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An Integral Method for Mixing, Chemical Reactions, and 
Extinction in Unsteady Strained Diffusion Layers 
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An integral method is presented for determining the evolution of molecular mixing, finite rate chemical reactions, 
and local extinction in diffusion layers under the effect of an unsteady strain rate. The partial differential equations 
governing the reactant, product, and temperature profiles are used to derive ordinary differential equations 
governing the evolution of moments for the product and temperature profiles and for the reactant gradient profiles. 
The actual profiles enter these equations only through integral moments resulting from the reaction rate terms 
(referred to as "reaction integrals"). As a consequence, it is possible to accurately track the evolution of the profile 
moments, and thereby determine global properties of the layer such as burning rates and extinction conditions, 
using remarkably simple representations for the actual profiles to evaluate the reaction integrals. Here these profile 
shapes are specified as self-similar families of curves parameterized by just a few degrees of freedom, which then 
evolve from the moment equations. Results for combustion in isolated strained diffusion layers, as well as for 
consumption of a burning fuel strip, are generally within a few percent of the results from finite difference solutions 
of the full equations. 

INTRODUCTION 

In many conceptual pictures of turbulent reacting 
flows, much of the molecular mixing and chemi- 
cal reaction is viewed as occurring in strained 
laminar diffusion layers. Indeed, local kinematic 
considerations suggest that any material surface, 
such as the interface initially separating two reac- 
tants, will deform under the influence of a fluid 
strain field in such a manner as to continually 
reorient itself toward lying normal to the most 
compressive principal strain rate axis. Numerical 
simulations of Ashurst et al. [1] and Gibson et al. 
[2] confirm a strong correlation for such align- 
ment, even in strain rate fields that vary widely in 
space and time, as would be encountered in a 
turbulent flow. This suggests a canonical picture 
for an isolated strained diffusion layer in which 
the interface that initially separated the reactants 
is locally oriented normal to the most compres- 
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sive principal strain rate axis. Molecular diffusion 
of the reactants across this interface then occurs 
in the presence of a time-varying strain rate field 
o(t). The competing effects of strain and diffu- 
sion establish an equilibrium strain-limited mo- 
lecular diffusion layer thickness )~0 - ( D / o )  1/2 
closely related to the Batchelor scale. A similar 
competition between the effects of strain and the 
diffusion of vorticity establishes a strain-limited 
vortieity layer thickness ) ~ -  (v /o)  1/2, related 
to the Kolmogorov scale, on which the finest 
strain rate gradients occur. The ratio of the two 
diffusivities then establishes the relation between 
these thicknesses as )~o - )% " Sc-1/2, where Sc 
- O,/D) and where owing to the similarity of 
the two diffusion processes, the proportionality 
constant should be approximately unity. When 
the local Damk6hler number, Da ~ ( k /o ) ,  with 
k the specific reaction rate coefficient, is sufli- 
cienfly large, then imbedded within this strained 
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molecular diffusion layer is a reaction layer in 
which the chemical reactions occur, having a 
characteristic local thickness )~R - XD " Da-1/3. 

Such a physical picture of molecular mixing 
and chemical reactions forms the foundation for 
the "coherent flame model" of Marble and 
Broadwell [3], and is also closely related to vari- 
ous implements of "flamelet" models [4-9]. This 
view also appears in the strained diffusion layer 
component of the turbulent shear layer mixing 
and reaction models of Broadwell and Breidenthal 
[10], Dimotakis [11], and Broadwell and Mungal 
[12], and in the jet mixing and reaction model of 
Broadwell [13]. Of course, as the separation be- 
tween neighboring layers is continually reduced 
by the strain field, any such isolated diffusion 
layer will eventually interact with an adjacent 
layer. It is then no longer appropriate to view the 
local mixing and reactions as occurring in distinct 
layers. Here, we present a simple integral method 
for determining the evolution of mixing and reac- 
tions in such isolated as well as interacting strained 
molecular diffusion and chemical reaction layers 
in a turbulent reacting flow. 

Background 

The steady-state behavior of mixing and chemical 
reactions in isolated diffusion layers uhder the 
effects of a constant strain rate has been investi- 
gated extensively within the simplifying approxi- 
mation of a one-step overall reaction mechanism. 
The simplest case, with infinitely fast kinetics, is 
given by the classic flame sheet solution of Burke 
and Schumann [14]. For finite rate reactions, 
Fendel [15] gives the internal structure within the 
layer in the two asymptotic limits of slow and fast 
reaction rates. These yield the characteristic S 
curve of, say, maximum temperature versus 
Damkfhler number for realistically large activa- 
tion energies (see also Ref. 16). Lifi~n [17] pre- 
sents solutions based on large activation-energy 
asymptotics for the entire range of Damkthler 
number and focusing in particular on the internal 
structure in the layer and on the ignition and 
extinction limits. Using an extensive set of ele- 
mentary reactions for a more realistic description 
of the chemical kinetics, Dixon-Lewis et al. [18] 

give numerical results for the internal structure of 
such a diffusion layer under a constant strain rate, 
including results at low Damk/Shler numbers to 
determine the extinction conditions. 

Considerably less is known about the progress 
of reactions in such diffusion layers when the 
strain rate is no longer constant. Carrier et al. 
[19] (see also Ref. 20) give the general conserved 
scalar solution for the time-varying strained dif- 
fusion layer problem, as well as analytical solu- 
tions for the layer structure resulting from a 
one-step reaction in the limit of infinitely fast 
kinetics, and asymptotic solutions for the internal 
structure under fast but finite rate reactions for a 
few simple time-dependent configurations. The 
flamelet formulation in Refs. 7 and 8 accounts for 
effects of an unsteady strain rate history through 
the scalar dissipation. However, its implementa- 
tion generally involves the use of a library of 
quasi-steady flamelets, and this in turn requires 
that the characteristic time scale on which the 
strain rate varies must be long compared to the 
time scale on which the diffusion and reaction 
layer structure adjusts to the changing strain rate. 
As Peters [7, 8] points out, this limitation is 
especially important when the layer is near ex- 
tinction or reignition. Haworth et al. [21] replace 
the quasi-steady strain rate in the flamelet library 
approach with an approximate "equivalent strain 
rate" that accounts for history effects. Of course, 
numerical solutions of the detailed internal struc- 
ture for mixing and reactions in strain diffusion 
layers with a time-varying strain rate are possible 
at any chosen level of completeness in represent- 
ing the chemical kinetics. However, such numeri- 
cal solutions are far too time consuming, even for 
relatively simple kinetic representations, to make 
this approach practical for use in simulations of 
turbulent reacting flows. 

Present Work 

Here we take a fundamentally different approach. 
Rather than attempting to determine the detailed 
internal structure within the layer under the effect 
of an arbitrarily time-varying strain rate, we in- 
stead aim to determine only the global layer 
properties of principal interest, such as local 
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burning rates and extinction conditions. To this 
end, we use the partial differential equations gov- 
erning the reactant, product, and temperature 
profiles to derive the ordinary differential equa- 
tions for the evolution of moments of these pro- 
files. From these, it will be seen that the detailed 
internal structure affects the layer evolution only 
through integrals resulting from the reaction rate 
terms. In view of the integral nature of this 
dependence, no effort is made to accurately rep- 
resent this internal structure. Instead, we model 
the internal structure by assuming the profiles to 
be self-similar and represented by a family of 
curves parameterized by a few degrees of free- 
dom. The moment equations then determine the 
time evolution of these degrees of freedom, which 
in turn determine the global properties of the 
layer. 

Note that this approach is similar in spirit to 
integral methods commonly used in determining 
the development of boundary layers under the 
effects of arbitrary pressure gradients (e.g., Ref. 
22). In that cas e, the von KArm~ momentum 
integral equation is closely related to an evolution 
equation for the zeroth moment of the velocity 
profile. Various integral methods assume that the 
local velocity profile can be adequately character- 
ized by certain families of shapes with just a few 
degrees of freedom. The von Kfirmdn equation 
then determines the downstream evolution of the 
resulting global properties of the boundary layer 
such as the wall shear stress, the layer thickness, 
and the conditions for separation in much the 
same manner as is done here for strained molecu- 
lar diffusion and chemical reaction layers. 

The presentation is organized as follows. In the 
following section we formulate the governing 
equations for the species and temperature profiles 
in an isolated strained diffusion layer. From these, 
we derive the evolution equations for the profile 
moments in the subsequent section, after which 
we discuss the closure of these equations by 
imposing simple shapes for the profiles where 
they appear explicitly. We then present results for 
various isolated and interacting layers and make 
comparisons with full finite difference solutions 
of the governing equations to assess the accuracy 
of this method. Conclusions regarding the method 
are given in the final section. 

STRAINED DIFFUSION LAYER 
FORMULATION 

A sufficiently realistic approximation for the pur- 
poses of this study is to treat the chemistry as an 
overall, single-step, binary, irreversible reaction 
between reactants A and B to yield a product P 
as  

k 
pAA + pBB ~ l, p P ,  

where Pi are the molar stoichiometric coeffici- 
ents. Note that this formulation is completely 
general as to the reactants A and B that are 
being tracked; they do not need to be pure fuel 
and oxidizer, and can equally well represent par- 
tially premixed reactants. The overall reaction 
rate is taken to be first order with respect to each 
of the reactants, and the specific reaction rate 
coefficient k is taken to be controlled by tempera- 
ture-dependent Arrhenius kinetics of the form 

k = Ze  - e / R r ,  

where Z is the pre-exponential frequency factor 
and E, R, and T are the overall activation 
energy, the universal gas constant and the ab- 
solute temperature, respectively. The transport 
equations [23] for the molar concentrations c i of 
the species i = { A,  B, P} and the temperature 
T can then be written in the form 

L(ci; Re S c i ) =  _+ ~'i Da CAcBe - z e / r  

- G ( c i ; a e S c i ) ,  (1) 

L ( T ;  RePr) = ~,p HeDa cAcBe - z e / r  

- G(T;  RePr) ,  (2) 

where the minus sign is appropriate in Eq. 1 
when i = { A,  B} and the. plus sign when i = 
{ P}. Here 

L(c,;ReSc,) ; 5; 

and 

G(ci ;  Re Sci) 

1} 
+ ~ • V Re Sc-----i V2 ci 

{ 1 ( w '  v¢'/ 
- v. -Re c ' 
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, vc, ).} 
Re Sc/ ~ + c i + V " --p c i. 

All quantities have been made dimensionless by 
the reference values L*, U*, T*, p*, and c* for 
the length, velocity, temperature, density and mo- 
lar concentrations, respectively. The resulting di- 
mensionless governing parameters appearing in 
Eqs. 1 and 2 are given by 

U ' L *  U ' L *  
R e S c i -  - -  , RePr - , 

D i D T  

Zc* E 
Da ~ ~ Ze  - 

U * / L *  " R T *  ' 

q 
He --- 

c v T .  ' 

where q is the heat release per unit mass of fuel 
and c~ is the constant volume specific heat. Here 
Da is the Damkfhler number, Ze is the Zel'dovich 
number, and He is the heat release parameter. 
Note that the molecular diffusivities D i and the 
thermal diffusivity D r can all be different. For 
the purposes of this study, we will assume that 
variations in the density and transport properties 
are sufficiently small that G on the right-hand 
side of Eqs. 1 and 2 can be neglected. While 
restricting our present treatment to this somewhat 
simpler case, we believe that the ideas presented 
here are also applicable to the more general prob- 
lem. 

In a translating and rotating local coordinate 
frame moving with the reaction zone and remain- 
ing aligned with the diffusion layer, the velocity 
field in the vicinity of the origin is given by the 
pure strain flow { u , ,  u s, ut} = { - o n ,  %s,  ott }, 
where o is the local time-varying strain rate 
along the layer normal direction. Equations 1 and 
2 can then be shown to take the form 

Oc i Oc i 1 02ci 
O'--t- - (v,, + on)  On ReSc~. On 2 

= ++_,iDa(CACB)e - z e / r ,  (3) 

OT OT 1 02T  

O--'-t - ( v ,  + o n )  On RePr 0n 2 

= v p n e D a ( C A C n ) e  - z e / r .  (4) 

Here, gradients along the diffusion layer and 
non-inertial terms due to the moving coordinate 
frame have been presumed negligible. Also, since 
the reaction zone is not a material surface and can 
propagate relative to the fluid, we have without 
any loss of generality included the uniform nor- 
mal velocity v. to allow the coordinate frame to 
follow the reaction zone in some appropriately 
defined sense. As of now v. is undetermined; we 
discuss its proper selection below. 

E V O L U T I O N  E Q U A T I O N S  F O R  T H E  

P R O F I L E  M O M E N T S  

Assuming that the diffusion layer is sufficiently 
thin so that each variable and its normal deriva- 
tives in Eqs. 3 and 4 reach their far field value 
before encountering another layer, we can inte- 
grate these equations in the normal direction to 
obtain the moments of each profile. The physical 
nature of the reactant profiles far away from the 
diffusion layer renders their moments divergent, 
so we instead follow the evolution of the reactant 
gradient profiles. We define the moments of the 
gradient of the reactant profile c,. as 

fo ,  . aCi 
R j  i _ ] J-o*  n J - -  j =  0 , 1 , 2  . . . .  

We assume here that all gradients go to zero 
sufficiently fast far away from the interface so 
that the moments are convergent. Obviously the 
zeroth moment, the integral of the gradient, is 
simply 

R o' = ~= c7", 

where ci** denotes the value of c~ as n --* ~= ~ .  
Here, the sign on top ( - )  goes with i = { A }  

and that on bottom ( + )  with i = { B}. We adopt 
this convention from here on, as there will be 
several cases where the expressions for the reac- 
tants are identical except for the sign. To obtain 
the evolution equation for the first moment R i i, 
we differentiate Eq. 3 with respect to n, multiply 
by n, and integrate. The first term becomes 

O Oc i d O C i d n =  i 

On Ot d t  On dt  RI  ' 
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the second term is 
O2ci 

f n On---- T dn 

O_O_n Oct OCi | \ d n  = ±cioo, 
On I 

and the third term is 

f O Oci n - - n  .- dn 
On On 

/ ( 0  2OCi OCi) . 
= ~n n o n - n o n  d n = - R ' l .  

The diffusion part is simply 

O O2ci. dn 
f n~n a n  2 

= ~n n On 2 On 2 dn = O, 

and the reaction term becomes 

/ n~-~e-Ze/TCAC B dn 

= / ( ~---~ne-Ze/rcAcB - e-Ze/rcAcB) dn 

-- f e-Ze/TCACB dn. 

In all cases we have integrated by parts and made 
use of the fact that the gradients vanish at infinity 
to obtain the final results. The evolution equations 
for higher moments are derived in a similar way. 
Collecting the results we have 

dRo i 
- -  = 0 ,  (5a) 

- -  = ±OnCioo -- oR! i 

+ ri Da f e- ze/rcA cn dn, (5b) 

dt 
dR1 i 

dt 

dR2 i c ioo 
- -  = -2vnRl  i - 2oR2 i ~: 2 - -  

dt Re Sci 

+ 2~,Daf e-Ze/rcAcBndn. (5c) 

The moments of the product profile, on the other 
hand, remain convergent and are defined as 

/? Cj E nJcpdn, j = 0 , 1 , 2  . . . .  
O o  

and the resulting evolution equations are given by 

dCo 
- oC o + vp Da / e-Ze/rCACB dn, 

dt J 

dC~ 
dt = -vnC° - 2°Cl 

dC 2 
dt 

(6a) 

f 
+ vp Da J e-Ze/rcAcBn tin, (6b) 

2Co 
2vnC 1 - 3oC 2 + 

Re Scp 

Daf e-Ze/rcAcan2 dn. (6c) + 

Similarly, for the temperature rise profile, the 
moments are denoted 

o a  

Qj - n J ( T -  Too) dn, 
- - o o  

j = 0 , 1 , 2  . . . .  

and we have the evolution equations 

dQ° f dt - - ° Q °  + opHeDa e-Ze/rcAc Bdn, 

(7a) 

dQ~ 
- vnQ o - 2aQl 

dt 

ppneDa/e-Ze/rcAcBndn, (7b) + 

dQ 2 2 Qo 
_ _  = -2vnQ l - 3aQ2 + - -  dt Re Pr 

+ vp HeDa / e-Ze/TCACB n2 dn. 
d 

(7c) 

Notice that, although Eqs. 5-7 still involve the 
temperature and reactant profiles explicitly, these 
profiles affect the layer evolution only through 
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integrals resulting from the reaction rate terms. 
We refer to these as "reaction integrals." As a 
consequence, in order to accurately track the 
evolution of the profile moments and thereby 
determine global layer properties such as the 
burning rate, it is only necessary that these reac- 
tion integrals be evolved accurately. The point is 
that the integral nature of these terms suggests 
this may be possible even with relatively crude 
representations for the actual temperature and 
reactant profiles. It is this observation that we use 
the close the moment equations in the following 
section. 

IMPLEMENTATION 

Because the coordinate frame is to follow the 
reaction zone in some sense, we must now choose 
exactly what point to follow. The selection of this 
point determines on, and this can be done in 
several ways. Of course, one possibility is to take 
v n equal to zero, in which case the coordinate 
frame does not follow the reaction zone, but 
instead remains fixed to the material interface that 
initially separates the two reactants. In general, 
however, the reaction zone can move away from 
this interface, and if v n has been taken as zero an 
increase in the moments would account for the 
movement. As the distance increases, though, it 
is likely that the accuracy would deteriorate 
rapidly. A better choice is to select v n in such a 
way that the reaction zone remains fixed relative 
to the coordinate frame. One possibility is to 
insist that the coordinate frame follows the tem- 
perature profile in such a way that the first mo- 
ment Q1 vanishes. Then the normal velocity is 
given by 

1 
Da / e-Ze/TCACBn d n ,  (8) v n = Q---~vp He 

and the equation for Q1 drops out. Other selec- 
tions are obviously possible. 

The only approximations in the development 
up to this point are those leading to Eqs. 3 and 4, 
from which the evolution equations for the profile 
moments in Eqs. 5 -7  were derived. However, to 
close these equations we must now make some 

assumptions about the temperature and reactant 
profiles that appear in the reaction integrals, and 
this is where it is necessary to invoke what is 
known about the structure of such layers. Experi- 
mental results of Dahm and Buch [24-26] show 
that the detailed internal structure of strained 
diffusion layers for conserved scalar mixing in 
turbulent flows is essentially self similar. The 
formal connection between the conserved scalar 
profile and the reactant, product and temperature 
profiles for a fast reaction with negligible heat 
release suggests that this self similarity will be 
present in reactive flows also. We therefore as- 
sume that each profile is self similar and can be 
adequately characterized by a family of shapes 
parameterized with just a few degrees of free- 
dom. Once the family of profile shapes has been 
selected the moment equations are closed at each 
order, so no further assumptions are necessary. 

Although the actual profiles will in general not 
be symmetric, and there is no great difficulty in 
incorporating such asymmetry, the use of sym- 
metric profiles makes the algebra a little simpler 
and is consistent with the underlying theme of not 
attempting to accurately represent the detailed 
internal structure of the layer. Moreover, as is 
shown in the sections that follow, quite accurate 
results can be obtained even at this level of 
simplicity in modeling the actual profiles shapes. 
In practice, we have implemented two such fami- 
lies of profile shapes: (1) a simple "square"  
profile, for which the reactants vary linearly and 
the products and temperature are constant in a 
finite region, and (2) a smooth "algebraic" pro- 
file, which more nearly represents the expected 
shapes of the actual profiles. 

Square Profiles 

The square profiles, sketched in Fig. la, are 
defined as 

1, if n ~ A i - 8i /2;  

c i ( n )  1/2, + ( A i  - n ) / t S i ,  

ci** i f A  i - 6i /2  < n < A t + ~i/2; 
0, if n ~ A + ~j/2.  
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Fig. 1. Families of self-similar profile shapes used in the 
integral method. (a) Simple "square" profile shapes. (b) 
Smooth "algebraic" profile shapes. 

0, if n _< - a v / 2 ;  

cp(n)  = CM, i f -  ~p /2  < n < n~,/2; 
0, if n > 6p/2.  

0, if n <_ --8T/2; 

T(n)  - T= = TM, if -n~-/2 < n < ~r /2;  

[0 ,  if n >_ 8r  /2 .  

Here A i are the displacements of the reactant 
gradient profiles from the origin, and 8 i are their 
widths. T M and C M are the uniform temperature 
rise and product concentration levels, respec- 
tively. Additionally, we have taken v n to be given 
by Eq. 8 so that the temperature profile is cen- 
tered around the origin, and assumed that the 
product profile is also centered around this point. 
Each of the four profiles is therefore parameter- 
ized by two degrees of freedom; accordingly we 
must follow thb evolution of two moments for 
each profile. These are related to the profile 
parameters as 

R /  = ~Ci°*Ai, • 7) 
1 

Co = c M a . ;  e~ = - ~ - c ~ , ,  3 

1 
QO = TM~T; 02 = "~-~ TM~¢ 

IL 

Note that, for the square profiles, the reaction 
integrals in these equations can be calculated 
analytically. 

Algebraic Profiles 

To check the sensitivity of the method to the 
choice of imposed profile shapes, we have also 
implemented a family of smooth algebraic pro- 
files, shown in Fig. lb and defined as 

c i (n  ) 1 
c7. = ~ {1 :F I ( n  ± Ai ;  ~i)}' 

c,.(,,) = c . s ( ~ ;  ~,.), 

T(, ,)  - T® = T ~ J ( , , ;  ~ ) ,  
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where 

; ( . ;  = 

n 3 + 3/2 82n 

( . 2  + , 

2 dI  ~5 i 

J(n;  c5,)= -~Si~nn = ( n2 + ~52i)5/2 . 

Each profile again has two degrees of freedom. In 
this case, the moments are 

. ( ) R I  ~ = ~ c  i "Ai; R 2  ~ = ::]:Ci °° ~?  , 

4 2 
C 0 : -'~CM~p, C 2 : "~CM ~3,  

4 2 
Qo = rM T, Q2 = rM ). 

For the smooth profiles, these integrals must be 
calculated numerically. For either family of pro- 
file shapes, Eqs. 5 -7  determine the evolution of 
each of the degrees of freedom. 

RESULTS 

To test the accuracy of this integral method, we 
have applied it to a number of problems and 
compared it with results obtained using full finite 
difference calculations of Eqs. 3 and 4. We liave 
for simplicity taken all the diffusivities to be the 
same and given by D, and chosen as reference 
values L* - v/-D/a and U * / L *  =- a. The tem- 
perature is referenced to the far field value T* - 
T**, and the reactant and product concentrations 
to c* = ca**. This gives the nondimensional pa- 
rameters as 

Zc a** E q 
D a = - - ,  Z e = - -  H e =  

a RT** ' coT** 

For convenience we have also divided the equa- 
tion for c a by ca**, so that the nondimensional 
concentration of both species at infinity is 1. This 
simply requires that we replace ~'a with ~s ~ 
Pa(CA**/Ca**). In the calculations that follow, we 
have taken Ze = 10 and He = 10 to approximate 

typical hydrocarbon fuels. Lastly, we ignite the 
flame by taking as initial conditions Qo = 1 and 
Q2 -- 1. 

Isolated Diffusion Layers 

We consider first several cases of isolated strained 
diffusion and reaction layers under various strain 
rates. Figure 2 presents results for the time evolu- 
tion of the integrated temperature rise across the 
layer, Qo - f ( T - To,) dn,  for an isolated layer 
with unity stoichiometry. Results from the pre- 
sent integral method in Eqs. 5-8,  using both the 
square and smooth profiles, are shown and com- 
pared with the results from full finite difference 
calculations of Eqs. 3 and 4. For each of Figs. 
2a-2c the strain rate history, o( t ) ,  experienced 
by the layer is somewhat different. 

In Fig. 2a, the strain rate is constant and 
corresponds to Da = 1000. After ignition at t = 
0, the integrated temperature initially rises until 
the dimensionless time t ~ 1, beyond which an 
equilibrium is reached where the continued gen- 
eration and outward diffusion of heat and prod- 
ucts within the layer is balanced by the attempts 
of the strain rate to reduce the layer thickness. 
During the initial phase, before this equilibrium 
is attained, the results obtained with the integral 
method using the smooth algebraic profiles agree 
well with the finite difference calculations. The 
results for the simple square profiles develop a 
little more slowly, presumably due to the lower 
peak temperature in that case (see also Fig. 3). 
However, once the strain-limited equilibrium is 
reached, the square profile attains virtually the 
correct steady state value while the smooth profile 
overestimates this value by slightly less than 7 %. 

If the strain rate is now increased, one of two 
things can happen. In Fig. 2b, the Damk6hler 
number is again held at Da = 1000 until t = 4, 
but then the strain rate is suddenly increased 
fivefold so that Da = 200. In this case, the layer 
undergoes a similar transient before reaching a 
new strain-limited equilibrium at a somewhat 
lower value of the integrated temperature. Note 
that both the square and smooth profiles track this 
evolution quite well, though now the smooth 
profiles estimate the new steady state value a little 
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Fig. 2. Comparison of the integrated temperature rise across the diffusion layer as calculated 
by the integral method with results from full finite difference computations for the evolution 
of  an isolated unsteady strained diffusion layer. In each case, the strain rate is held constant 
until the dimensionless time t = 4, when it changes impulsively to the value indicated. - - ,  
finite differences; . . . . .  , integral method using square profiles, - . . . .  , integral method using 
smooth profiles. (a) Da = 1000, (b) Da = 200. (c) Da = 50. 

12.0 

more accurately. On the other hand, in Fig. 2c 
the strain rate at t = 4 is increased by a factor of 
20, so that Da = 50. In this case the reaction in 
the layer abruptly extinguishes, since the heat 
generation can no longer keep up with the reduc- 
tion in thickness due to straining. The integrated 
temperature then slowly decays to zero as the 
continued straining thins the residual product and 
temperature layer to zero thickness. Again, both 
the square and smooth profiles follow this extinc- 
tion quite accurately. 

It is remarkable how well the simple square 
profiles track the layer evolution in view of the 
fact that they only grossly represent the actual 
internal structure of the layer. This can be seen 
quite dramatically in Fig. 3, which shows the 
steady state profiles cA(n), cs(n), Cp(n), and 
T(n) at Da = 200 from Fig. 2b for the finite 
difference calculations and the calculations with 
the integral method using both the smooth and 
square profile shapes. The actual profiles in Fig. 
3a are represented fairly accurately by the smooth 
profile shapes in Fig. 3b, though the widths are 
slightly narrower and the temperature is slightly 
higher. However, the square profile shapes in 
Fig. 3c resemble the actual profiles in Fig. 3a 
only in the crudest sense. Nevertheless, these 

square profiles still give values for the burning 
rate and extinction conditions in good agreement 
with the finite difference calculations. In fact 
there appears to be no consistent improvement 
achieved by using the smooth profiles over the 
simple square profiles. Evidently the smooth pro- 
files, apart from being smooth, do not give inher- 
ently better approximations to the reaction inte- 
grals than do the simple square profiles. 

An additional check on our method comes by 
considering the variation with Damkfhler number 
of the steady-state value obtained for the inte- 
grated temperature rise across the layer. This 
result, shown in Fig. 4, yields the S-curve char- 
acteristic of large Zel'dovich number Arrhenius 
kinetics [16]. For high Damk6hler numbers (low 
strain rates) a burning steady state results, while 
for low Da (large strain rates) the resulting steady 
state corresponds to local extinction. In between, 
there is a range of Da spanned by ignition and 
extinction limits where the final state depends on 
the strain rate history of the layer. Figure 4 
shows the steady states obtained by the finite 
difference calculations for comparison with the 
integral method using both the square and smooth 
profiles. For both families of profiles shapes, the 
general form of the S curve is well reproduced, 
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Fig. 3. Comparison of full finite difference results for the 
steady state profiles within the diffusion layer, shown here at 
Da = 200, with their simple representations used in the inte- 
gral method. Although the family of square profile shapes 
used in the integral method only grossly represents the actual 
internal structure of the layer, they track the evolution of 
global layer properties as accurately as do the smooth profile 
shapes, typically within a few percent of the full finite differ- 
ence results (a) Full finite difference calculations. (b) Integral 
method using smooth profiles. (c) Integral method using square 
profiles. 

though the precise ignition and extinction limits 
vary slightly with the profile shape used. Note 
that the square profile actually gives better agree- 
ment with the finite difference calculations, the 
main difference being that its ignition limit lies at 

10 

~ T-T~) dn 

5 / 
i i  

0 . . . . . .  4 b - . Q 4 P ,  

500 1000 

Da 
Fig. 4. Comparison of the steady-state integrated temperature 
rise across the diffusion layer versus DamkShler number, 
giving the S curve characteristic of large Zel'dovich number 
Arrhenius kinetics. O, finite difference calculations; O, inte- 
gral method using smooth profiles; l ,  integral method with 
square profiles. 

a higher Da. As was noted in Figs. 2 and 3, this 
is presumably due to the lower maximum temper- 
ature for the square profile. The smooth profile, , 
which generally has a higher maximum tempera- 
ture than is seen in the finite difference calcula- 
tions, gives both the ignition and extinction limits 
at slightly lower values of the Damk6hler num- 
ber. 

We now turn to a case with stoichiometry 
significantly different from unity to demonstrate 
how the method works when the reaction zone 
moves away from the initial interface. Figure 5 
shows the steady-state profiles for a reaction with 
~ = 10, approximating pure methane-air  stoi- 
chiometry, and Da = 2000, with all other param- 
eters the same as above. The reaction zone is now 
shifted toward the oxidizer (B) side, with an 
accompanying asymmetry in the reactant gradi- 
ents. Note that the origin shown is the original 
interface. Because a large amount of inert compo- 
nents are now carried with the oxidizer, the over- 
all temperature is considerably lower than in the 
previous case. The finite difference calculations 
show an asymmetric temperature profile, but in 
our integral method we have elected for simplic- 
ity to use a symmetric profile. This causes the 
maximum temperature to lie somewhat off the 
overlap region for the reactants and therefore 
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Fig. 5. Steady state profile shapes at Da = 2000 for non-unity 
stoichiometry; Fa = 10. (a) Full finite difference calculations. 
(b) Integral method using smooth profiles. (c) Integral method 
using square profiles. 
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Fig. 7. Interaction of two parallel strained diffusion layers. 

leads to a slightly lower reaction rate. Neverthe- 
less, even with such a simple representation of  
the actual profile shapes in the reaction integrals, 
the integrated temperature across the layer for the 
square profiles is still within 6% of  the actual 
value. This is reflected in Fig. 6, showing the 
time evolution of  the integrated temperature. 
Again the simple square profile is somewhat more 
accurate than the smooth profile. This can be 
understood in Fig. 5 by comparing the overlap of  
the temperature profile with the product of  the 
reactant profiles, which drives the layer evolution 
through the reaction integrals. The nature of  the 
square temperature profile renders it less sensitive 
to the asymmetry than is the case for the smooth 
profile. 

Qo 

1"33 [ 

0.67 

0.0(  

: \ ". 

0 .0  4 . 0  8 . 0  
t 

F i g .  6 .  E v o l u t i o n  o f  t h e  i n t e g r a t e d  t e m p e r a t u r e  r i s e  a c r o s s  t h e  

diffusion layer for Da = 2000, ~B = 10. ~ ,  finite differ- 
ences; ..... , integral method using square profiles . . . . .  , 
integral method using smooth profiles. Note that the nature of 
the square profiles in Fig. 5 gives better agreement with the 
full finite difference results for the global layer properties than 
do the smooth profiles. 

Interacting Diffusion Layers 

We now consider the evolution of  two parallel 
strained diffusion layers bounding a fuel strip 
(Fig. 7) to illustrate how the method can be 
extended to treat interacting diffusion layers. Be- 
cause the derivation o f  the moment equations 
assumed an isolated diffusion layer, the extension 
to interacting layers requires some additional ap- 
proximations. We begin by noting that, except 
for the reaction integrals, the moment equations 
are linear. This suggests that we might construct 
each of  the reactant profiles as a linear superposi- 
tion of  two profiles, namely c A = 1 - (CA L -- 

CA R ) and c B =  (cBL + cBR) ,  where L and R 
denote the left- and right-hand sides of  the fuel 
strip, and evolve them according to Eqs. 5 -7 .  In 
the absence of  chemical reactions the equations 
governing the evolution of  each of  the four com- 
ponent profiles would be completely de, coupled. 
However,  when a reaction is present the compo- 
nent profiles for the left- and right-hand layers 
are coupled through the reaction integrals. Here 
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Fig. 8. Time sequence showing the evolution of mixing and 
chemical reaction in two parallel interacting strained diffusion 
layers at Da = 1000. See also Fig. 9. The first frame is at 
t = 2, and subsequent frames are at time intervals of 0.5. (a) 
Full finite difference calculations. (b) Integral method using 
smooth profiles. (c) Integral method using square profiles. 

we simply divide the integration range for the 
reaction integrals into two parts, one spanning 
from -oo to the center of the strip and affecting 
only the left-hand side profiles, and the other 
from the center to +oo affecting the right-hand 
profiles only. Note that this is precisely correct 
for the symmetric burning that results if both 
layers are at the same stoichiometry. If the two 
layers have unequal stoichiometries, this can be 
approximately incorporated by splitting the inte- 
gration range at a point off the centerline. 

A sequence of profiles for a finite difference 
calculation and the integral method with both the 
smooth and square profiles is shown in Fig. 8. 
The corresponding evolution of the integrated 
temperature across the layer is shown in Fig. 9. 
Here the strain rate is held constant at Da = 1000, 
with all other parameters the same as in the 
previous cases. In the first frame, corresponding 
to the dimensionless time t = 2.0, each layer is 

24.0 

16.0 ',, 

Qo 

8.0 

0.0 
0.0 4.0 8.0 12.0 

t 

Fig. 9. Evolution of  the integrated temperature rise across the 
.interacting diffusion layers for the calculations shown in Fig. 
8. ~ ,  finite difference; . . . . .  , integral method using square 
profiles; . . . . .  , integral method using smooth profiles. 

at steady state. At this relatively early stage, the 
reaction layers are essentially independent of each 
other and move only due to the strain field. In the 
second frame the layers have just begun to inter- 
act. By the third frame, however, considerable 
interaction has taken place, with the remaining 
fuel being rapidly consumed. At the fourth frame, 
the fuel strip has been nearly consumed. Beyond 
this point the oxidizer profiles continue to diffuse 
into each other as the heat is reduced by straining 
(fifth and sixth frames). Note in Fig. 9 that the 
square profiles, despite the obvious differences in 
the internal layer structure, nevertheless capture 
the evolution as well as the more complicated 
smooth profiles. Indeed both sets of profiles fol- 
low very well the consumption of the fuel strip. 

CONCLUSIONS 

We have introduced a simple integral method for 
determining the evolution of molecular mixing 
and finite rate chemical reactions in diffusion 
layers under the effects of an arbitrarily time- 
varying strain rate. The governing partial differ- 
ential equations for the reactants, product and 
temperature are used to derive ordinary differen- 
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tial equations for the evolution of the moments of 
these profiles. These equations are remarkable in 
the sense that the actual profile shapes are seen to 
affect the layer evolution only through integrals 
resulting from the reaction rate terms. As a re- 
suit, it is not necessary that these profiles be 
precisely known in order to accurately track the 
evolution of global properties of the layer. In- 
deed, very simple representations for these pro- 
files with just a few degrees of freedom, such as 
the family of square profiles for which the reac- 
tion integrals can even be evaluated analytically, 
are quite sufficient to determine quantities such as 
the local burning rate and extinction conditions to 
within a few percent. This is certainly compara- 
ble to the accuracy typical of integral methods 
used in determining the evolution of boundary 
layers under the effects of arbitrary pressure gra- 
dients. 

The approach described here can be immedi- 
ately extended in several ways. More complex 
kinetic representations, such as multiple step re- 
actions, simply require tracking a larger number 
of species coupled through their reaction inte- 
grals. For higher-order reactions, as well as non- 
Arrhenius kinetics, only the form of the reaction 
integrals will change, with the method remaining 
the same. We also believe that the method could 
be extended to account for the effects of fluid 
expansion duo to heat release, in which case G 
on the right-hand sides of Eqs. 1 an 2 is no longer 
negligible. This would require a coupling back 
from the reaction to the flow field through a 
source distribution in the reaction zone. Simi- 
larly, effects of differential diffusion are easily 
accounted for by allowing a different Schmidt 
number for each species in Eqs. 5-7,  and like- 
wise nonuniform transport properties can also be 
included in G. 

Although this method may be useful for studies 
of certain aspects of the simple one-dimensional, 
time-dependent diffusion and reactions problems 
demonstrated here, its real utility is expected to 
be as a subscale model in calculations of turbulent 
diffusion flames in situations where the relevant 
Damkfhler number is sufficiently large for the 
flamelet assumption to be valid. The need for full 
reacting flow simulations to computationally re- 

solve the scales on which molecular diffusion and 
reactions occur, which are generally much smaller 
than the hydrodynamic scales, makes the resolu- 
tion requirements for reactive turbulent flows 
more severe than for nonreacting flows. Repre- 
senting these diffusion and reaction layers with an 
integral method such as the one presented here 
reduces the resolution requirements to what is 
required for nonreacting flows. Treatment of the 
combustion dynamics is therefore reduced to fol- 
lowing a single interface, much as in the thin- 
flame Burke-Schmann model, but now allows the 
effects of time-varying strain rates and finite rate 
kinetics, including extinction, to be retained. 
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