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Abstract—An analysis of the collisional transition between the lower atmosphere and the
collisionless exosphere is carried out based upon an integral formulation of the Boltzmann
equation. This investigation utilizes a collision model which is a combination of Lorentz-gas
and relaxation collision models. The results of this analysis indicate that intermolecular
collisions act in two ways to affect the atmosphere. First, there is a critical layer, similar to
the apparent photospheric surface of the Sun, from which the material escaping from the planet
originates. This layer is determined by collision suffered by particles moving on orbits which
skim tangentially by the planet. Secondly, collisions reduce the vertical flux of material in a
manner analogous to the diffusion processes which occur in the lower atmosphere.

1. INTRODUCTION

A planetary atmosphere is naturally stratified into two broad regions: a lower
continuum stratum within which intermolecular collisions prevail, and an upper stratum in
which the atmospheric gases behave as a classical Knudsen gas. This differentiation results
from the decrease of the collision frequency with height above the planetary surface. In the
upper stratum particles moving with speeds in excess of the escape velocity can escape
from the planetary gravitational field. Since material is escaping from the atmosphere and,
conversely, being gained from the surrounding ambium, the state of a planetary atmosphere
is obviously time-dependent. These facts were apparent to Waterston:#) in 1846 when he
presented his controversial paper on the kinetic theory of gases. Since that time, numerous
investigations have been carried out in an attempt to clarify the nature of the escape process
and to determine quantitatively the rate at which material is being lost.®*-17)

Many of those early investigations,~11-14 and recent studies of the exosphere as
well,18-28) are based on the concept of a critical level above which the atmosphereis considered
collisionless and below which the atmosphere is treated as isothermal and collision-
dominated. Under these circumstances the distribution function in the lower atmosphere
takes the form given by Jeans¥

S*@*, V*) = N*(B.*[n)*1 exp [-B,*(V*2 + V., **(r* — R¥)[r*R*)] )

where N,;* is the number density of the ith species at r* = R*, 8;* = m,*[2kT* the inverse
of the most probable particle speed squared, V,* is the escape speed at r* = R*, and R*
is a reference distance from the center of the planet. Here the star is used to indicate
dimensional quantities.

If a critical level, rer*, is assumed above which the collision frequency is zero and below
which the atmosphere is collision-dominated, one finds that the distribution function given
by Jeans™® implies an escape flux

F¥ = NF (BN (1 4 B*V PR [r*) exp (—B*V,*D) @
a result obviously dependent upon the height of the critical level. This indeterminacy has

* On leave at Department of Applied Mathematics, Queen’s University of Belfast, 1965-1966.
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been alleviated in many ways, but the most frequent assumption employed is to choose as
the critical level the point at which a particle moving upward has a probability of 1/e of
escape without suffering a collision.%

Although the critical level model of the exosphere, which assumes a finite discontinuity
in the collision frequency, offers a simple, convenient scheme for estimating the escape
flux, it obviously does not represent the actual transition to the exosphere in which the
collision frequency must be a continuous function of altitude. The inconsistencies of the
critical level model were recognized by Milne"® and Jones,!® who improved the model
by introducing a variable critical level which depended upon the zenith angle of a particle
trajectory.

Recently Byutner®1? further improved the model by considering in an approximate
fashion the effect of distortions to the distribution function in the transition region.
However, neither Byutner, Jones, nor Milne has attempted a self-consistent analysis based
upon the kinetic theory; rather these theories, as does all previous work, rely upon a priori
assumptions about the collisional processes which must determine the distribution function
and consequently the escape flux within a transition region between the collision-dominated
lower atmosphere and the collisionless exosphere.

To achieve a rational analysis of the escape flux and the transition to a collisionless
exosphere, the present study proceeds from a set of self-consistent integral equations,
deduced from the Boltzmann equation, governing the kinetic processes of the neutral
particles situated near the lower boundary of the exosphere. On the basis of these equations
the escape fluxes of separate major and minor constituent gases are evaluated.

2. INTEGRAL EQUATIONS

Consider a spherically symmetric atmosphere of neutral particles surrounding a planet.
The velocity distribution function, f;*, is assumed to be a sufficient representation of the
microscopic state of the gas. The function f*(r*, V*)dr*dV* represents the number of
molecules of species i in the element of volume dr*dV* surrounding the point r*, V* in the
phase space, or u-space. Further, it is assumed that molecules experience only binary
collisions and that the external forces acting upon a particle are conservative. Under these
circumstances the distribution function for the ith species of gas must satisfy the Boltzmann
equation

V* . %_ —_— .L .a_w_ . g['__ = z ff [ﬁ*(vi*’)f'j*(vj*’) _ﬁ*(vi*)_f:i(vj*)]
X g*I*(g, x) dQ dV * ?3)

where the summation of j includes all possible collisions suffered by the ith species. Here
V* is the velocity of a particle, m;* the molecular mass of the ith species, ¢* the force
potential, g* the relative velocity between colliding particles, |V,* — V,*|, x is the angle
of deviation of the relative velocity vector caused by a collision, 7 the differential collision
cross section and the prime ( )’ denotes conditions after a collision. The reader is referred
to reference!®® for an extensive discussion of the Boltzmann equation for neutral particles.
The boundary conditions applicable to the non-ionized gases in the exosphere can be

specified as follows:
() atr* =R*  f*@*, V) =F*|V]) pu=0 C)

(b) asr* — o© SHE*, V¥ —0 pu<o0
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where p = r* « V¥[(|r*| |V*|). The first condition states that at some level R* the distribu-
tion function is known. This is realized at low levels where the collision frequency is high
and consequently the distribution function is very nearly Maxwellian. The distribution
function at this base level can be taken to be the local Maxwellian function

F*(V*]) = N*B:*[m)"2 exp (— BV &)

The second condition of (4) is somewhat more restrictive, because it implies that the planet
is completely isolated so that no material is injected into the exosphere from the surrounding
ambium. Although this is not generally the situation, one can neglect the cross-
coupling between incoming particles and escaping particles as a first approximation. The
only additional information required is a knowledge of the potential force acting on the
particles. For a spherically symmetric planet, the Newtonian gravitational potential is
given by the relation

PHE*) = —G*Mo*m*[|e*| (©)

where G* is the universal gravitational constant, and M,* is the mass of the planet and
atmosphere below the level r* = R*. In this formulation the mass of material comprising
the exosphere is assumed to have no significant effect upon the gravitational potential.

Before developing the formal solution to equation (3) for the distribution function it is
convenient to decompose the collision term as follows:

o =3 [ fAVA WV, ", 2) dQdV,* ™
and

v* = ;H [AV**1*(g*, x) dQdV,* @®)

These terms may be treated separately so long as one adheres to the concept that a collision
is an isolated event. For this to be true, the effective range of intermolecular interaction
must be much smaller than the mean distance between particles. This concept, although
implicit in the binary collision assumption, is not rigorously satisfied by most molecular
models. This condition is of minor importance if the collision term is not separated.
However, when correctly defined, the quantity »,* is the collision frequency for a given
particle with all encountering particles. The first integral, o,*, represents the net number
of particles “produced” per second per unit volume of phase space due to collisions. Actu-
ally this process is not a production but a transfer of particles from one section of phase
space to another due to the collisional process. These two quantities have physically meaning-
ful definitions, and the collision frequency in particular is a most important parameter in
transitional problems. In such problems it is especially useful to separate these terms rather
than to mask their individual effects in combination. This is clear if one considers that the
combined collision term is zero for both the collision-dominated and the collisionless
cases, while in these extremes the collision frequency must vary by orders of magnitude.

In order to simplify the succeeding analysis, the following non-dimensional parameters
will be introduced

V= V¥V, * 0, = o *R*V *2N* V,* = (2G* My*|R*)\/2
r =r*/R* v, =v*R*V* M= BFV* ®

Li=[f3VIN® g =o*[V,* po=1* Vx| (V¥
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In terms of these coordinates and parameters the basic formulation of the problem becomes

¥ ud
Vst [V ) 2)ll”" s 1o

where the distribution function f;, is subject to the boundary conditions
(@) atr=1 [, VY=FW) u=0
(byasr—>ow  f(r,V)—>0 pw<0 (11)

Equation (10) can be treated formally by the method of characteristics.® The
characteristic equations in this case are:

dr  —2r*dvV du _df; (12)
Vu J Wip =12Vl — @) (o, — 7, f)
Equations (12) admit the following three independent integrals
E=3072— 1)

J? =21 — u?)

Fie V) = £V exp | + rl(,,ﬂ)dp} ”ﬁ:(vﬂ) [+ rl(Vﬂ)dEJdp a3

where the integrations are carried out along paths of constant E and J in the phase space.
It should be noted here that E is the non-dimensional total energy of a particle and J its
non-dimensional angular momentum. In order to simplify the analysis E and J will be
introduced as primary variables replacing V" and u. Note that in the inverse transformations
V= Q2E + 1/r)'2
p = £[1 = PJ¢*2E + 1/r)'/ (14)
4 is not uniquely defined in terms of the new coordinates. This difficulty is circumvented
by splitting the distribution function such that
L=t
where (15)
fi=f for p>0 and f,=f~ for u<0
In terms of this designation of f;, one may formally solve the last equation of (13) for
f; as follows:

SiE(r, E,J?) = f{P (ry, E, J?) exp [—er§i’ dp:'
1

e [~ [0 a] ap 16
wlp, CE + 1p)'™, £ (1 — JYpH2E + 1p)]

Qii (p, E,J®) = QE + 1]p — J%p?)'2 an
and
_olp, QE 4 1/p)'/%, 4= (1 — J2/p*(2E + 1/p))'/?]
Pi:t (p, E, J?) = QE + 1]p — J*p®)12 18
where

o,=0r,V,u) and v,=v(r,V, )
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This form for f; is not complete because the integrals in equation (16) are not completely
specified. The integration is to be carried out along paths of constant E and J2. These paths
are easily recognized as being the paths that a particle would follow if there were no
collisions. That is, the two integrals E and J2 are the energy and angular momentum of a
particle with velocity ¥ and direction 4; thus a path of constant E, J?is identical to the path
followed by a point mass moving in the planetary gravitational field. The quantity E is
the total energy, which is negative for trapped particles. One important property of the
motion of a particle in an attracting central force field is the existence of bound orbits,®? or
closed characteristics. The extreme values of r at which the closed characteristics have
minima or maxima are the points at which u = 0. At these points the direction of integra-
tion in equation (16) must be changed, and @* and P* change to the corresponding Q¥ and
P¥, depending upon the sign of x after the change in direction; hence the (4) in
equation (16).

A second difficulty results from the necessity to know at which boundary, if any, the
characteristic originates, so that bounding values of fi(r;, V) may be determined. However
once the extreme values of r are known for a given characteristic it is an elementary task
to determine which characteristics originate at the planetary surface and which originate at
infinity. The only remaining problem is to determine the limiting values of r on a given
characteristic where E and J? are constant. This is easily accomplished by setting 4 = 0
in equation (14) and solving for the values of r.

1. ForE>0

r=r,= —(1/4E)1 — /(1 4 8EJ?) (19)
2. ForE=0

r=r,=J> (20)
3. For E<0

r=r, = —(1J4E)(1 + +/(1 -+ 8EJ?)
r=r, = —(1J4E)1 — /(1 + 8EJ%))

where r, is the maximum, sometimes referred to as apogee distance, and r,, is the minimum,
called the perigee distance. Notice that cases 1 and 2 represent unbounded characteristics
which have a single minimum and no maximum. Case 3 represents completely bounded
paths with r, < r < r,. When the path penetrates the sphere r = 1, r, < 1, or in terms
of E, J?

@1

E>J2—} 2
Furthermore, since u is a real quantity
E> J?2r2 — }r (23)

This information is summarized in Fig. 1, with the labels I and II referring to open and
closed characteristics respectively, the subscripts a and b referring to cases having minimum
radius r, < 1 and r, > 1 respectively. The shaded region represents characteristics which
originate at the planetary surface. Figure 2 is a schematic diagram of these various charac-
teristic paths.

It is interesting to note that in regions I,* and I,~ the characteristic paths are bounded
and reach neither of the boundaries. In the past, the study of these bound or satellite
orbits has been made difficult by the lack of a meaningful boundary condition. However
the above-mentioned difficulty does not present itself when a collisional analysis such as
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Fi1G. 1. CHARACTERISTIC LIMITS IN THE E, J2 PLANE.

Fi1G. 2. TYPICAL CHARACTERISTIC PATHS, WHICH ARE IDENTICAL TO THE TRAJECTORY OF A
PARTICLE IN A VACUUM.

the present study is used. Under these circumstances r; may be set equal to r and the
integration carried out around the entire path. The result is a compatibility condition which

determines f;. This relation for f; may be obtained from equation (16) by setting r, = r
and solving for f; as follows:

_ §P‘H:) exp (___P§rQ._(i) dE) dp
Jir B, ) = —=— exp (—$Q,* df) -

The equation for f;* may now be written specifically for the various regions.
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1. In region I, *

fHr, E, J% = F(E) exp (— J‘l "0+ d§) + f P exp ( — f,, "o d§) do  (25)

e [fi(r, E,J® = f*(r,, E, J*) exp (—J;'GQ,- dE) +J:6P,~" exp (——J;PQ,-‘ dé) dp (26)

This region is commonly referred to as the ballistic component.

2. In region I,*

£, E,T?) = exp (:FJ;:Qii dE){:I: f :p,.i exp (i f :Q‘i ds) dp

BRI e

dé

+ P, exp [—J::Q‘ dé _I_J;:"(_Q:iz-_Q:) d§] dp); 27

This region is the satellite component, which has no definite boundary condition.

3. In region II,*

520, B.7 = FE)exp (— Qi dp) + [Pirexp (- [0t ) dp @9

and
[, E, ) =fr°°1>,.— exp (— f ‘o d;:) dp 29)

This region is the ballistic component, which can escape from the planet, and f;~ is the
return flux determined entirely by collisions.

4. In region II,*

f(r, E,J%) = f “Prexp (— f “or ds) dp (30)

d
N fit(r, E,J®) = f(r,, E,J?) exp ( — f :Q,-+ dé) + J- :Pi+ exp (— J., 'Q,.+ ds) dp (31

This component is determined entirely by collisions and is absent in the collisionless
solution.

The physical significance of these integral relations for f; can readily be seen by rewriting
the general relation (16) in terms of the distances along the characteristics

766, £ = 100, E Ty exp (- [ a19) + [toovoness (~ [avno) as - @

where s is the path length measured from the boundary at r = r;, and where I(s) = V(s)/v,(s)
is the free path between collisions in an isotropic medium with collision frequency »,(s) for

8 ’
a particle moving with velocity ¥(s). In equation (32) the quantity exp (——f _I) is the
0
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probability that a particle will travel the distance s without suffering a collision.® Thus,
the first term on the right-hand side of equation (32) accounts for the number of particles
on the characteristic at s’ = 0 which ultimately reach s. The second term accounts for the
number of particles which, due to collisions, are deflected onto the characteristic and ultima-
tely reach s. Here, the effects of chemical reactions and ionization are assumed to be small
compared with molecular collisions.

3. LIMITING SOLUTIONS

The integral equations developed in the preceding section admit two limiting solutions
corresponding to the completely collision-dominated situation and its collisionless counter-
part. It is useful to develop these limiting situations before proceeding to the more complex
cases.

(a) Collision-dominated solution

When the collision frequency becomes extremely large or the mean free path sufficiently
small one can write equation (32) in the following form:

Jfis, E,J») = F(E)exp (—J:ds"/l) ~}—J:(0'i/v,-) % exp (— J; fds”/l) ds’ (33)
thus fi—o)v(s) as ls)—0

;= vfi =0 (34)

But this is the condition for the distribution to be Maxwellian."¥ The solution in this
situation is

Jdr, E,J?) = F(E) = (M 3[7*1%) exp [— M *2E + 1)]
or in terms of the conventional velocity coordinates
Sl V) = (M 3Ry exp [~ A XV + 1 — 1]r)] (33)

This, of course, is the limiting case where transport fluxes vanish. In this situation the
number density has the value

n(r) = exp [—# 21 — 1/r)] (36)

which identifies with the density of the isothermal atmosphere obtained from the hydro-
static equations. This solution represents the lower atmosphere where the collisions are
frequent. The presence of transport fluxes and radiation processes tend to deviate the
molecular distribution from the ideal locally Maxwellian state.

(b) Collisionless solution

In the other extreme, where the collision frequency is zero above the boundary level, one
obtains the collisionless solution as given by Aamodt and Case.?? When o, =»; =0
equations (25)-(30) reduce to

0 in I~ I,*
ﬂ(r, E, J2) = Fa(E) in Ia:':’ IIa+ (37)

undefined in I,
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Here the solution was taken to be Maxwellian at » = 1. This solution has commonly been
taken as a satisfactory model for the exosphere and has been used extensively to determine
the escape flux. The number density in the collisionless case can be evaluated from the
distribution function (37) if an appropriate assumption is made concerning the undefined
satellite components in regions I,=. Here it is assumed that the satellite orbits are not
populated in agreement with the assumptions of Aamodt and Case.®” Thus one finds

n; = (1/2) exp [— A (1 — 1/N] {1 + erf (H[1/T)
— V(1 = 1) [1 + erf (A [/(r + )] exp [~ A 2 r(r + 1)] (38)
+ @AV (N (A — 1r) — 1) exp [— A4 2r]}

where erf(x) = (2/4/7) Jw exp (— t3) dt.
0

(¢) Comparison of limiting results

The distribution functions for the two limiting solutions are closely related since the
collisionless solution is equal to the collision-dominated solution except for particles which
have escaped and those on the satellite orbits, for which the distribution function is assumed
to be zero. Near the base level the differences between these limits are small when one
considers the macroscopic properties of the atmosphere. For instance, the number densi-
ties of the two solutions differ as follows near the base level

Ton Mok _ 8 0.t /) exp (—A 2

Hop i

for #,> 1 and r =~ 1. These variations grow as the altitude above the boundary level is
increased until the two solutions exhibit widely varying number densities as » — o0. The
collisionless solution tends to zero as r — oo, while the collision-dominated solution tends
to a constant number density. This same behaviour is exhibited by the other macroscopic
properties of the atmosphere except for the escape flux, which is zero for the collision-
dominated solution. The loss of material in the collisionless case can be expressed in terms
of the escape flux

F = 4ar’n(rur) = 2V o( M, 4 1|M ) exp (— M ?) (9

For reference, this flux is presented in Fig. 3. The collision-dominated solution presented
here has excluded the possibility of transport fluxes, however this is not physically realistic,
and indeed Bates®™ and Bates and Patterson‘®-3) have shown that for light-weight gases
such as hydrogen the upward flux of material caused by escape has a profound effect upon
the number density of these constituents within the lower atmosphere. The number density
may be reduced by an order of magnitude for hydrogen in the Earth’s atmosphere due to
material being removed more rapidly by escape than it can be replenished by diffusion from
below.

Thus, although these two limiting solutions appear similar in terms of macroscopic
properties near the transition level, it is to be expected that the coupling between the lower
and upper atmosphere in the transition region will profoundly affect both the thermosphere
and exosphere. What is needed is a model which spans the collisional transition region and
which includes a detailed examination of the collision processes.
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FiG. 3. ESCAPE FLUX PREDICTED BY THE COLLISIONLESS THEORY.

4. ESCAPE OF A MINOR CONSTITUENT GAS

It has been suggested that the assumption of quiescence and the neglect of the collisional
transition between the lower and upper atmosphere have serious consequences on the present
theories of atmospheric escape. In order to pursue this question, the escape of a minor
constituent gas will be considered in detail. The formalism necessary for this examination
was developed above, however a molecular collision model must be postulated in order to
proceed.

(@) The relaxed Lorentz-gas collision model

In the past, three general techniques have been used to simulate mathematically the
effects of collisions. First, the relatively exact formulation of the binary collision integrals
combined with an intermolecular force law can be used to relate the collisional production
and loss to the distribution function. This is of course the preferred choice, but the com-
plexity of this approach has serious disadvantages in involved problems like that of atmos-
pheric escape. The second approach is the simple choice of postulating the collisional
effects a priori, neglecting entirely the coupling with the actual distribution function. Jones%)
and Byutner® used this method with limited success, and although their results are useful
in a limited sense, the method cannot be used either to obtain the effects of upward motion,
or to relate the changes in the collisional production to the changes in the distribution
function resulting from the loss of material by escape. These effects must be considered for
the minor constituent gases with low molecular weight. The third alternative is to use an
approximate collision term, in the spirit of the Krook’s® relaxation model, which is a
compromise between these two extremes. However, such a model must be chosen with
extreme care in order to be as exact as possible without being so cumbersome-as to make the
analysis intractable.
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In developing a kinetic model appropriate for the study of the escape of a light-weight
minor constituent gas we begin with.a review of the properties of the classical Lorentz-gas.
This hypothetical gas represents the'situation in which n,/ng << 1 and m,/mg — 0, that is,
where a minor gas is diffusing through a background of infinitely massive scatters. Under
these circumstances a collision changes the direction in which a molecule is moving, but
never changes its speed. This is illustrated by the collision integrals for hard spherical
molecules satisfying the Lorentz-gas limits, where the collision frequency is

v, = m(d,g**ng*(NR*)V;
and the production is

+1
o, = (/2) f S B d

where d;g* is the collision diameter and the subscript B refers to the background gas. Here
all directions of motion are equally probable after a collision, but the speed is unchanged.
Thus if this kinetic model were employed in the escape problem the effects of collisions
would be confined to that portion of the distribution function where molecules have speeds
in excess of the escape velocity. However, in the real atmosphere, the mass ratio may be
small but is always non-zero; thus collisions do change the speed of a particle and con-
sequently, after sufficient time distortions to the distribution function, will spread to all
regions of the velocity space.

A real gas of non-zero mass will exhibit two relaxation times: first, a rapid relaxation
of the anisotrophies in the distribution function in the order of a single collision time; this
rapid angular relaxation is followed by a gradual decay of the residual isotropic distortion
to the local Maxwellian state in a time which depends upon the ratios of the mass of the
relaxing gas to that of the background gas. This problem is important in the theory of
weakly ionized gases,®” where the slow relaxation to the Maxwellian state can be realized
by adding a correction term to the Lorentz-gas production. This correction term is similar
to Krook’s single relaxation time collision model‘®® used in ordinary rarefied gas dynamics.
The addition of a smoothing influence, such as the relaxation model, causes the distribution
of molecular velocities to approach the Maxwellian state as required, while still exhibiting
the rapid smoothing of the Lorentz gas.

A similar model can be used to study the escape of a minor constituent gas of low
molecular weight. That is, a relaxed Lorentz-gas molecular model can be postulated which
has the following functional form:

v, = n(d;g**ng*(R*)V, (40)
and

o= »FE( = D) [ it B OIFCEN s + ) @y

where 7 is a parameter related to the isotropic relaxation of the minor gas. This form for
the collision operator is a compromise between the Lorentz-gas model®” where # = 0 and
a purely relaxation model® where 7 = 1. Notice that the Lorentz gas collision frequency
v;, has been retained since the escape velocity is usually very large compared to the thermal
speed.

peThe physical meaning of the parameter # and the logic behind this particular functional
form for o, can be understood from the following simple illustration. Consider the temporal
change of the non-Maxwellian distribution function in a homogeneous gas which has the
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modified Lorentz-gas collision model postulated in equations (40) and (41). The distribution
function depends only upon time and velocity, thus satisfying the unsteady Boltzmann
equation

of;
L — 9.1, 42
at ¢ 'V,ﬁ ( )
Introduce the function
+1
LE0 =D [0 EWIFE) @)

and integrate equation (42) over  to obtain the moment equation

0

- == nZ + - 2] (“4)

This equation has the solution
ZL(E, t) =1+ (Z(E,0) — De"™

indicating that (v,7)~ may be interpreted as the time constant for relaxation of the isotropic
distortions of the distribution function of the local Maxwellian F(E). Thus, 1/7 is a measure
of the average number of collisions required for a distortion of the distribution function
from Maxwellian to be reduced by a factor 1/e. Here, the relaxation rate is independent of
the velocity of the particles being considered and # is called the average relaxation rate
parameter.

(b) Average relaxation rate parameter (hard spherical molecules)

The relaxed Lorentz-gas kinetic model is complete only when the relaxation rate
parameter 7 is known. This parameter forms the connection between the mathematical
model proposed here and the gas mixture that the model is to simulate. However, at this
point one is faced with a rather delicate decision: Because the average relaxation rate
parameter has not been defined precisely, the definition of this parameter represents a
critical step in bridging the gap between the theoretical model and the physical reality that
this model is to represent. In order to resolve this indeterminacy, we decided to combine
the exact definition of ¢, from equation (7) with the approximation (41) and average over the
region of velocity space of interest to determine #; that is, to equate the two equations and
to average them such that

/ +1
=0 [ S0 B ) + 0 0B

~ < [ rvorsvseie  ao de> s)

where the bracket () indicates the integral over the velocity space for all velocities larger than
the escape speed. This definition for # insures that the total number of particles produced
by collisions with speed greater than the escape speed will be correctly represented by the
approximate collision model proposed here. We further decided that for the present applica-
tion a representative value of 7 could be obtained by evaluating the collisional production
operator for a specific distribution function which incorporates the main features associated
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with the exosphere. In particular, an equilibrium Maxwellian distribution truncated at the
escape velocity is chosen

F(E) Vi
7 R o LA (46)
Combining the distribution function with the definition for 7 chosen above yields the
relation
2w
J f f oVisin 0d 6 dedV
@7

27
J' f f v,F(EYV?sin 0d0dudV

where o, is obtained by evaluating equation (7) where f; is defined by (45) and f, = Fp the
equilibrium Maxwellian distribution function for the background gas. For a minor consti-
tuent gas composed of hard spherical molecules, equation (7) is linearly dependent upon f;
and can be partially integrated to give the relation

o = (s N5* R EEN [ [ [ LV exp 1340 + Vicos gylg
) )
where
L =ﬁ/Fi(E)
Q = ((m; + mp)2mg)(V, — V)
cos ¢ = Q. V,/(|Q| [V)).
Equation (48) is derived in a manner similar to that used in section 7.6 of reference @ to
develop the linear Boltzmann equation collision operator.
The collisional production, ¢;, can be evaluated for the limiting cases of mass ratio
equal to 1 and mass ratio very small. The results for these two situations are:
(@) mfmp =1
Hr.=1
= (d;g** Np*(R)R*)(A *(A 5*V)) exp (— A2V )
X A{(ME—Derf M+ (M,[\/7)exp(—#AD} (49)
@QvV.<1
= (d;g**Ng*(R)R*)(A 3|(A gV ) exp (—A 2V ?)
X {[M2EV?+ § —exp(—M2VE — )] erf (A,V)
+ (A Vi[/7) exp (— A 2V )} (50)
(b) mifmp <1
)V, =1
= (d;g** Ng*(R)R*)(A 3|(A V) exp (— A 2V )
X {[AH(1 — VH4)? + AFV72 + {1
X [erf (A p(V + 1)[2) — erf (A p(V; — 1)[2)]
+ [BV: — DA /4 + APV, — DXV, + D8] exp (— AV, + 1P[4)v7
— [3V: + DA p/4 + APV — 1)V, + 17[8] exp (— A XV, — 1P4)[v/7} (51)
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@V <1
0; = d;g*2 Ng*(R)R*)(M 3[(M V) exp (— A 2V )
X {(AMGVE+ 3) erf (MRV) + (MpV|\/7) exp (— AV E)
— [ A5 — V16 + A5V 2 + Hllef (A G(V; + 1)/2)
+ erf (A 5(V; — 1)[2)]
— [V + 1)Mpl4 + AV, — DYV, + 1)?[8] exp (— AV, — 1}[D)]\/=
— BV, — D)Mp[4 + M2V — 1PV, + 1)[8] exp (— MV, + 124)]v/n} (52)
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FiG. 4. RELAXATION RATE PARAMETER AS A FUNCTION OF TEMPERATURE
FOR VARIOUS GAS MIXTURES.

The average relaxation rate parameter can be obtained directly from these relations using
the definition provided in equation (47). For the first case where m,/mp equals 1, that is
for a minor gas of the same molecular weight as the background gas, the relaxation rate
parameter can be obtained by direct integration:

(@) mfmp =1

n={(M2—Perfi+ (H/ym)exp (AI}(AS2+ D)
— (M2 — D[(MA 2+ }) for large A (53)

This result is in substantial agreement with that obtained by Byutner.’® Byutner’s
analysis demonstrated as we have, that for the heavy constitutents with molecular weight
near the mean molecular weight, the collisional production is very nearly equal to the value
for the undistributed Maxwellian condition.

In the case of the light-weight constitutents, the average relaxation rate parameter had to
be evaluated numerically, where the integrations over « and g were carried out analytically
and an integration on v was performed using a simple quadrature. Figure 4 shows the
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relaxation rate parameters for the various binary gas mixtures one might expect in planetary
atmospheres. For the terrestrial atmosphere, where hydrogen is minor constituent in an
atomic oxygen background, relaxation occurs in between 3 and 8 collisions, depending on
the temperature.

(¢) Evaluation of the distribution function

The distribution function for particles with energy sufficient to escape (ie. E> 0) is
determined by equations (28-31). Introducing the relaxed Lorentz-gas collision integrals
given in equations (40) and (41) into equations (28-31), one obtains

ﬁ(;;ifé)ﬂ) _ Mf { fﬂfz& l(i)ﬂ)d + ,7} exp( f 'Q dp) ' ~1<u<0

mf{i-?;f:rtf(ri(xz)ﬁ}é + }j,

X exp (—I'Q dp) dr' + exp (——«L de) pllyn By < p<-+1

j {1 — 7 fjf (;(EE’)P‘) du + n} -;);—, exp (._ L TQ dp) 0

— ’ ® i_‘?? +1_fi(rsE3#)
- P ( L,,{r,E,a}Q dp) .[,{f,E,u}{ 2 f—} F,(E) + ?g} (54)
d "
X e (_J;,,(r,E,y)Q dp) dr’ 0 < pu<p(l,r E)
where
p=r. V[ V)
and
gops 1y E) = {1 — (p/r*QE + 1/p)|2E + 1/} (5%)

and where

ro(r E, p) = (—1/4E)[1 — +/(1 -+ 8Er%(1 — p®(2E + 1/r)] (56)
and

Q = n(d;g**Ng*(NR*)/[l — (/pP(1 — p)QE + 1/n)|QE + 1/p)]'/* (57

Here p(p; r, E)is that value for z which will result in a trajectory with perigee radius p for
a particle originally at r with energy E, and r,(r, E, g) is the perigee distance for a given
trajectory. This set of rather formidable relations determines the distribution function once
the integral

20,8y = [ 1 £, wIF(EN du (59)
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is known. Thus, taking the integral of equation (54) over u one obtains the single integral
equation fo & given below

26, 5= (-1]2) f_ol{ff[(l — B+ esp ([ 0 dp) ) a

rap [ ([0 - 02w, B+t e ([ 0ap) a

#(1,r.E)

+exp ( f 0 dp)} du + (112) f s { f [0 B) o)

;i—r-’ exp (—LQ dp) dr’ (59)

— €Xp (—j de)f [(1 — (', E) + 77] exp ( f de) dr’} du
r(1,6,1) ry(r,E, 75(r.E,0)

Or by inverting the order of the integrations
ZL(r, E) =f (1 — 2", E) + n]W(r', r) dr’ + A(r, E) (60)
+1

where:

Case A. Forr' >r
, 0o 4 ( fr' fﬂc(l,r,E) d
W', r) = (1/2) {f 77 &P 0 dp) du + i —

xewp(~[  odo~[  odp)as (61)

»(1E, 1) 151, B, 1)

Case B. Forr' <r

| {f+1 d ( J‘r’ P ) p J'Ilc(l,T,E) d
W', r) = (12 - - -
) =Q/2) uo(rr,B) dr’ exP v’ Qdp) du uerr,B) Ar’

xew(~[ o[ odp)an) ©2)
(1 E p) rp(1r, B, 1)
and
+1 r
a5y =" exp(~[ 0 d) da ©3)
#e(L1.E) 1

Thus, the equation for £ is a linear integral equation of the second kind and may be
solved in the most general case using one of the many numerical techniques available.®®
However, before carrying out a numerical analysis of the equation it is well to consider the
simplifications which may be applied when dealing with a planetary atmosphere. First,
the transition region of the atmosphere of a planet such as Earth or Mars is confined to a
very thin layer in comparison with the radius of the planet. Second, the radius, , is not a
natural coordinate to use to study the collisional effects. We decided that a more convenient
parameter relating to the collisional transition would be the parameter®)

y= f "I V(e)] dp 64
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which is the natural logarithm of the probability that a particle with velocity V" directed
along the radius vector will escape from the atmosphere. Notice the similarity here to the
“optical depth” used in the radiative transfer problem

Furthermore, since the transition from the collision-dominated region to the collisionless
exosphere must occur in a layer, thin compared to the radius of the planet, it is assumed
that the background gas density may be approximated by the simple exponential

Ng*(r) = Ng*(R) exp [—-#5%r — 1)] (65)
Thus, for hard spherical scatterers
y = [m(d,g**Np*(R)R*)| M 5?] exp [— M g*(r — 1)]
= yoexp [— A — 1)] (66)
r=1—log (y/yo)/ A 5 (67

where y, is the value of y at r = 1. Now neglecting the square of (r — 1) compared with
unity, the integral

I(y1, yor 1) = f "0 dp = (VaZ|p)y, exp Zferfc (z) — exfc [Z2 — log (yo/y)P2)  (68)

where

and the inverse

Z = [yef(1 — e (69)

A= M2QE + DJ@EE + 1) (70)

Notice that 4, henceforth designated as the curvature parameter, can be expressed in terms
of the scale height of the background gas, the particle’s energy, and the radius of the planet

and where

A= (R*[Hg*)QE + 1)|(4E + 1) (1)
where R* and Hzp* are dimensional quantities. The scale height Hp* has the definition
= (kT*[mg*g*) (72)

where g* is the gravitational acceleration at the distance R*, and T* the temperature of the
background gas. For the terrestrial atmosphere 4 varies between 25 and 150 depending on
the temperature and on the energy of the particles under discussion.

The integral equation for .# now takes the form

L) = fo "l — LY, D + gl ) dy + A, D) (73)
where:
Case A. Fory' <y

ot = 1| [

1 #olyo,¥:A) d

exp [ 1, ¥'> )] du — f

X expl—1y.y' 1) = Uy, Wl d|  (74)

RV R dy W,y %) a'y

Case B. Fory' <y
wysp=ap|[ 2 0 1107, P +f

Bo(¥0,¥52) d

X exp [_IO”}",.“) —2I(y, y, u)]} du  (79)
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and where
+1
Ay, ) = (1/2) exp [—1(yo, y, w)] dpe (76)
BV, A)
‘ 25 ¥, 2) = {log (' [Y)/(A + log (' [y} (77)
an
Vo =y exp [42[(1 — p?)] (78)

The quantity y, is the value of y at r = r,, the perigee point.

It is interesting to notice that when 4 — <o, that is, when the planet is treated as being
of infinite radius, the weighting function takes on a simple form and .% satisfies the equation

ZL(y, ©) = (1/2) {fn [ =LY, ©) + nl[—E(—ly — y'D]dy + exp [—(yo — »)]

+ (o — NEL—1%0 —yl)} )
where
_E(~2) = fz * lexp (—)jr] dr (80)

is the exponential integral. It is interesting to note the similarity of equation (79) to the
basic equations for scattering of light in a plane parellel atmosphere. When 4 — co,
equation (79) for .Z is correct for any spatial distribution of background gas so long as the

integral defining y is single valued.
Once .Z is determined from these equations, the solution for the distribution function

is easily evaluated from the following equations:

(v, A, ¥ , d / ’
ﬂ(Jyv,(E)ﬂ) =f0 [ = LG A + 7 7 exp =10,y ] dy —1<u<0

Yo d
=— f (1 —nZG, D+ 7] 2 exp =10, 3, W] &Y'
¥ 'y
+ exp [—1(}’0’}’, /,t)] #c(}’o’}’a A) < n< + 1

Yo d
=~ [*10 =26, D+ 11 5 exp 11,3, 0
v y

Yp d
_ L (4 = DL, )+ 1) X (1311 = 1 Y 1)
Y <:u <.“0’o,}’, A) (81)

(d) Molecular escape flux

The primary concern of this study is the escape flux. This flux is obtained from the
distribution by multiplying the radial velocity of the particles and summing over all particles
as follows:

_ ® +1
F = dur nu, = 8n?rt QE+ 1ynFE) | LLED arp (82)
pd p
—1/2r -1 F i(E)
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In this expression the quantity f,(y, E, u)/F,(E) is determined from equation (82) for E > 0,
but nothing has been said about the lower energy particles. The distribution function in
this range must be known in order to complete the analysis.

In the lower regions of the atmosphere, where collisions occur very frequently, the
distribution function must be nearly Maxwellian and consistent with the results derived
from the Chapman-Enskog theory.® Thus, the upward flux of material caused by the
escape of molecules is represented in the lower region by a distortion of the Maxwellian
distribution throughout the entire velocity range from zero to the largest velocities. This
process is the ordinary macroscopic diffusion. However, as the altitude increases such that
particles can travel ballistically without suffering collision, a radical change must occur in
this process. In this region of the atmosphere the distribution function for particles with
energy less than zero (i.e. velocity less than the escape velocity) can exhibit no net outward
motion. This results from the fact that in collisionless flow the distribution function is
constant along a trajectory, and all trajectories for particles with E < 0 cross each height
twice, once on leaving and once on re-entering the lower atmosphere. Consequently, the
escape flux is entirely determined from the distribution function for E > O as y — 0. Thatis

F = 8 lim ri(y) : QE + 1/r)F(E) f:l[f,.(y, E w|FE)pdudE  (83)

The ratio of the escape flux determined from equation (83) to the result obtained from
the collisionless theory is

F|F 1. = RAK(AE+ D] f " QE + 1) exp (~2 A ZEYOF [6F o) dE  (84)

where
g_ah _ },i»o [rz(y)(zzlf : 11 [r») {2 f_ FiFD dﬂ}] 85)

is the ratio of the escape flux at a specific energy to the corresponding escape flux in the
collisionless approximation. The flux ratio can be written in terms of .Z as follows:

OF e r(PQE + 1/r(y)) | (¥ B ' ' ,
WC.L__I,,T?)[ 2E+1 [L [(1 — DL, D + nl 0z, y) dy

v2f  apl-Ionymln )] @

where the weighting function o has the value:
Case A. Fory' >y

0, y) = —2 f CXP[ Iy, y.m)l dp

I‘o(llo y.0

2 o [=I0,y ) + 2y Wl di &)

+2
PRUSTRS ”dy

Case B. Fory' < y
o g )
w0 (y,y) =2 f_l # gy P (1, ¥, wWldu

Holvo,t,A)
#2 [ e I )+ 2y s (89
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For the planar approximation these equations may be integrated to yield the results:
Case A. Fory' >y

w (¥, y) =2{exp (—y' + 1) + (' — NE(—Y + )} (89)
Case B. Fory' <y
w (y',y) =2{exp (—y + ¥) + (@ — Y)E(—y + y)} (90)

and

1
2f exp [—1(yo, y, Wl pdp = (1 — yo + )

1Yo,y )
Xexp(—yo+ 1) — (o —WE(—yo+» O

5. RESULTS AND DISCUSSION

The theoretical results derived above can answer a number of fundamental questions
concerning the rate of escape of atmospheric gases and the nature of the outermost atmos-
phere. The discussion presented here will be limited to the major constituent gas and to
minor constituent gases of relatively low molecular weight. These two cases illustrate the
major physical phenomena associated with the escape of atmospheric gases; in addition,
they are the most interesting from the geophysical point of view.

(@) Major constituents

When the molecular weight of the minor constituent gas is equal to the mean molecular
weight of the atmosphere the average relaxation rate parameter is close to unity (see Fig. 4).
Byutner®) has pointed out that for the escape problem the major constituent also exhibits
nearly immediate relaxation to the Maxwellian state. One would of course expect this
behavior from previous studies of translational relaxation in gases®® In the atmospheric
model postulated here this immediate relaxation to Maxwellian is represented by setting
the average relaxation rate parameter equal to unity. As a consequence of this simplifica-
tion one can represent the distribution function for the major constituent by a relatively
simple expression: introducing the condition # = 1 into equation (81) and simplifying,
one obtains

- 1 pVo, ¥, ) <p < +1
L2 exp 1050~ 100 O] O < <iOu2 D) D)
1 —exp[—1(y, 0, )] —~1<u<0

where I is defined by equation (68), y, is the value of y at perigee of the characteristic and
A is the curvature parameter. Notice that this expression applies to particles with velocity
in excess of the escape speed only.

The ability to obtain a simple analytic solution for this example is of particular interest
since many features of the transition zone can be uncovered which would be difficult to
obtain numerically. Let us begin this examination of the transition region by considering
the manner in which the distribution function changes with height and zenith angle. One
expects the distribution function to be Maxwellian at low altitudes, i.e. large y, and to
decrease for particles with velocity directed toward the earth as higher altitudes are con-
sidered. This expectation is indeed correct, as the results shown in Fig. 5 illustrate. These
data for various values of the height parameter y show the variation of the distribution
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function with the cosine of the zenith angle (i.e. ). Notice that the distribution is initially
Maxwellian, then exhibits a transition to a nearly discontinuous function similar to the
collisionless solution determined from the critical level theory. It is of particular interest
to determine the critical level which would simulate the exact solution at great heights. This
can be done by considering the behavior of f; as y — 0, where

Lo, E, @) 1 _
Ft(E) =1 exp [ 2I(yw 0, ,u)] (93)
The rapid change occurs where
2I(y,,0, ) == 24/(wd) y, = 1 94)

FiG. 5. DISTRIBUTION FUNCTION FOR A MAJOR CONSTITUENT GAS WHEN THE CURVATURE
PARAMETER A = 50.

a result which does not agree with the older heuristic theories. Recall that in an atmosphere
where the collision frequency decreases exponentially with height, the parameter y is the
ratio of the scale height and local mean free path. Thus the present theory indicates that
the critical height can be chosen at the level where the mean free path length is

I* = 24/(#R*Hg(2E + 1)/(4E +- 1)) (95)
whereas the old heuristic theories chose the critical level to occur where
I* = Hp* (96)

Consequently, the older theories predicted a critical level which occurred at a much too
low altitude. Note that the critical level predicted by the present calculation is

Foe = 1 -+ log 24/ (mA)yo)| A 52 ©7)
giving an error in height of the critical level for the old theories of
Ak = log (2y/ ()| A 5?
this being of the order of 250 km for the Earth.
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The primary macroscopic quantity of interest here is the escape flux for the major
constituent gas. One can easily determine this flux by introducing the distribution function
given by equation (92) into equation (85) and integrating. After rearrangement one obtains

O0F _1+f°°4Eh+4E+1
8F o1 0 2E + 1

E4 =~y
=1+[y+1°g5"“‘€’(“5“)+(4£+1)3221 7] 5"]/ 2 O8)

{l-exp [—&yexp (— A °h)]} dh

where & = r ~ 1, y is Euler’s constant and &, = 24/(n4) y,. This result can be integrated
over all energies using equation (84) to give the total escape flux as a function of y, and
exospheric temperature. This integration has been carried out using a simple quadrature
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F1G. 6. THE VARIATION OF THE ESCAPE FLUX FOR A MAJOR CONSTITUENT (ATOMIC OXYGEN IN
THE EARTH’S ATMOSPHERE) WITH BOUNDARY LEVEL FOR VARIOUS EXOSPHERIC TEMPERATURES.

formula for various values of temperature in an atmosphere made up of atomic oxygen.
The results of these computations are illustrated in Fig. 6. The escape flux is constant so
long as the base level is deep in the lower atmosphere, but the flux changes to the collisionless
value when the base level is chosen too high. This is of course the expected behavior.

The escape flux derived from the present theory is compared in Fig. 7 with the flux
obtained from the classical critical level theory using y,, = (24/7.#)~1. This is the critical
level for particle with zero energy. Observe that the results for escape flux agree very well
using the new definition for the critical level. We thus conclude that the escape flux can be
determined accurately for major constituents using the critical level concept if the critical
level is defined as the level at which the mean horizontal free path has the value

I* = 2,/(nR*Hg*) 99)

One further point of interest in this development is that the results obtained by neglecting
the curvature of the planet agree very well with the results obtained from the rigorous
analysis. For this situation where the relaxation rate parameter is unity, the planar atmos-
pheric model indicates that the escape flux is equal to the value given by the critical level
theory. This is true so long as the criterion given by equation (99) is used to determine the
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critical level. Second, when the mean value of the distribution function

200 =D [ 0.4 IFE o (100)

discussed in the previous section, is compared for the planar atmosphere and the curved
atmosphere, for values of A of interest on the terrestrial planets the planar theory ade-
quately represents the distribution function in the transition region. This comparison is
illustrated in Fig. 8. These results strongly tempt one to conclude that the escape flux can
be obtained in the most general case by neglecting the effects of curvature, while deter-
mining the effective area of the planetary atmosphere from a critical level concept similar to
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that derived above. This approach is valid when # = 1, and it is physically reasonable to use
the same technique for the more complex situation where the relaxation is notinstantaneous.

(b) Minor constituents with low molecular weight

Light-weight gases such as hydrogen and helium have high thermal speeds and consequen-
tly they tend to escape rapidly from a planetary atmosphere. Bates and Patterson®4:3% have
pointed out that in order to sustain the great upward fluxes demanded by thermal escape,
one must have large gradients in the number density at low altitudes. In practice these
high gradients decrease with altitude and generally approach the normal exponential
behavior of a quiescent atmosphere at altitudes near the transition level where the actual
escape occurs. The result of this dependence of the minor constituents upon the escape
flux is far-reaching.

The initial decrease in the density near the level of diffusive separation is strongly
dependent upon the escape flux, the decrement increasing with increasing vertical flux, and
consequently, the amount of hydrogen in the thermosphere as well as in the exosphere is
determined by the rate at which material is lost from the atmosphere. The formalism
necessary for an analysis of the escape of a minor constituent gas has been developed and
can now be used to determine these rates accurately.

The distribution function for a minor constituent gas obeys the integral equations de-
rived above and summarized in equations (73) through (81). These equations are linear
integral equations of the second kind and are readily solvable using standard techniques.
In general they can be solved by assuming a set of discrete points at which the function is
to be determined, introducing a suitable interpolation, and then carrying out the integra-
tions to yield a set of difference equations of the form

N
Z;= go (1 — & +nlo;+4; j=0,1,..,N (101)

This system of linear algebraic equations can be inverted to yield a discrete set of values
for y, and &, which are sufficient to determine the distribution function and the escape
flux that we require. The numerical inversions were carried out using the IBM 7090 com-
puter to simulate the terrestrial atmosphere for the case where the curvature parameter
tends to infinity.

Figure 9 illustrates the results of the numerical evaluation of.# for various values of
the relaxation rate parameter. Notice that % is a monotonically decreasing function of
both y and #. This is of considerable interest since .# is analogous to the number density,
and a decrease below the Maxwellian value of 1 indicates an effect similar to the reduction
of the number density due to diffusion which Bates has discussed for the thermosphere.
The reduction of % with decreasing # illustrates the increase in the resistance to any net
motion which is a consequence of increasing the relative mass of the background scatters.
The reduction of the number of particles present at escape velocities as height is increased
is seen clearly in Fig. 10, which shows the variation of the distribution function with y
when 7 = 0-25, a typical value for hydrogen in the Earth’s atmosphere. It is equally evident
that the vertical flux of escaping material should be reduced as # decreases. This effect is
illustrated in Fig. 11, which shows the variation of the escape flux with the relaxation rate
parameter. Furthermore, the escape flux ratio tends to 1 as # tends to unity as one would
expect for the planar approximation, since every collisional loss is exactly balanced by a
corresponding gain when # = 1.
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The variation of the escape flux for hydrogen and helium in the Earth’s atmosphere is
illustrated in Fig. 12 for the range of temperatures one would expect for the terrestrial
exosphere. The variation in the flux shown in Fig. 12 indicates that the classical collisionless
theory gives nearly the correct variation with temperature, but that the overall level of the
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FiG. 10. DISTRIBUTION FUNCTION FOR A MINOR CONSTITUENT (HYDROGEN IN THE EARTH'S
ATMOSPHERE) WITH % = 0-25 FOR THE PLANAR ATMOSPHERE (1 — o0).

flux is over-estimated when the resistance to vertical motion is neglected. The reduction in
the escape flux indicated by the present theory is by no means trivial, since a decrease in
the flux of the order indicated in Fig. 12 will greatly increase the amount of hydrogen present
at low levels, and will decrease the hydrogen in the outermost exosphere in direct proportion
to the flux reduction.
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6. CONCLUSION

The classical problem of determining the rate of escape of a planetary atmosphere has
been re-examined from the point of view of the kinetic theory of gases. This analysis,
based upon a relaxed Lorentz-gas collision model, indicates that in the transition zone
between the collisionless exosphere and the collision-dominated lower atmosphere, the
molecular collisions act in two ways to effect the outermost atmosphere. First, an effective
evaporative surface, in concept similar to the apparent photospheric surface of the sun,
is determined by collisions of molecules moving tangential to the atmosphere. This effective
surface or critical layer occurs where the local mean free path has the value

I* = 24/(nR*Hg"),
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a result in disagreement with the previous heuristic theories. Second, the total amount of
material passing through the transition region is determined by a diffusion-like process
which is dependent upon the frequency of collisions, and the rate at which distortions in
the distribution function from Maxwellian are destroyed by collisions. The net effect of
collisions is to decrease the upward or escape flux of material and thus reduce the density
of the outermost atmosphere of a planet. The reduction of the escape flux is highly depen-
dent upon the molecular weights of the escaping and the background gases. When the
background gas is very heavy compared to the escaping gas the escape flux is greatly
reduced, but when the molecular weight of the escaping gas is equal to that for the back-
ground, the escape flux is equal to that predicted by the critical level theory using the
height criterion derived in this paper.

These two characteristics of the thermal escape of gases are to be expected: the first
from the rapid vertical decay of the collision frequency which has been used in the earlier
theories to justify the critical level concept; the latter diffusion effect is of course physically
analogous to the diffusing atmosphere introduced by Bates.®3) However, in this transition
region one cannot treat the gases from the continuum point of view.
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Pestome—Ha ocHoBe mHTerpanpHoil ¢gopmyaupoBxm ypasHeHua DBoaptumana Gein
CAeIaH AHAIM3 COYJAPHOro NMEepeXofia MeHTy HIMKHUMEA Ca0AMu aTMocdepH u Hecoy-
mapHoi sK3ocdepoii. B BTOM mMccieoBaHIN IPUMEHHETCH COYRApHAA MONENb, ABIAK-
madAca komGuHanme#t mopmesu ‘‘JlopeHi-ras” ¢ COymapHOW MOJeIbIO ‘‘pelaxcanuu’,
PesyapTarhl 9TOT0 AHAIM33 YKABHBAKT HA TO, YTO COYLAPEHHUA MEMALY MOJEKYIaMU
UMET JBOAKOe BO3MelicTBHe HA atMocdepy. Bo-IepBHX, CyIECTBYyeT KPUTHYeCKUI
CcJI0i, CXOTHEI ¢ BuAUMOoil forocdepHoit moBepxHOCTHI0 COMHIA, OT KOTOPOTO MOPOJK-
Jaercs YCKOJbL3AMINUA N3 IJIAHETH MaTepual. OTOT cioli o0ycraBiInMBaeTcA COy.a-
PeHHEeM HCIIHTHBAEMBIM YeCTHI[AMH, HBIKYIIMMACA Ha 0PONTAX, HECOMHX IIJIAHETOIi B
TAHTeHUUAJLHOM HAIpaBieHUNn. Bo-BTOPHIX, COYNapeHUA COKPAINAIOT BEPTHKAIBHLINA
IIOTOK MaTepualla TAKMM ke 06pasoM, Kark mponeccH Au@@dysuu, IPOUCXOAALINE B
HIDKHMX CJI0AX arMocdepH.



