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Useful Identities for Half-Space Problems in Linear
Transport Theory”

R. E. Aamopnt} aNp K. M. CasEe

Department of Physics, The University of Michigan, Ann Arbor, Michigan

A typical translationally invariant linear transport problem for a half-

space is solved by the eigenfunction method. Using some derived identities

for the solution of the associated homogeneous Hilbert problem it is shown

that the usual cumbersome integrals occurring in half-space problems ean be

reduced to a simple form. The usefulness of the identities is illustrated by

solving the problem of a plasma confined to a half-space by a diffuse reflecting

wall.
I. INTRODUCTION

A large class of problems in linear transport phenomena can be formulated
as boundary value problems and solved by the eigenfunction technique (1-6).
Typically, the governing equation possesses translational invariance and can

be reduced to the form:
8
(Il' ;—x + 1> Yz, p) = filp) [ﬁfz(u’)tﬁ(% w) dy, (1.1)

where —8 £ u £ 8, and fi(p)-fo(u) is a real even function of u. We first show
in this paper that with suitable restrictions on fi(u)-fo(#), Eq. (1.1) always
generates a complete set of solutions. Using these solutions, some typical half-
space problems are considered and it is shown that some identities established
for the solution of the associated homogeneous Hilbert problem allow the quan-
tities of physical interest to be expressed in a simple form. To illustrate the
usefulness of these identities the problem of a plasma confined to a half-space
by a diffuse reflecting wall is then solved.

II. SOLUTIONS OF EQ. (1.1)

The translational symmetry of Eq. (1.1) suggests looking for solutions of
the form:
Wz, 1) = ¢ oulp). (2.1)

* Supported in part by the Office of Naval Research, Department of the Navy,
1 Present address: John Jay Hopkins Laboratory for Pure and Applied Science, General
Atomic Division of General Dynamiecs Corporation, San Diego, California.

284



LINEAR TRANSPORT THEORY 285
For » finite (1.1) becomes:

8
(v — W) = vfiln) L}fz(u')du(p') dy'. (2.2)

Choosing the convenient normalization of ¢,(u);

8
[afz(n)@(;c) i = 1, (2.3)

Eq. (2.2) can be solved by the standard procedure (2). The usual discrete
eigenvalues are then given by the zeros of A(»), where

8 B
d,
AG) = 1= [ Aau) du = 14 » [ SRR )
8 g m—
We will always assume that fi(u) -fo(z) belongs to the class H *(7) on (—8, B),
for 8 finite; and for 8 infinite that fi(x) - f2(u) belongs to the class H and satisfies:

Lim fi(u) -fo(w) S C|u[*", a>0 (25)

|| >

Then, A(») is a real even function of », sectionally holomorphic with boundary
(—8, 8), and asymptotically,

A(V) 1 - f Silp)fe(p) du + 0( > (26)

Clearly if »; is a root of A(v) = 0, s0 is —»; and %»,". Defining »_; = —»;,
it will be assumed (only for convenience) that the »; can be labeled so that
Rev: > 0,7 > 0, and if »/y; # »;, then |Re»;| < |Revips |.

For » not on the interval (—8, 8)A(v) will in general have 2N’ zeros, where
N’ includes the order of the zero. That is:

—1)
A(j—l)(v‘) _ d(] 1

d G—1) A(V) ll'=1‘7. =0 ] L2 - my, *7=1, 2; nl (27)

and
"
= Z m;.
=1

In tius paper it is required that A (») 7 O for » on the interval [—8, 8. (As
usual, A,(») and A_(») denote the boundary values of A(») from above and
below the cut respectively.) This condition can be relaxed but it considerably
complicates the results of this paper without furthering its content. With this
requirement and choosing the arg A,(0) = 0, the usual change of argument
theorem gives us:

’ 1 1
N = o Aps arg A+(v) = - arg A+(8). (2.8)
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(A¢ny = change along L). As Im A (v) = vafi(»)fo(v), if fi(¥) -fo(¥) has M zeros
for 0 < » £ B, clearly N "< M+ 1. We will always assume that N " is finite.

With these properties of A(») we can now construct the solutions of Eq. (1.1).
We will separate them into two classes.

Crass I—DiscrRETE EIGENVALUES

Corresponding to the 2n’ eigenvalues outside of the interval [—8, 8], one finds
the 2n solutions:

YO ) = e W) e (29)
Vi — K

where A(v;) = 0 for (»;) finite. As the ith zero is m; degenerate, the 2n’ eigen-
functions given by (2.9) are supplemented by:

( ~1) .
§— = 2 3 ‘e m‘.
x(zz 1)(x1 P") d D ¢(0)(x, p-)lv=v1 :!:Z — 1’ 2’ . 'n' (210)

The 2N’ solutions given by (2.9) and (2.10) are linearly independent and by
Eq. (24) clearly satisfty ¥q. (1.1). For z = 0, these eigenfunctions will be
denoted by ¢2 " ().

If (%5 fi(w)fo(u) du = 1 then A(») has a double zero at infinity (assuming
B ufi(w)fa(n) du 5% 0). In this case Eq. (1.1) has the 2(N' —~ 1) solutions given
by (2.9) and (2.10), and the two linearly independent solutions:

S, ) = filp), and & (x, ) = Alw)lr — wl. (2.11)

Crass II—CoONTINUUM SOLUTIONS

In addition to the 2N’ solutions of Class I which correspond to the zeros of
A(v) there are the continuum of solutions:

iz, n) = ¢, (), forally — 8 < v <8 (2.12)

where
6.0) = S0P 7+ M) 8 = ) (2.13)

corresponding to the branch cut of A(»). From Eq. (2.3) one finds:

A
NOHOEESIR SO (2.14)
It should be noted that Eq. (2.14) defines A(v) only up to delta functions in
v — u;, where fo(us) = 0. Therefore, implicit in the solutions of (2.12) are the
solutions:
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Vi (2, ) = €8(u — us), all 4 such that fo(u;) = 0. (2.15)
These will always be explicitly factored out of the solutions (2.12).

III. COMPLETENESS THEOREM

TuroreM: The set of solutions of Class I foryi S v E v, < vy, =B = 71,
v2 £ B, plus the solutions in Class I form a complete set of functions on the class of

linear continuous functionals, Y(u), with compact support in [v1 , ve] and such that:

Limy(u) < Clu — " |75 e <1l (3.1)

I-‘"’Y%
and for either (or both) v, v» tnfinite

Lim " (u)fo(n) = 0,
by (3.2)

and/or
Y g0

Sfor some k to be specified later.

Both of the restrictions implied by (3.1) and (3.2) can be relaxed within the
framework of distribution theory (8); however, for convenience and simplicity
this will not be done here.

To prove the theorem, we have to show that the singular integral equation

W) = T as 6570 + / " A eula) dv, (33)

has a solution when y(u) is subject to the restrictions in the theorem. For the
present it is required that both v; and #. be finite.
Letting ¢'(u) = ¢(u) ~— Di;aidsl (u), Eq. (3.3) becomes:

VA(V) dv

V(W) = AP f FAWAGW) + Tbedlu = w) (34)

Clearly the b; are given by:

Hite
bo=Lim [ dupu), allmSw<y. (35)

>0 Hi—€
Assuming that 4 (v) has the same properties as (u) the function

1 (" vA(») dv

2t v V2

N(z) = (3.6)
has the properties (9):

(a) N(z) is analytic except on the interval [y, , 72}, and N(z) has, at most,
polar behavior in this interval.
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(b) Lim,., N(z) = 0
(¢) Lim,.,, N(2) £ Clz — ]

Y2 2
Multiplying Eq. (3.4) by ufa(x) and using (2.4) and (3.6) the expansion
equation becomes the boundary value equation:

TERZET

wholw)¥ (n) = No(w)Ay(p) — N_(u)A_(u).

(3.7)
This equation can be put in the conventional form:

(¥ (1) = No(w)Xo(p) — No(w) X (), (3.8)

where

wfe(p) X—(n)
=, 3.9
v(1) ) (3.9)
and X (z) has the following properties:
{a) X(z) is sectionally holomorphic with boundary (y;, ¥2).
(b) X(2) is nonzero in the cut finite plane.
(¢) X(u)/X () = Ap(w)/A(n) = G(p) on (71, 72).

(d) X(z) vanishes more slowly than [z — v, | and |z — vz { as 2 — 71, 72
respectively.

(e) Lim,., X(2) = Class (1) const.
Class (2) 2", &, positive integer.
Class (3) 27, k, positive integer.

The problem of finding X (z) subject to these conditions is the ‘“classical” ho-
mogeneous Hilbert problem (7). The solution is:

X(2) = (z — 7))z — v2) %" ?; (3.10)

Y2
I'(z) = _L MM ; (3.11)
2wt dy,  p— 2
and t, and # are integers chosen such that

1>+ 822 5 g

™

(3.12)
1> 4 — 0—(:—‘) = 0; 8(n) = arg A (n).

For the entire-space and half-space problems one can easily obtain ¢; and
from Eq. (2.8). They are listed in Table I.
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TABLE I

CLassIFICATION OF THE Funcrions X(z2)

"7 Ye h by htbt=—k
-8 B —-N’ —N’ —2N!
0 B 0 —N' —N’
—8 0 N’ 0 —-N’

If N' > 0, then for the half-space and entire-space problem X (z) belongs to
the Class (3). Solving Eq. (3.8) for this class, we find:

1 " duy ()¢ (u)
271X (2) Iy, wu—2z

which is a solution to (3.4) only if the additional %, conditions are satisfied:

N(z) = (3.13)

r2

[ e ) du =0, =01, k=1 (3.14)
1

To satisfy (3.14), k. discrete eigenfunctions are included in the sum contained
in ¢/ (). As ks < 2N’, there are always enough eigenfunctions to do this. Even
so, it still must be shown that Eq. (3.14) does not impose any restrictions on
Y(u) other than those stated in the theorem. Using the representation of X (z2)
derived in Appendix A, it will be shown that (3.14) is consistent with the theo-
rem. Before proceeding it should be remarked that for X(z) belonging to either
Class (1) or (2), an N(z) can be found which satisfies (3.4) without restrictions
such as (3.14). In these cases no discrete eigenfunctions are needed and A (») is
easily found to satisfy the assumed conditions. Therefore, in the following, only
X’s belonging to Class (3) will be considered.

Equation (3.14) is explicitly:

Ye T2 .
f phy (W) du = 2 a'ijf w'y()en™ (1) dp, (3.15)
Y1 ¥ Y1
{=0,1, -k — 1, and the sum is over £; a;;’s. In order to express this equa-

tion in its simplest form, consider the integral:

) 72 .
L = f ()" () dp, (3.16)
Y1
which is
- iy v 1 d
1970 = o~ Vf uv(z)}i(g) M ~ (3.17)
Y1 =v;
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Using the representation of X(z) given by (A.3), (3.17) takes the form:
av v 2 dzX(2)

(-1
I = -

T 2 oz — (3.18)

v=v;

{C encircles the (v, ,v2) cut in the negative direction.) As the integrand goes at
most like z7° as 2z goes to infinity, we have finally:
(7—-1) d(j—l) I+1
I = e viw X(»i). (3.19)
If v = « is a zero of A(»), one may want or have to include o (1) and & (u)
in the sum over the discrete solutions. In this case the following integrals have
to be simplified:
Y2 Ye
In = f py(w)de (u) du = f piy(p)fr(n) dp (3.20a)
Y1 Y1
and
1) e ! (2) e I+1
Ifo = f py(p)ds (1) du = — f gy p)fi(p) dp. (3.20b)
Y1 Y1
These integrals can be simply performed by using the representation of X(z)
given by (A.3) and letting z — «. We find:

[Civnwa =0 t<k-1 (3218)

Yi

[ i nte) as = (), (3:21b)
and

f“ iy ()fi(p) du = B = — Limz [* X(2) — 1l. (3.21¢)

Z>w0

Using the representation of X (z) given by (3.10) and (3.11), B is found to be:

1 Y2
B=yti+ v+ 2—[ In G(p) dp. (3.22)
Tl

Y1
It is now clear that the integrals 1§ " are never zero for all ¢ and j. Therefore
condition (3.14) can indeed be satisfied without further restrictions on ¢{(x). In
Section IV it will be shown that the a;;'s are also uniquely determined.
- For the entire-space problem we can construct X (z) by inspection. The solu-
tion is given, up to a constant, by:

X() = - (3.28)
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It has been specified that v; and . be finite in the above procedure. It is clear
that if 3 = o« the proof is still true with suitable restrictions on ¥(u). For
Y1 = — o, v = 4 o, the solution for X (z) is given by Eq. (3.23). If only one
end point is finite, say v, the end point condition for X(z) is applied only to
the finite end, v, . X(z) is then given by:

X(2) = (2 — )" (3.24)
and

F(Z) — 7} ®In G(ﬂ«) dll'

— , 25
2T Jyy, M — 2 (3.25)

where In G(u) is that branch which vanishes at infinity. It is clear that N(z)
will exist with the correct properties, if in (3.2) we choose k = 2 + k; (£, given
by Class (2)), or k > 2, if X(z) belongs to Class (1) or (2).

It is now easy to show that A(»), given by vA(») = N (») — N_(»), does
satisfly the assumed conditions. Therefore, the completeness theorem has been
proven.

IV. APPLICATIONS TO HALF-SPACE PROBLEMS

In this section the theorem of Section III will be used to obtain solutions to
Eq. (1.1) for 0 £ 2 £ . For simplicity it is assumed that N’ = 2" > 0; that
fo(u) #= 0for 0 < u = S, except possibly at u = « if 3 = o« ; and that »; = oo,

We first consider the albedo problem, where we want to find a solution of (1.1)
for 0 £ z £ = subject to the boundary conditions:

Y0, u) =8(p —w) 0=u=48 0<u<pB (Lla)
and

Lim y(z, p) = 0. (4.1b)

z->+0

Using the theorem of Section I1I, we can write:

B
W@, p; mo) = Z a:i i (2, 1) -l—fo A Y2, 1) dp (4.2)

The sum is over N’ discrete eigenfunctions and (4.1b) implies that the sum is
overi = 1,2, --+ N'. Condition (4.1a) gives:

O0=puw=ep

N’ 8
ou — ) = 2 as9P() + [ AGoln) dv. (4.3)
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The a.’s can be determined by the N’ conditions of (3.14). The equations are
explicitly:

.
poy(po) = ; a:liy . (44)
It is easy to show that
N’ N'
det I1} = (=) [IniX () I (o = »), (4.5)
=1 I>j=1

which is clearly nonzero. Using Cramer’s rule, the a’s are found to be:

.___’)’(Mo) ' I-‘O'_Vf) - _ ooNT
a; = o X01) LIi (w — 7=1,2, N. (46)

It should be mentioned that if »; is m; degenerate, (N’ = n'). Equation (4.4)
becomes:

"
#Ol’Y(“O> = Zlbzuily (4.7)
here
b.f:'a"if’ j=1,2,"'m1
= 02,j-m, , J=m +1---m+ m,etc,
and
detusy = (=) X i)™ TL (0 = v)™™, (48)
1= J=

which is never zero and therefore the a;;’s can be uniquely determined in this
case also.

In applications we normally want to know the discrete eigenfunction coeffi-
cients, because they usually give the asymptotic form of ¥(z, u), and the emerg-
ing “angular” distribution: (0, x), ¢ < 0. The emerging “angular’ distribution
for the albedo problem is:

N’ 8
WO, s w) = 3 98 (was + fo AWou(u) dv, w<0. (49)

Foru < 0, ¢(u) = vfi(u)/(» — n), and Eq. (4.9) becomes:
N

Y0, w5 m0) = 2 a (w) + 2mifi(k)N (). (4.10)

=1
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Expressing N(u), for u < 0 by using the representation of X(z) given by Eq.
(A.3), we obtain:

N(p) = —o {““>+Z:“”Lﬂm*xum} (4.11)

2miX () \po — 0 Siw— g
The emerging “angular” distribution now reduces to:
u <05
filw) [ 1 &1 <uo - Vj)]
0, ;5 o) = - o412
W0, 15 o) ‘/(MO)X(M) P ;W*”g’ o (4.12)

The Milne problem can be readily solved by using the formulas derived for
the albedo problem. In the Milne problem we want to find the solution to Eq.
(1.1) subject to the boundary conditions: (vy: £ o)

Lim (z, u) = 5, (z, u) Rew; > 0, (4.13a)

Z->-f00

and
Y(0,u) =0 p = 0. (4.13b)
Using the completeness theorem we can expand y(z, 1) subject to (4.13a) as:

N’ 5
Yz, w) = ¢5, (z,0) + ; ai s (%, 1) +f0 Az, p) dv,  (4.14)

and then (4.13b) becomes:

v

M 07

K 8
—&um=;%¢mm+£AmeW. (4.15)

In order to compute the a.s and the emerging “angular” distribution we need
only integrate the albedo solutions times —¢_,,(uo) over uo. This can again be
done using (A.3), and we find:

Vi X(Vk> J=ke \Vj = Vi

and the emerging “angular” distribution is:

u<0

_X(—w) A < 1 Vi +
(0, u) = X)) [4’—:11-(#) + vifi(p) ]; II ( )] . (417)

Vi ™ Bk \Ve ™ Vj
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V. IDENTITIES FOR X (z)

In Section IV we showed that the representation (A.3) for X(z) allowed the
usual cumbersome integrals involved in a half-space problem to be reduced to a
form which involved only X (z) and other, in principle, known functions. In this
section we will derive two more identities for X(z), both of which may serve as
a means to numerically determine X (z), or as will be shown by way of an exam-
ple in Section VI, permit some quantities of interest to be trivially determined.

Defining ¢ = [%5f1(u)fa(u) du, and for convenience assuming C # 1, we want
to prove:

A(2)

X()X(—=2) = =
1—C] I;[l (v — &)

(N =) (1)

To prove this, consider the function
A(z)

R(z) = = .
1 — CIX(&)X(—2) I=Il (v ~ 2

(5.2)

It is clear that R(z) is analytic in the plane cut from —g to 8. Across the cut

Ri(w) _
R(u) 7

and also
Lim R(z) = 1.

Therefore, R(z) = 1, and the identity (5.1) is proved. From Eq. (5.1) we see
immediately:

1
1-all»?

=1

x40) = (5.3)

The phase of X(0) is uniquely determined by the fact that Lim,._, X(z) =
(=) 2| ™ (zreal), and that X(2) is a nonzero, real function of z. Therefore

1 1/2
X(0) = (=) [(1 s ﬁﬁ} : (5.4)

i=1
A particularly simple result of this is that {1 — C]H?;’l v must be real and non-

negative. Of course, if C = 1, an identity similar to (5.1) can be derived.
The identity (5.1) may be useful for calculating X (z), for large 2. Expanding
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both sides of Eq. (5.1) in powers of 2, and equating coefficients, one finds a set
of coupled algebraic equations for the coefficients of 2™ in X(2). In particular
cases a truncated solution may rapidly converge and the coeflicients of the low
inverse powers of z be easily obtainable.

To obtain the second useful identity for X(z) we use the representation of
X(z) given by (A.3) and the identity (5.1). We find:

ufl(u)fa(u)
X(u )H (v ~

X(2) = l—C]fg(u—I-z) (5.5)

From (5.5) we first notice that if we know X(u) for —8 = u = 0, we can
readily determine X(2) everywhere. Such being the case, by letting z = g,
—8 £ u £ 0in (5.5) we obtain a nonlinear integral equation for X(u),
—B = u = 0, for which an iterative solution may rapidly converge. More im-
portant is the property that (5.5) allows us to express integrals over X (u)™*
(which always appear in the emerging “angular” distribution ), in terms of X(z),

and 1t is this property that we will exploit in the next section.

VI. AN APPLICATION

To illustrate the usefulness of the identities derived in the preceding section
we will consider the model of a one-dimensional plasma with a uniform back-
ground of ions confined to the half-space, > 0, by a diffuse reflecting wall. In
the usual linear Vlasov approximation the governing equations are:

of (@, v, t) t) _enE afo(v)
T 1o = (6.1a)
and
aEéﬁ 2 —41ref fv, 2, 1) dv. (6.1b)
Here

10 t) = [ s, 1) dog v,

7 1s total number of electrons, f is the deviation of the electron distribution func-
tion from the equilibrium distribution nfs, and fo is normalized to one. For
convenience f, will be chosen Maxwellian, i.e.,

fo(v) = <{3m) ] (62)
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Introducing Fourier transforms in time,
J,2) = 20" [ fla v, 06 d, (63)

and looking for eigenfunctions of the form:
J(v,2) = ¢“"¢,(v), and E(z) = **E,, (6.4)
Eqgs. (6.1) become:

(v — )P (v) = Vgi(v) [ &, (v') v, (6.52)
Ev = ___41"2] ¢v(v,) dl),, (65b)
Tw —c0
where
2 a 4 2
() = =% ffgvv), Wy = ’;‘;". (6.5¢)

In addition to solutions of the form (6.4) there is another solution of (6.1),
namely:

E = constant = E, (6.6a)
and the corresponding electron distribution function:
0y _ _ eBon dfo(v)
JOw =~ (6.6b)

Even though Eq. (6.5a) is not of the exact form as (2.2), with trivial modifi-
cation the completeness theorem is still true when the additional solution (6.6)
is included. Just as in Section II, the discrete eigenvalues of the Fqs. (6.5) are
given by the zeros of A(»), where

AG) = 140 [ B0 & (67)
Noting that
Wy 3v?
Lim A(y) = —_&g(1+?+--->, (68)

and that the Im A, (») = 0 only for » = 0, 4=, Eq. (6.8) gives:

2

N =1 if & =0,
and

I

N =0 if >0,
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As the time dependent problem will not be considered here, we will assume the
simplest case, when o® > @,
The continuum solutions of (6.5) corresponding to the branch cut of A(») are:

6,(v) = Vu(v)P —} A8 — ) (69)
and
() + A
Ap) = S B (6.10)

In the diffuse reflecting wall problem we have a plasma confined to the region
2 > 0, by a nonelectromagnetic wall which absorbs electrons from the plasma
and re-emits electrons incoherently back into the plasma. The boundary condi-
tions can be chosen so that B(0) = E(z = 0) is given and for

v >0, J(0,v) = —h(v) f_i vf(0, v) dv = Ch(v). (6.11)
Requiring
fow vh(v) dv =1 (6.12)
automatically implies that the electron current is conserved at the wall;
f_: 70, v)v dv = 0, (6.13)

which must be satisfied for this problem.
Using the radiation condition, f(x, v) and E(x) have the following expansion:

o) = [ AG)E"9,(0) dv — enkly of(v) (6.14a)
o miw v
B(2) = f AG )( 4*:”) & dy + By (6.14b)
At 2 = 0, the boundary conditions give us:
>0 Ch0) = [ AWa ) ay — D0 (6.158)
[ miw oV

and

E(0) = fom A(u)( 4”6”)(1 + E. (6.15b)
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Assuming C is known, Eqgs. (6.15) can be solved for Ey, and A(v) just as in
the preceding sections. If we let
1 [PV A>0) dv

N(E) = = —r (6.16)
2wt Jo v — 2

we find:
() (v) dv
NG = 21er(z) j v—2z (6.17)
where
B (v) = v*Ch(v) + @a—ﬁ’, (6.18)
miw v
X(z) = exp (}r Om 00(”1 d:)’ 8(v) = arg A+(v), (6.19)
and
X_(v)
y(v) = OB (6.20)

To find C and E; explicitly we have to find the electron current emerging from
the plasma at « = 0 by using the above solutions to (6.15). To do this we need
the identities for the X (2) given by (6.19). Noting that now, Lim,,, X(z2) =
we obtain as before:

X(2) = 1+f ”g‘(;’)z(lz’) @, (6.21)
X()X(~2) = 1__%2_2/_&_) : (622)

and
X(2) = 14— " () (6.23)

1 — (wpt/0?) Joo X(0)(0 + 2)
The velocity distribution function for electrons emerging from the plasma is
given by:
v <0
ently 3fo(v)

Mmiw v

7(0,v) = 2N (v)g(v) — (6.24)
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Using Eq. (6.21), N(z) given by Eq. (6.17) simplifies and the “emerging”’
distribution becomes:

v <0
a0V /“’ y(')0"h() d' denEy wgi(v) s
10,0 =553 ¢, p— Mmag X(0) (6:25)

Now, using ¢ = — %, 0f(0, v) dv, and (6.25) we obtain:
~C = ~C fw W) [ g
B b 7 Lo X(0) (v — ')

_tenbyw ® g(v)v dy
Mt o X(v)

The integral in the second term of (6.26) is clearly just (X(0) — 1)-
[1 — (wp/w’)]. The second integral in the first term of (6.26) is just

(1 - %) X=X O

w? v

(6.26)

Using Eqgs. (6.22) and (6.12), (6.26) finally becomes:

CX(0) [ dy()oh(r) = L0 x(0) — 1) (6.27)
0 Mw,
Noting the fact that
7(0) = —%f (27N (0)) + Ey, (6.28)

expressing N(0) in its simplest form, and then solving (6.27) and (6.28) for
C and E, we obtain':

By =E(0)< - %2)” (10) (6.29)
and
o 1wk (0)X(0)[X(0) — 1]'
41ref0 dvoh(v)~y () (6.30)
From (6.22) we see that
2\ —1/2
X(0) = <1 - ‘-"ﬁ) (6.31)

1 This result is more simply obtained by using the continuity equation in Poisson’s
equation and using Lim... E(z) = E;.
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so the only quantity left to be determined is the integral in the denomination
of (6.30). If we consider two extremes; the wall re-emitting electrons at the
temperature of the unperturbed plasma; and the wall at zero temperature, this
integral can be easily done.

For the wall at the temperature of the unperturbed plasma, the emitting dis-
tribution function which conserves electron current is simply:

h(v) = Bme "2 (6.32)
For this distribution we find:
@© 0)2 27!' 1/2
[ v dh()70) = £, X'(0) (,_) : (6.33)
[ Wy mS
and the current of electrons entering the wall; —C, is then:
o ienE(O)X(O)( 8 )”2 [t — X(0)]
C=— gem)  X0) (6:34)

For the wall at zero temperature the emitting distribution function can be
chosen:

h(v) = —Lim &' (v — ve). (6.35)

v¢->0
The current of electrons entering the wall is now simply:

1wE(0)
4re

One can similarly caleulate the density of perturbed electrons,

= f_:f(O, v) do,

—C = [1 — X(0)]. (6.36)

at the wall. For the wall at the equilibrium temperature we obtain:

oy _ wE(0) [(X(0) — 1) X7(0) | X'(0)
pO) == [ X(0) 5 T X(O):I (6.372)
and for the wall at zero temperature,
5(0) = “"E(O) X'(0). (6.37b)

We have thus seen that the identity relations for X(z) have allowed us to
express several quantities of interest in terms of rather simple functions. Of
course, more detailed information about the system will in general be more com-
plicated, but even then these identities will help simplify the formulas.
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VII. CONCLUSION

While we have considered only equations of the form (1.1) and the slightly
different equations of the plasma problem it is clear that for any equation or
system of equations which have a spectrum similar to Eq. (1.1) and for which
a completeness theorem of the form of Section IIT is valid there are similar
identities for the solution of the associated homogeneous Hilbert problem for the
half-space. The judicious use of these identities will always simplify the formulas
of interest.

APPENDIX A
If X (2) belongs to the Class (3), i.e., Lim,.,, X(2) = Z 7 ky > 0, and integer,
we have by Cauchy’s theorem.

1 X(z)dz
~27ri [ 7 —z

X(z) (A1)

where C encircles the (v, v2) cut in the negative direction. Equation (A.1)
then becomes:

1 Yrody

X(z) = 57 — [X(p) — X-(u)]
Tl dyy M z (A2)
1 duX (u)
= % . m [A+(H> - A—(#)];
or
X() = [ rwhe) (A.3)

Y1 b=z

If X(z) is not in the Class (3), a similar representatlon of X(z) can be derived
by making suitable substractions.

Receivep July 5, 1962
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