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ABSTRACT

Units from a population arrive from an external source in a random or fixed
pattern at an initial compartment of a D-compartment, linked, network. Once inside
the network, individuals move in a statistically independent manner among compart-
ments, finally entering absorbing compartments from which they never depart. A
numerical adaptation of the model is described and demonstrated. The model is
compared to the MacArthur-Wilson model of island biogeography with respect to
differences in statistics of movements that each model is capable of generating. A
numerical example is given.

I. INTRODUCTION

Compartmental models are applied widely in epidemiological, health,
biological, and management sciences, the mathematical theory of which rests
upon ordinary differential equations [8). Stochastic compartmental models
have been applied as well, although limited in application by assumptions of
linearity, small numbers of compartments, simplified network topology, expo-
nential residence times of individuals in compartments, and single classes of
input populations 2, 6, 11, 12, 14, 17, 18, 21]. Exponentially distributed
residence times of individuals in compartments (synonymous with “states” or
“nodes”) insure Markovian behavior of movements of individuals throughout
nonabsorbing compartments (synonymous here with transient compartments,
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transient states or transient nodes) of a linked network of compartments.
Individuals’ movements throughout transient compartments are usually as-
sumed to be statistically independent, an assumption made here as well.
Parameters of behavior of individuals within compartments have traditionally
been specified on a compartment-by-compartment basis with no relationships
among compartmental parameters. That assumption is not required here.

In this paper, a model is presented in which (independent) movements of
individuals inside a network of transient and absorbing compartments are
governed by a Markov-renewal process {X,,t,; n = 0,1,2, -} with associ-
ated semi-Markov process {X(¢); ¢t > 0} where X(t) is the state of the
process (location of an individual in the network) at its most recent change of
state. States of {X,, t,} are in one-to-one correspondence with network nodes
(i.e., compartments). A numerical adaptation of this model was developed
and implemented on the Macintosh platform [21]. A demonstration of the
numerical model was made by Snyder to island biogeography [1, 9, 10]. In
that application, Snyder [21] demonstrated several generalizations of the
earlier MacArthur-Wilson model.

1. THE STOCHASTIC COMPARTMENTAL MODEL

Let {w(D); D = 2,3, ---} denote a family of D-node stochastic compart-
mental networks in which independent movements of individuals inside
(D) are controlled by a D-state, time-invariant, Markov-renewal process
{X,.t,; n=10,1,2,-+} with associated semi-Markov process {X(¢); t > 0}
where X(#) is the state of the process at its most recent change of state.
States of {X,,t,} are in one-to-one correspondence with nodes (compart-
ments) of 7w (D). Individual arrivals to (D) are assumed to enter at a single
initial compartment of entry and all absorbing compartments (sinks) are
assumed to be accessible from the initial compartment of entry into 7w (D).
The underlying embedded Markov chain {X,; =0,1,2,:--} of the
Markov-renewal process is characterized by a stochastic, absorbing transition
matrix P = (p;) containing at least one transient state corresponding to the
initial compartment of entry for individuals entering (D) and at least one
absorbing state. Let P° = (p,,-, pp) denote an initial state vector for the
process so that p; = P(X, = j) = P(X(0 +) = jXj = 1,---, D).

Let W(t) = (w () denote a matrix of conditional remdenee time distri-
bution functions for a typical individual in any transient compartment of
(D). wy(¢) is the conditional probability that residence time of an individ-
ual in compartment J» given that it next enters compartment k, does not
exceed t(k # j). An individual is assumed to move to a different compart-
ment once it leaves a transient compartment.



Numerical Population Model 165

Let F(¢) = (f;(#)) denote a stochastic matrix of interval transition proba-
bility functions. Assuming time invariance, the conditional probability that
X(t) =k, given that X(z) =j (0 €z <t <) is f(¢+ — z).

The unconditional probabilities P(X(t) = kXk = 1,---, D) that the semi-
Markov process is in state k at time t > 0 is related to the interval transition
probabilities through the relations

P(X(t) = k) = ¥ PLX(t) = kI X(0 +) =J] X P(X(0 +) =)
j=1

= fu(t) Xpo+ - +fpi(t) Xpp (k=1 D).

The time rate of change of P(X(t) = k) is therefore
dP D
TIX() =K = Tfu0) xp,  (k=1:,D),
j=1

where f;-k(t) denotes first derivative of f;(t) with respect to ¢.
Thus, for instance, if P® = (1,0,:--,0) then

dp .
—[X(1) = k] = fux(0).

Solution for f;;(¢) in this instance is equivalent to solving for the uncondi-
tional probability that the semi-Markov process is in state k at time ¢. The
above relations show the central role played by the interval transition
probability functions in computing the unconditional probabilities

P(X(t) =k) (k= 1,, D; t > 0).

Probabilities P(X(¢) = k) have the equivalent interpretation in terms of
individuals and compartments.
Let Q(t) = (g;(t)) denote a matrix of joint probabilities defined as

qjk(t) = Pr(Xn+l =k, t,., —t, <t|X,=j;j#k),
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where index j denotes a transient state (node), and index k denotes either a
transient or absorbing state.
Probabilities w;(¢), g,(t), and p, are related as follows:

w]k(t) = Pr(tn+l - tn é tl Xn =j’ Xn+l = k’] #* k)
for transient states j from which:

wi(t) = qu(t)/pa (pjk > 0),

where
ij = t]j_)rr;qjk(t) = Pr(XrH-l = k | Xn =]’] #* k)

Interval transition probability functions f;(t) can, in the general case, only
be approximated. Exceptions occur in cases where compartments are con-
nected in series only, and in certain slightly more complex network topolo-
gies. A more detailed definition of elements of P, Q, W, and F that includes
all special cases is given in Snyder [21] and Medhi {13].

The matrix P has the form

(1 o
P‘[A N]’

where the sxs block N contains transfer probabilities among transient states;
the sx (n —s) block A contains transfer probabilities from transient into
absorbing states, the (n — s) xs block O contains zeros, and the (n — s) X
(n — s) block I is a unit diagonal submatrix. The mean residence time of a
typical individual in the set of transient states, given initial entry into the
single initial state 1 is

n 5 n
n= 2 M1 P Zmlj Z Hji Pji» (1)
j=1

i=s+1 i=s+1

where m;; is the i, jth element in the sxs matrix, [m;,] = [I — NI, By s
the mean of the conditional residence time c.d.f. w;,(¢) (in the jth row and
ith column of W(#)), and p;, is the element in the jth row and ith column of
P.
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Let H(z) denote the residence time c.d.f. of a typical individual in the set
of all transient compartments, having once entered initial compartment 1
from a source outside the network. H(z) is also known as the first passage
time c.d.f. of the (time-invariant) Markov-renewal process into an absorbing
state, given that its initial state is node 1. The mean of H{z) is known from
theory to be given the right side of (1). When the external process of arriving
individuals is Poisson distributed with nonnegative intensity a(¢) the c.d.f. of
total count of individuals in the subset of all transient compartments at any
time ¢(t > 0) is known to be Poisson distributed with mean equal to

[Ota(z)(l ~ H(t — 2)) dz,

where the network of transient compartments is assumed to contain no
individuals at initial time ¢ = 0. When a(¢) is a constant, say a, the mean
number of individuals in the subset of all transient compartments is

s D
a E my; Z Moji Pii -
j=1

i=1

Other relationships are known and can be referenced in texts on applied
stochastic processes [13]. Allen and Matis [2] have derived formulae for the
mean residence time of individuals in transient compartments when the
process describing movements of individuals among compartments is Marko-
vian.

Differences in the information content of deterministic and stochastic
versions of finite-state, continuous-time compartmental models are signifi-
cant. Allen and Matis [2] emphasized mean residence times of individuals in
transient compartments as important characteristics obtainable from Marko-
vian models. Other information obtainable from stochastic compartmental
models is given in literature [17, 22] including residence time c.d.f. of an
individual in a compartment (also called the survivor function for a given
state), mean number of transitions of an individual among compartments in a
given time period, probabilities of an individual transferring from a transient
compartment to any other compartment in a time period, c.d.f’s of magni-
tudes of net balances of individuals in compartments at fixed times, c.d.f.’s of
lengths of times required for individuals to move between any two compart-
ments, and c.d.f.’s of number of times individuals recycle among transient
compartments. In stochastic compartmental models, effects of randomness
are accounted for in arrival patterns of individuals from external sources,
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lengths of residence times of individuals in compartments, and rules for
routing individuals among compartments.

All definitions and relationships given above exist in literature of stochastic
compartmental modelling and applied stochastic process theory. They are
structural only, requiring for numerical implementation in case studies more
detailed information about how individuals make choices when transferring
into and out of compartments, whether and how compartments interact when
individuals transfer among compartments, compartmental residence time
parameters, and arrival statistics for individuals entering a network of com-
partments from external sources, Information must be supplied at two levels
of detail: (a) nonnumerical specification of distributions, parameters, and
routing rules in terms of which structural parameters defined above can be
written, and (b) assignment of numerical values of parameters and opera-
tional rules from which full numerical modeis can be constructed. These
information requirements can only be satisfied on a case-by-case basis.

3. CASE STUDY APPLICATION TO ISLAND BIOGEOGRAPHY

In an application of stochastic compartmental modelling motivated by the
MacArthur-Wilson ecological theory of island biogeography [3-5, 10], Snyder
[21] created a numerical model of movements of a population through a
linked, open network of compartments based on theory outlined above. A
compartment may correspond to a biophysical condition of an individual, a
biophysical habitat, or a geographical area. Absorbing compartments may
refer to any habitats, or biophysical conditions from which individuals, once
having entered, never emerge such as a life stage including death. If a
compartment is not absorbing, it is called transient. The numerical model was
implemented on the Macintosh platform in three versions. It is interactive,
querying the user for information needed to make computations. An editor is
included so that modifications of input may be made either before or after a
run. Computations include the P and W(¢) matrices for networks containing
up to seventy-five compartments. Computational problems encountered in
model creation that required resolution included (a) round-off errors, (b)
overflow, (c) underflow, (d) raising real numbers to integer powers, and (e)
computing factorials for large n. Log-gamma functions and Stirling’s approxi-
mations are used to store and compute factorials of n that exceed 300.

The following distributions were specified governing residence times of
individuals in transient compartments. For every transient compartment j let
Vi denote a y distributed random variable with mean x/A and variance
k/A* (k = 1,2,+-; A > 0) where k denotes a compartment into which an
individual can transfer directly from compartment j. If k is the only compart-
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ment to which j is linked then the residence time of an individual in
compartment j is V,; (parameters A and k are specific to the ordered pair of
indices (j, k), ie., (A k) = (A, ;)). Denoting the c.df. of Vi as Gy (1),

we have
o~ Ant .
- ik~
Gu(1) = (i — 1)1 [(Ajkt) ’

+ (K — 1)()tjkt)'("*_2 + o (K — 1)!].

If two or more compartments are directly accessible from transient node j
(say the d compartments 1, d;), then these d compartments may be
thought of as directly cornpetmg or an individual as it completes its resi-
dence time in transient compartment j (perhaps with assistance from com-
partment j). The 2d parameters of the Gamma distributed random variables
le e ,de may be further constrained by sets of relationships beyond the
requirements that each x must be a positive integer and each A must be
positive and real. For instance, differences between physical conditions in two
compartments may dictate that one mean be larger than another. The
Vi, Vg, are all assumed to be statistically independent but that assump-
tion does not disallow constraining relationships among the parameter sets
(A, 1000 Ay Ky ]d) As suggested above, such constraints may be the
result of blophysmal or other real connections between individuals or popula-
tions. If more than one set of constraints affects a given group of parameters,
it may be impossible to find exact solutions to the constraining relationships
in which case some type of optimizing procedure may be needed to find
approximate solutions for the parameters.

Gamma distributions are chosen to describe the random variables V. for
two reasons: Being two parameter c.d.f.’s they are capable of simulating a
variety of residence time distributions, even including approximations to
constant residence times. Second, a y distributed random variable is decom-
posable as a sum of exponentially distributed random variables so that total
time of residence of an individual in a transient compartment can be broken
down into stages, the residence time in any given stage being exponentially
distributed. In this way, a semi-Markov process describing individuals move-
ments through transient compartments can be reduced to a simple Markovian
description, but at the expense of increasing the number of states of the
process. The corresponding “compartments” would be hypothetical only. A
major advantage of expanding the state description of the controlling stochas-
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tic process to a Markovian process is realized in the computation of the F(t)
matrix.

For absorbing compartments §, there are no random variables defined that
describe residence times.

If a compartment k is the only one to which transient compartment is
directly linked then the conditional residence time distribution wy(¢) is
identical to G «(t). The unconditional residence time probability for transient
compartment Jis Zi P qt).

Individuals in this model are assumed to move throughout transient
compartments in a manner statistically independent of each other, although
their movements may be functionally linked as indicated above.

An important exception to the statistical independence assumption occurs
in population dynamics when individuals move from place to place in groups
or move from one biophysical condition to another en masse. In such
instances the model is modified to interpret an individual to be an individual
group of some fixed or variable size. Counts of individuals in compartments
are then computed as functions of counts of numbers of individual groups in
each compartment. Groups, then, are assumed to move statistically indepen-
dent of each other.

4. COMPUTATION OF ELEMENTS OF MATRIX Q(t)

Elements g, (t) of Q(t) are computed for all transient nodes j (compart-
ments j) by decomposing g () into a product

q]k(t) = Pritime of residence of a unit having just arrived in node j does not
exceed t and its next transfer is into node k, k € (1 d ]|

= Pr{time of residence of a unit having just arrived in node j does not
exceed t, given its next transfer is into a node in the set with

indices (1 2.0, dj)]

725
X Prithe unit’s next transfer from node j is into node k,
given that k is an index in the set (11,-'-, dj)]

= Prfmin(V}, .+, Vi, < )]

XPVy <min(Vj, V1,V s, Vil (€8]

The first terrn on the ngﬁt 51de of (1), the unconcilhonal probability of an
individual residing in transient node j during any sojourn for at most ¢ time
units is most easily computed by first recognizing that the event that the
smallest of the d; random variables Vi1, Vjg, assumes a value not exceed-
ing ¢ in magmtude is the logical complement of the event that all d. of the

Vi random variables assume values, independently, which are greater than ¢.
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Therefore, the first term is equal to

4
1= Pr[Vjy >t Vg >t] =1 - ,Ejp (Via > t)
dj
=1- 1‘{.(1 — G (2)).
a=1y

The second term on the right side of (1) is evaluated to yield

P[Vk < mln( i, “"lj‘k—l"/j,k"'l’“."]jdj)]

wjl=1 xjd;—1 (Kjk -1+ ij=l_im)!

J

= Z Z P
iy,=0 ig,=0 (]—I,,,=1j zm!)(kjk - 1)!

Ay VY A, \y
X b X %4 X oo X
A A

where A = Ay + Ay + Ay + oo + 4, The index k is not included in any
sequence of 1ndlces rangmg from 7 0 jd;-

The right side of equation (2) is a multlple sum of multinomial probabili-
ties. As demonstrated, the number of terms depends directly upon network
topology (the d;’s), the parameters «;,, and indirectly upon the number D of
nodes in the network (1=d, <D, “al j). The computation presents no
problem for small D, «;,, and d;. As these integer valued parameters
increase in magnitude the factorials must eventually be approximated
(Stirling’s approximation) as a limit is reached on the magnitude of factorials
that can be stored as whole numbers in tables. Additionally, the right side of
equation (2) may yield extremely small values, leading to loss of significant
digits in the result. Roundoff of individual terms is avoided until the final
result is reached. Details of numerical calculations of the right side of (2) are
given by Snyder [21].

For absorbing nodes j, distributions of g,,(¢) are degenerate. For nodes k
which are not directly accessible from node J» q;(2) is defined to be zero for
all t > 0.




172 R. L. PATTERSON AND D. SNYDER
5. COMPUTATION OF ELEMENTS OF P

The relation p; = lim, .. g;(¢) yields for transient nodes j
Pi = P[ij < min(VjIJJ""Vj,k—l’Vj,k+1’”"dej)]' (3)

6. COMPUTATION OF ELEMENTS OF W(¢t)

For transient nodes j we have the relation
wjk(t) = Pr[tn+1 - tn < t‘ Xn =j’ Xn+1 = k]
from which we obtain the formula

wjk(t) = qjk(t)/pjk (ij > 0)~
Upon substituting, we have for all transient nodes j,

wy(t) = P[min(lej,---,dej) < t]

d;

=1~ 1 (1 -G.0). (4)

a=1j

Since in the present instance, w;(¢) is the same for all indices in the index
set (1 FRES dj) the conditional residence time c.d.f. wjk(t) is also equivalent to
L puwylt), the unconditional residence time of an individual in compart-
ment j for a single sojourn.

The mean unconditional time of residence of an individual in transient
node j for a single sojourn in node j is therefore p; = [7(1 — wy, () dt for
any compartment k in the set (1,,-+, d)), or p; = B, = =

7. COMPUTATION OF ELEMENTS OF F(t)

Explicit analytical solutions for interval tramsition probability functions
cannot be obtained in general and in most cases must be numerically
approximated. In certain special cases of network linkages consisting of
compartments linked in series or simple variations thereof, analytical solu-
tions can be obtained for some residence time c.df’s w;(t). When the
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process governing movements of individuals among compartments is strictly
Markovian (meaning that all compartment residence time c.d.f.’s are expo-
nential), the form of an exact analytical solution for the f;,(¢)'s is known. This
is because they are the solutions to a linear time-invariant system of first-order
differential equations and the solution to that system is well-known, even
though numerical solutions usually require approximation. In steady state
cases, the f;;()'s can be computed as solutions to a linear system of algebraic
equations. One method for approximating the fjk(t)’s makes use of powers of
the submatrix N (defined above) and is effective when entries of N” are near
zero for small integers r, a condition that depends upon both compartmental
linkages and values of the parameters of the G;(t)s. Snyder’s numerical
model does not compute interval transition probaf’)ility functions.

8. NUMERICAL EXAMPLE

Snyder computed numerical examples of P and W(t) matrices for several
compartmental networks, including the following case.

A three-node network (Figure 1) consists of initial node 1, node 2, and
absorbing node 3, with nodes 1 and 2 being transient. Interpreted in terms of
island biogeography theory, node 1 may be a preferred seasonal habitat, node
2 may be a place where an individual resides when not in its preferred
habitat, and node 3 represents a biological condition such as non-reproduc-
tive or even death.

For transient node 1 parameters of c.d.f’s in the group (V,,,V},) =
(V3. Vig) are Ay = 2, k), = 2; A3 = 2, k3 = 2. For transient node 2, the
corresponding group (Vy, , Vy, ) = (V,y, Vy,) has parameters A, = 1, kg =
2 Ay = 2, Ky = 2

Fic. 1. Three-node compartment model with y distributed node residence times.
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The P matrix is computed from (2) to be

0.556 0 0.444

0.000 0.500 0.500
P = .
0.000 0.000 1.000

Rearranged in the block form defined above,

L2 8-

Powers P? and P* represented in the given block form are

0.500 0 0.500 |.

1.000 0.000 0.000
0.444 0.556 0

1.000 0.000 0.000
P*=10.722 0278 0.000
0.722 0.000 0.278

and

1.000 0.000 0.000
pt = [0.923 0.077 0.000].
0.923 0.000 0.077
After four transitions, starting from state 1, there is more than a 92%
chance that the governing semi-Markov process will be in state 3 after four
transitions. Restated in terms of population movements among the three-
compartment network, after a typical individual initially entering the network
in compartment 1 has made four transitions, there is a 92% chance it will be
in compartment 3. Higher powers of P produce a block form in which the
second and third columns contain entries all of which are approaching zero
while the first column contains entries approaching unity.
The W(¢) matrix, being a function of calendar time ¢, is a continuous
family of 3 by 3 matrices. For ¢t = 0, 1.00, and 3.00:

-

— 0.000 0.000]
wW(0) = |0.000 — 0.000 | current node;
L — - - wl
[ — 0835 0.835]
W(1.00) =081 — 0.851 s
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and

—  1.000 1.000
W(3.00) =10999 —  0.999 (-

For instance, the probability that a typical individual will have a sojourn
time in compartment two for at most 1.00 (residence) time unit is 0.851,
increasing to 0.999 when the number of residence time units increase to 3.00.
The mean unconditional residence times for an individual in nodes 1 and 2
for a single sojourn can be easily approximated using only W(0), W(1), W(3),
and assuming the probabilities in W(4) are all equal to unity. As matrices
W(¢) for additional time points ¢ become available the approximations
increase in accuracy. Using only the above matrices, p;, = p, = g5 is
approximated as 1.78 (time units) and p, = py, = M,y is approximated as
1.78 as well.

To obtain the unconditional probability that an individual in transient node
j will transfer next to node k, and its time of residence in node j is at most ¢
time units, the probability qjk(t) is computed (1). For instance,

g12(1.00) = p, X w,,(1.00) = 0.500 X 0.835 = 0.418

and

0  0.4I8 0.418
Q(1.00) = 0473 0 0473 |

Probabilities q;(¢) are undefined since w;(t) is degenerate. The 2 X 2
submatrix of transfer probabilities is

N = [ 0 0.500],

0556 0
_ 1 ~0.500
L N“[~o.556 1 ]

and

_o1-1_[1.385 0.692
[1-N] [0.770 1.385]'
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The unconditional mean time of residence of a typical individual in the
subset of transient compartments, initially entering compartment one accord-
ing to equation (1) is equal to

po=my X (3 X prg) +myy X (fgs X Pg3)
=1.385 X (1.78 X 0.500) + 0.692 X (1.78 X 0.444)

= 1.233 + 0.547 = 1.78 time units.

Under equilibrium conditions the expected number of individuals in the
subset of transient compartments is 1.78 X A where A is the long-run mean
rate of arrival of individuals into the network from an external source.

In cases where a population of size N is initially in residence in the set of
transient compartments with no accumulated residence times in those com-
partments, and the objective is to analyze movements of those N individuals
a vector (Ny,-+, N,) of individuals in each of the s transient compartments is
defined (N = N) from which analyses of their movements can be obtained
using only quantities defined above [19].

As indicated above, a technique that is sometimes useful for computing
elements of the matrix (F(¢)), when the controlling process is semi-Markovian
and all random variables V; are Gamma distributed, is to expand the state
description of the semi-Markov process (with corresponding expansion of
numbers of compartments) so that the expanded set of V,;’s are individually
exponentially distributed. The expanded set of F(t)'s are then solved as a
time-invariant, linear system of differential equations with constant coeffi-
cients.

To illustrate, Figure 2 shows an expansion of the three-compartment
network into a six-compartment network with connecting linkages. Table 1
shows correspondences between interval transition probabilities. fij(t) and
5 (t) where f¥(t) is an element of the matrix F*(¢) of interval transition
probabilities corresponding to the six-compartment network. Table 1 assumes
that an individual must initially occupy the first-stage of any compartment
whenever multiple stages occurs for that compartment. For example, com-
partment 1 in Figure 1 is expanded to three compartments 1, 2, and 3. The
model assumes that an individual may, initially, only occupy compartment
(stage) 1 in Figure 2 if it initially occupies compartment 1 in Figure 1.
Compartment 3 in Figure 2 can be eliminated by combining it with compart-
ment 2, but only because in this instance the parameters Aj,, A5, and Ay
are equal in magnitude.
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Fi1c. 2. Six-node compartment model with exponentially distributed node residence times.

Assume in the present example that the six-compartment network is
initially empty and individuals arriving from an external source enter com-
partment 1 only. The unconditional probabilities P(X(t) =j) (j = 1,2,3)
(Figure 1) can be computed by first computing the f¥(¢)'s and applying
Table 1 to obtain the equivalent solution for f,(t) = P(X(¢) =j) (j =

1,2, 3).
TABLE 1
EQUIVALENCE OF INTERVAL TRANSITION PROBABILITY FUNCTIONS
Three-node
network probabilities Six-node network probabilities

Ju® = @) + () + fise)

Fre(®) = @) + fis@®

f 13(t) = f ﬁs(t)

fal(®) = F5@®) + f5@) + fi5(0)

Fae®) = fE) + fE@®

fas(®)

fat)
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A solution for the linear system

fi(2) = —4ff(0) + fi(e) +F5(0)
fh(t) = —4fh(e) + 2f5()
fise) = —4ffs(2) +2fH(8) + 2f3(t)
fli(8) = =3f%(e) + 2ff(t) + 2fH5(1)
fi(e) = =3fi5() + 2fH()
fis(t) = 2fi(2) + 2fH(t)
St (8) +1500) + fi(e) + fie) + f5(8) + fie(e) = 1;
fit)y 20, f(0O+) =1L f5(0+)=0 (j=2,.6).

for the f{(#)'s gives the solution (from Table 1) for the f;()’s and hence the
unconditional probabilities P(X(t) =j) (j = 1,2, 3).

Table 2 shows a solution to the above system obtained by numerical
integration. Table 3 shows the solution for the corresponding interval transi-
tion probabilities associated with the three-compartment network. Time
points at which probabilities are computed were selected to show time
intervals within which interval transition probability functions peak.

The mean and variance of the c.d.f. of the number of individuals in each
compartment at any time ¢ can now be computed, given sufficient informa-

TABLE 2
INTERVAL TRANSITION PROBABILITIES FOR THE SIX-COMPARTMENT MODEL

t B L0 I £ O B £+ 2 B & €2 B £+ (3 AN #v((2)

0 1 0 0 0 0 0
0.10 0.667 0.139 0.151 0.027 0.001 0.015
0.25 0.370 0.189 0.235 0.110 0.018 0.078
0.50 0.167 0.144 0.214 0.194 0.066 0.215
0.75 0.106 0.092 0.154 0.195 0.102 0.351
1.00 0.084 0.063 0.109 0.163 0.111 0.470
1.25 0.070 0.047 0.081 0.128 0.103 0.571
2.00 0.038 0.024 0.040 0.062 0.058 0.778
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TABLE 3
INTERVAL TRANSITION PROBABILITIES FOR THE
THREE-COMPARTMENT MODEL

t fu®) Sre() frs(®)

0 1 0 0
0.10 0.957 0.028 0.015
0.25 0.794 0.128 0.078
0.50 0.525 0.260 0.215
0.75 0.352 0.297 0.351
1.00 0.256 0.274 0.470
1.25 0.198 0.231 0.571
2.00 0.102 0.120 0.778

tion about the statistics of the arrival process of individuals from an external
source [20]. When individuals arrive in a random (Poisson) stream with
intensity a(¢tXa(t) > 0; t > 0) at initial compartment 1, the number of
individuals in each compartment j at any time ¢ > 0 is Poisson distributed
with mean equal to

[a(2)fy(t = 2) &=

assuming no individuals are present in the network at initial time ¢ = 0.
Using the numerical parameter values given above the process {X(#)} is in
virtually a steady state after only two time units have elapsed. Thus, solving
the more simplified system of algebraic equations representing steady state
conditions would have produced constant compartment residence probabili-
ties that represent rather accurately the transient model probabilities for
t > 2.00.

9. COMPARISONS TO THE MACARTHUR-WILSON MODEL
MacArthur and Wilson [10] assumed the deterministic relationship
dn
= = 1(n) = B(n),

where I(n) is the (density-dependent) immigration rate for species onto an
island from an infinite mainland source, E(n) is the extinction rate of species
on the island, and n(¢) is the number of species on the island at time ¢ > 0.



180 R. L. PATTERSON AND D. SNYDER

Both I(n) and E(n) were assigned parametric forms in which the immigra-
tion rate decreased linearly as n increased until it reached zero at a preset
value of n. Similarly, the extinction rate increased linearly with increasing n
until n reached a preset level, whereupon it became constant. MacArthur
and Wilson (10] provided supporting evidence for this model. Later, other
workers parameterized the immigration rate as a decreasing function of
distance from the mainland source to the island, and parameterized the
extinction rate as a decreasing function of island size.

When compared to the model that Snyder used as a basis for his numerical
adaptation, several important differences stand out. The MacArthur-Wilson
model (referred to as the M-W model) contains a single compartment
whereas the Snyder model (referred to as the S-model) is programmed to
accept up to 75 compartments linked arbitrarily. For instance, the three-
compartment model illustrated above can be interpreted in different ways.
The second transient compartment may reflect a second island onto which an
individual may immigrate periodically before reimmigration back to the first.
It may also represent another mainland source to which indivduals migrate
after they have once immigrated onto the island. Although the numerical
parameters used in the illustration do not suggest it, the second transient
compartment may also reflect a biophysical condition on the island occurring
and re-occurring randomly in time that changes habitat conditions sufficiently
to cause changes in the rates of migration off the island, whether it be back to
the source or to the absorbing compartment. Compartment 3 in the S-model
provides an ongoing tally of individuals that have migrated into compartment
1 and subsequently departed, never to return.

The M-W model does not provide for randomness in arrival rates or
residence times on the island, contrary to the S-model. Patterson [20]
developed formulae for computing means and variances of population sizes in
individual compartments for three different immigration processes into com-
partment 1. Those formulae are not demonstrated in this paper. Whereas the
M-W model later included distance and area parameters, the S-model did
not, although those parameters could easily be incorporated, even for every
transient compartment if distances and areas are relevant. In applications to
model simulations where animal populations require corridors of certain
dimensions for successful migration between habitats, the corridors them-
selves are represented by compartments having parametric specifications in
terms of geometry of biophysical conditions [21] needed by those populations.

As the M-W model contains no provision for statistically variable lengths of
times in residence on the island compartment, there is no well-defined mean
time of residence of individuals or species on the island, in contrast to the
S-model. However, Allen and Matis [2] and others have shown that the
solution to the deterministic M-W model (and its deterministic linear, first-
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order generalizations) under certain conditions is equivalent to the solution
for the mean times of residence of individuals in compartments of networks
where movements among compartments are governed by Markov processes.

Other statistics describing movements of individuals or populations among
compartments that are well-defined for the stochastic model are nonexistent
for the deterministic model. For instance, the mean number of times an
individual reenters a certain habitat during a period may be a useful statistic
for population managers and can be computed provided sufficient data are
available. That statistic is not defined for the deterministic model.

10. CONCLUSION

The Snyder [21] numerical implementation of a linear, stochastic compart-
mental model containing up to 75 compartments, linked arbitrarily, is a
contribution to the tool kit for analyzing population movements through a
network of corridor-linked habitats. It computes two key matrices that are
needed for evaluating and comparing different networks. From these two
matrices, other statistics can be computed that are potentially useful. This
model is so far the most mathematically sophisticated tool the authors have
found in literature of numerical analysis of stochastic compartmental models.
That alone does not mean that the model is necessarily going to be relevant
to any particular study of patterns of movements of naturally occurring
populations. The problem of model specification in a particular case is not
addressed in this paper—only the problem of model analysis and what can be
computed with an appropriate model once it is specified. Stochastic compart-
mental models seem to be an obvious tool for analyzing population behavior
and movements that exhibit random fluctuations over time.
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