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We study the long-time behavior of small solutions of the initial-value problem
for the generalized Korteweg—de Vries equation

Su+&u+é Fluy=0

(gkdV}
u(x, 0) = gix).

For the case where F(w)=|w|’, with s> (1/4)(23—, 37) x 3.8625, our results
imply that if HgH,_: + gl I3 is sufficiently small then sup (1 + |¢[)' * Jjute)| - < =. In
particular, the solution tends to zero in the supremum norm. The proofs make use
of Duhamel’s formula and dispersion estimates for the linear propagator. as well as
chain and Leibniz rules for fractional derivatives of compositions | D*F(u)||,, and
products || D*(fg)ll,r. 0<a<land | <p< . € 1991 Academic Press. Inc.

INTRODUCTION

In this paper we study the long-time behavior of solutions of the initial-
value problem for the generalized Korteweg—de Vries equation (gKdV)

du+d3u+d Flu)=0
(L.1)

u(x, 0)= g(x).

F(u) is a nonlinear function of u, such as |u|* with s> 0. Suitable regularity
hypotheses on F and g guarantee the existence of a unique solution for all
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teR'. Our purpose is to show that if g is sufficiently small in some
reasonable norm, then u tends to zero in some other norm as r approaches
+ occ. More specifically, when F(u) = |u/’, this dispersion is known to occur
provided s is sufficiently large, and we seek to improve the allowed range
of s.

For gKdV we obtain all

§>50=(23—./57)/4~3.8625. (1.2)
Recently, Ponce and Vega [PV ] have obtained all
s>(94+./73)/4~4.39,

improving the work of several authors [Str, K1, Sh, KIPo].

We do not know what the best value of s might be. In the cases s =2 and
s=3, (1.1) is known to admit exact solution by the inverse scattering trans-
form. Inverse scattering theory is applied in [AS] to deduce the decay rates
of solutions which are assumed to decay to zero in L™. They find in the
case s =3 that decaying solutions satisfy

lu(D)ll o = Ot 7).
For s =2, generically one has
lu(e)l L = O(t =)

but for certain exceptional “resonant data,” the rate of decay is

, log £\*?
lu(t)l - = O ((i’%’-) )

Our method of proof is to write gKdV as an integral equation, treating the
nonlinearity as a small perturbation of the linear part of the equation. We
then obtain a priori estimates on time-weighted norms of u(x, t), the time-
weights being determined by the decay rates of the linear equation.
The cited asymptotics for s=2, 3 indicate that there are fundamental
limitations to the perturbative method of proof we employ, for certain s.

We shall use the following notation. Let u(¢) denote the function
x> u(x, t). Let |||, denote the L? = L?(R, dx) norm and | -||,, denote a
norm on L7, the subspace of L” consisting of functions possessing «
derivatives in L” [Ste]. For the case p=2, we set H°=L2. We define
P(D)=(P(¢) f(£))" where f(§)= |z e~ *f(x) dx, is the Fourier transform
of f. D* is the operator with Fourier multiplier

(D) (&) =& f(&). (1.3)
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We set 8, f=0f/dx and (y)=(1+y?)"% C(R, H*) and C, (R, H*) denote
respectively the spaces of continuous and weakly continuous functions of
re R with values in H*.

We assume throughout that F(0)=0. It follows from the work of
Kato [Ka] that for Fe C? if ge H' and |gl|,, is sufficiently small then
(1.1) has a solution ue C(R, L) C (R, H'). If Fe C’ and |\ gl|,, is suf-
ficiently small, then (1.1) has a unique solution ue C(R, H?). In [Ka] the
existence results are obtained for the case Fe C ™, but our assertions for F
satisfying weaker assumptions follow from his proofs.

Furthermore, one has the following two a priori bounds on solutions:

ID'u(n)l.<C,  reR, (1.4)
where C is independent of ¢, and
luCe)l = lgll2, teR. (1.5)

Equation (1.5) is the statement that the L2 norm is conserved for solutions
of gKdV. In addition, gKdV possess a conserved Hamiltonian energy func-
tional [Ka] which together with (1.5) implies (1.4), by Sobolev-
Nirenberg—Gagliardo estimates.

We now state results on the dispersion of small data solutions of gKdV
in terms of L™ decay rates. We have,

THEOREM 1. (A) Let s>4 and Fe C? be such that |F'(w)| = O(|w}*~")
as |w| — 0. Then, there is an £, >0 such that for every g satisfying

[gli=llgll + gl <eéo, (1.6)
the solution of
du+du+d Flu)=0
{1.7)
u(0)=¢

in the class C(R, H') satisfies

sup <) [lu(z)| ,, < oc. (1.8)

teR

(B) Let se(sy, 4], where so=(1/4)(23 —/57)=3.8625, and FeC?
be such that |F'(w)| = O(|w|* ") and |F"(w)| = O(|w|*~?) as |w| = 0. Then,
there is an e,> 0 such that for every g satisfying

lgla= gl + gl < (1.9)

the unique solution of (1.7) in the class C(R, H?) satisfies (1.8).
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Remarks. (1) More detailed information on rates of dispersion in
various norms is proved on the way to obtaining Theorem 1 (see Sections
4 and 5).

(2) For F(u)=|ul|’, gKdV has solitary wave solutions of the form
u(t, x) =w(x — ct; c), where w(&; ¢) is an exponentially decaying function of
. These solutions are nondecaying with time. Scaling implies w(¢&; ¢) =

1/2g¢.

eV Dy(c'?E; 1). A simple calculation shows that

(5 e+ Iwls el

tends to zero as ¢— 0% for s<3. Thus, smallness in the norms of
Theorem 1, cannot ensure dispersion for s <3 [Str].

The arguments we use are based on estimates for the free propagator
S(t)=exp(—id3t). That is, we treat the nonlinearity as a perturbation and
write (1.1) as

u(x):S(t)g+f0' S(t = 1) 8, Flu(z)) de. (1.10)

Any solution of gKdV in C (R, H') satisfies (1.10).

In Section 2 we derive the required estimates for the one parameter
group of transformations g+ S(¢) g. In Section 3 chain and Leibniz rules
are stated and proved for the purpose of estimating quantities like
| D*F(u)ll, and ||D*(fg)ll, with 0 <a <1 and | < p< .

2. ESTIMATES FOR THE LINEAR PROPAGATOR

The solution of the initial value problem
S u+0iu=0
u(0)=¢g

1s

where
(S(1) g)" (&) =e"g(¢).

Fortunately for us, practically everything we need to know about the
L”— L7 mapping properties of S(¢) has been worked out by previous
authors. S(¢) is realized by convolution with (37)~"* 4i((3z) "'/ x), where
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Ai is the well-known Airy function. In particular it is known from the
method of stationary phase that Ai(x) is bounded and is 0(jx| %%y as
|x| — oc. This gives
LemMMA 2.1. Forall ge L',
IS(e) gl <Ce™ " liglhys
IS(r)gl,<Ct="*lgly.  forall p>4,
and

IS(h g, <Cpt "2t gl forall p>4.

The first two estimates follow from the bounds on Ai(x), while the third
follows from the first two by interpolation. The next estimate is at the heart
of the work of Ponce and Vega [PV].

LEMMA 2.2, Forall ge L',

ID"gll, <Ct ' ligl,.

We require a generalization, which is proved by Kenig, Ponce, and Vega
[KPV].
LEMMA 2.3. Let pe[2, ) and set 1/p’=1-—1/p. Then
ID'2='7S(t) gll, < Ct= """ \gll,..  forall gelLP’.

If we dualize the third conclusion of Lemma 2.1 and interpolate with
Lemma 2.2 we obtain

LEMMA 2.4. For each pe (1, 4/3) there exist § >0 and y >0 such that
ID?S(e) gl . <Ct77ligll,  forall gelL”

with B—1/2 and y—>1/2 as p—1*. Moreover |f—172| +|y~1/2| =
O(p—1).

Of course one could give formulae for f and 7, but that won't be
necessary.

3. A CHAIN RULE FOR FRACTIONAL DERIVATIVES

ProposITION 3.1.  Suppose that Fe C'(C), x€(0, 1), 1 < p. g, r < o, and
rt=p'+q " Ifue L*(R), D*uc L’ and F'(u)e L?, then D*(F(u))e L
and

I D*Full, < C | F'(ulll, | D*ulf,.
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The hypothesis u € L*(R) is inessential and serves only to guarantee that
D%y is defined, as a distribution. The proof relies on ideas of Coifman and
Meyer [CoMe] and Bony [Bo]; see also Meyer [Me]. Although the
result remains valid in R™ for all m, the proof seems to require an addi-
tional ingredient, the Calder6n—-Zygmund method of rotations [CaZy]. We
shall stick to the simpler one-dimensional case.

For the proof some preparation is needed. Introduce ne CJ(R),
nonnegative, supported in {1/2 <|£| <2} and satisfying

oC

Y niE)=1 on R\{0}.

j=—x
Define Fourier multiplier operators

(Q, )" (E)=n(277¢) f(&).
Then

S 200,f

j=—=

1D, ~ (Z 2% IQ,-f(-)IZ) "

J

~ !
r

for all fe L" with D*f € L’, by the Hérmander-Mihlin—-Marcinkiewicz mul-
tiplier theorem and Littlewood-Paley theory (see for instance Stein [Ste]).
Moreover, if the right-hand side is finite then D% e L” in the sense of
distributions. Q, may be realized as a convolution operator Q; f=f * ¢;
where Y, € 7,

r

W, () +27710.4,(x) S Ch2/(1+ 27 |x]) 77 (3.1)

for all N, uniformly in je Z, and

[w,=0. (3.2)

Construct also fje C§({1/2 < |£| <2}) but satisfying 7 - n = #. Define
(0,1) " (©)=F(&)n2¢)
so that the identity operator may be resolved as

=3 0,=% 0,0,

and Qj is realized by convolution with a Schwartz function t}, satisfying
(3.1) and (3.2).
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Let M denote the maximal function of Hardy and Littlewood:

Mf(x)=sup (2r) ' J.r | f(x—s$)| ds.

r>0 —-r

LemMma 3.2, For any g,

~ = 27 |x — y| Mg(x) if |x—ylgC2/
10,8(x)— Q80 < C {Mg(x) + Mg(y) forall x, y.
Proof.

10,800) = 0,800 < [ 1,3 =) = F,(x = 2)| - | g(2)] =

For any x, ]Q]g(v)l < CMg(x) because of the bounds (3.1). If |x— y| <
C27/ then

Wiy —2) =P (x =2 <C2¥ [x— 3| - (1 +2/ |x—z]) 7,

again by (3.1). By a standard calculation this implies the desired estimate;
see Stein [Ste, pp. 62-63]. 1

Proof of Proposition 3.1,
0, (u)(v=JF(u I (x— ¥) dv
= | [F)(y) = Fa) ()19, — y) dy

_‘[j tu(v)+(l——t)u(\’))dt]( u(y)—ul(x))
i(x—y)dy. (3.3)

Note that

j' F'(tu(y) + (1 — 1) u(x)) dt | <2M(F'(u))(x).
0

To estimate (3.3) decompose u=Y Q,u=3 0,0Q,u to obtain

o

1Q, F(u)(x)] S CM(F'(u))(x)- }, j 10 Qi 1) — 01 Qpu(x)

k= —-x

(e — vl dy. (3.4)
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Break the sum over k into the cases k < j and k > j. Then
S [1060uu(y) = G Q)] - (x— y) dy
k</

<Cy f, Y (MR ()

k<j I¥—

21427 [x—y[) 3 dy

+cy | [MQyu(x) + MQ,u(y)]

k<j|x~w>2k

201427 |x~y)) P dy
<C Y 2*IMQuu(x)+C Y. 2F-/

k<j k<j
-(MQku(x)+M2Qku(x))
<C Y 257M2Qu(x),
k<j
where of course M2= M- M.
Likewise
5 [104Quu(y) ~ 0 Quulx)] -y, (x ~ )| dy
k=j

<C Y [ (MOu(x)+ MQuu(3) 2/(1+27 [x— yI) 2 dy

kzj

<C Y MQ,u(x)

kzj

Putting (3.5) and (3.6) into (3.4), we have

x 12
( Y 2 IQ,-F(M)(X)I2>

j=—

M(F'(u))(x) (Z 2% ( 2 27 M Q,u(x)

J k<j

2\ 1,2
+ Z Mszu(x)) )

kzj

< C-M(F'(u))(x)

X 1,2
Y 2 5 2wrgunr)

m= —x k= —oc

(3.5)

(3.6)
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by substituting j = k — m after applying Minkowski’s inequality, where
e=2 -Min(a, 1 —a)>0.

To conclude,

D F)l, < C H (z 2% |Q,—F(u)|2> )

,

12
sc“M(F’(u))-(ZZZ“tMZQku)Z) |

r

SCIMF'(u)l,-

(Z 22"“(M2Qku)2> *
(Z 22km leull)

SCIF (), | D*ull,.

g

12

<CIF W, -

lq

In the second-to-last inequality we have invoked the vector-valued
maximal theorem of Fefferman and Stein [FeSt]:

() <c(zme)

for all {h,} and all ge (1 oc). |

q

Analogous to the chain rule is a version of Leibniz’s rule. Its proof is a
straightforward application of ideas of Coifman and Meyer.

ProrosiTiON 3.3. Let a€(0,1), 1 <r, py, P>, 4,,9,<C, and suppose
r-t=p '+q", for i=1,2. Suppose that felL”, DfelL” gelL*,
D*ge L%, Then D*(fg)e L™ and

1D*(fN, < CIfl,, 1Dl + CUDS i, gl -

Proof. Alter 7j so as to be identically one on {1/4, 4] and supported on
(1/8, 8). Define

Pkf:‘ z Q;f

Jj<k-3

Since the Fourier transform of a product is the convolution of the Fourier
transforms of the factors,

ng'Pkfzék(ng'Pkf)

580:100/1-7
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for all £, g. Write

fge= Zng Pkf+ZQkf P.g+ Z 0.f-08

li—jl<2

=Y 0uQig-Pif)+Y 0O, f Prg)
k k
+ Y (.08
li—jl<2

For the first term,

N (Z 2% |Qk(ng-Pkf)|2) /
k

r

r

<c|

(Z (M(Q2*Q, g-PkfnZ) )

k

C (Z 2% 10, g]?- (Mf)2> "

r

<CMfllp, -

(o)

SCIUflp 1Dl

41

The second term is the same, but with the roles of f and g reversed. For
the third, when |i —j| <2, Qu(Q, f - O, &) =0 unless k < max(i, j)+ 4. Thus

(22~ T or-o) )

k li—jl<2
) (Qif-0Q;¢8)

2)1/2
li—jls2
Max(i,j)=k—4

172
C Z z (ZZZU_J)IIQJ's(Qj—:f‘ng)lz)

s> —6 (1] <2

<c(§zm 0

—cy Y2 ’“(ZIQ, {01270, )l )

sz -6 |12

The L™ norm is then estimated as above. |

Almost exactly the same lemma appears in Kato and Ponce [KaPo],
but with (/+D?%*? in place of D* See also Kenig, Ponce, and Vega
[(KPV].
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4. PROOF OF THEOREM 1(A)

The point of departure is the integral equation (see also (1.10))
u(t)=S(t)g+J,S(t—r)(\F(u(r))dt. (4.1)
0

where (S(t)g) " (&)= e"*’}g‘(g“). The strategy is to derive a pair of estimates,
for the L™ and L® norms of u(z). Roughly speaking each is proved by using
(4.1) plus both the L™ and L°® estimates for u(t), |t| < |#|. Earlier work on
the problem relied principally on one estimate, which was used to prove
itself in the same fashion; the coupled system allows greater flexibility. The
exponent 6 has been chosen simply because it appears to give the best
results, not for any conceptual reason.
To formulate the main estimates let us introduce the notation

M (t)=sup (X' Ju(o)l, (4.2)
It <t
M(t)=sup (T3 Ju(t)l, (4.3)
|tl <t
and
lgli=lgh +lghs,- (4.4)

The exponents 1/3 and 5/18 correspond exactly to the decay estimates of
Lemma 2.1 for the linear propagator.

PROPOSITION 4.1. Let s> 4 and suppose that Fe C*(R) satisfies F(0)=0
and |F'(u)] = O(|u|* ") as |u| — 0. Then there exists C < o such that for all
geL'n L3, any solution u of (gKdV) in the class C ([0.T]; H") with
initial data g satisfies for |t| < T

M ()<C gl + CM(1)* M (1) * (4.5)
Myt)<Clgl,+ C' Mgty M, (1)~ (4.6)

where C'=C'(F, s, ||gll,..) = 0as lgll,, =0

The notation in the proof will be greatly simplified by a convention. Let
o be a positive number which will eventually be chosen small enough,
depending on s, for a certain inequality to hold. For any exponent o, a +
will denote an exponent f = o of the form f =o + O(5). Similarly we write
x— and ax. Thus |-||,, denotes the LY norm, ¢ =p+ O(), ¢> p. This
inconvenience is forced on us by two technical nuisances: d,.-D ! is not
bounded on L!, though it is on L'*; likewise our chain rule for fractional
derivatives is unavailable for L'.

We first derive Proposition 4.1, then deduce the theorem.
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Proof of (4.5). Write
8, =D"" (8, D"")o D",
By the integral equation (4.1),
(0. < US(0) €l + [ 15(1=7) 0, Flu(e))]. d
<C<ny gl
+ Cfo IDY2=S(t —1)(0,D~1) D'2* Fu(v)|, dr

<Cy = gly

+C [ Jr—t 7 DY Fu) s di,
0

using Lemma 2.4 in the last inequality plus the boundedness of
d,°D '—the Hilbert transform times a numerical factor—on L'*. By
applying the chain rule we may continue

<C> P gly
+Cf0 [t—t| =2+ DY u(t)ll,, |l |u(z)l* ™I, dr
<Cy gl

1
FClglan [ 1=l (o)) (o) e

by the conservation law, since [|D'?*u(t)|,, <C |lu(t)|2+ C |0 u(t)l, <
C ligll,., provided 8 is sufficiently small. Multiplying through by {t>'” we
get

O o)
SClgh+ O [ r=el 1% (o) I (o)l
G S RO UL R PR
<SC gl + CM(1)* M (1) % (2)'?

_j" [t —1| V2% (g~ (N8 -URs—4) gp.
0
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The integral is bounded uniformly as |7| — sc, provided that d is chosen
sufficiently small and
1 15 s—4 1

LN
sttt 37

which holds if and only if s > 4. Then we’ve proved
M (N<Clgli+C M) M (0
as desired. |}

Proof of (46). By Lemma 2.3, D'S(¢) maps L*® to L® with a bound
O(t™ ). Therefore since ¢, D' is bounded on L° by the integral equation

lu(e)lls < | S() gl + Cfo ID'38(1 —1) D¥*Flu(1)) | s d
SCy % gl + Cf’ [t —1| 71D Fladt))) o5 d
4]
SOy gl + Cj' [t—1) 7 NDPu), Nl dr,  (4.7)

where (s—1)/p+ 1/g=5/6. Choose q ' =7/18 so that (s— 1)/p=4/9. The
choice is dictated by the exponent 2/3 on D, for 7/18 = (2/3) - (1/2) + (1/3) -
(1/6), whence an interpolation gives

ID* u(e) gy < C | Du(e)(137 (o)l
< C g3 (ad 10 M) (4.8)
provided || < |4l

To estimate the L norm in (4.7) write p '=0/6+4 (1 —8)/«c and
estimate

(o), < B(ONG ()l S °

LTI MUY M (1) (4.9)

whence p=9(s—1)/4>27/4>6 as long as s>4. Putting (4.8) and (4.9)
together gives

1D¥u(o), (o™ ' S C'Cad * MotY M (e =7, (4.10)
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where
51 s—1 .
=3t (o)
_3 . s—1 14
547 3 39
_s_ 7
3 18

Inserting (4.10) into (4.7) yields
lu(e)lls< C<e)> > gl
+ C’M6(t)3 Moc(t)s— 11/3 f lt—T| —-1/3 <T> —5/3+7/18 d‘L'.
0
The integral on the right is 0({t> ~#), f=1/3+5/3—-7/18 —1 = (65— 19)/18.

We need f>5/18, which means 6s> 24, or s>4 once again. Thus we've
proved that if s >4,

My(t)<Clgl;+ C'Mg(t)* M (1) 117,
which is (4.6). So Proposition 4.1 is established. |
To deduce Theorem 1(A) define
M(ty=M4(t)+ M_ (1)

We’ve proved that there exist C < oo and «, §> 0 such that for any ¢,>0,
if |g|, is sufficiently small then for all ¢,

M(1) S eo(1+ M(2)* + M(1)*).

By the assumption that ue C(R; L*)n C,(R; H') plus interpolation and
Sobolev embedding, ||u(t)|s and |u(t)|, are continuous functions of t,
hence M is also continuous. Therefore M(¢) remains in the connected com-
ponent of {y>0: y < Ceo(1 + y*+ y¥)} containing the origin, for all time.
But if ¢, is chosen small enough, which means |g|, is small enough, then
that connected component is bounded. ||

5. PrROOF OF THEOREM 1(B)

More is now required of the initial data, namely ge L', d,ge L', and
ge L2, and we define

lgla=llgllt+ 10 &l + gl (5.1)
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Now control of the H? norm will allow us to bound &, u(¢) in various
norms, and to use the fact that for the linear propagator, ¢,S(t) g decays
faster in L? norms than S(f)g (assuming g has one derivative), as
suggested by Lemma 2.2. In the proof of Theorem 1(A) our only estimate
on ¢.u was the conservation law, but now we shall prove various decay
estimates which in turn can be used to control u itself for a better range of
nonlinearities. The idea of exploiting the faster decay of derivatives of u is
already present in the work of Ponce and Vega [PV].

Henceforth let Fe C? satisfy F(0)=F'(0)=0 and |F"(u)| = O(Ju|* " *).
Let ge L'~ H? with &, ge L', and let u be the unique solution of (gKdV)
with initial data g, in the class C(R, H*): this solution exists by
Kato [Ka].

The notation will be simpler if we restrict ourselves to the case s, <s <4.
If F"(u)=O(u|*~?) as u— 0 then the same holds for smaller s, so there is
no loss whatever in taking s < 4. Unfortunately our strategy is to estimate
each of the following:

M(u, t)=sup <) 72 lule)]l4

|1 <t

M, (u, ty=sup {t)"° |u(v)l .

|l <+

M, (0.u t)=sup ('3 )],

HEN]

M (D*2u, t)= sup <OV ||ID"2u(t)l,

it <t

M. (D"u, ty=sup ()77 D u(n)|

jrl<r

M(23u, 1) = sup [|83u(z)li,,
It =t
where 6 =4(s) is positive but will be chosen sufficiently small for various
inequalities to work out; it should be regarded as a technical nuisance. On
the other hand ¢ is positive and is essential to the argument. It must satisfy
4—s
>— 5.2
>3 (5.2)
We write e=(4~5)/3+6. We will prove that for each se(s,, 4)
there exists &>(4—s)/3 such that for all é>0, the quantities
My(u, t), ..., M5(32u, t) remain uniformly bounded as |7] — oo. Of course it
suffices to prove that for small 8. When it should cause no confusion we
write M,(u), ... M,(82u) to simplify the notation.

PROPOSITION 5.1. Let se(sy,4), FeC? and suppose F(0)=F'(0)=0
and \F"(u)l=O0(|u|*"?). Let ge L'~nH?* with & _geL' and let u be a
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solution of (gKdV) with initial data g in the class C(R, H?). Let ¢=
(4—5)/3+0" where 6'>0. If &', are chosen sufficiently small, depending
only on s, F, then for all times t, the following six inequalities are valid:

My(32u) < C exp[CM (u) > M _(3.u)]
M_(u)<C' +CMuy ' M_(DVy)s—32+
M, (0,u)<C +CMyu)y ' M_(0,u)* 32 M,(D,yu)'?*
+ C' M (u)y =2 M, (D?u)'~ M _ (0, ,u)" 32
M (D)< C'+CMyu) "' M (d,u)c—32*
M) <C +C' M (u) =72 My(u)"* My(D"u)" - M (8 1)
M(D'?u) < C' + CM,(D*u)' M_ (8.u)"* M ()"~ " M (1)
T+ OM(3,0)° D2 My(D"u)" M(uy %,

where C'=C'(F,s, 6,96, |g|l,)—0as {g|,—0.
As in section 4, an exponent a+ means o 1+ O(J).

Proof for M,(82u). By Eq. (3.10) of [PV],

18,411 < C 1822 exp (Cjo' (572 8.l dr)

<C'exp (CMx(u, 1y IM_ (0. t)

'r Ty 27 <T>—m_edf>
1]
< C exp(CM (u, t)* "> M (0,u,t))

provided (s —2)/3+ 1/3 + &> 1, which means £> (4 —s)/3.
Proof for M . (u). By the integral equation (4.1),

(Ol < C IS0 gl + [ 15— O Flu(x))l .

<CCty P Ugly+ C [ 1DV S(1=1)0(3,D7")
0
- DV Fu(0))ll. de

STy gly+ C [ li—tl 712 1DV Rl d,

using Lemma 2.4.
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The chain rule for fractional-order derivatives, interpolation, and the
uniform boundedness of u(t) in H' imply

)l S €<y~ gy + € [ fe—7 42
0
DU s TN e

<Cy P g+ C [ =t 2 o))y

Y0

DY () s
SO g+ C [ =20 Juto)y
0

AD A0 I D () de

SO ™2 | glo+ C'My(u) ™ M (DY)~ 3
_Jq ‘!—-Tl —1:2+ <T>—(s—1|.4+ <T> (L3 ens —3)2 d‘t
0

<C‘:<[>wl,'3(l+M4(u)s—lMI(DI'Zu)l.\’vﬂ'ZwL,
provided

—1 -3
24— 4 (13 +6) =" 1+ 1/3
4 2
and ¢ is chosen sufficiently small. Using the restriction ¢> (4 —s5)/3, the
requirement becomes —2s®>+ 195 —43>0, which (for s<4) holds for

s> (19— /17)/4. The lower bound is <15/4=375, which is less than
So = 3.86. That takes care of M _(u).

Proof for M (3 u). Since g and ¢, ge L' it follows that ¢ D "?ge L.
Hence

Il 2 <10 S0V gl + [ 105U =) &, Flule))] , de
S Cr<t> —1,2
+C[ =t D8 Ry, dr (53)
0

To estimate the integrand, apply the chain and Leibniz rules:
IDV2* 8 Flu(x)i, .
= |ID"2* (F'(u) &)l .
SCUF (), 1D w4y + C | F ()l 1D utll o 10 el (5.4)
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where p ' +¢q '=1=p; '+ p; ' +r ! and all exponents belong to (1, =)
but are otherwise at our disposal.

To handle the first term in (5.4) take p=4/(s—1) and therefore
g =4/(5—s) to obtain

IE @), 1D ull, .
SCluly " IDY ullays— g
SCluly” DY ull3 1D ully™?
by interpolation since 2 <4/(5—s) <4. Two more interpolations give
ID*2u)ly > < Cl1d,ull G372 |Q3ully —2
and
ID¥2* ull, < |18ull 2 107ull 2+ < C" |1 @2u) 52+,
In all, the first term in (5.4) is
SCllufly= 10,ulls™ P2 10%ull$ =2 - (C |02ull )
SC flully™" 10l G272 8% ull 2=,

(5.5)

Now, turn to the second term in (5.4). Taking p, =4/(s—2), p, =4, and
r=4/(5—s) and applying the hypothesis that F"(u)= O(|u|*~?) leads to

IF" @)l < C llull3 2,
18 ull, < C 18l =210 ul) 73"

<C )0.uls 32
and

IDY2*ul . < CIID"ully~ | D' ullg*
<C D"l
the exponent 6 is of no particular significance and any finite exponent
larger than 4 would do as well. The last inequality follows from the H' a

priori bound (1.11) and Sobolev embedding. Combining the last three
estimates, our bound for the second term in (5.4) is

C llully 2 1D 2ull 3~ 16l 7272 (5.6)

Majorizing (5.4) by (5.5) + (5.6) and inserting the result into (5.3), we
obtain the elegant estimate
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e o))
SO+ O M)~ M (300" V2 My(@2u)t 2

lt_,l_l—l'2+ <T>711r dr

. <t>l,3+£ M
v0
+COMuy 2 M (2,u)° V2 M(D" 2u)' -

Ly [ R oy M,
Y0

where

and

We want to know that there exists ¢ > (4 — s)/3 such that the two integrals,
times {¢»'?>**, remain bounded as |¢| - . This happens, provided that
0, 0" are chosen sufficiently small, if

l+s—1+(l+4~s (s—3 <ﬂ_*_4—s
2 4 3 3 2 3 3

Some computation reduces this to —2s” + 235 — 59 > 0, which means

(23— /57)/4 <5< (23+./57)/4.

The lower bound is our s,. That finishes the estimate for M _ (0. .u); it is a
pivotal step in that it entails the most stringent limitation on 5. ||

Proof for M (D"?u). In the usual manner we estimate

1D u(n)].. < C ID"2S(1) gl
+C [ ID"S(1—1) 0, Flu(x))] . de
0
<CU) 12

+C [ =1 F (o) 0,u(o)l .
0
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By Holder’s inequality and interpolation,
I1F"(u(t)) 0 cu(T)ll,
S C ()3 10 ()l aps —s)
S C a0, u()) 2 19, u(e)I G
LC lu(@)5™ " 10 ()2

Thus,

D 2u(n)] o

SC+CMy(u) " M (8,u) 37

t
_<t>1/3+sf lt—‘t‘lﬁl/z <t>~m+ d‘[,
0

where this time

‘s—1+s—3(l+4—s+6,
*= 2 \3773 ‘

Now 1/3 4+ &< 1/2 (provided &’ is sufficiently small) since ¢ = (4 —s5)/3 4+’
and s>s5,>7/2, so for the integral to remain bounded as [f] - 0 we
need only have a+1/2>1+1/3+¢ This is exactly the restriction we
encountered in estimating M (d,u). |

Proof for M ,(u).

()< C'<r> =4 +C [ IDS(— 1) DY*Flu(e)l o e

SO M+ C| le— = IDYF(u(t)) 43 dr
o /

by Lemma 2.3. By the chain rule and interpolation,
1D F(u(t))ll a3 < C I1F ()15 1D ullg
S Culls T2 Null 32 - 10, ull 22 1 DV 2ull 2.
Consequently

M ()4
<O+ CM (1) =7 M(u)¥* M(D'?u)'"? M .(0,.u)'"

_<t>1/47 J: It_rl—l#t <t>—a+ d‘L’,
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where
a=(5+e)s—D+i3+ii+(3+e) 3

and we need a + 1/4 > 1+ 1/4. When ¢ = (4 —s)/3, this happens if and only
if 7/2 <5 <9/2, by the quadratic formula.

Proof for M ,(D"?u).
ID" 2u(t),

<IDVS(0) gle+ € [ 1D 4S(t= 1) DV & Fu().

<Oy 44 C [t ID U () 2 )] o .
Y0

Let us gather our strength for the last time to estimate the integrand. By
the chain and Leibniz rules,

IDY(F'(u) 8 u)llas < C I|F' ()], | D *ul,
+CIF ), 1D ull,, 10,ully, (5.7

where p ' +¢;'=3/4=r'+r,; ' +q; " and all are in (1, x).
To estimate the first term on the right in (5.7) choose g, =8 and p = 8/5.
Then since s> 7/2,

IF ()llgs < C Il )"~ g s

zc(j ‘u|(3<l|8'5>5vg

SClull3? fulty= 32

=C lull 37 Jul’, "
And
1D ulls < C 02ull y* 118, ul¥*

by interpolation. So for the first term in (5.7) we have the bound
C Nl Nl 5772 010 cutll 22 (102 e 3%, (5.8)

For the second term in (5.7), take r,=4, r,=4/(s—2), and therefore
q:=4/(4—3s).

LE" GOl < CH Tl ™ Pl 2
=C lluly?
1D ull,,= 1D ull,

< C D" ull 2 ul§?,

580:100°1-8
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and
Haxu”qz = “ax””‘t/mf:)
<Claulf " 0,uly D"

SC 0 ulli =22
Combining the last three estimates with (5.8) we obtain a bound for (5.7):

C a3 a3 7 N02ul ¥ )6l 3
+ C ull5 ¥ 1D 2ul y2 o ull 2,

So we have

OV ID P u(r)l
SC + CMy(u)*? M (u) =" My (82u)"™ M (6, .u)™*

O N R O R
0
4 C' M (1)~ O M(DV2u) 2 M (8 ,u)" 22

(v [l ey P dr,
0
_51+ 7 l+§<l+4_s+5’)
¥=237\0T2)374\37 3

/3_( §l+ll+5_‘2(l+4—s+5r>
“\’72/47237 2 373 '

We need both exponents to be larger than 1. Now

where

and

/3>£ l s—2 5 7
1T T TR

This last quantity is >1 if and only if s > 19/5=3.8 <so. And

o{_25—7+1
24 ’

so all is well since s>s5,>7/2. |

Theorem 1(B) follows directly from Proposition 5.1 by the standard
argument at the close of Section 4.
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