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An analysis is made of the supersymmetry of parafields in Wess—Zumino-type models with two cases in which para-
bosons and parafermions form a supermultiplet. In case one the symmetry is realized by either the normal supcralgebra or
an infinite Lic algebra as in ordinary supersymmetry. In case two the infinite Lie algebra is intrinsic to the supersymmetry.
With appropriate symmetry breaking, formulations of these types may be used to explain the generation problem by postu-
lating unobserved parabosons as supersy mmetric partners. The relevance to these models of aninfinite Lie algebra construct-

ed from supersymmetry is mentioned.

1. Introduction. The basic idea of supersymmetry
is the mixture of particles of different statistics; nor-
mally taken to be bosons and fermions. It is natural
to ask if this concept can be extended to parafields
which generalize normal quantum statistics [1,2].
While there are no observed paraparticles in nature,
the possibility exists for unobserved particles which
obey this statistics.

Parastatistical fields obey double commutation re-
lations [1,2]. In particular, parafermi relations con-

tain only commutators as opposed to anticommutators.

Analogous double commutators among fermionic
quantities were introduced in a treatment of the
supersymmetry algebra by defining commutators of
fermionic generators as members of the algebra [3].
The resulting Lie algebra is infinite dimensional and
similar to a Kac—Moody algebra [4,5].

Due to the similarity of parastatistical commutation
relations and the infinite Lie algebra derived from
supersymmetry, it is anticipated that there are repre-
sentations of the infinite algebra (for fixed momen-
tum) realized with parafields [6].

In this article we present two modifications of the
Wess—Zumino model [7] containing parafields. In the
first case the parameters are either anticommuting c-
numbers (ordinary supersymmetry) or commuting c-
numbers supplemented by a Klein transformation on
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the fermionic generators (infinite Lie algebra [3]).
The second case utilizes c-number parameters obeying
commutation relations of a generalized parastatistical
type. A discussion of these cases follows in section 3.

2. Wess—Zumino lagrangians with parafields.
Case 1. Following Green, parafields are decompos-
ed into components:

$=¢; +0yt...+4,,

¢=w1+¢/2+...+d/p, )
such that

{81,062} = [¥1,¥,]=0, (2a)
{61, ¥2} =195, 41} =0, etc, (2b)

at a space like separation, and each component satis-
fies normal boson and Majorana fermion equal time

commutation relations (= 1,2, ..., p)
[¢;Cx, ), §;(x", )] =i6(x —x'),
(e, ), V3", 01 = ~(1 O)*P8(x —x"),  (3)

where C(=7,7,) is the charge conjugation matrix ¥!.
#1 €= (y374)all y-matrices in Pauli—Dirac representation.
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Note that egs. (1)—(3) are equivalent [2] to the equal
time double commutation relations of Green [1];

({8, 1), G', )}, 6(x", )]

=—-i28(x' —x")o(x, 1), etc, @)
and
[V, ), Y8G, )], Y2 (", )]

=2(y4,CY85(x —x")YA(x', 1)

—2(14C)P88 (x" —x")y(x, ), etc,

which define parafields. For simplicity we restrict to
the p = 2 Green ansatz with the generalization to ar-
bitrary p obvious.

Taking A, B, Y to be p = 2 parafields in the Wess—
Zumino model (4 scalar; B pseudoscalar; yy Majorana)
we have the lagrangian

£=-3{3,4,0,4} - ;{0,B, 3,8} — 5[, V]
—im2{4, A} ~3m? (B, B} —im[¥, V],  (5)

where we neglect interactions for simplicity. The inter-

action terms must be appropriately symmetrized in
order to satisfy locality [2]. The fields in eq. (5) are
p =2 parafields as given in eqs. (1) and (2).

By a method similar to that in ref. [7] we take
Majorana fermionic charges given by

so=—i [sgdix

©

- 'li f {10MA ~ivsB) + m(A +ivsB), 14 ¥}2dx.

Note the symmetrization in eq. (5) and eq. (6) elimi-
nate fields of different Green index in bilinear terms.
From §¢ and the commutation relations of parafields
{egs. (3) or (4)] we have the transformations;

[Sa,A]] = lp]a s [SQ‘B] = (175‘1’/)0‘ s
{s%, WP} =i[3,(A — ivsB)y* +m(4 + Biys)] fCt8

™
where j = 1,2. The anticommutator,

(5%, S8} = i(y,C)PH ®)

is the same as normal supersymmetry and gives the
standard supersymmetry algebra for anticommuting
parameters €. The use of commuting ¢ parameters,
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supplemented by a Klein transformation [8] on the
fermionic generators, leads to an infinite Lie algebra
as shown in ref. [3]. In eq. (8), P* is constructed
using symmetrized bilinears as in eq. (5). It should be
noted that S in eq. (6) is a normal Majorana fermion-
ic generator as contrasted with a parafermionic gener-
ator. The latter possibility is considered in case 2.

Case 2. We define parafermionic parameters, e;;, by
commutation relations (no sum on repeated Green
indices heretofore)

{eil-, eii} =0, (9a)
and

lejj el =0 (j#k),

{e, e} =0 G#k). (9b)
Consider the lagrangian in eq. (5) assuming

[4;, 9,1 = 1B, ;] =0, (10)

with para commutation relations, eq. (2a), among
bosonic and fermionic Green components. Define
conserved generators;

Sy =i [, +iB)NZ, ¥})
+{(A; —BDNZ, V) d3x, (11a)

522 =i f[<(A2 + le)/\/j’ lll;)

+{(A, — BN, ¥7)] d3x (11b)
S1y= i [ (A4, ~iB)NZ, ¥3)

+{(4, +iB))NV2, ¥3)] d3x, (11c)
Sy =i [ Ky —B)NZ Y]

+{(4, +iB)N2, Y] dBx (11d)
where
(9, ¥I=0,0 (M 74¥) (12)
and
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Ui =302 y5)Y; . (13)

Note wf are chiral Majorana fields with Green index
i. In eqs. (11) we take the massless case for simplicity.
It is trivial to include mass terms in which all fields
have the same mass. The following relative para com-
mutation relations are assumed between the fields in
egs. (11) and between fields and parameters:

[AI’BI] = [Az,le = {A1,32}={A2,Bl}=0, (143)

{Gi'» ‘Pj}:O, [e,-]-, ‘l’k] =0 (j#kK), (14b)
le;»4;] = ey, B]l=0,
{eii’Ak} = {eij, Bk} =0 (i¢k) . (]4C)

With these relations we have the transformations

[€;S;> (Ay + BNZ] =807 (152)
[€1Sy. (A + iBINZ) =8, E,07  (7#1), (15b)
[€;Sy> ¥ic] =10, [(4; 7 1B N2 e, (15¢)

[E‘ﬂS”, l/’lﬁ] = ia# (A, £ iB,)/\/—2—] 'y“eiil (j;&I)(lSd)
where

efi=:}(] tys)e (7=12). (16)
Define charges
S =11 +512), 5256 *+Sp),

and observe easily the commutation relations (i = 1,2)

(17a,b)

{S;,5;} =i(v,C)fPH (182)
and
[Sy.881=0. (18b)

Note that eq. (18a) is the normal supersymmetric com-
mutation relation for each Green component whereas
eq. (18b) is a result of the parastatistics of the fields.
The proof of eq. (18a) follows as in the usual manner;
we show the proof of eq. (18b) in the appendix.

Eqs. (18) are parafermi commutation relations for
fixed momentum and imply the double commutation
relation for

[[Sa’ Sﬂ]’sﬁl = 2iSa(7“C)ﬁﬁ pPE
— 2i(7,C)ygPHS? . (20)
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As is described in ref. [3], the repeated commutator
of operators on the RHS of eq. (20) leads to an infinite
Lie algebra of the Kac—Moody type. Because neither
the commutator, [S%, $8], nor the anticommutator,
{82, SP}, can be written linearly in terms of the gene-
rators of the transformations, the infinite Lie algebra
[3] is intrinsic to this symmetry.

Note that by singling out S as a generator of the
infinite Lic algebra, we are considering a subalgebra of
the total supersymmetry algebra. The algebra generat-
ed by S|, S, and the Poincare group is closed allow-
ing commutators and anti-commutators. The algebra
generated by S and the Poincare group is closed al-
lowing double commutators of the parafermi type as
in eq. (20). As a result, the corresponding paraferm-
ionic parameters, €%,

& - & 3 a3 a
e =entenptey tey, 1)
should satisfy the double commutator

[[e*, €f], €8] =0. (2)

3. Discussion. The commutation relations of in-
dependent fields as s been discussed extensively in
the past [8]. It has been proven that fermionic fields
can be changed from relative anticommutators to rela-
tive commutators by appropriate Klein transforma-
tions without changing physical content. However,
this is not the case for bosons because there is no con-
served boson number operator (with the exception of
conserved charges associated with the bosons such as
the strangeness quantum number). Therefore the exis-
tance of a paraboson in supersymmetric relation with
parafermions (case 2) may imply significant experi-
mental consequences. For example, an arbitrary
Yukawa interaction between parafermions and para-
bosons is not allowed due to the violation of locality
[2]. However, it may be possible to construct local in-
teractions between supersymmetric partners with
gauge bosons which are supersinglets. Certainly this
possibility exists within superspace formulation [9]
of supersymmetry.

The superspace concept may be applied to para-
supersymmetry by defining a parafermionic, rather
than fermionic, extension of Minkowski space. The c-
number parameters, %, would satisfy the condition

[[6%,68],858]=0. (23)
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Also, 6 should have appropriate relative pararelations
with parafields and parafermionic generators.

The formulation discussed in case 2 is different
from standard parafield theories in that the Green in-
dex is not confined in a form shown in egs. (2) and
(4). The possibility of Green components as indepen-
dent fields implies double commutation relations
among components which are more general than
Green’s ansatz. This possibility will be discussed further
in a forthcoming publication.

In conclusion, we mention possible phenomenolo-
gical implications of these ideas. First, due to the exis-
tance of a wider class of representations, the infinite
Lie algebra (allowing the possibility of paraparticles)
may explain multiplicities of various particles. For
example, the genecration problem may be understood
by a model in which parabosons are related to para-
fermions prior to symmetry breaking. In such a mod-
el the generation symmetry would be an internal sym-
metry between independent Green fields. In another di-
rection, the parastatistical nature of certain particles
connected in supersymmetry and the liberation of the
Green index (as in case 2) suggest the possibility that
the breaking of supersymmetry may split Green com-
ponent masses. This could mean that the experimental
non-existance of paraparticles is simply a low energy
effect, and only at sufficiently high energies all Green
components are observed.

The authors would like to acknowledge P. Tataru-
Mihai for sending his manuscript before publication.
We are also indebted to Jacques Leveille and Hans
Wospakrik for useful information and discussions. This
work is supported in part by the US Department of
Energy.

Appendix. Proof of eq. (18b), [S§, Sg] =0. From
egs. (11) and (17) we have

57,551 = 2 @+ 19+ 150+ 10 . (AN
where
@ = (a3x d3x'
19,= fa3x d3x
X {[95[(4, +ieB))N2],3,[(4] ~ieB])N2]]
X (74 V3, 1Y V5 s} s (A2)
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152;3 = fd3x d3x'

X {[8,[(4; — ieBy)N2], 3, [(4) + ieB))IV2)] ]
X 1 V5, 1a V1))

9, = [ dx a3’

X [8,[(4; +ieB))A/2]8,[(45 — ieBY)N2]

X {49V (7405
I‘gf)‘)ﬁ = fd3x d3x'

X [3) [(4, — ieB,)N210, (4] +ieB)N2]

X {1 ¥, 50 . (A2 cord)
By using canonical commutation relations for fields

with the same Green index and parastatistical relations,
€q. (2), between fields of different index, we obtain

_ 1
10y== [ 2 (321400

X HCEQ +75) 74774 3(1 + 75y
+ (50 +y5)vamra 3 (L + Ys)g'e']

X d,c]x'alwg' )’ (A3)
where the Fierz transformation,
1 .
Xon¥py =Z§> (VaClap(YTC Ly X)), (A4)

has been used with C = the charge conjugation matrix.
In eq. (A4),

(A5)

From the projection operator (1 + Ys)in eq. (A3)

one has immediately that the sum is restricted to 4 = 1,
s Oy, Because of the symmetry of C, , (symmetric
for4 = Yu» Oy antisymmetric for4 = 1, vs, Tus)
the summation is further restricted to 4 = g, with

i
(m,v)=@4,k#1),
=1,

A = 13753 7#,i7‘17530”p .

(A6)
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for the coefficient of w‘;'a,wﬁ', where k, I 4. Simi-
larly,

_ 1
19),= - [ ZI)(Z ?(u Cag

X (€7 30+ 7))o
1 T 18 ) @)

where, by arguments similar to above, 4 is restricted to
0, with (u, v) in eq. (A6). One easily concludes

19 +1() =0 (e=t1), (A8)

lag 2af
from partial integration and commutivity of ¥, and
¥, for € = +1. A similar argument applies for € = —1.
Continuing, we have

£9+1(9 = — [ dx

X 8, [(4, +ieB))N210,[(4; — ieBy)N2]
X BUE15)NYaYy ~ 11a1)Clag . < (A9)

which vanishes directly for A=vorA=4,v=1[or A
=L, v=4(=1,2,3). The remaining case, (A, v) = (£,
)y (k#1:k,1=1,2,3), vanishes by partial integration.

References

[1] G. Gentile, Nuovo Cimento 17 (1940) 493;
T. Okayama, Prog. Theor. Phys. 7 (1952) 517;

PHYSICS LETTERS

25 August 1983

H.S. Green, Phys. Rev. 90 (1953) 270;

I.E. McCarthy, Proc. Camb. Phil. Soc. 51 (1955) 131;

S. Kamefuchi and Y. Takahashi, Nucl. Phys. 36 (1962)
177;

L. O’Raifeartaigh and C. Ryan, Proc. R. Irish Acad. 62A
(1963) 93;

S. Kamefuchi, Matscience Rep. 24 (1963) (Madras, India).

[2] O.W. Greenberg and A. Messiah, Phys. Rev. 138 (1965)
B1155.

[3] R.Y. Levine and Y. Tomozawa, UM HE 8166, to be
published in J. Math. Phys.

[4] V.G. Kac, Math. USSR-Izv. 2 (1968) 1271;

R.V. Moody, J. Algebra 10 (1968) 211;
V.G. Kac, D.A. Kazhdan, J. Lepowsky and R.L. Wilson,
Adv. Math. 42 (1981) 83.

[S] L. Dolan, Phys. Rev. Lett. 47 (1981) 1371;

L.-L. Chau, M.-L. Ge and Y.-S. Wu, Phys. Rev. D25 (1982)
1080; D25 (1982) 1086.

[6] P. Tataru-Mihai, An euclidean Kac—Moody algebra from
parafermi and supersymmetry (M.P.I. Starnberg preprint,
1982).

{71 D.V. Volkovand V.P. Akulov, Phys. Lett. 46B (1973)
109;
J. Wess and B. Zumino, Phys. Lett. 49B (1974) 52; Nucl.
Phys. B70 (1974) 39, B78 (1974) 1.

[8] O. Klein, J. Phys. Radium 9 (1938) 1;
K. Nishijima, Prog. Theor. Phys. 5 (1950) 187;
S. Oneda and H. Umezawa, Prog. Theor. Phys. 9 (1953)
685;
T. Kinoshita, Phys. Rev. 96 (1954) 199; 110 (1958) 978;
G. Luders, Z. Naturforsch. 139 (1958) 251;
H. Araki, J. Math. Phys. 2 (1961) 267.

[9] A. Salam and J. Strathdee, Nucl. Phys. B76 (1974) 477,
B80 (1974) 499; Phys. Rev. D4 (1975) 1521 ;

P. Goddard, Nucl. Phys. B88 (1975) 429.

193



