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Smoluchowski’s coagulation equation with a collection kernel K(x, y) ~ (xy)* with 2 < w < 1
describes a gelation transition (formation of an infinite cluster after a finite time #, (gel point)). For
general w and ¢ > 1, the size distribution is ¢(x, ) ~ x™" for x — oo with 7 = @ + 3/2. Forw = 1, we
determine c¢(x, ¢) and the time dependent sol mass M(¢) for arbitrary initial distribution in pre- and
post-gel stage, where c(x, ) ~ x %2 exp(—x/x.) for large x and ¢ < £.; c(x, £) ~ (—~M)"*x~>? for large
xt and > t.. Here x, is a critical cluster size diverging as (f — £)2? as ¢ T £,. For initial distributions
such that ¢(x, 0) ~ x#2 as x — 0, we find M(f) ~ %) g5 1 — co. New explicit post-gel solutions
are obtained for initial gamma distributions, c(x, 0) ~ x?~2¢** (p > 0) in the form of a power series
(convergent for all t), and reducing for p = oo to the solution for monodisperse initial conditions. For

p = 1, the solution is found in closed form.

1. INTRODUCTION

Smoluchowski’s equation for rapid coag-
ulation (1) describes the evolution of a system
of particles which are continuously growing
as a result of pairs of particles coming into
contact and adhering or bonding to form clus-
ters. Examples include the coagulation of
aerosols and colloidal suspensions, and the
formation of polymers. These systems may,
in general, be described by the kinetic equa-
tion:

1 X
olx, 1) = 2 fo dyK(y, x — y)e(y, He(x — y, 0)

— e, D) fo K, Y)e(y, 0, [1.1]

where c(x, f)dx represents the number of clus-
ters with size in (x, x + dx) at time f. A sub-
script, as in ¢, denotes a partial derivative.
The two terms represent the gain and loss of
x-clusters, the rate at which x;-clusters x,-
clusters combine to form (x; + Xx,)-clusters
being given by K(x;, x3)c(xy, D)c(xz, t)dx,dx;.
The coagulation kernels of interest in this pa-
per are of the general form K(x, y) = Ky(xy)“.

First we consider the special case w = 1. It
was believed for a long time (1-6) that solu-
tions of Smoluchowski’s coagulation equation
with the collection kernel K(x, y) ~ xy exist
only for small times. This belief was based
upon the behavior of the moments, which in
general are defined by

M = J(; dxx"c(x, 1). [1.2]
At some point, M, becomes infinite, and at
a later time, M, seems to become negative.
However, it turns out that past the point where
M, is infinite, the formally derived moment
equations are no longer valid, and there exists
solutions for which A, (the number of clusters)
remains positive for all time. In the case of
discrete mass distributions, Ziff er al. (7, 8)
and Leyvraz and Tschundi (9) have recently
given the explicit global solution for a mono-
disperse initial distribution and discuss the
ensuing phase transition (gelation); Leyvraz
and Tschudi have proved the existence of so-
lutions for all times, and Ziff et al. (10) have
given the explicit global solutions for arbitrary
initial distributions, and extensively analyzed
the singularities occurring in the size distri-
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bution and its moments near the transition
time.

In this paper we will discuss the case of
general continuous initial mass spectra, c(Xx,
0), for the coagulation kernel K(x, y) = Kyxy.
Here some properties of the solution differ
strongly from those in the discrete case, in
particular the long time properties. Note that
we may set Ky = M,(0) = M,(0) = 1 without
loss of generality by choosing proper units for
x, t and c(x, 1): M»(0)/M(0), 1/KyM>(0), and
M (0)’/M(0)?, respectively. For the kernel
K(xy) = xy we make a preliminary investi-
gation of the moment equations (1):

R 1 o0 00
M) = 5 fo dx fo Alx+py) —x"—y"

X xye(x, Hc(y, ). [1.3]

These can be derived from the coagulation
equation if one assumes that orders of inte-
gration can be freely interchanged.

For n = 1 it follows that the total mass of
all clusters M(t) = M,(¢) is conserved:

M) =M=1

My=0 or [1.4]

provided M,(#) < oo. This condition is nec-
essary to give a well-defined meaning to [1.3],
as the right-hand side equals M (M; — M,).
When c¢(x, ) is such that M, = oo, the de-
termination of M requires more care, as dis-
cussed below.

For n = 0 one finds

My = —1hM>. [1.5]

As long as M(t) = 1, the general solution of
[1.5] is

M) = M(0) — 'at, [1.6]

where M(0) is the number of clusters at the
initial time. Note the unphysical prediction
by [1.6] that My(f) becomes negative for ¢
>ty = 2/M0(0) i

For n = 2 one finds M, = M3, provided
M;(f) < oo. This yields
My(t) = MyOX1 — tMx(0))™!

= -5, [17]

where M,(¢) approaches infinity within a finite
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time ¢, = 1/M,(0) = 1. (Recall that units are
chosen such that A4,(0) = M,(0) = 1.)
For n = 3 one finds

Mi(2) = M30)(1 — 073,

provided My (t) < oo.

Similar peculiar properties become manifest
for the somewhat different situation, where
¢(x, 0) = 0 and where clusters of size x are
generated by a source of strength Q(x), for
convenience taken to be time independent (4,
11-17). After adding the source term (Q(x) to
the right-hand side of the coagulation equation
{1.1], one finds

[1.8]

1
Mo(t) = J()Z - g t3;

My(t) = tan ¢;

MO =M@ =t

M) = J3(cost)’3{sint - é (sint)3} , [1.9]

where the moments of the source are defined
as J, = f(;’o dxx"Q(x). Here we have chosen
units such that K, = J; = J, = 1. The results
[1.9] for M,(f) are valid provided M, ()
< co(n = 1). We note again that M(¢) becomes
negative for t > t, = (6J5)"/%; and M(¢) diverges
att = ¢, = w/2, with ¢, < tq.

In Sections 2 and 3 we will obtain the so-
lution of the coagulation equation [1.1] (with-
out a source term) with K(x, y) = xy for all
times and for general initial conditions, and
show that they are physically meaningful for
all times. The above results for M, (¢) will ap-
pear to be valid only for 1 < £, = 1. We will
further see (Section 2) that for £ > 1 the total
mass M(?), contained in the clusters of finite
size (sol particles) is no longer conserved, im-
plying the formation of an infinite cluster (gel,
superparticle), which contains a finite fraction
of the total mass in the system. In other words,
at time £, there occurs a phase transition,
known as gelation in polymer science.

In the absence of sources the size distri-
bution (see Section 3) past the transition point
(t > 1) is found to have an algebraic tail c(x,
t) ~ x 7 with 7 = 5/2 independent of the
initial size distribution, as in Junge’s law (33).
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The Smoluchowski equation [1.1] with K(x,
¥) = xy excludes for ¢ > f, the possibility that
finite clusters or sol particles coalesce with the
infinite cluster or gel (8, 10). A modified co-
agulation equation, which accounts for sol-
gel interactions, is discussed in Section 4.

In Section 5 we will briefly discuss coagu-
lation kernels of the form K(x, y) = (xy)*. If
w satisfies the inequalities 2 < w < 1 a similar
phase transition occurs (18-21). Past the tran-
sition point the size distribution has an al-
gebraic tail with an exponent 7 = w + 3/2.
The results are summarized in Section 6.

For the case of a stationary source it is well
known (4, 11, 13, 16, 17) that the coagulation
equation with K(x, y) = (x))* admits stationary
solutions ¢(x, 0) ~ x " with 7 = w + 3/2,
and it was pointed out (21, 17) that this cor-
responds for 2 < w < 1 to the formation of
an infinite cluster.

In this paper we discuss the coagulation
equation without source terms. In a separate
paper the effects of sources on coagulation
and gelation will be considered (22).

2. TIME DEPENDENCE OF THE SOL MASS

By calculating the mass flux across a certain
mass L, and by taking the limit as L — oo,
we show the possibility of a nonvanishing mass
flux for L — oo, indicating the appearance of
an infinite cluster or gel at the gel point £,.
From the general solution of the coagulation
equation, a functional equation for the (time
dependent) total mass M(7) of sol particles is
derived, and applied to examples of special
initial distributions. Finally, we determine the
asymptotic properties of M{(t) as t — ¢, and
ast — oo.

Violation of Mass Conservation

In order to understand what is happening
at t, = 1 we reconsider the derivation of the
law of mass conservation. Call M'© the total
mass of sol particles with size x < L, i.e.,

L
MO = f dxxc(x, 1), [2.1]
0
then the loss of mass from smaller clusters
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with x < L to larger clusters can be calculated
from the coagulation equation [1.1] with K{(x,
y) = xy as

L o0
Mm®=—fdm%m0ﬁ dyye(y, 1)
0 —X
[2.2]

and it follows that M = 0 only if the right-
hand side vanishes in the limit . — oo. The
value of M™(t,) at large L depends on the
large x-behavior of ¢(x, t.). The first factor on
the right-hand side of [2.2] is part of Mx(?),
which diverges at 7.; the second factor is part
of M;, which remains finite at ¢.. If we rep-
resent the large x-behavior of c(x, t.) by x™~
then 7 must satisfy the inequalities 2 < 7
< 3. Simple power counting predicts that
MB(t) ~ L% for L — co. For 7 > 5/2 the
limit of M®)(t,) as L — oo vanishes, and the
total mass of sol particles is still conserved at
t,. If, however, r < 5/2, then MYz, ap-
proaches for L — oo a (finite or infinite) neg-
ative value, indicating that there is a loss of
mass from finite size clusters (sol particles) to
the infinite cluster (gel, or super particle).

In the next section we will solve the co-
agulation equation and determine the large x-
behavior of c(x, 7). It will turn out to yield
c(x, t.) ~ x>, indicating that a phase tran-
sition occurs at the point z, = 1 with a finite
mass loss rate of sol particles.

General Solution

In order to solve M(f) we consider first the
equation of motion for the Laplace transform
of the mass distribution xc(x, f), defined as

fz, 0= J:O dxxc(x, e . [2.3]

After multiplying [1.1] with x and taking the
Laplace transform we obtain

fi=—fAf — M). [2.4]

It is a quasilinear partial differential equation
which has to be solved subject to the initial
condition:

fz 0 =uz) WO0)=—u'(0)=1). [2.5]
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This equation can be solved by introducing
the inverse function, z(f, £). Using f, = (z9~!
and f, = —z,/z; we see that z satisfies z, = f
— M(1), with the initial condition z(f, 0)
= u”\(f), the solution of which is given by

z=u(f)+ ft—T [2.6a]
> f=uz—ft+0)=f(z,) [2.6D]
where
T= f drM(7). [2.6¢]
o

The function #~ " is the inverse of #. The La-
place transform f(z, ¢) is implicitly given by
[2.6] as a function of (z, #) for a given initial
distribution f(z, 0) = w(z).

The equation of motion [2.4] and the gen-
eral solution [2.6] for the Laplace transform
f(z, 1) of the continuous size distribution c(x,
0, and for the generating function f(z, f)

el
= > aft)e™ in the case of discrete masses
k=1
are identical (10). However, the initial value
f(z, 0) = u(z) is an ordinary Laplace transform
for continuous mass spectra and a discrete
transform for discrete mass spectra. The prop-
erties of the functions u(z) are markedly dif-
ferent at large z, resulting from the differences
in the initial mass spectra (between the con-
tinuous and the discrete case) at the fine
grained side of the spectrum.

Functional Equation for M(t)

The solution [2.6] still contains the un-
known mass of sol particles, M{(?) = f(0, 1),
which may be determined self-consistently by
putting z = 0 to yield the functional equation

M =u(T — tM). [2.7]

It can be solved by differentiating [2.7] with
respect to time:

M = —tM-u/(T — tM). [2.8]
This equation has two solutions for al/ ¢, pro-
vided the first singularity of #(z) in the complex
z-plane with Rez < 0 is (1) located at a point
2o < 0, a finite distance away from the origin,
and (ii) has the property u'(zq) = oo (10), i.e.,
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the initial size distribution can be bounded
by an exponential. At the end of Section 3
more general initial distributions will be con-
sidered.

Returning to [2.8] we have a constant so-
lution:

My(1) = M(0) = 1, [2.9]

and a time-dependent solution, parametrically
given by
My = u(s)

= —u(s) [2.10]
with s > z,.

The two solutions indicate that f(z, ) is a
double valued function of z. The physical
branch of f(z, )—being a Laplace transform
of a positive function xc(x, t)—is a monoton-
ically decreasing function of z, and vanishes
as z — +oo. Therefore, the physically relevant
root of [2.8] is the smaller one of M, and M,
From a graphical solution of [2.10], using the
property that u(z) is monotonically decreasing
(with 1(0) = 1 and #'(0) = —1), it follows that
My)> 1fort <1 and My(t) < 1 for ¢t > 1.
Therefore the sol mass is given by

M) = min{M,, My}

(t<1l)

i
_{Mb(t) ¢>1). [2.11]

There occurs a phase transition (gelation) at
the gel point z. = 1. In the sol phase (f < 1)
M(?) is constant; in the gel phase ( > 1) M(r)
decreases to zero as time progresses. The loss
of mass, starting at ¢t = 1, is associated with
the formation of an infinite cluster (gel, su-
perparticle). It is a loss to infinity due to the
cascading growth of larger and larger clusters,
where the process accelerates, as the clusters
grow larger, since the rate is given by K(x, y)
= xy. The mass deficit, G(t) = 1 — M(1), is
called the gel fraction, which is only nonvan-
ishing past the gel point 7. = 1.

Examples of Initial Distribution

For monodisperse initial conditions, c(x, 0)
= 8(x — 1), it follows from [2.3] and [2.5] that
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(z) = ¢ *. One deduces from [2.10] and [2.11]
that the sol mass is

1 @<

M) = {z—l > 1).

[2.12]
The corresponding result for the total number
of clusters follows from [1.5]:

(t<1)

My(0) — Yat [2.13]

Molt)= {MO(O) — 1+ 12 > 1)

If the initial mass distribution is a gamma-
distribution xc(x, 0) = p?xP~'e?/T(p) with
p > 0, then u(z) = (p/(z + p))*. The sol mass
is given by

1 t<1)
M = {z—f’/@“) > 1),

and the corresponding total number of clusters
is

[2.14]

M)
My0)— Yt (t< 1)

p_ 1 (p + l)t—(p—x)/(pﬂ)
p—1 2\p-—1

> 1.

=< Mp(0) —

[2.15]

Note that the gamma distribution in the large
p-limit reduces to the monodisperse initial
condition, as can be seen most easily from the
relation lim (1 + z/p)™? = ™=

p—o

The initial gamma distributions have phys-
ical significance for p > 0, although c(x, 0)
~ xP72¢™P* with p > 2 becomes infinite as
x — 0. For p > 1 the total amount of particles,
My(0), contained in c(x, 0), is still finite, but
for p < 1 there is an infinite amount of grit
(minute particles of size x = 0), so that My(0)
= oo. However, the corresponding mass dis-
tribution xc(x, 0)—which is the physically sig-
nificant distribution—contains a finite amount
of material, M,(0) as long as p > 0. Conse-
quently initial gamma distributions with 0
< p < 1 are physically meaningful, but My(7)
is undefined (infinite).
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Asymptotic Properties of M{(1)

We discuss the behavior near ¢ = ¢, and ¢
= oo, starting with the first case.

For the class of initial distributions consid-
ered, the behavior of the sol mass for 7 | £,
= 1 can be obtained by expanding the right-
hand side of both equations in [2.10] about
s = 0, yielding

M@ =1-G@)
=1 —-@—1)/M0) (l1), [2.16]

where the relation u"(0) = M;5(0) has been
used. The corresponding behavior of M(r)
follows from [1.5]

Mo(t) = My(0) — Yat

F (= 122M5(0) (L 1). [2.17]

For ¢ — oo the relevant mass is given by [2.10],
in which the parameter s — co. Thus we need
u(s) and u'(s) for s — oo, corresponding to
the small x-behavior of the initial size distri-
bution. If ¢(x, 0) = AxP~%/T(p) (with p > 0)
for x — 0, then u(s) = As* for s — oo, and
the resulting sol mass decreases asymptotically
as

M(t) = A(Apy™ ") (t - o). [2.18]

If the initial size distribution c(x, 0) = O for
X < Xp, one finds asymptotically

M) = (xo)™!

This result is similar to the discrete mass case.
If the mass spectrum is continuous down to
x = 0, the sol mass decreases more slowly due
to the abundance of grit. The explicit examples
of [2.12] and [2.14] are special cases of [2.19]
and [2.18], respectively. The long time be-
havior of M(?) can be inferred from [1.5] and
[2.18-19].

(t— ). [2.19]

3. SIZE DISTRIBUTION

In this section we derive the general expres-
sion for the size disiribution, valid for all times,
and apply it to the monodisperse and the
gamma initial distributions. Next we deter-
mine the large x-behavior of ¢(x, £) by means
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of the saddle point method, and study in par-
ticular its behavior near the gel point ¢.. The
effects of initial distributions with algebraic
tails on the pre- and post-gelation behavior of
c(x, 1) is also briefly discussed. We finish with
the long time behavior of c¢(x, f).

General Form and Examples

Having determined M(¢) we take the inverse
Laplace transform of f(z, ¢) in [2.6b] to find
the mass distribution:

s+ioo

dze**f(z, 1),

s—ico

xe(x, 1) = Qmi)™! [3.1]
where the contour is a straight line parallel to
the imaginary axis and to the right of all sin-
gularities in f(z, £). After introducing a new
integration variable {, such that

f=u®); z=¢+a® 1T, [3.2]

and calculating the Jacobian dz = (1 + t'($)dY),
we obtain from [3.1] after performing two
partial integrations with respect to { (boundary
terms are vanishing):

c(x, 1) = (x*D)e T 2ni)™!

s+ico
X f  dzexplx(z + tu(z))]. [3.3]
S—ico
The contour is a straight line to the right of
all singularities in #(z). Equation [3.3] rep-
resents the solution of our coagulation equa-
tion for all times, and T(¢) is given through
[2.6¢c] and [2.11].
As an example we consider first xc(x, 0)
= ¢, i.e., the gamma distribution for p = 1,
so that w(z) = (z + 1)~'. With the help of the
following integral representation of the mod-
ified Bessel function (23):

IL(2x) = Qni)™! f%m dz exp[x(z + z7Y)]
= (1/7) J: df cos 0 exp(2x cos 0), [3.4]

we obtain the solution:

c(x, 1) = e D, xVn/x2Ve  [3.5a]
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where, according to [2.6c] and [2.14],
1+¢ (t<1)
2Vt @>1). [3.5b]

For ¢ < 1 this solution has been obtained before
by McLeod (3). For ¢ = 1 it represents a new
solution to the coagulation equation.

The general solution [3.3] can also be rep-
resented in the form of a series expansion:

e—xT © (xt)k J‘Sﬂ'oo dZ " xs
1 2R i 2w OV

1+T={

clx, 1) =

—ico
[3.6]
For the initial gamma distribution (see above

[2.14]), u(z) = [p/(z + p)P, and [3.6] yields
the solution:

e—( p+Tx ©

I} p(+1)
1) = . (xt)"(px)

o U+ DIT(p(l+ 1)
[3.7a]

This series converges for all #. We further have

b+ T = p+t (t<1)
(p+ DD (1> 1)

on account of [2.6¢] and [2.14]. For p = 1 it
reduces to the previous example [3.5], where
[3.7a] is the series expansion of I;. This so-
lution for ¢ < 1 is known (1, 3); the solution
for £ > 1 is new. Its large x~ and t-behavior is
discussed below. One may also formulate these
results in terms of the variable M, instead of
t, using [2.15], as has been done in (1).

Another example is supplied by the mono-
disperse initial condition, where u(z) = ¢ °
(see above [2.12]). The series expansion [3.6]
yields in this case

[3.7b]

—xT o v k—1
=5 sk, [3.8a]
x o K
where, according to [2.12] and [2.6c],
3 {t <11
1 +logt (t=1). [3.8b]

It is actually the solution for the discrete mass
case, where
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a() = e Fikey11kk!
= e Kk 2 ekt

<1

t=1. [39]

For ¢ < 1 the solution has been known for a
long time (2, 24, 25); for t = 1 this solution
has been recently given by Ziff et al. (7, 10)
and Leyvraz and Tschudi (9).

Saddle Point Method

The integral representation [3.3] for ¢(x, )
is very convenient to derive the asymptotic
behavior of ¢(x, ) at large x, using the saddle
point method. To obtain an asymptotic
expression for the integral in [3.3] we choose
s such that F(z) = z + tu(z) is at a maximum
when the contour crosses the real axis. Then,
s is determined as the solution of

F)=1+t(s)=0. [3.10]

Observe that [3.10] is identical to the second
equation of [2.10]. Hence u(s) = My(?).

By expanding F(z) about s and writing
z = 5 + iy we find that [3.3] at large x is
approximated by

c(x, H = (27rx2t)‘1e"‘Tf dy

X exp[xF(s) — Yaxy*F"(s)]

~ (27rt3ul/(s))—l/2x75/2

X exp[x(F(s) — T)]. [3.11]
In this expression we have for ¢t < 1
zZo=T—Fs)=H1 —us)) — s
Zo=(Cu'(), [3.12a]

where Eqgs. [2.6¢], [2.11], and [3.10] have been
used. For ¢t = 1 we have according to [2.6¢]
and [2.10]

t
Zo= — f driM(r) — s =0, [3.12b]
1

since dr = r2u"(s)ds and M(7) = —(r*u"(s))"".

In summary, we have for large x:
(Zof2m) ' 2x 7520 (¢

(—M2m)"2x52 (¢

vV A

c(x, )= {
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As an example we take the initial gamma dis-
tribution, where z, follows from [2.6c], [3.10],
and [3.12] as

() =p+1t—(p+ D" (1 < 1) [3.14a]
and

Zo(2)

—M(2)
[p/(p + 1)) oD,

Note that for times past the transition time,
t. = 1, the mass spectrum has a universal shape
~Xx~" with r = 5/2, independent of the initial
size distribution. Similar long tailed distri-
butions occur in Junge’s power low distri-
butions for atmospheric aerosols (1, 4), al-
though the typical 7- values! given in (1) are
smaller than 5/2.

For an analysis of the behavior of [3.14] in
the close vicinity of the gel point ¢, = 1 we
need the behavior of zy(r), which is paramet-
rically given by [3.12] and [3.10]. By expand-
ing [3.10] about s = 0 and using u(0) = —#'(0)
= 1 and u"(0) = M3(0), we find s = (¢ — 1)/
M3(0)ast 7 1. Subsequent expansion of [3.12]
about s = 0 and ¢ = 1 yields finally: zy(z)
=~ (t — 1)%/2M+(0) as ¢ T 1. The behavior of
[3.14] past the gel point depends on M),
which has been calculated in [2.16]. Hence
the asymptotic behavior for the size distri-
bution c(x, 1) in the coupled limit x — oo and
t—t. = 1 with x(z — 1,)* = fixed is given by

[3.14b]

c(x, £) = QuM;(0)) 252

% {exp[—X(l — LY 2M50)] (2 < 1)
1 (> 1). [3.15]

Therefore, the size distribution for ¢ < 1 (sol
phase) decreases exponentially at large x, so
that all moments AM,(f) remain finite for
t < 1.Fort = 1 (gel phase) the size distribution
decays algebraically at large x, c¢(x, ) ~ x°
with 7 = 5/2, so that all moments with »
> 3/2 are divergent, whereas the sol mass,
M\(¢), starts to decrease at a finite rate, as

! The relation between 7 and the exponent 8 in Junge’s
power law is 8 = 37 — 3 [see (1)].
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indicated in the beginning of Section 2. For
t < t, the crossover from exponential to x>/
2_behavior occurs at a critical cluster-size x,
with x, = M3(0)(t — t) 2 ast T ¢.For x» x,
we have c(x, ) ~ x7 exp(—x/x.), while in
the intermediate range 0 € x <€ x, we have
c(x, ) ~x7.Ast ¢, x. — o0, and the x™'-
behavior extends to infinity for all ¢ = ¢.

The results obtained so far apply to initial
distributions, c¢(x, 0), decaying exponentially
at large x (see below [2.8]). A general discus-
sion of the effects of initial distributions with
algebraic tails has been given in (10). Here we
only quote the results for a typical example,
namely, c(x, 0) ~ x 2 with 1 < X\ < 2. At
any fixed ¢+ < 1 the algebraic tail, c(x, )
~ Ax ¥ Nx — o0), remains, but as  — 1 the
amplitude, A, diverges as (I — 7)™'; at
the transition point ¢t = 1 one finds c(x, ©)
~ x~Z"V* with a nonvanishing amplitude; and
for ¢t > 1 one finds c(x, 1) ~ x>* with an
amplitude, vanishing like (z — 1)” as ¢! 1 with
v = (1 = ¥N)/(A - 1)

If the initial distribution has an exponent
A in the range 0 < A < 1, so that M,(0) = oo,
then #'(0) = oo, and the gelation transition
occurs instantaneously.

Large Time Behavior of ¢(x, t)

It follows from [3.3] that the behavior of
c(x, t) at large f and fixed x is similar to that
at large x and fixed ¢ with ¢ > 1, as given in
[3.14]. One only needs to insert the large -
behavior of M(¢) from [2.18-19].

An illustrative example is provided by the
initial gamma distributions. Here we have on
account of [2.14] and [3.13}:

cCx, ) = [2n(p + 1)/p] ' 2x~>2 CorhietD

(t — o0, x fixed). [3.16]

It reduces in the limit p — oo to the well-
known result for monodisperse initial con-
ditions (9, 10). For general initial conditions,
as discussed below [2.17], the same long time
behavior [3.16] is found with a different mul-
tiplicative constant with a t-exponent de-
pending on the shape of ¢(x, 0). This behavior
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differs strongly from the corresponding result
in the discrete mass case, where c(f)
oc k3?1t — o) for general initial condi-
tions. The abundance of grit at the fine grained
end of the continuous initial mass spectrum
is slowing down the coagulation and gelation
reactions.

4. MODIFIED COAGULATION EQUATION

In this section we discuss a different co-
agulation problem with a phase transition, in
which the loss term in the kinetic equation is
modified past the transition point. We deter-
mine the Laplace transform of the size dis-
tribution and the time dependence of the sol
mass. The ensuing behavior of ¢(x, ) and M ()
with n = 2 is quoted. Consider the loss term,
—xc(x, HOM(?), in the coagulation equation
[1.1] for the kernel K(x, y) = xy. Fort < 1 it
is proportional to the zotal mass in the system,
(M(t) = 1). For t > 1, the loss term only con-
tains sol particles, with M(f) < 1. Therefore,
in the coagulation process, described by [1.1]
with K = xy, sol particles are only allowed to
coalesce with other finite clusters, but not with
the infinite cluster or superparticle. This cor-
responds to the situation in which the infinite
cluster is continuously removed from the co-
agulating sol system (e.g., through precipita-
tion).

One may also envisage the situation in
which the finite clusters in the system can co-
alesce both with other finite clusters and with
the infinite cluster; i.e., all mass, A4,(0), ini-
tially present in the system, whether bonded
in sol or gel, remains available for bonding
sol particles. Therefore, the quantity M (¢) in
the /oss term of the kinetic equation for K
= xy equals unity at all times before and past
t.. The above model is described by the mod-
ified coagulation equation:

1 X
odx, ) = 3 fo dyy(x — y)

X e, HDex — y, 1) — xe(x, 1. [4.1]

For ¢t < t. = 1 this equation is identical to
[1.1] with K = xy. In the case of discrete masses
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the modified coagulation equation has been
discussed by Dusek (26) and Ziff et al. (7, 10)
in connection with the gelation transition in
reacting polymer systems. In polymer physics
the modified coagulation equation [4.1] cor-
responds to Flory’s theory (24) of gelation,
and the usual coagulation equation with
K = xy to Stockmayer’s (25), as discussed in
(8, 10). Both theories yield different results
only in the gel phase (¢ = ¢.). In the former
theory sol-gel interactions are allowed; in the
latter theory such interactions are absent.

In the aerosol physics the gelation transition
has been discussed by Lushnikov and co-
workers (14, 27, 28). Following the method
of Marcus [see (1), Section 2.4] a master equa-
tion is constructed for the probability distri-
bution P(ccy+ *+ * ¢ * +; 1), in which the tran-
sition probabilities are constructed from the
coagulation rates K;; = ij in Smoluchowski’s
coagulation equation. Here {c¢} are the (fluc-
tuating) numbers of k-clusters per unit vol-
ume, and the macroscopic size distribution is
then an average ¢, (). At and past the gel point
the fluctuations become of macroscopic size,
and modify the average rate equations to yield
effectively [4.1]. This procedure looks very dif-
ferent from the arguments leading to [4.1].
However, Ziff et al. (10) have shown for the
case of discrete masses that Lushnikov pro-
cedure yields results, identical to those ob-
tained from [4.1].

In the case of a continuous initial mass
spectrum the modified coagulation equation
can be discussed along the same lines as in
the discrete case. However, the time depen-
dence of the sol mass for ¢ > 1 differs quali-
tatively from the discrete case. (Similar dif-
ferences occur in the solutions of the usual
coagulation equation, as already discussed in
Section 2). This will be briefly elucidated.

The Laplace transform of [4.1] is given by
[2.4] with M put equal to unity for all z. Hence,
its solution for all ¢ is

f(z, ) = u(z — tf + 0. [4.2]

This follows from [2.6]. In the present case
the mass of sol particles, M(f) = f(0, ?), can
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be obtained from [4.2] by setting z = 0, and
yields the functional equation:

M = u(t — tM). [4.3]

This equation has two solutions: a constant
solution M,(¥) = 1, and a solution M (%), that
decreases with increasing . The physical mass
of sol particles is again the smaller one of the
two, i.e, M(f) = min (1, M(?)). The large ¢-
behavior is given by M(f) ~ u(t), where u(z)
at z — oo 1s determined by the small x be-
havior of ¢(x, 0).

The different behavior of M(f) = 1 — G(¢)
in the usual and modified coagulation equa-
tion is best illustrated by the example of the
initial gamma distributions with (z) given
below [2.13]. The mass deficit or gel fraction,
G = 1 — M, is according to [4.3] determined
by

G=1~-(1+1tG/p)?* [4.4]
and leads to the long time behavior:
MO =1-G@t) =P/t (t— ) [4.5]

This result should be compared with the sol
mass [2.14] in the usual coagulation equation,
which has a slower decay at large ¢. The reason
is the larger loss rate of sol particles in the
modified coagulation equation due to the
bonding of sol particles by the gel.

The discrete mass case with monodisperse
initial conditions can be obtained by taking
p — oo in [4.4] with the result

G = 1 — exp(—1G). [4.6]
This relation was first obtained by Flory (24)
and Lushnikov (27). The large ¢-behavior of
G(?) in [4.6] decays exponentially:

MH=1-GH~e’ [4.7]

to be compared with the algebraic decay [2.12].
For an extensive comparison of results from
the usual and modified coagulation equation
we refer to (10).

The size distribution from the modified co-
agulation for ¢ > 1 has the same function form
as for ¢t < 1; and is found by setting
T = t in Egs. [3.3-8]. It always decays ex-
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ponentially at large x, except at the transition
point ¢, = 1, where the size distribution has
an algebraic tail c(x, t.) oc x>? as x — c0.
Therefore, all moments M,(¢) with n = 2 in
the solution of the modified coagulation
equation exist for ¢ # 1, = 1, and behave in

the close vicinity of the gel point as
My@) o |t — 1|7

M) oclt—172 @¢—1). [4.8]

5. COAGULATION KERNELS K(x, y) = (x))*

The coagulation coefficient K(x, y) = xy
represents a reaction rate for coalescing clus-
ters, proportional to their volumes. In many
types of reactions the effective surface area
of the reacting clusters determines their reac-
tion rate so that we have typically K(x, y)
~ (xy)*?. Some further examples of coagu-
lation kernels for selected coagulation pro-
cesses can be found in (1, 16, 17). Here we
will study coagulation processes in which the
coagulation rates have the general form K(x,
¥) = (xp)* with » < 1. Smoluchowski’s co-
agulation equation takes the form

dc(x, 1)

1 X
=5 fo Ay(x — y))c(y, Helx — y, 1)

— x“c(x, t)J; dyy“c(y, n. [5.1]

From the extensive literature on the subject
it is known that the asymptotic dependence
of K(x, y) on the cluster size at large x and y
is of crucial importance for the x- and 7-de-
pendence (1, 16, 29, 30), and in particular for
the occurrence of a gelation transition within
a finite time (21). For kernels K(x,y)
< ¢(x)'? all moments remain bounded on
bounded time intervals (31), thus excluding
the occurrence of gelation within a finite time.
For kernels K(x, y) = (xp)° with 2 < w < 1
the occurrence of gelation has been established
in (18-21) for the case of discrete masses. Here
we present a brief account of the theory for
the continuous mass spectra and we will show
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that the size distribution c(x, f) at and past
the gel point 7, has asymptotically a power
law behavior:

cx, ) xAx™ (x— o) [5.2]

with an exponent 7 = w + 3/2. This behavior
can be found by studying the small z behavior
of the Laplace transform of the distribution
function. We, therefore, introduce

g(z, D)= fm dxc(x, He ™
fz, )= on dxx“c(x, ™™  [5.3]
4]

and take the Laplace transform of [5.1], which
yields

& = f*— fM,. [5.4a]

Here M, is defined in [1.2]. Alternatively we
may write

f=M,— M +2g]'"2  [5.4b]

where the root with the minus sign is chosen
because f(z, f) is a decreasing function of z.
If we write f and g as

g(z, 1) = My — zM,| + Az, 1)
fz, ) = M, + iz, 1), [5.5]

then A = 0(z) and 6 = 0(1) for small z, since
M, < M, < M, < o as the total mass of the
system is finite. Furthermore, by setting
z = 0 in [5.4a] it follows that

240, 1) = My = —'2M2. [5.6]

To discuss the solution at and past the gel
point #,, it is necessary to look for solutions
in which the total mass of sol particles, M,(),
depends upon time, so that g, ~ My, — zM|

+ - - .. Combination of this result with [5.6]
yields through [5.4b]

f(z, ) =~ My — (—2M2)'? (z —0), [5.7]
where M, is negative. The dominant small z
singularity in f(z, ¢) is a square root branch
point, implying an algebraic tail ~x *?in the
inverse Laplace transform, so that (18, 19)
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c(x, 1) = (~My/2m) PPy

(x — o). [5.8]

Thus, we have determined the large x-behavior
of the size distribution past the gel point, where
M, # 0, and we have expressed the amplitude
A in [5.2] in terms of the (unknown) mass
loss rate. The behavior [5.8] must be consistent
with the requirements on the existence of the
moments in [5.5]. For M| to be finite we must
have w > %. Therefore, only for w > ' can
the coagulation equation [5.1] have (post-
gelation) solutions with a time dependent A4 .
For the kernels with ¥» < w < 1 we have neither
been able to determine the sol mass M(f),
nor the gel point z.. Estimates, or more pre-
cisely, lower bounds on £, can be derived by
studying the moments. A lower bound on
M (f) with a > 1, diverging at f,, provides a
lower bound: ¢. > 1. Our best lower bound
for the gel point is

fo> [ = DM, 0)]7',  [5.9]

as has been derived in (20, 21).

The solution [5.8] is very similar to the
steady-state solutions with gelation (%2 < w
< 1) (16, 17, 21) or without gelation (@ < %)
(32), found in coagulating systems with
sources. In case of a stationary monomer
source, g(x) = gé(x — 1), one simply replaces
the mass loss rate (—A4;) in [5.8] by the source
strength to obtain the stationary solution.

6. SUMMARY AND CONCLUSIONS

The coagulation equation with a rate con-
stant K(x, ¥) = (xy)* with 2 < w < 1 shows
a phase transition, which manifests itself for
times larger than a critical time . (gel point)
through a violation of mass conservation. The
violation of this conservation law is interpreted
as the appearance of an infinite cluster or gel,
which accounts for the mass deficit. For ¢
< £, the sol mass is constant, and it starts to
decrease for ¢ > ¢..

For the special case w = 1 we have obtained
the explicit solution of the coagulation equa-
tion for arbitrary initial distributions. The ex-
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plicit form of the sol mass M;(¢) is given
parametrically by [2.9-11]. If the initial dis-
tribution is monodisperse or a gamma distri-
bution a closed expression for M(f) is given
in [2.12] or [2.14]. The long time behavior
[2.18] of My(z) ~ ¢t ~P"*D with p > 0 for con-
tinuous mass spectra is markedly different
from M(f) ~ ¢! in the discrete case. This
difference is caused by an abundance of min-
ute particles of size x = 0 in the continuous
case, which slow down the coagulation process.
The size distribution ¢(x, ¢) for an arbitrary
initial distribution w(z) = f(z, 0), defined in
[2.5], is obtained in the form of an integral,
which may be expanded in powers of ¢ (see
[3.6]). For the initial distribution c(x, 0) =
x~! exp(—x) we have obtained a global solution
[3.5] in the form of a modified Bessel function.
For the family of initial gamma distributions
with parameter p we have obtained a global
solution in the form of an infinite series [3.7]
which converges for all 7. For p = 1 the mod-
ified Bessel function is recovered; for p = oo
one recovers the pre- and post-gelation so-
lutions for monodisperse initial conditions.
These explicit results constitute new solutions
to the coagulation equation with the kernel
K(x, y) = xy.

For general initial distributions we have
calculated the large x-behavior [3.14] of ¢(x,
1) in the sol and gel phase. The mass spectrum
is exponentially cut-off in the sol phase, and
has an algebraic tail ~x~>2 in the gel phase.
The size distribution at large x and times close
to t = {; or close to ¢ = oo, is given in [3.15]
and [3.16]. The coagulation equation [1.1]
with K(x, y) = xy corresponds to Stockmayer’s
theory of the gelation transition in reacting
polymer systems. The modified coagulation
equation [4.1] corresponds to Flory’s theory
of gelation, in which sol and gel are allowed
to interact. Such interactions are absent in
Stockmayer’s theory and, likewise, in [1.1]
with K(x, y) = xy. The solution c¢(x, ) of the
modified coagulation equation decays expo-
nentially for all ¢ # .. Only at £ has the size
distribution c(x, t.) an algebraic tail x>2. The
modified coagulation equation is also equiv-
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alent to Lushnikov’s coagulation theory (27)
with a gelation transition. For coagulation
kernels K(x, y) = (xy)® with 12 < w < 1 we
have obtained post-gelation solutions [5.8] in
the form c(x, {) ~ x77 with 7 = w + 3/2, the
amplitude of which depends on the function
M (7). We have neither been able to determine
the sol mass M,(r), nor the gel point z.. For
the latter quantity we have given an estimate.
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