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We present the three-loop analytical QED results for the asymptotic expression of the photon vacuum polarization function /7
in the MS-scheme. Using the recently obtained four-loop results for the QED g-function in the MS-like and MOM schemes (Sys-
and #-functions) and for (g—2), we get the four-loop QED S-function in the on-shell scheme.

1. One of the most important quantities, entering
various QED and standard model investigations and
applications, i1s the photon vacuum polarization
function /1. In QED its asymptotic three-loop expres-
sion in the on-shell (OS) scheme has been known for
many years (see e.g. ref. [1]). However, up to re-
cently the three-loop non-logarithmic term of I7 re-
mained unknown. At present its total value is known
numerically in the OS-scheme from the unification
of the four-loop numerical calculations of the muon
anomalous magnetic moment (g—2), [2] with the
corresponding renormalization group (RG) theoret-
ical studies [3]. Moreover, recently the part of this
term (namely, the contribution to /7 of the three-loop
diagrams with two fermion loops) was calculated in
the OS-scheme even analytically [4].
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In this work we present the analytical three-loop
expression for /7in the MS-scheme. These results have
been previously obtained by us in the course of the
work [5] and recently confirmed during the four-loop
QED studies [6.7]. All results were obtained with the
help of the original program [8] written for the pre-
vious version of the system [9]. We also use the re-
cent numerical [2] and analytical [4] three-loop re-
sults for I7 in the OS-scheme and the four-loop
analytical QED results for the QED S-function in the
MS-like and momentum (MOM) subtractions
schemes [7] (i.e. for the Bys- and ¥P-functions) to
determine the expression of the four-loop coefficient
in the S-function in the OS-scheme (fs-function) for
the case of QED with N types of leptons. The com-
parison of the behavior of the four-loop perturbative
series for the fs-function with the ones for the Bys
and P-functions is given. Other possible applications
of the results obtained are briefly discussed.
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2. Let us start from the definition of the QED in-
variant charge

E

ECo i BY= 1) LE)

(2.1)

where the dimensionless parameters x, y govern the
energy and massive dependence and E=«/47 is the
renormalized coupling constant.

In the MS-like schemes one has x=0>/u> and
vi=mi/Q%i=1,2, ..., Nwhere the m, arc the renor-
malized lepton masses. The corresponding RG rela-
tion for the inverse photon propagator then has the
form
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where the QED p-function and the anomalous di-
mension function y,, are defined as

=2 BET. (2.3)
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The three-loop approximation of the 7.,-function has
been calculated in the MS-like scheme in ref. [10].
The results of these calculations read [10]

To=3, )’1=(%—EN)7
={13" —[46-48{(3)IN- 2N, (2.5)

The coefficients of the Sys-function are known even
at the four-loop level [7]:

Po=3N. Bi=4N, Br=—-2N— .
Br=— 46N+ [ 32 SR0(3) N2 ZEND . (2.6)

C|.x>

The corresponding asymptotic three-loop approx-
imation of the photon vacuum polarization function
I can be defined as
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In the MS-scheme the results of our three-loop cal-
culations read
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where the /m, are the masses of leptons propagating in
the internal loops of the corresponding three-loop
diagrams. The results (2.9) have been obtained in
the course of similar QCD calculations [11]. The
correction of the numerically insignificant misprint
in the {(3)-term in 44}’ obtained in ref, [11] was
done in ref. [12] with 1he help of the program of ref.
[13]. In the course of the calculations the method of
the dimensional regularization [14] and the integra-
tion-by-parts algorithm [15] inspired by the ideas
proposed in ref. [14] were used.

Using the corresponding RG equations one can
show that the coefficients in eqs. (2.4), (2.6), (2.7)
satisfy the following relations:

Po==Bi. fi=—B,, Pfr=—~A:B,—-By,

20y=—58\B, . (2.10)
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The similar equations for the coefficients of the
O(m?/Q?)-terms contain the contributions from the
anomalous mass dimension terms and read

BE =2
(2) _ . 402 (2)
B ==20 417 — (20— fo) A5 .

C{D = (275 =voPo)A . (2.11)

3. It was shown in ref. [ 7] that using the RG trans-
formation equations between the Bys-function and
the ¥-function, namely

_ 9Evom(Ewms)

P(Enom) = s Bus(Ewns) (3.1)

one can obtain the corresponding four-loop expres-
sion of the ¥-function (see ref. [7]):

P(Emom) = Z W:EINT(,I)M s

iz0
wo=3IN, w, =4N,
pr=—2N+[F{(3)—FIN?,
Wy =—46N+[104+22(3) = 1220(5)IN?
+[128 = 28L(3)IN 3. (3.2)

The Y-function is connected with the fs-function by
the following relation:

al;hﬂ()hd( lf()S)

yl(I;DA()hd) = 817
S ON]

Bos(Eos) . (3.3)
where Eyowm coincides with the invariant charge £ of
eq. (2.1)at Q*=pu>.

The corresponding three-loop coefficients of the
photon vacuum polarization function [7,s, namely
AP (i=1,2), BYS (i=1,2,3) and C¥5, have been
previously presented in a number of works on the
subject (see c.g. refs [1,6]). The non-logarithmic
coefficients A; enter the RG relation derived in ref.

(6]
BYS =y — 2BV — S (47%)*
+2BS(APS A +495) (3.4)

This equation allows us to deduce that to find the
four-loop coefficient 9% of the fos-function it is nec-
essary to know the coefficient A9 which can be pre-
sented in the following form:
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A=A N+ AN (3.5)

Its numerical value has been obtained from the com-
bination of the results of the numerical computations
of the four-loop corrections to (g—2), [2] with the
asymptotic formulae of ref. [ 1] and read *'

A% =66.624(2.624) . (3.6)

Using now the corrected analytical expression of 43 ,
obtained in ref. [4], namely

Ay.= =82 B2y +330(3)=-20.133,  (3.7)

and taking into account that {(2)=n>/6=1.6449...
and {(3)=1.2020... one can get the following numer-
ical expression of the coefficient 45 :

Az, =86.757(2.624) . (3.8)

Substituting now eqgs. (3.8), (3.7), (3.5) and the re-
sults from refs. [1,6] and taking into account the
expressions for the coefficients w5 (see eq. (3.2) ) and
BYS (seeref. [1]), namely

BYS = — 2NN (3.9)

we arrive at the following (partly numerical) expres-
sion for the coefficient 895:

B =—46N
F[ - H(3) = RS 231 (T) N2
+ [ =) - RGN

(3.10)

The order N-term in eq. (3.10) coincides with the
ones in eqs. (2.6), (3.2) due to the property of uni-
versality which is fulfilled within the MS-like, MOM-
and the OS-schemes. The analytical N 3-contribution
is known from the results of refs. [4,6]. Thus, the an-
alytical calculation of the N’-contribution to the
B$5-function is on the agenda. This problem is closely
related to the analytical evaluation of the A5 -term in
the OS-scheme (e.g. starting from the results of eq.
(2.8) in the MS-scheme ) and therefore to the analyt-
ical calculation of certain four-loop diagrams con-
tributing to (g—2),, [3]. We are going to consider
this problem in the future. The results of eq. (3.10)
can also be used to find, with the help of the RG re-
lations, the value of certain five-loop In(m,/m,)

# Note that within our normalization conditions one has

A3=064a;, where a; is presented in ref. [2].
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contributions to (g—2), in order to compare them
with the results of the numerical computations pre-
sented inref. [2].

4, Let us now compare the obtained numerical four-
loop approximation for the fys-function, namely
3 4

Bos(@) =0.0833<g)_+0.0625(g)> —o0. 1050<9>
viA VA n

5

—0.4443@) , (4.1)
T

with similar ones for the Bys-function and for the ¥-
function obtained in ref. [ 7], namely
3

2 3 4
Bus(@) =o.0833<9) +0.0625<9> _0.0269<9>
T T A

S
—0.1309<9> :
T
2 3
W(a)=0.0833(9> +0.0625<g> +o.0125<g>
b4 T V[

5
—0.1502(5> . (4.2)
n

Note that in all three cases the four-loop coeffi-
cients are negative and relatively sizeable (compara-
tively to the previous three coefficients). These re-
sults also indicate that in spite of the asymptotic
enhancement of the absolute values of the corre-
sponding coefficients the possible sign-alternating
character of the QED perturbative series [16] does
not manifest itself for the four-loop approximations
of the QED S-functions in the different renormaliza-
tion schemes. This conclusion is not surprising since
the status of the QED estimates [ 16] remains unclear.
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