 4c¢c + 72e,
72H = 20 — 10 + 5¢ — 9d — 72e,
if2eCyor C,
where

€=IX1.1I“{X1.0|

and v = p*, where 4p* = c* + 27d? with ¢ = 1 (mod 3); the sign of d is
ambiguously determined.
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COROLLARY 4.7. When e = 8 and vf is odd, the cyclotomic numbers
Jor N, are given by the matrix

A|B|C|D|E|F|G|H
I | J | K|L|F|D|L |M
N|O|N|M|G|L|C|K
J|1O|O|I|H|M|K|B
A|T | N|J|A{ T | N|J
I HIM|K|B|J| O] O
N|IM|G|L|C|K|N|O
J|K|L|F|D|L|M|I

and the numbers (i, 0) = {4, I, N, J} are given by
644 = v — 15 — 2x, 644 = v — 15 — 10x — 8a,
64 = v — T+ 2x+4da-+64e, 641 = v — 7+ 2x 1 4a + 16y + 64e,
64 = v — 7+ 2x + 4a — 64e, 64J = v — 7 + 2x + da — 16y — 64,
64N = v — 7 — 2x — 8a, 64N = v — 7 + 6x,

if2eCyor C, if2¢C,, C,

where

GZIXMI—’IXLOI

and v = p* = x? + 4y® = 4% + 2b® with x = a = 1 (mod 4); the signs
of y and b are ambiguously determined.

The Lehmer criterion (Corollary 2.9), in conjunction with Theorem 4.2,
gives immediate necessary and sufficient conditions on the order v that the
set of eth-powers or eth-powers plus 0 for ¢ = 2, 3,4, 6, and 8 form a
right (and left) loop difference set in the commutative IP neofields N,
constructed from Theorem 4.1.
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THEOREM 4.8. The neofields N, with v = p* = ef + 1 arising from
Theorem 4.1 admit the eth-powers or the eth-powers plus 0 as right (and left)
loop difference sets for e = 2, 3, 4, 6, and 8 as follows:

(1) e=2,v=p"=3(mod4) andall N, .
(2) e = 3: C,+ {0} is a difference set in F.4 only.

(3) e = 4; If Cyor Cy + {0} is a difference set in the field F, , then it is
a loop difference set in every neofield N, arising from Theorem 4.1 and
conversely. Explicitly, Cy is a difference set for v = p* = 1 + 4¢®
with t odd and Cy + {0} for v = p* = 9 + 412 with t odd.

4) e=6; C, is a loop difference set in N, when v =p* =
10892 + 36m -+ 7 and A = 32+ n; C,+ {0} is when v = p* =
10872 + 108% 4 175 and A = 3n* 4 Sn + 5, where » = J-¢ and
2¢ Cyor Cy.

(5) e =8; If Cyor Cy + {0} is a difference set in the field &, , then it is
a loop difference set in every neofield N, arising from Theorem 4.1
Jor which € = 0, and conversely. Explicitly, C, is a difference set
for v=p* =9+ 64y2 = 1 + 8b* with y, b odd, and C, + {0} for
v = p* = 441 4 64y = 49 4 8b? with y, b odd.

Proof. We first note that when e is even, v and f are both odd, and
when e is odd, v is even and fis odd. Then (1) is trivial and (2) foliows
from Corollary 4.4 and inspection of the field and neofield tables. For (3)
note in Corollary 4.5 that 4 and E are invariant under the neofield
constructions of Theorem 4.1. There are no 6th power difference sets in
the fields F, ; here, in (4) from Corollary 4.6 for C, we have for 2 ¢ C,
or Ct4=G and 4= H if and only if ¢+ 3d = 4 + 24¢ and
—c¢ -+ 3d = 2 — 12¢, respectively. Hence ¢ = 1 + 18¢ = 1 (mod 3) and
d =14 2¢ implies 4p* = (1 4 18€)® 4+ 27(1 + 2¢€)2, or p* = 108e% -
36e + 7, and by Corollary 2.9, A = 3€® + . Similarly for C, U {0} where
we take 2 € C, or C; . Case (5) follows the analysis for the field.

The cases (1), (3), and (5) of the theorem, being direct analogues of the
fields, are not very interesting combinatorially since the difference sets
in the fields are already <{v, k, A> designs. In case (2) for ¢ = 3, the single
example is for the field GF(16) (see [6, p. 36]) and there is no corresponding
loop difference set in the proper commutative IP neofield Ny, . In case (4),
however, for ¢ = 6, many new examples occur, the smallest for the
6th-powers in the 3.2® &~ 2 distinct neofields N,y . A computer search
has revealed, however, that C, and its translates do not form a design
in any of these neofields.

As a final remark, since 122 -+ 12 4+ 1 = 157 and 152 - 15 + | = 241
are primes, and 182+ 18 + 1 = 343 = 73, we have examined the
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commutative IP neofields of these orders obtained by Theorem 4.1, and
have found that the 12th-powers, the 16th-powers plus 0, and the 18th-
powers, respectively, form loop difference sets in none of these. The
method is thus too restrictive to attack the problem of the existence of
projective planes of orders 12, 15, and 18.
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