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INTRODUCTION

In an earlier paper (Smouse, 1980), I described an extension of the
classical model of chemostat dynamics (Monod, 1949), which extension
allows one to deal with competion for multiple limiting substrates. The object
of the present paper is similarly to extend a simple chemostat model of
predation (Tsuchiya et al.,, 1972) to the case of multiple predators and
multiple prey, both.underpinned by multiple limiting substrates. I shall also
extend the model to multiple trophic layers, and shall indicate the changes
necessary to deal with trophic-layer “leap-frogging.” In keeping with the
strategy of the earlier paper, I shall translate the input parameters of the
continuous flow chemostat system into comparable parameters of a modified
predation analogue of the sort described by Schoener (1973, 1974). This
latter type of description, basically an extension of the classic Lotka
(1925)Volterra (1926) predation model, is more familiar to the population
biologist. The present treatment may be viewed as a particularization of a
more general formulation by Levin et al., (1977), who did not specify the
manner in which multiple substrates and multiple prey were to be utilized. It
is an alternative to models proposed by Jost ef al., (1973), who deal with a
different sort of multiple-substrate utilization. There are three questions of
primary interest: (1) How do the parameters of the modified predation model
relate to those of the chemostat system? (2) What are the parametric
conditions for the existence and stability of various possible steady states,
and how do these translate into comparable statements about the chemostat
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system? (3) What may one say about the relative numbers of genotypes
(species) maintained in the various trophic layers at equilibrium? I shall
attempt to answer each of these questions in turn.

MULTIPLE SUBSTRATES AND PREY

A brief recap of the multiple-substrates, multiple-genotypes model of the
earlier paper (Smouse, 1980) will facilitate later developments. Consider a
series of (prey) genotypes (G i= 1l,..,I), whose respective masses in the
culture vessel are denoted by (M,: i = 1,..., I). These genotypes subsist on and
compete for a set of limiting substrates (S;: j =17+ l,..., /), any combination
of which is limiting for the growth of any of the G,. These substrates are
thus alternatives, e.g., different carbon sources, different nitrogen sources,
etc.; all other substrates are assumed to be present in considerable excess,
and are ignored. The reservoir concentrations of these limiting substrates
(determined by the investigator) are denoted by (R;: j =1+ 1,...,J), while the
culture vessel concentrations (variable) are given by (C;: j=1+ 1....,J). The
convention of sequentially numbering genotypes and substrates will avoid
confusion below.

The dynamics of the I genotypic components and the (J — I) substrate
components are described by Smouse (1980) as

. . ViG,
- I J igjvi
= (; eijcj_D> ¢i_lMi’ i=1l..,1, )

Ci=R=C)D=> uyhyM;,  j=I+1,..J.

The term u;; is the instantaneous growth rate of G, on S;, and y; is the
proportion of the total growth of G; which may be attributed to S;; clearly,
> 7vi=1. The parameter V; is the corresponding maximum achievable
growth rate; K; is the “half-maximum” substrate concentration, i.e., that C;
such that u; =V;/2; 8,;= (V;;— D)/K,; is a convenient transform, perhaps
best viewed as a standardized growth measure. The parameter 1;; measures
the number of units of §; required to produce one unit of G,, an inverse
measure of conversion efficiency. The term ¢,=[1 + 3", K;;'C;] changes
with the state of the system, but conveniently cancels from much of what
follows. The parameter D is the volumetric dilution rate of the chemostat
system, and is under experimental control.
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In addition to (1), a set of “state” equations may also be described. These
take the form

[cj+z ,IUMU] = [Rj— c-y r,.,.M,.] Dx0, j=I+1..J, (2)
7 i

where I';; = 4;7,;. Equations (2) describe the residual amounts of substrate
in the culture vessel, measured either directly or in terms of biomass
equivalents. If initially the M;~0 and the C;~R;, Egs.(2) begin and
remain nearly zero. This is the usual case for chemostat cultures
(Waldon, 1975). Substitution of (2) into (1) yields the approximate Lotka
(1925)Volterra (1926) form

M= [a,—;ﬁ”,M,.,]m“Mi,

«=(S08-D)  (S0uT)=hu )

i =1, 1

The approximation arises from the fact that the ¢, are not constants. The
conditions for the existence of the various steady states may be described in
terms of the usual Lotka—Volterra conditions on the a- and f-parameters.
Stability conditions also involve the ¢,-measures (cf. Strobeck, 1973).

A detailed exposition of this model may be found in the earlier paper
(Smouse, 1980), but one feature is particularly worth mentioning here. The
matrix B of f-coefficients is crucial to these existence and stability
arguments. This matrix B may be partitioned into (J — I) separate matrices
B;, one for each substrate; the matrix B; is defined by

1 . 1

1 e 1

and is of unit rank only. If we adopt the conventions that any two substrates
perceived identically by the genotypes are the same and that any two
genotypes having identical perceptions of the substrates are the same, then
the matrix B is of rank H = min(Z, J —I), although of order /. A minimal
condition for the existence of an I-genotype mix is that the B matrix be of
full rank (Strobeck, 1973). Thus, we must have I < H for all I genotypes to
persist; this is a necessary, but not sufficient condition. One cannot maintain
more genotypes than substrates, given that the population is limited by these
substrates.
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SIMPLE PREDATION

One predator, one prey, one substrate. It is convenient to begin with the
simple model of Tsuchiya et al.,, (1972). Consider a single predator (G,),
whose limiting substrate is the single prey (G,). This latter is assumed to be
dependent on a single growth limiting substrate (§,). A schematic is
provided in Fig. la. In the present notation, the dynamic and state equations
are

VIZMZ

Mlz(:un_D)Ml:l:K !
1291

_D]M1=(012M2—D)¢1-1M19

) V,,C AV M
M, = (U — DM, — A M, = [ K23¢; - 12 l; : -D] M,, (5)
23 1291

Cs =Ry~ C3)D — pty343 M,

[Cy + Ayy(M, + '112M1)] =[Ry— Cy—Ay(M;, + A,M,)]D =0,

where ¢, = [1 + K,'M,], 8,,=(V,,—D)/K,, and ¢,=[1 + K;;'C;]. The
definitions of all the other terms are obvious. Substitution of C, from the
state equation into the M, equation (5) yields a modified predation model

C, M, C,
1 J e
MC,, | MC,

FiG. 1. Simple predation schematics: (a) M, = mass of the predator, M, = mass of the
prey, C, = concentration of the single limiting substrate; (b) M, and M, as in (a), C, and
C, = concentration of alternate limiting substrates.
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(cf. Canale, 1969, 1970; Schoener, 1973, 1974). In the present notation, this
model takes the form

Ml = [~a, + B, M, M,

. (6)
M,=[a,— B, M, — B,,M,| M,,

with the a- and S-coefficients given by

V,.R
a,=D, a,=—23_p
K9,
174 V, A
12:ﬁ, ﬁn:T{Z‘;Tz;a ,lez'llz(ﬂlz'*'ﬁn)'

Two features are of immediate interest. First, the self-damping term for the
prey (—fB,,M3) is not present in the classical predation model (Gause, 1934),
but is intrinsic in this situation, since the prey is itself utilizing an
exhaustable resource (S,). Second, the model is not really a quadratic
differential system, since the a- and f-coefficients depend on C; and M,,
which are themselves variable. It is nevertheless convenient to write the
model in this form.

One predator, one prey, multiple substrates. The first generalization of
the model is to allow for multiple substrates (S;: j = 3,..., J) underpinning the
prey organism. A schematic for two substrates is presented in Figure 1b. In
the more general case, the system (5) is replaced by the analogous set

. V,M -
Mlz(/‘lz_D)Mlz[ﬁ*D]AL:(HuMz”‘D)%IMp
1291
. + [ VG AV, y
=y (26, (b4 2250 ) |, b,
: T 1Ky0, Y K0, l ? T Y

(8)
Ci=(R;— C))D —pyidy My, j=3p ),

ICj + lzj(sz + sz'lan)]
= [Rj—Cj-—I’zj(Mz+/112M1)]Dz0, J=3J,

where ¢, = [1 + K;;'M,] and ¢, = [1+ 3, K;;'C;]. We are led again to the
predator-prey model (6), but now with a- and S-coefficients defined by

L V,,R
=D, a=}rt-D,
. v )
ﬂlz = = ﬂzz _: ZJ' - ,321 =l,2(ﬂ12 +ﬂ22)-
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The essence of the model is contained in the criteria for existence and
stability of the various steady-state solutions to (6). Local stability may be
evaluated in the usual Liapunov fashion (Canale, 1969, 1970). The criteria
for existence and stability of the three potential steady states are listed below.
| The stability conditions are obtained as illustrated in the Appendix.|

Case 1.
M =0=M, C=R, j=3,..J
Exists if: Always.

Stable if: a, = (Z 6,,R;— D) < 0 (Washout conditions).
CaseIl.

. 3, 6,;R;— D)
i,=0, m,=22- Q%R D) 9, ¢, =D.
: 27 B >, 6,y ; A

Exists if: a,= (Z 0,;R;~ D) > 0 (Growth conditions).
J

. (Z/ szR-—D) ax a,
Stableif: 0 < =L - = < DO =—+,
Zj 0,15 ﬁzz 1

CaseIIL
M = a1, — By =) [Z RJ_CJ _Dol—zl]’
! iBIZﬂﬂ 1 J '12/‘
N a, DK,, - sz
By Vo-D " Z Kob: ”Z

0.R.—D
_ 0k —D) )>0<D9;2 %

Exists if: et
ﬁzz 2/9211—'2;' ﬂlZ
&, 0,R;— D) _
Stable if: R At Mt AN ) Y et s BN
ﬂzz Zjoljrzj 1 ,312

With a single substrate, the subscript (i) takes only the value “3,” and one
may drop the summations over () in the above.

The three solution sets are mutually exclusive as regards stability. Under
washout conditions, the null solution (CaseI) is stable; under growth
conditions, either Case Il or Case III is stable. Unless the prey are more
dense in the presence of the predator than in its absence, a highly unlikely
situation, Case III is stable. Limit cycles are not inherent in this model, due
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to the self-damping term (—8,,M3). The Kolmogorov Theorem (cf. May,
1973) guarantees the existence of either a stable equilibrium or a stable limit
cycle under certain parametric conditions, but these conditions are only
satisfied by Case III. (See also Canale 1969, 1970.)

One predator, multiple prey, multiple substrates. The next generalization
is the multiple prey case. Denote the predator by (G,), the several prey by
(Gii=2,.,1I), and the substrates by (S;:j=1I+ 1,..,J). A schematic for
two prey and two substrates is presented as Figure 2. In keeping with the
analogous competition models (Smouse, 1980)), it is convenient to view
these prey as alternate substrates for the predator. The system is described
by

y ViMi .
M, =2 (#;—yuD) =z [ﬁ——y”D]Ml =ZM”,
i i 1i¥1 i
. V..C,; AV, .
Mi:v [ ) _—Y' (D+_—l€_“-M)]MI.= Mi" i=2,---91’
T LKye; Y K., ! ; J
Cj:(Rj_Cj)D_ZﬂiinjMn Jj=1+1..,J, (10)

[Cj + Z A’ij(Mij + Yij'lliMli)]
=[RJ——CJ—Zr,j(M,+rllM1)]Dz0, j=I+1,-..,J-

Here ¢,=[1+X,K;;'M;] and ¢,=[1+Y,K;'C;. All the other
parameters have obvious definitions. It should come as no surprise that we
are led directly to the modified predation model

M, = [_al +Z.BUM1]M1’

(11)
Mi= [ai—ﬂilMl—ZiBii’Mi’:IMi’ Li'=2,.,1,
with the a- and f-coefficients defined by
a, =D,
ViJRj ) V” .
Q. = — D . i= > l=2,...,1,
=2 %9 hi=%, (12)

,Bii’=z K L Bn:'{uﬁu*‘zrli'ﬂﬁ" Li'=2,.,1I
J u¢i i
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F1G. 2. One predator, two prey, two substrate model: M, = mass of the predator, M, and
M, = masses of the two prey, C, and C, = concentrations of the alternate limiting substrates.

There are (2’ — 1) solution sets for (12); we cannot have persistence of
only the predator. An exhaustive treatment of all of these possibilities is
beyond the scope of this paper. [The reader interested in the general features
of local and global stability analysis is referred to Gilpin (1974) and Goh
(1977).] The seven solution sets of the one predator, two prey model should
convey the general flavor of the situation, however, and are therefore
presented below.

Case 1.
M;=0, i=1,.,3, C.,=R, j=4,..J
Exists if: Always.

Stable if: (Z 0,,R; — D) =a,<0>a;= (Z 6R; ~—D) (Washout).
7 7

Casell.

- 0,,R,—D - A A
M, =0, MZ:_‘fl_ L_ZJ_J_, My=0, Y 6,6=D.
ﬂZZ Zj 02jr2j J
ZJRJ'_

D) =aq, >0 (Growth).

Exists if: (20
7
0,R,—D a; a, Y,0,R,—D a

Stableif:&L__=___3_<_z=_Jz_,,_<Deﬂ=—l’
20,1y Bz Br 26,1, 2B,

Case I11.

" N - a @ R.— D
M =0, M,=0, M=—i=—ZJ—’“—*, 8,,C.=D.
! : By X040y ; v
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Exists if: (V 0,,R; ~ D) =a; > 0 (Growth).

3y
Stable if: 2 02j ;=D a2 Z’ OyR, — < DO = _(fl_,
26515 ﬂzs ﬂss Z 03jr3j Bis
Case IV.
M, =0, M,= ay B3 — a3 B S0< a3 B — a3 B3, =M

ﬁzz ﬁaa “‘ﬁzs Bsz ﬁzz ﬂss _.323 :332 -
j Jj
Exists if: <26’,\,RI—D>=(Jz2>0<otJ (Zﬁy - )
j

Stable if: —> >0<—<—— By > s
YOS <gs Bub> by

M2013 +M3012 <D0121013 *

Case V.
" G B,—o B 1 R,—C;
M=% 1 22_____[ Zi— > pe- 1] 1. =0,
! ﬂ]ZﬁZl '112 ; 2_1 12 3

- V,,C;
M= _ po;), V———C.-~0
P ﬂlZ 12 AJJ K21+ i IZZ '121

=a2>0<D0,‘2‘=i.
ﬁlz

. @, By — a3 By a, 1 250yR, D o
Stable if: ——> > =Dl =Y T T -2
Bz Bs1 — By Bsa 12 " 25051y B2
[Note that §, = 1+ Ki'M,) =V ,/(Vy, — D).]

Exists if- (\ 6,;R;— D

~——

Case V1.
L L
ﬂl]ﬂ:ﬂ A’l}
-~ al _ ~ 3ICJ ﬁRJ— Aj
M,=— =D, D) =60 _—.
P B " 7K3,-+Ej 13%' Asj

a
Exists if: (V 63;R; — D)=a3>0<D9;31=ﬁ_‘,
13
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Stable if: 22— By 4 _poy 2,048 =D 9

Bos By — BBy~ B 2,05y B’
[Note that §, = (1 + K3'M;) =V ,5/(V,; — D).]
Case VIL
M, = [—a,(B B33 — P23 Baz) + B12(as By — a3 B23)
+ B13(@; B2 — 0 B32)] det B,
M, = [a,(fy, B3 — B3 B31) — B13(23 bry — @, B3,)] det B,
M = [a,(B22 B3y — By B32) — B13(@2 Bsy — @3 By))] det BT,
det B = [B,,(B21 Bss — 23 B31) + B13(Baz B3y — Ba1 B32) )
C,=R,— I (M, + T',M))—T'y{M,+ ', M), j=4..J
Exists if: M,,M,,M, > 0.
Stable if: MyM;(By; B33 — Bas Bs2) +M M, 1, By + M, M, B, B3,
>0 < detB-M,M,M,.

It can be shown that if Case VII exists and is stable, Cases IV, V and VI
are unstable. If Case VII exists, but is unstable, then Cases IV, V and VI are
stable. CasesII and V cannot both be stable, nor can CasesIII and VI
Moreover, Case VI cannot be jointly stable with CasesII or III. Casel is
stable only under generalized washout conditions.

It is instructive to examine these various solution sets when only a single
substrate (S,) is present. Cases I-III dte possible, as are Cases V and VI
Case IV cannot exist, however, because

V24 24 344 34 24F34 V34r24
- = BTN : =0. (13
Bl =B B =K 5 Tt Kuubhr Kaids 42

Note, however, that even if (13) is zero, the full (3 X 3) matrix B is of
rank 3, because it may be partitioned as two separate matrices B =B, + B}.
The matrix B, is given by

0 ﬁlZ ﬂ13
B,=[4,6, O 01 (14)
AsBi 00
and is of rank 2, while the matrix B} is given by
0 i 0 0
T R I I (15)
¢ §4 : B4 - F12ﬁ22+r13ﬂ23 | iBZZ ﬂ23 ’

Ty By + T3 B3y B, Bis
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and is of the same rank as B, i.e., unity. Thus, Case VII may be stable, even
though Case IV is not. The presence of a predator may stabilize an otherwise
unstable pair of prey.

In the more general case of one predator, multiple prey, multiple
substrates, the matrix B is of rank (J — 7 + 2), since B=B, + > ; Bf, with B,
of rank 2 and each of the (J — I) matrices B¥ of rank . Thus, if N, = (J —1)
is the number of substrates, the maximum number of prey is N, =(I — 1) <
N, + 1, 1 shall generalize this statement in the next section.

Multiple predators, multiple prey, multiple substrates. Now, consider a
set of predators (G,: h = 1...., H), a set of prey (G:i=H + 1,..,I), and a set
of substrates (S;: j =1+ l,...,J). The system is described by

. [ VM, .
M,=Y [Kh,,’-ml —y,,,D]M,,:ZM,,,-, h=1,.,H,
. [ VG . _
Am=\[—Li—i(D+\ tzM)]M-‘TM i=H+1,.,1,
' 7 Kij¢i yj T Khl h g J
=(R;~C)D—Y u,,,l M, j=I+ 1., (16)

|:Cj + Z’lij (Mu + yuv /lthht> ]

= [R,- c,-3r, (M,+ZF,,,.M,,)] D=0, j=I+1..J.
i h

Here ¢, = [1+ ), K;;'M;] and ¢,=[1+ 3, K;;'C,]. We are led directly to
the generalized predator—prey system

M, = [_ah +ZﬁhiM"]Mha h=1,..,H,
' (17)
M, = [ai_Zﬁ,.th—Zﬁ“,M,-,]M,., i=H+ 1, L.
F r

For the present model, the a- and f-coefficients take the obvious forms

a, =D, LA TS S LA U
: o= Kt > Kby
ViR, 18
ai_z_ u¢j - D, ﬂihzlhiﬁhi+z,rhi’ﬂii’9 (18)
1,] H H

h=1,,H,  i=H+1l.,I, j=I+l,.,J.

A complete outcomes analysis is much beyond the purview of this paper,
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but two points are worth a mention in passing. Let the numbers of predators,
prey and substrates at equilibrium be denoted by N,, N, and N,, respec-
tively. (1) The number of supportable prey is not more than the sum of the
number of resources and the number of supportable predators, i.e., N,
N, + N,. (2) The number of supportable predators is no greater than the
number of supportable prey, i.e., Ny <N,;. Thus, N, <N, <N, + N, or 0K
N, — N, < N,. The first contention is easily established, since the matrix B
may be partitioned as before, i.e., B=B, + > ;B¥. The matrix B,, may be

written as
0 By | (V)
BH=[———-%——— , (19)
By 1 0 (™)
WNy) V)

where B,; = {8,;} and B, = {4,,6,;}, and B, is thus of rank R = min(2N,,,
Ny + N,). The matrix B takes the form

010 W
B = —-——r———] , (20)
B, | B; (N)
Ny) N

where B, = {V,;I;,/K;¢;} and B,= {3, (I',;, V;T.;,/K;;¢,)}. The matrix B}
is clearly of the same rank as By, i.e., N,. Thus, the rank of B is (N; + 2N,,),
since N, < N, (see below). The total number of supportable genotypes is no
more than (N, + 2N,,), and since N, of these are predators, it follows that
N, < N, + Ny,. The proof that N, < N, is trivial. The matrix B may now be
written as

The determinant is the sum of many terms, each of which is the product of
exactly (N, + N,) elements. For a given term, each row and column must be
represented once and only once. If N, > N,, at least one of the zero elements
of the (N, X N,) 0-matrix must be included in each term of the determinant,
and the determinant must be zero. We therefore must have N, < N,. Full
rank of the matrix B is necessary for existence of a complete set of
components. It is not sufficient. The stability conditions are rather more
elaborate, and can be obtained in any particular case by recourse to the
procedures illustrated in the Appendix.
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Foop CHAINS AND Foop WEBS

The purpose of this section is to indicate very briefly the extensions
necessary to construct multi-layered food chains and fod webs. An
exhaustive treatment is unnecessary, because a few examples will illustrate
the points of interest.

Multi-layered predation. Consider a set of “super-predators” (G, f =
l,..., F), which feed on a set of predators (G,:i=H + 1,...,I), which feed on
a set of substrates (S;: j=1+4 1,...,J). A schematic for one super-predator,
one predator, one prey and one substrate is presented in Fig. 3a. Following
the strategy utilized above, the system may be described by

. [ V., M .
M=) Iéh ¢h _thD] My => Mp,
% mPr %

V..M, A .
e [ (o b 1) |5
S o AT 7 Knds ! Zx "

. [ V..C; VA .
M=) ﬁ—yu <D+V K’” ¢'” Mh)] =ZMU,
Jj L ifYi hi¥h J (22)
A VUA'U
. M,,
C;=(R;—C)D~— “Ku¢,
[Cj+£’1ij (Mij'*)’ij;}*hi 3Mhi+ yhi;’lﬂlMﬂr )]

- [R,.—C,.—};r,.j <M,-+Z’;I’,,,- iM,,+;rf,,Mf

)| oo

Here ¢,=[1+ X, K5'M,), ¢, = [1 + X, K;;'M;] and ¢, = [1 + 3, K;;'C;l.
We are led to the three-layered system

M= |—a,+ Xﬁthh] M;,
h

M, = —ah—zfjﬁthf+ZﬂhiMi:| M,, (23)

M;=|a; —Zﬂ,-fo—Zﬂith _Zﬂii’Mi’] M;,
f h i
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with the a- and S-coefficients given by

a,=D=a,, Z D,
./ U i
V. V., A V,.
Ba= B, By=Bm g o T
fh Ko, " K os MK i (24)
ﬂifZZerhrhi'ﬂii'a :Bihz’lhiﬂhi"*'zrhi'ﬂii”
PR =
VA
Bu=2K0
J §ri

Denote the equilibrium numbers of super-predators, predators, prey and
substrates by N,., N, N, and N,, respectively. Using B-matrix partitions and
singularity arguments, it can be shown that the existence of an equilibrium
with all components present requires

(Np <Ny <N +Np)  or (0K Ny~ M<m

(25)
(NH<N1<NJ+NH) or (N <N,

The extension to four or more trophic layers is entlrely obvious, as is the
multi-layered extension of (25). One other point worth noting is that stable
limit cycles are not inherent in any of these models, because of the self- and
cross-damping terms within the bottommost (prey) layer. These, in turn,
depend on the explicit relation between the prey and the renewable resources.

Facultative predation. The model is very easily modified to allow trophic
level crossing by one or more organisms. One may construct complicated
food webs in this fashion. I shall describe here only a pair of simple cases,
simply to indicate the pattern of the extension. Consider first the one
predator: one prey case described earlier, but suppose that the predator (G,)
may bypass the prey (G,) to use the substrates directly. A schematic for the
single substrate case of “trophic bypass” is presented in Fig. 3b. The system
is now described by

. V..M . o -
M1=[—K12 2_7"12 ]M+Z[ ; “Vu ]M1=M12+LM1J’
1261 j 11 1 Jj
V2 C 12'112 )] by
M ] (D+ M, M,=N"M,,,
Z [K2}Cj 12¢l ? Aj—‘ Y
26)
. v, A Vi (
C,=(R;,—C)D— LM p — 2 Up
! ( ! J) 1]¢l K21¢2 ?

[Cj + '12j(M2j + ‘YZjA'IZMIZ) + 'llelj]
= [R;— C;— I'yM, — (I', Ty + T, ;) M,]D = 0.
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FiG. 3. Trophic layer models: (a) Superpredator model, with M,, M, and M, = masses of
the superpredator, predator and prey, respectively, and C,= concentration of the limiting
substrate; (b) Predation model with trophic bypass, with M, and M,=masses of the
facultative predator and prey, respectively, and C, = concentration of a limiting substrate.

Note here that ¢, = [1 + K;'M, + 3, K;'C;]. One is led to the apparent
Lotka—Volterra competition model
M,=la,— M, — B, M| M,,

(27)
M, =[a, = M, — B, M| M,,

where the a- and f-coefficients are given by

g =S ViR, _ N ViR,

! T K1j¢1 /T K2j¢2

N\ Vil + T Iy) ) Vails

e K9, T K¢,

_ Vil Vi Vi . VoL + Ty Tyy)
K]j¢1 K12¢1 ’ K12¢l ‘T K2j¢2

—D=aqa,,

=ﬂ22’

=,321~

B

Because ff;, may be either positive or negative, we really have a mixed
predation—competition model. The outcomes analysis is more complicated
than that of either the pure competition model (Smouse, 1980) or the simple
predation model (see above). Suffice it to say that the predator may persist
even in the absence of the prey, provided a, > 0 with M, =0.

653/20/2-2
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Now, consider a two predator, one prey case. Recall that for pure
predation models, we require N, < N, for the existence of all components
simultaneously. Suppose, however, that one of the predators (G,) may
facultatively bypass the prey (G;), and may use the substrate (C;) layer. The

altered model is given by

M. = [M—D]M
' K9, :
. vV, M C.
M,= |23 _ D]M+ [#-y.D]M
? [K23¢2 })23 Z K2.I¢2 Y 2
=M23 +ZM
J
29)
vy, C Viidss (
M,= [ J (D+ M )]M
Z K3,¢3 T K136, !
V,.A V,.A
C,=R,—C)D—HEM, - p
! ! ! Ky, K9,
[Cj + 'llj(MJj + Vsj'llle + 735 AysMyy) + AM M 2]
=[Rj—Cj—F3jM3—l]3F3le—(T23F3j+T2j)M2]DzO.
Obviously ¢, = [1 + K33;'M; + Y, K;,'C;]. One is led to the model
M, =[—a, + ;M| M,,
(30)

1—Zﬂii'M"']Mi’ Li'=2,3.

i

M;= [ai—ﬂilM

where the a- and f-coefficients are given by

a =D, a, = h Uy —-D, ﬁ __—
! ! Zj" K¢, r 13¢1
Viil's, Viilss
= —_—, =F ) = )
Bri=T; s B3, 13833 B3 ; K9,
8, =5 Vallyy + I 1)) B sy Vs
2T K¢, ’ PS5 Kyt Kué,
/123 V23 Sﬂ V3j(r2j + r23r3j)
By = K K :
nt T 393

Because f§,, may be either positive or negative, the analysis of steady-states
for this hybrid model is rather complicated. Although G, may not persist in
the absence of G,, G, may do so if a, >0 with M,=0. Morever, both
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predators may persist with a single prey, and for this case N, > N,. It is
easily seen how this sort to trophic ‘leap-frogging” may be generalized to
muiti-layered systems. At the cost of rapidly increasing complexity, one may
model a great variety of trophic structures and food webs.

DiscussioN

The relations (25) relating supportable numers of genotypes (species) in
different trophic layers have some interesting implications for the evolution
of ecosystems in the chemostat (or for that matter in nature). Imagine that
one begins with the array (N.=0:N,=0:N,=1:N,=1). Since any
organism is capable of mutating, one might well expect the time sequence
(0:0:1:1) = (0:1:1:1) » (0:1:2:1) - (0:2:2:1) - (0:2:3:1) » (1:2:3:1) -
(1:3:3:1) > (2:3:3:1) > (2:4:3:1), and so on. When one considers that
trophic layer crossing is also likely to develop, it would seem that the trophic
pyramid could (in principle) build on its own complexity. That a certain
amount of this sort of thing can actually occur in the chemostat is attested
by the bacteria:phage experiments of Horne (1971) and Chao et al. (1977).
The phenomenon is real. Moreover, its theoretical justification is not a
special feature of the models considered here. Levin et al. (1977) come to the
same conclusion, using a rather more general (and less specific) model than
that employed here; the result itself would appear to be robust to details of
the model. Why is it, then, that one normally finds (N < Ny < N, < N,)? To
begin with, the statement (25) is rather weak; this claim rests on the non-
singularity of the B-matrix. Full rank for B is necessary but not sufficient to
guarantee either the existence or the stability of a particular mixed
equilibrium. The additional specifications required to guarantee existence and
stability of complex steady states become ever more restrictive on the
parameter space as the number of components is increased. Moreover, local
stability for a particular community (all that is being assessed with the B-
matrix) does not imply global stability for that same equilibrium (cf.
Richardson and Smouse, 1975; Goh, 1977). It is not uncommon for such
models to admit of several locally stable equilibria, most of which will
involve only small numbers of upper trophic level components. One might
conjecture that the domains of local attraction for such side-solutions would
generally be larger than those of more elaborate (and more exquisitely
balanced) equilibria. In any case, communities must generally evolve from
the bottom-up, and most communities may never escape the domains of
attraction for the simpler side-solutions.

Although not an inherent feature of the models proposed, it is also clear
that the energetic conversion efficiency between adjacent layers is low, i.e.,
the A-values are quite large. For the upper trophic layers, the available



144 PETER E. SMOUSE

energy is minimal, and population sizes will be correspondingly small. Under
such circumstances, the stability of the whole assemblage is vulnerable to
stochastic perturbation (cf. Bartlett, 1957; Leslie and Gower, 1958; Goh,
1976; Chesson, 1978). The periodicities introduced by lag phenomena are
real features of layered systems (eg. Cunningham, 1954; Wangersky and
Cunningham, 1957; Luckinbill, 1973; May and Oster, 1976; Wangersky,
1978), and exacerbate the stochastic instabilities. Considering all of these
features, it is not surprising that most trophic pyramids are relatively flat.
One should expect not only that (N. <N, <N,<N,) but that the
inequalities will be large under most circumstances.

Finally, a few words are in order about the utility of translating the more
information-rich chemostat models into the quadratic Lotka—Volterra
analogues used here. All too often, the parameters of these latter models are
simply invoked. It is useful (indeed chastening) to obtain an appreciation of
just how much information these a- and f-“parameters” actually subsume.
This comment notwithstanding, it is useful to make the translation. A
comparison of models (22) or (26), for example, with their analogues (23)
and (27), should convince the reader that some condensation of information
is desirable. The numbers of parameters in the full chemostat models are
simply overwhelming. Except in fairly simple cases, the task of estimating all
of these parameters is prohibitive, even with so powerful an experimental
tool as the chemostat. For simple predation (or host—parasite) systems,
chemostats and chemostat theory of the general sort propounded here have
already proven their utility (cf. Horne, 1971; Tsuchiya etal, 1972;
Luckinbill, 1973; Drake and Tsuchiya, 1976, 1977; Chaoetal., 1977;
Levin et al., 1977). It seems probable that this sort of work may be
profitably (but modestly) extended to multiple substrates and to an
additional trophic layer or two. For really elaborate communities, however,
the models will remain purely theoretical tools. It seems clear that for a
general treatment of complicated systems, we may have to turn to the sort of
generalized network analysis proposed by Levins (1974) or to linearized
systems theory. That being the case, we must be prepared to sacrifice
exquisite detail by means of some “judicious condensation” of information.
The translation into classic Lotka—Volterra form is just such a condensation.
The a- and f-parameters are a convenient and useful visualization, but
should never be taken too literally.

SUMMARY
Models are presented for the joint dynamics of predators and prey, main-

tained in continuous flow chemostat culture. The predators are visualized as
subsisting on one or more prey organisms, which in turn are visualized as
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subsisting on one or more substrate resources supplied by the investigator.
The dynamic equations are translated into an analogous Lotka-Volterra
predation model, and the criteria for the existence and stability of various
equilibria are indicated. Denoting the number of different predator organisms
as Ny, the number of different prey organisms by N, and the number of
different substrates as N,, it is shown that the joint coexistence of all
components requires 0 K N, — N, < N,. The model is extended to more
complex situations by including additional trophic layers and by allowing
trophic layer “leap-frogging.” The model may always be translated into an
approximately quadratic differential equation of the Lotka—Volterra type.
The a- and f-coefficients of these latter are really variables, and become
quite complex for some of the multi-layered models.

APPENDIX

The purpose of this appendix is to illustrate the analysis of stability
criteria. 1 shall briefly indicate the strategy for the one predator, one prey,
one substrate and two predator, one prey, one substrate cases below,
illustrations which should indicate the general pattern of the other solutions.

One predator, one prey, one substrate. The text model (§), describing the
dynamics of M, M,, and C,, yields the Jacobian

— —

ou
(#1,— D) M, 31\’2 0
au au
Juce= —Aatyy  (Uyy— D)~ A, M, 61%12 M, ags (A1)
2 3
ou
0 —Ag3thas -D ‘istz‘a_Cz_a’
» 3

It is most convenient to extract the characteristic roots of the equivalent
Jacobian J, =PJ,, P, where the transformation matrix P takes the form

1 0 0
P=| 0 1 0o}, (A2)
/112123 1’23 1

and the matrix J, takes the form
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[ a‘u |
- D M, 22
(41, ) 1 oM, : 0
Oz ‘
—Aylys (#23—D)—A ;M —= ] |
oM, IM Oldy3
Jy= g [ . (A3)
H ou oC
_'112'123M2_C§3‘ _AzaMzgc? ,l }
——
i 0 0 | -D

For Case I (M, =0=M,, C,=R,), the eigenequation takes the form
(=D = W), — D —w)ty;— D —w)=0 (Ad)

and local stability requires u,, <D >u,, with M,=0. Now, u,,=0 if
M, =0, and D > u,, implies that
o (623R, — D)

=<0 AS
Ba2 6343 (43)

as claimed in the text. Case Il (M, =0 < M,, C, < R,) reduces the eigene-
quation to the form
ou
(D~ W)tz =D =) (g =D =AM, G —w) = 0. (A6)
3
For this steady state, (#,; — D) =0, so the third term yields a negative root

whenever M, > 0, because du,,/8C; > 0. If (u;, — D) < 0, then M, < D}, =
a,/By,; if M, > 0, then 6,,R, > D and

a, 0,R;—D 1%
=< DO, =—, (A7)
B2z 03425 & 12

which is the required Liapanov stability condition indicated in the text. For
CaseIIl (M, > 0 < M,, C, <R,), the steady state is stable if D > O (which
it is) and if both roots (w) are negative from

w=—b+ /b’ — da, (A8)

where 1o VoM 1o VoM
() o )
Vo e vm (49)
b=(12 e >+(D+ 23723 2)‘
K, ¢} # K, 03
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A bit of manipulation shows that both (a) and (b) are positive (and the roots
(w) are negative) if the inequality in (A7) is reversed. This is the stability
condition invoked in the text.

Two predators, one prey, one substrate. Consider the two-predator, one-
prey, one-substrate version of text model (16), describing the dynamics of
M,, M,, M, and C,. The Jacobian of this model is of the form

_ o
(43— D) 0 M, 3]‘2 0 W
0 .—D) M2
Jye=1{ . s * oM, ) (A10)
ou
Aty Ayt (a) M, 3(,3:
| 0 0 —A34 l3g @ J
where
ou ou
(a)z(ﬂu‘D)“Aua—A;‘—'lzz'éA—;‘,
; } ’ (All)
u
(d)=—D_'134M33—é:-

Using a transform matrix P, one may evaluate the eigenvalues of the matrix
J,=PJ,, P! instead. The matrix P takes the form

1 0 0 0
0 10 0
s Ay 100
'113'134 123’134 '1'34 1

Iy=

The stability conditions for all cases are of the usual Lotka—Volterra sort
to be derived from text model (17). I shall comment here only on the steady
state (M,, M,, M, >0, C, < R,). This particular steady state reduces (A10)
to the form

60 0 +
0 0 +

Juc= (A13)

0 0 -

| + oo

Every element of det J,,. is multiplied by one or more of the zeros in the first
two rows of (Al13); J,. is thus singular, so that the usual Liapanov
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treatment does not apply. Further investigation indicates that there can be no
M,, M,, M, >0, C, <R,) solution to text model (16). This situation is as
indicated in the text, and follows from the B-matrix singularity arguments. It
develops that B is singular iff J,,. is singular. No more predators may persist
than prey.

Other models may be investigated in analogous fashion. As the number of
components to the system increases, the translation to Lotka—Volterra
stability conditions becomes more tedious and less useful, but should always
be possible.
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