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Abstract: Let b(t), 0<t< oo, denote Brownian motion with unknown positive drift 4. The problem of
setting a fixed width confidence interval for =1/ is considered. The intervals studied are of the form
[ég—h, 6}+h], where { is a stopping time and 0} ={/b({). Stopping times 7, are derived so that these
intervals have coverage probabilities converging to a set value y as 2 — 0. This convergence is uniform
for 4 near 0. Asymptotic optimality of 7, is also addressed.
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1. Introduction

Let b(r), 0<t< o0, denote Brownian motion with unknown positive drift 4 and
continuous sample paths. Then the expected time to reach a given level / is //u, so
that estimation of #=1/u is of interest.

Natural estimators for x4 and 6 based on &, =a(b(s);0<s=<7) are

b | t
g,=—— and 6,=—=—.
a4, b@)
The problem of setting a fixed width confidence interval for 8 will be considered.
Specifically, a stopping time { will be sought such that for all u e (0, o),

P, (0elf,—h, 0, +h]) =y,

where /4, the desired half width of the interval, and p, the desired coverage prob-
ability, are set by the investigator. By Slutsky’s theorem,

Vt(@,—0)= N(0,6%
as t—oo, for any pe(0,»). From this approximation, P(|§,—0|<h)=

1—2®(—h/t/0%) which equals y if c6%/f =h where c=—& '(4(1—)) and @ is
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the standard normal cumulative distribution. This suggests that sampling should be
continued until Cﬁ?/]/f <h. To avoid problems with early stopping and negative
estimates, it is convenient to modify this rule to

. 4. A Cétz
=1, =inf)r=xn" 6,>0 and ——V:sh
t

=inf{r= n*: bt)y=at’’*,

where
c log a
a=1/-, n=na)= ,
h a
and
lim 1 =o.
a->o a

In Section 2, the performance of t, and the associated confidence interval is
studied as 410, or equivalently as @ — oo. Since §# — o as u 1 0, there is concern that
approximations for coverage probabilities may break down for u near zero. Perhaps
surprisingly this is not the case: Theorem 2.1 shows that coverage probabilities for
the confidence intervals based on 1, converge to y uniformly for x in any bounded
subset of (0, o) (actually uniformity holds over sets which grow quickly). In Sec-
tion 3, the optimality of 7, is addressed. If competing stopping times {, have
coverage converging to y, then E, {, cannot be better than E, 7, asymptotically.

The use of sequential methods to produce a uniform limit theorem, where fixed
sample size procedures cannot, has been studied by Lai and Siegmund (1983) and
Siegmund (1982) in other contexts.

2. Performance of 1
Define
ya(u) = P(|0,,—0|<h) and ypi= inf y,(u).
1€ (0, )
Let
, a<1 1 >
a=—(1-——).
7\ Yan

The main result may now be stated.

Theorem 2.1.
liminf y} =y 2.1
nlo
and

lim sup |[yu(u)-7|=0. 2.2)
rl0 O<pu=<a’
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Lemma 2.2. For all 1<a<o, 0<u<o and n4sr<ts oo,

v g
P{r<t=t} =2(1-d(an—un)+ W(p(as'/“—m/E)ds.

r

Proof. For fixed @ and u and for *<r<o, let

g, = inf{t=0: b(t)=ar’’*}.
Then

{r<t=t} c{op=n*}U{o>n'r<tst}.
Here

Pu{o',fasry“} <P, {x{ria};f b(t)—ut=an’ —un“}

=2(1 - ®(an— un*)).

The density for g, under P, is well known — see Section 3.2 of Siegmund (1985)
for a derivation based on likelihood methods, or Section 7.3 of Karlin and Taylor
(1975) for a derivation based on reflection arguments. Integrating this density,

Ploys>n*r<tst}<P,{r<o,=<t}
t ar3/4 ar3/4
= —¢<——u]/§> ds.
Sr 372 Vs

It follows easily that the measure v defined by v(B) =Pu{0',74>774,T€B} for Borel
sets BC R is absolutely continuous with respect Lebesgue measure A and that

P o >ntr<t<t} a
ALY Smﬂafm—ﬂl/;)

dv( )= i
—(r) =lim
dA thr r—r
for a.e. re(n* ). The lemma follows easily.
Proposition 2.3. For all 1 <a< o, O<u=a/n and 0<x< oo,

a x

P, {r”4>—+—} <1-P(x).
u a

Also, for all 0O<u<a’ and a>e*,

P, {z”“sﬁ-i} < 11(1 - D(/an) + dap(fa—1).
uoVu

Proof. For the first assertion, let

Then
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< P {b(r)<ar’*}
=1-®(u ]/7— ar'’*.

The last expression is at most 1 — @(x) since

2
14 _ x
pyr—ar'’* =x+u—=x.
a

For the second assertion, assume e*<a<oo and O<u<a’ and let

a 1

'R

t'/4=£<1-ﬁ> 2£<1——1—> > .
T a/ wu\ Yan

By Lemma 2.2 with r=#* and first principles,

tl/4 —

Then

P

u

a 1
{11/45————} <P {n*<r=t}+P{t=n"} (2.3)
U "oa
<3(1— B(an -+ [ 7 0@~ a5 ds.

« }74
The first term here is easy to bound: since u<a’,

1= Plan~pun*) <1~ dlan—an’) =1-&(/an). 2.4)

The argument g(s) =as'* — 1 \/s of ¢ in the integral in (2.3) is a quadratic function
of s'/* which achieves its maximum at s, = (a/(2u))* and decreases for s=s,. Since

a
gy=——-1=Yan—-1=0
Vu

and since ¢ is decreasing on (0, ), ¢(g(s))=<¢(g(?)) for se(sy, ). Therefore

'

a
ds

S3/4

S dlas - uys) ds < p(e(0)

('t

Jsg JO
ad

= 4at”4¢<——1>.
Vu

To simplify this bound, note that x2@¢(x—1) has derivative —x(x+ 1) (x—2)g¢(x—1)
which is negative for x>2. Since a>e* gives an>2,

Su‘/&xzflﬁ(x— 1) = anp(fan—1).
xz=Yyany

Consequently, since u<a’ implies u<a/n and a/}/ﬁ>]/a ,

\)[ ¢ o(as'* ]/E)ds<4aa¢<a 1)
L basV - <d4a2 o S _
), 5 w O\ Va
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<4 sugxqu(x—l)

xzyan

= dang(an —1). 2.5

To bound the integral in (2.3) over se(q%s,), note that for s<s,, g(s)=
as'’*(1 —usl/4/a)2asl/4(1 —usé/4/a)=as1/4/220. Hence

*So

a
Wd)(asm—,u 1/5) ds <
(/I]d 0

'S0

a
1/4
57 9(zas ") ds
,,14 5

=4 \m” P(x)dx
dan
=< 8(1 - P(san)

< 8(1 - @ ()/an)), (2.6)
the last inequality since m>2. Proposition 2.3 now follows using (2.4), (2.5) and
(2.6) in (2.3).

Define

and let

2 4 4
u a't a't
al ut PE

for 0=t < o. Note that {b*(?)},., is a standard Brownian motion under P, for any
a>0 and any u e (0, ).

Corollary 2.4. For any €¢>0,

lim sup P, {|t*—1|=¢}=0.
a—oe O<usa’

Also,
lim sup E,|t*~1|=0.

a-»o O<u=<a’

Proof. The first assertion follows easily from Proposition 2.3. Then for the second
assertion, uniform integrability for the variables (z*—1)" is sufficient, and this also
follows easily from Proposition 2.3.

Proposition 2.5. For any ¢>0,

lim sup P,{|a*(f.—0)—b*(1)|=¢} = 0.

a—oo O<u=<a’

Proof. Observe that on {T>7*},
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- T I ut—b(r)  ut—b(7)

—0= - =
i b(ry u  ub(v) pat¥
and
- a’ 2
a*(f,—0)= - <W> X <%> [b(t) - ut]
1 \3/4
- <—> b*(e*),
T
SO

R 1 \3/4 1 \374
02(9,—9)—b*(1):<—r—*> [b*(‘t’*)—b*(l)]+|:<;> —l}b*(l).

Assume now that d<4. For xe[4,3] the function x73/% has derivative between —3
and 0, so {|t*~1| <5} implies |z* **~1]|<34. Hence on {|t*—1|<d,>71%},

~ 1 \3/4
|az(t9r -0)-b*(1)| = <————> sup |b*(t)—b*(1)| +381b*(1)],
1-6 [t—1]<é
and therefore (taking advantage of the fact that probability statements concerning

b* are independent of u)
sup P, {|a*(,—0)—b*(1)| z¢&}

O<u=<a’
< sup P{[r*-1|=d}+ sup Pﬂ{r=n4}+P{35{b*(l)|>%£}
O<u=<a’ O<u=<a’
1 \3/4
+P{<—> sup |b*(t)—b*(1)|>%£}.
1-6 lt-1]<6

The proposition follows using Corollary 2.4, letting @ » o and then &10.

Proof of Theorem 2.1. Since ¢’h=c,
vu(u) = Pu{|a*(0. - 0)| =c}

and (2.2) follows directly from Proposition 2.5 because b*(1) has the standard nor-
mal distribution. So it suffices to show (2.1) with infy. , o replaced by inf, .« .
The proof is similar to that of Proposition 2.5. Let

Te = —’7—4
and

b(n*t)—un't
bu) = =

for 0=¢< o, 50 b, is standard Brownian motion for any u € (0, ). In this case,

ut—b(7)
a,u‘[3/4

:a\b*(r*)|< 1D, (T,)]
unty* T YA - 1//an)

a*|6,—0| < a?
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for all u € (a’, ). So it suffices to show that 7, — 1 in P,-probability, uniformly for
e (a’, ). This follows because 7,=1 and if u=a" and >0,

P At =1+¢e} = P {b(r*(1 +e))=an’(1 + &)’}
= d{an(1+&)—an*(1+¢)?}

which is independent of u and approaches zero as a — oo.

3. Optimality of 7

In this section the asymptotic optimality of  will be studied as #— 0. The main
result, Theorem 3.1, shows that 7 is asymptotically optimal for a class of stopping
problems under a wide class of prior distributions. From this, if {, are competing
stopping times for which

limlian”{légh—Blsh}zy 3.1
nlo
for all u e (0, =), then

.. Ey Z:h

lim inf sup =1, 3.2)

nio  pec E, T,

for any nondegenerate, compact subinterval CC (0, ) (no matter how small).

In the sequel, P will denote probability under a Bayesian model in which y is a
random variable with prior density &. The key to showing optimality of 7 is to find
a stopping problem for which 7 is the solution. This idea is developed for fixed width
interval estimation of a normal mean in Woodroofe (1986). Here such a stopping
problem may be constructed by letting the loss for stopping at time ¢ be

Ly(t) = KI{|6,— 0| =h} +th*u®,
where K =c/¢(c). The risk of a stopping time { is then
r(0) = EL,(0).

Theorem 3.1. Suppose & is absolutely continuous on R with support a subset of
(o, 1], 0< tg<; <o and that & has finite Fisher information, i.e., E(E'(u)/E(u))*<
. Then

lim inf 7,(¢) = lim 7, (z,) = K(1 —y) + ¢

rlo ¢ nio

To see why the stated optimality for 7 follows from this theorem, suppose (3.2)
fails for a nondegenerate, compact subinterval C,C (0, ) and stopping times
satisfying (3.1). Using Corollary 2.4, there exists ¢ >0 and a positive sequence h,,lO
as n— oo such that

E, (< (-¢)a*/ut
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for all n=1 and all ue C. Let &, be a density which satisfies the conditions of
Theorem 3.1 and vanishes off C,. With this density,

¥ - cut
,:KPM { ‘05,,_0| Zhn} +7Eu gh,,:l fo(“) du
Co

<K(-p)+(1—g)c?
by dominated convergence, which contradicts Theorem 3.1.

The second equality in Theorem 3.1 will follow from the results of the previous
section. So to establish the theorem an asymptotic lower bound for the risk of an
arbitrary stopping time is needed. The general idea is to approximate the posterior
distribution of 6 at a time ¢ by N(§,,6,/f). When { is large, this leads to the ap-
proximation

E[L,(0)| ) = 2KD(~h}//07)+ Ch*/6;
= Hh\l/6}), (3.3)

lim sup 7, (£,,) = lim sup

n-— o n— oo

where

H(x) = 2Kd(—x)+x2.
Since

H'(c) = —2K¢(©)+2c =0

and for x>0,

H"(x) =2Kx¢(x)+2>0,
we have

int(“)H(x) =H(c)=K(1—-p)+c2 3.9

xX=
Hence the main issue proving Theorem 3.1 is justifying the approximation (3.3). A
key tool is the integration by parts formula in the following proposition which ex-
tends Lemma 1 of Stein (1986). For a proof see Section 4 of Woodroofe (1990). Our
notation identifies measures v with the corresponding linear operator in the usual
way: vfszdv. Let #, denote the class of all measurable functions g such that
SUP, ¢ (oo, 00y £(X)/(1 4 |x|P)< o0, and let H'= Usz H,.

Proposition 3.2 (Stein’s identity). Suppose dI'=fd @, f is absolutely continuous on
R and
| f(x)xP] dD(x) < oo,

for some integer p=0. Then

S
U
gx

Tg=T1xdg+ dar

Jor all ge I, |, where

(g(y)— Pg) o (y) dy/o(x).

v X

Ugx) =
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The linear operator U that appears in this lemma has a number of nice properties.
By Lemma 3 of Stein (1986),

sup |Ug(x)| < Y2m sup |g(x)|. 3.5
xeR xeR

Also for integral p=2, integration by parts gives

o]

YO dy/p(x) =xP L+ (p-1) |y’ 2o(y) dy/e(x),

Jx Jx
and hence

UxP =xP '+ (p—1)UxP 2
Hence U maps polynomials into polynomials. Since Ux=1, this recursion gives
Ux*=x, Ux’=x*+2 and Ux*=x>+3x.

The following corollary shows how Stein’s identity can be used to study posterior
distributions. Similar results appear as Proposition 4 of Woodroofe (1990) and
Proposition 1 of Woodroofe and Hardwick (1990). The linear operator U will now
act on functions of three arguments and we will write Uf(z, x, ¥) as a shorthand for

Uf(-,x,»)(@). Let Z, =Yt (u—4,).

Corollary 3.3. Suppose E|g(Z,,fi,,t)| <o and g(-,x,t)e A for a.e. xeR. If &
satisfies the conditions in Theorem 3.1 then

. . 1
E[g(Zt’,utyt) ‘ tGivt] = ¢g(a#t9t)+_

i

Proof. Let f,(2)=/,(z ) denote the conditional density of Z, given &, with respect
to @. Then f,(z) is proportional to &(4, +z/1/?) and hence

f1(@ _ b E(d+z/Y1)
LR Y ety
By Stein’s identity,

Elg(Zoint) | #] = i ¢Glin t)ﬁ(z) o)

E[Ug(z,, i éé ((“ )) 4

Us(a iy 1) & Gt VD

14 s E(fi, +2/Y1)

N 1 &)
= dg(-, i, 1)+ Ug(Z,, i, .
g(ul)ﬁ[g(u)é()a}

=Pg(-, A, ) +— Si(z) dD(z)

By the Schwarz inequality,

g 172 -5/(x)2 172
d dx!
e X} 1 () XK

so the regularity condition for Stein’s identity holds because f,’(z)M§’(/2,+z/V?)
and for any p=0,

|&(0)| dx = {
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X

j|¢'m,+x/ﬁ>xﬂ1d¢<x>si sup )ixl%(x)}xﬁj|é'(x)idx<°°-

Proof of Theorem 3.1. Since
Fu(zy) = S [K(1-y,) +E, t*] £(u) du,

the second equality in the theorem follows immediately from Theorem 2.1 and Cor-
ollary 2.4. To verify the other equality, let {={, be stopping times indexed by A.
Since these stopping times are arbitrary, it is sufficient to show that

lim inf 7,({) = K(1 - p) + 2.
hlo
The previous corollary to Stein’s identity gives a useful approximation for condi-

tional risks for a stopping time ¢ when ( is large. When ( is small a separate argu-
ment is needed. Let

é(x)eb(l)x~txz/2
fe(et0r=o2 gy’
a conditional density of u given %,, and let

&ilx) =

Ap=sup sup & (x).
=T xefuo,ml

If Z=sup ¢, then b(t)x—tx2/2
> SUDx e [0, 1] ©
sup &) =¢- b(x—x22

x € [po, t11] lnfxe[yo,m] ¢
< Zexp{t(u} — ud)+ b (1, — 1)},

and hence A7 < o almost surely, since b(f) is continuous in 7. Since the conditional
density for # given %, is at most é,/u(z), conditioning on #;,

P[|6,— 0] <h (=T} < Emin{l,hA;/ug} -0

as h10. By a diagonalization argument we can find 1 =<7}, — o such that

sup P[0, — 0| <h,{<T,] >0
¢

as h10, which implies

P16, -0|>h{<T,]-P(=<T,)—0 (3.6)
as 1lo.
Next, define functions g, and g; by
1 1 -
s ”,t)=1{ ————!>h1 =I1{|6,—0|>h
8o\Zys Uy i, /21+ZI/V? {'1 I }
and

g(Z, 1) = f(ﬁ,+Z,/]/t_)4 = t,u4-
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Then
Fh(0) = KP[|6, — 0| > h,{ =Tyl + KE[go(Zy, i, £); (> T)l

2 A 3.7)
+h E[gl(Z{i :uC!C);C>Th]-

By Corollary 3.3, for i=0or 1,
E[g,(Zc,‘ﬁc,g);C>Th]

N 1 ¢'(u)
=E[¢gi(~,#4,i);C>Th]+E[ Ugi(Zy, 1, ) —— 0 C>Th]-

Ve
By (3.5), |go| =1 implies |Ugy| <}/2m and therefore
1 £'(u) V2m ) &)
E\— Ugy(Z,, fir, 0) 222 C>T} Vet g -0
L/Z IR A Ew)

as h10. Hence
KE[gy(Zy, i, (); (> Ty) = KE[Dgo(-, i, £); (> T3] - 0
as 110. On {0<j,<1/h}, , ,
hji; hji;
Dgo(-, fiy, ) = D — +o( - )
solo e 8 < Vzl—hﬁg> < ‘/meg)

Now @(x)— @(y)— 0, uniformly in x and y as x/y — 1. Consequently

hi? hi?
[‘p(_ﬁ 1—1;74) W(“/Z 1+h£/2¢> —qu(—mng)}
X I{fi; € [3p0, 211} — 0.
By the strong law of large numbers, P(f, & {310,211, {>T,)— 0 as hlo, so
KE[g(Zy, i, 00> T, - 2KE[(-YT hid}); (> Tyl » 0 (3.8)
as £10. From the formulae for Ux”,
Ug(Z;, i, 0) = fp1(ﬂ, Gr) + pa(u, ﬁg)/]/—

where p, (4, ”C) /‘C +,ug g 2y u 3 and Do(ps i) =3p+ 54, . Since & has compact
support and since sup,.; |4, — #| has moments of all orders, sup hE[p*(u, )] <o
for any polynomial p. Hence

&' (1)
&)

h2

(> Th}

1
Eiﬁ Ugy(Ze fies 0) =22

=h E[(Pl(#aﬂ(” + P2 A | =

Tk }

< W2 V2EpT (1 i)+ 3 i ); {> T1E(E (0)/E(w))
-0
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as hl0. Consequently
R E[8(Zy, fig, 0); (> Tyl — E[@g, (-, fi, 0); (> Ty] — 0

as #10. Direct calculation gives

Dg, (-, ;. ¢) = Lfip + 647 +3/¢,
SO

R E[Dg,(-, A, ); > T, = W EIa5 ¢> T, » 0
and

R E[g(Zy, 8, 0> T, — R ELud; (> Tyl -0

as 110. Using this equation, (3.6) and (3.8) in (3.7), and using (3.4),
lir}rlllionf F ()= lirzliionf{KP(Cs T,)+ ERKD(/Lha) + (Pt (> T}

= lim inf {KP(C<T;) + (K(1 =)+ AP>T,))

=K(-yp)+ci

The last inequality follows from (3.4) since K=H(0)=H(c)=K(l —y)+c> This
proves the theorem.
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