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This is a continuation of the authors’ investigation [l] of the localized separation 
between two contacting solids that is caused by an incident plane elastic wave of arbitrary 
form. The interface is taken as frictionless and incapable of transmitting tensile tractions. 
It is further assumed that the two solids have identical mechanical properties, and that the 
angle of incidence of the incoming wave is such that the disturbance propagates along the 
interface with a transonic speed. Moving dislocations are employed in the formulation and 
the problem is reduced to a singular integral equation with a Cauchy kernel. Specific 
results are worked out for an incident tensile stress pulse of a parabolic shape. An 
intriguing aspect of the results is that, in spite of the incident wave being continuous, the 
elastic fields are singular at the trailing edge of the separation zone. 

1. INTRODUCTION 

We continue in this article our study of the separation between two solids that is caused 
by an incident plane elastic wave of arbitrary form Cl]. The interface is still taken as 
frictionless, but the angle of incidence of the incoming wave is allowed to be such that the 
disturbance propagates along the interface with a speed that is no longer supersonic, and 
the process involves total reflection. As with harmonic incident waves [Z, 31, a large 
number of cases must be considered individually when the materials are different. Our 
present investigation is for this reason restricted to identical materials. Nonetheless, some 
salient features of the interaction between a unilateral interface and an incident wave will 
emerge. 

Suppose that the phase velocity of the incident wave is c0 and the angle of incidence 8,. 
The disturbance then propagates along the interface with the velocity 

v = c&in BO. (1) 

If this velocity is to fall in the transonic range (cT < u -C cL) for identical materials, the 
incident wave causing separation must be a vertically polarized shear (SV) wave. As in 
reference [l], the solution for the unilateral interface is constructed by cancelling the 
tensile tractions in the bilateral problem. This is done by relating a gap that propagates 
along the interface to a distribution of dislocations and taking advantage of some known 
results for moving dislocations. 
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2. FORMULATION 

Consider first the bilateral problem in which the frictionless contact interface is allowed 
to transmit tensile tractions, with the same notation and placement of co-ordinate axes as 
in reference [l]. If the trace or apparent phase velocity u given by equation (1) is in the 
transonic range, the reflected and refracted P-waves are trapped at the interface and 
assume the form of surface waves. In addition, the reflected and refracted SV-waves 
become distorted [4,..5]. However, the resultant normal tractions that are transmitted by 
the bilateral interface retain the original shape of the normal tractions imposed by the 
incident wave : 

S(r) = &Of@), &, = C,k,p sin 28,, (2) 

where f(u) is related to the incident wave by equation (6) in reference [l]. This peculiarity 
is due to the fact that the amplitude d, of the bilateral normal tractions remains real for 
identical materials although the reflection and transmission coefficients become complex. 

In order to cancel the tensile tractions in the bilateral problem and allow for separation 
between the two solids, the separation zones may be viewed as arrays of edge dislocations 
that move by climb with a transonic speed u. As mentioned in reference [l], it is expedient 
to break the total dislocation distribution, B(q), into four parts connected with the 
reflected and refracted waves in the two solids: 

B(q) = &.@I) + B?(V) + K(U) + B,(q). (3) 

The interface tractions induced by each of the four distributions moving in the transonic 
range (cT < u < cL) can be extracted from the formulas given by Berg et al. [6]. Thus 

r&O) = ~{2B,(r)-(i~-l)B,(~)}, (4) 

(5) 

(7) 

[; = (1 -uZ/c2)i’2, CT = (I+$- 1)1’2. (8) 

As in reference [l], the four distributions now can be adjusted so that the normal 
tractions are continuous and the shearing tractions vanish at the interface. This yields 

B,(q) = &(q) = {(5~-1)/2(1~+1)}B(r), (9) 

WV) = B*(r) = {l/G + 1)) B(rl), (10) 

and the normal tractions induced by the total dislocation distribution become 

WI) = r&LO) = ?yJ% 0) 

The condition which remains to be enforced is that the resultant normal tractions 

(11) 

N(v) = S(v) - Pm + T(v) (12) 
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vanish in the separation zones. Since the normal tractions are no longer determined 
merely by the local value of the dislocation density B(q), as they were in the supersonic 
case, but involve the whole array because of the integral in (ll), the problem is 
considerably more complicated than before. 

One can begin by considering an incident stress pulse that leads to a single separation 
zone c1 < ye < fi in the moving co-ordinate system. B(q) is then zero outside the interval 
c( < q < /3. The requirement that N(v) = 0 in the separation zone leads to the integral 
equation 

where 

(13) 

(14) 

The general solution of equation (13) is given in reference [7] as 

where C is a non-zero constant for solutions singular at both ends, q = u and q = /I, of the 
separation zone, and w(q) is the characteristic function of the singular integral equation. 
Its exact form depends on the behavior of B(q) at the ends of the separation interval. 

In order to avoid a global discontinuity in the displacements, the total dislocation must 
vanish, or 

s 

B 
B(t) dg = 0. (16) 

a 

The physical inequalities 

S(V) 3 0 (17) 

in the separation zone and 

N(V) G 0 (18) 

in the contact zones must also be verified. In expression (17), g(q) denotes the gap between 
the solids, which is related to the dislocation density by 

B(V) = -d&)/d?. (19) 

One can now look first for a solution B(q) that is bounded at both ends of the 
separation interval and satisfies condition (16). Then, from reference [7], 

c = 0, w(r) = (B-rl)A(yl--)l-A? (20321) 

where 

A = (l/n) tan-‘(-b), O<A<+. (22) 
In addition, the following consistency condition must be satisfied: 

s B f(O -(P”l~o) d< = o 

a 45) (23) 

It may be noted that equations (16) and (23) provide two conditions for the determination 
of the unknown parameters u and fi. Substituting B(v) from equation (15) into equation 
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(16) and using equations (20H23) leads to, after some integrations, 

s p rub3-(P”l~o)l dr = o. 
a 45) 

(24) 

It can be anticipated from the results for harmonic waves [3], however, that solutions 
singular at the trailing edge, q = ~1, of the separation zone may have to be admitted. While 
expressions (20) and (22) remain valid for such solutions, the characteristic function then 
changes to 

NV]) = (B-rl)%-VA (25) 

and the consistency condition (23) must be discarded. It follows from equations (22) and 
(25) that the singularity is weaker than the inverse square root, Equation (16) yields for 
this case 

s Pfce)-@“/&) d5 = o 

d w(5) (26) 

Although condition (26) appears to be identical with condition (23), the two are not the 
same because the characteristic functions (21) and (25) which must be substituted into 
them are different. 

At this stage, the shape of the incident stress pulse must be specified in order to proceed 
with the solution. 

3. PARABOLIC PULSE 

As an example, it is convenient to consider the parabolic tension pulse 

(27) 

which has also been discussed for supersonic speeds of the separation zone [l]. In the 
course of the solution, one must distinguish between two cases: at relatively high levels of 
the applied pressure p” (Case I), the separation zone lies entirely within the interval 
(- 1,l); for low levels of p” (Case II), the separation zone may extend beyond q = - 1. 
Case I can be solved in closed form, but numerical computations are required for Case II. 

3.1. CASE I 

For the bounded solution, instead of specifying pm/do and then determining c1 and p, it 
is simpler to assign values to a and to solve for the other two parameters. Thus, from 
equations (23) and (27), after some elementary integrations, 

pm/do = 1 - a2 - 2Aa(/3-a) - *A(1 +A)@--a)* (28) 

and, from equations (24), (27) and (28). 

P = - ((2 -A)/(1 +A)) a, a d 0. (29) 

With B given by equation (29), equation (28) becomes 

p”/&, = 1 - {(2-A)/2(1 +A)} a’. (30) 
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Finally, one obtains, from equation (15) 

B(V) = - 
J&$(1 +r:) cos 7rA 

2PL 
w(~)(~+%cx), a<?<B. 

It can easily be shown from equations (31) and (19) that the resulting gap is negative and, 
therefore, condition (17) is not satisfied. 

A similar situation was encountered for incident harmonic waves and separation zones 
propagating in the transonic range [3]. The difficulty in reference [3] was resolved by 
admitting integrable singularities at the trailing edges of the separation zones. The same 
approach is adopted here. 

Substituting equations (25) and (27) into equation (26) and performing the elementary 
integrations gives 

pm/d0 = 1 - a2 - (1 +A)a(j?-a) - 6(1 +A)(2+A)(j?-a)‘. (32) 

The dislocation distribution follows from equation (15) as 

B(V) = {J&(1 +G) cos(71A)/2&) W(V) 

x {a/3 +j(l -Az)(fi-a)2 - A@-a)q - q2}, a<q<B. (33) 

It can easily be shown from equation (33) that condition (17) is satisfied if 

P d - ((1 - A)/(2 +A)) a. (34) 

Next, with B(q) given by equation (33), the normal tractions in the contact zones are, from 
equations (12) and (1 l), 

N(V) = --J&J%) - ~OI(~-B)/(~-a)IA~~2 + A@-a)? - Ml - 81 -A2)(P-a)‘1, 

-co-cqca and jI<~<oo, (35) 

where 

(36) 

The computed normal tractions (35) cannot satisfy condition (16) unless 

B 2 - {(I - A)/(2 +A)) a, 

but conditions (34) and (37) can hold simultaneously only if 

B = - ((1 - A)/(2 + A)) a, a < 0. 

Then equation (32) becomes 

(37) 

(38) 

~“/Lz?~ = 1 - ((1 -A)/2(2 +A)) a’, (39) 

and the normal tractions reduce to 

3A - ?2-2+Aatl- 

-co<r<a and /3<q<co. (40) 

With I(11 - jl)/(q - a)lA expanded into a series of negative powers of q it can be shown that 
N(f co) = --pm. 
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The case discussed is valid for (c(,fi) in the interval (- I, 1). The restriction that must be 
imposed on pm/.&,, is obtained from condition (29) by setting - 1 < x < 0: 

?I1 +A)/2(2+A) < pY Lj/o < I. (41) 

3.2. CASE II 

For pressures in the range 

0 < p”/S& < 3(1 +A)/2(2 +A) (42) 

the separation zone extends beyond the trailing edge 11 = - 1 of the incident pulse. In this 
case we could not obtain the integrals involved in a closed form and had to resort to a 
numerical computation. 

It is convenient to use the dimensionless variables 

i = 6u + 0, q = 6s + fJ, (43) 

where 

ii = &(-iX), cr = j(fiia), (44) 

and retain the same symbols for the functions in the new variables. Thus equation (15) 
becomes 

where 

From equation (26), 

w(s) = (1 -#(l +.s)-A. (46) 

P7 sin nA 
-= 
.dO 2nA s 

’ f’(u) du L- 
_, w(u) . 

(47) 

The integrals in equations (45) and (47) can be evaluated by means of the Gauss-Jacobi 
quadrature as extended for Cauchy singular integrals by Krenk [S]. The discretized forms 
of these equations are 

B(q) = - (i=1,2 n) , . ..1 (48) 

and 

P 
ai sin nA * -_= 

,dCl 2nA c A:‘f‘(u,) 
k=l 

(49) 

where At’ are the coefficients of the Gauss-Jacobi quadrature associated with the 
characteristic function l/w(s). Furthermore, uk and si are the roots of the Jacobi 
polynomials 

P’,-A,A’(Uk) = 0; (li = 1,2 ,..., II), (50) 

p\A*-A+) = 0; (i = I,2 )...) n). (51) 
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The discretized form of the normal tractions is 
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N(s)= do ; (I4 > 1) (52) 

where Cl”’ are the coefficients of the Gauss-Jacobi quadrature associated with the weight 
function w(s). 

The solution was obtained by iteration as follows. 6 was chosen as the free parameter. 
With 6 specified, a guess was made for 0, and B(si) and pm/&‘, were obtained from 
expressions (48) and (49). In general, of course, the assumed 0 was different from its true 
value, say a,, and the inequalities (17) and (18) were not satisfied. Interpenetration 
appeared for 101 < Ia,] and tensile tractions were encountered ahead of the leading edge 
q = j? of the separation zone for 101 > laoI. It was easy, however, to obtain lower and 
upper bounds for o. and to make these bounds coincide for finding cr, . Figure 1 shows the 
dependence of CI and fl on ~“/Lzz’~ for 8, = 80” and a material with 1 = ,U (K = $). The 
results for Case I were also recovered numerically and are included in the figure. A 
representative distribution of the normal tractions is given in Figure 2 for pm/&‘, = 0.8. 

For values of the ratio pm/do less than about 0.6 it was not possible to eliminate 
entirely the region of tensile tractions ahead of the leading edge under the present 
assumption of a single gap. This suggests that multiple gaps begin to appear as the ratio 

Figure 1. Dependence of a and j? on p”/.~4~ for 0, = 800,1= p (solid curve), and for the supersonic case Cl] 
(dotted curve). 

Figure 2. Normal tractions for pm/d0 = 0.8, B0 = 800, and 1 = p. The tractions in the bilateral problem are 
indicated by the dotted lines. 
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p'itdO decreases. The normal tractions for p”’ ,_d,) = 0.55 are shown in Figure 3. The 
largest tension was encountered at q = 0.61 for which N,/.n/, = 0.007. 

Figure 

-4 -3 -2 -I 0 I 2 

? 

3. Normal tractions for p’;.~!~ = 0.55, Ba : 80- and i = p. The tractions in the bilateral problem are 
indicated by the dotted lines. 

4. CONCLUSION 

An intriguing feature of the interaction between an incident elastic wave and a 
unilateral interface is the possible appearance of singularities at the trailing edges of the 
separation zones. This aspect of the interaction was first observed for incident harmonic 
waves or for a perfectly smooth input forcing the motion [3]. In the study of incident 
harmonic waves, we had to reason on the basis of a numerical solution that singularities 
appear under the conditions of total reflection. However, the present solution (Case I of 
the parabolic pulse) shows this explicitly. The jump discontinuities [2] and singularities 
[3] at the trailing edges of the gaps are obviously caused by the impact which takes place 
as the solids regain contact after separation, and the process resembles focusing. 

The parabolic pulse is representative of a continuous wave that for relatively high levels 
of the applied pressure involves a single tension zone. One must also allow for the 
possibility of multiple, disconnected tension zones or for discontinuous pulses. 

For n multiple tension zones the integral equation (13) is modified to 

Bk(q) + ; 2 [li g dE] = $$ [d,-J(~)-pa], 
i=l 

Ixk < ‘1 < flk, Ii = 1.2 ,..., n. (53) 

Since in each separation interval only the kth integral is singular, expression (53) actually 
represents a system of singular integral equations with generalized kernels. This system 
can be solved numerically by the methods described in reference [9] in conjunction with 
the side conditions 

s 

Pk 
B,&) d5 = 0, k = l,...,n. (54) 

ae 

The formulation above can also be used for multiple separation zones that may appear 
even for a single tension pulse at relatively low applied pressures. In all cases. some 
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judgment must be exercised, however, in the selection of the proper number of separation 
zones, since they do not necessarily equal the number of tensile humps present in the 
incident pulse. 

The simplest case of a discontinuous pulse is the square pulse considered in reference 
[l]. For the square pulse, no matter what the level of pm/do, Case I will not occur, 
because c1 is always less than - 1. The interesting feature for this pulse is that logarithmic 
singularities may appear in B(q) at the ends of the pulse - 1 and 1. According to Gakhov 
[lo], expression (45) still remains valid, although numerical modifications will be 
required. 

It is obvious from this discussion that the problem of the incident pulse is by no means 
exhausted. Any further investigation falls, however, outside the scope of the present paper. 
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