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INTRODUCTION 

DIMENSIONAL analysis shows 

II, = Ra, Pr/( 1+ Pr), (1) 

in the usual nomenclature, to be the natural parameter 
incorporating buoyancy and the weighted contributions of 
both inertial and viscous effects into the correlation of heat 
transfer in natural convection from the vertical isothermal 
plate. The parameter ensures the correct limits for large and 
small values of the Prandtl number, where Nu,/II~/~ becomes 
constant. Accordingly, in terms of the similarity variable 

tl = (Y/X) (I&/4)“‘+, (2) 

temperature distributions prove to be nearly similar for all 
fluids. The analysis suggests an appropriate expression for 
dimensionless wall friction, pointing to an approximate 
analogy between heat transfer and friction. 

SIMILARITY VARIABLE BY 
DIMENSIONAL ANALYSIS 

The reduction of the number of independent variables by 
one for a problem governed by partial differential equations 
requires the search for a similarity variable which 
appropriately combines two of the independent variables. 
Among the several methods available for this search, that of 
dimensional analysis may be extended by a judicious account 
of the physical similitude of governing equations. The 

extension employs the concept of two-length dimensional 
analysis [I]. This approach may give a similarity variable that 
carries an appropriate weight ofseveral physical parameters in 
addition to the proper combination of two independent 
variables. We illustrate this observation by considering the 
classical problem of natural convection from the vertical 
isothermal plate in a Newtonian fluid for which the viscous 
dissipation may safely be neglected [Z]. This problem was 
recently reviewed by Martin [3]. 

Let u and 8 - T, - T, denote the velocity and temperature, 
respectively, and 6 - y and I - y denote the lengths 
characterizing flux and flow, respectively. Equating flow to 
flux in the balance of thermal energy gives the characteristic 
velocity 

u - la@, (3) 

which is not externally imposed but is determined by the 
problem. 

Balancing buoyancy against the sum of inertial and x4scous 
forces in the balance of momentum gives 

h gB@ dwu2 -_ 
h+fv u2/1+ vu/62 = 1 + vl/(u62) ’ (4) 

or, after eliminating u by equation (3), 

Pr 
- 1+~r Ra&/~Y’. (5) 

Equation (5) suggests the similarity variable stated by 

NOMENCLATURE 

a thermal diffusivity 
C constant 
9 acceleration of gravity 
1 reference length in x 
Nu, local Nusselt number 
Pr Prandtl number, v/a 
Ra, local Rayleigh number, 
T _ TgB(T,- T,)x3/(av) 

temperature difference between plate and 
w frZe stream 

u velocity component in x 
x coordinate from leading edge 

Y coordinate normal to plate. 

Greek symbols 
B coefficient of thermal expansion 
6 reference length in y 

similarity variable, equation (2) 
z dimensionless streamfunction, equation (6) 
0 dimensionless temperature, equation (6) 

h, 
kinematic viscosity 
dimensionless number, equation (1) 

P density 
?v wall shear stress. 
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equation (2). In terms of this variable and 

(T- T,)/(T, - T,) = WI), u = (h/x) (I-Ir/4)1’21’(rl), 
(6) 

the classical differential formulation [4] transforms as 

&-(3(1"-21")+0 = 0, (7) 

subject to 

en+3yff = 0, (8) 

((0) = C(O) = c’(co) = 0, e(0) = 1, &co) = 0. (9) 

Clearly, since the Prandtl number appears explicitly in 
equations (7) solutions are expected to be of the form 

r = ~(n ; P~J, 9 = e(tj ; Pr). (10) 

The definition of the local heat transfer in terms of the Nusselt 
number, Nu, = - x tW(x, O)/ay, suggests the dimensionless 
heat transfer may be expressed as 

Nux ___ = -eye; pr). 
(IIJ4)“’ 

Similarly, evaluating r,/p = Y 8u(x, O)/ay, p denoting the 
density and r, the wall shear ; dimensionless wall friction is 
conveniently (as explained later) expressed as 

LIP Pr 

( > 

l/Z 

( > 

l/Z 

(4av/x2) (IIJ4)3/4 1 + Pr 
=r”(O;Pr) & . (12) 

Figure 1 shows existing numerical results from refs. [4] and [S] 
replotted according to equations (11) and (12). Figures 2 and 3 
show corresponding dimensionless distributions of tempera- 
ture and velocity. 

DISCUSSION 

First,conceming thelocal heat transfer,it is well known that 
for Pr + co, NuJRa, II4 = C,( = 0.5027) as inertial terms can 
be neglected in a creeping flow. Also, for Pr ~0, 
NuJ(Pr Ro,)1/4 = C,( = 0.6004) is to be expected as the effect 
of viscosity should disappear from the solution. (Note that the 
same relations, with constants multiplied by 4/3, are valid for 
the average heat transfer over length 0 to x of the plate.) The 
similarity variable t) ofequation(2), through the parameter II,, 
appropriately incorporates these two constant limits into the 
formulation of the problem. As a result the effect of the 
remaining explicit Pr-dependence appearing in equation (7) is 
small, as seen from the solution in Fig. 1. The fact that the 
explicit Pr-dependence should appear in the momentum 

log Pr 

FIG. 1. Local dimensionless heat transfer and wall friction 
vs Prandtl number for natural convection from the vertical 

isothermal plate. 
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FIG. 2. Dimensionless temperature distributions for a range of 
Prandtl numbers. 

equation to correctly reflect the physics was apparently first 
recognized by Le Fevre [6] who employed the present 
transformation (to within a constant) to obtain asymptotic 
solutions for Pr + 0 and Pr + co. Also, Sparrow et al. [7] 
employed similarity variables identical to the large Prandtl 
number limit of those of the present study. 

Regarding the remaining weak Prdependence, recall that 
equation (5) was derived by arbitrarily setting the ratio of 
viscous to inertial forces equal to Pr, yielding the factor Pr/ 
(1 + Pr) appearing in II,. Apparently the foregoing ratio has 
a more complex Prdependence. For example, selecting the 
factor to be Pr/(C, + Pr) in II,, where C, is a constant, would 
lead to equation (11) and guarantee the correct asymptotic 
solutions. The particular choice Cl = (C,/C,)* = 0.4914 
makes the correlation Nu.JII:/~ = C, valid asymptotically 
for Pr + cc and Pr + 0, where C, = 0.5027. However, near 
Pr = 1 the correlation is about 12% in error. An improved 
empirical fit to computer solutions for all values of Pr 
proposed by Le Fevre (see ref. [S]) amounts to employing the 
factor Pr/(O.4916+0.9816,/%+ Pr) in II,. Clearly, any 
fractional power series in the denominator of this factor, 
truncated at the first power of Pr, would preserve the correct 
asymptotic limits. 

Turning next to the wall friction, which is of more 
theoretical interest, the case Pr + co presents no problem. 
Here the contribution from inertia is altogether negligible and 
any explicit Prdependence disappears, hence r(O; Pr) -B 
r(O) and the RHS of equation (12) approaches a constant. 

For the case Pr + 0, the explicit Pr-dependence is confmed 
to a thin layer of thickness t) N Pr1/2 near the wall. However, 
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FIG. 3. Dimensionless velocity distributions for a range of 
Prandtl numbers. 
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since the heat transfer becomes a constant the &-dependence 
does not affect the temperature distribution which is governed 
by the solution far from the wall. To show that the right of 
equation (12) approaches a constant for Pr + 0, consider the 
matched asymptotic solutions of the velocity distribution. In 
the usual limiting process Pr disappears from (7) and (8), 
yielding the outer solution which is independent of Pr. For the 
inner solution, using the fact that S(q ; Pr) + e(O), independent 
ofPr, the explicit Pr-dependence disappears from equation (7) 
provided the new variable Pr-I’*[ as function of Pr-“*q is 
employed. Consequently, Pr”‘Y(0; Pr) becomes indepen- 
dent of Pr as Pr -+O, suggesting the expression for 
dimensionless friction given by equation (12). 

The remaining Pr-dependence in dimensionless friction is 
small, as seen from Fig. 1, and appears to be analogous to that 
of the heat transfer. The Pr-dependence may of course be 
further reduced by empirical fit to computer results in a 
manner similar to that discussed for the heat transfer. 

The distributions of dimensionless temperature and 
velocity of Figs. 2 and 3 show how the present dimensionless 
variables nearly eliminate variations in wall gradients. The 
significant changes in velocity distributions with Prandtl 
number far from the wall appear to have a marginal effect on 
temperature distributions which prove to be nearly similar for 
all fluids. 

Finally, it is noted from the ratio of equations (11) and (12) 
that an appropriate parameter group expressing an analogy 
between heat transfer and friction is, for the present problem, 

Nu, Ra:” 

(L/P) W/av)’ 

This parameter group varies less than 10% over the complete 
range of Prandtl numbers. 
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INTRODUCTION 

THE MECHANISMS of mixed convection from a horizontal line 
source of heat have come under active investigation relatively 
recently. The earliest study by Wood [1], followed by that of 
Wesseling [Z], considered mixed convection from weakly 
buoyant plumes. Afzal [3] presented a complete analysis 
describing the entire flow regime, ranging from weakly to 
strongly buoyant plumes. It is well known that in a free 
convection plume from a line source of heat, the centerline 
velocity increases continuously as .x1/5, x being the distance 
downstream of the source. Thus, even in the presence of anon- 
zero free-stream velocity, it appears that, at sufficiently large x, 
buoyancy effects would dominate the transport mechanism. 
This corresponds to a strongly buoyant plume. Such is the flow 
studied here, with the buoyancy force and the free-stream flow 
being in the same direction. 

Afzal [3] considered the mixed convection from a line 
source in terms of two coordinate expansions, a direct 
coordinate expansion and an inverse, valid for small and large 
streamwise distance from the source, respectively. The direct 
coordinate expansion was taken in terms of a variable 5, 5 
being proportional to x ‘I’. The inverse coordinate expansion 
was constructed in terms of [- *j5. The solution for the first 11 
and the first seven terms, in the direct and inverse coordinate 
expansions, respectively, are presented. However, these 
expansions were constructed entirely on the basis of the 
classical boundary-layer solution. The non-boundary-layer 
effects, for example, the effect of the flow in the ambient, 
resulting from the entrainment into the boundary layer, was 
not considered. Under some circumstances these non- 

boundary-layer effects also contribute significantly. It then 
becomes necessary to simultaneously assess both the effects of 
the presence of external free-stream velocity and of the non- 
boundary-layer effects. The first such simultaneous and 
consistent assessment in the analysis of mixed convection 
flows was that by Carey and Gebhart [4]. 

The method ofmatched asymptotic expansions is used here 
to obtain a solution valid at a large downstream distance from 
the source. Two perturbation parameters, sH and sl, 
characterize the non-boundary-layer and the non-zero free- 
stream velocity effects, respectively. These effects are 
considered simultaneously, as perturbations of the associated 
natural convection plume flow. It is shown that corrections 
due to higher-order effects enter into the expansion before the 
fifth term of the inverse coordinate expansion considered by 
Afzal [3], for the same flow. Results of the numerical 
computations are presented for Pr = 0.7. 

ANALYSIS 

The mixed convection flow arising from an infinitely long 
horizontal line source of heat is considered as a two- 
dimensional steady flow. With usual Boussinesq approxima- 
tions, neglecting the viscous dissipation and pressure terms in 
the energy equation, the full two-dimensional governing 
equations take the form 


