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Diffusional resistance in the porous particle is important in
adsorption and reaction engineering. For a porous adsorbent
particle subjected to an arbitrary change in the surrounding

Ž .fluid-phase concentration, Glueckauf 1955 derived the lin-
Ž .ear driving force LDF approximation that relates the aver-

age adsorbate concentration inside the particle directly with
the concentration in the fluid phase. By using the LDF ap-
proximation, the mass balance equation is eliminated from
the model, leaving only the mass balance equation in the fluid

Ž .phase to be dealt with Yang, 1987 . This results in a tremen-
dous simplification of the model that is to be solved either
analytically or numerically. Since Glueckauf’s work, the LDF
approximation has played an important role in studies of fixed
bed adsorber dynamics and various adsorption processes, such

Žas breakthrough behavior Miura et al., 1979; Haas et al.,
.1988; Farooq and Ruthven, 1991 , simulated moving bed sys-

Žtems Ma and Wang, 1997; Pais et al., 1997; Zhong and
.Guiochon, 1997; Ching and Lu, 1998 , and pressure swing

Žadsorption Doong and Yang, 1986; Serbezov and Sotirchos,
.1997; Sundaram and Yang, 1998 . The LDF approximation is

Žalso useful in studying reaction in a catalyst particle Kim,
.1989; Goto et al., 1990; Goto and Hirose, 1991 .

An equivalent approach to the use of the LDF approxima-
tion is to have a concentration profile within the particle.
Knowing the concentration profile, the mass balance equa-
tion for the particle is also eliminated from the governing
equations. Since the LDF works well, it provides a clue for
deriving a concentration profile within the particle. This was

Ž .indeed done by Liaw et al. 1979 . In their work, they as-
sumed a parabolic concentration profile, and showed that the
parabolic profile led directly to Glueckauf’s LDF approxima-
tion. Since the work of Liaw et al., the parabolic concentra-
tion profile has been widely accepted and has been applied

Žto adsorption processes Bhaskar and Do, 1989; Yao and
.Tien, 1993; Zhang and Ritter, 1997; Ching and Lu, 1998 and

Žused as a basis for other approximations Goto and Hirose,
1991; Do and Rice, 1995; Xiu, 1996; Zhang and Ritter, 1997;

.Xiu et al., 1997; Yao and Tien, 1998 .

Correspondence concerning this article should be addressed to R. T. Yang.

In this note, we derive a general function for the concen-
tration profile that leads directly to the LDF form. Moreover,
we show that a 5th-order binomial concentration profile pro-
vides the best match to LDF and is also superior to the
parabolic profile because it is more in line with physical real-
ity.

Diffusion Rate Model
Modeling of fixed-bed adsorber dynamics requires a de-

scription of the intraparticle diffusion rates. The diffusion of
adsorbate within an adsorbent particle can be described by

­ q D ­ ­ qi i2s r 1Ž .2 ž /­ t ­ r ­ rr

and the volume-average sorbate concentration and its time
derivative are

1 3R Rp p 2q s q r , t d®s q r , t r dr 2Ž . Ž . Ž .H Hi 3® R0 00 p

­ q 3 ­ qRi ip 2s r dr 3Ž .H3­ t ­ tR 0p

Substituting Eq. 1 into Eq. 3, we get

­ q 3D ­ ­ q 3D ­ qRi i ip 2s r dr s 4Ž .H3 ž /­ t ­ r ­ r R ­ rR 0 r s Rpp p

For an initially clean particle subjected to a step change in
the fluid-phase feed concentration, an exact solution for the

Župtake rate is available Carslaw and Jaeger, 1959; Crank,
.1975; Yang, 1987 . The solution for Eq. 2 subjected to the

Ž . Uboundary condition ts0, q s0; t)0, q t, R s q is giveni i p i
by

` 1 Dt2U Uq s q y6q exp y np 5Ž . Ž .Ýi i 2 2RnpŽ . pns1
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From Eq. 5, one gets

`dq D Dt2Us6q exp y np 6Ž . Ž .Ý 2 2ž /dt R R0 0ns1

Equation 6 is the exact solution for the adsorption rate, which
can be used to couple with the fluid-phase mass balance
equation and the isotherm equation to form the mathemati-
cal model of all adsorption processes. However, Eq. 6 is an
infinite series that converges slowly, and the large amount of
computation that is required is prohibitive. Glueckauf’s LDF
approximation circumvents this problem, and the parabolic

Ž .concentration profile shown below was derived by Liaw et
Ž .al. 1979 to represent the LDF approximation

q t , r s a t q b t r 2 7Ž . Ž . Ž . Ž .

Generalized Concentration Profiles Within
Particles

A generalized concentration profile is proposed in Eq. 8

q t , r s A t q B t r n 8Ž . Ž . Ž . Ž .

Ž . Ž .As in the parabolic profile, A t and B t are functions of
Ž . Ž .time. A t and B t can be solved from the two boundary

< Ž . Ž .conditions dqrdr s0 and q r s R s q t, R . It can bers0 p p
shown that, for all n where n is an integer G2

2nq1Ž .
A t s q t , R y q t , R y q 9Ž . Ž .Ž . Ž .Ž .p i p i2ny2Ž .

5
B t s q t , R y q 10Ž . Ž .Ž .Ž .i p innRp

Substituting Eqs. 9 and 10 into Eq. 8, one gets the general
solution for the concentration profiles within the sorbent par-
ticle,

2nq1Ž .°
q t , R y q t , R y qŽ . Ž .Ž .p i p i2ny2Ž .

5~q t , r s 11Ž . Ž .nq q t , R y q r 0F r - RŽ .Ž .i p i pnnRp

U¢ q r s Rp

From Eq. 11, we get

­ q 5i ny1s nB t R s q t , R y q 12Ž . Ž .Ž .Ž .p i p i­ r Rr s R pp

Substituting Eq. 12 into Eq. 4

­ q 15Di Us q y q 13Ž .Ž .i i2­ t Rp

U Ž .where q s q t, R . Equation 13 is identical to the LDFi i p
Ž .model first proposed by Glueckauf 1955 .

It is apparent that for all integers of nG2, the LDF model
can always be deduced from the assumed concentration pro-
files, Eq. 11. When ns2, the proposed concentration profile

Ž .reduces to the parabolic profile derived by Liaw et al. 1979

5
q t , r s q t , R y q t , R y qŽ . Ž . Ž .Ž .p i p i2

5
2q q t , R y q r 14Ž .Ž .Ž .i p i22 Rp

Equation 14 is identical to that proposed by Liaw et al.
Ž . Ž1979 . Although the generalized concentration profiles Eq.
.8 lead to the LDF approximation for all positive integers of
Ž .n nG2 , the value of n strongly affects the shape of the

concentration profile. In order to have a more complete un-
derstanding of the transient diffusion within the particle and
also the LDF approximation, it is necessary to find out which
concentration profile best matches the LDF approximation.

Determination of the n Value for Transient
Diffusion

Ž .The volume average of the amount adsorbed, q t , can bei
calculated in two ways. One is to use the LDF approximation
directly, and the other is to integrate the concentration pro-
file in the particle at any time, as shown in Eq. 15. Substitu-
tion of Eq. 11 into Eq. 2 and integration gives Eq. 15, which
is the volume-averaged concentration inside the particle as a
function of time and exponent n. The best match of n to the

Ž .LDF approximation is achieved when q t, n calculated byi
integration of the concentration profile is in agreement with
Ž .q t calculated by the LDFi

3 2nq1Ž .R pq t , n s q t , R y q t , R y q tŽ . Ž .Ž . Ž .Hi i p i p i3 ½ 2ny2R Ž .0p

5
n 2q q t , R y q t r r drŽ .Ž .i p in 5nRp

2nq1Ž .
s q t , R y q t , R y q tŽ .Ž . Ž .i p i p i2ny2Ž .

15
q q t , R y q t 15Ž . Ž .Ž .i p in nq3Ž .

Transient diffusion in a batch system
The batch adsorber provides the best system for testing the

proposed concentration profiles, and for comparing these
profiles with the LDF model. Consider a batch adsorber that
contains M volume of sorbent and N initial moles of pure0
gas with an initial pressure P , and the volume of fluid phase0
is V. Mass transfer between the solid phase and the gas phase
is allowed to occur after t)0. When VrM approaches infin-
ity, the batch adsorber represents an infinite reservoir.
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Mass balance for the system is as follows

Mq t s N y N t t)0 16Ž . Ž . Ž .i 0

Assuming ideal gas behavior

V
q s P y P 17Ž .Ž .i 0MRT

From Eq. 17,

dq V dPi
sy 18Ž .

dt MRT dt

or

dP MRT dqi
sy 19Ž .

dt V dt

Coupling Eq. 19 with the LDF model, one gets the following
model for the batch adsorber:

dP MRT dq° i
sy

dt V dt~ 20Ž .dq 15Di Us q y qŽ .i2¢ dt Rp

Equation 20 can be solved easily by numerical methods in
instances where P and qU are related by an isotherm. In this
work, we used a Langmuir isotherm for the system of the

Žadsorption of nitrogen on 4A zeolite at 298 K Haas and Yang,
.1988 .

Comparison of results from different concentration profiles
The integer n does not influence the accuracy of the LDF

approximation. However, it does have strong effects on the
shape of the concentration profile, that is, the transient con-
centration distribution in the particle, as well as on the vol-
ume-average concentration. We will now determine the value
of n that yields results that are closest to the LDF model.

Figure 1 shows the effect of n on the shape of the tran-
sient concentration profile at t s0.01 for the uptake in a

Žnearly infinite reservoir i.e., VrMs250 in the batch ad-
.sorber . It is seen that a negative concentration in the core is

generated by small integers, such as ns2. At small t values
Ž .i.e., in short times , a negative core concentration exists for
all values of n. However, the negative concentration is mini-
mized when n reaches 5. This is seen in the transient profiles
for ns5, in Figure 2. For ns2, a strong negative core con-

Ž .centration persists up to t s0.05 not shown here . Thus, the
parabolic concentration profile is not a physically realistic
representation for the LDF model.

Next, we compare transient volume-average concentrations
calculated from different n values and the concentration cal-
culated from the LDF model. The results are shown in Fig-
ure 3, for ns2]5. It is seen that only when ns2 or 5 are
the results in perfect agreement with those calculated from
the LDF model, whereas deviation occurs when ns3 or 4.

( ) ( ) ( ) nFigure 1. Effect of n in q r, t s A t H B t r on the
transient concentration profile in the particle.
At t s 0.01, VrM s 250, N on 4A zeolite at 298 K.2

When n)5, deviations from the LDF are also present. This
result is not surprising since it can be shown mathematically
as follows.

Ž .Let q t, n represent the volume-average concentrationi
calculated from the concentration profiles with different n,

Ž .and q t represent the average concentration calculated with
the LDF model. By substituting ns2 and ns5 into Eq. 15,
we get

5
q t , 2 s q t , R y q t , R y q tŽ . Ž .Ž . Ž .i i p i p i2

3
q q t , R y q t s q t 21Ž . Ž . Ž .Ž .i p i i2

and

11
q t , 5 s q t , R y q t , R y q tŽ . Ž .Ž . Ž .i i p i p i8

3
q q t , R y q t s q t 22Ž . Ž . Ž .Ž .i p i i8

Figure 2. Transient concentration profiles calculated by
( ) ( ) ( ) 5q r, t s A t H B t r at different t .

At different t , VrM s 250, N on 4A zeolite at 298 K.2
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Figure 3. Comparison between transient volume-aver-
age concentrations calculated by LDF model

( ) ( ) ( ) nand q r, t s A t H B t r .
Ž . Ž .VrM s 250. a ns 3 or 4, b ns 2 or 5, N on 4A zeolite at2

298 K.

The volume-average concentrations calculated from ns2 and
ns5 are identical to the concentration from the LDF model
at all times. It can also be shown that deviations from LDF
occur for all other integers of n.

Comparison of parabolic profile with the r 5 profile
The volume-average uptake is the most important quantity

Ž .in adsorber calculations Yang, 1987 . From the discussion on
the transient volume-average uptake from different concen-
tration profiles, it is seen that only ns2 and ns5 yield the
same result as the LDF model. These two profiles are, how-
ever, very different, as shown in Figures 1 and 2. It is then
necessary to determine which profile can best represent the
LDF model. To this end, we calculate the transient concen-
tration profilerdistribution as a function of the fractional vol-

Ž Ž .. Ž .ume, that is, q t, ® r vs. ® r , for ns2 and ns5. The re-i
sults are shown in Figure 4 for a nearly infinite reservoir,
VrMs250.

Figure 4 shows the transient concentration distribution cal-
culated from the two profiles with ns2 and ns5. It is clear
that the parabolic profile results in negative amount ad-
sorbed in the core of the particle at t-0.1, whereas the Aq
Br 5 profile does not have this flaw until t-0.02. This com-
parison shows clearly that the 5th-order concentration profile
is more realistic than the parabolic concentration profile be-
cause it produces more realistic profiles at shorter times.

Figure 4. Transient concentration distribution within the
( ( ))particle, q v r at different t .i

Ž . Ž . Ž . Ž . 2a Calculated from parabolic profile, q r , t s A t q B t r ,
Ž . Ž . Ž . Ž . 5b calculated from q r , t s A t q B t r , N on 4A zeolite2
at 298 K.

Therefore, it can more accurately and realistically represent
the LDF model than the parabolic concentration profile.

Conclusion
Ž .The linear driving force LDF model for diffusion rates in

a particle has been the key tool in adsorber studies and de-
Ž .sign since Glueckauf first proposed it in 1955 Yang, 1987 .

Ž .Liaw et al. 1979 showed that the parabolic concentration
profile within the particle led to the LDF model. The equiva-
lence between the parabolic profile and LDF has been widely
accepted and applied. In this work, it is shown that the gen-

Ž . Ž . Ž . neral profiles, q t, r s A t q B t r where n is an integer G
2, led directly to the LDF model and that the parabolic pro-
file is only one specific solution. For the transient volume-
average uptake, it is proven in this work that only ns2 or 5
yield results identical to those of the LDF model. From the
transient concentration distribution in the particle, however,
it is shown that only ns5 can represent the LDF results and
that the parabolic profile would yield physically unrealistic
results. Hence the 5th-order binomial concentration profile,
rather than the parabolic profile, should be the correct repre-
sentation for the LDF model.
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Notation
bsparameter in the Langmuir isotherm, 1ratm

Dsdiffusivity of sorbate in the particle, cm2rs
Nsamount of sorbate in the gas phase at t)0, mol
qssorbate concentration or amount adsorbed, molrcm3

q sparameter in the Langmuir isotherm, molrcm3
m

3qs volume-average amount adsorbed, molrcm
qUs equilibrium amount adsorbed, molrcm3

q ssorbate concentration or amount adsorbed in equilibrium withi0
initial concentration of sorbate in the fluid phase, molrcm3

rsradial distance in the particle
R sradius of spherical particle, cmp

Ts temperature, K
® s volume of spherical particle, cm3

0
ts DtrR2 , dimensionless timep
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