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Introduction

Fiber composites have yield properties which clearly differ from the typical von Mises behavior used to
describe yield of homogeneous plastic materials. Earlier models based on yield of a cylindrical composite
element, in which an elastic fiber is surrounded by an annulus of nonhardening elastic-plastic material, predict a
bilinear stress-strain behavior during monotonic uniaxial loading along the fiber direction [1], and qualitatively
predict experimental measurements of hysteretic behavior during cyclic uniaxial loading [2]. Unlike pure or
solid solution materials, two-phase materials are susceptible to yield under pure hydrostatic loading [3, 4]. In
particular, TEM studies have documented high dislocation densities around SiO7 and AlO3 particles in a Cu
matrix, when loaded to 2.5 GPa pressure [3]. Corresponding continuum analyses have quantified the deviatoric
stresses produced near particles [3] and cylindrical fibers [5] under hydrostatic loading, when the bulk moduli of
the two phases are different. Other departures from von Mises behavior are the marked anisotropy of yielding
under various multiaxial stress states, as well as yielding due to heating or cooling. For example, finite element
studies of a hexagonal array of aligned elastic fibers in an elastic-perfectly plastic matrix, with material
properties chosen to simulate a B-Al composite, were used to determine the loading and uniformly distributed
temperatures at which yielding first occurs [5, 6]. Although the von Mises yield surface used to describe matrix
yield is a circular cylinder extending indefinitely along the hydrostatic axis, the composite yield surface is
truncated along the hydrostatic axis, and resembles an irregular ellipsoid when plotted as a function of the direct
stresses acting on the composite [6]. The same finite element studies have shown that heating or cooling the
composite by an amount AT effectively shifts the surface for initial yield along the hydrostatic axis by an
amount, 3AT Oy-0)/(L/K-1/K y;), where ¢ and K are the coefficient of thermal expansion and bulk modulus of
the matrix (m) or ﬁfber (), respectively. More recent work has examined the critical AT to yield the composite,
as a function of elastic properties and volume fractions of the components [7, 8].

The present work documents the critical axisymmetric stress states to yield continuous fiber composites,
as a function of the elastic properties and volume fractions of the components. In the results presented here, the
surfaces correspond to yield of the entire matrix. Some other analyses have based surfaces on the initial matrix
yield [S, 6]. The yield surfaces produced here are nearly elliptical and can be characterized by three quantities:
the lengths of the major and minor axes and the orientation angie of the ellipse. Although yield surfaces of
specific fiber composites have been reported previously, this study addresses axisymmetric yield behavior over a
wide range of component properties and volume fractions, in an effort to provide useful yield design criteria.
Where appropriate, comparison will be made to estimates of yield of fiber composites based on finite element [5,
9, 10] and self-consistent approaches [11], as well as particulate composite models based on upper bound

approaches in the limit of rigid spherical particles {12], spherical cavities {13, 14, 15], and elongated cavities
[16].

Approach

A more detailed formulation of the axisymmetric analysis is in Zhang et al. {8], which considers the stress
state and eventual yield in the composite when heated or cooled, due to different coefficients of thermal
expansion in each component. In comparison, the present work addresses the isothermal response of initially
stress-free metal matrix composites loaded by an axisymmetric (S-T) stress state, as shown in Fig. 1. The fibers
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are assumed to be parallel, infinitely long compared to their

spacing, and perfectly bonded to the surrounding metal
matrix.

Although the cell shown in Fig. ! is not space filling,
periodic conditions are applied to the outer wall at r = rp,.
The axisymmetric geometry, S-T loading, and infinite fiber
length greatly simplify the analysis so that the three direct
components of stress and strain in the cylindrical coordinate
system shown correspond to the principal stress and strain
states, (O, 0g, C,) and (g, €g, £;). The corresponding
equilibrium equation can be written as (e.g., see [17], pp.
316-323),

do, _0Gg-0,
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These equations must be solved subject to boundary conditions that the stresses on the cell boundary
match the applied stresses, (S, 7), and that the fiber-matrix interface at r = ryis fully bonded,
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The matrix region, rf< r < ry, is assumed to be elastic-plastic, and the inner fiber region, r < r, is
assumed to be elastic only. ‘Fhe matrix is assumed to yield when a von Mises yield function defined by

®(0;, Tp) = 11(0, - 0)? +(0g - 0,)* +(0, - 0,)*] - Ty o)

reaches zero. Here, G, is the current flow stress of the matrix in simple tension, and for isothcmal congiitions,
it is assumed to depend on effective plastic strain, Ef;. When the yield surface is used as a plastic potential, and

conditions of normality and consistency are imposed (e.g., see [17], pp. 77-84), the resulting incremental
constitutive relation is

EL[(H VAo — vydofl], ®<0
def” = 1m 11 o0 1 o0
—I dol" - v dofi]+
E [(14 vyy)do" — vudoiy] H25, 90}"k26m %07

(5)
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The strain increment in (5) has an elastic contribution dependent on Young's modulus Ep, and Poisson's ratio vy,
of the matrix. Here, ok denotes the trace of the stress tensor. During yielding, the strain increment has an
additional contribution dependent on the plastic modulus, H, defined by do,, / d€,,. A power-law relation and
corresponding plastic modulus of the form,

N-1

N
— =P —
ﬂn.=[€_m+1} , H=EmN[—qﬂ) N (6)
oo | & o,

0
are used, where 0,, &, are the uniaxial yield stress and strain of the matrix.

The fiber is assumed to be elastic, with different isotropic elastic properties, Ef and vy, than the matrix.
Under such conditions, the only admissible stress field in the fiber is 3 uniform one, described by 0'{, = oé , qé
(e.g., see [13], pp. 107-110). Given an increment, do{, = doJe , d0'5 in the fiber stress state, the corresponding
increment in remote stresses (S, 7) are determined b}; first usingmthe elastic constitutive relations to find de! |,

then using the continuity conditions in (3) to find deg, dell,dol” atr= ry, and finally integrating (1), (2), and
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(5) from r = rrto r = ry,,. The resulting values of dS, dT
are determined using the two relations on the left side of
(3). The ratio of do’ =do), to dolis chosen so that a
proportional S-T path is followed from an initially stress-
free state to the point where the entire matrix yields. The
resulting values of (S,T) for various proportional paths are
recorded to produce the entire S-T yield surface.

Results and Discussion

This section describes the anisotropic yield
behavior of fiber composites in terms of a departure of the
yield surface from a von Mises surface. The principal
composite variables considered are the volume fraction, f,
of the fiber and the ratio, EfEy,, of Young's moduli.
Poisson's ratio for each component is usually set to 0.3 in
the results shown, although in some specific cases, the
values for each component are varied from 0.25 to 0.35.
In all cases, the hardening exponent N = 0.05 to model an
essentially perfectly plastic material with yield stress o,
and o/E,, = 0.0004.

The important yield surface features for the case of
stiffer fibers is shown in Fig. 2, where EfE,, = 10. The
dashed line shows the corresponding von Mises surface
for the matrix, or equivalently, the surface for f = 0, and
the solid lines show a succession of approximately
elliptical surfaces as f is increased. Over the large range
of f shown, the surface becomes more equiaxed and
rotates counterclockwise with increasing f. The more
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Fig. 2. S-Tyield surfaces for composites with £#E6m,=
10 and v = vy = 0.3 for £= 0 (dashed line), 0.05, 0.25,
and 0.5 (solid lines). o,,is the yield stress of the
matrix. The shaded region shows the variation in the
case for 7= 0.25 which occurs when veand vy, are
independently varied from 0.25 to 0.35.

equiaxed shape and rotation indicate that both hydrostatic and deviatoric loadings cause yield of these
composites. For example, the f= 0.5 curve shows that the yield stress in hydrostatic tension is Jower than that
for pure axial (S) loading. This feature is qualitatively consistent with Chu and Hashin [12], which reports that

the hydrostatic stress required to yield a rigid particulate
composite with f= 0.1 is approximately five times that for
f=05.

The observed rotation in Fig. 2 also introduces
anisotropic yield behavior. In particular, the
counterclockwise rotation causes the axial yield stress to
become larger than transverse one. The rotation also
defines a major axis direction, § # 7, along which the
composite is most resistant to yield, and a perpendicular
minor axis direction, § 3 -T, along which the composite is
easiest to yield.

Changes in Poisson's ratio of each component
generally produces modest variation along the minor axis
dimension and much larger variation along the major axis
dimension. In particular, the shaded region in Fig. 2
shows the region within which yield surfaces for f = 0.25
lie when vrand vy, are varied independently from 0.25 to
0.35. Over this range, the length of the major axis
increases in length by approximately 18 percent for the
case vy = 0.25 and vy, = 0.35, and decreases by
approximately 27 percent when Poisson's ratios are
reversed. In comparison, the change in the length of the
minor axis is modest. These trends are consistent with
Ashby [3], which asserts that yield under hydrostatic
loading depends on differences, A(1/K), in bulk moduli of

Fig. 3. S-T diagram for composites with £#767 = 0.1
and vr=vm= 0.3 for /= 0 (dashed line), 0.05, 0.25,
and 0.5 (solid lines). & ,is the vield stress of the mafrix.
The shaded region shows the variation in the case for
7= 0.25 which occurs when veand vy are
independently varied from 0.25 to 0.35.
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the components. Clearly, in the limit of equal bulk moduli, an admissible solution for hydrostatic loading is that
the stress state in each component is simply a uniform hydrostatic stress equal to the applied value. In this limit,
the matrix will not yield, and the corresponding yield surface extends indefinitely along the hydrostatic axis.
Over the limited range of Poisson's ratios shown for f = 0.25, the major axis increases in length and rotates
clockwise as the bulk moduli become more similar. In this case, KgK, decreases from approximately 17 for (vy,
Vm) = (0.35, 0.25) to 6 when vy, vy, are reversed. Although the case f=0.25 is discussed in detail here, the trend
over the range of (V4 Vp) reported is similar for other volume fractions.

The important yield surface features for the case of more compliant fibers are shown in Fig. 3, where
E¢E,, = 0.1 and again, Poisson's ratio for each component is 0.3. The trend in rotation is similar to, although less
pronounced than that in the stiffer fiber case. Consequently, anisotropy is less pronounced, in that the axial yield
stress for a given f is only modestly higher than the transverse value. The reduction in major axis length with fis
much larger here, and the minor axis dimension decreases rather than increases, so that all yield surfaces lie
within the von Mises (f = 0) surface. As for the stiffer fiber case, the shaded region in Fig. 3 shows the locus of
yield surfaces for f = 0.25 when vrand vy, are independently varied from 0.25 to 0.35. Again, the major axis
increases and rotates clockwise as the bulk moduli of each component become more equal. Results for a hollow
spherical shell of rigid perfectly plastic material show a similar reduction in major and minor axes, but no
rotation occurs in that case [14].

Figures 4, 5 and 6 document, respectively, the yield surface orientation 6, length a of the major axis, and
length b of the minor axis over a wide range of fiber volume fraction and ratio of Young's moduli of the two
components, with vf= v, = 0.3. These three quantities may be used to define elliptical yield surfaces that
reasonably approximate the computed ones. Using this approximation, the yield values for pure axial loading
(Sy), pure axisymmetric loading (7)), and hydrostatic loading (Py) are simply functions of a, b, and 6 provided
by these plots,

1/2
2,2
ah b
S —+ = for f << N
Y (azcos20+bzsin26J cosf f
1/2
22
b b
T, =4 a ~+——for f<<1 (8)
Y (azsinze-kbzcoszej sin @ f
1/2
2,2
Py=4 ——3 2a2b ) : ®
(a® +b°)+(b* —a”)sin26

The orientation angle 8 is a basic measure of anisotropy, in that the ratio, Sy/Ty, = tan 6 in the dilute (small f)
limit, where a >> b. Further, the loading paths S/T = tan 8, tan 8+ 90° are the directions along which the
composite is most resistant and least resistant to yield, respectively.

The plot of yield surface orientation in Fig. 4 shows that § = 45° when the elastic properties of the fiber
and matrix are equal, and that @ increases when the fiber and matrix moduli become more different, regardless of
whether the fibers are more or less stiff. In fact, 8 for the case of cylindrical voids, approximated by EfEy, =
10, is comparable to that for stiff fibers in the range EfEp, =~ 5 to 8. In all cases, the rotation appears to
increase most rapidly with fin the dilute range.

Figure 5 demonstrates that the major axis of the yield surface decreases in length as the fiber and matrix
moduli become more different. Clearly, the effect is much more pronounced for less stiff fibers. In the limiting
case of cylindrical voids, modeled by E/E, = 104, the length a of the major axis is comparable to the external
hydrostatic stress, Py = -2In(f)/3 to yield a thick-walled spherical shell surrounding a spherical void of volume
fraction £ [13]. In comparison, the minor axis of the yield surface increases or decreases in length as the fiber is
made more stiff or more compliant, respectively, than the matrix. In the more dilute limit, the major axis length
a is a measure of the composite resistance to hydrostatic loading, while the minor axis limit & is a measure of
the composite resistance to deviatoric and uniaxial loading. The comparison in Figs. 4, 5, 6 with results from
finite element based results [S] suggests that the non space-filling cell employed here reasonably approximates ¢
and b for arrays of hexagonally packed fibers with EfE,, = 6 and (V5 Vi) = (0.21, 0.33), although it appears to
overestimate a. However, the finite element work [3] is based on onset of yield in the matrix compared to full
matrix yield in the present work. In general, packing geometry has little effect on axial yield, although it does
have strong effects on transverse yield behavior [9, 10].
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The anisotropy present in a cylindrical geometry is apparent when model predictions for EfE,, — 0 are
compared with an isotropic yield function proposed by Gurson for a plastic spherical shell with void volume
fraction f [15]. Gurson's yield function can be written as

o'f. O-f.
®=228 21 4 5fcoshCoky -1+ ) =0, (11)
26, Oy 26y,

where oj; = 0y; — Ojy /3 is the stress deviator and Gy, is the flow stress of the matrix. Figure. 7 shows a
comparison between the two models for f = 0.2. The most apparent change when the void shape is changed from
spherical to cylindrical is that both the major and minor axes of the yield surface decrease, and the yield surface
rotates counterclockwise. The decrease in the size of the yield surface and rotation associated with a spherical to
cylindrical change in void shape contribute to a lower yield under both hydrostatic (P) and transverse (7)
loadings, but provide a comparable yield for axial (S)

loading.
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Figure 7 also shows that the cylindrical shell

model, although not space filling, provides a reasonable

approximation to more realistic finite element analyses of 55

spheroidal voids periodically embedded in a perfectly

plastic matrix [16]. Figure 7 shows that the yield surface

produced for a cubic array of spheroids with f = 0.2, which 6

are nearly connected along the S dimension (the aspect 65.0

ratio of § to T dimensions is 2.5 to 1), is very similar in

size, shape, and orientation to the cylindrical shell model

employed in this paper. 55.0
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pure hydrostatic loading. The analysis shows that the 15

hydrostatic load to yield decreases with increasing S ' ' " ' Cylinders

difference in bulk modulus of the components, regardless —

of which component has the higher bulk modulus. 10 b So P ) .
: ure i

Continuous fiber composites are also shown to
have preferred axisymmetric loadings for which they are
most resistant and least resistant to yield. Although the 05 r
matrix material is most resistant to yield when ISl= T, the
composites tend to be most resistant to yield for specific
loadings with the general feature IS| > IT1, regardless of
whether the fiber is more or less stiff than the matrix. In a
related manner, each composite has (S-7) loading
directions for which it is easiest to yield, which differ
from the von Mises prediction that ISl=-171. These features ~ 0.5
are linked to an inherent anisotropy in fiber composites, i
the magnitude of which is quantified in terms of a rotation l'— ‘

Matrix-"

of the (§-T) yield surface that is dependent on the relative - 1.0 ¢

elastic properties and volume fraction of the fiber. The Spheres =" T
large rotations observed over a wide range of elastic (£urson) S,
properties and volume fractions suggest important design - 1.5 — . L L
criteria that are not modeled well by isotropic theoriesof - .15 _10 -05 0 05 10 15

yielding.
Fig. 7. Comparison of the S-7predictions for porous
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