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1. INTRODUCTION

IN THE present paper we present new existence theorems for weak and strong solutions of
problems of the form

Ex = Nx,

where E is a real elliptic linear differential operator in a bounded domain G of R” with a given
system of linear homogeneous conditions, say, Bx = 0 on the boundary dG of G and where

N is a Nemitsky type nonnecessarily linear operator.

We shall make use here of the alternative method, and particularly we shall make use for
the elliptic case of new remarks. These remarks suggest that both the auxiliary and bifurcation
equations can be analyzed under different topologies, and by a more specific construction of
the operator S: Y, — X,.

Actually some of these remarks have been already used implicitly in previous papers on the
semilinear wave equation in R? (Cesari and Kannan [5], Cesari and Pucci [6]).

For selfadjoint elliptic problems, Landesman and Lazer [9] proved, also by the

method, a remarkable theorem which was then extended by Williams {14] by the same method,
and by others by different arguments. Later, Shaw [12] proved, again by the alternative
method, that Landesman’s and Lazer’s theorem extends even to nonselfadjoint problems with
equal Fredholm indices and whose eigenfunctions share regions of positivity and negativity
with their corresponding adjoint eigenfunctions.

In the present paper we definitely aim at elliptic problems which are not necessarily

selfadioint and do not necessarily satisfv Shaw’s reguirements. The sufficient conditions we

selfadjoint and do not necessarily satisfy Shaw’s requirements. The sufficient conditions we
obtain are more quantitative in character and concern the cases Nx = f(¢) + g(¢, D%) and
Nx = f(r) + g(t, x(¢)), t € G. However, as we show by examples for the case Nx = f(f) +
g(t, x(1)), our sufficient conditions for existence allow a great freedom on g, on which no
monotonicity is required.

* This work was done within the Gruppo Nazionale per I’Analisi Funzionale e le sue Applicazioni del Consiglio
Nazionale delle Ricerche, Rome, Italy.
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2. GENERAL ASSUMPTIONS

Let G be a bounded connected open set in R” with smooth boundary dG; in fact most of
our results extend to a compact connected smooth Riemannian n-manifold with or without
boundary. On the other hand, we shall consider situations where the smoothness assumptions
on 9G can be relaxed so as to allow, say, G to be an interval in R".

For s a nonnegative integer we denote by H* the Sobolev (Hilbert) space W*-3(G) of square
integrable functions on G whose (distributional) derivatives of order, <s are also square
integrable functions (H° = L(G)), with norm || zs = | X []D“fo) . Here we denote by
(x, y) and |lx||l, = (x, x)? the inner product and norm in L,(G). Then HY is the linear subspace
of H* which is obtained by completion in the norm above of the set of the functions of class
C* and compact support in G.

Let E be a (not necessarily selfadjoint) uniformly elliptic real linear partial differential
operator of order 2m, i.e.

Ex= 2 (-1)"DF(a,s(r)D%),

al.|Bi=m

where @ = (ay, . . ., a,), B=(B1... .. By, lal = a; + ... + «,, all a,, B, are nonnegative
integers, with associated linear homogeneous boundary conditions, say Bx = 0 on dG; or more
explicitly B{(t, D°x) = 0,j =1, ..., M, where D° denotes the set of the derivatives D°x on
the boundary 3G, 0 < |a] < K < m, — 1 for some K (the derivatives being replaced by their
traces for x in a Sobolev space H™0). We denote by A[¢, ] the usual bilinear form associated
to E:

Alp.yl= 3 | ay®D WD () ar.

lal.|Bism G
We denote by E* the formal adjoint operator,

E*y= 2 (=1)PDF(ag(nD°y).

al.|psm

with the associated boundary conditions, say Dy = 0 on 4G. or D,(t, Dy) = 0.s =1, .. .,
N.

We assume that both Ker E and Ker E* are finite dimensional, with > >p =g =0,p =
dim Ker E, ¢ = dim Ker E*. (However, we shall consider situations where * = p > g = 0).

A few words on the concept of solution x of the linear problem Ex = f, f € Ly(G), with
Bx=0,j=1....M

For weak solutions we need only to assume that the coefficients a,z are measurable bounded
functions on G. For instance, for the typical homogeneous Dirichlet boundary problem the
boundary conditions are given by x = 0, dx/on = 0, . . ., 8™ x/an™"! = 0. n the exterior
normal to 4G, and we say that x is a weak solution of Ex = f provided x € H and A[x, y] =
(f, w) for all y € C;(G). In other words, W = D(E) = HY is the domain of E. We refer to
[2] for the concept of weak solution for more general boundary value problems.

For strong, or classical solutions, we need to assume that the coefficients a,4 are of class
CP(G). Again, for the homogeneous Dirichlet boundary value problem above we say that x
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is a strong solution of Ex = f provided x € H} N H** and Ex = fa.e. in G. Thus, W =
D(E) = H7 N H¥" and W is equipped with the topology of H*". W = D(E).

In general, let W = D(E) be the subspace of all elements x of a Sobolev space H™" for
which Bx = 0, and we assume that W is closed in H™?. Since B involves derivatives of orders
< K we shall assume K =< m, — 1. For weak solutions of the Dirichlet problem above we have
K = m — 1, my = m. For strong solutions of the same problem we have K =m — 1. m, =
im.

We assume that a Fredholm’s alternative theorem holds, that is, for f € L,(G). the problem
Ex =f withBix =0,j=1,..., M, has a solution x € W if and only if f is orthogonal (in

Z(G)) to all elements w of Ker E*.

Let X = Y = L,(G). We assume that E is a closed operator with range R(E) closed in Y.

All the assumptions above are generally true for reasonable boundary conditions B (cf.,
e.g., (10, pp. 148-154, 111-113}).

Let N be a {nonlinear) Nemitsky operator of the form Nx = f(r) + g(t, D°x), where fis a
given element in L,(G), where D®x denotes the set of all derivatives of x of orders «, 0 < |a]
< k;, where kg is any integer <2m and in any case ko < my, and where g(r. u), or g: G X R
- R, is measurable in ¢ for all u € R*, and continuous in u fora.a. t € G Here u=1+n+
nin +1)/2 + ... + n(n + ky — 1)/2 is the number of different derivatives in R" of orders a,
0<|a = k,

Thus, for g bounded in G x R¥, then since 0 < kg < m,, and W C H™ C H*o, then
N: W — H'is a bounded continuous operator from W C H™o to H® = L,(G) in the topologies
of H™o and L,(G) (cf. [13, p. 155; 8, P 27]). Again, for g bounded the range R(N) of N is

nnnnnnnnnnnnnnnnnnnn

lllddC UP Uf fuu\.uuua ULl U Wlll\.ll arc lll aUDUlULC vaiuc = U\l}[ T bup{s\ If bULll j dllU b arc
bounded, then the range of N is a subset of L.(G), and N is a bounded continuous operator
from W to L.(G).

If g = g(¢, u) is bounded in G x R* and uniformly Lipschitzian in u, then N: W — H'is a
Lipschitzian operator.

With these assumptions, we shall consider elliptic problems of the form:

= f(r) + g(¢t, D%x), e G,
W ) (1)

Bi(t,D°x) =0 ondG, j=1,

J

3. SOME FURTHER PROPERTIES OF E

Let ¢;, . . ., ¢, be an orthonormal basis for Ker E, the elements ¢, being certainly in
X = L,(G), and let P: X — X denote the orthogonal projection of X onto X, = Ker E

P
(@1, . . -, ¢,) defined by Px = 2 (x, ¢) ¢, for x € X. Then PP = P and we take X, =
i=1

(Ker £} = {{ — P)X so that we have the decomposition X = X, + X, X, = Ker E.
The restriction of E: D(E) C X — Y to the subspace D(E) N (Ker E}*isa 1 — 1 closed
linear operator, whose closed range is the complete range of E. Hence, by the closed graph

theorem the inverse map H = [EID(E) N (Ker E)*]"'is a1 — 1 continuous linear operator
with domain R(E) and range D(E) N (Ker E)*, or D(H) = R(E), R(H) = D(E) N (Ker E)*.
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Moreover,
EHy=y forally € R(E),
HEx=x— :21 (x,0,)¢; forallx € D(E), 2)
|Hylw =< Llyll, for all y € R(E) and some constant L.
Let wy, . . ., w, be an orthonormal basis for Ker E*, the elements w, being certainly in

Y = Ly(G), and let Q: Y — Y denote the orthogonal projection of Y onto Y, = Ker E* =
q

{wy, . . ., oy defined by Qy = 21 (y, w)o, for y € Y. Then, QQ = Q and we take Y, =

(Ker E*)* = (I — Q)Y so that we have the decomposition Y = Y, + Y;.

Thus, by the Fredholm alternative theorem, for every f € Y = L,(G) there is a solution of
Ex = fif and only if f L Ker E*, that is, if and only if Qf = 0, thatis, if and only if f € Y,
with Y, = (I — Q)Y = (Ker E*)*.

Since R(E) = Y, and QY, = 0, then QF = 0; since PX = Ker E we also have EP = 0.
These two remarks and relations (2) yield now

HE=1-P, QE=0=EP, EH(I-Q)=1-0,

and these are only particularizations of the usual relations for the alternative method [4],
namely:

H(I-QE=I1-P, QE=EP, EHI-Q)=1-Q.

For p > g we further decompose X, = (¢, . . ., ¢,) into a space, say Xo; = (¢y, . . ., @)
of dimension g, and a space Xp, = (¢g.1, . . ., ¢,) of dimension p — q. For p = g we take
Xy = Xy and Xy, = {0}

We make here the specific assumption:

the decomposition X, = X, + Xy, can be made in such a way that the g X g matrix
. ) : 3)
M = [(w,, ¢;),s,i =1,...q]is nonsingular.

For instance, if ¢, = w;, i = 1, .. ., g, as in the selfadjoint case, then M = [ is the identity
matrix. We shall use the notational convention to denote briefly by o any given vector
o = col(oy, . . ., 0,).
q
We now define the linear map S: Y, — X;. For any y € Y, we have y = E d?w, with
s=1

q
d?* = (y, w,), since the w, form a basis, and we take Sy = > di¢,, with d = M~'d*. Let us
i=1

prove that $71(0) = {0}. Indeed, if y € $7!(0), then Sy = 0, that is d = 0, hence d* = 0, since
M is nonsingular, and y = 0.
We note that X;; C X = Y; hence Q: Y— Y is well defined on Xj;;. Let us prove that SQx =
x for every x € X;;. In other words, SQ reduces to the identity map on Xj,. Indeed, if x €
9
Xy, then x = E ci¢i ¢ = (x, ¢;), and

i=1
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Ox = Sé (x, ws)ws = é (é cidi, w:) w; = ;Z:l <i (s, ¢i)ci) W = i cf oy,

i=1 i=1 s=1

q
where ¢* = Mc, and then S§Qx = > ¢l ¢;, with ¢’ = M™Y(Mc) = ¢, or SQx = x.
i=1

It may occur that a given element, say w,; in Y} is also an element, say ¢; in X;,. Since both
bases are orthonormal, the matrix M = [m;] has m;; = 1, and all my; = m;; = Ofori# 1. In
particular, if ¢, = w;, i = 1, . . ., g, as in the selfadjoint case, then M = [ is the g X g identity
matrix as already stated.

4. THE INTERMEDIATE TOPOLOGY

As we know from the alternative method (cf. [4]), the original problem Ex = Nx. with the
conditions Bx = 0 on dG, is equivalent to the system of auxiliary and bifurcation equations:

x=Px+ H(I-Q)Nx, ONx=0, x€W,
This system can be written as the problem of the fixed points of the transformation J: (x,
X2, X1) = (¥o1, Xop, X)) defined by
¥ =T x=H({ - Q)N(xq +xp2 + x1).

T
X0 = Tox = x9p — kKSQN(xg; + X2 + x1),  Xp2 = X2

(4)

where x = Xo1 + X02 + X1 (= W, X = X-OI +f02 +)21 (S W, X015 x-Ol EXOI C W, X02- X-O'_v (S X()z C
W, x,, ¥; € X, N W, and the chain of maps is as follows

N -0 H
TiW>L,(G)— Y =X, NW,
N 0 s

ggl W—- Lz(G)—‘) Yo'—> XOl - W,
where X, is a finite dimensional subspace of W. Thus, J can be thought of as a map from W
into W, W C H™0_ W with the topology of H™0.

We shall introduce a different topology.
Indeed, we shall denote by Z a Banach space satisfying the following requirements:

W C H™ C ZC H* C Y = L,(G) with continuous imbeddings j, : W — Z.} )
j»: Z— H*v, andj, compact.

Since j;: H*® — L,(G) is certainly continuous, then j3j,: Z— L,(G) is also continuous. Note

that for the continuity of j; and j, we require that for some constants y, § we have ||x|; < ylxllw

for all x € W, and |ix|| yx < Blix||; for all x € Z.
Under assumptions (5) the chain of maps in the transformation J becomes

j2 N 1-Q H j1
FZ->HSL,(G)—> Y- X, NW>X,NZ,
j2 N Q s 1 (6)

gzﬁ Z— HkO__>L2(G)—) YO_)XOI_—’XOI CcZ,

where X, is a finite dimensional subspace of W.
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As a particular case we assume first that 2(m, — ko) > n so that, from Sobolev's imbedding
theorem (cf., e.g., [1, p. 97, Case C]), for any x € W C H™o, the function x and all its

distributional derivatives D°x, 0 < |a& < k, are bounded in G, that is, are in L.(G), and are
continuous in the open set G. Then we can take for instance Z = H*0, or Z = Wko-*(G), since
in either case the imbeddings

ji: WC H™0 — Hko 4, H*0 — H*o the identity. or

2ty . UL

ji: WCH™ — Wh(G), o Wro=(G)— Hko,

are continuous, and j, is compact.

In the further particular case in which ky = 0, 2m > n, then g = g(¢, x) depends only on
x = x(#) and not on the derivatives, and for any x € W C H™, x is a bounded function on G,
or x € L.(G), (hence, Ker E C L.(G)), and we can take Z = L.(G). Moreover, we assumed

agtn ha hounded and for f = AN\ in (1) alea hanunded thean A7 (Y= T (Y Furtharmaore
£ 10 0€ 00unaea, ana ior j = jii) i1 (1) 4150 OCUNGEG, tnenl /v LU = L U). rur thermore,

we assume that Ker E* is made up of bounded functions. Now we may restrict X =Y =
L,(G) to the space X* = Y* = L.(G) with the norm |x|.. = sup|x(?)| of L.(G). LetX} =
PX*, X{ =(—- P)X*, Yy = QY*, Yy = — Q)Y*, and now Ker E and Ker E* are made
up of bounded functions (all ¢; and w, are bounded in G), and thus X§ .Y} C L.(G). In this

situation then relations (5) become
WC H™ — Z =Y = L,(G) with continuous imbeddings j,: W— Z = L.(G).)

. o . (5%
j2: Lo(G)— L.(G) the identity, and j, is compact.
-ax . . .1 1. e I O Y
MOreover, ine cnain Ol maps i J DECOInes!:
N -0 H i1
T LI =L () = V* s XN W *mrr\]
T:LAG)— L.(G) Yi—= Xt NV XF 0L AG)
N 0 s i ()

T L(G)= L(G)> Y§ > X5 NW— X5, CL.(G).
and thus J is a map from L.(G) into L.(G).
On the other hand, the operators P: X* — X*. (Q: Y* — Y*. H: Yi —> X},
SQ: Y§ — X§ should be thought of in the topology of L.(G), and the norms of P and Q

may be =1, and the norm of H may be different from L. We may not need the exact value of
these norms but estimates, say

IPl<ci. lI=Pli<cy. liQi<cs, [1-Ql<cs, |HU- Q) =<Lo [SQli<cs.

and certainly ¢y, c,, c3, ¢4, €5 = 1.

5. EXISTENCE THEOREMS

The general assumptions in Section 2 are typical of elliptic problems and we do not repeat
them here.

Let us write g = g(t, D°x, 0 < |a| < y) in the form g(z, x, D°x, 1 < |a| < u), thatis, g =
g(t, u), u € R*, in the form g = g(t, z, §), z ER, L € R¢-1, t € G. We shall denote by
L, ¢cs positive constants so that

IH(I — OWliz = Lolylz, ISQvliz < cslyll. forall vy & L(G). (8)

Note that Ly < yL since |[H(I = QWlz < olH(I — O)y|, < aL|yl.
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THEOREM 1. Under assumptions (3) and (§5) with W C Z C LG), j: W— Z, j: Z —
H*9(G) continuous and j, compact, let p = g, f € Ly(G), g: G X R* — R and assume that for
suitable positive constants ¢, C, D, Ry, r, p, k we have

Ifll, <¢c, lg(t.w)|=<|G|"*2C  for(t,u) € G xR, 9
lg(t, u) — g(t, v)| < Dlu — v fora.a.t€ Gandu,v € R¥, (10)
lx(e) — kg(2, x(1), (D°x) (1), 1 < |&| < ko). < pR, forx € Zand [lx|; < Ry, (11)
Lo(c+O)=<r, pcs <1, (12)
kes(c + DPr) = (1 — pes)R,. (13)

Then, problem (1) has at least a solution x € W with [x||; < R, + r.

If p > g, then for every element &y, € X;, C Ker E C W we take x = §j; + y so that problem
Ex = f(1) + g(t, D°), Bx = 0, is changed into Ey = f(f) + g(t, Dy), By = 0, where f=
f — E&p, = fsince &y, € Ker E, and g(¢, D%) = g(t, D&y, + D°y). Now theorem 1 can be
completed as follows.

If p > g and there are constants R, > 0 and ¢, C, D, Ry. r, p, k as above such that for every
£y € Xy with || Egllw < R, the new functions f and g satisfy relations (9)-(13). then problem
(1) has * — many solutions x = xy, + &p + x1. x € W C Z, |lx|7 < ||&xll; + Ry + r. namely
at least one for every £, € X, with ||Epllw < Ra.

Proof. Let Q = Sy x S, with Sy = {xo; € X! |¥oillz < R}, Sy = {x; € X: |x,llz < r}, where
we note that X, is a finite dimensional subspace, X, C Ker £ C W C Z. hence the topology
in X, does not depend on the norm we choose. We have taken the norm of Z in §, instead
of the norm of W.

Now let us consider the transformation J in (4) with xy, = 0. Hence, 7 is a transformation

(%01, x;) = (X1, ¥,) which we think of as defined in Q. Now for x = xg, + x;, X, € Sy, x, €
S,. we have

X =9 x=HI-Q)[f(t) + g(t.(D*x)(1))]
I%:llz < Lo ([Ifllz + llg(z, D2x)|l2) < Lo(c + ) <,

using hypotheses (8), (9) and (12).
Thus, 7, maps Q into S;. Moreover, by properties (6) and (8) we also have i, € W.
We have now

Koy = Tox = x01(1) — kSQ[f(1) + g(1, (Dx) (1))]
= (xg = SQx4) (¢) + kSQf(1) + SO[x1 (1) — kg (1. (D*x1) (1), 0 < |a| < ky)]
+ kSQ[g(r. (Dxq) (1). 0 <Jal < kg) — g(t, (D®xo1) (1) + (D°%) (1), 0 < |a| < k)],

where the first term in the last expression is zero, since by using assumption (3) we have shown
in Section 2 that SQ is the identity map on Xj,. Hence, we obtain

%01l z < kese + espRy + kes DI |2
= kC5C + C5pR0 + kC5DBr$ Ro,
making use of assumptions (8), (9), (11), (10) and (13).
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Thus, Iy maps £ into Sy, and T maps Q into itself.

Let us prove that J: Q — Q is a compact map. Indeed, J,Q is a bounded closed subset of
W, and this set is then compact in Z because j; is a compact map by assumption (5). On the
other hand, by relations (6) we note that 7,Q is a bounded closed subset of Ker E which is a
finite dimensional space. Thus, FQ is a compact set in Z.

By Schauder’s fixed point theorem, J: Q — Q has a fixed point x € Z and actually x € W
with [x[|; < Ry + rsatisfying both the auxiliary and the bifurcation equation, and x is a solution
of the original problem (1).

In the particular case when k, = 0, 2m, > n, then g = g(z, x) depends only on the function
x = x(f) and not on its derivatives, and for x € W, then x = x(¢) is bounded in G. As stated
in Section 2, we can take Z = L.(G). In this situation, the following variant of theorem 1 is
of interest.

We denote here by L, c¢s positive constants so that

IHUI = Q)yll= < Lolyll«.  ISQyllx < 5|yl forally € Y* = L.(G). (14)

THEOREM 2. Under assumptions (3) and (5)' with W C Z = L.(G) C Ly(G), ko = 0. 2m, >
n,letp=gq,f€ LAG), g: G X R— R, and assume that for suitable constants c, C. D. R,
r, p, k we have

Ifl. <c, lg(r,w)|<C for(r,u) €G x R: (15)
g(t.u) — g(t.v)| < Dlu—v|, fora.a.t€ G,u,v € Rwith|ul. |v|< R, + r: (16)
lu — kg(t,u)l < pRy, fort € Gandlu| < Ry; 17
Lo(c+ O)y=sr, pcs<l; (18)
kes(c + Dr) < (1 = pcs)R,. (19)

Then, problem Ex = f(r) + g(z, x(r)), Bx = 0, has at least a solution x € W with ||, < R, +
r.

If p > q. then for every element &y, € Xy, C Ker E C W, we take x = &, + y so that
problem Ex = f(r) + g(r. x(1)), Bx = 0, is changed into Ey = f(r) + g(r. (1)). By = 0. where
f=f— EZ, = fsince &, € Ker E, By = 0, since certainly B, = 0. and g(r, y(1)) =
g(t, £px(r) + y(1)). Now theorem 2 can be completed as follows:

If p > g and there are constants R, > 0 and ¢, C, D, R,. r, p, k as above such that, for
every &p € Xy with ||Epll. < R, the new functions f and g satisfy relations (15)—(19), then
problem Ex = f(1) + g(1, x(t)), Bx = 0, has * — many solutions x = xq,(¢) + Ep(1) + x,(r),
x € WC LG), [« < ||l + Ry + r, namely at least one for every &y, € X;, with ||Epll. <
R,.

Proof. Let Q = S, x §, with §; = {x, € X{; :llxoill= < Ro}. S1 = {x; € X7 :|lxy|« < r}, with
the same remarks as for theorem 1. Now let us consider the transformation J in (4) (cf. (7))
with xy; = 0. Hence, J is a transformation (xg, x;) = (%4, ;) which is defined in Q. As for
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theorem 1 we have now
%, =T =HI-Q)f(t) + g(t. x()],

bl < Lo(Ifll- + g (. x(0)]=) < Lol + O) <,

by using assumptions (14). (15) and (18). Thus, 7;: Q — §, and analogously, by (7) and (14),
we obtain ¥, € W and |[t;|w < L(c + O).
On the other hand,

Xor = Tox = xo,(£) — kSQ[f(1) + g(¢, x(1))]
= (xo; — SQx01) (1) + kSQf(1) + SQxo, (1) — kg (1, x0 (1))]
+ kSQ[g(t, x1 (1)) — g(t, x01 (1) + £1(9))]
and

[Eorll= < O+ kcsc + cspRy + kesD, |
= kCSC + C5pR0 + kCSDr = RU’

by making use of assumptions (3), (14), (15), (17), (16) and (19).

Thus, T, maps Q into Sy, and J maps Q into itself. Here j;: W — L.(G) is a compact map
and therefore the compactness argument is the same as for the previous theorem 1.

The case p > g can be treated as before.

For problems of perturbation, that is, Ex = g[f(t) + g(t, x(¢))], Bx = 0, where ¢ > O is a
small parameter, the following corollary holds:

COROLLARY. Under assumptions (3) and (5) with W C Z = L (G) C L,(G), ky = 0, 2my >
n,letp =gq,f&€ L.(G), g: G X R— R, and assume that for suitable constants C, D, R, r,
p, k we have |g(r, u)| < Cforall (1, u) € G x R; |g(t, u) — g(t, v)| < Dju — v} for allt € G,
u, v € Rwith u|, [v| < Ry + r; [u — kg(t, u)| < pRyfor all t € G and |u| < Ry; pcs < 1. Then,
there always are positive constants ¢, &y, r, such that for ||f]. < ¢, then &f and &g satisfy all
relations (15)-(19) for € < g,, and hence problem

Ex = g[f(t) + g(t,x(1))], Bx=0,

has at least a solution x € W, with |x|. < R, + rye, for every € < ¢,
For p > g a statement analogous to the previous one holds.

Proof. First, ¢f, eg satisfy relations (15), (16) with ¢, C, D replaced by ec, £C, €D respectively
and relation (17) with & replaced by 7! k. Now we take ry = Ly(c + C) and we apply theorem
2 with r replaced by r' = rye = Ly(ec + €C), provided rog = Ly(ec + €C) < r, that is, for
0O<es<eg =LiY(c+ C)7'r. Now relation (19) becomes

e tkes[ec + eDLy(ec + Q)] = (1 = pcs)Ry,
or
kes(1 + eDLg)c + ekDLyCes < (1 — pes)R,

and this relation can be satisfied by taking, say € < €, and
£ < min{(2kDLCcs) (1 — pcs)Ry, (DLg) 7'}, ¢ < (4kes) ™1 (1 = pes)Ry.

We shall take now &, = min[g,, &,].
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6. EXAMPLES

It is clear that theorems 1 and 2 hold for both selfadjoint and nonselfadjoint problems,
though for selfadjoint problems the stronger theorem of Landesman and Lazer [9] holds. For
the sake of simplicity, let us consider first two selfadjoint problems.

Example 1. Let us consider the elliptic problem
Uy + U + (270 [THu = fit, 5) + g (u(t, 5)), &SNEG=KLHX[&TL}
u(t,s)=0 on dG.

(20)

We know that the problem is strongly elliptic and selfadjoint. The operator E defined by Eu =
u, + u, + (27*/T?u, with the homogeneous Dirichlet boundary conditions above, has
eigenvalues and eigenfunctions

Aap = (T2/THR — a®> — b?),  ¢u(t,s) = (2/T)sin(amt/T) sin(bas/T).
a,b=12,....

Also, Ker E = {c¢;;} = Ker E*, and thus we can take ¢, = w, = (2/T) sin(7t/T)
sin(zs/T), p = g = 1. Thus, Of = (f, ,)w,, and for f= >, C,¢a, We have

(a.b)
=2 i U-Qf= 2 codw, HI-QFf= 2 2Jcwda

(a.b) (a.by#(1,1) (a.by=(1.1)
To simplify notations, we take A}, =2 — a? — b?, and we note that for (a, b) # (1. 1) these
numbers have values —3, —6, —&, —11, . . . . Hence

1/2 172
HE- 0l = 3 i) =@/ S i)
(a.b)=(1,1) (@.b)#(1.1)
<@ (3 @)=
(@.b)*(1,1)

On the other hand
1/2 1/2
Hu-opes <@y (3 ) (3 chod)

(a,b)#(1,1) (a.b)y#(1. 1)

1/2
<@/ ( S )A:ﬁ) 1

(a,b)#(1.1

srymem (3 wt) Ti

(a,b)#(1.1
Thus,

172
jHu- ok </ (S ant) -
(a,b)#(1.1)
For these L,- and L.-estimates (cf. Cesari [3]).
The sum of the series can be evaluated by separating the terms with 1 < a? + b < 50, from
those with a? + b? = 50, or

2 A= ( 2 + 2 ) A2 =8,+S,.
(@.b)#(1.1)

1<al+b2<50  a2+b2250



Existence theorems 1237

For a* + b* = 50 we have (a? + b?)/(a® + b* — 2) < 50/48 (the equality holds fora = b =
5), and

S;= X (@*+b2-2)"2<(50/48) > (al+ b2

al+b2=250 al+b2=50

a b
< (50/48)2 D, f f (2 +s2)"2 dr ds.
a-1"b-1

al+52250

It is immediately seen that for a®> + b? = 50 we have (a — 1)2 + (b — 1)? = 32 (again the

equality holds for a = b = 5), and
+x /2
S, = (50/48)? ff (12 + 52)7% dr ds = (50/48)? f f p~* pdpde

12452232 V3270

= (50/48)2271 (32) "!(1/2) = (1.085068)(0.0245436) = 0.026632.
There are only 29 terms in §; whose sum is 0.335210. Hence
S, +5,<0.335210 4+ 0.026632 = 0.361842.
Thus (0.361842)!2 = 0.601533, and
IH(I = O)fll. < (T?/7)(2)(0.361842)"* |ifll.. = (T*/7*)(1.203066) | fl.

We also have

ores)l =|( fo ' f ' fle Bon (e B) dadB)pn (t.s)
<e/m | fo " in(ra/T) da) ([ sina/T) aB) i1 2/m)

0
= 2/T)Q/T)QT/m)QT/m) |Ifl- = (16/7%) 1.
= (1.621139) |if]l.
(I = Q)f(z, 5)| < (2.621139) |If]~,

and if we take § : Yy — X the identity map, we have

ISOf(t, s)| < (1.621139) |If]...

Thus, we can take
Ly = (T?/7x%)(1.203066), cy =2.621139, ¢s = 1.621139.

For instance, forc=0.1,C=1,D=2,T=0.5,k=1, R, = 1, p = 0.4, relations (15)-(19)
are satisfied since

Lo(c + C) = (T?/7?)(1.203066)(0.1 + 1) = 0.0335214 < 0.0336 = r
pes = (0.4)(1.621139) = 0.648455 < 1
(1 - pes)R, = 0.351544
cs(c + Dr) = (1.621139)(0.1 + 0.0672) = 0.271054 < 0.351544.

Thus, for any f = f(¢, s) measurable and bounded, |f||. =< 0.1, and any continuous g = g(u)
with |g(u)| =< 1, [g(u) — g(v)| < 2|u — v|for all |u}, |v] =< 1.0336, |u — g(u)| < 0.4 for ju| < 1,
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|
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f
|
|
/ Ro Ro+r

-1

Fig. 1.

problem (20) has at least one solution. In other words, g can be any continuous function,
Lipschitzian of constant two, whose graph is within the heavy lines of Fig. 1.

Example 2. Let us consider the strongly elliptic and selfadjoint problem
Uy + gy + 527 T = f(,5) + g (u(t.5)),  (1.5) € G =[0, T} x [0, T],}
u(t,s)y=0 on 9G.

(21)

The operator E defined by Eu = u, + uy + 5(22°/T?)u with the Dirichlet homogeneous
boundary conditions above has eigenvalues and eigenfunctions:

Agp = (T?/TH(S5 — a® - b?), Ot s) = (2/T)sin(axt/T) sin(bas/T),
a,b=1.2,....

Also, Ker E = {¢,¢;» + ¢c2¢51} = Ker E* and thus we can take ¢, = @, = ¢y, ¢» = 0, =

¢s1, p = q = 2. Thus, Of = (f, w))w, + (f, wy)w,;, and for f= 2 Cap Qap» WE have
(a.b)

”ﬂll = (Eb) c§b7 (1 - Q)f= 2 Cab ¢ab~
where 2’ ranges over all (a, b) different from (1, 2) and (2. 1), and then

H(I = Q)f = 2 A7 cop s

and the smallest |A,| with (a, b) # (1, 2), and (a, b) # (2.1) are A;; = (Ba%/T?), Ay =
(—37%/T?). Hence

, 12
1= 0l = (Z2 ) Il < (/37 Il
On the other hand, as before
, 1/2
11U - ol < @1/ (£33 ) Il

where here A}, =5 — a® — b2,
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The estimate of the sum of the series can be made as for example 1. For a®> + b* = 50 we
have (a* + b?)/(a® + b* — 5) < 50/45 = 10/9, and

S (a? + b2 —5)72 < (10/9)? (a + b?)~2 < (1.234567)(0.0007669) = 0.000947

22 «2 7
2 a 2

2. _en =
“+be=50 =5

a

There are other 28 terms with a> + b < 50 and their sum is 0.385298. Then,
3 A%72 < 0.385298 + 0.000947 = 0.386245.

n/'n,« r |
= U.0£1400, 4and

HH(I — Ofll. < (T?/7?)(2)(0.386245)2 ||fl.. = (T?/7*)(1.242972) |If}l...

Therefore, we can take

A~
)
b.)
0]
[oN)
[\
£~
(W, ]

p—g

Thus

I . =1(T2%/72

are bdllbllcu Siﬁce
Lo(c + C) = (T?/7?)(1.242972)(1.1) = 0.0346331 < 0.035 = r
pcs = (0.4)(1.621139) = 0.648555 < 1

(1 - pcYR. =0.351544
@S PCs)ixg V.33125%

¢s(c + Dr) = (1.621139)(0.17) = 0.275593 < 0.351544.

Thus, for any f = f(z, s) measurable and bounded, | f]. < 0.1, and any continuous g = g(u)
with |g(u).| < 1, |g(u) — g(v)| < 2|u — v| for |ul, |v| = 1.035, |u — g(u)| < 0.4 for |z| = 1,
problem (21) has at least one solution. A geometric picture of a possible g is shown in Fig. 1.

Example 3. Let us consider the elliptic nonselfadjoint problem
Eu=u, +u, +20u = f(t,s) + g(u(t, s)), (t,s)eG=1[0,T] x[0,T/2], (22)
u(0,s) = = a(u,(0,5) — u,/(T,s)), 0<s=<T/2,

u(T,s) = o(u,0,s) -~ u,(T,s)), 0<s5=<T/2, (23)
u(t,0) = u(t, T/2) = 0, O0=t=<T,
where A = 2/T, and o > 0 is a given constant. For ¢ = 0 we have the Dirichlet conditions
u = 0 on 0G. The underlying linear problem is
Eu=u,+u,+22u=90 (24)

with the same boundary conditions (23). The corresponding dual problem is then
E*v =v, + v, +2A\20 =0, (t,5) € G,

\:n{T (‘\:—n(s

J YAV

UNL SOy

N4 f
vy AN

Uz

T (‘\\
IAN ’ 22 )]

0 <
U([, T/2) - ’ O0s:=<T
The nonzero solutions of problem (24), (23) are all proportional to

®(t,5) = 22T sin At sin As, (t, 5) € G;

k]

Pad

O »
=

I



1240 L. CesarI and P. Pucct

the nonzero solutions of (25), (26) are all proportional to

w(t,s) = 2¥2T71(1 + 40*A%) V2 (sin At — 204 cos Af) sin As.

In other words, Ker E = {c¢}, Ker E* = {dw}, p = g = 1. Certainly problem (22), (23) is
nonselfadjoint and ¢ and w do not share regions of positivity and negativity in G.

However, an analysis similar to the one for the preceding examples has been possible,
leading to an existence theorem for weak solutions of problem (22), (23) under analogous
requirements on f and g. Also numerical examples have been exhibited. The intricate details,
and the choice of topologies, will be presented elsewhere [11].

Example 4. Let us consider the elliptic nonselfadjoint problem of order 2m = 4,
A%u = g[f(t, s) + g(u(t, 5))], (t,s)EG

(26)
B:aufox=0, d(Au)/éon=0  ondG,
where A = 9%u/81* + 9°u/ds?, G is a bounded region in the zs-plane with smooth boundary
dG, n is the exterior normal to 4G, and ¢ is a small parameter, ¢ > 0.

The linear operator E = A? with the homogeneous boundary conditions above has Ker E =
{c; + c55 + c35%}, while Ker E* = {c}, ¢, ¢;, ¢3, ¢; constants, p = 3, g = 1 (cf. Hormander [7,
pp. 265-266]). Here we have 2m = 4, and for weak solutions u € Hj we have mo = 2, n = 2,
4 > n, so that for f € L,(G) the solutions of the linear problem A%y = f, Bu = 0, are in
H3 N L.(G). The corollary applies.

Upon evaluation of the constants L, and cs, if a real function g : R — Rsatisfies [g(u)| < C
for all |u| < Ry + r, |g(u) — g(v)| < D|u — v| for all |u|, |v| < Ry + r, lu — kg(u)| < pR, for
lu| < Ry, pcs < 1, for given constants C, Ry, r, D, p, k, then there are constants &, > 0,
¢ > 0, ry > 0, such that relations (15)—(19) of the corollary hold and problem (22) has at least
one weak solution u € H3 N L..(G) with |lu|. = R, + re, for every € < &,.

This example 4 is not selfadjoint, is not in the classes considered by Shaw in [12], and, for
g arbitrary and not differentiable, the usual theorems for perturbation type problems do not

apply.
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