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Despite its importance and the undisputable significance of stochastic effects, the problem
of multiple-excitation multiple-response experimental modal analysis has thus far been
almost exclusively considered within a deterministic framework. In this paper a novel,
comprehensive and effective stochastic approach, that, unlike alternative schemes, can oper-
ate on vibration displacement, velocity or acceleration data, is introduced. The proposed
approach is capable of effectively dealing with noise-corrupted vibration data, while also
being characterized by unique features that enable it to overcome major drawbacks of
current modal analysis methods and achieve high performance characteristics by employ-
ing: (a) proper and mutually compatible force excitation signal type and stochastic model
forms, (b) an estimation scheme that circumvents problems such as algorithmic instability,
wrong convergence, and high computational complexity, while requiring no initial guess
parameter values, (c) effective model structure estimation and model validation procedures,
and, (d) appropriate model transformation, reduction and analysis procedures based on a
novel dispersion analysis methodology.

This dispersion analysis methodology is a physically meaningful way of assessing the
relative importance of the estimated vibrational modes based on their contributions (“dis-
persions™) to the vibration signal energy. The effects of modal cross-correlations are fully
accounted for, physical interpretations are provided in both the correlation and spectral
domains, and the phenomenon of negative dispersion modes is investigated and physically
interpreted. The effectiveness of the proposed approach is finally verified via numerical and
laboratory experiments, as well as comparisons with the classical frequency domain method
and the deterministic eigensystem realization algorithm (ERA).

The paper is divided into two parts: the proposed dispersion analysis methodology is
introduced in the first one; whereas the complete stochastic experimental modal analysis
approach is presented in the second [23].

1. INTRODUCTION

Time-domain experimental modal analysis approaches may be classified as either determin-
istic or stochastic. Deterministic approaches [1-6] are often simpler and computationally
attractive, but they face significant difficulties in dealing with noise-corrupted experimental
data. Indeed, it is well-known [7-10] that the quality of modal parameters identified via
deterministic methods decreases drastically as the noise-to-signal (N/S) ratio ceases to be
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negligible, and a number of modes may then be completely impossible to estimate. As a
consequence, emphasis has been recently placed on stochastic approaches that can effec-
tively account for the presence of noise in experimental data [7-18].

Most of the available stochastic approaches, however, are of the single-output type, and
are therefore restricted to one vibration measurement location. This is a rather severe
limitation for practical applications where multiple-excitation multiple-response [also
referred to as multiple-input multipie-output (MIMO)] methods are in demand because
of a number of advantages that they can offer, including significantly reduced total data
acquisition and processing time requirements, the use of more consistent data sets, more
uniform distribution of the excitation signal energy within the structure, more “consistent”
modal parameter estimates due to the larger number of data used, effective separation of
multiple or closely coupled modes, and significantly reduced probability of missing vibra-
tional modes.

Despite these potential advantages, very few stochastic MIMO approaches are currently
available. Hu et al. [17] discussed an approach based on multi-variate autoregressive
moving average (ARMA) models with parameters obtained through the modified Yule-
Walker estimator. The performance of this estimator is, however, known to vary greatly,
and result in significant identification scatter and reduced accuracy [19]. In addition, an
unnecessarily high number of parameters is estimated, the noise dynamics are not identi-
fied, and a number of issues (such as model structure estimation, estimation of the actual
number of structural degrees of freedom/model reduction, appropriate selection of the
excitation signal type and the required ARMA forms, as well as model validation) are
neglected. The approach proposed by Bonnecase et al. [20] for the case of unobservable
force excitation is also based on the modified Yule-Walker estimator (or its overdeterm-
ined form) and is of a very similar nature.

Part of the reason for the lack of stochastic MIMO experimental modal analysis
approaches is due to difficulties related to the discrete estimation stage (algorithmic
instability occurrence, wrong convergence, the need for initial guess parameter values,
high computational complexity), inappropriate selection of the triple of model structure,
excitation signal type, and discrete-to-continuous model transformation, the lack of an
effective model structure estimation procedure, and the lack of a methodology for assessing
the relative importance of the estimated vibrational modes (necessary for model analysis,
reduction, and the distinction between “structural” and “extraneous” modes). Although
most of these issues (except for the last one) were recently addressed and effectively
resolved for the special single-output case [18], those results are not directly extendable to
the more general MIMO problem.

Indeed, it is a well-known fact that the extension from the single to the multiple-output
case is far from being trivial, as stochastic multi-variate models have a structure that is
much more complicated than that of their univariate counterparts, and gives rise to deep
identifiability questions that necessitate the use of identifiable parametrizations and special
model structure estimation techniques [21]. Additional problems are also encountered as
parameter estimation in multi-variate models is much more complicated and prone to
difficulties related to local extrema/wrong convergence and algorithmic instabilities, so
that the availability of good initial parameter values is of critical importance [22]. The
computational complexity of multi-variate estimation algorithms is also excessive, to the
point that it is often considered as prohibitive for many practical applications.

Regarding the issue of quantitative assessment of the relative importance of a structure’s
estimated vibrational modes, very little has been done [8, 9, 18]. This is so despite the
issue’s apparent significance in model analysis, reduction, and the distinction between
actual “structural” and “extraneous” vibrational modes in an estimated structural model.
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Such extraneous modes primarily appear in conjunction with deterministic methods and
are mainly due to the latter’s inability to cope with noise-corrupted data. However, they
are encountered in the results of stochastic methods as well (although in drastically reduced
numbers); in that case they are due to the dynamics of imperfect instruments and/or
statistical errors and estimator inaccuracies. Although some techniques (such as the modal
amplitude coherence used in conjunction with the eigensystem realization algorithm [4])
have been suggested for distinguishing structural from extraneous modes in a deterministic
setting, those neither address the aforementioned general problem nor work effectively in
environments in which the noise is not negligible [10, 18].

It is thus the goal of this work to develop an appropriate methodology for the quantita-
tive assessment of the relative importance of a structural system’s modes, and also over-
come the aforementioned difficulties and develop an effective and realistic stochastic
MIMO experimental modal analysis approach.

The problem of quantitative assessment of the relative importance of a structural model’s
vibrational modes is studied first, and a novel and physically meaningful methodology,
referred to as dispersion analysis, that assesses the significance of each mode by determining
its contribution to the total vibration signal energy under broadband excitation conditions,
is developed. This methodology fully accounts for all cross-correlation effects (second
order statistical interactions) among the various modes, and provides a definite and objec-
tive answer to the question of mode importance. Physical interpretations are also provided,
and the important phenomenon of modes characterized by negative contributions is consid-
ered and existence conditions are derived.

The complete stochastic MIMO experimental modal analysis problem is considered
next, and a novel and effective approach that, unlike alternative schemes, is capable of
operating on either displacement, velocity or acceleration vibration data records, and
utilizes the dispersion analysis methodology for model reduction and analysis, is intro-
duced. The performance characteristics of the proposed approach are examined via numeri-
cal and laboratory experiments, and comparisons are made with the classical frequency
domain method (FDM) and the deterministic eigensystem realization algorithm (ERA)
[4].

This paper consists of two parts: the problem of quantitative assessment of the relative
importance of a structure’s vibrational modes and the proposed dispersion analysis
methodology are discussed in part I; whereas the formulation and testing of the MIMO
experimental modal analysis approach is presented in part Il [23]. The presentation in
part I is organized as follows. The basic formulation of the dispersion analysis methodology
is outlined in section 2, and the existence of modes characterized by negative contributions
is discussed in section 3. Various interpretations of the proposed methodology, with
emphasis on negative dispersion modes and their physical significance, are discussed in
section 4, and the conclusions of the study are summarized in section 5.

2. ANALYSIS OF DISPERSION FOR CONTINUOUS-TIME STRUCTURAL SYSTEMS
Consider a general, linear, viscously damped n-degree-of-freedom structural system
described by the differential equation
M- ¥()+C-v()+K - v()=1(2), )
in which M, C and K represent the real and symmetric n X n mass, viscous damping and
stiffness matrices, respectively, f(¢) the n-dimensional force excitation signal, and v(¢) the

resulting n-dimensional vibration displacement signal. This system is characterized by n
vibrational modes, and hence » pairs of complex conjugate eigenvalues of the form

i, ¥ =—CiontjonJ1-i==Cio,xjos  (i=1,...,n), (2
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where @, represents the ith damped natural frequency 0,2 @, /1 —¢ 2 o,, the ith natural
frequency, ¢; the ith damping factor and j the imaginary unit. Corresponding to these
eigenvalues are n pairs of complex conjugate eigenvectors (mode shapes) of the form

¢Ii ¢i",
bi= d’:” , o= 4’:2" , (i=1,...,n). (3
¢ni ¢'fl

The problem of interest here is that of quantitatively assessing the relative importance
of each vibrational mode in the system of equation (1), and for its solution a novel and
physically meaningful dispersion analysis methodology, according to which the relative
importance of a given mode is judged by its contribution to the vibration energy of the
structure under broadband (uncorrelated) stochastic excitation conditions, is introduced.
The key idea behind this methodology is in the appropriate decomposition of the vibration
energy into modal contributions that will be referred to as (modal) dispersions. The excita-
tion signal is selected as uncorrelated stochastic because it is then characterized by a
perfectly flat spectrum that warrants that all frequencies are excited at the same level, with
no particular weight being assigned to any frequency or frequency range.

The foundation of this proposed methodology may be traced to the notion of dispersion
used in conjunction with discrete time series models [24] which, in turn, has its roots in
the statistical analysis of variance. The first use of dispersion analysis in structural dynamics
was based on approximate discrete-time models and may be found in the papers by Ben
Mrad and Fassois [8, 9], Fassois ef al. [16] and Lee and Fassois [18]. However, these
earlier attempts to address the problem suffer from two major drawbacks.

(1) They are all based on discrete-time models and are therefore approximate and subject
to errors relating to the fact that actual structural systems are inherently continuous and
not discrete time. These errors are known to be functions of various factors, including the
excitation signal type [8, 9], and are very difficult to assess. Furthermore, the utilization
of discrete models does not allow for physical insight and a clear understanding of the
role of the global and local modal characteristics in determining the contribution of each
vibrational mode.

(2) The frequently occurring phenomenon of negative dispersion modes has yet to be
addressed. As a consequence, a clear understanding of the role of such modes and their
physical significance is currently lacking.

It is thus the specific objective of this paper to develop a proper and exact dispersion
analysis methodology based on continuous-time structural models, explicitly relate the rela-
tive contribution of each vibrational mode to physical quantities of interest (such as
natural frequencies, damping factors, and mode shapes), and also provide clear physical
interpretations of the notion of modal dispersion and the phenomenon of negative disper-
sion modes.

2.1. THE NOTION OF MODAL DISPERSION

The key idea of the proposed methodology is in the proper decomposition of the vibra-
tion displacement signal energy and the introduction of the notion of modal dispersion.
Broadly speaking, the modal dispersion is the part of the vibration response energy associ-
ated with a given mode under broadband stochastic excitation conditions. For a precise
definition the vibration signal variance for a general viscously damped structural system
needs to be computed and appropriately decomposed.
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Towards this end the solution of the general structural system equation (1) for a given
vector excitation f(£)2[ fi(1) - - - f,(£)]" is expressed in the form [25]

v(t)—z[nb.z(@ f h(r—r)fk(r)dr)+¢* z(‘ﬁ— J h.-*(t—r)fk(r)dr)], @

—w
with
hi() & e =e ""(cos w4t +] sin wgyt), (5)
R}(1) L€ =e 5 (cos ®g4t—jsin @4t), (6)

and with the constants g; and af (which are the coefficients of the derivative term in the
ith uncoupled state equation using normal co-ordinates) given as

aié 25+ ¢;'FM¢.'+ ¢;'I-C¢i, . @)
at 225t - oMo} +1TCH!. (8

The contribution of each vibrational mode will be defined separately for each one of
the system’s transfer functions. As a consequence, and without any loss of generality, the
mlth transfer function relating the force f;(¢) to the vibration displacement response v,,(¢)
will be considered. Based on equation (4), the autocorrelation function of the vibration
signal {v,,()} may be computed as

R, (1) =E[vm()v(t + 7))

ki:‘ |:<¢::;¢hf fit—t)h(r))dr + :n:¢l:f fi(t—t)hE(ty) d‘l'|)
i Yo

M:

1
x(¢mk¢lk‘[wﬁ(1+1_rz)hk(T2) dTZ+MJwﬁ(1+r—rz)hi(n) dr:)], 9
ay 0 ax 0

where E[- ] denotes the statistical expectation operator. The first term in this expression
may be rewritten as

Ist tenn=E|:(M on Silt—1)hi(1)) dr,)(‘—i’ﬂg—% Jm Si(t+ 1 — 1) (12) drz)]
a; 0 ke °

_ Pni G1i o D JW J“n E[fi(t— ) fi(t + 7 — )] (1) (72) d7) do2
aiqy 0o Yo

=MMJ°°J°° Rf(T+‘l'|—T2)hi(Tl)hk(72) dr, dt,, (10)
aiQx o Yo

with R,(-) representing the autocorrelation function of the force excitation signal { fi()}.
In the case of uncorrelated excitation R,(-) is of the form

Ri(t+ 11— 1) =Rp(t+1,—12), (11)

where 8(-) represents the Dirac’s delta function, and Ry, its intensity. The substitution of
equation (11) into equation (10) then yields, for r >0,
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¢mi ¢li ¢mk ¢Ik

a;ay

Ist term= R, f hi(T))he(7 +71) d1)
0

a;

Jmhi(fl)hk(rl)dfl]- (12)

=e % (cos w,, T +j sin wd,‘r){Rfo
o

By similarly computing the remaining three product terms within the square bracket of
equation (9), the autocorrelation function R, (7) may be finally expressed in the decompo-
sition form

R (D)2 S D)2 S [exp (~Li@n T)(n{ cos @41+ nPsin 0, 7)),  (13)
k=1 k=1

with D,(7) obviously defined and

=R, Z (M f hi(Ohe(0) dt+M’”"f—"¢"‘ r hi(D)hE(t) dt
aa a;a

= itk ) Gk 0

+ ¢:vi¢;i¢mk¢lk J' h*(t)hk(t) d,_f_ji'"_'w on h,*(t)h;:(t) dt), (14)
0

a; Qi at 0

n=iRs § (—""""”"""""“ﬁ h(O)h(0) dt — S @100 J " h(OhE() dt
a;a,

a;a 0 iic 0

+—¢;i¢ﬁ¢'""¢”‘fwhf(t)hk(t) di— ————'"'d’" mk Tk f wh;"(t)h,t(t) dt). (15)
0 a; 0

*
a; a i ak

Observe that both 1{® and 7$? (k=1,2,...,n) are real-valued since their first and
fourth, as well as their second and third, terms are complex conjugate.

From equation (13) it is evident that the autocorrelation function R, (7) has been
decomposed into n decaying trigonometric terms D,(7) (k=1, 2, . . ., n), each one of which
is associated with each one of the system’s vibrational modes and represents that mode’s
contribution to R, (7).

The energy associated with the vibration displacement signal {v,,(r)} may be then evalua-
ted from equation (13) by setting 7=0

Poni BBk b

a;a;

+ M J " kD) dt)], (e
0

aa

R, (0)= % [ZRf., 5 Re( f hi(D)he(0) dt

with Re(-) denoting the real part of the indicated quantity. Since
f hi(Dh (1) dt= J e~ Gt S0 oos (@4 + g, )t +] Sin (@g+ w4)1] dt
0 0

- (Ciwm_*'ckwﬂk) +j(wdl+a)dk)
05+ 054201010 @+ 20,,0n /(1 =D (1= C7)

& s, (17)
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and

(Ciwm_'- Ckw"k) +j(wd,_ wdk)
a)fn+ w'zlk + 2{!’{’(&)"1&)’"‘“ zm"iw"k\/ (1- 512)(1 - glzc)

£ i, (18)

j hi(O)hi(t) dit=
0

R,,(0) may be rewritten in the decomposition form

" n n b, . b, H¥ * i
R(02 % D02 S [2Rfo $ Re ("”""’5""’"*"”" g + SO nf:-“)]. (19)
K= Py = a;ay a;a}

Based on this, the kth modal dispersion is now defined as follows.
Definition. The kth modal dispersion is defined as the kth mode’s contribution to the
vibration signal energy given by the expression

¢mi ¢li ¢mk ¢Ik ) ngfk) + ¢mi¢li ¢:1k ¢I7c nsi'k)> )

D(0)22R ) Re
o
i=1 a;ax a;ay

(20)

In addition, the dispersion percentage (or normalized dispersion) of the kth mode is defined
as the dispersion of that mode normalized by the total vibration signal energy; that is,

a_Di(0)
Y. D;(0)
j=

Ok x 100% k=1,2,...,n). (21)

Note that expressions (20) and (21) represent the kth modal dispersion and dispersion
percentage, respectively, for the m/th transfer function. The additional subscripts indicat-
ing this have been dropped for the sake of simplicity, but should be used in cases of
potential ambiguity.

The dispersion percentage of a given mode within a particular transfer function therefore
constitutes a “measure” of that mode’s relative significance within that transfer function.
For an n-degree-of-freedom structural system characterized by » modes, an n x n transfer
matrix incorporating all scalar transfer functions may be defined, and the dispersion per-
centages of a given mode may be correspondingly written in the form of a dispersion
percentage matrix.

Example. Consider the two-degree-of-freedom proportionally damped system of Figure
1, with physical parameters

M=[1'0 0-0], c=[ 25 —0-8], K=[ 110-0 —11-0}'
0-0 10 -0-8 25 —11-0 1100
The modal parameters and complete dispersion analysis results, indicating the importance
of each vibrational mode in each one of the system’s transfer functions, are given in Table
1 in the form of dispersion percentage matrices.

As it is evident from these results, mode 1 is a heavier contributor to the vibration
energy, and hence of greater importance than mode 2 for this particular system. Another
interesting observation is that the dispersion of mode 2 is negative in both transfer recept-

ance cases (transfer functions v,/f; and v,/f,); a phenomenon that deserves further atten-
tion and will therefore be discussed in detail in what follows.
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Figure 1. Two-degree-of-freedom structural system.

TABLE 1

Modal parameters and dispersion analysis results for the two-degree-of-freedom
proportionally damped system

Dispersion
percentage matrices
@ ry (HZ) Ck ¢k (%)
Mode | 1-5836 0-08543 _l_{l} [61-61 132-28}
2 {1 132-28  61-61
Mode 2 1-7507 0-15000 _‘_{ ‘} [ 38:39 —32'28]
J2 -1 -32:28 3839

3. MODES CHARACTERIZED BY NEGATIVE DISPERSIONS: THE CASE OF
PROPORTIONALLY DAMPED SYSTEMS

The definition of a structural mode’s dispersion, and its interpretation as the mode’s
contribution to the vibration response energy under broadband stochastic excitation condi-
tions, provides an objective and physically meaningful approach for assessing the relative
importance of vibrational modes within a given structural system. However, as it has been
already observed, a problem arises in that the dispersions of some modes are negative for
certain structural systems, and this creates difficulties, as it is not immediately evident how
negative contributions can be interpreted within this context, or what their exact physical
significance and role are. As a consequence, and in order for the relative importance of
such modes to be properly judged, satisfactory answers to these questions have to be
provided.

In achieving this objective alternative interpretations of the notion of modal dispersion
and the dispersion analysis methodology, allowing for additional insight into the underly-
ing physical mechanisms, will be now sought. In this section our attention will be focused
on the special, but interesting, case of proportionally damped systems, for which somewhat
simpler and easier to interpret expressions can be derived. The more general non-propor-
tionally damped case will be examined in section 4.

Based on expression (20), the contribution D,(0) of the kth mode in the vibration signal
energy may be decomposed as

D (0) = Bux+ B, (22)
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where

2 2 2 2
B2 2R, Re (—d"";‘;”‘ pess 4 P 10l ¢"’i‘;k||‘f'k| n.‘f""), (23)
B& Y Ba, (24)

i=lis#k
. . . . . * * .

ﬁik é2Rf° Re (¢;m ¢I: ¢mk d)lk ng,'k) + ¢1m ¢I: ¢:1k ¢Ik ns,‘k)>. (25)

a;ay a;ag

The term [ in this decomposition depends upon the kth modal parameters and will be
therefore referred to as the kth modal autocorrelation, whereas the term f, depends upon
the remaining modal parameters as well, and will be referred to as the kth modal cross-
correlation. This latter term represents the part of the energy due to the interactions
between the kth mode and the rest of the modes present in the system.

In the special case of proportionally damped structural systems the above expressions
reduce to

— Rfo¢l%k ¢Ii
ﬁkk 4§k (Dik s (26)
ﬂk= n 2Rfo¢mi¢li¢mk¢lk(é’iwn/+ Ckw"k) (27)

2 ,
i= {0k (@2, — L) + 4[Lilk 0@ (02 + 02) + (L + (D)0} 0l,)

where ¢, represents the ith mass-normalized eigenvector, and the fact that the a/’s of
equations (7) and (8) can, in this case, be simply expressed as a;=j2w,, (i=1,2,...,n),
was used. Based on these expressions the following corollaries follow.

Corollary 1. The modal autocorrelation is non-negative for any mode of a proportionally
damped system. The dispersion of any particular mode will thus be negative if and only
if its modal cross-correlation is negative and of magnitude larger than that of its modal
autocorrelation.

Corollary 2. 1In a proportionally damped system no negative dispersion modes can occur
within a point receptance transfer function (that is, a transfer function relating identical
excitation / and response m co-ordinates). However, negative dispersion modes can be
encountered in transfer receptance cases, in which the excitation and response co-ordinates
are different (/#m).

Corollary 3. A necessary condition for the kth mode to be characterized by negative
dispersion within the m/th (m#1) transfer function of a proportionally damped system is
that at least one of the products of mode shape elements @, di @ @u for i=1,2,...,n
be negative.

As it will be shown later, the validity of Corollary 1 can be extended to the case of non-
proportionally damped systems as well.

In order to gain further insight into this problem, the ratural frequency ratio between
two modes is defined as

Ewy 2 O/ W, - (28)

T These expressions are analogous to those in Elishakoff {26], who distinguishes modal autocorrelation and
overall cross-correlation terms in the total vibration energy of proportionally damped systems.
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Then, the kth modal cross-correlation §; of the proportionally damped structural system
[equation (27)] may be written as

ﬂk - i 2Rfo¢mi ¢Ii¢mk ¢Ik ({1 Eoy + ;k) )
i=idek 00 [(£0 = 1)+ 4L ilk €an(Eaut 1)+ (§7 +0) €04]]
® (ii)
It is interesting to observe that both the modal autocorrelation B, [equation (26)] and
cross-correlation B, [equation (29)] have the term @}, as a common factor in their denomi-
nators. By using appropriate natural frequency ratios, the quantity @;, may thus be made
a multiplicative factor in the total vibration signal energy expression and, as a consequence,
the dispersion percentages 8, (k=1,2,...,n) calculated from equation (21) will be
independent of it; in fact, independent of any one of the exact natural frequency values.
This observation is organized into the following corollary.

Corollary 4. The kth mode dispersion percentage 3, of a proportionally damped struc-
tural system does not depend upon the exact value of any one of the system’s natural
frequencies @, (i=1, . . ., n), but only upon the natural frequency ratios €,, (i=1,...,n).

For the rest of this section we will further limit our analysis to the case of proportionally
damped systems satisfying the following assumptions: (A1) the structural system is lightly
damped ({;« 1, ¥i); (A2) the mass-normalized mode shape elements are all of the same
order of magnitude.

Apart from being of obvious practical importance, this case allows for some additional
calculations that provide insight into the physical conditions under which negative disper-
sion modes may appear. Towards this end let us examine the dispersion percentage d, as
a function of the natural frequency ratios €,, (i=1,2,...,n).

If €,,>1, Vi, i#k, the terms (i) and (ii) in expression (29) may be approximately
expressed as

(29)

()~ ea,, (i) %4k Ean (30)

and thus (i) > (ii) ; an inequality further strengthened by the light damping assumption Al.
If, on the other hand, &,,<«]1, then by neglecting terms of order higher than two we
have

D=1,  (ii)=4{ilkEau, (3D

and (i) > (ii) in this case as well.

As a consequence, if the lightly damped structural system has well-separated modes
(€wy»1 O €4, « 1, Vi, i#k), the term (i) is dominant to (ii), and the k th mode dispersion
D,(0) may be thus approximated as [see equations (26) and (27)]

= ~ _& ¢n21k ¢Ilzc 2 2¢mi ¢Ii ¢mk ¢Ik (;: gam + Ck) ]
Dk(O) ﬂkk+ﬂk~ ’3"( |: 4€k i= I.Zi#k (E%Ju«_l)z , (32)
(iif) (iv)

with the denominator of (iv) further approximated as &5, (if €5, 1) or 1 (if €4, «1). In
both cases, however, and under assumptions Al and A2, the term (iii) will be dominant,
in magnitude, to (iv). Due to the difference in magnitude between these two terms, and
for reasonably small number of degrees of freedom », (iii) will be dominant when compared
to the sum of the terms (iv) as well. That is, the modal autocorrelation will be significantly
larger, in magnitude, than the modal cross-correlation, and we, therefore, arrive at the
following corollary.
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Corollary 5. For a proportionally damped system satisfying Al and A2, and charac-
terized by well-separated modes (&,,>1 or &,,«1, Vi, i#k), the modal autocorrelation
terms dominate, in magnitude, the corresponding modal cross-correlations, and thus, by
virtue of Corollary 1, no negative dispersion modes exist.

Based on this result, it is evident that a necessary condition for the kth mode of a
proportionally damped structural system satisfying Al and A2 to be characterized by
negative dispersion is that at least one additional natural frequency be close to w,,, so
that the term (ii) in equation (29) can dominate (i), and the modal autocorrelation S
does not necessarily dominate (in magnitude) in equation (32). This is a somewhat expected
result, since for &, to be negative the kth modal cross-correlation needs to be negative and
of magnitude larger than that of its modal autocorrelation (Corollary 1), with the former
(modal cross-correlation) becoming maximum as another damped natural frequency
approaches @, (@4 — @,4,) (see last remark in subsection 4.1); a fact that, in the case of
lightly damped systems, occurs only when @, approaches @,,. This behavior of the modal
cross-correlation is in agreement with a related observation in reference [26], that in a
two-degree-of-freedom system the contribution of the overall cross-correlation term to the
total vibration energy becomes significant as the two natural frequencies crowd together.

In order to investigate how close two modes should be in order for the term (i) not to
necessarily dominate in the denominator of expression (29), the special case of a two-
degree-of-freedom system is now considered. By defining the quantity A through the
expression

tap21+4, A, (33)
and substituting it into the terms (i) and (ii) of equation (29), we obtain
()=((1+4)*=1)>=447+4A°+ A%, (34)
(i) =4[5 15(1+ A)[(1+ )+ 1]+ (3 +ED)(1 + 4)]
=4{({1+ )+ 6104 +44%+ A7) + ({1 + D) (24 + A7), (35)

By neglecting terms involving orders of A higher than two, and noting that, in view of
Al, the terms 16{,¢{.A? and 4(£3+(3)A? are also negligible, we have

()~44% (i) =4+ ) +160,5A + 4L+ L3)A% (36, 37)
In order for term (ii) to be dominant,
A% <AL+ 0P+ 16L LA +HALT+ DA < AP = 2(8 + 5P A~ (£ +¢2)° <0,  (38)
or, equivalently,

A=+ 0 —SG+H ) H (GO <A<+ )+ G+ (G + ) =4,
(39)

where, obviously, A, >0 and A, <0. By approximating the quantity under the square root
as (¢, +¢,)?, and neglecting terms of order higher than two, equation (39) may be simplified
as

A<y +6s. (40)

Expression (39), or its approximate version (40), therefore composes a necessary condi-
tion for a negative dispersion mode to appear in a two-degree-of-freedom proportionally
damped system satisfying Al and A2. As is evident from this condition, the lighter the
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damping of the system, the smaller the magnitude of A (and thus the smaller the distance
between the two natural frequencies) that is necessary for a negative dispersion mode to
appear. These facts are illustrated in the example that follows.

Example (continued). Consider the two-degree-of-freedom structural system of Figure
1. With mode shapes fixed (same as in Table 1), the dispersion percentages of the transfer
function v,/f; are shown in Figure 2 as functions of the natural frequency ratio &,,, for
four cases, as follows: (a) {,=0-35, {,=0-5; (b) {,=0-07, {2=0-1; (c) {,=0-007; {,=
0-01; (d) £,=0-0007, {,=0-001. As is evident from this figure, the lighter the damping of
the system, the closer the two natural frequencies should be in order for a negative disper-
sion mode to occur. Although condition (40) is, of course, not applicable to the high
damping case (a), it is easy to verify that it is satisfied in all of the remaining cases for the
intervals of A for which a negative dispersion mode occurs. Indeed, in case (b) mode 2
has negative dispersion for 0-9 < g,,,<1-05 (—0-1 <A <0-5), whereas {, +{,=0-17. Simi-
larly, in case (c), mode 2 has negative dispersion for 0-993<g,,,<1-006

400
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Figure 2. The dispersion percentage of a proportionally damped system as a function of the natural frequency
ratio, £,,,= ®,,/®,,: ——, mode 1; - - ~, mode 2. (a) £, =0-35, {;=0-50; (b) {,=0-07, {,=0-10; (c) £, =0-007,
¢2=0-01; (d) {,=0-0007, {z =0 001 Two—degree-of freedom system; transfer function v,/ .
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(—0-007 <4 <0-006), and £, +¢{>=0-017, and in case (d), mode 2 has negative dispersion
for 0-9994 < g,,, < 1-:0006 (—0-0006 <A <0-0006) and ¢, +{,=0-0017.

4. INTERPRETATIONS AND PHYSICAL SIGNIFICANCE OF DISPERSION
ANALYSIS: THE GENERAL NON-PROPORTIONALLY DAMPED SYSTEM CASE

In this section the non-proportionally damped system case is considered, and various
interpretations of the notion of modal dispersion are derived. These offer additional phys-
ical insight into the proposed dispersion analysis methodology and further clarify the issue
of negative dispersion modes.

4.1. INTERPRETATION IN TERMS OF MODAL IMPULSE RESPONSE FUNCTIONS
A key interpretation in this context is based on the currently introduced notion of

modal impulse response function for general viscously damped structural systems. For this
purpose consider the function x(t), defined as

I: ¢mr ¢h ¢rm ¢h
a;

OLDY

i=]

hi(f) + 2 h*(t)] (41)

From the examination of the response equation (4) of a non-proportionally damped
structural system, it can be shown that x(f) may be interpreted as the impulse response
function of the mlth transfer function and be decomposed as

x(0)2 3 [z +24(0)]= 3 2Re 20012 § x(), (“2)

with obvious definitions for z;(f) and x(#) (i=1,2, ..., n). From these expressions it is
evident that x;(¢) is real-valued and represents that part of the impulse response function
x(?) that is associated with the ith vibrational mode, and will be thus referred to as the
ith modal impulse response function within the m/th transfer function.

Based on this, the vibration signal energy given by equation (16) may be rewritten as

R, (0)=3 |28, & RthﬁAO+mﬂ¢0Hm]
L = 0

@K

=3 4R, 3 | Rel[z(D]Re[z(1)] dt]
k=11 =1 J,

Ry, ,-;Z'. xi(1)xi (1) dr], (43)

0

and the contribution D, (0) of the kth vibrational mode to the total vibration signal energy
may be expressed as

=]

D (0)2& B+ Bi= Rfof xx(t) dt+ Ry, Z x;i(Dx(2) dt. (44)

i=1,i#k 0

From this form it is evident that the kth modal autocorrelation By is proportional to
the deterministic autocorrelation function of the kth modal impulse response {x(#)} evalua-
ted at lag =0, and that the kth modal cross-correlation B, is proportional to the sum of the
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deterministic cross-correlation functions between {x,()} and {x,(1)} (i=1,2, ..., n;is#k),
also evaluated at lag * =0. The coefficient of proportionality is, in both cases, equal to the
intensity of the uncorrelated stochastic excitation signal. Based on these observations, the
following corollary (that is an extension of Corollary 1 to the case of non-proportionally
damped structures) follows.

Corollary 6. All modal autocorrelations are necessarily non-negative. As a consequence,
in order for the kth vibrational mode to have negative dispersion, its modal cross-correla-
tion has to be negative and of magnitude larger than that of its modal autocorrelation.

Based on equation (44), the contribution of the kth mode to the vibration signal energy
may alternatively be expressed as

[ ] -]

Di(0)=Ry, .:Z. xi()x(f) dt =Ry, f x()xe(1) dt, (45)

0 0

and the corresponding dispersion percentage rewritten in the form

B [0 x(Dxe (0) dt

% 100%. 46
5 X(n) dt ’ (46)

k

The following interpretations in terms of deterministic correlation functions are now
immediate.

Corollary 7. The contribution (dispersion) of the kth mode to the vibration signal
energy is equal to the product of the uncorrelated stochastic excitation intensity and the
deterministic cross-correlation between the total impulse response {x(¢)} and the modal
impulse response {x.(f)} evaluated at lag 7=0. The corresponding dispersion percentage
is hence equal to the cross-correlation between {x(f)} and {x.(?)} at lag zero, normalized
by the autocorrelation of {x(f)} at that same lag.

Corollary 8. A mode characterized by negative dispersion has an associated modal
impule response function {x,(?)} that is negatively correlated with the total impulse
response {x()} in the time interval [0, c0). This means that the kth mode is, on average,
acting in a way that opposes {x(#)}, and therefore reduces its magnitude.

Remark. The degree of cross-correlatedness between {x(¢)} and {x.(f)}, that determines
the kth modal dispersion, may also be assessed in terms of the quantity

_ j;o x()xi (1) dt
. VIS 2@ dt [T xi de’

(47)

which, due to the Cauchy-Buniakovski inequality [27], is normalized in the interval
[—1, 1].

These ideas are now illustrated through an example.

Example (continued). Consider the two-degree-of-freedom proportionally damped sys-
tem of Figure 1 with modal parameters and dispersion analysis results presented in Table
1. As it may be observed, and in accordance with Corollary 2, the dispersion percentages
are both positive in the point receptance cases (transfer functions v,/f; and v,/f,), but of
opposite signs in the transfer receptance cases (transfer functions v,/f; and v;/f;). The
transfer receptance case v,/f; is further examined in Figure 3. The modal impulse responses
x(¢) and x,(f) are shown in part (a) of the figure, and are apparently negatively correlated
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Figure 3. (a) The first [x,(1}}, (—) and second [x5(0)], (- --) modal impulse response functions; (b) the
products x,(1)xx(?), (—) and x40, (- - -); (c) the total [x(1)], (—) and second modal [xx(1)], (- - -) impulse
response functions; (d) the product x(¢)x,(t). Two-degree-of-freedom system; transfer function v,/f; .

in the observation time interval. Indeed, the second modal cross-correlation is (assuming
that R,=1)

ﬂlr‘f x1(0)x,(1) dt
0

=le x1()x2(1) dt-i—J"Z x1(8)x5(1) dt+j 3 xi(Dx(t) dt+- - -
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Figure 3—continued.

In the first time interval [0, ,] the modal cross-correlation is negative (¥, <0), then (time
interval {1, t,]) positive (7,>0), and so on. As time grows, the impulse responses decay,
and their overall (in the time interval [0, 00)) cross-correlation is negative. This is also
illustrated in part (b) of the figure, where the curves x,(f)x,(f) and x2(¢) are shown. The
area between the former curve and the time axis represents the modal cross-correlation
term (B, = B\2), whereas the area between the latter curve and the time axis represents the
second modal autocorrelation term (f,,). It is apparent that 8, + B,, <0, so that the second
mode is characterized by negative dispersion. Similar observations may be made from
parts (c) and (d) of the figure, which depict the impulse responses x(¢), x,(f) and the
product x(#)x,(t), respectively. Indeed, it is evident that the two responses are negatively
correlated, so that on average (in the time interval [0, o)) x,() tends to suppress x(¢).
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Remark. Based on the discussion thus far and the above example, it is evident that for
general (non-proportionally damped) structural systems with adjacent damped natural
frequencies (@4~ ®4,), one mode will necessarily have negative contribution (dispersion),
provided that the modal impulse responses {x;(¢)} and {x(f)} start out in opposite
directions. In addition, it is also evident that the modal cross-correlation has maximum
effects when @, =w,,.

4.2. INTERPRETATION IN TERMS OF MODAL RESPONSES DUE TO UNCORRELATED
STOCHASTIC EXCITATION

Due to the duality between the deterministic delta function and uncorrelated stochastic
signals, it is expected that the foregoing results and interpretations should be (appropri-
ately) extendable to the case of stochastic force excitation by considering corresponding
modal responses. That is indeed the case, and may be shown as follows.

Consider a structural system excited by an uncorrelated stochastic excitation { f;(r)} and
define the part of the response associated with mode k, referred to as the kth modal
response, by the convolution integral

vmk(t)éj xe(t~=1)fi(7r) dr. (48)
The total system response may be similarly expressed as
vm(t)=j x(t—1)fi(1) dr, (49)

—c0

and the cross-correlation between the signals {v,,(f)} and {v,,(?)} at lag t=0 is then

E[vm(t)vmk(t)]=f f x(t = 1)x (1= )E[fi(r)fi(12)) d7, d7y

=J x(t—T))x(t— 1) Ry dry

—ao0

=Ry, f ) x(A)x,(A) dA. (50)
0

By comparing this expression to equation (45), the following interpretation in terms of
stochastic cross-correlation functions is obtained.

Corollary 9. The contribution (dispersion) of the kth mode to the vibration signal
energy is equal to the cross-correlation between the corresponding total vibration response
and the kth modal response evaluated at lag zero; that is

Dk(0)=E[Um(t)vmk(t)]~ (51)

In the case that mode k is characterized by negative dispersion, E[v,,(f)v,, (f)] will be
negative, so that at every time ¢ the kth mode is, in an ensemble average sense, acting in
a way that opposes the total response {v,,(f)}, and therefore reduces its magnitude.

4.3. SPECTRAL INTERPRETATION

The notion of modal dispersion is now examined in the spectral domain. Towards this
end define as Fi(jw) the Fourier transform of the part of the output autocovariance
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associated with the kth vibrational mode

Fk(jm)ézlj Di(t) e dr  (k=1,2,...,n). (52)
¥4

—o

The spectrum of the vibration signal {v,,(¢)} may be then expressed in the decomposition
form

1 (® ; n n
Sun(@) =5 f R ()¢ de= § F(jo) = S.(@)=F Sde). (53

where S;(@) is defined as the real part of F,(jw):
Si(w) & Re [Fi(jo)]. (54)

Based on these expressions it is evident that Si(w) represents the contribution of the
kth vibrational mode to the vibration signal energy at each particular frequency w, and
will be thus referred to as the spectral contribution of the kth mode. The relationship
between the modal dispersion and S,(®) may be readily established by considering the
inverse Fourier transform of equation (52) for =0

D,¢(0)=Jwc Si(w) do. (55)

The dispersion of the kth vibrational mode is thus equal to the integral of its spectral
contribution; that is, the area between the latter curve and the frequency axis. D, (0) will
therefore be negative exactly when the integral of Si(w) is negative, and the following
interpretation of negative dispersion modes follows.

Corollary 10. A mode is characterized by negative dispersion if and only if its overall
[in the frequency range (—o0, c0)] contribution to the power spectrum of the vibration
signal produced by an uncorrelated stochastic excitation is negative. This result is comple-
mentary to the time-domain results of Corollaries 8 and 9, and indicates that a negative
dispersion mode acts in a way that suppresses the spectrum of the vibration signal, and
therefore its energy, in the frequency range (—oo, ).

For the computation of the spectral contribution S, (@) of the kth mode to the vibration
signal energy in the general case of a non-proportionally damped structural system, we
proceed as follows. Rewrite the modal contribution D,(7) to the vibration signal autocova-
riance in the form [see equations (9), (10) and (13)]

<¢mr ¢’I mmk ¢Ik

a;ay

Di(7)= Z

i=1

J‘ j‘ Re(t+ 1 — t)hi(71)he(z2) d7y dry

foo (oo
+%ﬁ:”‘¢ﬁ Ry(t+ 11— 1)hi(7)hiE(72) dry dr
ik Yoo V-x
*. * oo f* 0
+ ¢'m_._¢z; ‘zmk‘f"k Ry(t+ 1)~ 12)hH(1)hi(15) dr, d13
i Gl Voo V-0
¢m:¢;r mk Ik B * *
T Re(t+ 7, — 1)h¥(71)hi(72) A1y d72 ). (56)
i Gk v

—o Y-~
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The Fourier transform of the first term in this expression may be written as

¢m1¢h mlc¢lk‘[ j h (Tl)hk(TZ) dTI dfzx—J. Rf(‘[+1,’|_‘l'2)e RN "dr

a;ag

=*___~¢'""¢"‘¢'""¢”‘f hi(t)) €77 dry % J (1) €% dr,

a’ak —o0 a0
L ® —jod
X Re(A)e da,
2 J)_
(=]
where the substitution A=t + 7, — 7, was made. Next notice that

1 (= . 1 (= , R
— j R/(A) et di=— J R, 8(A) et da=—L2ags, (57)
2 e 2 . 2 .

where the constant Sy, represents the spectrum of the uncorrelated stochastic excitation.
Also, by using equations (5) and (6),

J hi(t) e dr, _—_I——H (Jo), (58)
—w 5i—jo

j hi(t)) e" dr, ———l——H (jo), (59)
—w itio

J h¥(7)) e dr, —*—l— H}(jo), (60)
o s¥t-jo

J h¥(r) e dr, = (61)

0 !

based on which [as well as equations (53) and (54)] S«(@) may be finally expressed as
Si(w)=Re [Fi(jo)]
i O p YT 7 ° 7 .
=Re [S 3 [m Aoy o)+ 22000k o) At )
itk

a;a;

i=1
+¢:vi¢lz¢mk¢lk H¥(jo)H; (_]CD)'*'M ,*(_]a))ﬁlt(]a)):” (62)
a; a; alc

Remark. In the special case of proportionally damped systems, the above expression
for Si(@) reduces to

Sc(w)=Re [F.(jo)]=Sy, .:Z, i G1i P Oic X Re [GH(jo)Gr(jo)], (63)
with
ya_ (Hiio) ﬁf(jaﬂ): :
G:(jo) = ( a + at 0= 0 +j20,0,0 0

representing the complex frequency response function for the ith normal co-ordinate
system [25].
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Example (continued). Consider again the two-degree-of-freedom proportionally
damped system of Figure 1, and more specifically the point receptance v,/f; and transfer
receptance v,/f, transfer functions. The point receptance case is examined in Figures 4(a)
and 4(b), where the decomposition of the impulse response x(¢) in terms of the modal
impulse responses x(¢) and x,(¢) is shown, along with the decomposition of the vibration
response spectrum S, (@) in terms of S;(®w) and Sy(w). As it may be readily observed,
both modal impulse responses are positively correlated with x(), and are therefore charac-
terized by positive dispersions (a result which is in agreement with the dispersion analysis
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Figure 4. (a) The first [x,()], (— —) second [x2(1)], (- - ~) and total [x(#)], (—) impulse response functions
of the transfer function v,/f;. (b) The decomposition of the vibration signal spectrum S,,(®), (——) into the
modal components Si(@), (— —) and S)(w), (---) for the transfer function v,/f;. (¢) The first [x,(7)],
(— —) second [x,(1)], (- - -) and total [x()], (——) impulse response functions of the transfer function v,//,.
(d) The decomposition of the vibration signal spectrum S,(®), (——) into the modal components S;(®),
(——) and S,(@), (- - -) for the transfer function v,/f,. Two-degree-of-freedom system.
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Figure 4—continued.

results for this system and also Corollary 2). The same conclusion may be reached by
examining the spectral results, from which it is evident that both modes contribute posi-
tively to the vibration signal spectrum (in this case, in particular, they contribute positively
at each and every frequency @) and therefore add to the vibration signal energy. The
particular contribution of each mode to the vibration energy can be computed as the area
between the corresponding Sy(@) and the frequency axis.

In the transfer receptance case, however, the modal impulse response x,(f) is negatively
correlated with the overall impulse response x(¢), as indicated in Figure 4(c), and the
second mode is therefore characterized by negative dispersion. This is in agreement with
the dispersion analysis results of the system (see the discussion in the previous subsection)
and also the spectral results, as it is evident that S,(w) has a negative overall contribution
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to the vibration signal spectrum S(®) (although for a particular frequency range the
contribution of the second mode to the spectrum is in fact positive) (Figure 4(d)).

5. CONCLUSIONS

In this paper, the problem of quantitatively assessing the relative importance of a struc-
tural system’s vibrational modes was addressed, and an appropriate and novel dispersion
analysis methodology was introduced. The proposed methodology assesses the significance
of each mode in an objective and physically meaningful way by determining the mode’s
contribution (modal dispersion) to the total vibration signal energy under broadband stoch-
astic excitation conditions while fully accounting for all cross-correlation (interaction)
effects among the various modes.

Physical interpretations of the modal dispersion have been derived in both the correlation
and spectral domains based on the notion of modal response functions, and the dispersion
of a mode has been shown to be equal to the deterministic (stochastic) cross-correlation
between the corresponding modal and the total vibration responses due to a deterministic
delta function (uncorrelated stochastic signal). The modal dispersion may be thus clearly
interpreted as a measure of the mode’s influence in shaping the total vibration response.

Explicit and physically significant expressions that relate the modal dispersion to the
structure’s global and local characteristics have been derived, and the phenomenon of
modes characterized by negative dispersions investigated. Conditions for the existence of
such modes were derived, and physical interpretations provided. Negative dispersion
modes were thus shown to be encountered in cases of strong modal interference, specifically
in cases where the modal cross-correlation effects dominate over those of the modal auto-
correlation ; something that can, for instance, happen in cases of structural systems charac-
terized by closely spaced modes. Once encountered, negative dispersion modes have a
negative overall contribution to the vibration response power spectrum, and act in a way
that tends to suppress the structural system’s total response.

In the second part of the paper [23], the problem of stochastic MIMO experimental
modal analysis will be considered, and a realistic and effective approach will be developed
that uses the dispersion analysis methodology for model analysis and reduction/distinction
between structural and extraneous modes.
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APPENDIX: NOMENCLATURE

C viscous damping matrix

Dy (1) part of R, (7) associated with the kth mode

D,(0) kth modal dispersion

f(t) (vector) force excitation

F.(jo) Fourier transform D,(7)

G (jo) frequency response on the ith normal co-ordinate system
3 imaginary unit (if not an index)

K

stiffness matrix
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Conventions
E{-}

Re(-)

X;

x(?)

{x(}

T
capital bold face
lower-case bold face

Abbreviations
ARMA

ERA

FDM
MIMO

N/S
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mass matrix

number of degrees of freedom

impulse response of a scalar receptance transfer function
ith modal impulse response function (part of x(t))
autocorrelation of the excitation { f,(1)}

intensity of an uncorrelated force excitation signal
autocovariance of the mth vibration displacement signal
system eigenvalue

uncorrelated stochastic force excitation spectral intensity
kth mode spectral contribution (real part of F.(jw))
spectrum of {v,.(#)}

(vector) vibration displacement

the mth component of the vibration displacement vector
kth modal response due to uncorrelated force excitation (part of v,,(?))
kth modal autocorrelation

kth modal cross-correlation

kth mode dispersion percentage (normalized dispersion)
=1- Euiy

= ®,, /0., natural frequency ratio

kth damping factor

kth natural frequency

kth damped natural frequency

kth mode shape

ith element of kth mode shape

denotes statistical expectation

denotes real part

ith scalar component of vector x

value at time ¢ of the analog signal x
signal x

(superscript) denotes complex conjugate
(superscript) denotes transpose

denotes matrix quantity

denotes (column) vector quantity

autoregressive moving-average
eigensystem realization algorithm
frequency domain method
multiple-input multiple-output
noise-to-signal



