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ABSTRACT 
A linear perturbation method is employed to determine 
the condition for neutral stability in spherical 
liquid shells induced by surface tension mechanism. 
Three possible boundary conditions are considered: 
at least one boundary free or both. The critical 
Marangoni numbers for the onset of cellular convec- 
tions are found for two types of steady radial 
temperature distributions in the spherical shells. 
Results are compared with those induced by buoyancy 
mechanism. It is concluded that surface tension 
forces are much more effective than buoyancy forces 
in producing thermal instability and a parabolic 
steady temperature distribution is more susceptible 
than a linear one to thermal disturbances due to 
surface tension forces. Heat transfer between a 
free surface and the ambient promotes thermal 
stability in liquid shells. 
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Introduction 

Surface tension variations due to temperature gradients 

generally induce fluid motion which would not otherwise occur. 

Such phenomena are often called the Marangoni effect. Effects 

due to temperature gradients are also referred to as thermo- 

capillarity. Kenning [i] reviewed the processes by which 

surface-tension variations influence two-phase flow. Surface 

tension effects may also be the origin of the cellular convection 

in thin liquid layers. Block [2] suggested surface tension as 

the cause of Benard cells and liquid deformation in a liquid fil~ 

Using small perturbation analysis, Pearson [3] demonstrated that 

instability due to surface tension would occur at a critical 

Marangoni number. Scriven and Sternling [4] extended Pearson's 

study to include the effect of surface deformation. Analyzing 

the coupling between surface tension and buoyancy, Nield [5] 

disclosed that the critical Marangoni number decreased with an 

increase in the Rayleigh number. Berg, Boudart, and Acrivos [6] 

observed three basic structural forms of flows during the evapo- 

ration of liquid less than Icm deep. They found a simple 

criterion for distinguishing visual flow patterns as being in- 

duced by surface tension, buoyancy or surface contamination. 

Scanlon and Segal [7] analyzed finite amplitude cellular can- 

vection induced by surface tension. All these studies concern 

with thin liquid films on a flat surface. 

The present work deals with thermal instability in spherical 

liquid shells with at least one free surface. Initially, a 

steady temperature of certain profile prevails in the shell. 

Conditions for the onset of stationary instability caused by 

surface tension effects are determined using a linear pertur- 

bation method. Results are compared with those caused by the 

buoyancy mechanism in reference 8. 

Analysis 

Thermal conditions which lead to the onset of cellular con- 

vection in spherical liquid shells due to the action of sur- 

face tension are to be determined. Let R 1 and R 2 be 
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r e s p e c t i v e l y  t h e  i n n e r  a n d  o u t e r  r a d i i  o f  a l i q u i d  s h e l l .  

D e p e n d i n g  on  t h e  n a t u r e  o f  t h e  b o u n d a r y  s u r f a c e s ,  f r e e  o r  

r i g i d ,  t h r e e  c o m b i n a t i o n s  a r e  c o n s i d e r e d :  a f r e e  s u r f a c e  

a t  R 1 a n d  a r i g i d  s u r f a c e  a t  R 2 ,  a f r e e  s u r f a c e  a t  R 2 a n d  a 

r i g i d  s u r f a c e  a t  R1,  a n d  f r e e  s u r f a c e s  a t  R l a n d  R 2 .  S t e a d y  

r a d i a l  t e m p e r a t u r e  d i s t r i b u t i o n  i n  a l i q u i d  s h e l l  may t a k e  

two  f o r m s :  p a r a b o l i c  a n d  l i n e a r .  A p a r a b o l i c  d i s t r i b u t i o n  

i n  t e m p e r a t u r e  i s  t h e  b a s e  s t a t e  when  t h e  f l u i d  h a s  a c o n s t a n t  

h e a t  s o u r c e  p e r  u n i t  v o l u m e .  The  l i n e a r  d e p e n d e n c e  o f  

t e m p e r a t u r e  on r i s  o n l y  v a l i d  i n  t h e  s m a l l  g ap  l i m i t .  

( i )  P a r a b o l i c  d i s t r i b u t i o n  o f  s t e a d y  t e m p e r a t u r e  i n  s p h e r i c a l  

s h e l l s  

A. R i g i d  i n n e r  s u r f a c e  a n d  f r e e  o u t e r  s u r f a c e  

C o n s i d e r  a q u i e s c e n t  l i q u i d  s h e l l  w h o s e  i n n e r  s u r f a c e  

a t  r = R 1 l i e s  a g a i n s t  a s o l i d  s p h e r e ,  w h o s e  o u t e r  s u r f a c e  

a t  r = R 2 i s  i n  c o n t a c t  w i t h  a n  i n v i s c i d  f l u i d .  The  o r i g i n  

o f  ( r , 8 , @ )  c o - o r d i n a t e s  i s  f i x e d  a t  t h e  c e n t e r  o f  t h e  s h e l l .  

At  u n d i s t u r b e d ,  s t e a d y  s t a t e ,  t h e  t e m p e r a t u r e  g r a d i e n t  i n  t h e  

l i q u i d  s h e l l  i s  a l i n e a r  f u n c t i o n  o f  t h e  r c o - o r d i n a t e  a l o n e ,  

t h a t  i s  

dTo = -28r 
dr 

w h e r e  T O d e n o t e s  t h e  u n p e r t u r b e d  t e m p e r a t u r e  i n  t h e  l i q u i d  

s h e l l  a n d  B i s  a c o n s t a n t .  

N e x t ,  o n e  s u p e r i m p o s e s  a n  i n f i n i t e s i m a l  d i s t u r b a n c e  a n d  

l i n e a r i z ~  t h e  e q u a t i o n s  o f  m o t i o n  a n d  h e a t  t r a n s p o r t .  L e t  v 

r e p r e s e n t  t h e  v e l o c i t y  i n  t h e  r d i r e c t i o n ;  a n d  T '  b e  t h e  

p e r t u r b a t i o n  t e m p e r a t u r e .  The  e q u a t i o n s  o f  m o t i o n  a n d  h e a t  

t r a n s p o r t  b e c o m e  

(~ t  - ~2 )V  2( rv)  = 0 (2) 

C 8~- - ~v2) TV = 28rv 
8t 

Here t denotes the time; v , kinematic viscosity; and 

C3) 
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s, thermal diffusivity. One writes the surface tension of the 

liquid S to vary with the perturbed liquid surface temperature 

T s ' as 

S = S O - oT s ' (4)  

where  -o = (BS/  BT) e v a l u a t e d  a t  s t e a d y  s u r f a c e  t e m p e r a t u r e  

Tso j and S O is the surface tension at Tso. The liquid 

temperature T is equal to T' + T O . 

The boundary conditions at rigid surface r = R 1 are: 

dv 
v = ~ = O, T' = 0 (S) 

at free surface r = R2: 

p~ 8 2By. k ~T' 
v = O, ~ l ~ - ( r  ~-~r ) = -oVI2T ', T' = -Ii" Br {6) 

Here 

712 1 1 @ 
= ?2 [sin8 @8 

2 
@ 1 @ (sin8 ~-)  + ~ ~ ]  {7) 

and its eigen value X is 

}2 = n ( n  + i )  (8) 

where n is an integer. The boundary conditions at r = R 1 

are obvious. At the boundary r = R2, the first expression 

states the condition of zero liquid velocity normal to the 

interface; the second relation states that the change in 

surface tension along the boundary must be balanced by shear 

force. The last one states that the continuity of heat 

exists at the interface. 

Suppose that the perturbations v and T' have the forms 

r v  = v ym (8 , ¢ ) f ( r l ) e  p'r ( 9 - a )  
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m ( e , ¢ )  g ( n )  epX T '  = 8R~ Yn (9 -b )  

in which 

~ t  r B 
"r = "~2'R rl = R2 P = ~ Cl0) 

and the spherical harmonics ym (8,~) are the eigen function. 
n 

h is the liquid-fluid heat transfer coefficient and k denotes 

the thermal conductivity of the liquid. 

Equations (2) and (3) now become 

(D 1 - p) Dlf = 0 (Ii) 

(p Pr - D I) g = f (12) 

a n d  

1 1 a aY_~ 1 a2Y m 
n - T  [s-l-n0 a0 ( s i n 0  80 ~ + sin-i-n-Tff 3 - ~  z = - j  + x2ym = 0 (13) 

H e r e ,  t h e  o p e r a t o r  D 1 is d e f i n e d  a s  

1 n2 2] 

a n d  ~ = v / a  i s  t h e  P r a n d t l  n u m b e r .  E q u a t i o n s  ( 1 1 )  a n d  ( 1 2 )  

a r e  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s  

f(d) = f'(d) = O; 

f ( 1 )  = 0; 

~BR~ 
w h e r e  Ma = p-~ 

Blot number. 

g(d)  =0 (15) 

f " ( 1 )  = -2X 2 Ha g ( 1 ) ;  g ' ( 1 )  = -m g(1)  (16) 

is the Marangoni number and Bi = ~ is the 

d is defined as RI/R 2. 



368 J.C. Han and W.J. Yang Vol. 7, No. 5 

By setting p = 0 for marginal stability, equations 

(11) and (12) reduce to 

2 f = 0 D 1 (17) 

D1 g = -f (18) 

Solutions to these eqautions must be found subject to the 

boundary conditions (15) and (16). For a fixed value of Bi, 

Ma is minimized as a function of the wave number k to obtain 

the critical Marangoni number for the onset of cellular 

convection. 

The solutions for f and g are found to be 

f = Cl(~n + Ann +2 + Bn-n-i + Cn -n+l ) (19) 

a n d  
[ qn+2 

g = - C1 2 ( 2 n + 3 )  + 
Ann+4 BB-n+l cn-n+3 

+ + 

4(2n+5) 2(-2n+I) 4(-2n+3) 

Dn-n-I 
+ Eli n ] 

2n+l 

Here, the coefficients are defined as 

A = [-2d -2n-I + (2n+l)d -2 (2n-l)]/F 

B = [2d 2n+l - (2n+l)d 2 + (2n-l)]/F 

C = [-2d 2n+l (2n+l)d -2 + (2n+3)]/F 

F = 2d -2n-I + (2n+l)d 2 - (2n+3) 

P = 
dn+2 Adn+4 Bd-n +I 

+ + 

2(2n+3) 4(2n+5) 2(-2n+I) 

Cd-n+3 
+ 

4 ( - 2 n + 3 )  

H - =  [ ( B i - n - l ) d  n - ( B i + n ) d - n - l ] / ( 2 n + l )  
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D = [dnQ - (Bi+n)P]/H 

E = [d'n-lq - (Bi-n-1)P]/[H(2n+l)] 

Si+n+2 A(Bi+n+4) 
Q = 2(2n+3) + 4(2n+5) 

B(Bi-n+I) + C(Bi-n+3) 
2(-2n+i) 4(-2n÷3) 

The subsitutions of the solutions (19) and (20) into the 

second expression of equation (16) yields a relation between 

Ma, Bi, and n as 

Ma = n(n-l) + A(n+l)(n+2) + B(n+l)(n+2) + Cn(n-l) 

1 +4 A +2 B C 2n_~+E ] (21) 2n(n+l) [2(2n+3) (2n+5) (-2n+l) ~4(-2n+3)- 

B. Free inner surface and rigid outer surface 

The outer surface of a quiescent liquid shell at r = R 2 

lies against a spherical rigid surface, while the inner 

surface of the shell is in contact with an inviscid fduid. 

The equations governing marginal stability (17) and (18) 

are subject to the boundary conditions: 

f(1) = f'(1) = 0; g(1) = 0 

f(d) = 0; f"(d) = -2X 2Mag(d); g'(d) = -Big(d) 

(223 

(2S) 

The solutions for f and g take the same form as equations 

(19) and (20), respectively, where 

A = [ ( - 2 n + l ) d  - n - 1  - 2d n ÷ ( 2 n + l ) d - n + l ] / F  

B = [ - ( 2 n ÷ l ) d  n + ( 2 n - 1 ) d  n ÷ l  + 2 d - n + l ] / F  

C = [ - 2 d  - n - 1  ( 2 n + l ) d  n + 2  + ( 2 n + s ) d n ] / F  
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F = (2n+l)d -n-I + 2d n+2 - (2n+S)d -n+l 

1 A B C 
P = + + + 

2(2n+3) 4(2n+5) 2(-2n+I) 4(-2n+3) 

Q = (n+2)dn+l+Bidn +2 

2 ( 2 n + 3 )  
+ A[(n+4)dn+S+Bid n+4] 

4 ( 2 n + 5 )  

+ B.[(-n+l)d-n+Bid-n+ll + 
2(-2n+I) 

C [ (-n+S) d-n+2+Bid -n+3] 
4(-2n+5) 

(2n+1) [Q- (ndn- l+Bidn) P] 
D = ndU_1+Bidn+(n+l)d_n_z_Bid_n, i 

Q+[(n+l)d-n-2-Bid-nll]p 
E = ndn_1+Bidn+(n+l)d_n_z_Bid_n_ 1 

T h e  c r i t i c a l  M a r a n g o n i  n u m b e r  i s  t h e n  

Ma = n(n-l) dn-2+A(n+l)(n+2)dn+B(n+l)(n+2)d-n-3+Cn(n-l)d-n-I 
2(n+l)n[ d n+/ . Adn+4 Bd-n÷l C d-n*3 Dd-n-I -,n, (24) 

t2(2n+3)-4(2n+S)'~~~4(-2n+3) 2-n'+n+[ +£d J 

C. Free inner and outer surface 

Equations (17) and (18) are solved subject to the boundary 

conditions 

f(1) = O; f"(1) = -2k 2 blalg(1); g'(1) = -Bilg(1) ( 2 5 )  

f ( d )  = O; f . . . .  2k 2 M a 2 g ( d ) ;  g ' ( d )  = - P i 2 g ( d )  ( 2 6 )  

hk~iR h2R2 where Ma olSR~ Ma °28R Bi = and Bi 2 = 
= p~a , 2 = p~a , 1 k2 

The subscript 1 refers to the fluid enclosed within the she11, 

while the subscript 2 indicates the fluid enclosing the shell. 

The solutions are found to be 
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f Cl(nn+ Aln_n_ I + Bln_n+l)+ C2(nn+2+ A2n-n-i -n+l = + B2n ) ( 2 7 3  

n-n+l n-n+3 n-n-i n n+2 A1 ~ BI _DI +El ~n] 
g = -Cl[2(2n+3)+2(-2n+1)'4(-2n+3) 2n+l 

nn +4 A2n-n+l BTn-n+3 D2n-n-i 
-C2 ['~-(2n+ 5) + 2 (- 2n+ I) +4 (- 2n+3) - 2n+l :E2qn] (28) 

Here, j = 1,2 

d2_d 2n+l d2_d2n+S d2n+l_l d2n+3_1 
A 1 = l_dZ ; A 2 l_dZ , BI = l_d 2 ; B 2 = l_d 2 

Dj = [ P j ( n d n - l + B i 2  dn) Qj(n+Bil)]/F 

Ej = P j [  -(n+l)d-n-2+Bi2d-n-12n+l ] - QJ~l-n'l+Bil]2n+l /F 

F = (-n-l+Bil) (ndn-l+Bi2dn)-(n+Bil) [(-n-l)d-n-2+Bi2 d-n-l] /(2n+l) 

n+2~+Bi I + Aj(-n+l+Bi]) + ~ (-n+S+Bil) 
PJ = 2j(2n+2j+l) 2(-2n+I) 4[-2n+3) 

(n+2j)dn+2j-l+Bi~dn+2j Aj[(-n+l)d-n+Bi2d -n+l 
QJ = 2j(2n+2j+l) + 2(-2n+i) 

+ B j [ ( - n + 3 ) d - n + 2 + B i 2 d  -n+5, 
4 ( -2n+3)  

Through t h e  s u b s t i t u t i o n  o f  e q u a t i o n s  (27) and (28) i n t o  t h e  

second  e x p r e s s i o n s  o f  e q u a t i o n s  (25) and (26) ,  one g e t s  t h e  

e q u a t i o n  r e l a t i n g  t h e  c r i t i c a l  Marangon i  numbers  and t h e  B l o t  

numbers  

L l ( d  ) - 2  X2Ma2J1 ( a )_  L2fd)  -2~.2 Ma2J2(d) 
L 1 (1 ) -2  X~MalJI (1  ) -  L2(1)-2~. k MalJ2(1 )  

(29) 

w h e r e i n  b o t h  Lj and J j  a r e  a f u n c t i o n  o f  d as  d e f i n e d  by 
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Lj (d) = (n+2j-2) (n+2j-3)dn+2j-4+Aj(n+l) (n+2)d-n-3+Bj (n-l)nd -n-I 

dn+2j Ajd-n+l B.d-n+3 Djd-n-i 
= + + J - ' + Ej d n 

J j ( d )  2j ( 2 n + 2 j + l )  2 ( - 2 n + 1 )  4 ( - 2 n + 3 )  2 n + l  

f o r  j = 1 , 2 .  

( i i )  L i n e a r  d i s t r i b u t i o n  o f  s t e a d y  t e m p e r a t u r e  i n  s p h e r i c a l  

shells 

Another interesting case is that the temperature distri- 

bution in the liquid shell at steady state takes a linear 

form, instead of equation (i). That is 

dTo -== _~* 
dr (30) 

w h e r e  f3* i s  a c o n s t a n t .  E q u a t i o n  (2)  r e m a i n s  u n c h a n g e d ,  

while 28r on the RHS of equation (3) should be replaced by 

B*. Both equations are subject to the same boundary conditions 

(5) and (6). In the solutions, r on the LHS of equation 

(9-a) must be replaced by Rj and 8R 2 on the RHS of equation 

(9-b) becomes 8*R. 2Ma in the second expression of equation 

(16) reduces to Ma* = °B'R2 The critical Marangoni number p a 
for the onset of cellular convection then reads 

Ma = 2Ma (31)  

f o r  a l l  t h r e e  b o u n d a r y  c o n d i t i o n s .  T h i s  i n d i c a t e s  t h a t  u n d e r  

t h e  same v a l u e s  o f  n ,  d ,  and  B i ,  a l i n e a r  s t e a d y  t e m p e r a t u r e  

p r o f i l e  i s  t w i c e  more  s t a b l e  t h a n  a p a r a b o l i c  o n e .  

I n  a s p e c i a l  c a s e  f o r  d = 0 w h i c h  c o r r e s p o n d s  t o  a 

l i q u i d  s p h e r e ,  o n e  o b t a i n s  

Ma* = ~ 2 n + l )  (2n+5~ ( 2 n + 5 )  ( n + B i )  
n ( n + l )  
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R e s u l t s  and  D i s c u s s i o n  

The  B i e r  n u m b e r  Bi  i s  a m e a s u r e  o f  r e l a t i v e  i m p o r t a n c e  

b e t w e e n  s u r f a c e  c o n d u c t a n c e  and  i n t e r n a l  c o n d u c t a n c e  o f  a 

t h e r m a l  s y s t e m  i n  c o n t a c t  w i t h  i t s  a m b i e n t .  I t  h a s  two  

l i m i t i n g  v a l u e s :  z e r o  and  i n f i n i t y .  Bi  = O, r e f e r r e d  t o  a s  

" i n s u l a t i n g " ,  s i g n i f i e s  an a d i a b a t i c  f r e e  s u r f a c e .  The  o p p o s i t e  

s i t u a t i o n  Bi = ® i s  c a l l e d  " ¢ o n d u c t i n g " ~  m e a n i n g  no t h e r m a l  

r e s i s t a n c e  b e t w e e n  a f r e e  s u r f a c e  and  i t s  a m b i e n t .  

F o r  c o n v e n i e n c e ,  c a s e  C w i t h  Ma 1 = Ma 2 = Ma and  Bi 1 = Bi 2 

= Bi i s  e m p l o y e d  f o r  c o m p a r i s o n .  E q u a t i o n s  ( 2 1 ) ,  ( 2 4 ) ,  and  

( 2 9 )  f o r  Bi  = 0 a r e  g r a p h i c a l l y  i l l u s t r a t e d  i n  f i g u r e s  l - a ,  

l - b ,  and  l - c ,  r e s p e c t i v e l ~  t o  e x h i b i t  t h e  d e p e n d e n c e  o f  Ha 

on n and on t h e  b o u n d a r y  c o n d i t i o n s ,  d i s  R 1 / R 2 ,  w h i l e  ( l - d )  

s i g n i f i e s  a d i m e n s i o n l e s s  s h e l l  t h i c k n e s s  (R2-R1)/R 2. d o f  

u n i t y  c o r r e s p o n d s  t o  z e r o  s h e l l  t h i c k n e s s  and  z e r o  v a l u e  o f  d 

r e f e r s  t o  a l i q u i d  s p h e r e .  I n  t h e  f i g u r e s ,  h i g h e r  v a l u e s  

o f  Ha mean m o r e  s t a b i l i t y ,  r e q u i r i n g  l a r g e r  s u r f a c e  t e n s i o n  

f o r c e s  t o  i n d u c e  c e l l u l a r  c o n v e c t i o n .  At a g i v e n  d ,  c a s e  B 

i s  t h e  m o s t  s t a b l e ,  c a s e  A c o m e s  n e x t ,  and  c a s e  C i s  t h e  

m o s t  s u s c e p t i b l e  t o  t h e r m a l  i n s t a b i l i t y  among t h e  t h r e e  

p o s s i b l e  b o u n d a r y  c o n d i t i o n s .  E a c h  c u r v e  h a s  a min imum 

v a l u e  o f  Ha,  c a l l e d  t h e  c r i t i c a l  M a r a n g o n i  n u m b e r  f o r  t h e  

o n s e t  o f  i n s t a b i l i t y ,  Ma c . From f i g u r e s  1 - a  t o  1 - c  , 

i t  i s  a p p a r e n t  t h a t  a s  t h e  t h i c k n e s s  o f  t h e  s h e l l  d e c r e a s e s ,  

t h e  p a t t e r n  o f  t h e  c o n v e c t i o n  w h i c h  m a n i f e s t s  i t s e l f  a t  

m a r g i n a l  s t a b i l i t y  s h i f t s  p r o g r e s s i v e l y  t o  h a r m o n i c s  o f  t h e  

h i g h e r  o r d e r s .  

F i g u r e  2 i s  a p l o t  o f  Ma c a g a i n s t  d f o r  Bi = 0.  I t  i s  

s e e n  t h a t  a s  s h e l l  t h i c k n e s s  i n c r e a s e s ,  t h e  v a l u e  o f  Ma c 

d e c r e a s e s  m o n o t o n i c a l l y  i n  c a s e  A, w h i l e  c a s e  B h a s  a 

min imum Ma c o f  a b o u t  0 . 5 5  a t  d .  The  Mac -d  r e l a t i o n s h i p  i n  

c a s e  C i s  q u i t e  c o m p l e x .  

I t  i s  i n t e r e s t i n g  t o  c o m p a r e  t h e  r o l e  o f  b u o y a n c y  and  

s u r f a c e  t e n s i o n  f o r c e s  on t h e  o n s e t  o f  c e l l u l a r  m o t i o n .  As 

Ha i s  r e l e v a n t  f o r  t h e  s u r f a c e  t e n s i o n  m e c h a n i s m ,  t h e  R a y l e i g h  
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number 

5 
R a = 28YgR2 

i s  r e l e v a n t  f o r  t h e  d e n s i t y - d e p e n d e n t  m e c h a n i s m ,  w h e r e  g i s  t h e  

g r a v i t a t i o n a l  a c c e l e r a t i o n  a n d  Y d e n o t e s  t h e  c o e f f i c i e n t  o f  

t h e r m a l  e x p a n s i o n  o f  t h e  l i q u i d .  The d e p e n d e n c e  o f  Ra on n 

[8] i s  s u p e r i m p o s e d  i n  f i g u r e s  1 - a  t h r o u g h  1 - c  f o r  e a c h  

c o r r e s p o n d i n g  c a s e .  O b v i o u s l y ,  s u r f a c e  t e n s i o n  f o r c e s  a r e  more  

e f f e c t i v e  t h a n  b u o y a n c y  f o r c e s  i n  p r o d u c i n g  t h e r m a l  i n s t a b i l i t y  

( f o r  t h e  same v a l u e  o f  d) i n  a l l  t h r e e  c a s e s .  The c r i t i c a l  

R a y l e i g h  n u m b e r  f o r  t h e  o n s e t  o f  m a r g i n a l  s t a b i l i t y  Rac i s  

plotted against d in figure 2. A comparison of Ma c and Ra c 

yields the conclusions that {i) The degree of stability follows 

the order of cases B,A, and C in both mechanisms; (ii) The 

onset of cellular motion could be attributed to surface tension 

rather than buoyancy. These conclusions may be extended to 

non-zero values of Bi. 

Next is a quantitative comparison of the two mechanisms. 

From the definition of Ma and Ri, one gets a critical radius of 

the outer spherical boundary 

Ma P "oc¢.~ 

f o r  s u r f a c e  t e n s i o n  m e c h a n i s m  and  a r a d i u s  

RB = C~3 ~ 

f o r  b u o y a n c y  e f f e c t ,  

o Ra 
RSB ~= 2 FO yMa 

They  w i l l  be e q u a l  f o r  a v a l u e  RSB g i v e n  by 

(33) 

E q u a t i o n  (33 )  i s  p l o t t e d  i n  f i g u r e  3 f o r  c a s e  A w i t h  z e r o  Bi 

u s i n g  t h e  p h y s i c a l  p r o p e r t i e s  o f  w a t e r - a i r  s y s t e m .  When a 

r a d i u s  o f  t h e  o u t e r  s h e l l  s u r f a c e  i s  l e s s  t h a n  RsB , c o r r e s p o n d i n g  
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t o  t h e  r e g i o n  b e l o w  t h e  c u r v e s ,  s u r f a c e  t e n s i o n  f o r c e s  w o u l d  be  

m o r e  e f f e c t i v e  t h a n  b u o y a n c y  f o r c e s  i n  p r o d u c i n g  i n s t a b i l i t y .  

On t h e  o t h e r  h a n d ,  t h e  r e g i o n  a b o v e  t h e  c u r v e s  s i g n i f i e s  b u o y a n c y  

m e c h a n i s m  c o n t r o l l i n g  t h e  o n s e t  o f  c e l l u l a r  c o n v e c t i o n .  I t  i s  

o b s e r v e d  i n  t h e  f i g u r e  t h a t  t h e  v a l u e  o f  RSB r e d u c e s  w i t h  an 

i n c r e a s e  i n  B i ,  i n d i c a t i n g  b u o y a n c y  f o r c e s  b e c o m e  m o r e  i m p o r t a n t  

i n  c a u s i n g  t h e r m a l  i n s t a b i l i t y  a s  h e a t  t r a n s f e r  b e t w e e n  t h e  

f r e e  s u r f a c e  and  t h e  a m b i e n t  i n c r e a s e s .  At Bi = 5, t h e  c u r v e s  

f o r  d i f f e r e n t  m o d e s  c o n v e r g e  a t  l a r g e  v a l u e s  o f  d .  

F i n a l l y ,  t h e  e f f e c t  o f  Bi  on Ma i s  i l l u s t r a t e d  i n  f i g u r e  

4 f o r  c a s e  A. I t  i s  s e e n  t h a t  h e a t  t r a n s f e r  b e t w e e n  t h e  f r e e  

s u r f a c e  and t h e  a m b i e n t  r e s u l t s  i n  an u p w a r d  s h i f t  o f  m a r g i n a l  

s t a b i l i t y  c u r v e s ,  i n d i c a t i n g  m o r e  s t a b i l i t y  t o  t h e r m a l  

d i s t u r b a n c e s .  

C o n c l u s i o n s  

The c r i t e r i a  f o r  m a r g i n a l  s t a b i l i t y  i n  s p h e r i c a l  l i q u i d  

s h e l l s  i n d u c e d  by s u r f a c e  t e n s i o n  m e c h a n i s m  a r e  d e t e r m i n e d  f o r  

t h r e e  p o s s i b l e  b o u n d a r y  c o n d i t i o n s :  c a s e  A f o r  a f r e e  o u t e r  

s u r f a c e  and  a r i g i d  i n n e r  s u r f a c e ,  c a s e  B f o r  a r i g i d  o u t e r  

s u r f a c e  and  a f r e e  i n n e r  s u r f a c e ,  and  c a s e  C f o r  f r e e  i n n e r  

and  o u t e r  s u r f a c e s  . P a r a b o l i c  and l i n e a r  t e m p e r a t u r e s  a t  

s t e a d y  s t a t e  a r e  c o n s i d e r e d .  The M a r a n g o n i  n u m b e r  i s  f o u n d  

t o  be f u n c t i o n s  o f  t h e  wave  n u m b e r  n ,  t h e  r a t i o  o f  i n n e r  and 

o u t e r  r a d i i  d ,  and t h e  B i o t  n u m b e r  B i .  The e f f e c t s  o f  n , d ,  and 

B i  on t h e  n e u t r a l  s t a b i l i t y  a r e  d e t e r m i n e d .  I t  i s  c o n c l u d e d  

t h a t  a l i n e a r  s t e a d y  t e m p e r a t u r e  p r o f i l e  i n  a l i q u i d  s h e l l  

i s  t w i c e  m o r e  s t a b l e  t h a n  a p a r a b o l i c  o n e .  M a r g i n a l  s t a b i l i t y  

d e c r e a s e s  i n  t h e  o r d e r  o f  c a s e s  B, A, and  C. The o n s e t  o f  

c e l l u l a r  c o n v e c t i o n  i n  s p h e r i c a l  s h e l l s  c o u l d  be  a t t r i b u t e d  

t o  s u r f a c e  t e n s i o n  f o r c e s  r a t h e r  t ~ n  b u o y a n c y  f o r c e s  • An 

i n c r e a s e  i n  B i  r e s u l t s  i n  h i g h e r  Ma, p r o m o t i n g  t h e r m a l  

s t a b i l i t y .  
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