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Y I E L D  LOCUS STUDIES OF O R I E N T E D  POLYCARBONATE.  
AN ANISOTROPIC AND P R E S S U R E - D E P E N D E N T  SOLID 

RAM S. RAGHAVA and  ROBERT i~. CADDELL 
University of Michigan, Ann Arbor, Michigan, U.S.A. 

(Received 18 March 1974) 

Summary--Uniaxial and biaxial stress states were employed so as to investigate the 
yield behavior of oriented polycarbonate. These experimental results are compared 
with a theoretical yield locus based upon a yield criterion proposed for solids that are 
both anisotropie and pressure dependent in regard to macroscopic yield behavior. 
A good correlation between theory and experiment was found. 
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true normal stress 
shear stress 
absolute value of compressive yield stress at atmospheric 
pressure 
absolute value of tensile yield stress at atmospheric pressure 
anisotropie parameters 
pressure modifying parameter 
incremental plastic strain 
non-negative constant in the flow rules 

reference to a general orthogonal co-ordinate system 
principal directions 

1. I N T R O D U C T I O N  

STUDIES concerned with the  macroscopic yield behavior  of  isotropic amorphous  
polymers  have  been discussed in some detail  b y  Rag h av a  I and  major  findings 
were published by  R a g h a v a  et al. 2 To provide  support for the  yield cri terion 
proposed by  those authors ,  the  influence of  hydros ta t ic  pressure on yielding 
was la ter  discussed b y  Caddell et a l )  and  a subsequent  publ icat ion 4 suggested 
t h a t  this same criterion was applicable to  crystall ine as well as amorphous  
polymers.  

Regarding the  yield behavior  of  anisotropic polymers,  Caddell et al. 5 
proposed a cri terion whose predict ions provide an excellent  correlat ion with 
exper imenta l  results repor ted  b y  Rawson and  Rider  s and  Shinozaki  and  
Groves. 7 Those exper iments  had  to  do with the  change in tensile and  com- 
pressive yield s t rengths  of  or iented polymeric  sheet as a funct ion of  angular  
or ienta t ion  in the  sheet. The  earlier studies of  Brown et al. s, and Rider  and 
Hargreaves  9 were also discussed in detai l  b y  Caddell et a l )  

All of  these studies 5-9 involved the  use of  Hill 's  anisotropic yield criterion l° 
wi th  pe r t inen t  modifications. Only in one 5 is i t  shown t h a t  plastic vo lume 
changes, as observed wi th  polymers,  are satisfied, and  the  use of  a "Bansch inger"  
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t e r m  e, s, 9 t h o u g h  p r o v i d i n g  i m p r o v e d  c o r r e l a t i o n  b e t w e e n  t h e o r y  a n d  e x p e r i -  

m e n t ,  does  n o t  s a t i s f y  a l l  b a s i c  r e q u i r e m e n t s .  

To  i n v e s t i g a t e  f u r t h e r  t h e  v a l i d i t y  o f  a p r o p o s e d  y i e l d  c r i t e r i o n  i t  is d e s i r a b l e  

t o  p e r f o r m  t h e  t y p e  o f  s t u d i e s  t h a t  l e a d  t o  a c o m p a r i s o n  o f  a t h e o r e t i c a l  y i e l d  

locus  a n d  e x p e r i m e n t a l  f ind ings .  S u c h  a c o m p a r i s o n  c a n n o t  b e  m a d e  v i a  t h e  

t y p e  o f  i n v e s t i g a t i o n s  u s ing  o r i e n t e d  s h e e t  m a t e r i a l s  as  m e n t i o n e d  a b o v e .  

R a t h e r ,  b i a x i a l  s t r e s s  s t a t e s  m u s t  be  i n d u c e d ;  one  such  a p p r o a c h  is to  e m p l o y  

t h i n - w a l l e d  t u b e s  s u b j e c t e d  t o  t h e  s i m u l t a n e o u s  ef fec ts  o f  i n t e r n a l  p r e s s u r e  
a n d  a x i a l  loads .  

Th i s  p a p e r  p r e s e n t s  t h e  f ind ings  c o n n e c t e d  w i t h  t h e  y i e l d  locus  o f  o r i e n t e d  

p o l y c a r b o n a t e  a n d  c o m p a r e s  t h e s e  e x p e r i m e n t a l  r e s u l t s  w i t h  a t h e o r e t i c a l  

y i e l d  locus  d e v e l o p e d  f r o m  t h e  a n i s o t r o p i c  y i e l d  c r i t e r i o n  s u g g e s t e d  b y  C a d d e l l  
et al. 5 

2. A N A L Y T I C A L  B A C K G R O U N D  

The isobropic, pressure-dependent yield criterion proposed by  Raghava  et al. ~ is a 
modification of the yon Mises criterion (which in its usual form is pressure insensitive). 
This modified form may  be expressed as 

(a~-  a~)~ + ( a , -  az)~ + (a~ - a  x)~ + 6('r~v + T~ +'r~®) + 2 ( C -  T)  (ax + a ,  + az) = 2CT. (1) 

The pressure effect is introduced through the quant i ty  (ax+a~+az) and C and T are the 
absolute values of compressive and tensile yield stresses measured a t  atmospheric pressure. 
Note tha t  if  C and T are equal, equation (1) reduces to the  s tandard  form of the yon 
Mises criterion. 

In  an a t tempt  to introduce the effects of plastic anisotropy into a yield criterion, 
Hill 1° modified the basic von Mises criterion to the following form: 

H ( a x -  a,) 2 + F ( a , -  az) 2 + G(az - ax) ~ + 2N~'~, + 2Lr~, + 2MT~® = 1 (2) 

where the parameters  H, F ,  G, N, L and M depict the current s tate of anisotropy. Now 
equation (2) does not  include any pressure effects on yielding and, in addition, assumes 
equivalence in the magnitude of compressive and tensile yield stresses. Since neither of 
these assumptions are ap t  to be supported where a~isotropie polymers are involved, i t  is 
not  surprising tha t  the criterion expressed by  equation (2) is inadequate for prodictious 
of the yield behavior of such solids. 

In  a similar manner  from which equation (1) was developed from the s tandard  yon 
Mises criterion, equation (2) may  be modified to produce the following: 

H(a~ - a~) 2 + F(a~ - a,) ~ + G(a~ - a,)2 + 2NT~ + 2Lr~, + 2MT~® + Kx ax + K~ a~ + Kz ¢r, = 1. 
(3) 

All of the parameters  (both those tha t  characterize the state of anisotropy and those tha t  
introduce the influence of pressure) are functions of the absolute values of compressive and 
tensile yield stresses related to the reference directions x, y and z which are also the 
principal axes of anisotropy (i.e. Cx, C~ and Cz (compression) and Tx, T~ and T~ [tension]). 
These parameters  are defined as follows: 

1 1 1 
H + G  = C - - ~ '  F + H  = C--~ , '  e + F  = C. P~' (4) 

C , - T ,  Cz- -T ,  K~ = C ~ -  T~ K ,  --- K,  = ~ (5) 
C~T~ ' C , T ,  ' C~T, " 

For  the experiments reported in this paper,  which are biaxial  or uniaxial  only, the 
directions x, y and z may  be viewed as principal directions 1, 2 and 3. As a consequence, 
all of the terms involving shear stresses (e.g. ~ , )  vanish and one of the  principal stresses 
(say a, = o ' a )  is asguxned to be zero. Wi th  these conditions equation (3) may  be reduced to 

(H + G) a~ + (H + F)  a~ -- 2Hal a.~ + K 1 al  + K2 a~ = 1. (6) 
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The form expressed by equation (6) will be used exclusively in the remainder of this paper. 
In all biaxial cases, the stress denoted as a2 will pertain to the circumferential or hoop 
stress while a 1 pertains to the "axial"  stress. The "1"  direction is the direction in which 
the orientation was induced; this is explained in detail further on. 

3. E X P E R I M E N T A L  P R O C E D U R E  

3.1. Orientation of polycarbonate rod 

Since the main goal was to conduct tube tests, it was necessary to orient a large 
enough bulk of material  from which the tubes could be machined. This turned out to be 
more difficult than had been envisaged and thus it seems essential to document the 
important details. Solid bars of 2.500 in. {6.35 cm) original diameter were machined to 
the dimensions as shown in Fig. 1. Initial at tempts to orient the specimen by hot 

Fro. 1. 

~5 
~5 

I/8 rad. 

5 

AI d imens ions  shown (Ire nomina l  sizes in inches. 

Sketch showing dimensions of polycarbonate specimen prior to orientation. 

stretching were not wholly successful so this approach was abandoned. Success was 
attained by simply subjecting the machined specimens to uniaxial tensile loading; the 
temperature was about 23°C and erosshead displacement about 0-05 in/rain (0-13 cm/min). 
After the specimen necked, the neck was propagated until  an oriented section of about 
2-500 in. (6.35 cm) length resulted. Subsequently, a tube was machined from this specimen 
with the test section of the tube coinciding with the necked portion of the specimen. 
In  this manner, all dimensional measurements obtained during subsequent testing were 
restricted to the highly oriented portion of the material. 

Fig. 2 shows the original unoriented specimen, the specimen after adequate neck 
propagation and a tubular test specimen. 

Several points are worth noting" 
(1) After the original specimen had been machined to the dimensions shown in Fig. 1, 

the 1.500 dia. (3.8 cm) section was hand polished with 320 grit emery paper to remove all 
visual traces of the feed marks left by the turning tool. This was followed by a polishing 
action using a clear cloth buffing wheel but  no buffing compound. These two steps were 
taken to avoid surface cracking caused by a "spreading apar t"  of the feed marks as 
tensile loads were applied. Polycarbonate seems to be very susceptible to such surface 
cracking unless it is finished smoothly. 

(2) The technique used to produce an oriented material does not  permit  any great 
alteration in the degree or extent  of orientation. Regardless of the starting diameter, t h e  
fully developed neck results from the inducement of a critical true strain as based upon 
area changes. In  this current work, the diameter of oriented material was about 1.140 in. 
(2-9 cm) with little variation among all specimens produced. Considering the starting 
diameter of 1.500 in. (3-8 cm) this indicates that  a logarithmic or true strain of about 
0-55 is induced when the stable neck has formed; in effect, this corresponds in a qualitative 
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sense to the degree of orientation. I f  one started with a smaller or larger starting diameter, 
the diRmeter of the stable neck would be corr~pondingly smaller or larger but  the induced 
strain would still be on the order of 0.55 so little would be gained if substantial variations 
in degree of orientation were the major goal. 

(3) Relatively low crosshead speeds (i.e. "strain rate")  must  be used or fracture can 
occur before an adequate extent  of neck propagation results. 

(4) Three different bars of polycarbonate, purchased as commercial materials from 
two different suppliers, were used in this study. Both the behavior leading to orientation 
and subsequent measurements of key property values showed little variat ion;  as a 
consequence, no concern need be expressed in regard to the possible influence of different 
starting structures. 

3.2. Ter~sw~ teats 

The critical values of tensile yield stress required for the determination of the para- 
meters given in equation (4) and (5) are: 

(a) T 1 (or T=), uniaxial tension, axial (draw) direction. 
(b) T~ (or T~), circumferential or hoop tensile yield stress. 
Because of size limitations it was not  possible to conduct uniaxial tensile tests with 

specimens produced in a radial direction of the oriented material. However, as it  seems 
quite reasonable to assume that  the condition of anisotropy, as caused by orientation, 
was symmetric about the rod axis, such effects lead to equivalence in the radial and hoop 
(tangential) directions. I f  this is so then 

T, = g3. 

To determine the value for T,, specimens were produced from the oriented material,  
their location being shown in Fig. 3. Their cross-sections were positioned to coincide with 

FIG. 3. 

'7" I specimens, gage length 2~'sin. 
/ , ~  cross-sec~ion 0.275 x 0.275 in. 

W 
- -  = 

Stable neck dia. Location of 
of 1"140t~in. /~F---] ..________ 1 .. tube J~:r "~-°uter dia. 

'C~ Specimens, 'C'~ Specimens 
0.400 in. high and 0-750 in. high and 
0.200 in. dio. 0.275 in. dia. 

' Initial 
specimen 
dia. of 
1.500 in. 

Location of tensile and compressive specimens with respect to the oriented 
material  (see Fig. 2(b) for full view of specimen). 

material that  formed the wall thickness of tubular specimens, and pert inent gauge section 
dimensions are shown. The reason for using square gauge sections is discussed later. 
Three tests were conducted at room temperature with this type of specimen, using an 
Instron machine whose crosshead speed was 0.05 cm/min (0.02 in/rain). A standard 
extensometer was used to drive the recorder and a load-extension plot was obtained for 
each test. 

One tensile test was also run using a standard tube;  the location of the wall of such a 
tube is indicated in Fig. 3. This tube was not pressurized, rather it was subjected to an 
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ax ia l  t ens i le  load  on ly  a n d  a n  e x t e n s o m e t e r  a d a p t e d  to  t h e  t e s t  sec t ion  a g a i n  d rove  t h e  
c h a r t  recorder .  T h e  r ea son  for  t h i s  t e s t  was  to  c o m p a r e  t h e  s t r e s s - s t r a i n  b e h a v i o r  w i t h  
t h a t  w h i c h  re su l t ed  w i t h  t h e  t h r e e  spec imens  j u s t  m e n t i o n e d .  

To d e t e r m i n e  t h e  tens i le  y ie ld  s t ress  d e s i g n a t e d  as T~ t h e  equ iva lence  of  a n  open -ended  
t u b e  t e s t  was  c o n d u c t e d ;  two  such  t e s t s  were run .  B y  us ing  i n t e r n a l  f luid p ressure  a n d  a 
p rocedure  (descr ibed in de ta i l  b y  R a g h a v a  1) t h a t  caused  on ly  a hoop  s t ress  for  all  p r ac t i c a l  
purposes ,  t h e  necessa ry  load  a n d  d i m ens i ona l  changes  were ob t a ined .  A n  e x t e n s o m e t e r  
n o t e d  l e n g t h  changes  in  t h e  t e s t  sec t ion  whi le  m i c r o m e t e r s  were  used  to  d e t e r m i n e  
v a r i a t i o n s  in  o u t e r  d i a m e t e r  u n d e r  inc reas ing  pressure .  

3.3. Compression tests 

I n  a m a n n e r  s o m e w h a t  l ike t h a t  j u s t  descr ibed,  i t  was  necessa ry  to  d e t e r m i n e :  
(a) C 1 (or Cx), d i r ec t  compress ion ,  ax ia l  d i rec t ion .  
(b) C 3 (or O~), d i r ec t  compress ion ,  r ad i a l  d i rec t ion .  W i t h  t he  a s s u m p t i o n  of  r o t a t i o n a l  

s y m m e t r y  a b o u t  t h e  ax ia l  d i rec t ion ,  C a = C~ (see e x p l a n a t i o n  a t  s t a r t  of  Sect ion  
3.2). 

The  loca t ions  a n d  d imens ions  of  t h e  r i g h t  c i rcu la r  solid cy l indr ica l  spec imens  a re  s h o w n  
in  Fig.  3. E x c e p t  for  size differences all  such  spec imens  were  s u b j e c t e d  to  a n  iden t i ca l  
p rocedure ,  w i t h  t e m p e r a t u r e  a n d  c rosshead  speed b e i n g  t h e  same  as  used  for  t he  tens i le  
tes ts .  Two t e s t s  were  c o n d u c t e d  w i t h  r e g a r d  to  C 1 whi le  t h r e e  were  comple t ed  for  t he  Ca 
m e a s u r e m e n t .  A st iffness cor rec t ion  was o b t a i n e d  b y  r u n n i n g  t h e  c rosshead  aga in s t  t he  
load  cell a t  t h e  s ame  speed used  for  t h e  t e s t s  themse lves .  Th i s  p r o v i d e d  a cor rec t ion  cu rve  
wh ich  was app l i ed  to  each  ind iv idua l  se t  of  l oad / "dec rease  in  h e i g h t "  da t a .  

A single t es t ,  to  e v a l u a t e  C1, was  p e r f o r m e d  us ing  a s t a n d a r d  t u b u l a r  spec imen  w h i c h  
was loaded  in  ax ia l  compress ion  b u t  n o t  p ressur ized  in te rna l ly .  E x c e p t  t h a t  t he  ex tenso-  
m e t e r  was  se t  to  close u p  as  t he  compress ive  load  was  appl ied ,  t he  p rocedure  was s imi la r  
to  t h a t  in  w h i c h  T 1 was  o b t a i n e d  f rom a t u b u l a r  spec imen.  

3.4. Thin-wall  tube tests 

Tubes  such  as s h o w n  in  Fig.  2(c) h a d  a n o m i n a l  t e s t  sec t ion  of  2"200 in.  (5.6 cm) 
leng th ,  a n  ou t e r  d i a m e t e r  of  0.890 in.  (2.26 cm) a n d  a wal l  t h i cknes s  of  0.040 in.  (0-1 cm).  
De ta i l s  as to  t h e  m a n n e r  in  wh ich  such  t u b e s  c an  be  p r o d u c e d  are  g iven  b y  R a g h a v a .  t 
I n  t e r m s  of  a genera l  tes t ,  a t u b e  would  be  sub j ec t ed  to  t he  s i m u l t a n e o u s  effects of  i n t e r n a l  
p ressure  a n d  axia l  load  in  such  a m a n n e r  t h a t  a c o n s t a n t  s t ress  r a t io  of  al/a 2 was m a i n t a i n e d  
as closely as possible  ; R a g h a v a  et al. ~, 4 descr ibe  t h e  p rocedure  in deta i l .  L e n g t h  changes  
in  t h e  t e s t  sec t ion  (e i ther  ex t ens ion  or  con t r ac t i on )  were  d e t e r m i n e d  f rom e x t e n s o m e t e r  
o u t p u t  to  t h e  c h a r t  d r ive  whi le  d i a m e t r a l  changes  (e i ther  increase  or decrease)  were 
d e t e r m i n e d  f rom m i c r o m e t e r  readings .  

4. R E S U L T S  

4.1. Uniaxial  tension and compression tests 

F o r  each  i n d i v i d u a l  t e s t  d i sc r ibed  u n d e r  Sect ions  3.2 a n d  3.3, t h e  r a w  d a t a  were 
c o n v e r t e d  to  t r u e  s t r e s s - t r u e  s t r a i n  values .  As  will  be  m e n t i o n e d  a n d  discussed la ter ,  
v o l u m e  changes  d u r i n g  d e f o r m a t i o n  of  t h i s  o r i en t ed  m a t e r i a l  were minor .  Because  of  th is ,  
t h e  concep t  of  v o l u m e  c o n s t a n c y  was e m p l o y e d  a n d  t h e  a p p r o p r i a t e  load  a n d  d imens iona l  
va lues  were  u t i l i zed  to  c o m p u t e  t h e  s t r e s s - s t r a i n  da t a .  These  were p l o t t e d  on  Car t e s i an  
co-ord ina tes  a n d  t he  a p p r o p r i a t e  "y ie ld  s t r e s s "  de r ived  us ing  a 0.3 pe r  cen t  offset. As 
exp l a ined  elsewhere,  S, 4 t h i s  m e t h o d ,  a l t h o u g h  as  a r b i t r a r y  as o thers ,  does  possess  t h e  
m e r i t  of  cons i s t ency  in  def in ing t h e  yie ld  stress.* B o t h  i n d i v i d u a l  a n d  ave rage  va lues  
for  T 1, C 1, T 2 a n d  G a a re  l i s ted  in  Tab le  1. 

* The  o r i en t ed  p o l y c a r b o n a t e  used  in  t h i s  s t u d y  d id  n o t  d i sp lay  t h e  t y p e  of  m a x i m u m  
o b s e r v e d  in  t h e  l o a d - e l o n g a t i o n  cu rve  for  i so t ropic  p o l y c a r b o n a t e .  T h u s  t h e  use  of  a 
m a x i m u m  load  as  t h e  "y i e ld  l o a d " ,  u sed  b y  a n u m b e r  of  o t h e r  inves t iga to r s ,  c a n n o t  b e  
used  here.  I t  is ou r  con t en t i on ,  there fore ,  t h a t  such  a w a y  of  def in ing yie ld  s t ress  is n o t  
a lways  possible.  

55 
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TABLE 1. YIELD STRESS VALUES FOR VARIOUS STRESS RATIOS 

(A) Tens ion  a n d  compress ion  t e s t s  

I n d i v i d u a l  va lues  Average  va lue*  
(psi) (psi) 

(1) U n i a x i a l  t ens ion ,  ax ia l  direc-  
t ion ,  t h r e e  t e s t s  
U n i a x i a l  t ens ion ,  ax ia l  direc- 
t ion ,  one  t e s t  w i t h  unpressu r -  
ized t u b e  

(2) H o o p  t en s io n  us ing  open  ended  
tube ,  two  t e s t s  

(3) Di rec t  compress ion ,  ax ia l  di- 
rec t ion,  one  t e s t  
D i rec t  compress ion ,  ax ia l  di- 
rec t ion ,  one t e s t  w i t h  unpres -  
sur ized t u b e  

(4) Di rec t  compress ion ,  r ad ia l  di- 
rec t ion ,  t h r e e  t e s t s  

7 4 0 0 , 7 7 0 0 , 8 0 0 0  ) 

7700 T ~ =  7700 

4900, 5100 T ~ =  T a =  5000 

- 6000 } 

- -  5800 C1 = I -  5900[ = 5900 

C s = U a = [ - 6 5 5 0 [  = 6550 - -  6 4 0 0 ,  - -  6 5 5 0 ,  - -  6 6 5 0  

(B) Th in -wa l l  t u b e  t e s t s  

a l  a2 Stress  r a t i o = a l / a 2  
(psi) (psi) 

8600 1085 7.93 
7500 2400 3.10 
8100 4600 1.76 
6700 5400 1.24 
3600 5400 0.67 
2700 5350 0.50 
2450 5320 0.46 

- 5400 770 - 7.01 
- 5300 1180 - 4.49 
- 4420 1420 - 3.11 
- 3400 2300 - 1.48 
- 2720 2400 - 1.13 
- 2380 4130 - 0-58 

* These  yield t h e  fol lowing va lues :  H + G  = 0.022, H + F  = 0.0305, K~ = - 0 . 0 3 9 6 ,  
K s = 0.0473, H = (7 so 2H = 0.022. 

4.2. Thin-wall  tube tests 

I n  a n o t h e r  p a p e r  s t h e  m e t h o d  for  e v a l u a t i n g  t h e  va lues  of  a l  a n d  as a t  t h e  onse t  of  
y ie ld ing  was  d iscussed in  detai l .  W h a t  is p e r t i n e n t  is to  real ize t h a t  one  m u s t  define some 
t y p e  of  s t r a i n  f u n c t i o n  in o rder  to  p lo t  s t r e s s - s t r a i n  d a t a  so as  to  t h e n  d e t e r m i n e  t h e  
s t resses  a t  y ie lding.  T he  effect ive s t r a i n  f u n e t i o n  we h a v e  used  s is cons i s t en t  w i t h  t h e  
y o n  !~Iises c r i t e r ion  ye t  m a y  be  ques t ioned  as to  i t s  comple te  v a l i d i t y  here .  W e  real ize  
t h a t  a more  cor rec t  a p p r o a c h  would  be  t h r o u g h  t he  use  of  e i t he r  e q u i v a l e n t  p las t ic  work  
or  e q u i v a l e n t  p las t i c  s t r a i n ;  however ,  w i t h  a n  an i so t rop ie  a n d  pressure  d e p e n d e n t  ma te r i a l ,  
t h e  presence  of  t h e  t e r m s  K1, K s a n d  K 3 in t h e  flow rules  p re sen t s  fo rmidab le  p rob lems .  
A l t h o u g h  we are  c u r r e n t l y  i nves t i ga t i ng  such  effects, no  a t t e m p t  is m a d e  to  inc lude  t h e m  
in  t h i s  c u r r e n t  paper .  F o r  each  t u b e  tes t ,  t r u e  s t ress  va lues  for  a l  a n d  as were  p lo t t ed  
aga in s t  t h e  effect ive s t r a i n  func t ion  assoc ia ted  w i t h  t h e  y o n  Mises c r i t e r ion ;  a 0.3 p e r  cen t  
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offset was used for each of the two individual curves and values of a~ and a2 "a t  yield" 
were thus defined. I t  should be noted that  the reasonableness of this approach must be 
supported by the ratio of al/a~ (derived from the plots) which must closely agree with the 
known applied stress ratio for a given test;  such agreement was always extremely close. 
All results from these tests are included in Table 1. 

5. EXPERIMENTAL RESULTS COMPARED WITH 
ANALYTICAL PREDICTIONS 

Using the average values for T 1, C1, T~ (or Ta) and C~ (or Ca) shown in Table 1, equations 
(4) and (5) were used to determine the magnitudes of (H+G), (H+F) ,  2H, K 1, and K~ 
for use in equation (6). These values are shown in Table 1 and when introduced into 
equation (6) there results, 

0.022a~ + 0"0305a~ - 0'022al a2 - 0"0396al + 0"0473a2 = 1. (9) 

For simplicity this can be altered to, 

a~ + 1.39a~ - al a~ - 1.8ai + 2.15a~ = 45.45. (10) 

By substituting numerous values of al or a~ into equation (10) and solving for the unknown 
stress, a number of points resulted. These in effect, lie on the yield locus for the anisotropie 
material subjected to stress states in the a l - a  2 plane; equation (10) is of course the 
mathematical  representation of that  yield locus. The solid line in Fig. 4 is the plot of 
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cr 

FIG. 4. Compar ison between theoret ica l  y ie ld  locus based upon the  proposed cr i ter ion 
and actual experimental points. 

equation (10) and represents the analytical predictions of yielding for the anisotropie 
material under consideration. The individual experimental points, all listed in Table 1, 
are included on that  same figure; as can be seen the agreement is excellent. 

For  comparative purposes the full yield locus (of which that  shown on Fig. 4 includes 
the first and fourth quadrants only) based upon equation (10) is shown in Fig. 5. Also 
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included is the locus based upon Hill 's criterion, given earlier as equation (2). With this 
latter criterion, the tensile and compressive yield strengths in a given direction are 
assumed equal ; these magnitudes may of course vary with direction. Although in truth,  
T1 ¢ C1 and T~ ¢ C2 in our measurements, we have for the desired comparison, chosen the 
magnitudes of T 1 and T~ for use in defining the coefficients in equation (2). 
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FzG. 5. Comparison of yield loci for anisotropic materials which are pressure sensitive 
( ) and are not pressure sensitive ( . . . .  ). 

6. D I S C U S S I O N  

6.1. Aniaotropic, pr~sure-dependent yield criterion 

As seen in Fig. 4, the agreement between theory and experiment, regarding the macro- 
scopic yielding of oriented polycarbonate, is acceptable at the very least. Since this same 
criterion had previously shown excellent agreement with the tensile and compressive 
yield behavior of oriented sheets of polymers, 6 the validity of this yield criterion is now 
fairly well established. 

When compared with the basicHil l  criterion, as in Fig. 5, it can be seen that  differences 
are not of equal magnitude in all four quadrants. This indicates the shortcomings of 
placing confidence in a particular criterion when a limited number  of experiments are 
conducted. Certainly there are several loading paths which would indicate the onset of 
yielding close to the yield locus for either Hill 's criterion (nnmodified) or the modified 
criterion proposed by the authors of this paper. However, when a number  of points, 
using loading paths in both the first and fourth quadrants, are plotted, there is little 
question that  the correlation with the basic Hill criterion is inferior. As explained earlier, 
the Hill criterion, which has proved useful when the anisotropie behavior of metals* is 

* Exceptions have been noted (e.g. Lee and Backofen 11 and Bramley and MellorlZ). 
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invo lved ,  shou ld  n o t  be  expec t ed  to  possess t h e  des i red  a c c u r a c y  w h e n  t h e  m a t e r i a l s  
i n v o l v e d  are  n o t  on ly  p ressure  d e p e n d e n t  b u t  m a y  d i sp lay  d i f fe rent  y ie ld  s t resses  in  t en s ion  
a n d  compress ion .  

6.2. Strain measurement~ du~ing tensile t~ting 

Ear l i e r  (sect ion 3.2) i t  was  m e n t i o n e d  t h a t  t h e  t e s t s  wh ich  p roduced  va lues  for T, 
u t i l ized  spec imens  h a v i n g  a s q u a r e  gauge  sect ion.  F o r  two  of  those  t h r e e  tes ts ,  I n s t r o n  
S t r a i n  Sensors  were  a d a p t e d  to  t h e  gauge  sec t ion  in o rde r  to  m e a s u r e  l a t e ra l  c o n t r a c t i o n s  
as t h e  spec imen  was  loaded  in  t e n s i o n ;  l e n g t h  changes  were  sensed  b y  a n  ex t ensome te r .  
T h e  o u t p u t  of  these  t h r e e  p i ckups  was ampl i f ied  a n d  fed to  a n  x-Y-y  recorde r ;  loads  t h a t  
co r re sponded  to  p a r t i c u l a r  l e n g t h  m e a s u r e m e n t s  were also recorded.  F r o m  these  d a t a  
i t  was  possible  to  d e t e r m i n e  t h e  t r u e  s t ress  s ince actual areas  could  be  deduced .  The  
r e su l t i ng  t r u e  s t r e s s - t r u e  s t r a i n  d a t a  were  p rac t i ca l ly  iden t i ca l  to  t he  p lo t s  ba sed  u p o n  
v o l u m e  c o n s t a n c y  ca lcula t ions .  I t  m i g h t  also be  n o t e d  t h a t  t he  two  spec imens  so t e s t e d  
were m a d e  f rom m a t e r i a l  a t  s o m e w h a t  d i f fe rent  r ad i a l  pos i t ions  w i t h  r e g a r d  to  t h e  
cyl indr ica l  sec t ion  of  t he  o r i en t ed  s t ruc tu re .  N e a r  equ iva lence  of  b e h a v i o r  impl ied  t h a t  
t h e  s t r u c t u r a l  cond i t i on  due  to  o r i e n t a t i o n  was  qu i te  u n i f o r m  across  t h e  cross-sect ion.  
As t h e  sensors  h a d  b e e n  pos i t ioned  to  m eas u re  d imens iona l  changes  t h a t  co r responded  
to  m a t e r i a l  w h i c h  was  a l igned  w i t h  t h e  r ad ia l  d i r ec t ion  of  t h e  o r i en t ed  sec t ion  as well  as  
a t  r i g h t  angles  to  i t ,  t h e  two  la te ra l  s t r a i n s  t h a t  were  c o m p u t e d  p r o v i d e d  a check  on  t h e  
a s s u m p t i o n  of  r o t a t i o n a l  s y m m e t r y  a b o u t  t he  m a j o r  axis  of  o r i en ta t ion .  

Since t h e  resu l t s  of  these  two t e s t s  were  a l m o s t  ident ica l ,  on ly  one se t  of  d a t a  is 
p r e s e n t e d  in t h e  h o p e  of  p re se rv ing  c lar i ty .  The  resu l t s  are  s h o w n  in Fig. 6 a n d  a few 
p o i n t s  r equ i re  not ice .  
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Latera l  strains vs longi tud ina l  strains measured under un iax ia l  tension w i t h  
or iented polyca~bonate. 

( l )  U p  to  a l ong i t ud i na l  s t r a i n  of  6 pe r  cent ,  t h e  two  la te ra l  s t r a i n s  a re  a l m o s t  ident ica l .  
The  d ivergence  t h a t  beg ins  to  a p p e a r  b e y o n d  t h e  6 pe r  cen t  va lue  of  el was  p r o b a b l y  
caused  b y  t h e  onse t  of  local  n e c k i n g  in  t h e  v i c in i t y  of  one of  t he  s t r a i n  sensors.  

(2) The  a s s u m p t i o n s  t h a t  T~ -- T 8 a n d  C 2 = C s u n d e r  Sect ions  3.2 a n d  3.3 a p p e a r  
to  be  well s u p p o r t e d  b y  t he  equ iva lence  of  e~ a n d  es as seen in Fig. 6. 

(3) The  c o n t r a c t i o n  r a t i o  a t  low va lues  of  e 1 ( < 2  pe r  cent )  is a b o u t  0.42; however ,  
a t  l a rger  l ong i tud ina l  s t r a i n s  t h e  i n s t a n t a n e o u s  va lue  of  t h i s  r a t io  exceeds  0-5; th i s  resu l t s  
i f  one  checks  t h e  slope of t h e  solid l ine  a t  a va lue  of  el in  excess of  4 pe r  cen t  s t ra in .  As  
d iscussed b y  Powers  a n d  Caddell ,  TM cal l ing t h i s  Po i sson ' s  r a t i o  can  lead to  d i sag reemen t s  
so for t he  purposes  of  t h i s  paper ,  t h e  p h r a s e  " c o n t r a c t i o n  r a t i o "  is used.  No te  t h a t  total 
s t r a i n s  a re  p l o t t e d  in  Fig. 6 a n d  t h e  d o t t e d  l ine d r a w n  a t  a c o n s t a n t  slope of  0.5 ( imply ing  
c o n s t a n t  vo lume)  ha s  b e e n  a d d e d  for  reference  purposes  only.  
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6.3. Comment8 on the f low rules 

Assuming that  the plastic potential and yield function are equivalent (see e.g. Hill, l° 
the flow rules developed from the yield function described by equation (3) are 

ds~ = 2 dA[H(a~- a,) + G(ax- az) + ½Kx], 

de~ = 2 dA[F(a~-az) + H(a~-a~) + ½K~], (7) 

de, = 2 dl[G(a, - ~x) + F(az- a~) + ½Kz]. 

With the assumption of rotational symmetry about the x axis (or the 1 axis), 

K , j = K z  and G = H .  

As discussed elsewhere 3 the tensile and compressive yield stresses of polymers are pressure 
sensitive {i.e. influenced by the mean normal stress}. From equations (4) and (5) this means 
that  the magnitudes of the various parameters are, therefore, pressure sensitive thus the 
flow rules as given by equation (7) are also influenced by the magnitude of the mean 
normal stress. An illustrative, though simplified, example will serve to illustrate this point. 

During a tensile test, with the applied load in the x direction, the use of the values for 
H, G, K®, Ky and a ,  (or T,) from Table 1 (all related to the use of a 0.3 per cent offset) 
leads to the following strain ratio from equation (7) : 

ds v - H a ~ + ½ K ~  -0.408. (8) 
d ~  ( G + H ) a ~ + ½ K ~  

If  instead of using an 0.3 per cent offset to define the various C and T values we had used 
a 1.0 per cent offset, variations in the anisotropic parameters H, G, etc. would result 
since both O and T would be larger. This we have done and the resulting strain ratio, 
as expressed by equat/on (8), was - 0.57. I t  must be admitted that  total, and not  plastic, 
strains were employed in this example so the actual numerical values of the above strain 
ratios are not  the point of primary concern. Rather, we are merely pointing out that  the 
flow rules for solids described by equation (7) are pressure sensitive because of the K terms. 
At this time we are pursuing a method for determining the plastic component of the 
total volume changes in order to investigate the suggested form of the flow rules more 
thoroughly. 

We would add that  for the criterion expressed by equation (2), the corresponding 
form of equation (8) reduces to 

de__ ! = - H a ~  = --0.5. (9)* 
de, (H + G) a ,  

Although H and G vary with the degree of plastic deformation, this ratio does not change 
since H = G with rotational symmetry. 

CONCLUSIONS 

The  y ie ld  locus s tudies ,  u s i n g  cold d r a w n  (or iented)  p o l y c a r b o n a t e ,  

p r e s e n t e d  in  th i s  p a p e r  e s t ab l i sh  t he  v a l i d i t y  of  a p roposed  y i e ld  c r i t e r ion  as 

b e i n g  qu i t e  s u i t a b l e  for p r e d i c t i n g  the  macroscop ic  y ie ld  b e h a v i o r  of  p ressure-  

d e p e n d e n t ,  an i so t rop i c  solids. 
A l t h o u g h  s o m e w h a t  l im i t ed ,  e x p e r i m e n t a l  ev idence  sugges ts  t h a t  s t r a i n  

ra t ios  v a r y  as d e f o r m a t i o n  proceeds ,  t h e r e b y  i m p l y i n g  t h a t  t h e  flow rules  for 

such  solids m u s t  be  p ressure  d e p e n d e n t . t  

* This has been reasonably verified when the yield behavior of common metals such 
as low carbon steel and aluminum (which are pressure insensitive in regard to yielding) 
is studied. 

t This is based upon the p/astic increment of the total strain and in comparison with 
the flow rules used for metals, is analogous to the Levy-Mises rather than the Prandt l -  
Reuss form. 
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