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Let F be a strongly non-lattice distribution function with a positive mean, a positive variance,
and a finite third moment. Let X, X,, ... be i.i.d. with common disiribution function F; and let
S,=X,+--+X, and t* =inf{n=1: S, > a} for n=1 and a>0. The main result reported here
is a two term asymptotic expansion for H,(n, z) = P{t° <n, S, —a < z} as a - c0. Assuming higher
moments, a three term expansion for P{t° < n} and refined estimates for the probability of ruin
in finite time are obtained as simple corollaries. A key tool is an asymptotic expansion in Stone’s
formulation of the local limit theorem.
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1. Introduction

The purpose of this article is to develop asymptotic expansions related to first
passage iiiues, under weak moment and smoothness conditions. Towards this end,
let F denote a (right continuous) distribution function with a positive mean y, a
positive variance o2, a finite third moment, and higher moments as needed. Suppose
further that F satisfies Cramér’s Condition (is strongly non-lattice); that is,

lim sup | (s)| <1,

$->00

where

dl(s)=‘[ e F(dx), seR.
R

Let X,, X5,.. be ii.d. random variables with common distribution function F;
and denote the random walk and fi-st passage times by Sp=0,

S,,=X|+' * '+Xna nzl,

t*=inf{n=1: §,>a}, a>0,
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and
t,=inf{n=1:S,<a}, acR,

where the infimum of the empty set is understood to be 0. Here ¢ <oo, w.p. 1 for
all a> 0, since p >0; the probability that 7, <0 is estimated below.

The main result of this paper is a two term asymptotic expansion, as a - o, for
the function

Ha(n’ z)=P{ta<n’ S,,“(ISZ},

defined for zeR, n=1, and a>0. A three term asympioiic expansion for the
distribution of ¢* is derived as a simple corollary.

These results have potential applications to sequential analysis, where stopping
times of the form ¢° and ¢, arise naturally. For example, the stopping time of the
sequential probability ratio test is the minimum of two such first passage times.
After tilting, there are also applications to the ruin problem. These are indicated in
Corollary 3.

There are also more speculative potential applications. In principle, the main
result allows one to compute higher order expansions for the distributions of
randomly stopped sums, as in Woodroofe and Keener (1987); and the main result
here is a first step towards its own extension to non-linear boundaries. These
possibilities are sufficiently complicated to warrant separate consideration, however.

This paper is similar to Takahashi (1987) and Keener (1987) in that higher order
expansions for boundary crossing probabilities are sought. It is also similar to Lalley
(1984) in that weak moment and smoothness conditions are sought.

A useful alternative expression for H,(m, z) is presented in Section 2. An
asymptotic expansion in Stone’s (1965) formulation of the local limit theorem is
developed in Section 3. This is a key tool which may be of independent interest.
The main result and its corollaries are presented in Section 4; and the main result
is proved in Sectior: 5. Remarks and examples occupy Section 6.

The notations and assumptions listed in the first two paragraphs are used
throughout this paper, except in Section 3, where the mean may be non-positive.
They are not repeated in the statements of lemmas and theorems.

2. An identity

Let F* denote the distribution function of Sk, the k-fold convolution of F with
itself, for k=1; and let M, denote a reguiar conditional distribution for
min{S;, ..., Si_,} given S, for k=2. In symbols,

F*(x)= P{S,<x}

and

M (x; y) = P{min[S,, ..., Si_,]1<y|S; = x}
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for all x, yeR and k=2. In addition, it is convenient to let M,(x; y)=0 for all x
and y. The same symbol is used to denote a distribution function and the induced
measure.

If G is a monotone function, then G(y—) denotes the limit of G(x) as x>y from
below. The symbol f, means |, ,; and f°_ = fia.bp €tC.

Lemma 1. With the notation of the previous two paragraphs,
n-1
H,(n, 2)=k§l ha(n, k, z), (1)
where

ha(n k2)= | -r[1-Mk(x;y—)]F""‘(dy+a—x)F"(dx)

fork=1,...,n-1,n>1, zeR, a>0.
Proof. It suffices to consider fixed n, z, and a. Since the joint distributions of
S1,...,8,and S,—-S,_;, k=1,...,n, are the same,
H,(n,z)=P{S;>a,3k<n,S,—a<z}
=P{S:.<S,—a,3k<n,S,—a<z}

n—1
=Y P{S;=S,-a,Vj<k, S;<S,—a<z)
k=1

Next, for fixed 2<k=<n-1, (a version of) the conditional distribution of
min{S,, ..., Sy} and S, —S; given S, =x is the product of M,_,(x;-) and F"*
for a.e. xeR(F*). So,

P{S;=S,-a,Vj<k, S.<S,—a<z|S =x}

= J [1- M (x; y-)IF" *(dy+a—x)

fora.e.x<z(F*)andk=2,..., n—1by Fubini’s Theorem applied to the conditional
distributions; and the last relation is also true if k =1. The lemma then follows by
integrating over x <z and summing over k=1,...,n—-1. O

Many of the terms in (1) contribute negligibly. To see why, let
Gm = P{|S; — ku|> kp/2, 3k = m}

and
q(z)=P{t,<x}=P{S, <z 3k=1}

form=1,2,... and zeR. Then, since F is assurucd to have a finite third moment,

o 0
Y mg, <o and J |z]g(2) dz < 0. (2)

m=1
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See, for example, Baum and Katz (1965) and Chow and Teicher (1978, pp. 362 and
368). Of course, (2) implies that g,, + g(—m) = o(m?), since both are non-increasing.
Next, let

Hom(n,2)= 3 hom(n k 2),
k=1

where
ha,m(n,k,Z’)=j j [1-M,(x; y-)]F""*(dy +a—x)F*(dx)
fork=1,...,n—1,m,n=1, zeR, and a>0.

Lemma 2. With the notation of the previous two paragraphs,
IHa(n: z)—'Ha,m(ns z)|<q,,,+q(—m) (3)
for —-m<z<mu/2, n>m, and a>0.

Proof. If z<mu/2 and n> m, then the left side of (3) is at most

Y ha(mk2)+ 3 [ha(n, k 2) = hom(n, k 2)1< P{S <z, 3k= m}
k=1

k=i

+P{Si<-m,Ik=1}<gq,+q(—m). O

There is a useful alternative expression for H,,, which may be obtained by
integration by parts.

Lemma 3. For z>-m, n>m, and a> 0,

Hom(n2)= 3 I r[F""‘(a+y-x)—F“"‘(a)]Mk(x; dy) F*(dx)

k=1J-mdx

+§ J [F"*(a+z-x)- F*~*(a)I[1- Mi(x; z)]F*(dx).
(4)

Proot. If M is a distribution function and G is non-decreasing and right continuous,
then

j [1- M(y-)1G(dy) = j , { f , +r}M(dw)G(dy)

=jz [G(w)~ G(x)IM(dw) +[1- M(z)I[G(z) - G(x)]

for all x <z, by Fubini’s theorem. The lemma follows easily. [
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3. A local expansion

In this section only, the mean x4 may be non-positive.
If F has a finite pth moment, where p =3, then F" has an Edgeworth expansion;
that is, uniformly in seR,

sS—n

F'(s)=®,, [“;T:] +o[n~(P72/?), (5

where

P2 /2

D, =P+ _Zl n @,

Jj=
@ denotes the standard normal distribution function, and Q,, Q,,... are linear
combinations of the derivatives of ¢ = @', whose coefficients are determined by the
cumulants of F. See, for example, Feiler (1966, pp. 509 and 515) or Gnedenko and
Kolmogorov (1954_, Sections 38 and 45). In particular, Q,=—(p/60°)¢" and Q,=
(k/240%)@" +(p*/720°) "™, where p and « denote the third and fourth cumulants.

Theorem 1. If F has a finite pth moment, where p =3, then there is a 0<8<1 for
which

-@

p.n

[M] +O[n"(p—l)/2]{c+8n}

F"(b+c)-F"(b—c)= ¢,,,,,[b—+c—:—"-‘i] —

ovn
(6)

uniformly with respect to beR and ¢> 0.

Proof. There is no loss of generality in supposing that x =0 and o = 1. For fixed
¢>0and m>1, let g=g(-; m, c) be the symmetric function for which g(x)=1 for
O0<x<cg(x)=1-m(x—c)forc<x<c+1/m,and g(x) =0 for x>c+1/m. Then
g dominates the indicator of the interval for —c to ¢ So,

F"(b+c)—F"(b—c)< E{g(S,—b)} (7)

for all b, ¢, m, and n. Let § denote the Fourier transform of g; that is g(s)=
fo€°g(x) dx, seR. Then it is easily seen that £(0)=2c+1/m and [g|£(s)| ds<
(4mc+2)m. Now,

E{g(S,—-b)}= 2—17; J‘R &(s) e Py(s)" ds

and

[y

dx _1 b . ~ish
L« g(x- b)%,..(ﬁ) =3 L £(s) €7, n(sVn) ds,
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where ¢, , denotes the Fourier transform of (the signed measure) @,,. Let £¢>0
be so small that |(s)| < exp(—s>/4) for all |s|<e. Then

d
E{g(5,-b)}- L glx— b)¢p,n(;7$)

1
\E(IWLJ), (8)
where
I= j |2(s)||@(s)" = ¥,..(svn)|ds

and

J=2 j OIS+ (s3] ds.

In view of Cramér’s Condition, the form of the derivative of &,,, and the bound
on the integral of |g], it is easily seer that there is a 0< 8 <1, for which

J<48" J |g(s)| ds < (8mc+4) 76" %)

€

for all b, ¢, m, and n. Moreover, since |§(s)|< £(0)=2c+1/m, for all seR,
20+1/mJ'€‘/" (i)"
Is /] Jn d’p,n(s)

h \/n —&evn
—7, oL, (10)

ds

2¢+1
_2 /no

uniformly in b and ¢, where the final equality follows from standard arguments.
(See, for example, Feller (1966, p. 507) or Gnedenko and Kolmogorov (1954, Section
45).) Finally, it is easily seen that there is a C for which

dx b+c b-c C
J s (3) -0 (52) - (5] <207 b

for all b, ¢, m, and n. Letting m =1/8"? and combining (7)-(11) shows that the
ieft side of (6) is less than or equal to the right; and a similar lower bound, using
g(-; ¢—1/m, m) in place of g(-; ¢, m) may be obtained to complete the proof. O

4. The mair theorcm

In the statement of the main theorem and its corollaries, let

Ki(z)=} q(y)dy= I P{t, <o} dy,

and

2z

K2(Z) = {j (y - St‘ +Mty) dp} dya
{'} <oo}

o —00
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The relation between K,, K,, and F is explored in Section 6. That K, is finite is
shown in the proof.
Tieorem 2. Consider values of n =n(a) and z = z(a) for which

a,= aa‘:/'zzi’t:o(\/n) and z=o(Vn). (12)

Then

Ha( )= (@K@ + 1 S sa) @+ L Qi ko)

1
+o(;)[1+(z*)2], (13)
as a - 0, where z* =max{0, z}.

It is easy to describe the proof of Theorem 2. For appropriately chosen m = m(a),
the expansion (6) may be substituted for F"* in (4), and *he resulting expression
may be simplified. The details are presented in the next section.

The following corollary provides an asymptotic expansion for the distributions
of t* and max{Ss,,..., S,}.

Corollary 1. Suppose that F has a finite fourth moment. If n=n,-> 0 as a-> in
such a manner that a, = o(~/n), then

1

P{ta < n} = (1 - ¢)(an)+‘/n {:1; ¢(an)Kl(0)— Ql(an)}

+-!- {_15 ¢'(a,) K>(0) +—1- Qi(a,)K,(0)— Qz(an)} +o(1/n).
ni\oc o

Proof. Since S,> a implies t“ <n,
P{t°<n}=P{S,>a}+P{t°<n,S,<a}
=(1-F")(a)+H,(n,0) (14)
for all n and a. The corollary follows by subsiituting the expansions (5) and (13)
irto (14). O
The next corollary provides an alternative formulation of the main result. Let
H%n,z)=P{t°=n0<S,—-a<z},

for all z>0, n=1, and a>0. Alternatively, H%(n, z)= P{t® =n, S, —a <z}, since
{t*=n}c{S,>a}={t"<n}.
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»

Corollary 2. Under the conditions of Theorem 2 with z> 0,

Ho(n2) == oK )+ 2 L s+ oltak o))
+0(;1;)[1+22],

K'(z2)=K,(0)-K,(z)+z

where

and

K?(z)= K,(0)— Kx(2)+2%/2, z>0.

Proof. Corollary 2 follows easily from Theorems 1 and 2 and the relations
H%n,z)=P{0<S,—a<z}-P{t"<n,0<S,—-a<z}
and

P{t"<n 0<S,—-a<z}=H,(n,z)-H,(n,0). O

Corollary 2 may be used to refine Lalley’s (1984) estimates for the probability of
ruin in finite time. To see how, let G denote a distribution function with a negative
mean, a positive variance, and a moment generating function which is finite on
some neighborhood 2 of the origin. Suppose also that G satisfies Cramér’s Condi-
tion. Then G may be embedded in an exponential family; that is, G = G,, where

G, (dx)=explwx - y(w)]G(dx), xeR, we, (15)

and exp[ y(w)] is the moment generating function of G at w. The mean and variance
of G, are then u(w)=y(w) and o*(w) = y"(w) for all w e N.

Let X;, X,,... denote the coordinate functions on R™, and let P, denote the
(unique) probability measure which makes X,, X,, ... independent with common
distributior: tunction G, for each w € . If X, X, ... are regarded as the monthly
losses of an insurance compancy with initial capital a > 0, under P,, then

pla, N)=Ty{t°< N}
is the probability of ruin within N months. This is approximated below when N is

of the form N =a/u(w) for some fixed o for which u(w)>0 and y(w)>0.

Corollary 3. With the assumptions of the previous two paragraphs, let a -> o through
integer multiples of u(w). Then

pla, N)= I-m+o( 1 )] e N4 (16)
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where
4 =op(w)—v(w)>0,
© T
C={ — }J K'Y (z; w) e " dz,
Vizuy' (@)1 - J )

and K'(-; w) is as in Corollary 2 with F= G, (and V[x] denotes tne square root

of x).

Proof. Since the proof is similar to Lalley’s, which yields (16) with o(1/ N) replaced
by o(1/VN), it is sufficient to outline the argument. Writing F for G, and P for
P,, it is easily seen that the conditions imposed in the Introduction are satisfied.
(See Lemma 4 of Bahadur and Rao (1960) for Cramér’s Condition.) By tilting and
integration by parts,

p(a, N)=gq(a)e™™,
where
q(a)= g ro w exp[—wz+(n— N)y(w)]H(n, z) dz.

It is easily seen that only values of n and z for which 0= N—n<N'"*® and
0=<z< N need be considered. Then the expansion of Corollary 2 may be sub-
stituted for H®; and (16) results. The reason that the coefficient of 1/N vanishes
is that ey =0 and, therefore, ¢'(an)=0= Qi(ay). O

§. Proof of Theorem 2

There is no loss of generality in supposing that o =1, since a may be replaced
by a/o; and it suffices to prove the theorem for fixed functions n = n(a) and z = z(a)
which satisfy (12). Thus, n and z are functions of a in the proof, and limits are
taken as a - 00, unless otherwise specified. Observe that n/a—1/u, by (12). Let

¢ =Klg+a(-R1+ T jlg+a=)L k=1

Then ¢, - 0 as k- co. So, there is an integer valued function m = m(a) for which
m/vn->0, |z//m->0 and Vn-c,/m->0

as a - 0. With this choice of m, the right side of (3) is of smaller order of magnitude
thar 1/n; so, it suffices to prove the theorem with H, replaced by H,,m.

The next step is to substitute (6) into (4). Here (6) must be applied with n replaced
by n—k, where 1<k<m,b—c=a and b+c=a+w, where 0sw<z+m Now

at+w—(n—k)u b(w)
Jn-k) T Tn-ky
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where
b(w)={vn—-v(n—k)la,+(w+ku)

for all w (and the dependence of b on n, k, and a has been suppressed in the

notation). Observe that |b(w)|< C(k+ w) for some constant C for all 1< k<m and

0< w=<2m, so that b(w)/v(n—k)-0 uniformly in 1<k<m and 0<w=<2m. So,

by (6), Taylor’s Theorem, and the uniform continuity of ¢”,

- kg b(w) b(0)
F k(a+w) F (a)—lp:;,,,_k[a,, ‘/(n k)] ¢3,n—k[an+\/"'(n_k)]
+o( ! )[W+5"]

‘7‘ ¢(an>w+—{¢ (@ndw(w+2ku) +2Qi(a,)w}

+o(1/n){(k*+ w?), 17
uniformly in 1< k<m and 0< w=<2m, since V(n—k)<2/n for k< m and large a.

When combined wiih (4), (17) shows that

1 1 1
Ha,m(n’ Z) == ¢(an) sum, +; ¢’(an) Sum2+; Q,l(an) suml

Vn
vo )R+ R, (18)

where

sum, = y Jz Jr (y = x)M,(x; dy) F*(dx)
1

-m

+§ _r (z=x)[1~ Mi(x; 2)]F*(dx),

k=1

2sumz=é1 J_ j (y —x)(y — x+2kp) My (x; dy) F*(dx)

x

+3 | (z=x)z—x+2ku)[1 - My(x; 2)]F*(dx),

k=1dJ-m
Rul< £ [ w01 mxs w1 an),
and
JES i j [ (y —x)* M, (x; dy) F*(dx)
+§. jm (z=x)[1- Mi(x; 2)]F*(dx).
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The next step is to estimate the remainder terms. Towards this end, let T=
inf{k: S, =inf; S;}. Then

f [1— M, (x; x)]F*(dx)< P{S,> S, ¥j <k}

-m

<CP{T=k} VYk=1

where C =1/P{S;=0,Vj=1}. Now E(T?) <o, since
P{T>k}<P{S;<X,,3j>k}<gq, forall k=1.

So,
|R,i|< CE(T?) <. (19)

Next, a simple integration by parts, as in the proof of Lemma 3, shows that for
-m<x<zand k<m,

I (¥ = x)’Mi(x; dy) +(z = x)*[1 - M, (x; 2)]=ZI (y —x)[1— Mi(x; y)] dy.

So,

IRa,zlsg j_ I 2(y = x)[1— Mi(x; y)] dyF*(dx)

<2 (y—S,)dPdy

J—m J {t’.<oo}

z (* co

<2 P{S.<y-x,3k=1}dxdy

J—m JO

rz ¥

<2 q(w)dwdy<C[1+(z*)*] (20)

oJ —00 o —

for some constant C.
it remains to simpiify the two sums. For the first integration by paris {(as above)
shows that

z

£y r
; R ag £ A h ] l ré
J [1— M (x; y)]1F (dx) ar=| qm(y) dy
mdJ—-m —m
where

am(y)= Y P{S;>yVj<k,-m<S§,<y}
k=1

=P{t,<m,S, >-m}, y>-m.
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Now, 0<q(y)—gm(y)<q(—m)+gq,, as in the proof of Lemma 2. So, for all
sufficiently large a,

] [9(2) — Gm(3)1 dy <2mg(—m)+ ga]=0{1/Vn);
and |~ q(y) dy =o0(1/vn). So,
sum,=J q(y) dy+o(1/vVn)=K,(z)+0o(1/Vn). (21)

The analysis of sum, is similar to that of sum, with one exception,; it is not a priori
clear that K,(z) is finite. That |*_ {j,‘_<m(y—S,.‘.) dP} dy is finite is shown in (20).
For the term involving t,, let 7, k= 0, denote the (strict) descending ladder epochs;
that is, 7o=0 and 7, =inf{n: §,<S,,_}=<o0 for k=1. Also, let J =max{k: 7, <o}.
Then

fe (f 1 J
—0 ijt <00 ty dPJ dy - J'lo<co {kél Tk(ka—l N Sn)} P

J
= J. { 2 (m— Tk-:)(SfH —Sr,)} dP

k=1
=< —j 7,8, dP<VE(73)VE(S2);

and the last two terms are finite by (2). That K,(z) is finite for all z follows easily;
and then an argument which is similar to, but lengthier than (21), shows that

sum, = K,(z)+o(1)[1+(z*)?]. (22)
The theorem follows from (18)-(22). O

6. Remarks and examiples

The functions X, and K, may be related to F as follows. First write K,(z)=
K;(z)— K5 5(z), where
f-
K> (z)=1 yq(y)dy

J_
and

z

Kaa(2)= {f (S, —ut,) dP} dy.

o —00

Let

M = mil‘l{O, Sls Sz, .o .},
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so that q(y) = P{t, <oo} = P{M =<y} for all y <0. The characteristic function of M
is known to be

"Ml gxp[ Yy —f I'ei’sk—ll c_lP}
Uis1 Kk Jise<op

for all reR. See, for example, Feller (1966, p. 576). The functions K, and K,, are

simply related to q and, therefore, implicitly determined by the latter expression.
In particular,

Ki(O)=-E(M)= T +E(Si}
and
2 o 1 -\2 2
-2K,,(0)=E(M*)= kgl % E{(Sy)}+ E(M)7,
where s~ =max {0, —s}.

The function K,, may be computed when F is embedded in an exponential
family, as in (15). When u(w)>0, in the notation of Corollary 3, K,, K,,, and
K,, may be formed with F replaced by G,; these are denoted by K,(-; w),
K>,(; w), and K_z,z( " w).

Lemma 4. With the notation of the previous paragraph,
]
Kz,z(ZQ w) =‘a“ K\(z; w)
w
Jor all zeR and all @ € 02 for which p(w)>0.

Proof. For yeR,

! [5:,--n(w)ty]de={{ }[S - p(w)t, ] explwS, —1,y(w)]dPo
{1, <o} 1, <o

d
=— J. exploS, - ty(w)]dP,
{t, <oo}

Jw
d
=— P, {1, <}
)
for all @ for which u(w)> 0. The lemma now follows by integrating over y<z. [l
Example 1. If F is the normal distribution with mean u and variance =1, then

K\(0)=

ub18

;71_ S (2VE) ~ (2Vk) D (—uVk)],

2Ky,(0,0)= T [(1+ k) B(~pv/k) - (sVk)b(~ K} Ks(0)’,
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and

Ka(0)= k§ D (- pvk).

Remarks. 1. The proofs of Lemmas 1 and 3 did not require any moment assumptions.

2. If the fourth moment is finite, then o(1/n) may be replaced by O(n~*?) in
Theorem 1, and o(1/n)[1+(z*)*] by O(n~*'?)[1+(z+)] in Theorem 2. This is clear
for Theorem 1. For Theorem 2, first observe that m and |z| may be replaced by m®
and z* in (2); and if ¢ is replaced by c}, where

& =Klg+q(-R)1+ I jlg+9(=)],
j=
in the proof of Theorem 2, then the right side of (3) is o(n~*'?). Taking an additional
term in the Taylor series expansion in (17) shows that o(1/ n)(k*+w?) may be
replaced by O(n"*?)(k*+w’); and an examination of (18)-(22) then shows that
the remainder is O(n~>?)[1+(z*)’].

3. There is some uniformity with respect to F implicit in the proof of Theorem
2. For a fixed F, as described in the Introduction, let Z be the class of distributions
of aX + B8, where X has distribution function F, and (a, B) varies in a bounded set
for which au + B and ao remain bounded away from 0. Then (6) holds uniformly
in this cluss, since the dependence on « and B8 may be absorbed into the dependence
on b and c; and it is easily seen that the series and integral in (2) converge uniformly
with respect to a and B. These are the basic ingredients in the proof of Theorem
2; and an examination of (18)-(22) shows that (13) holds uniformly in any such class.

This remark may be useful in extensions of the main result to non-linear problems.

4. The final example shows that (13) need not hold, if Cramér’s Condition is
replaced by the condition that F be nonlattice.

Example 2. Let Y,, Y,,... and Z,, Z,,... denote independent random variables
which take the values +1 with probability } each; and let X, =1+ Y, +v2Z,
k=1,2,.... Ther. F is non-lattice. In this case, F" has a discontinuity of size

P{S, =} =Pt 4 Y, =OP(Z,++ - -+Z,=0}~2/mn

at n for large, even n (:f. Gnedenko and Kolmogorov (1954, Section 45)). So, if
a=n is a large, even integer, then

Ha("s 0)— Ha(na 0_) = P{ta <n, Sn = n}
= P{$, <0, 3k <n|S, = n}P{S, = n}.

Since S,=n ift Y;+---+Y,=0and Z,+:--+Z,=0, it is not difficult to see that
the conditional probability converges to P{S, <0, 3k =1}, as in Woodrcofe (1982,
Ch. 5). Thus, H,(n, z) has a discontinuity of order 1/n, when a = n is a large even
integer; and, therefore, (13) cannot hold in this case.



M. Woodreofe | First passage times 315

References

R. Bahadur and R. Rao, On deviations of the sample mean, Ann. Math. Statist. 31 (1960) 1015-1030.

L. Baum and M. Katz, Convergence rates in the law of large numbers, Trans. Amer. Math. Soc. 12¢
(1965) 108-123.

Y.S. Chow and H. Teicher, Probability Theory (Springer, New York, 1978).

W. Feller An Introduction to Probability Theory and its Applications, vol. 2 (Wiley, New York, 1966).

B. Gnedenko and A. Kolmogorov, Limit Theorems for Sums of Independent Random Variables (Addison-
Wesley, Cambridge, Mass., 1954).

R. Keener, Asymptotic expansions in non-linear renewal theory, in: M.L. Puri, ed., New Perspectives
in Theoretical and Applied Statistics (Wiley, New York, 1986) 479-502.

S. Lalley, Limit theorems for first passage times in linear and nonlinear renewal theory, Adv. Appl.
Probab., 16 (1984) 766-803.

C. Stone, A local limit theorem for non-lattice multidimensional distribution functions, Ann. Math.
Statist., 36 (1965) 546-551.

H. Takahashi, Asymptotic expansions for Anscombe’s theorem in repeated significance tests and estima-
tion after sequential testing, Ann. Statist. 15 (1987) 278-295.

M. Woodroofe, Non-linear Renewal Theory in Sequential Analysis (SIAM, Philadeiphia (1982)).

M. Woodroofe and R. Keener, Asymptotic expansions in boundary crossing probabilities, Ann. Probab
15 (1987) 102-114.



