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S C A L E  E F F E C T S  A N D  CRACK P R O P A G A T I O N  IN N O N - L I N E A R  

E L A S T I C  S T R U C T U R E S  
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S u m m a r y - - N e w  sealing laws are proposed for crack propagation in geometrically similar 
non-linear elastic structures. The stresses to cause cracking in large non-linear elastic 
structures are even smaller than those in larger linear structures. 

INTRODUCTION 

GUR~EY A~D HU~T 1 out l ined the  laws of  
s imil i tude and  crack p ropaga t ion  in linear 
elastic s t ructures ,  where the  load (X) and  the  
d i sp lacement  (u) re la t ionship  a t  cons tan t  
c rack  area  (A) is specified b y  (~u/OX)~ = u / X .  
One of  us has  appl ied these  laws to  the  par -  
t icular  p rob lem of  the  scaling of  ice-breaking 
forces as measured  in towing t a n k  experi-  
ments.2, 3 Three  scaling laws have  been 
formula ted ,  one relates  to the  stresses (a) a t  
corresponding points  of  a model  (m) and  a 
p r o t o t y p e  (p) c racked  s t ructure ,  and  the  
o ther  two to  the  f rac tu re  load and  the  
corresponding f rac ture  displacement .  Thus,  

a v =  1 u v=~/,~, X v _:  , __= = (1)  

where 2 is the  l inear  scale fac tor  o f  the  pro to-  
t y p e  to the  model .  I t  has  also been p roved  
t h a t  under  s imilar  tes t ing  conditions,  the  
p r o t o t y p e  ve loc i ty  (dp) is a lways  grea te r  t h a n  
the  model  ve loc i ty  (din) and  their  relat ion-  
ship is g iven as 

a /am = (2) 
There  are, however ,  m a n y  pract ica l  s i tua-  

t ions in which the  de fo rmat ion  of  c racked  
s t ructures ,  a l though reversible, is no t  propor-  
t ional  to  the  appl ied load. Fo r  such cases, 
the  scaling laws given in equat ions  (1) and  
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(2) would not  be applicable.  I t  is the  purpose  
of  the  present  note,  therefore,  to develop 
new scaling laws which would be app rop r i a t e  
for describing crack p ropaga t ion  in gee- 
met r ica l ly  s imilar  non-linear elastic s t ruc-  
tures.  

ANALYSIS 
Consider a model cracked structure and a proto- 

type cracked structure with a linear scale factor 
(~). Let their non-linear load-displacement rela- 
tionship at constant crack area be 

x = k(A) u-, (3) 

where k(A) is any mathematical function in A and 
n is the degree of non-linearity. From the con- 
cepts of non-linear elastic fracture mechanics 
introduced by Gurney and Ngan, 4 we have 

~ f ( X u -  h)~ , (4) 

where ~ and A are the complementary and strain 
energy functions, and R is the fracture toughness. 
Thus, 

k' 
R = (n+ I) k-("+1~/"XC~+1~/"' (5) 

where k' = dk/dA, the prime notation is used for 
the area derivative. By applying equation (5) to the 
model and prototype cracked structures, we 
obtain 

R-= = k- ~kd ~-=I" " (6) 

Equation (3) gives 

-~ = ~ x  J ~ u , l  

and (7) 

k-7~ ---- (d/dA,~)(k,~) -- X i ~ ~ " 
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FIG. 1. (a) Varia t ions  of  a,~/a~ with  )t. (b) F rac tu re  
load rat ios  X~/X,,, vs  X. (e) F r a c t u r e  d isp lacement  

rat ios  ~v/um vs  )L 

Combining equat ions  (6) and (7), this gives 

1 
R-: = ~ " (S) 

Now consider stresses and strains a t  corre- 
sponding points  in the  model  and pro to type ,  where 

x ~  = ~ ,  x ~  = / ~  .... ) 
(9) 

t 1/n  Ul) ~ ~ G ~ l / n ~  U m Ot(~ m , 

a and f~ in the  above  equa t ion  are  some constants .  
Therefore,  using equa t ion  (8) in conjunct ion  wi th  

expressions in equa t ion  (9), we could der ive  the  
scaling laws for non-l inear  elastic s t ructures  as 

R---: = ~ /  ~ '  ] R~ A(a.21(n+w ", (10) 
m ~ \G in /  

R,, ~ x j  
$ 

For  s i tuat ions where the  model  and p ro to type  
have  invar ian t  f rac ture  toughness  so tha t  R~ = Rm, 
equa t ion  (10) can be simplified to 

U__.~ -~- /~n / (n+l )  

Um 

a__2 = ~-~z(~+l), (i1) 
(3" m 

X v  ~ ( n + 2 ) / l n + l ) ,  

i m  

I t  should be no ted  tha t  the  new scaling laws 
thus  der ived depend explici t ly on the  degree of  
non- l inear i ty  of  the  elastic s t ructures .  W h e n  
n = 1, i.e. s t ructures  become l inear elastic, equa-  
t ion (11) degenerates  to those shown in equa t ion  
(1) as expec ted ;  and when n is larger i.e. s t ructures  
become highly non-linear,  both  the  f rac ture  load 
and displacement  v a r y  linearly, and  the  stress 
varies inversely wi th  the  scale factor.  Figs. l ( a ) -  
(c) show the  var ia t ions  of  a~/a~, X~/X,,~ and u~,/u~ 
with  ~ for va ry ing  degree of nonAinear i ty  (n). 

DISCUSSION 

A striking conclusion follows from the second of 
equat ion  (11), namely ,  t h a t  t he  stresses to cause 
cracking in large non-l inear  s t ructures  are  even  
smaller  t h a n  those  in large l inear elastic s t ructures ,  
i.e. a~ = a,~])~ as opposed to a~ = a~N~. This 
observat ion  does not  seem to have  been presented  
previously.  The  difference in scaling also suggests 
t h a t  non-l inear  l abora tory  test-pieces should dis- 
p lay  general ized yielding more  readi ly  t h a n  l inear 
test-pieces.  

I t  should also be no ted  t h a t  in the  der iva t ion  of  
equa t ion  (10) or (11) for scaling effects in non- 
l inear elastic cracked structures ,  we assume geo- 
met r ica l  s imilar i ty  be tween  the  mode l  and  proto-  
t ype  bo th  under  loaded and unloaded conditions.  



Scale effects and crack propagation in non-linear elastic structures 

Whether this assumption is realistic or not  has to 
be experimentally determined but  unfortunately 
there is practically no published information on 
the subject for us to do any evaluation of the 
analysis. In  some preliminary studies, however, 
l~gan ~ has shown that  for splitting of slender beams 
by shear forces (see also ref. (4)), the degree of non- 
linearity decreases slightly as ~ increases, which 
indicates tha t  the deformed geometries of the 
model and prototype may have been slightly 
dissimilar under loaded conditions. The results for 
the variation of X J X ~  (according to l~gan 5) and 
u~/u~ vs ~ are shown in dotted lines in Figs. l(b) 
and (c). 

Consider now scale effects on crack velocities in 
non-linear elastic structures. For quasi-static 
crackingL 4 in reversible elastic structures to occur, 
Gurney and Hunt  1 have shown that  

X du = tR da + dA, (12) 

where t is test-piece thickness, a the crack length 
and A, strain energy function for the non-linear 
elastic structures with load-displacement rela- 
tionships defined by equation (3), is given by 

X u  
A = n+---~" (13) 

By assuming R to be constant during the whole 
fracture process, equations (12) and (13) together 
yield the ratio of the crack velocity to the driving 
velocity, i.e. crosshead speed of test machine (~), as 

d n X  
~t ---- Rt(n + 1) +u dX/da (14) 

From equation (12), we have 

1 {~A~ -k '  {X~(-+'/- 
R = - 7  ~ T a / .  = ~ - i  ~ k /  (15) 
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and differentiating it with respect to crack length 
a and in conjunction with equation (14), we obtain 

d k ' n + l  
= = k" (16) U Ut 

When the erosshead speeds or driving velo- 
cities, ~ and a~ are assumed equal, the ratio of 
the corresponding crack velocities in the proto- 
type and model is 

d~ k; k~ tm u~ (17) 
d m k~ k~ t~ u~" 

Since t,./t~--~-1, u~/u., = ~n/(.+l~ (from the first 
of equation (11)) and (k~/k~)(k~/k~)= ~2, equa- 
tion (17) is reduced to 

dJdm = ~1/(~+1~. (18) 

I t  can be seen that,  when n - -  1 for the linear 
elastic case, dr~din = ~/A, which is the same as that  
given in equation (2). 

We suggest that  experimental effort should be 
devoted to confirm these non-linear scaling laws, 
particularly when they suggest such dangerous 
possibilities as easier cracking in large non-linear 
structures at  lower stresses than cracking in large 
linear structures. 
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