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Orthogonality of Case’s Eigenfunctions in One-Speed
Transport Theory*

1. Kudc¢er,t N. J. McCormick, axp G. C. SUMMERFIELD

Department of Nuclear Engineering, The University of Michigan, Ann Arbor, Michigan

The eigenfunctions of the one-speed transport equation, as introduced by
Case, are shown to have more general orthogonality properties than previously
known, In particular, for isotropic scattering, partial range and ‘“two-media’’
orthogonality relations are derived. An extension to linearly anisotropic
scattering is indicated. These results facilitate the application of Case’s
method to one-speed transport problems in plane geometry.

I. INTRODUCTION

Several problems in one-speed neutron transport theory have been solved (1-6)
by a method developed by Case (7). This method involves the expansion of the
angular density in terms of the eigenfunctions of the homogeneous transport
equation. Furthermore, Case has derived full-range orthogonality relations that
greatly facilitate the determination of the expansion coefficients for infinite
medium problems. However, for other problems, one had to use the more tedious
constructive method (7).

It will be shown that the orthogonality relations can be generalized to any
partial range (Section Il), and especially to a half range (Section III). Also,
“two-media’ orthogonality relations for isofropic secattering will be derived
(Section IV). The generalization to anisotropic scattering requires the intro-
duction of bi-orthogonality relations, as indicated in Section V. With these
orthogonality relations, half-space and two half-space problems can be solved
almost as easily as infinite medium problems.

First, let us review some of Case’s results. For isotropic scattering and plane
symmetry, the homogeneous one-speed transport equation is

OB g =S pan) (1)
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Tts eigenfunctions are

B (u)e™" (2a)
and
¢4 (u)e™ ™, (2b)
where
S0 = TP\ -,  —1SyS1, ()
bulb) = P e, (24)
A») =1 — cvtanh™ v, (3)
and » is defined by
A(£w) =0,
where
A(z) = 1 — cztanh™ (1/2). (4a)

The limiting values of A(») on the cut, —1 < » < 1, are
A () = NMv) £ Vsiren. (4b)

The symbol P in Eq. (2¢} is a reminder that we must take the Cauchy principal
value of integrals over u or ».

Case has shown that an arbitrary function ¥(u), defined on the interval
a < u < B,where —~1 £ o < 8 = 1, can be expanded as

B
V) = asdnle) + a6-(0) + [ AG)ln) i, (5)

where one can take ay = Ounless 8 = 1, @ £ 0, and a_ = Q unless a = —1,
Bz 0.Fora = —1, 8 = 1, Case derived the following very useful orthogonality
relations:

[ ) (wn da = &IN50 = ), (6a)

il
=

[ #r(wpCirn an (6b)

[ o+t du = 0. (6¢)



ORTHOGONALITY IN TRANSPORT THEORY 413

The integral in Eq. (6a) requires some discussion since part of it, 1.e.,

CVV

u du, (7)

does not have a unique meaning when » — »'. Usmg the definitions

1
Pyl (o)
r6(x) = lim —— (8b)

’
e>0t /1/2 + 52

where the limit e — 0 is to be taken only after the integration over x is performed
we understand the singular factor of the integrand in Eq. (7) as

plop 1 1,(},/1 _p 1>
vV — 4 v o— U v — v vV —u VvV — M
+ 7%8(y — )G — ).

(9)

This has been used in Eq. (6a), and shall be used for all integrals of a similar

type.

Equation (9) is a restatement of the Poincaré-Bertrand formula (1, 7), and
has the advantage of allowing the formal inversion of the order of integration in
cases such as the following:

[ in [ 408wy dv = [46) & [ 6r(wtw du. (10)

II. GENERAL-RANGE ORTHOGONALITY

We shall first derive the orthogonality relations for a general range, « < » £ 8,
—1 £ @ < 8 £ 1. This treatment, although too broad for known application in
neutron transport theory, will display the generality of the technique.

Consider (1)
8 +q
Xo(z2) = exp{{);f In (%‘?) V(ﬁ z} (11)

This function is analytic in the compiex z-plane (including infinity ), cut along
a < z < B, and satisfies the ratio condition,

i) _ &)
Xo=(v) - A=(v) ’

a< v < B, (12)

the Hplder condition, and the conditions
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| Xo(2)] = O(jz — « ), 2> a, (13a)
| Xo(2)] = 0(]z — B]"), 2—8, (13b)
where k > —1.
All these conditions are also satisfied by
L) -y 4 <, (14a)
z2—a
and
Xo(Z) .
p—t if >0, (14b)

and by any linear combination of (11), (14a), and (14b) if we exclude (14a)
whenever @ 2 0 and (14b) whenever 8 £ 0. For any such function, we shall use
the notation X(z). The behaviour of the X (2) for large z can be inferred from

Xu( 00) = 1.
Now, we define
+

v(k) = % }§+§:)), aSpsg (15a)
This can also be expressed as

v(k) = (1/208)[XT(p) — X (u)], (15b)
whereas

Y(pINp) = HeulX () + X (w)). (16)

Clearly, we can have up to three linearly independent v(u). We denote one of
them as
_ep Xy ()

W) =5 A*(w)

(17)

Applying Cauchy’s integral theorem to X(z), and using Eq. (15b), one can
show that (1)

8
d
[ 7w 2% = X@) - X(e), (18)
Forz = v, a £ v < B, this equation gives
« 8
g_VPf v(u) de__ @ X(0) — v(x)), (19)
a yv— U 2

where we have used Eq. (16).
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Equation (19) can be rewritten as

8
[ otvts) du = soX(o), asvS4 (20)

or also as
8
X))o = ) = [ 6N, asrsp  (2)

We then proceed in the usual way, i.e.,, we write this equation twice, for ¢,(u)
and ¢, (1), multiply by ¢, (u)v(x) du and ¢,(u)y(u) du, respectively, integrate,
and subtract. The result shows that the ¢,(1), @ £ » £ g are mutually orthogonal
in the interval @ £ 4 < 8 with respect to the weight function v(u). By applying
the partial fraction analysis, as explained in Section I, we evaluate also the
normalization factor:

8
f (W) ()7 (1) di = Y()ATGIA ()B(w — o),
\ (22)

This relation can be used to determine the coefficients A (v) in an expansion such
as (3).

Since the weight function y(v) is still somewhat arbitrary, we can select a
particular one which meets certain additional requirements. For example, if
0 = a < B £ 1, there are two linearly independent y(u); and if we want ¢, (n)
to be included in the orthogonality relations, we must take

v(w) = 2—Eyolw), (23)
B—n
as we can see from Eq. (20).
If we have three linearly independent v(u), that is, if @ < 0, 8 > 0, then the
choice,

y(p) = — K 5 ), (24)

(b —a)(B—u
provides full orthogonality of the ¢,(u), 0 = v = 8, ¢+(») and ¢_(u).

We shall not pursue the general range formalism any further but turn now to
the two special cases of interest in transport theory.

In the full range case (« = —1, 8 = 1), the ratio X(2)/A(2) reduces to a

rational function (1), and the weight function (24) is simply

2 2
Vo — M _ C
T volp) = 50— o

in agreement with Eqgs. (6a-c).
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The analogous specialization to the half range will be carried out in the next
section.
IIT. HALF-RANGE ORTHOGONALITY

In this case (e = 0,8 = 1), it is convenient to make a slight change in notation
by introducing the following particular X-function and y-function (1):

X(p) = Xo(u)/(1 — &), (25)
v(u) = YgcuX (u)/AT(w) = vo(w)/(1 — u). (26)

Sometimes the moments of this y(u) are useful:

1

™ f uy () dy, (27)

Q

I

49 = 1. (28)

The weight function (23) needed for the full orthogonality of ¢, (z) and é,(u),
0 < » £ 1, can now be written as

(vo — u)y(p). (29)

The corresponding formulas are given in the summary at the end of this section.
As an example of the use of these formulas, consider the half-space albedo
problem (1). That is, consider Eq. (1), with 2 = 0, and the boundary conditions

¢(07 ﬂ') = 6(’-‘ - ﬂﬁ), M > Oy (303')
where uy > 0, and
Iim ¢(z, u) = 0. (30b)

>0

In view of Eq. (30b), the solution is sought in the form
W) = a4 [ 4G b, (31)
so that Eq. (30a) gives
(s — ) = o)+ [ AWo) o (32)

From this, we can immediately write the expressions for the expansion coeffi-
cients, using (A.1, 2, 4), and relying on Case’s completeness theorem,

_ _ 2v(wo) ‘
= cVOX(i(,)’ (33)
ALY = (vo — 10)y(m0)#»(10) (34)

(vo — »)YW)ATG)A~(v)
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For x = 0 the integration in (31), with (34) substituted, can actually be
carried out (1), by applying Cauchy’s integral theorem to the function
[(vog — 2)(z ~ re)X(2)]". This leads to the known expression for the reflected
angular density.

Similarly Milne’s problem (1), the problem with a uniform source distribution,
and some other half-space problems can be solved, using the orthogonality rela-
tions. These also help to shorten the initial step in the solution of slab problems
(3, 6), namely the conversion of the singular integral equation for the expansion
coeflicients into an equation of the Fredholm type.

SumMary or Harr-Raxgr Formuras

In all the formulas, 0 = » £ 1,0 =< y < 1.

fi (W ew () (o — wv(p) du = (v — )Y(PATIA (Me(y — »') (A1)

(1

[ #8.06n = W) ds = 0 (A2)
[ 680060 = W) s = S0 (A3)
[ 60064000 = W) ds = Fgon) X ) (A4)
[ 60064060 = W) d = i () (A5)

f ()60 (W) o — W7 (W) du = 150780 ) 4 9) X (=) (A6)
[ (1) (o — w)v() du = Licv (A7)

[ ubs (1) o — w)v() de = Yalv® — (s — )] (A8)

0

Remark: Formulas for a medium with no absorption are obtained if the above
equations are divided by »; on both sides and then the limit ¢ — 1 (which entails
vo — » ) carried out.

IV. “TWO-MEDIA” ORTHOGONALITY

Another case of interest is a system with plane symmetry and two adjoining
media which differ in the value of ¢, say ¢ = ¢; on the right-hand side of the inter-
face and ¢ = ¢ on the left-hand side. Accordingly, we must distinguish »y; and
v, $a () and @ag (), én (i) and ¢o(p), Xi(2) and X,(2), and similarly for the
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other relevant functions, each defined as in Section III, with the appropriate
value ¢ or ¢, .
It is convenient to:introduce the following notation (1, §):

€1y v > 0;
c(v) = (35)
C2, v <0,
2 = 2 P L 1006 — ), (36)
v— u
I(v) = 1 — ve(y) tanh™ », (37)
L¥(v) = U(v) £ 140mve(v), (38)
x(z) = X1(2)Xa2(—2), (39)
T(u) = Youe(u)x (w)/LF(p). (40)
It can be'_'shownrf(l, 5) that:
1
f #nI‘(I-’-) "ﬂ" = an(z)y n = 0) 17 (413)
-1 u—2z
[ wrG % = &) + 1. (41b)
-1 w2z

These equations lead to:

1
f_ ()P (1) ()

I

VTDLTWL (v)s(v — »'), n=0,1,2 (42)

1

_L WT(p)®(u) dp =0, n =01 (43)

I

The three linearly independent weight functions u"T'(u), n = 0, 1, 2, can be
combined such that the orthogonality relations include any two of the four
discrete eigenfunctions, ¢1,.(u). We shall include ¢4 () and ¢:—(x) by taking
the following weight function:

(v — w)(re + w)T(w).

The orthogonality relations with this weight function and some related
formulas are summarized at the end of this section. These formulas facilitate the
solution of typical two-media problems, like those considered by Mendelson and
Summerfield (4).

The results of this section embody as special cases both the half-range and
full-range results. The latter can be seen by observing that, for ¢; = ¢ = ¢, we
have x(z) = X(2)X(—2) = A(z)/(1 — ¢)(v’ — 2%). Thus the weight function
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reduces to:

2 2 c
- AT =2
(w — w)T (k) 50 = o™
in accord with Eqgs. (6a—c).
Forc; = 0, we have vy = 1, Xo(z) = 1/(1 — 2), and therefore x(z) = X1(z)/
(1 + 2). Thus the weight function for this case reduces to:

P _ + +
(o — 1)(1 + W) = {é;""“(”"‘_l P WA, k=L )

in agreement with Eqs. (A.1, 2).

The partial range case can be included in this scheme if ¢(») is taken to be
constant for &« £ » £ B and zero otherwise. Instead of x(z), as defined by Eq.
(39), we then"need

1 +
%(2) = exp{glﬁf_l ln%}; & } (45)

v — 2

This suggests an even broader generalization by taking c(») to be an arbitrary
function of ». However, we cannot now see any application for such a generaliza-
tion.

SumMmArY OF “Two-MEepiA” FormMULAS

f_ 82 () G = ) on -+ W)

(B.1)
= (vr — ) (v + )TG)LTG)L ™ ()s(» —»)
[ 6100800 o = )+ WD) i = 0 (B2)
[ 608,00 G = )+ W) i = 0 (B3)
[ 61+()6n-(0)m = ) oo+ W) di = 0 (B4)
fl $1—(w)Pr(p) (o — w) oz + )T () du
-1 (B.5)
= ve(»)ro(vor — va)x(—ror)1—(»)
fl G (1) B (1) vn — ) (wor + w)T(p) du
L (B6)

= ve(v)ve(va — vea)x(voe) do+(v)
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[ #1140 o = 0o + T ()

(B.7)

= —(La V01)2(V01 =+ wo2) x( vor)

f b2x () o~ () (vor — w) (o2 + )T () du

! (BS)
= (Ye» Voz)z(voz =+ vo1)x (£ ve2)

2 1 vor — voe T d

[ x4 (01 (@)om = 00w + wITw) 5o
= —'}écl C2 vo1 ng X(V02)

[ (W) o — )G + )

-1 (B.10)

= l261 Ca Vgl Vo2 X( ~1/01)-

Further integrals, which involve ¢4, (g) for v < 0 and ¢s(u) for » > 0, occur
in multislab problems. However, these integrals can be reduced to (B.1-3) by
observing the identity

copr(u) — ede(n) = (€2 — €1)d(v — n). (B.11)
V. OUTLOOK

When considering anisotropic scattering, it turns out that this generalization
is not quite straightforward, except in the full-range case, where relations of the
form (6a—c) are still valid (2). It appears that for the half-range no full or-
thogonality relation is available which would involve all the eigenfunctions
needed in the expansions. Instead, one must resort to bi-orthogonality relations.

In the half-range case with linearly anisotropic scattering, the definitions and
identities of Shure and Natelson (/) lead to the relation

[ 60 [0t + B ] 60 = w1900

= (w0 — )YPATIA )s(r — »),
and to similar formulas involving ¢, (x), with
B = b,(1 — ¢)(v — 7)/d(v7), (47)

and with the other symbols having the same meaning as in ref, 4. By application
of these formulas, simple half-space problems can be solved just as easily as for
isotropic scattering.

More details about this and about other cases of anisotropic scattering will be
given elsewhere (8).

(46)
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The various generalizations of the completeness theorem and the orthogonality
relations leave little doubt that we are dealing here with general properties of a
certain class of linear integrodifferential equations. Therefore, rather than push-
ing ahead by stepwise generalizations to higher order anisotropie scattering and
the like, one is tempted to ask what is that class of equations.

Perhaps a closer link to broader theorems in the theory of linear functional
equations could be established. One might ask for expansions applicable to
arbitrary functions f(x, u), where both ¢ and » would appear as running param-
eters. Expansions of this type have already been encountered in time-dependent
transport problems (9, 10).

The answers to such questions might provide a better understanding of the
mathematical background of Case’s method.
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