Mathematical Analysis of Vortex Sheets

SIJUE WU
University of Michigan

Abstract

We consider the motion of the interface separating two domains of the same
fluid that moves with different velocities along the tangential direction of the
interface. The evolution of the interface (the vortex sheet) is governed by the
Birkhoff-Rott (BR) equations. We consider the question of the weakest possible
assumptions such that the Birkhoff-Rott equation makes sense. This leads us to
introduce chord-arc curves to this problem. We present three results. The first
can be stated as the following: Assume that the Birkhoff-Rott equation has a
solution in a weak sense and that the vortex strength is bounded away from 0
and co. Moreover, assume that the solution gives rise to a vortex sheet curve that
is chord-arc. Then the curve is automatically smooth, in fact analytic, for fixed
time. The second and third results demonstrate that the Birkhoff-Rott equation
can be solved if and only if only half the initial data is given. (© 2005 Wiley
Periodicals, Inc.

1 Introduction

Vortex dynamics is of fundamental importance for a wide variety of concrete
physical problems, such as lift of airfoils, mixing of fluids, separation of boundary
layers, and generation of sounds. In mathematical analysis, one often neglects
surface tension and viscosity when they are small in the real physical problem.
This necessitates justifying such simplifications.

In this paper, we consider the motion of the interface separating two domains
of the same fluid in R? that moves with different velocities along the tangential
direction of the interface. We assume that the fluids occupying the two domains
separated by the interface are of constant densities that are equal and inviscid,
incompressible, and irrotational. We also assume that the surface tension is 0, and
that there are no external forces. The interface in the aforementioned fluid motion
is a so-called vortex sheet. We want to study the following problem:

Given vortex sheet initial data, is there a unique solution to the problem?

In general, there are two approaches to the aforementioned problem. One is to
solve the initial value problem of the incompressible Euler equation in R?:

v, +0-Vo4+Vp=0
(1.1) dive =0 (x,y) e R% >0,
o(x, y,0) = vo(x, y)
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where the initial incompressible velocity vy € L (R?), in which the vorticity
wp = curl vy is a finite Radon measure. Here v is the fluid velocity, p is the pres-
sure, and the density of the fluid is assumed to be 1. Notice that a vortex sheet gives
a measure-valued vorticity supported on the interface. This approach was posed by
DiPerna and Majda in 1987 [21]. In 1991, Delort [20] proved the existence of
weak solutions global in time of the two-dimensional incompressible Euler equa-
tion (1.1) for measure-valued initial vorticity in H, ! (R?) that has a distinguished

sign. However, the problem of uniqueness of the weak solution is still unresolved.

In 1963, Yudovich [51] obtained the existence and uniqueness of weak solutions
of the two-dimensional incompressible Euler equation (1.1) for initially bounded
vorticity. The best results on uniqueness to date are given by Yudovich [52] and
Vishik [49] for weak solutions with vorticity in a class slightly larger than L.
This does not include vortex sheets, which admit measure-valued vorticity. Ex-
amples of weak solutions with the velocity field v € L?(R?> x (=T, T)) that is
compactly supported in space-time was constructed by Scheffer [44] and later by
Shnirelman [45]. This gives nonuniqueness of weak solutions in L*(R*x(—T,T)).
However, nonuniqueness in the physically relevant class of conserved energy v €
L*°(]0, 00), LIZOC(RZ)) remains open. Sources containing numerical evidence of
nonuniqueness of weak solutions for vortex sheet data include [33, 40].

Furthermore, weak solutions give little information on the specific nature of
the vortex sheet evolution. For instance, does the vorticity remain supported on
a curve for a later time given that the initial vorticity is supported on a curve in
R?? If we further assume that the free interface between the two fluid domains
remains a curve in R? at a later time, equation (1.1) can be reduced to an evolu-
tionary differential-integral equation along the interface. This is the Birkhoff-Rott
equation, written explicitly by Birkhoff [2] and implied in the work of Rott [42].
The second approach uses the Birkhoff-Rott equation as a model for the evolution
of the vortex sheet.

1.1 The Birkhoff-Rott Equation

For convenience, we use the complex variable z = x 4 iy to denote a point in
R?. 7 = x — iy denotes the complex conjugate and f, = 9, f and f, = 9, f are the
partial derivatives of the function f. H*(R) indicates a Sobolev space.

In search of the equation for the evolution of the vortex sheet, we suppose that
at time ¢ > 0 the vorticity is a measure supported on the curve I'(#) given by
complex position & = £(s, ¢) in arc length s, in which £(0, ¢) is the particle path of
a reference particle; on this curve the vorticity density is y = y (s, t). That is, the
vorticity at time ¢ is w(x, y, t) satisfying

//¢(x, Vo(x,y, t)dxdy = /qﬁ(é(s, t)y(s,t)ds forany ¢ € C(‘)’O(R2).
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From the Biot-Savart law, the velocity field v induced by the vorticity is given by

_ 1 (s', 1)
6z, 0= — |
2mi z—E&(@s', 1)
Notice that the velocity is discontinuous just on I'(#). We define the velocity on
the sheet as the average of the velocities at the two sides of the sheet that is given

by the principal value integral:

ds' forz ¢ T'(1).

y(s' 1) /
E(s,1) —&(s', 1)
As suggested by the properties of the Euler equation, we assume that the vortex
sheet is convected by the average velocity (1.2), and the vorticity is conserved
along the particle path. We arrive at the evolution equation of the vortex sheet:

E(s, 1) +a(s, D& (s, 1) =0v(E(s, 1), 1),

vi(s, 1) + 95(als, 1)y (s, 1)) =0,
where a(s, t) is a real-valued function satisfying a(0, t) = 0.

A rigorous justification of the equivalence between equation (1.3) and equation
(1.1) for smooth graphs &(s, t) and smooth vortex strength y (s, ¢) can be found in
[35]. Recently it was shown that equations (1.3) and (1.1) are equivalent under the
assumptions that £( -, ¢) is a regular curve (see the paragraph following Theorem
1.1 for the definition of a regular curve) and y (-, t) € L*(ds) N L'(ds) (see [34,
theorem 3.2]).

Assuming a(s, t) = fos y(s’, t)ds’ defines an increasing function of s, we make
a change of variables: z(«,t) = &(s(w, 1), 1), in which s(-, t) is the inverse of
a(-,1): als(a, t), t) = a. We get from equation (1.3) the Birkhoff-Rott equation

(1.4) 02, 1) = —p. V'/ @ n—z5.0%

Notice that z = z(«, t) is a parametrization of the vortex sheet in the circulation
variable o, and 1/|z,| = y is the vortex strength. A steady solution of (1.4) is the
flat sheet z = «.

Equation (1.4) has been under active investigation for the last four decades. A
well-known property of (1.4) is that perturbations of the flat sheet grow due to
the Kelvin-Helmholtz instability, following from a linearization of equation (1.4)
about the flat sheet. For given analytic data, Sulem, Sulem, Bardos, and Frisch
[47] established the short-time existence and uniqueness of solutions in the analytic
class for two-dimensional and three-dimensional vortex sheet evolution. Duchon
and Robert [22] obtained the global existence of solutions of equation (1.4) for a
special class of initial data that is close to the flat sheet.

However, numerous results show that a vortex sheet can develop curvature sin-
gularities in finite time from analytic data. Moore [37] was the first to provide
analytical evidence that predicts the occurrence and time of singularity forma-
tion, which was verified numerically by Meiron, Baker, and Orszag [36] and by

_ 1
(1.2) 0E(s.0).0) = 5—p.v.

(1.3)
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Krasny [28]. Caflisch and Orellana [3] proved existence almost up to the time
of expected singularity formation for analytic data that is close to the flat sheet.
Duchon and Robert [22] and Caflisch and Orellana [4] constructed specific exam-
ples of solutions of equation (1.4) where a curvature singularity develops in finite
time from analytic data. The example of Caflisch and Orellana [4] has the form
z(a,t) = a + S(a, t) + r(a, t), where

S(O[, l,) — E(l _ l){(l _ e—t/z—ia)l-‘ru _ (1 _ e—t/2+ic{)l+ﬂ}

is a solution of the linearized equation in which € is small, © > 0; r(«, t) is the
correction term that is negligible relative to S(«, ¢) in the sense that S(«, t)+r (o, t)
exhibits the same kind of behavior as S(«, ) [4]. Notice that S(«, t) is an analytic
function for + > 0, but S(«, 0) has an infinite second derivative at « = 0O for
w € (0, 1). In fact, the (1 4+ v)™ derivative of S(«, 0) for v > u becomes infinite
at @ = 0. Now inverting time gives an example z(«, ) that is analytic at 7o < 0 but
has an infinite second derivative at « = 0, r = 0. At the singularity formation time
t = 0, the vortex strength 1/|Z,| of this example satisfies

(1.5) O0<c< <C < o0

A

Za

for some constants ¢ and C, and Z(a, t) € C'*?(R x [y, 0]) for 0 < p < p.

These examples also show that the initial value problem of the Birkhoff-Rott
equation (1.4) is ill-posed in C'*"(R), v > 0, and in Sobolev spaces H*(R), s > 3,
in the Hadamard sense [4, 22]. Ill-posedness was also proved by Ebin [23] using a
different approach. However, the existence of solutions in spaces less regular than
C'(R) or H*(RR) and the nature of the vortex sheet at and beyond the singularity
time remained unknown analytically in general.

This suggests that we look for solutions of the Birkhoff-Rott equation in the
largest possible spaces where the equation makes sense. For the purpose of this pa-
per, we consider functions z(c, t) so that both sides of equation (1.4) are functions
locally in L2, and on which the L? analysis is available. This leads us to consider
chord-arc curves.

Another reason that chord-arc curves are to be considered is due to physical
and numerical evidence. Krasny [27, 29] studied the evolution of the vortex sheet
beyond singularity using numerical methods (more specifically, the vortex blob
method). He found that the approximate solutions have the form of an infinitely
rolled-up spiral beyond singularity. We know a special example of chord-arc curves
is a logarithmic spiral. Physical and experimental evidence also suggests that vor-
tex sheets are spirals (see [48]).

1.2 Chord-Arc Curves and Some Recent Results

Let I be a rectifiable Jordan curve in R? given by £ = £(s) in the arc length s.
We say I is a chord-arc curve if there is a constant M > 1 such that

[s1 — 82| < MIE(s1) —&(s2)| forall sy, s,.
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The infimum of all such constants M is called the chord-arc constant.
For O C Rinterval, let

mo(f) = IIEQ/ fx)dx.

Let I C R be an interval. We say a function f € L! (I) is in BMO(J) if

loc

I fllsMoy = sup mo(lf —mg f|) < oo.
ocl

Q interval

For a chord-arc curve & = £(s), s the arc length, it is proved in [15] that £(s)
exists almost everywhere, and there is a choice of the argument function » € BMO,
with £'(s) = €. In particular, if the chord-arc constant is close to 1, there is a
choice of » € BMO such that ||b||gmo 18 close to 0. Moreover, the subset of all
such functions b is an open subset of BMO. And if » € BMO and ||b|lgmo < 1,
E(s) = & + foY ¢’ ds" defines a chord-arc curve, with chord-arc constant <
1/(1 — [[bllsmo)-

Examples of chord-arc curves include Lipschitz curves and logarithmic spirals
r =+, 0 € R, where (r, 0) are the polar coordinates.

A theorem of David [17] states the following:

THEOREM 1.1 For all chord-arc curves I' : & = &(s), s the arc length, the corre-
sponding Cauchy integral operator Cr, where

f(s)

— L dE(),
5o —£) W)

Crf(s) =p.v.

is bounded from L*(ds) to L*(ds).

In fact, the result in [17] is stronger than stated above. David proved that the
Cauchy integral operator Cr is bounded from L?(ds) to L?(ds) if and only if T’
is a regular curve. A rectifiable curve I is said to be regular if there is a constant
M such that for every r > 0 and every disc D with radius 7, the length of I' N D
does not exceed Mr. A chord-arc curve is regular but not vice versa. We choose to
work in the class of chord-arc curves instead of regular curves because for chord-
arc curves, there is a description in terms of BMO functions, and the chord-arc
class is only slightly smaller than the regular class.

Now we go back to the Birkhoff-Rott equation. Notice that the Biot-Savart
integral representing an incompressible velocity field v in terms of the vorticity
can be divergent if @ does not vanish fast enough at infinity, even if the velocity
field v is well-defined. We extend the definition of the Birkhoff-Rott equation (1.4)
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by considering the differences of the velocities between any two points,

Z_t(av t) - Z_t(a/7 t)

:2yln'p'v' / { (« r)1 B, 1)z t)l— (B t)}dﬁ
(1.6) ey oD T ERD BeL Db,
1 z(a, 1) — z(a, 1)
Lo d
+ i DY N (z(a, 1) — z(B, ) (z(a', 1) — z(B, 1)) p

181>

for all (o, t) and («’, t), and some N > |a| + |&’| 4+ 1. This admits a larger class
of solutions. In particular, the integral on the right-hand side of equation (1.6) is
convergent for those similarity solutions considered in [26, 39, 40, 41], which oth-
erwise give divergent Cauchy integrals in (1.4) due to the divergent contributions
from the vorticities at infinity. It follows from the theorem of David that the integral
on the right-hand side of equation (1.6) is convergent for a.e. («, t) and («’, t) and
isin L>([0, T1, L} .(da) x L (da")) for the solutions considered in Theorem 1.2
in the following.

Notice that equation (1.6) determines a solution z = z(w, ) up to translations.
That is, if z = z(«, t) is a solution of (1.6), then for any function c(¢), z(«, t) +c(t)
is also a solution of (1.6).

Roughly speaking, if a function z = z(a, t) satisfies equation (1.4), it also
satisfies equation (1.6). On the other hand, if z = z(«, t) satisfies (1.6), and the
Cauchy integral

1 1
%P“/mdﬂ

is convergent at some point «, say at « = 0, then there is a function ¢ = ¢(¢) such
that z(«, 1) + c(¢) satisfies equation (1.4). The function c(#) is determined by

| 1
30,1 +c(t) = %p-V-/ mdﬁ'

For f € LIIOC(I ), I C Rinterval, we say f is of bounded local mean oscillation

on [ if there exists 6o > O such that

1
sup —/If(a)—mg(f)lda < 00;
all 9l |Q|

[Q1=éo Q

here Q is an interval. We say f is analyticon / if f € C*°(]), and for any compact
subset K of I, there is a constant p > 0 such that

X m 1/2
Z%(/mg”f(aﬂzda) < 0.
K

”f”BMO(I),So =

m=o

Notice that In z is multivalued for a complex number z. In the following, Inz,
refers to one choice of the multivalues. We have the following results concerning
the solutions of the Birkhoff-Rott equation (1.6) (or (1.4)):
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THEOREM 1.2 Assume that z € H'([0, T], L}, (R)) N L*([0, T1, H. (R)) and
that z is a solution of the Birkhoff-Rott equation (1.6) for 0 <t < T satisfying the
following:

(1) There are constants m > 0 and M > 0, independent of t, such that
(L7) mla — B| < |z(a, 1) —z(B, )| < Ml — B| foralla,p€R, 0 <t <T.

Then there is a constant c(m, M) > 0 as follows: if also
(i) on some fixed interval (a, b), there exist a determination of Inz, and a
constant §y > 0, independent of t, satisfying

(1.8) sup [l Inzo (-, 1) lBMO@,b).80 < c(m, M),
[0,T]

then z, € C((a,b) x (0, T)), and for each ty € (0,T), z4(-, ty) is analytic on
(a, b).

Remark 1.3. Notice that assumption (ii) is satisfied if Inz, € C([a, b] x [0, T]).
Assumption (i) is equivalent to assuming that the vortex strength y = 1/|z,] is
bounded away from O and oo, with bounds independent of ¢, and z = z(-,t)
defines a chord-arc curve for each fixed r € [0, T'], with the chord-arc constant
independent of ¢. Heuristically, assumption (i) is equivalent to assuming that the
chord-arc curve z = z( -, t) “doesn’t roll up too fast locally on the section (a, b).”
Assumption (i) can be relaxed by requiring that 1/|z, («, t)| be bounded away from
0 and oo for « € (a, b) only and by assuming some weaker conditions for o &
(a,b).

A result similar to Theorem 1.2 under the stronger assumptions that the solution
of the Birkhoff-Rott equation (1.4) z = z(«, t) € C'* for some py > 0, the vortex
strength ¢y < y(«, t) < Cy for some constants ¢y > 0 and Cy > 0, and the vortex
sheets I'(¢) are closed Jordan curves (it is easy to check that such curves are chord-
arc) is also obtained by Lebeau [31] using an independent approach. We’d like
to point out here that the result of Lebeau doesn’t aim at answering the question
of the nature of the vortex sheet after singularity formation, since C'*#0 is a class
that doesn’t include any spiral curves; moreover, the assumption that the solution
is C'*0 in time also seems too strong.

As a consequence of Theorem 1.2, we know that the example constructed by
Caflisch and Orellana [4] will fail to satisfy properties (i) and (ii) as stated in The-
orem 1.2 near the singularity after the singularity formation time. That is, after the
singularity formation time, the vortex sheet will fail to be in the class of chord-arc
curves that don’t roll up too fast near the singularity.

We now consider the question of existence of solutions of the Birkhoff-Rott
equation for given initial data. What would constitute an initial datum for the
Birkhoff-Rott equation? Notice that for the incompressible Euler equation (1.1),
the initial datum is the initial velocity v( -, 0), which determines the initial vorticity
wy = curlo(-,0), and vice versa through the Biot-Savart law. For a vortex sheet
datum, the initial vorticity @, is a Radon measure supported on a curve, which is
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determined if and only if both the initial position £( -, 0) of the vortex sheet and
the initial vortex strength (-, 0) are (independently) given. We know z(«, 0) is
the reparametrization of the vortex sheet in the circulation variable «, with vortex
strength y = 1/|z4|. Therefore equivalent to the initial velocity v( -, 0) for the
Euler equation is the initial datum z( -, 0) for the Birkhoff-Rott equation.

Let Re z and Im z be the real and imaginary parts of a complex number z, re-
spectively. Regarding the existence of solutions, we have the following:

THEOREM 1.4 For any real-valued function wy € H>?(R), there exists T =
T (lwoll g32) > O such that the Birkhoff-Rott equation (1.6) has a solution z =
z(a, t) for 0 < t < T satisfying Inz, € C([0, T], H¥*(R))NC' ([0, T], H'*(R))
and Im{(1 + i) Inz, (e, 0)} = wy(), with the property that there exist constants
m > 0 and M > 0 independent of t such that

mla — B < l|z(a,t) —z(B, )| < M|la — B| foralla,BeR, 0 <t <T.
Notice that a consequence of Inz, € C([0, T], H**(R)) is that

lim sup |[Inzy (e, ?)llBMOR®),s = O.
SHOOSIST

Therefore the solution obtained in Theorem 1.4 satisfies both properties (i) and (ii)
(for (a, b) = R) of Theorem 1.2, so it is analytic on R for each fixed r € (0, T).

Theorem 1.4 states that if only half of the data z,(«, 0) is given, there is a
solution of the Birkhoff-Rott equation (1.6) for a finite time period. In general,
there can be more than one solution admitting this half data wy; this is evident in
the proof of Theorem 7.8 (consequently, Theorem 1.4), in which the choice of vy
is not unique (see Section 7).

Theorem 1.4 is a generalization of the existence result of Duchon and Robert
[22] to general data. While it is reasonable to expect an existence result under some
weaker regularity assumption wy € H'/2(R), we opt for the version presented in
Theorem 1.4, with a shorter and less technical proof (see Section 7).

The following result implies that Theorem 1.4 is optimal in the sense that, in
general, there is no solution of the Birkhoff-Rott equation satisfying properties (i)
and (ii) as stated in Theorem 1.2 beyond the initial time ¢ = O for arbitrarily given
data.

THEOREM 1.5 Assume that z € H'([0, T], L .(R)) N L*([0, T], H .(R)) is a
solution of the Birkhoff-Rott equation (1.6) for 0 < t < T, T > 0, satisfying
properties (1) and (ii) on some interval (a, b) as stated in Theorem 1.2. Assume
Sfurther that wy = Im{(1+i) Inz, (-, 0)} is analytic on (a, b). Then z, € C((a, b) x

[0, T)) and Re{(1 4+ i) Inz,(-, 0)} is also analytic on (a, b).

The reason that Theorems 1.2 through 1.5 hold is that under assumptions (i) and
(i1) in Theorem 1.2, the Birkhoff-Rott equation (1.6) is of “elliptic” type on (a, b) x
(0, T). From the result of David, we know that assumption (i) already implies that
Inz,(-,1) € BMO(R). So assumption (ii) is just a further “smallness” assumption
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on section (a, b). It would be interesting to see whether assumption (ii) can be
removed or whether one can construct a nonsmooth solution of equation (1.6) that
violates assumption (ii). At this point, it appears that assumption (ii) is a technical
assumption necessary for the proof presented in this paper. Furthermore, it would
be interesting to relax assumption (i) by considering vortex strength that is not
necessarily bounded away from 0 and co. We refer to [50] for further discussions
on open problems.

In Section 2, we give notation and some results in harmonic analysis that are
needed in the proofs of Theorems 1.2 through 1.5. In Sections 3 through 6, we
give proofs of Theorem 1.2 and 1.5. In particular, in Section 3 we prove that under
the assumption of Theorem 1.2, the solution z, € Hlloc((a, b) x (0, T)) and the
initial data is Hli)/cz (a, b) compatible (see Proposition 3.3 for the precise statement
of the result and the definition of Hllof compatibility). In Section 3, we prove that
under the assumption of Theorem 1.2, the solution z, € HI%)C((a, b) x (0, T)) and
the initial data is Hliéz (a, b) compatible (Proposition 4.1). In Section 5, we prove
that the solution is C* and the initial data is C* compatible (Proposition 5.1).
In Section 6, we prove that the solution is analytic and analytically compatible
initially and therefore complete the proof of Theorems 1.2 and 1.5. In Section 7,

we prove Theorem 1.4.

The main difficulty lies in the proof of H' and H? regularity of the solution
and the H'/? and H*? compatibility of the initial data, since minimum regularity is
assumed on the solution. Once we obtain the H? regularity of the solution and H 3/
compatibility of the data, it becomes relatively easier to obtain the C* regularity
and analyticity of the solution and C* and analytic compatibility of the data.

In the following, we will omit the p. v. in front of integrals. It is understood that
the integrals are in principal value when necessary.

2 Notation and Some Results from Harmonic Analysis

Besides that introduced in the introduction, we use the following notation and
abbreviations:

We write ||b]lsmo®) = 1D+, 1DIIBMO@.5).50 = I1Pl5.50 and || fll .2y = I f 2.
For a bounded linear operator 7 : L>(R") — L*(R"), T2, indicates the L* >
L? operator norm of T.

Foraset S C R”, ¢ = R"\ S is the complement of S, xs is the characteristic
function over the set S, and 9.5 is the boundary of the set S. For an interval / C R
and A > 0, A is the interval having the same center as / and of length |A 7| = A|[|.

For a one-variable function f = f(x), f' = fy = 0, f = % f, f”, and
£ indicate the first-, second-, and j™-order derivatives of f. For a multivariable
function f = f(a, 1), fi = 0/ f, fa = 0af’ foaa = an’ and fo; = 9,0, f, etc.,
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indicate the partial derivatives of f, while

P(D)f(a, 1) = P(&) f (&, 1)e' d,

7=
2

where f(é, t) = (1/4/2m) f f(a, 1)e™'% da is the Fourier transform of f in o,
always indicates the pseudodifferential operator P (D) in the space variable «. In

particular,
L[ fl@n = fB.D)
Dl = [ DL ap,

For a one-variable function f = f(x),

1 1
HiW =+ [ ==y

is the Hilbert transform. For a multivariable function f = f(«, 1),
1 1
Hf@n = [ = fe.ndp
) a—p
always indicates the Hilbert transform in the space variable «. Notice that |D| =
Ha,.
We write ¢" () = (1/|h|)@(a/ h) for any one-variable function ¢, h # 0.
We will use the difference quotient argument to prove Theorems 1.2 and 1.5.
We introduce the following notation: for a function f = f(«, 1), h # 0,

o filet) = j(fl@+h) - fl@n),
o Sl t) = [ fr.)dy, and
o file.t) = f(flet) = [flnle 1).

Notice that the difference quotient is always in the space variable «. Similarly, for
a one-variable function f = f(«),

o ful@) = (fla+h)— f()),

o [fli@) = ;[ f()dy, and

o ful@) =5 (f(@) —[fln(@)).
Therefore fj, () = [ fy]n (). We will mainly work on difference quotients in c.

We use G(R") to indicate the Schwartz class of functions on R”, i.e., those

functions that are infinitely differentiable and decay rapidly at infinity. C/!(R")
consists of functions f € C/(R") with its j"-order derivatives Lipschitz. For an
open subset U C R”, Cé(U), Cy°(U), and L (U) consist of functions in ci(U),
C*®°U), and L*°(U), respectively, with compact support in U. H®(U) indicates
the Sobolev space over the set U. H;(U) is the closure of C;°(U) in H*(U).
L{(’)C(U), H;} .(U), etc., consist of functions f such that f € L?(K), H*(K), etc.,
respectively, for any compact subset K C U. In this paper, we mostly work on
R" = R, R? and U C R, R?. In particular, we use the norm || f|g=r) = (/(1 +
HEN f (&)|>d&)'/? (here f is the Fourier transform of f), while on an interval
I CR, I#R,weuse | fllyes = Zj-‘zo I f Y20l 12() for nonnegative integer .
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We state a few results from harmonic analysis that will be used in the proof of
our theorems. Most of the material can be found in [8] and [25].

Let A = {(x,y) € R" x R" : x = y}. A standard kernel is a continuous and
differentiable function K : A® — C for which there exists a positive constant C
such that for all (x, y) € A,

K@l .
2.1) J
[ViK(x, y)| + |V, K(x, y)| < m
An operator T taking C;°(R") to LllOC (R™) is a Calder6n-Zygmund operator (CZO)

if
(1) T extends to a bounded linear operator on L*(R") to L?(R"), and
(2) there exists a standard kernel K such that for every f € L§°(R"),

22) Tf(x) = f K(x.y)f(y)dy ae.on (supp f.

Welet || T|lc; = IT]l2.2 + C(K); here C(K) is the smallest constant C associated
with the standard kernel.

A nonnegative function tv : R" — R is called an A, weight if there exists a
constant C > 0 such that for all cubes Q,

mo(w)[mg(tw 717! < C.

THEOREM 2.1 ([9]) If 1 < p < oo and o € A, then every CZO T is bounded on
L?(todx).

The following is a consequence of the “7'1 theorem” of Journé and David [18].
For the statement of the 7'1 theorem in a general setting, see [18].

THEOREM 2.2 ([18]) Assume that T : C®(R") — LIIOC(R") is a linear operator
defined by an antisymmetric standard kernel K: K(x,y) = —K(y, x) and (2.2).
Then the necessary and sufficient condition for T to extend to a bounded operator
from L*>(R") to L*>(R") is that T1, T*1 € BMO. Here T* is the dual operator of

T.

Let f : X — Y be a function between two Banach spaces X and Y over
complex numbers C. We say that f : X — Y is holomorphic in a neighborhood
of xo € X if there is a ry > 0 such that f is bounded and Gateaux-differentiable
on B, (xo) = {x € X : |x — xoll < ro}.

Let B(L?, L?) be the space of bounded linear operators from L>(R!) to L>(R")
with norm || - ||2.2. Let BMO be the space of complex-valued BMO functions. For
a € BMO(R') we define the Cauchy integral operator

elaw)
e

1
(2.3) Cla)(f) = ;/ mf(y)d)’-
y
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We know that there is a rop > 0 such that if ||la|lsmo®) =< 79, C(a) defines a

bounded operator from L*(R') to L2(R!) (see [5, 8, 11, 17] and Theorem 1.1).
This can be shown as a consequence of Theorems 2.1 and 2.2. Moreover, we have
the following:

THEOREM 2.3 ([8, 12, 13]) There is a ry > 0 such that the function C defined in
(2.3) is holomorphic from B,,(0) C BMO(R") to B(L?, L?).

We have the following corollary of Theorem 2.3.

COROLLARY 2.4 ([8]) Let a € BMO(R") with lallsMom®) < Fo; here rg is as in
Theorem 2.3. Then C(a) — H : L*(R") — L?*(R") is bounded, and there is a
constant Cy > 0 such that

IC(a) — H|l22 < Collallsmo)-

Another corollary of Theorem 2.2 is the L? boundedness of the Calderén com-
mutators:

k
© e [ (A — A()
24) cre= [ Loy,
COROLLARY 2.5 ([18]) There is a constant C > 0 such that for all A, with A’ €
L®(R), f € L*(R), and positive integer k,
ICE Flla < CHIATTEN £ 1o

The following are some other useful results. Let 7 be a CZO, a a function, and
k a positive integer. Define the commutator

M\f=la,TIf =aT(f) —T(af) and Mgy f = [a, M]f.

THEOREM 2.6 ([8, 14]) Let T be a CZO, a € BMO(R"), and k a positive integer.
Then there exist constants Cy > 0 depending on ||T ||, such that the operator M
is bounded from L*(R") to L*(R!) and

k
[Mill22 < Crllalipmogr)-

PROPOSITION 2.7 ([8])

(i) Assume that b € BMO(R), with Reb € L®(R), |Reb|j~ < N. There
exist constants r, C; > 0, depending on N, such that if |bllpmomw) < ri, then
e’ e BMO(R), and

le®llsmo®) < CillbllBMoR)-

(i) Assume that b € BMO(R), with In|b] € L*(R) and ||In|b]||
There exist constants ry, C; > 0, depending on N, such that if ||b]lsmo)
then there exist a determination of In b, with Inb € BMO(R) and

IA A

r,

IInbllsmomw) < Ci1llbllBMOR)-
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Now assume that b € BMO([c, d]); we define the reflective periodic extension
a of b by

b(x), X € [C, d]’
a(x) =
b(Q2c —x), x€[2c—d,c],

a of period 2(d — ¢). Then the following holds:

PROPOSITION 2.8 ([8]) Let b € BMO([c, d]) and a be the reflective periodic
extension of b to R. Then a € BMO(R) and

llallsmom) < 8lIblIBMOCe,d]-

In the following, ¢y, ¢3, ¢/, ¢”, etc., are used to indicate constants. Constants
appearing in different contexts may bear the same notation, although they are not
necessarily the same.

More notation will be introduced along the way.

3 H! Regularity of z, and H'/?2 Compatibility of the Initial Data

Assume that z € H'([0, T, LIZOC(R)) N L2([0, T1, HILC(R)) is a solution of the
Birkhoff-Rott equation (1.6) for 0 < ¢ < T, satisfying assumption (i) of Theorem
1.2. We want to show that there exists a constant ¢c(m, M) > 0 such that if on some
fixed interval (a, b) there exists a 8o > 0 such that for some determination of In z,,
we have
(3.1) sup lInzy (-, 1) lBMO@,b).80 < c(m, M),

[0,7]
then Inz, € H'(K) for any compact subset K of (a, b) x (0, T). We also want
to show that if, in addition, Im((1 + i) Inz,(-,0)) € Hll/ 2(a, b), then we have

ocC
Re((1+i)Inzy(-,0)) € Hllf(a, b) and Inz, € H'(K) for any compact subset K
of (a, b) x [0, T).

3.1 A Heuristic Argument

We first give a heuristic argument, since it better illustrates the main ideas. We
assume (a, b) is of finite length, Inz, € L*((a,b) x [0, T]), and all the terms
that appear are finite, so that subtraction of terms makes sense. For any compact
subset K of (a,b) x (0, T), we will derive an estimate that bounds |[In z, | 51 (k)
by IInzgllz2(@a.pyx[0.77)- In the process, we will find the constant c(m, M). We
begin with c¢(m, M) < min{ry/8, r1/8}; here ry and r| are as in Corollary 2.4 and
Proposition 2.7.

Let Q be an interval satisfying 2Q C (a, b) and [2Q]| < §y. Take n, p € C5°(R)
such that

5
77(05) =1 on Qv supp 7 C ZQv

(3.2) 5
p(@)=1on350, suppp C20,
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and 0 < n(a), p(a) < 1,and | (@) + |p'(a)| < C/|Q| for some constant C > 0.
Taking the derivative with respect to o on both sides of (1.6) and using integration
by parts, we obtain that for « € %Q

_ 1 zo (0, 1)
Za(, f)=% m (,3)85 dﬁ
(3.3) @D ig)ap
27n (z(o, 1) —z(B, 1))zp
1 Zo(a, )(1 — p(B)) d
B.
C2mi ) (e n) — (B, 1)
Let
Fi(a,1) = Z o'(B)dp

27i ) (2l 1) — z(B, 1)zp
1 Za(l - Io(ﬂ))

" i ] Gan—zp002 P

For o € %Q and ¢ € [0, T'], we have from assumption (i) that

(34 |Fi(a, )] < @

for some constant ¢;. Now

Za(a’ t) 1
/Z(a n—z8n) PP 9P

1 1 ) 1 1
_/ P dﬂ+/<z(a,t)—z(ﬂ,t) a—ﬁ)p(ﬁ)aﬁzﬂ »

:——f—p(ﬁ)aﬁanﬁdﬁ+ﬂ|:Zl :|(loaot1nZa)

—/< e )(ﬁ)ia Inzy dp
an =z a—p) ML

Let

Fya, 1) = ﬂ[i H}(paa Inzy)

o

Zo(a, t) 1 1
_ f <z(o{, t) —z(B, 1) o o — IB>/0(,3)5 0 lnzﬁ dp.

For fixed t € [0, T'], using a reflective periodic extension of Inz, (o, t) from o €
20 to R when necessary, applying Theorem 2.6 to the first term and Corollary 2.4
to the second term, and furthermore, using Propositions 2.7 and 2.8, we get

(3.5) / ()| Fa(o, D da < cof|Inzyl2 4, / |p ()3 Inzo(at, 1) dex
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for some constant ¢, independent of z. Therefore

1 1 1
(3.6) E),(anO[)=—2m.IZ |2/a ﬂp(ﬂ)aﬂlnzﬁdﬁ+ <—F2+F1>

27l

Multiplying n(«) on both sides of equation (3.6) gives

1 n(B)
n(e)o;(Inzy) = 27Ti|Za|2/Ol—,Baﬁ Inzg dp
1 n(e) —n(p)
(3.7 — 2m|za|2/ 5 p(B)dglnzgdp
4 1) (—F2+ Fl)
Za \27
Now by writing
/"(ﬁ;aﬂlnzﬂdﬁ f S5(1(8) Inzy) df /"(ﬂ) dp,
we get from (3.7) that
_ 1 1
69 n@nng,) =5 [ B0 )b+ Flan,
where
1 n'(B) n(a) —n(p)
F(a’t)_znilzalz{/a ﬂln e dp = /7 ('B)aﬂlnzﬂdﬁ}
n(a)
z <2—sz+F1)

From (3.4), (3.5), Corollary 2.5, and Theorem 2.6, there exist constants ¢, ¢;, and
c3, independent of ¢ € [0, T'], such that

/IF(Ot, NP da < ¢, ”an0¢”§)50/|10(O{)8o(1n2a(0{’ N da

3.9 / o+
@P In e[ de @|

LetV = (1+i)lnz,. We get from (3.8) that

(3.10) nv, = |IDI(nV)+ (A —i)F(a,t).

2)zal?

We now estimate

ID|(nV) (e, 1)|* da.

i . B 1
/k“mﬂHmmme) 212al?

We have the following identity:
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PROPOSITION 3.1
2
do

— 1
/Izalz‘an— mIDI(nV)
o

(3.11) = f (|za|2|n(a>W|2+ %HDI(W)V) do

|Za|2
lR d \% D|(nV d
3 GE/H(Q) (o, ID|(nV)(a, t) da.

PROOF: Notice that |D| : L>(R) — L2(R) is a self-adjoint operator. We have

2
da

— 1
f|za|2’nv,— PR

1
= / (|za|2|nvt|2 - |IDI(17V)|2) do — Ref nV,|D|(nV) da

4zal?

1
=/(|za|2|n(a>m2+ \|D|(nV>|2) da

4|Za|2

— %Re%/n(u)V(a, HID|(nV)(a, t)da.

O

Assumption (i) of Theorem 1.2 implies that m < |z,| < M; therefore from
(3.10) and (3.11) we have

1 2
2 2
(3.12) m /mm da+m/||0|(nm| da
1 d
< —ReE/nV|D|(nV)da+2M2/|F(a, N*da.

Taking §(¢) = t>(T —t)> fort € [0, T] and 8(¢) = O for ¢t ¢ [0, T], integrating
with respect to £, and using integration by parts, we get

msza(z)mvﬁdadmL/f&(r)“m(n\/)fdadt
! 4M?

< —%Re// 5’(z)nV|D|(nV)dadz+2M2/f5(z)|F(a, )| do dt
T

§2M2T2/ /|nV|2dozdt+ //S(I)llDl(nV)|2dadt
0

+2M? /fS(t)lF(oz, N> dadt.

1
8M?

Here we used the fact that §'(¢)> < 4T28(¢t) for t € [0, T] and the Holder inequal-
ity. Therefore
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mz/fa(t)|nv,|2dadt+ e f/é(t)||D|(nV)| da dt

§2M2T2//|r]V|2dadt—|—2M2//8(t)|F(a, N> dadt.
0
Using (3.9) and that

1
f||D|(nV)|2d0t=/|8a(nV)|2d0t > E/|nva|2doz—/|n/(oc>V|2doz,

we arrive at

1
2 2 2
m //8(0an,| dadt + 16M2//8(t)|nva| dadt

< 2M?¢, sup ||lnz0¢||*50 //8(t)|p(a)V 1> da dt

— VIFdad —
(C2+|QI2>// Vi dadr+ o

for some constants ¢;, i = 1, ..., 4. Now if we take the number c(m, M) in (3.1)
by
(m. M) = mi ro T 1
c(m, min
8’8’ 20M2f

where r( is as in Corollary 2.4 and r; is as in Proposition 2.7, we get

1
/5(x)/|vl| dadt + —— T /8(t)/|V|dadt
< S(t Vo> dad
_200M2/ ()2Q| |“da dt

+( to )/T/IVW dr + —
o+ — o —.
o) o) 0

We prove the following proposition:

(3.13)

PROPOSITION 3.2 Let I C R be a finite-length interval. Assume that the function
V e H'(I x [0, TY) satisfies (3.13) for all subintervals 2Q C I. Then there are
constants C; and C, such that

mzfa(t)/distz(a,al)|w|2dadt
1

1 ) 2
(314) +W/6([)/dlst (a,BI)lVa| da dt
I

T
Ele/IVlzdadt+C2.
0
1
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Here dist(«, 01) is the distance from point o to the boundary 01 of the interval 1.

PROOF: Let I = [p, q]. We divide the interval / into a disjoint union of subin-
tervals /1y and I, k = 1,2, ..., such that

. 1
[11x| = dist(p, 11 1) = WIII,
fork=1,2,....

|1 x| = dist(q, L ;) = ﬁ”l,

We apply 3.13)to Q = L, i = 1,2,k = 1,2,.... Multiply 10> = |I,-,k|2 on
both sides of (3.13) and then sum up with respecttoi = 1,2,k =1,2,.... We get

1
w3 [50) [1naPvitdads+ o3 [50) [ 1PV daar
ik Ii i ik lik

1
< S(t L Vo P da dt
_mW;/o/mu|a

21 k

T
+Z(<cz|1,-,k|2+c3>/ / |V|2dadz+c4|1,-,k|).
ik 0

21 k

Notice that

D il xan, (@) <63 Ll (@),
ik ik

D xon (@) 3> xi @) = 3x:(@),
ik ik
for all @ € R; therefore
2 [ 60 [ 31l Vi e
i,k
1 2 2
+W/6<r)/;u,-,k| Vel dar di
6
<— [ s@ Ll xr | Vol do dt
< 5oz | <>/;| Vol de

T
+3(c2|1|2+c3)//|V|2dadz+c4|1|,
0
1
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and
e [ 6 [ Y 1hal VP dadr
i,k
1 2 2
T /am/;m,m Yoo\ VP der dt
T
53(02|I|2+C3)//lVlzdadt+C4|I|.
0 1
From
1
7 dist(a, 81) < Xk: [P xp,, (@) foralla e I
we get (3.14). O

If we apply Proposition 3.2 to V = (1 + i)Inz, (assume V € H') on any
interval I C (a, b) with |I]| < &, we get a bound on

10;(In z¢,) ||L2(%1><(T1,T2)) + 1105 (In z¢) ||L2(%1><(T1,T2))

by [lInzy|l12(7x 0,y for any interval [Ty, T3] C (0, T'). This suggests that we can
bound the H'(K) norm of Inz, by its L?((a, b) x [0, T]) norm for any compact
subset K of (a, b) x (0, T).

Let V(-,0) = v+iw;here v and w are the real and imaginary parts of V (-, 0),
respectively. If we assume, moreover, w € H'/?(a, b), we can modify the above
argument to get a bound on ||v|| 41/2() for any compact subset K of (a, b). Taking
c(t) = (T —t)*>fort € [0, T]and ¢(t) =0 for ¢ ¢ [0, T], we get from (3.12) that

1
mszar)mvtﬁdadwmf/z(r)nm(nvnzdadt

< —%Re/ ¢'(OnVIDI(nV) da di

—%Re{(O)/nV(a, 0)ID|(nV)(e, O)da—I—ZMZ/ ¢()|F(a, 1)) da dt.

Notice that
Re(nV(-,0)|D|(nV)(-,0)) = nv|D|(nv) — nw|D|(nw)

and

121> < 4¢(r), ¢(0) =T2.
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Again using the Holder inequality, we get

w [[ cwmvpaadr+ o [[ colipiaw dadr

1
+ ET2 f nv|D|(nv) da

T
52M2/f|nV|2dadz+ﬁ//g(tmm(nmzdadt
0

+%T2/nw|D|(nw)doz+2M2/ ()| F (e, ) do dt.

Proceeding as above and taking the same constant c(m, M), we arrive at

2 2 1 / / 2
m f;(z)/|v,| dadt + o | @) | [Vol* derdr
(9] 0

1
+ —T2/ nv|D|(nv) da

2
*(C”@)//'V' doi
C

4 1 2
|Q| + = T nw|D|(nw) do.

Relation (3.15) holds for all intervals Q, with 2Q C (a, b) and |20]| < &.

Now for any interval I C (a, b), |I| < &y, we use the same argument as in
Proposition 3.2. Let n;; be the function n corresponding to the interval /; ; such
that [£; ¢||In; ;lc < C for a constant C independent of i and k. Notice that for any
function f € C*(R),

1l / 0k f 1D (0 i f) dor
ik

1 2 (i () f (@) — mj, k(ﬂ)f(ﬁ))2
= E i k| / @B

R / i ik P07 (@) f2(@) + 07 k(ﬂ)fz(ﬁ)—2mk(a)mk(ﬂ)f(a)f(ﬁ)}
(@ —B)?

dadp

da
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Let0(x) > O,

(3.16) 02 (@) =Y i}y (@).

We have § € C*®(a, b) N C*'(R), suppf C I, and

1
—dist (@, 01) < Y il xi, < 0%() < Y ikl xar,,
(3.17) 4 i I
< 6dist*(a, 31)

for o € I. Therefore
> il / Nia 1D (nix f) det
ik

- /HfIDI(Of)da

// 0()0(B) — X 4 ik nik @)k (B)
(o — p)?

fe) f(B)xi(@)xi(B)dedp.

Since 237, ¢ i P nik (@)ni 1 (B) < 26()8(B) < 6%(ar) +67(B),

20(@)0(B) — 23 1Lk P mix (@) ni i (
‘ [ gf'ﬁ)ﬁ' Wk CMLE) 1 (o) By x1 ()11 (B B
[ e~ 25 il @nis (B)
= @- B
[ T lufo () 1B
By

|f (@) f(B)Ixi(e)xi(B)dedp

|f (@) f(B)Ixi(e)xi(B)dedp.

From the assumption |/; ¢|||7; ;o < C and Corollary 2.5, there is a constant C|
such that

‘ f/ 20()0(B) = 23 i | ik ni s (@) 1i k(B)
(@ — B)?

<23l I/ "”‘(“)("'k(“;)zn”k(ﬁ D\ £ 1B xi@ i (Brde dp

fe) f(B)xi(@)xi(B)dadp

< CIZu,u/f (@)der < cl|1|ff (@)da.

ik
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Applying the above calculation to f = v and f = w, and using (3.15) and the
same argument as in Proposition 3.2, we arrive at

mzfg(z)/distz(a,31)|V,|2dadz
1

1 1
+—32M2/C(l)fdiStz(a,3I)|Va|2dadt—|—ETzfelel(Qv)da
(3.18) !

T 1
< 01//|V|2dadt+§T2/9w|D|(ew)da
0
1

+ Gyl | / |V (a,0)]* der + C5
1

for some constants C;, C,, and C3. This gives a bound on the H 172(K}) norm of
Re V (-, 0) on any compact subset K; of (a, b). Furthermore, we have a bound on
the H'(K) norm of V = (1 +i)Inz, on any compact subset K of (a, b) x [0, T).
Notice that this compact set K can contain the initial time r = 0.

3.2 A Strict Argument

We prove the following result:

PROPOSITION 3.3 Assume that z € H'([0, T1, L} (R)) N L*([0, T1, H .(R)) is
a solution of the Birkhoff-Rott equation (1.6) for 0 <t < T, satisfying assumption
(1) of Theorem 1.2. Then there exists a constant c(m, M) > O such that if on some
fixed interval (a, b) there exists a 8y > 0 such that for some determination of the
multivalued function In z, we have

sup [[Inzo (-, ) |lBMO(a.b).50 < c(m, M),

[0,7]
then z, € H'(K) for every compact rectangle K in (a, b) x (0, T). If. moreover,
Im((1 + )nzy(-,0) € HY (a,b), then Re((1 + i)nz,(-,0)) € H (a,b),

1/2

ZD{( ) 0) € H]

o (@, b), and z, € H'(K) for every compact rectangle K in (a, b) x
[0, T).

We use a difference quotient argument to prove Proposition 3.3. Without loss
of generality, we assume (a, b) is a bounded interval. We first prove a lemma.

LEMMA 3.4 Assume that 7 : R — C satisfies
mlx —yl < |z(x) —z(W)| < Mlx —y| forallx,y € R,

where m, M > 0 are some constants. Assume further that ||Z'||smo).s, < %far
some open interval I, and &y > 0. Let

1
b = — dy.
) / 2) —z2(0)
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Then there is a constant k = k(m, M) > 0, depending only on m and M such that
on any interval [c,d] C I,

1/2
b lemoe.ar.s < KIIZ lgnor.s:

: 12 . 172
where 8 = m1n{80||z'||B/1\40(1)’50, 2 dist([c, d], 3I)||Z/||B/1v10(1),30}-

PROOF: Let Q C [c, d] be an interval with length |Q| < 8, and O = A0,
iy

where A = ”Z/”BMO(I),EO' From our assumptions, we have A > 2, Q c I, and
A — : 7 —
|Q| = A|Q] < &. Since p.v. [ o2 4y =0, we have

1 1 1
bx)= | —— dy = 1— ! dy.
) f - / z(x)—z(y)( mg@)’ >) g

Leta(y) = 1—[1/my(2)]Z'(y). We have thata € L*(R) and [la]lo < 1+ M/m.
Leta; = axgp and a; = a — a;. Then

1 1

bx)= | ——a d—i—/—a dy = bi(x) + ba(x).

(x) /Z(x)_z(y) 1(y)dy ) —20) 2(0)dy = bi(x) + ba(x)
From the L? boundedness of the Cauchy integral,

1
Ciflx)= / m f(ydy

(see Theorem 1.1 and [5, 11, 13, 17]), there are constants k; and k, such that

1 1 ) 1/2
@Qflbl(X)ldx < W(Q/Ibl(X)l dX>

1/2 "
k ) b , -
= |Q|1/2</'“1(’C)' dx) 5W</'Z () = mg(@)| dx)

0

o\
3/4 12
< ko ||z llBMO(1), 86 (@) = ka1l l8moar.5, < k2112 lBmor) 50

(In the last inequality above we used the assumption that ||z’ ||gmor).s, < 1 <1)
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Let xo be the center of the interval Q. For b,, we have

1
@/U?z(x) — ba(x0)|dx

o
ol ([l o)
== yidy |dx
O] ; z(x) — z(y) Z(xO) z(y)
2M 2M M
(o B[ e (208
| O] lxo — ¥l m m /) |Q]
2M M 12
- W(l * E) 12" Mo 50°
Therefore
@ |b(x) — ba(xo)|dx < | ko + W I+ ; lz ”BMO(I),SO
]
for every Q C [c, d] satisfying | Q| < ;. This proves Lemma 3.4. O

Assume that 7 = z(«, t) satisfies the assumptions of Proposition 3.3; we want to
find the constant c(m, M). We begin with c(m, M) < min{r,/8,r/8,1/(32C)),
m/(10M)}, where ry is as in Theorem 2.3 and Corollary 2.4, and r; and C are as
in Proposition 2.7. From Lemma 3.4, we have that for ¢ € [0, T] and any closed
interval [c, d] C (a,b), 1z:(-, Dllsmoe.rs < Kllza(-+ O IEviog.s.5,» Where k =
k(m, M) is a constant depending on m and M only, and §; is as defined in Lemma
34.

Now for any given [c,d] C (a,b), let O be any interval satisfying 2Q C
[c,d], 20| < %81 < %30; let Qs be the interval having the same center as Q
and length 25,. We know Qs C (a,b) and |Qs] < 8p. Let n,p € C;°(R) be
asin (3.2). Let 0 < |h| < %51. We want to estimate the leoc norm of z,, =
%(za(a +h,t)—z4(ct, 1)) and z;, = %(z,(a +h,t)—z:(c, t)); in the process, Zo;, =
%(za(oz, t) — zp(a, t)), where z;,(c, t) = %(z(a + h,t) — z(a, 1)) is also involved.
Notice that it follows from our assumption that Zyp, Zeh, Zin € L*([c,d] x [0, T])
for each h £ 0.

Taking the difference quotient with respect to o on both sides of (1.6), we obtain
that for any h, 0 < |h| < %61, and o, @ € %Q,

Z[/’L(aa t)

1 1 1
(3.19) = 2mih / (Z(a+h»t)_2(ﬂ+h,t) o 2(a, l)—Z(ﬁ,t))p('B)d'B
1 —zn(e. ) + z0(B. 1) ~
" 2w (z(a+h,t) —z(B+h, ) (z(a, t) —z(B, 1)) (1= p(B))dp.
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For fixed t € [0, T], let Z,(«, t) be the reflective periodic extension of z,(c, t)
froma € Qs to R. For @ € suppn C %Q, Be20,and0 < |h| < %81, we have

Z(a7 t) - Z(ﬁ’ t) = Z(Ol, t) - Z(ﬁ’ t)v Zh(ﬂv t) = Zh(ﬁ? t)’

(3.20) Wa+ht)—z(B+h,t)=Z(a+h,t)—Z(B+h,t), etc.

it follows from Proposition 2.8 that ||In z,, “BMO(R) < 8|lInz, ||BMO(a,h),30- Moreover,
Z(-,t) defines a chord-arc curve for each fixed r € [0, T'].

We calculate the first term on the right-hand side of (3.19). Let ¢ € %Q. We
have

1 1 1
E./ (z(a +h,t)—z(B+h,t) - 2o, 1) — 2(B, Z))p(ﬁ)dﬂ

_1/( 2g(B+h. 1) 1
" h 2a+h,t)—z(B+ht)zg(B+h,1)

2B 1 ) p
c@n 060 ) PP

— Zﬂ(ﬂ—Fh,[) <i>
_/z(a+h,z)—z(5+h,,) 2 hp(ﬂ)dﬂ

+/ ( (B + h, 1) B z8(B. 1) )
Za+ht)y—z(B+ht) z(a,t)—z(B,1)

3.21)
1 (; _ ;> (B)dp
n\zB.0  wbn)’
+l/< zg(B + h, 1) B z8(B. 1) )
h Ze+h,t)—z(B+h,t) z(a,t)—z(B,1)
1 1
f—— d
(580~ 5n) 70
1 26(B+h,1) B0 ) 1
+ h ,/ <z(a +h,t) —z(B+h,t)  z(a,t) —z(B, 1) p(ﬂ)dﬂzh(oz, 1)
:/ ! (i> o(B)dB + 1+ +TI+1V,
a—p 8/ n
where

_ zg(B+h, 1) 1 )(i) ‘
I‘/(Z(a+h,t)—z(,8+h,t) «—B)\z hp(ﬁ)dﬁ,

some further calculation gives

- yht+hn 60 )—zﬁh(ﬂ,o
II_/(Z(a+h7t)_Z(ﬂ+h,l) Z(ast)_Z(,B,t) Zﬂ(ﬂyt)Zh(,B,[) p(ﬂ)dﬂ7

III:f z28n(B, Hp(B) ( 1 )dﬁ
2a+ht)y—z(B+h,t) \zx(B, 1) zp(a,t)

2(B. 0 @n(B. 1) — (e, 1) ( L )
C@ D —2B )Gt —2Bh ) \aB.0 @) PP
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and from integration by parts,

__ 1! 2la+h,t)y—z(B+h1)
V= hzp (e, t) /11’1 2(a, 1) — z(B, 1) p (B)dp

— 1 hZa(Ol+r,t)—zﬁ(ﬁ+r’;) )
_/m{/o zla+rt)—z(B+r1) dr}p(ﬁ)dﬂ,

_ L _Zh(a’ t)+Zh(:8’t) _
Gl =5 ] Carho - rhocen g PO

1
+ — T+ I+ 1T+ 1IV).
2mi

Define

From (3.19) and (3.21) we get

(3.22) Zmm(a, t) =

1
i | o= F; (5)}!,0(,3)61/3 + Gi(a,1).

Now multiplying 1 (c) on both sides of (3.22), we obtain

R ) 1 1
(3.23) n(a)zm(a, t)—2m a—ﬂ(zﬁ) ﬂ+2 n,H]{ <za> }

+ ()G (o, t).

We first estimate f In(a)G1(a, t)|> da for fixed t € [0, T]. Replace z(«, 1)
by its reflective periodic extension Z(c«, t) when necessary; notice that we can
do so because of (3.20) and because we calculate only for o, + h € Qs and
B, B+ h € Qs. Apply Corollary 2.4 to n(«)I and n(o)II; apply Proposition 2.7
and Theorem 2.6 to the first term of n(c)III; for the second term of n(«)III, notice
that for @ € suppn C %Q,

25(B. ) (Br 1) — 2n(@, 1) ( L ) ‘
C@ D=2 B et -2 B ) \aB D  men ) PP

|—Zh(,3 f)+Zh(0£ DI
d
/ Sl p(pip
_ 2
__4 | Zh(lg’t)'f‘zh(a»tﬂ o (B)dp
m oa—p
M (e, 1) _
+oRe 4 [ ZEBD DD 5 o
m oa—pf
<€ LoRe ﬂ CDREICH )—ﬂh(ﬂ Hp(B)dp = 111, + 11l
[O] m* a—p

for some constant C. We apply Proposition 2.7 and Theorem 2.6 to the second
term III,. Furthermore, for o € %Q, we have |[IV| < C/|Q| for some constant C.
Therefore for fixed ¢ € [0, T], there are constants ¢; and ¢,, independent of #, ¢,
8o, and 81, such that
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2 2
(3.24) /|n(a)| G, ) da

= ||1nz0l||BMO(ab) 50(/|p(lg)zﬂh| dﬁ+f|9(ﬁ)zﬂh| dﬁ) |Q|

For the second term on the right-hand side of (3.23), we have the following lemma:

LEMMA 3.5 There is a constant c3 such that

1
o) )
Za
PROOF: We have

1
Za / p

_ 1 [ n@) —n(B) 1 1
_h/ a—p <Zﬁ(,3+h,f) zﬁ(ﬂ,t))p(ﬂ)dﬂ

C3
= 1/2°
L2(R) |Q| /

L (n@=nB-=h n@-nB) 1
- (5 h )
n@) — n(B) 1
+/W (p(B) — P(,B-i-h))mdﬂ
where
1 n@) —n(B—h) n@) —np) 1
5/< «—p+h  a—p >zﬁ<ﬁ,r)”(ﬂ)dﬁ

1 h n(a)—n(ﬂ_r) n/(ﬁ_r) 1
5//0 (_ (@ —B+r)? +a_ﬁ+r)drzﬂ(ﬁ’t)p(ﬂ)dﬁ
L[ (" n@—nB) 7B 1

R = e e

Lemma 3.5 follows from Corollary 2.5 and the L? boundedness of the Hilbert
transform H. g

Finally, let’s calculate

1 1
/ ‘ (@@, 1) = 5= / 07(_’8; (5>
1
/‘ (@)@, r>——H< (Z ) )

2
do.
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1

/‘U(Q)Z,h(d f)——H( (Z ) >
1 1

(3.25) =/|n(oz)zth|2dol+—/ H(’?(_) >
4 Za

We have

2
do

2
do

// n(ot)n(ﬁ)zzh(a t)(l/zﬁ)h(ﬂ t) dodp
where
// (a)n(ﬂ)z,h(a t)(l/Zﬂ)h(ﬁ t) dadp
_ /‘/ n(&)n(ﬁ)zzh(a Nzpn (B, t) do dp
(3.26) (@— Bz (B.1)

// n(a)n(ﬂ)zth(a t)z,ah(ﬁ t)( 1 R )d(xdﬂ
8B Dzg(B+h. 1) Z2(B.1)

=I1+1L

Using integration by parts, symmetry, antisymmetry, and interchange of the vari-
ables o and B, we have for the first term I of (3.26),

// n(a)n(ﬁ)Zzh(Ol t)8 ( 1 )dadﬁ
(B, 1) zn(a,t)
=// n(a)n(ﬂ)zzh(a, t)( 1 )dadﬁ
((X_IB)2 Zh(ﬂ’ t) Zh(a’ t)

// n(a)n’ (,B)Zzh(a l)( 1 )dadﬁ
(B, 1) zn(a, 1)

_f/ n(a)n(ﬁ)at(Zh(Oé, 1) — (B, 1))
(o = B)?zn(er, )z (B, 1)

(3.27) n'(B) 1
/n(a)z,h(oz t)/ <Zh(,3»t) Zh(Ot,t))dﬂda

// n@)n(B)(zn(e, 1) — za (B, 1))

T 4dr (o — B)?zn(er, Hzp (B, 1)

n _// n(@)n(B)znla, 1) = za(B, 1))z (@, 1) dodp
(@ — B)2z; (@, )z4 (B, 1)

NP [ 1 1
/ (@)zen e, £) / <zh(ﬂ,r>_zh(a,t)>dﬁ de

=L +L+1s.

do dp

da df
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For the second term II in (3.26), we again interchange variables « and 8 and
use the antisymmetry of ﬁ; we get

/f n(a)n(ﬂ)Zzh(Ot I)Zﬁh(ﬁ t)( 1 1 )dadﬁ
2B, 0zp(B+h. 1) 2(B,1)

/ / (@)n (ﬁ)z’h(a Dzpn(B.1) = 2tn (B. Dzan (@, 1)

oa—p
( ! )dadﬁ
Zﬁ(/g»f)zﬂ(ﬁ-i-h,t) 2(B.1)
1 2th (B, )zan (e, 1) 1 _ 1
+2// (@)= "% (Zﬁ(,s, DB+ D) Zala, t)za(a-l—h,t))dadﬁ
1 2ih (B, D)zah (@, t)( P )d 46 =TI+ + 1T
+5 [ nemp Bz i) L IRERE
Furthermore,
1 ,t ,t - n 9t 2
L= _/ (a)ztzh(a ) [ n(B)(zn(e )2 zn(B, 1)) dp do
2 75, (o, 1) (@ = B)zn(B,1)
where
‘/U(ﬂ)(m(a 1) —zx(B. 1))? dp
(@ — B)*zn (B, 1)
/n(ﬂ)IZh(Ot 1 —z(B. D dp
T m (@ — B)?
_ _i/’ 7' Bzl 1) — 25 (B, 1) dp
m oa—B
+ R /U(ﬁ)(Zh(Ol 1) — 25 (B, D) zpn(B. 1) dp.
oa—p
while
_1 o zn (e, (hzpp (B, 1) — hzgp(@, 1) 1 1 1 o
1= [ weonts) a=p (Z/S(.B Nep B+ i) zh(ﬂ,t)>d @
Zah (2, t)(hzm(a 1) —hzp(B, 1) 1 1 1
//"( P —B <Zﬁ(ﬁ DzpB+ D) zhos,t))dadﬂ'

Notice that hzy, (o, t) = zo(o + h, t) — z4(a, 1), and hz (o, 1) = z, (@ + h, t) —
Z¢ (o, t). Summing up the above calculations and applying the results in Section 2
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and Lemma 3.4, we conclude that there are constants ¢4, cs, ¢, and c¢7 such that

// ﬂ(ot)n(ﬁ)Zzh(Oé nA/zpnB.1)
gy adp
14 // (a)n(ﬁ)(Zh(a, 1 =z (B, 1) dodp
47 dt (o — B)2zp(a, Dzn (B, 1)
|Q|1/2 Inzenll2 + eslln 2o IBMOa,b),8 | n2en 12 (Inzan 2 + 1NZanl2)
+66||Zt(' DlIBMO(e,d),8 Inzanll2UInzanll2 + [1NZanll2)
14 // n(@)n(B)zn(e, 1) — zp (B, 1))* dadp
4 dt (@ — B)zn(a, )zn(B, 1)
IIanhllz

IQI

1/2 ~
+ (2¢21110 20 o050 + €71 10 Zall a0 00) (1720 13 + 11Zan13).

This together with (3.25) gives that

1
[ Preoznen - sm(n(2) )
Zo{ h

> —/In(a)zml do 4 —— /m(a)zam da

2
da

(3.28) am?
4 f/ @@ n =B 02
Y a (@ = B)zn(e, Nz (B, 1) |0

1/2 ~
— (2c21In 2a Bp0(a.69.50 + €71 10 2 I ENO @780 ) (112 13 + 11Zan 13).

From (3.23), combining (3.24), Lemma 3.5, and (3.28), we conclude that there are
constants cy, ¢, and c3, depending only on M and m such that for ¢ € [0, 7] and
0 < || < 181,

! / @z D dact i [ In@zan(e P da

- // n(@)n(B)(zn(e, 1) — 2, (B, 1))? Ja dﬂ—l— <3
CAmde (o — B)?zn(a, )z (B, 1) |Q|

(3.29) ) 12
+ (c1lln ZallBMO(a,p).5, T €210 Za”BMO(a,b),ao)

- / (zan (@ DI + o (@, DD,
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3.3 Interior H! Regularity of z,

Taking 8(t) = t>(T —t)?> fort € [0, T] and §(t) = O for ¢ ¢ [0, T] as in the
heuristic argument, and using integration by parts, we get

1
5/8<z)f|n(a)zth<a, DI* da dt

4M*

. 2
< —Im/é/(t) /f n(e)n(B)(zn(e, 1) — zp (B, 1)) dedp di
(a — B)zn(a, zn(B, 1)

+L/5(t)/ln(a)zah(0t, N da dt

(3.30) N 5()d
— t)at
IQI *

+ (c1 sup IInza |2 4, + c2 sup [Inza ;)
[0.7] [0.7]

'/5(t)/(|zah(ot, D + Zan (@, 1) [P)da dt.
20

From the fact that §'(¢)> < 4T28(t) for t € [0, T], integration by parts, the Holder
inequality, and Theorem 2.6, we have

_ 2
i‘lm/ym// nOnB)nle ) =B D7 gy
(@ — Bz, Dz (B, 1)

n (ﬁm(a 1) —Zh(ﬂ ols
n(a)

ﬂ‘d(x dt

+m/|5 @®|

1
< ki +k|O|+ SMA //5(l)|’7(0l)2ah(05, NP dadt < oo,

[ [ (f(_’gig(zm, 1) — 2(B. )2 (B 1) dP da|ds

where k; and k, are constants depending on 7', m, and M. Therefore

1/8(r>/|n(a>zth(oe, z)|2dadr+%f8(r>/|n(a>zah(a, 0> dadi

1/2
< (crsup [l Inzq |12 4, + c2 sup [nza ;)

[0,1] (0.1]

/5(t)/(lzah(ot D + Zan(@, D) da di + c4| Q| + — IQI
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for some constants ¢y, ¢, ¢4, and c¢5. Recalling n(«) = 1 for all « € Q, we then
obtain

1 2 1 2
5/8<z>f|z,h(a, Dl dadt+W/8(z)f|zah<a, OP dadi
0 0

(3.31) < (cisup|/In Za”i(so + ¢ sup [|In Za||>1k,/520)
0.T] [0.7]

-/(S(t)fqzah(a, OP + 2an (@, DD da dt + cs| Q] +
20

Cs

o1

Now let’s study the term sz |Zan(ct, t)|*>da. Foraset S, S = Qor S =20,
we have

|h|3/2/|zah(a, t)|2doz=|h|_l/2/|2a(01, 1) = 2l 1) do
S S

2
do

h
= |h|1/2/'%[ (zo(a, t) — z4(x +5,8)) ds
0
S

< |h|7? /
S
Therefore for [ > 0,

l
/ L / Zan(e, D dadh
0
S

I h
5/ h—3/2/ 1ze(ot, 1) — zo (@ + 5, 0)|> ds do dh
0 0

1 2 ;
:/ / (f h3/2dh)dsda
0 < §
1
1 1 s )
=2 .5‘17_117 57| zas(a, 1)|“ da ds
0
S

l
< 2/ h3/2/|zah(oz, N> dadh.
0
S

h
/ 2o (0, 1) — zo (@ + 5, 1) > ds | da
0

S
Zo(ot, 1) — zo(a + 5, 1)

For the same reason, if [ < 0,

0 0
f |h|3/2f|zah(a, O dodh 52/ |h|3/2/|zah<a, OP da dh.
l !
S S
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Let
sign! ! 32 )
Utan(e, 1) = 57 | A1 zan (e, D] dh,
(3.32) '%' z %
sign
Upn(e, 1) = ﬁ—m/ \h PP\ zin (e, ) |* dh.
0

We multiply each term in (3.31) by |k|*/? and then integrate with respect to & from
Otolif/ > 0,and from/ to 0 if [ < 0; we getfor 0 < |I| < %81,

1 1
3 / (1) / V(e Ddadt + g f 8(1) / Uyar) (e, 1)der dt
o 0

(3:33) < 3(crsup [llnzal? 4 + a2 sup Inzgll};) / 8(1) / Upar) (o, H)dx dt
[0,T] [0,T]
20

Cs

+C4|Q|+|Q|-

Now take

. 1 1 ro ri 1 m
(3.34) c(m, M) = min { }

/600M?*c, (600M“cy)?’ 8 8 32C," 10M

where ry is as in Theorem 2.3 and Corollary 2.4, and r; and C| are as in Proposition
2.7. We have from (3.33) that for 0 < |I| < %51,

1 1
E/S(t)/U[ﬂ](oz, I)d(xdl—f-W/(S(l)/U[al](Ol, t)dadt
) 0]

1
(335) < W/S(l)/U[a[](a, t)dOldt
20

Cs

ol

Notice that (3.35) is similar to (3.13); it holds for all intervals Q satisfying 20 C
[c,d]and [2Q] < §;.

Now let I C [c, d] be any closed interval that satisfies |/| < %81. Notice that
for each fixed [, 0 < |I]| < %81,

+alQl+

(3.36) f 5(1) / Utar) (@, 1)de dt < 00,
1
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It follows from the same argument as in Proposition 3.2 that there is a constant K,
independent of /, such that for 0 < |/] < %81,

1
3 / 8(1) / dist*(a, d1) Uy (@, t)dex dt
1

(3.37)
+ e /é(t)/distz(a, ) Upgp (o, t)da dt < K.
I
Since
1] [ 2
Zar(a, 1)]* = 7 / (zo(a, 1) — zo(a + h, 1)) dh
0
1 1
(3.38) < 2[ \h| ™ |zo (e, 1) — 2o + 1, 1) > dh
11152 Jo
= Uany(a, 1),
and for the same reason
(3.39) Za (e, )* < Uy (e, 1)

by a slightly modified discussion similar to that for theorem 3(ii) in Evans [24,
sec. 5.8.2]; from (3.37) we conclude that

20 € H' (k11 X 1[0, T)) forany 0 < kq, kp < 1;

moreover,

1
Ef (t)/distz(a,al)lza,(a, N> do dt
1

(3.40) 1
+ Wfa(’)/dw(“v 31)|zgq (e, 1)>dardt < K.
1

Notice that [c, d] C (a, b) is arbitrary, and I C [c, d] is any interval with |I| <
%8 1- This proves the first part of Proposition 3.3.

3.4 H'/?2 Compatibility of the Initial Data

The second part of Proposition 3.3 can be proved by modifying the above argu-
ment. Taking ¢(¢t) = (T —t)>fort € [0, T] and ¢(¢t) = O for¢ ¢ [0, T] as in the
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heuristic argument, and using integration by parts, we get from (3.29) that

1
—/C(t)/ln(a)zzh(a, O dadt

4M4/C(I)/In(a)zah(a 1)|* do dt

- // n(e)n(B)(zu(er, 0) — z4(B, 0))?
— 1m

T 4n

(@ — B)?zn(ex, 0)z4(B, 0)

1 L n@n(B)Gales 1) — (B, 1))
(3.41) +Elm/ £ // @ —Bra@ g ePd

dadp

d
IQI ¢(t)dt
1/2)

2
+ (1 sup [ Inzg |13 5, 4 ¢2 sup [Inzg /5,
[0,7] [0,T]

'/;(t)/ﬂzah(a» DI + |Zan (@, )P)da dt.
20

Using the same argument as that from (3.30) leading to (3.37), with a similar con-
sideration as that in the heuristic argument from (3.15) to (3.19) to deal with the
extra term involving the initial data, defining 6(«) as in (3.16), and taking into
consideration the relations (3.17), (3.38), (3.39), and

(342) 23 LalPnix(@mii(B) — 20(@)8(B)
e = (00) = 0(B)* — > i (ix (@) — (B,

ik
we conclude that for any closed interval [c, d] C (a, b), I C [c,d], with || < %61,
and for the same c(m, M) as defined in (3.34), there is a constant K, independent
of [, such that for 0 < |/| < %8],
(3.43)

% / c(1) / 100z (@, 1) docdt + —— f c() / 16/(e)Zat (0, 1) der dt

16M4

2 _ 2
T Slgﬂl/ L // 0()0(B) (zn(a, 0) — 24 (B, 0)) dadfdh + K.

4 |l|5/2 (a — B)2zn(a, 0)z4 (B, 0)
Notice that the right-hand side of inequality (3.43) is fully nonlinear in z,( -, 0)
and Inz, (-, 0), while we have assumed only that the initial data satisfies

Im(1 +i)lnz,(-,0) € H'*(a, b).

loc
We need to establish one further result that shows that the right-hand side of (3.43)
is in fact almost bilinear in Inz,(-,0). This result is stated in Proposition 3.6.
Once Proposition 3.6 is established, the second part of Proposition 3.3 will follow
from (3.43).
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Take ¢ € G(R) even such that its Fourier transform qAS(S ) =1for|&| <1 and
¢() = 0for |§] > 2, ¢ € C;°(R). Recall that we define ¢h(a) = 1/|h|¢ (/D).
We have the following:

PROPOSITION 3.6 Let I C R be an interval, 7 : R — C be a complex-valued
function of period 4|1 | satisfying
mloe — B| < |z(a) —z(B)| < M|a — B| foralla, p € R

for some constants m, M > 0. Assume 6 € C*'(R), supp6 C I, and 6 > 0. Then
for any € > 0, there are constants 0 < r < 8, ¢y > 0, and K; < oo, with r and
co depending only on m, M, and €, such that if there is a determination of In z,
satisfying ||In z¢ |lBMmo@n =< co, then for all 0 < |I] <1,

/l // ()6 (B) ((Zh(a) — u(B))?
0

@—B2\ z(@um(B)
— (¢ % [Inzgln(e) — ™ % [lnz,s]h(ﬂ>)2)da dﬁ‘dh‘

1
/f\|D|1/2[9za]h<a>!2dadh‘
0

(3.44)

<€

l
+e / /||D|1/2¢’h*[Olnza]h(a)|2dadh‘+K1|l|.
0

Remark 3.7. The constant K| depends on [[In zy || 247), IIn ze llBMO@L), M, M, e,
[T], |6']| L, and ||@]| ., and is independent of [; K| < oo if all the aforementioned
quantities are < oo.

We also state the following:

LEMMA 3.8 Let I C R be an interval, 6 € CO'I(R), suppf C I, and ¢ : R - R
be a function such that ¢(x), ¢'(x), x@(x), and x¢'(x) € L' (R). Let

K> = K> (0, ¢)
(3.45) = ”9/”L°°”9”L°°(||¢||21(R) + lxellng el )
+ ||x§0/”L1(R)||§0”L1(R))-

There exists a constant c4 > 0, independent of f, ¢, and 9, such that

0@08)

[ St o = £ o)) dadp

(3.46) [ ensee—en sy, ,
= p?

< C4K2(||f||iz(41) + 11 fllemown | £ Il 2
forall f : R — R periodic with period 4|1| and f € L*(41) N BMO(4I).

The proof is straightforward and thus omitted.
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Remark 3.9. Notige that there is a constant K, independent of 4 and r, such that
K>(8,[¢™),) < K> forallh #0and 0 < r < 8.

Remark 3.10. Lemma 3.8 also applies to ¢ = %X[O,h], with K, (6, %X[O,h]) < 122,
for some constant K, independent of & # 0.

Remark 3.11. The main point of Lemma 3.8 is that commutating with a smooth
function gains one more order of derivative. We will use Lemma 3.8 and similar
results in the same spirit as Lemma 3.8 a few times in the following. We refer to
all of them as “Lemma 3.8.”

Besides that in Section 2, we introduce one further notation that

- 1 h po+tr
[fln = ﬁ/ f(s)ds dr.

0Ja

Assuming Proposition 3.6 holds, we prove the second part of Proposition 3.3.
That is, we show that if we assume in addition that Im((1 + i)Inz,(-,0)) €
H)/?(a, b), then Re((1 + i)Inzy(-,0)) € HY?(a,b) and z, € H'(K) for any

compact subset K in (a, b) x [0, T).
Let I C [c,d] C (a, b) be an arbitrary interval with |I| < %81. Notice that

T2 / 6(a)Z1 @, 0)| D] (6 (@)% (e, 0))dax

T
— —/O/Bt(f(t)G(ot)Zl(a, DID|(0(@)z(a, 1)))da dt
T —
= —[)/{’(t)e(a)zl(a, DOz (a, 1))da dt
T
(3.47) _2Re/(;/((I)Q(a)m|D|(9(a)Zl(a’ 1Y)da dt

T T
< C5//|0(0()Z](0[, z)|2dadt+c5/fg(z)w’(a)z,(a, N> do dt
0 0

+8M2(%/§(t)/|0(05)2,1(a, N|? da dt
1

+ : /C(l)/le(oz)iaz(a, t)|2doza’t),
1

16M*

where cs is a constant depending on M.
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Let Z : R — C be the reflective periodic extension of z( -, 0) from the interval
21 to R. Notice that foro € I and 0 < |h| < [I|/2, zx(e, 0) = Zy(a). Let 0 <
lt| < min{|/|/2, 1}. We apply Proposition 3.6 to Z. We have that for any ¢ > 0,
there are 0 < r < 8 and ¢y > 0 such that whenever |[Inz, (-, 0)|lBmo@r) < co,

i [ 1 ())

// ()6 (B) (zn(e, 0) — z4(B, 0))?
(=B zn(e, 0)zy(B, 0)

o [ (1))

(3.48) f / fo(f‘i@;’fz) ¢ % [In 2414 (@)

— ¢ % [In Z414(B))’ der dB dh

// \IDl”z[@za(-,0)],,\2dadh‘
0

// ID]'2¢™ % [01n 2, (-, )14 |” dex dh‘ nan
0

dodB dh

+ €

+e€

Integrate (3.43) with respect to / from O to ¢ if ¢ > 0 and from ¢ to 0 if ¢t < 0.
From (3.47), (3.48), and Lemma 3.8, we get

'/O/||D|‘/2i9za(~,0)]h\2dadh

§M? ¢ n\?
<Im signt/ (1 - (—) )
3 0 t

(3.49) ./¢”1 %[01Inza (-, 01, DI(@"" % [01Inzo (-, 0)1p)de dh

L
// 1D (620 (-, 0)13 | dex dh’
0

L
/f [IDI'/2¢"" « [Glnza(-,O)]h|2dadh’ + K3l
0

+ €

+ €

where €, = (8M?/3)e and K3 is independent of 1. (K3 depends on M, m, T, |I|,
e 110", 161l 0, M0z (-, )l 2221, 0 2a (-, 0) IBMO(21), and the constant K
in (3.43).) Let (1 +i)Inz,(-,0) = v 4+ iw, where v = Re{(1 +i)Inz,(-,0)} and
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w = Im{(1 4+ i)Inz,(-, 0)}. From (3.49) we get
L
‘ /[ |IDI'2[0z4 (-, 0)1a|” dex dh'
0

2 L 3/2

+ o / (1— (%) )/||D|1/2¢rh*[anza(.,O)]h}zdadh‘
0

2 L 3/2

= % / (1 — (E) )/“D|1/2¢rh*[9w]h‘2dadh’

0 l

3
// IDI"2[024 (-, 0)11|* da dh|
0

(3.50)

+ €1

+ €1

/f ID|Y2"™ [Glnza(-,O)]h|2dozdh‘ + Ksul.
0

Notice that

' h 3/2 5
/ (1— (7) >/||D|‘/2¢’h*[ew]h| dadh‘
0

< CL/ 1D (0w)|* da < o0

for some constant C independent of :. Using Fourier analysis and Plancherel’s
theorem on both sides of (3.50) and taking a small enough €; # 0 (¢; depends on
M only), we conclude that there are 0 < r < 8 and ¢y > 0, r and ¢y depending on
m and M only, such that if

sup [[Inzy (-, ) IBMO(@,b),5, < min{co, c(m, M)}
[0,T]

with ¢(m, M) as in (3.34), then

1 L

—/f||D|‘/2[9za(-,O)Jh|2doedh < Ky,
(3.51) L ‘o

—//||D|1/2 ’h*[elnza(-,O)]h|2dadh < K.,
Lt Jo

for some constant K, depending on K3, M, and [ ||D|1/2(9w)|2 da only.
Lett — 0. Since I C [c,d] C (a,b) and |I| < %51 is arbitrary, we get
Za(+,0),Inz,(-,0) € Hl/z(a,b). The fact that z, € H'(K) for K compact in

loc

(a, b) x [0, T) therefore follows directly from (3.43) by taking / — 0.
We now prove Proposition 3.6. Assume z, 8, and ¢ satisfy the assumption of
Proposition 3.6. We proceed by decomposing the term

f/ 0(a)0(B)
(@ —p)?
‘ <(Zh(a) — z(B))?
zn(@)zn(B)

— (@*" % [Inzg 14 () — ¢*" % [In zﬂ]hw))z) da dp
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into several terms and then proving each of them to be relatively small compared
with [ ||D]'?[0z4]* de and [ [|D|'/?[01n z,]|* dex for suitably chosen 0 < r < 1
and small enough ||In z, ||Bmor). Notice that for convenience in writing the proof,
we have replaced ¢ in (3.44) by ¢¥". To validate the decomposition, we need
the following lemma.

LEMMA 3.12 Assume that z and ¢ satisfy the assumption of Proposition 3.6. Then
forany |h| > 0,r >0, anda € R,

(i) |zn * ¢ (@) — zp(@)| < 2rM||x¢| L1 w),

(i) |20 % ¢"(@) = zp(@)] = D7 20* max [$(Ollzallmvor-

n=—0oo
PROOF:

(1) Notice that f¢ = 1. And for any «, B, and h # 0, |z;(a) — z,(B)| <
2M|a — B|/|h|. We have for any « € R, r > 0, and h # 0,

f (@) — 24 (B¢ (e — ﬁ)dﬁ‘

|z % ¢ (@) — zn(@)| =

2M o —
5/%@”@ — B)|dB zer/ |x]|¢ (x)|dx.

(ii) For h # 0, we have for any o € R,
|2 % ¢" (@) — 2 ()]

1 h
< —f/Iza(Ol-i-V)—za(a+ﬁ)|¢h(ﬂ)|dﬂd)/

. nh IB
= Z hz//(n 1)hlza(onr)/)—zm(oz+/8)|‘<;>(Z>‘d/3dy

- Z max,—1,x] |¢(x)|// |za(@ +y) — z2o(a + B)dB dy,
Rt (n—1)h

while

nh
_// 2 (@ + B) — Zal + y)| dB dy
(n Dh

a+nh pa+nh

= n2h2 |Za(ﬂ) _Za(y)|d,3 d)/

n a+nh 5
<2 / 122 (B) = Migasnm (za)dB < 2022a lmniocR)-
o

Assertion (ii) therefore follows.

It follows from Lemma 3.12 that for
m m

IZallBMO®R) =< and 0<pr<— "
MO = 43 2 max g, ¢ (0)] M Pl e,
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we have

(3.52) lzp % @™ ()] > % |2q * @' (a)| > % foralla € R, h # 0.

We know from Propositions 2.7 and 2.8 that if ||In z, ||[smo@rn < r1/8, where r; is
the constant in Proposition 2.7, then

llze llBMo®) < CilllnzyllBMo®) < 8C1|lIn zy |lBMO@I

for some constant C;. We begin with

(353) 0<r<— "
AM||lx@ll L1 (w)
) ri m
Inz, < min{—, ’
n z¢ l[B7MO@H = {8 32C; Y%, n2 maxp,_i ., |¢(X)I}

where | and C; are the constants in Proposition 2.7. Now

/ / ()0 (B) ((Zh(a) —z1(B))?
(@ — B)? zp(e)zn(B)

— (@ % [Inzg 1 () — ¢¥" % [In Zﬁ]h(ﬂ))2>d“ dp

_ //e(aww)(zh(a) L () Cmx¢ @) kg™ (B)
(@—PB)2\zn(B)  zn(@)  zn* " (B)  znx P (a)
N // 0(a)0(B) (Zh * " (o) T ™" (B)

)dadﬂ

(3.54) @—B2 \zn*¢™"(B) ~ znx ¢ ()
eV HInzaln(@) ¥ xlInzpln(B)
Y HlInzgli(B)  ¢8 k(i Zfﬂh(‘*))d(x @
B(@)B(B) (" Mzdi@ o8V Izl (B)
_ -2
* / [ (@ —pB)? (e¢8f’l*[lnz;ﬂh<ﬂ> e$¥"*{InZalh (@)
— (¢*" % [Inza]n (@) — ¢¥" * [In Zﬂ]h(ﬂ))2> decdp
=1 + 1, +1Is.
where

I — //’ 6 ()0 () (Zh(a) n wB)  wmxd" @) zxd"(B)
] (@ =B \zu(B)  zn(@)  zx¢™"(B)  zp*x¢™(a)
L= // 0(c)0(B) (Zh * ¢ (o) L ¢""(B)

)da dg,

(@ =B \znx¢™(B) ~ zp* ™ ()

e Hlinzaln(@) o8 xlInzpli(B)

et lnzgli(B) o8 xlInzaly (@)

)doz dg,
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//- 0(x)0(B) (e¢8’h*[lnza]h(a) o®* "+l zg1 (B)

(@ — )2 \ ¥ lnzplh(B)  pd¥sinzali(@)
— (%" % [In 211 () — ¢¥"  [In zﬂ]hw))z) da dB.

For I;, we apply the identity that for any u, v, u;, v; # 0,

o 2 N2
E—i———ﬂ—ﬂ:—(u Uy — v+ ) +(u v) (1_ uv)
v u V1 ui u1vq uv ui1vq
u—v
+2(u—u1—v+v1)( ).
uiv
We get
(3.55)
9(01)9(/3) |2n(e0) — 25 % ¢ (@) — 24 (B) + 2, x 9" (B)[?
| < 5 - - do dB
- B) lzp * " (a)zp * " (B)]
//‘ 0(@)0(B) |zn (@) — zn(B)I? zp(@)zp(B) d
— adpf
(@—PB)2 lzp(@zp(B) 2n * @)z, % ¢ (B)

2// 0@OB) 21 (@) = 21 8™ (@) = 20 (B) + 21+ 9™ B)llzn(@) = (B
adp
(a — ,3)2 lzp * ¢rh(<¥)2h N ¢rh(ﬁ)|
0 ()6
(1+ 71/2)‘/‘/ (@) (ﬂz)l h(a)_zh*‘prh(a)_Zh(ﬂ)‘*'Zh*¢rh(,3)|2d06dﬂ
16M2 |xg| 0(a)9
+(m—Ll(R) 1/2> // (@) ;/;32)| @ — 2B dar .

Here we used Lemma 3.12(i) and (3.52) in the above estimate. An application of
Fourier analysis, Plancherel’s theorem, and Lemma 3.8 gives

I I
(3.56) || dh| < ci(r +7'7%) ff||D|]/2[92a]h(a)|2dadh + K5l
0 0

where ¢ is a constant depending on m and M, and K5 is a constant depending on
m, M, |I|’ r_l’ ||6||L°°9 and ”0/“L°°~
For I,, we use the identity that for any u, v, u;, v; # 0,

vooug v1_<u )(ul—vl)u—l-m(u—v)

ui V1 uv

Since the real part of In z,, is bounded and (3.52) holds, we have
k@) zykd(B) e HInzadi@) ¢V HlInzsln(B)
2k d(B) kP (o) eV HInzgla(B)  ed¥lInzaln(e)
w9 mx¢"(B)
e xlinzaln(@) 98 x{Inzgly(B)

(zn % 9" (@) — zn % ¢ (B)] + 1¢%" * [In 214 (@) — ¢*" * [Inz51,(B)),
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where C is a constant depending on m and M. Let

0()0(B) | zn * ¢ (ct) wx¢™"B) |
(3'57) I = // (o — ﬁ)2 e¢8"’l*[ln1a]11(a) n ed)g"h*[lnz;;]h(ﬂ) de d'B'
Therefore
(3.58) .
Il < C<II>”2{(//9< )9/;’)33 *¢’h<a)—zh*¢’h<ﬂ>|2dadﬂ)
N

1/2
— %" x [In 2414 (B) | dat dﬂ) }

<124 O /f 9(0{)0;,1;52) Wk 8™ (@) — 2 % 6™ (B) P da dB

421 f/ 9((0519;/;) Sk [In 2011 ()

— %" x [In 241, (B)|? dax dB.

From Lemma 3.8, we know

e [ 9(“)9;’)33 p %87 (@) — 2 % 8™ (B dardp

=2 / ID1"*[6241s % ¢"" | da + K,

where K is a constant depending on m, M, |I|, ||0| L, ||6']| L=, and

6(x)0
(3:60) // - /(afz) 67" % [In 24}y (@) — 6" % [In 241, (B) dv dp

= an [IDI'2[61n 2,1 ¢8’h|2doz + K7,

where K7 depends on ||In z¢ lBmow@n), 10 2o\l 22ary, m, M, |11, [|0]] L, and [|67]| o



44 S. WU

We now consider II. We know from the assumption of Proposition 3.6 and
(3.52) that the real parts of In z, and In z,, * ¢"" are bounded. Therefore

xM(@) zyx ™ (B)

e[ 2o 1 (@) B e®¥ 1 +lIn 2514 (B)

ok ¢ @)  zx g ()

Henzaxd™i@ — plnzpxd™1, ()

1| " Hinzaxd™ —Inzala(@) _ 6™ xlInzpxg —nzpli(B))
4 ¢ el zexd™In@) 9™ xlinzaxd ™l (@) _ plinzpxg™ 1i(B)—¢™ " #ln 250" 1n(B)

k¢ (@) mx¢™(B)

N elnzaxdln@) — plnzgxd™ 14 (p)

+ o] @¥" * [Inzg % @™ — Inzgln (@) — ¢¥"  [Inzg % ¢™" — Inz51,(B)|
+ ealllnzg % ¢ (@) — ¢*" % [Inzy * ¢4 ()

—[Inzg % ¢™1,(B) + ¢*" * [Inzg * ¢™11)(B)I,

where ¢; and c; are constants depending on m and M. Consequently,

(3.61) I < 4ci I + 4¢3 T + 2635 1T,
where
™M) ™" (B) [

I 0 (c)6(B) _
- (@ — B)? |ezax™ln(@)  plinzpsg™14(B)

// e(a)eél)gz) |¢8rh % [ln o * d)rh —1In Zc(]h(a)

— %" % [Inzp % o™ — Inzg),(B)|* da dP,

/[ 6((“192@ [In 2o % 6™ 11 (@) — ™" # [In 2o x ¢™11 ()

—[Inzg * ¢4 (B) + ¢*" x [Inzg x ¢""1,)(B)|* da dP.

dadp,

We consider 113 first. Let i, be such that its Fourier transform is

1—¢()
.
We know ¥y, oy (@), ar| (o) € L'(R). Now

(3.62) Ui (§) =

rh
[Inz, % ¢ (@) — %" 5 [In 24 % ¢ (@) = 8y « [Z ¢3’1} (@),
Lo h
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where

(3.63) Vo (§) = £(8).

Therefore
rh
o [[ L) [0 5]

Zo * ¢rh

rh 2
18rh |:ZZ/8 *zrhj| d(xd,B
Srh Zo * Y]
// (@ — B)? *[eza*qvh}h(“)
rh 2
(3.64) oy [Zﬁ:‘ifh] da dp + Kg
ehs — 11211 —¢ 2 za*df
— o [ 16| i o e+ Ky
<C2—/‘9() 2() da + Ky

<cg—/|<eza)w’h| da + K,

where ¢; and ¢, are universal constants, c3 depends on m and M, and Kg and K 8
depend on m, M, ||, ||0]| L, and ||6'|| .. In (3.64) we used Plancherel’s theorem,
Lemma 3.8, and the fact that ¢(£) = 1 for || < 1.

Applying Plancherel’s theorem again, we have that forO0 <r <1,

I
//||D|‘/2[eza]h|2dadh,
0

1
< czear'? f /||D|1/2[9za]h|2dadh’+1€8|1|.
0

1 rh|2
EI(QZa)*% [“dadh| < c4

where ¢4 is a universal constant. Therefore

!
/ Iz dh
0

Summing up the calculation from (3.57) through (3.65), we have

1 1 l
/|12|dh /Hldh'+52r_1/2 / IL, dh
0 0 0

1
(3.66) 1 Gyl / /||D|1/2[0za]h|2doedh’
0

!
/ /||D|1/2[91n2a]h*¢>8rh|2dozdh
0

where ¢y, ¢y, and ¢3 are constants depending on m and M, and K is independent
of .

(3.65) 7'

<&r !

+ cyrl? + Kol
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We now consider the term r~!/2| fol II1;| dh|. We know
2] 2] rh
lezf/ (@)0(B) Zh*¢h(0!) _q
(o0 — ’3)2 ellnzax¢™" | ()

rh rh
([h*¢ (@)  zp*x¢ (ﬁ))dotdﬂ
e

In zo#¢p™ 1 () e[ln 250" (B)

9(04)9 (ﬂ) Zn * ¢ () _q
ellnzax¢"]; ()

rh rh
(3.67) .(Zh*ff’ (@)  zpx¢ (ﬁ))dadﬂ

elnzaxd™ (@) Glinzpxd 1 (p)
9(0l)9(ﬂ) 2 x ¢ (@) zn* ¢ (B)
+ 2// ellnze*¢™ 1 (@) -1 8’3 ellnzp*¢™1, (B) dadp
9(06)9(5) 2 * ™ ()
= Ko+ 2// NSRRI

rh
aﬂ(M>da a.

ellnzpxd™14(B)

where Ko depends on m, M, |I|, ||6]| 1=, and ||| .

Now
WAL
P elnzpno 1 (p)
_ 1 a9 <zh x Y3 (B) [z,e * W’l(ﬁ)} )
(3.68) T rh ezt B\ 7 kg (B) | zp % H(B) |,

h rh
I T B

rh2 0 e[lnz,s*W"]h(ﬂ)

1 1
' ( h o rh )ds’
x@"(B)  zpx @ (B +s)
where ¥, is as in (3.63). Therefore,

G69) M=Kt f / f )0 )f( (B, 5)h(B. s)der dB ds,

where

[In zg %@ 1 ()

rh
Fla) = (M _ 1>,

rh
8B = LIy ),
1 1
hB.s) =

ok ¢(B)  zpx (B +s)
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From the antisymmetry of 1/(e — 8) and by an interchange of the variables «
and B, we have

0 ()6
//%?f(“)g(ﬂ, $)h(B, s)da dp

1 [[ 68
_ _// Mf(a)(g(ﬂ,s)—g(a,s))h(ﬂ,s)dadﬁ
(3.70)

0(a)o(B
// ( ) ( )(f( )— f(B))g(a, s)h(B, s)da dp
()0 ﬁ dp

Applying Theorem 2.6 and Proposition 2.7 to (3.69)—(3.70), we get that for ¢
sufﬁciently small and ||1n Zoc”BMO(4I) < Co,

[lIn z¢ [IBMO @)
rh?

h
- f (10£ 11200 162
0

II <K p+C

(3.71) + 10l 2w 10R ]l L2®) + ||9f||L2(R)||98||L2(R)) ds

lIn z4 [lBMO@1)

<K C
= Ko+ 2

h
: /0 OS2 + 108C- . )72 + 10RC, ) 72m) ds
where C is a universal constant. Notice that
1 h
@l <a Z/ 2 % @ (e + 5) — 21 % 7 (@) ds,
0

where c¢; is a constant that depends on m and M. Using a result of the type of
Lemma 3.8, we get

h
— /0 16F 125, ds

= cl— // 16(e0) (20 % ¢™" (o + ) — 2 % ¢™" (@) |* dards
3.72)

1 h
=es f (O20) % ™ (@ + 5) — [0z * 0" (@) dar ds
0

+ Ki1.
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Furthermore, we have

1 h
5 [ 16 Mg s

h
(3.73) < % /f 16(a)ze % Y3 (o + 5)|? der ds
r 0

h
_ r%/f|<9za)w;’l(a+s>|2dads+1qz,
0

and
1 h
2 [ 18G9l ds
1 h
§c3—2//|9<a)(za*¢’h<a+s)—zh*¢’h(a))|2dads
(3.74) rh= Jo
1 h
=6 1((0z4) * ¢ (@ + 5) — [0z * ™" (@))|* da ds
0
+ K3,

where ¢, and c3 are constants that depend on m and M, and Ky, K15, and K13
dependonm, M, |I], ||0] 1=, and |6’ L . Summing up (3.71)—(3.74) and applying
Plancherel’s theorem, we obtain

1
/ I, dh
0

where c4 depends on m and M, and K4 is independent of /. (K4 depends on m,
M, |11, r='2, In zg lBmownys 1611, and [0/ 1o.)

We need the following lemma before we proceed to estimate r~!/2| fol I, dh|.
Let ¢ and z be as in Proposition 3.6, with ||In z, [|Bmowr) satisfying (3.53).

lIn z¢ [lBMO@ 1)

—1)2
r
73/2

(1+1Inr "

<4

(3.75) ,

"//||D|1/2[92a]h|2dozdh + Kulll,
0

LEMMA 3.13 There exists a constant C, independent of h # 0, such that

(1)

(3.76) ™ % (Inzy % ¢" — Inzg) || Loom) < C|lInzy|lBMO@H -
(i1)

(3.77) Inzg % ¢" || 20ar) < C.
PROOF:

(i) Without loss of generality, we assume that 2 > 0. We know

h t

1 z4
(3.78) lnza*th—lnza:/ Daaxy
0 tZa*‘Pt
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where

(3.79) V(€)= EQ ().
Therefore

supp ¥ (1£) C {1 < |t&| < 2).
Let ¢ € G(R) be such that /3 € C°(R) and

1 forj <& <3

(3.80) V3(€) = {o for |&] < 1 or [£] = 3.

Since for |t]| < |h|, supp$(4h$) C {4lh&g| <2} C {|t&| < %}, we have

hl o t
¢4h*(lnza*¢h_lnza)=/ — 4”*ﬂdt

0 ! Za *¢t
(3.81) _ "Ly ( f( ! ’)dt
. — 0 ?¢ * Z(x*w Za*¢t>*w3
h t
= l¢4h * (za * W(—Z“ il ) * W};)d[,

o ! (za % ¢")?

where y, is as in (3.63), and

(3.82) Y (€) = —%f).

With an application of the Schwarz inequality and the Minkowski inequality,
and the fact that for any functions f and g,

2
5/|g(y)|dy/|f<x—y>|2|g<y)|dy

_ (/|g<y>|dy)|g| * 1P

f * (o) = ‘/f(x — »eMdy

we get

1™ % (Inzg % @™ — Inzy)|

"1 4h 112 2 "1 4h Zo % V) 12 i
= (./o ;|¢| * |z ¥ Y| df) (/(; ;|¢| * |(m)*¢4| dt)
h 1,2
< (/ Lo« 1z, *Wdr)
0 !t
h 1 . . Zg * wt 2 1/2
(3 war e o «wat | (Z5) o)
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h 1/2
i l 4h 112
< — [ Wu(@)da 01" % |zq * ¥'|7 dt
m o I
hq 1/2
(/ ;|¢|4h*|w4|f*|za*w5|2dr> :
0

where in the last inequality, we used (3.52). Now (3.76) is just a direct consequence
of Propositions 2.7 and 2.8, and the fact that for any ¥ € S(R), with [ ¢ = 0 and
b € BMO(R),

dx dt

t

b * Y’ (x)]?

is a Carleson measure (see [25, p. 85]).
(i1)) We know

zw%’)

Za kPN

where ¥, and v, are as in (3.62) and (3.63). Because ¥; € L', i = 1,2, and we
have (3.52), Inzg % ¢" — ¢*" xInzy % ¢" € L®(R), with |[Inzy * ¢ — ¥ xInzy
¢"|| L < c(m, M) for some constant ¢(m, M) depending on m and M. Assertion
(ii) follows from (3.76) and the fact that Inz, € L*(41). [l

Inzy % ¢" — ™ xInz, * ¢" = 4y « (

We are now ready to consider r~!/2| fol I, dh|. From Lemma 3.8 and Lemma
3.13(ii), we know there is a constant K5 such that

e < [[ e 6nz, 97 Izl

— %" [0(nzp % " —Inzp))i(B)| dardp + K.

Using Fourier analysis and Plancherel’s theorem, we obtain
eihe _ 12

1 1
1L, dh 5(8rhe)|*
/ ydh| < /0/|s||¢<rs>| -

0
00 2y % ¢ — Inzo)(&)| d& dh’ T Kislll,

(3.83)

where ¢ is a universal constant. Let

2
dt

it

et — el — 1

1? 0
d::/ |p(8r1)|?
|

(3.84) F(he) = / ENB@riE) .

Al

1§

(here we used the spherical symmetry of (]3).
We have

supp F (h&) C {8r|h&| < 2}.
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Therefore
1
/szh‘
0
l — ~
<o // 16(Inza % @7 — lnza)@)FdF(hsms‘ + Kysll]
(3.85)
d/rh
<2a| [ / Fh$)0(Inz, ¢ —In2,) €)0 (p,h@)dhds‘
+o / FUE)0(nz, = 9T — Inz) @) P de| + Kislil.

where ¢ is as in (3.79). Using the same calculation as that from (3.78) through
(3.82), applying Lemma 3.12, and several times results in the same spirit as Lemma
3.8, we get

/F(l’g‘)l@(lnm*tﬁ” In20) (6)|% d&

= / Fl s (0(Inzg % 9™ — In24))(@)0(In 2o % ¢! — In ) (@)dx

IA

/e(a)F’ % (Inzg * ¢ —Inze)(@)O(nzy * ¢! — Inzg)(@)de| + Kyl

- /Fl*(lnza*¢rl 1n zg) ()8 (a)/ IZ“*Z dhda| + Kgll]
< f/F’*(lnzaw”—1nza)(a)f(9za)*wh< o) ) Wi dh de
0 h 2o * Q7N
(3.86) + K6l

(Oza) * Y3"
(2 % @72

IA

l 1
// Flx(Inzg % ¢ —ana)(a)E(QZa) * th(
0

1
/ /l|(9za) "2 da dh

1/2 _
’// |0za) 5" dadh‘ + Kyl

) « yi dhda

+ Kyl
1/2

< ¢allIn zg [IBMO(41)

< c3lllnzallBMO@D)

/0 / ||D|1/2[0zd1h(a)|2dadh‘ + Rl

where ¢, and c3 depend on m, M, and | F||1®); consequently, c> and c3 depend

onm, M, and r; and K6, K6, and K¢ are independent of /. In (3.86) we used the
fact that F(I§) = F(1§)¢(4rl&) and therefore

(3.87) Flsx(Inzg % ¢ —Inzy) = Fl 9% % (Inzg x ¢" —Inzy).

The last step is a consequence of Plancherel’s theorem.
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The calculation of

rh
& / / Fh)0(nz, 97 — Inzo) ()6 ‘Z,h ©)dh ds'
is similar. We have
wrh
F(hg)e(ana *¢rh 1nZoz)(§)9 e o' (g)dhdf‘

U/ F" s (0(nzg x¢™ —1In a))e wd:rh dh da

(3.88) (O20) % Y5h

(za % ¢™M)2

F' s (inzg % ¢ — lnzaxa)z(eza) * W( ) * vy dhda

+ K71l

[
/0 / 11" 210201 (@)* dot dh’ + K71l

< c3lllnzallBMO(41)

where c3 is the same as in (3.86), and K7 is independent of /. Summing up (3.85)
through (3.88), we obtain

1
ro12 / szh‘ < 3c3r ™2 |In z4 | BMO@)
0

(3.89) l
-'ff||D|”2[eza]h<a>|2dadh + Kl
0

with c3 is as in (3.86), and Kg is independent of /.

Finally, we consider |fé |I;]dh| for 0 < |I| < 1. We let ¢" = [¢¥"], and
f = Inz, just for convenience. We have for 0 < || < 1,

(390) |l = / f i’i"‘i@g) (T4 @B . Fi0" (B)Fr" @)

—2— (fx¢M @) — fx9"(8)?) docdﬁ‘

0(a)0 fxe' (@) 0" (B)
/// ((iai ,;/)32) (ef*tp’(ﬂ) - Zf*«p’(oz) —AL g~ fx “’t(ﬂ))>

A
()

d—(p * f(a)dadB dt

‘ / / OOB) (, frg' @~ 20" B) 4 o0 B)= 0 @)
o pr

—2—(fxp ) —f*(pl(ﬂ))z)dadﬂ‘
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0 ()0’ o' (@) o' (B)
‘/ / / r s (Zf*«p’(ﬁ) N :f*w’(a) —2f xg ) = f w’(ﬂ)))

d t
ool x f@)dodp di

A(a)0(B) efx0 (@) e (B)
+2 + 5
’ /// (ef*ﬁﬂ'(ﬁ) oS x¢! (@) )

d
gy’ * f(ﬂ)Ew[ * fla)dadfdr| + Kig

Therefore

I3] < cill fllsmo@n 10”1 22

1 d .
[ 105" Pz

+ 2|l fliBMO@D + K9

1
d
fh ||93/3§0t * f”LZ(R)HQEQOI * f||L2(1R) dt

1 d , 2
/h/"ig(a)aﬁﬂ * f (o)

1
//Ie(a)aago’*f(a)|2dadt
h

1 2
//‘i<ﬁt*(9f)(a)
h dt

1
// 909" % (0f) ()| do dt
h

da dt

< a3l fliBmMo@n
(3.91)

+ c4ll fliBMO@D + K19

< a3l fllBmMmo@n do dt

+ c4ll fliBMO@D + K9.

Here in (3.90)—(3.91) we used integration by parts, Theorem 2.6, and results in
the same spirit as Lemma 3.8. Constants ¢y, ¢3, ¢3, and ¢4 depend on m and M, and

K19, K19, and K g are independent of /. It follows from Plancherel’s theorem that
I
3.92) ‘ / | 13| dh‘
0

< ¢sllInzg |lBMO@n)

)
f / 1D 2810 2415 % $¥" > dh| + Kl
0

where c¢s depends on m, M, and r, and K5 is independent of /.

Summing up the calculation from (3.52) through (3.92), we obtain Proposition
3.6.

4 H? Regularity of z, and H3/2 Compatibility of the Initial Data

In this section, we prove the following result:

PROPOSITION 4.1 Assume that z € H'([0, T], L} (R)) N L*([0, T1, H! .(R)) is
a solution of the Birkhoff-Rott equation (1.6) for 0 <t < T, satisfying assumption
(1) of Theorem 1.2. Then there exists a constant cy(m, M) > 0 such that if on some
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fixed interval (a, b) there exists a &g > 0 such that for some determination of the
multivalued function In z, we have

sup [[Inzy (-, t)lBMO@.b).50 < C1(m, M),
[0,T]

then z, € H?*(K) for every compact rectangle K of (a,b) x (0,T), and z, €
C((a, b)x (0, T)). If. in addition, Im((14i)In zo( -, 0)) € H.'*(a, b), then Re((1+

loc

Dinz,(-,0)) € Hlff(a, b), and z,(-,0) € H13/2(a, b); moreover, 7, € H*(K) for

oc

every compact rectangle K of (a, b) x [0, T), and z,, € C((a, b) x [0, T)).
In order to prove Proposition 4.1, we need the following lemma:

LEMMA 4.2 Assume that § = §(t) € C®'(R) and supp 8 C [Ti, T»]. Then for any
u =u(a,t) € CY(R?) such that u is compactly supported in o for each fixed t, we

have
/ f 82(Hu* (o, Hda dt

(4.1) < 3( / / u? (o, 1) xi1,.7 () d ot dt)( f f 82t + u?)da dt)
2
+ ||5’||§oo( f / u?(, 1) xpry. 1) () dex dt)

PROOF: The proof is a modification of that in Ladyzhenskaya [30]. Since u is
compactly supported in oz, we have that

max u*(o, 1) < 2/ lu(o, Hug (o, t)] do.

Therefore

/ / 82(Hu* (o, H)da dt
< / 82 () max u’(a, r)( / u’(a, t)da)dt

< 2(//8(t)|u(a, Duy(a, t)|da dt) mtax/(S(t)uz(a, Hdo

12 1/2
42 < z( / f uZX[Tl,TZ](t)dadt) ( / / 8% (t)u? da dt)

- / / (18’ Ol + 2w 5(0)))der di

< 2( / / u (@, 1) X117y (D d ot dt) ( / / 82 (1) (u? + uh)da dz)
3/2 1/2
+ 2||5’||Lm<// u* (@, 1) X715 d dt) (// 8*(t)u? da dt) :
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In (4.2) we used Holder’s inequality and the geometric inequality. Inequality (4.1)
directly follows from (4.2) by a further application of the geometric inequality. [J

We record here some identities that will be useful in the proof of Proposition
4.1. The proof is straightforward; we omit it.

LEMMA 4.3 For any function [ = f(B), f differentiable, we have

1 h
4.3) 8B+ fan(B) = 2/n(B) = E/ k2 fouc(B) dk,

0

@44 fuB) = [fuln(B) =

1 h 1 h 1 h
[ R g mak - [ a3 / Fun(B + k) dk,
0 0

h? Jo
12 n 1
TeB)  fuB)  fu(B)
2 1
=2 — — —
(4.5) Qfu(B) = fp(B) fzh(ﬁ))(fﬁ(ﬂ)fh(ﬁ) fg(ﬂ)fzh(ﬁ))'

1 R fuB)?
2 fp(B) Ju(B) f2n(B)

We again use a difference quotient argument to prove Proposition 4.1. We
begin with ¢y (m, M) = c(m, M), where c(m, M) is as defined in (3.34). We may
need to take c¢;(m, M) smaller than c(m, M) in order to obtain the conclusions of
Proposition 4.1.

For any given closed interval [c, d] C (a, b), let §; be as defined in Lemma 3.4
and Q any interval satisfying 20 C [c, d], [2Q| < 181 < 180. Take n, p € CS°(R)
such that

9 5
n(a) =1on gQ, SUPpnCZQ,
(4.6)

3 15
p(a) =1on EQ’ suppp C §Q,

and 0 < (@), p(@) < 1, [n' (@] + 10" (@)] < C/IQl. In"(@)]| + |p"(@)| < C/|Q
for some constant C > 0. For & # 0, we want to estimate the L? _-norm of

loc
1
Zahh = ﬁ(za(a +2h,t) + z4(a, t) —2z4(a + 1, 1))

and

1
Zthh = ﬁ(zt(oz +2h,t) +z,(a, t) — 2z,(a + h, 1)).
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Let 0 < |h| < 5;1Q|. We have from (1.6) that

2mizZpp (@, 1)

28(B+h,t) 1
:/z(a+hﬂ,r)—z(ﬂ+h,t)(5>hh(ﬁ”)p(ﬂ)d’3
+i ( zp(B, 1) B 2B+ h,1) )p(ﬂ)
h? (o, 1) —z(B, 1) zla+h, 1) —z(B+h, 1)) zp(B,1)
+i ( zg(B +2h, 1) 3 (Bt h,1) )
h2 2@+ 2h,t) —z(B+2h,t) z(a+h,t)—z(B+h,t)
. r®B) dp
zg(B+2h, 1)

1 1 1 2
+ h_Z_/ <z(a—|—2h,t) —z(B+2h,1) + z(a, 1) — z(B, 1) B Z(a+h,t) —z(ﬂ+h,t)>

(L= p(B))dp
=/° ! (i) (B.0)p(B)dB + 1+ I+ I + IV,
o —pB\z8/pn
where
28(B+h,1) 1 )(1)
I: —_ —_
/(Z(Hh’t)_z(ﬂ%t) )5, e,
m= L ( BB 28(B+h,1) )p@)d
e 2@, ) —z(B.1)  zle+ht)—z(B+h1))zp(B,1)
me L ( zg(B +2h,1) 3 zg(B+h,1) ) p(B) P
2 ) \z@+2h, ) —z(B+2h 1)  zle+h,t)—z(B+h1))zp(B+2h1)

b (s e )
h2 z(e 4+ 2h,t) —z(B+2h,t) z(a,t) —z(B,t) z(x+h,t)—z(B+h,t)
(1= p(B)dp.

Define

Ga(a, 1) =T+ T+ T +TV.

Therefore
@47 2min(o)Zmn(a, t)

[ (1 1
= — | B.0dB+[n, Hljp| — + (@) Ga(a, 1).
o —B\zg /)y Za / hn

We first estimate f [n(a)G2(a, t)|> da for fixed t € [0, T]. Notice that the term
n (o)1 can be readily estimated using Corollary 2.4. We need to calculate further II,
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III, and IV. For II, we write

1 2B, 1) 2p(B+h, 1) ) [ 1 ]
I=— — _
h? (z(oz, t)—z(B,t) zla+h,t)—z(B+h,t) P(p) 2 h(ﬂ’ Hdp
1 z8(B. 1) B zg(B + h, 1) )
+ K2 (z(a, t)y—z(B,t) zla+h,t)—z(B+h,t) P
1 2 1
. (— -—+ —)(ﬂ, t)dp
B I 2m
1 z8(B. 1) B zg(B + h, 1) )
4.8) + h? (z(a, ) —z(8,t) zla+h,t)—z(B+h,t) Ph)
1 1
: —| = ®.n)d
(m(ﬂ,t) [zh]h(ﬂ ”) g
1 zp(B, 1) _ zg(B+h, 1) )
+ h2 (z(a, t)—z(B,t) z(a+h,t)—z(B+h,t) P

1 1
(555~ i)
(B, 1) zon(B,1)
=11} +1Ip + I3 + Il4.

Notice that n(a)II; can be estimated using identities (4.3) and (4.5), Lemma 4.2,
and Corollary 2.4. We use integration by parts on II; and II; and the fact that

fh)— f(0) = foh f'(y) dy for an absolutely continuous function f. We get

Lo L ( B0 28(B+h, 1)
37w ) \z@n—zBn  za+h i) —zB+h1)

1 1
: i d
(zh(ﬂ, 1) [Zh]h(ﬂ’t)> P

__i zZ(@+h,t) —z(B+h,t) 1 B i
@) = M ey =60 aﬁ{p(ﬂ)<zh(ﬁsf) [Zh]h(ﬂ’”>}d’3

__L/h/Zy(a+)/,t)_2y(ﬂ+]/,l)
w2 ) Za+y,t)—z(B+y. b

1 1
oo (g - [ ] o0 ) Jorer

)p(ﬂ)

and
I :_/< zp(B, 1) _ (B +h,t) )
) e -6 Harhn—2B+hD
1 1
-p(ﬁ)( - )dﬁ
(4.10) zn(Bs1)  zon(B, 1)

__i/’yzy(oﬂr%t)—zy(ﬂw,z)
T2 )o) za+y.t)—zB+y.0)

1 1
'8‘9{"(5)(@(/& D " B, r>)}d’8dy’
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1 1
aﬂ{p(ﬂ)(zh(ﬁ, N [Z]h(ﬂ’”)}
, L
- “”(zh(ﬂ, ) [zh]h(ﬁ’ ”)

_zpn(B. 1) Znn (B, 1) )
4.11) +p(ﬂ)( 26.0) + B DB+

, 1 1
= ('B)<Zh(,3’ 1) [le]h(ﬂ, t))

B0 F B hzh(B.D) )
o )( 23,0 2B 0B+ D)

1 1
8ﬁ{p(ﬂ)<zh<ﬂ, N (B, t>>}

oy [ 1 2B, 1) 8ﬂ22h(ﬂ’t))
_p(ﬁ)(zhw,r) z2h<ﬁ,t))+p(ﬂ)( 2.0 2,60

o 1 1 h Zpnn (B, 1)
(4.12) ‘p(ﬁ)(zhos,r) P, z)> PP b
Zhh(ﬂ, 1)(zn(B, 1) + zon(B, 1))
P(B)(zpn(B, 1) — zpn(B, 1)) 228,02, (B. 1)
2 (B ) (zn (B, 1) + 224 (B, 1))
2B, 1)23,(B, 1) '

Therefore n(a)Il; and n(«)Il4 can be estimated through identity (4.4), Lemma 4.2,
and Theorem 2.6. We can handle III in a similar way by rewriting:

where

and

h
- Ep(ﬂ)

p(B)
zp(B + 2h, 1)
1
=p(B+ h)[—} (B+h,t)
Zn dn

1 2 1
+p(ﬂ)< ,s<ﬂ+2h D nBr2nn Zzh(ﬂ+2h,t)>
1
+ph) zh<ﬂ+2h 0 [zjh(ﬁﬂh’”)

1
+p(ﬂ)<z (B+2h,t)  za(B +2h, z))
1
+p(ﬁ)[ } (B + 2h, t)—p(ﬁ+h)[ } (B+h,t).
Zh Zh 1p

4.13)
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Notice that the terms in III corresponding to the second, third, and fourth terms
on the right-hand side of (4.13) can be estimated in the same way as Il,, I3, and
I14. For the last term

11ls = Lf( 2p(B +2h, 1) - 25(B + h. 1) )
T ) \z@+2h,0)—z(B+2ht) zla+h,t)—z(B+h, 1)

1 1
: (p(ﬂ)[—] (B+2h,t) — p(B+ h)[—] (B+h, t)>dﬂ,
Zh |p Zh 1y
we use integration by parts. We have

1 /‘”’/zy(a +y,.t)—z,(B+y, 1)
M5 = —
h? J, aty,0)—z(B+y, 1)

1 1
: 3;3{,0(/3)[;}}!(/3 +2h,1) — p(B + h)[ ]h(ﬂ +h, t)}dﬂ dy,

Zh

where
1 1
aﬁ{[)(ﬁ)[_} (ﬂ+2h,t)—p(ﬂ+h)[—] (,3+h,t)}
Zh {p Zh1p
1 1
=p’(ﬂ)[—] (ﬂ+2h,t)—p’(ﬂ+h)[—} (B+h,1)
Zhlp Zn dn
1 1
+p(ﬂ)<—) (ﬁ+2h,t)—p(ﬂ+h)<—) (B+h,1)
(4.14) in/)p Zn/)p

1 1
= ,0/(/3)([—] (B+2h,t) — [—} (B+h, l))
Zh A Zhdp

1 1
+('(B)—p'(B+ h))[—} B+h,t)+ hp(ﬂ)(;) B+h,1)
h

Zh hh

1
+ (p(B) — p(B + h))(—) (B+h,1).
h

Zh
Therefore 1 («)Ills can also be estimated through Lemma 4.2 and Theorem 2.6.
The term n(«)IV is a “good term” and can be estimated through rewriting IV as

1 1 1
V= h_2/ <z(a+2h,z)—z(ﬂ+h,t) " Zla+h,t) —z(B, z))(l —p(B=Mm)dp

1 1 1
+ ;72/ (z(a, N —zB.1) zl@+h,t) —z(,B—l—h,t))(l —rBdp
_/ —zp(a+h, 1) +2,(B, 1) P —pB—h)
(z(@ +2h,t) —z(B+ h, 1)) (z(a + h,t) — z(B, 1)) h
- . ) (1 - p(B))dp
(z(@ +2h, 1) — 2(B + h, 1) (z(a + h, 1) — 2(B, 1))
(zp(a, 1) — zp(B, D)zp(a + h, )(1 — p(B))
(z(a+h,t) —z(B, ) (2@ +2h,t) —z2(B+h, ) (z(a + h,t) — z(B + h, 1))
+/ (zn (e, 1) — 2 (B, D)zp (@, (1 — p(B)) i,
a+h,t)—z(B+h,t)(z(@+h,t)—z(B, 1)) (z(x, 1) — 2(B, 1))

B

dp
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What is left to be considered among the terms I 4 IT 4 IIT + IV is II; 4 II;:

10, + 11
_ 1 I zp(B+h, 1) 1
fd h2 (Z(a, t)—Z(ﬂ,t) Z(a+h,t) _Z(ﬂ_i_h’t))p(ﬁ)[z}l}h(ﬁs l‘)d/3
+Lf< 2p(B +2h, 1) - 26(B+h, 1) )
2 ) \z@+2h,1)—z(B+2h,1) zla+h,t)—z(B+h,1)
1
-p(ﬁ+h)[—] (B+h,1)dp
Zh 1p
_ B zp(B+h,t) 1
_h2/<z(a,t)—z(ﬂ,t) z(a+h,t)—z(ﬂ+h,t)>p('3)[zh}h(ﬁ’t)dﬁ

+

i/‘( z2g(B+ h, 1) B zg(B, 1) )
h2 2a+2ht)—z(B+h,t) zla+ht)—z(B,1)
1
-p(ﬁ)[—] (B, n)dp.
Zhlp
Using integration by parts and a similar calculation as in (4.9), we get
I, 4+ 101,
_ifh/( Zu(@+h+y,1) (et )
T h? o 2la+h+y,t)—z(B+h,t) zle+y,t)—2z(B, 1)
1
-3,3:,0[—} }(ﬁ, ndpdy
Zh h
Lt Zan(@ 4y, 1) { [1] }
= — 0 — .t dpd
i | e o) - | 6.0 fasay
1

h
+ﬁ/o ala+h+7.0)

1 1
'/(z(a+h+y,t)—z(ﬁ+h,t) B z(a+y,t)—z<ﬁ,t)>
1
‘3/5{,0(13)[—] (,B,t)}d,de
Zh h
=V, + V).

Now

Ry Zan(a + v, 1) 1
Vi ‘E[o/z<a+y,r>—z(ﬂ,na’*{p(ﬂ)[i]h(ﬂ’”}dﬁw
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_ ! " Zan(@ + ¥, 1)
h/(;/Z(Ol-i-y’ )_Z(,B l) (;3)|: :| (lg,t)dﬁdy

1 Zan( +y,t) — zpn (e, t) Znn (B, 1)
- — dBd
// catrn—26.0 "L oaBrnn P
_ 1 1 Zhn (B, 1)
el Dy /0/ watr =260 P LB B

=Vii—Vip— Vi

Since p'(B) =0 for B € %Q and 8 ¢ 20, we have

@.15) @)V 11|<——/ (e + 7. D] dy;

here ¢, is a constant that depends on m.
Notice that V3 can be estimated using Theorem 2.3 and Lemma 4.2.
We now consider V,. Define for any function f that

C1(f) (@) = / (—Z(ﬁt)f(ﬂ)dﬁ-

Let
- hzm (B, 1)
8PY =P B+ h D)

Since for any function » € BMO(R) and § € R,

(4.16) [[b]n(B + h) — [D]n(B)
1
=

then
8
4.17) lgllze < s 1z llBMO(a,b),80 -

From the above notation, we have

v _l/h Zan(@ + v, t) — zpp(a, t)
12_h 0 h

Ci(g)(a+y)dy.
Notice that
h
f (o (@ + 1) — 2o 1) dy =O.
0

So for any constant c,

v _l/h Zan(@ +y. 1) — 2w (@ 1)
12 = h 0 h

(Ci(@)(a+y)—o)dy.

B+2h B+2h
/ (o) — b()ldx dy < 8]blvo.
B B

61
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Because the operator C; is bounded from L>*(R) — BMO(R) (see [25, p. 49]),
there exists a universal constant ¢, such that
2 172
d y)

1 h
|V2|§(—/
1 h o

| 12
inf (Z / Ci(g)a+7) — CIzdy)
¢ 0

1 h
clgli(5 f
0

8C2 1 h
SW”ZaHBMO(a,b),SO i),

2 172
d y) .
To obtain an estimate for V,, we consider

1 1 1 1

5/(z(c¢+h,t)—z(ﬁ+h,t) e, t)—z(ﬂ,t)>aﬂ{p(ﬂ)[5]h(ﬁ’t)}dﬂ
- [ iz (), omlew| 5] o)
_/Z(Hh’t)_z(wh’t) =) @0a{p®| | Bo0jap

1/( z(B+h, 1) z2p(B, 1) ) 1

+ h 2a4ht)—z(B+ht) zle 1) —z(B.1) z8(B, 1)

Zan(a +y, 1) — zpp(a, 1)
h

Zan( + vy, 1) — zpp(a, t) zd >1/2
h Y

Zan(@ +y, 1) — zpn(a, 1)
h

A

1
- 0B {p(ﬂ)[;]h(ﬂ, l)}dﬁ

- (B +h.1) 2pn(B. 1) { [L} I
- /z(oz—l—h,t)—z(,B—|—h,t)z,g(ﬂ,t)z;;(,ﬁ—|—h,t)a/S a2 2 h(ﬂ’t) 9P

+/< z2g(B+h,t) B z8(B, 1) )l(L_L)
Za+ht)—z(B+ht) z(at)—z(B,t))h\zg zp
1
'aﬁ{,o(ﬁ)[—] (8, l)}dﬁ
Zhdn

1 (" zala 4y, 1) —z8(B+7y.1) { 1 { [1} }}
— ) ) — , dp.
+h/(‘)/ Ze+y,0)—z(B+y,t) A zp(B, 1) 5P P 4 h(ﬂ ARG

In the last step of (4.18), we used integration by parts.

(4.18)

Furthermore,

1

zpn (B, I)aﬂ{p(ﬂ)[g] (ﬁ,t)}

h

1 1

=Z,3h(,8,t),0/(,8)|:;:| (B, 1) + (zpn — znn) (B, t)P(ﬂ)(;) (B, 1)
hdp h
1

+Zhh(18’t)p(ﬁ)(_> (IB’t)’
h

Zh

l<i—l)3 { (ﬂ)[l] B t)}
h\zg 717 nly
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1/1 1 , 1
= ﬁ<_ - —),0 (ﬂ)[—] (B, 1)
Z8 Zh Zhdn

2B 1) + 20 (B, 1) — 2z, (B, 1)
h?zg(B. zn(B, 1)

Zhh(,B, t) (i)
T 2% 0ame0” P\ ), P

1
hp(ﬁ)(;) (B, 1)
h

and
d { L, { (ﬂ)[i] B r)}}
AP A L Y
__z,shw,t)(, [L} B 2 (B, 1) )
2B s Zh h(ﬁ’t) p(ﬁ)zh(ﬂ,rm(ﬂw,n
1" 1 ’ Zhh(ﬁ’t)
. — 1) —2
(4+-19) +Zh<ﬂ,t><p (ﬂ)[m}h(ﬂ g p(ﬂ)Zh<ﬁ,t>Zh(ﬁ+h,t>)
— (B zpnn (B, 1)

(B, Dzn(B+h, 1)
z2hh (B, D)zgn(B, )zn (B + h, t) + z2pn (B, )zpn (B + h, )zp(B, 1)
5B OB +h, 1)

+ p(B)

So n(a)V, can be estimated using (4.3), (4.4), Theorem 2.3, Corollary 2.4, and
Theorem 2.6.

For the estimate of n(a)I, we notice further that

1
(—) B, 1)
2B/ hh

(4.20) = —<

zpn(B, 1) )
z28(B, )zg(B+h, 1)),

B 28rn (B, 1) 20 (B, D (zpn (B, 1) + z2pn(B + h, 1))
T B 0z(B+2h 1) zp(B 0z(B+h Dzp(B + 2k, 1)

and

@21) 2,8,

1
=3 @an(B. 1) = 2w (B, ) (hzgn(B. 1) + hzun (B, 1)) + Zin (B, 1).
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Summing up the calculation from (4.7) to (4.21) and applying Theorem 2.3,
Corollary 2.4, Theorem 2.6, Propositions 2.7 and 2.8, and Lemma 4.3, we arrive at

/ n(e)Ga(a, D da

2
< ||111 Za I|BMO(a,b),50

1 h
( f |Zann (e, 1) [* doe + / 3 / 1k Zai (ar, t>|2dkda)
4.22) 20 50 0

+62/ (p(@) + pla = h) + p(a = 21)) |z (@, D)*| dex

/Iz(m(oz NP da + ——

IQI2 |Q|3’

where ¢y, ¢;, ¢3, and ¢4 are constants independent of 7. We can estimate

(), )

in the same way as in Lemma 3.5:

1
ool L) Jn
Za /) hh

_ 1/ n(a)—n(ﬁ)( zpn(B, 1) B zpn(B + h, 1)
T h oa—p 8B, Dzp(B+h, 1)  zg(B+h,1)zp(B + 2h, 1)

L2(R)

)p(ﬂ)dﬂ

_ _1/ (77(0!) —nB—h) —n(ﬂ)) zgn(B, 1) 2 (B)dp
Tk a—B+h o—p 26(B, )zp(B + h, 1)
n(a) —n(B) z2pn(B+h,t)
+/7_ﬂ P+ = (@) s 6.
where
1 — —h — ,
E/(n(a) nB—h nl) n(ﬁ)) z2pn (B, 1) o(B)dp
a—B+h a—p 2B, Dzp(B + h, 1)

L (" n@-nB-ry n@B-r 20 (B, 1)
el _ d
h//o ( @— B+ +Ol—,3+r>dr2ﬁ(,3 PERTE N, R

1/fh(_n<a)—n<ﬂ)+ n’(ﬂ)) zpn(B+r1,1) drds.
hJJo @—=p?  a=B)zpB+rnzgB+h+r1)

Therefore for some constant cs depending on m,

o Jlomp(2) Joo!

da = @/kaa(a’ l‘)lde{.
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We now estimate

1
f 2tin(e)zm (@, 1) — / @(—> (8. 1)dp
hh

Ot—,B Zp

2
da

2

:nzf 2in (o) Zipn (o, t)—H<n<l> ) da.
)
We know
| 2
fZin(a)Z,hh(a,t)—H(n<—> ) da
2o/ hh
2
(4.24) =4 f ()2 (or, )]* dex + / H(n(i) ) da
Za /) hn
_ iIm// n@)n(B)zmn (e, )(1/28)nn (B, 1) dadp.
4 oa—pB
Concerning the estimate of
1 2 1 2
/'H(n(—) ) (a,t)doz:/'n(—) (a,1)| da,
Za / h Za/ nh

we have the following lemma:

LEMMA 4.4 There exist constants cg, 7, cg, and ¢y, depending only on m and M,
such that

f e (@, D) da
0

1 2 1 ("
506/ (—) (a, 1) da+c7[—5/
Za /) hi h> Jo

20 20

2
dadk

k2<l) (a, 1)
2o / kk

(4.25) + cgllInz4 ||2BMO(a,b),80

1 h
</ |Zann (e, f)lzda-i-/ﬁf |k Zar (et t)lzdadk)
0

Y g0
+ ¢y / lzan (o, D)* dar.
20
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PROOF: We have

( 1 ) ( Zah(av t) )
- (av t) = -
Zo{ hh Za(av t)ZO((a +h7 t) h

_ Zann (@, 1) _ hzan(a, 1) < ) (@ 1)
 zg(@ R Dze(a +2h,1)  zo(a +h, 1) W

Qhzan(a. ) 1 1
za(a—i-h t)h{( )h( w0 - |:<5>h:|h(a, t)}

() o
Zo(a +h,t) hdn
where

Zah(a t) 1
Zo(a +h, t)[( )Jh(a g
_ Zan(a, 1) — zpp (@, 1) 1
B hze(a + h, 1) ([Za:| @+ hn- |:;:|h(a’ t))
Znn (o, 1) 1
+@w+hoK LLW”

1 1 1 1
= Z(Zah(a’ t) — zpn(@, ))m([ i| (@ +h,t)— [g]h(a» f))
hzp (o, 1) |: Zan(@, 1) — zpn(a, 1) }

" Zala+ R, 1) | hzo(a, Dzola + 1) |,
. Zhh(a’ t) |: Zhh(av t) ]
ol +h,t) [ zo(a, t)ze(a + h, 1) h.

Therefore Lemma 4.4 follows from (4.4), (4.16), and Propositions 2.7 and 2.8. [J

We now consider the term

// n(a)n(ﬁ)zzhh(a DA/zp)m(B. 1)
-8

adp.

We calculate as follows:

(4.26) // n(@)n(B)zimn (o, t;l/zﬂ)hh(ﬁ 1)

mmnw) 2on (B, 1)
/ / cnn (@ ”(z,sus, Nzp(B+h, r>>h b

da dp
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[ n@n () 200 (B 1)
—/Y a—ﬁzww”m?ﬂ@n)f“w
N / f @
«—pB

1 1
. h y o d d
(Zﬁ/(ﬂ t)<zﬂ(ﬁ,l‘)Zﬂ(,8+h,t) zi(ﬁ,l))>h “ap
= VI, + VI,.

For VI,, we further decompose

1 1
<Zﬁh(ﬂv t)(zﬂ(ﬁ, Dzg(B+ 1) Z (B, f)>>h

1 1
= 2gnn (B, f)<zﬂ(,3, Nzg(B+ht) 2 (B, f))

(4.27) 1 1
h, - hv -
+ (zgn(B+h,t) — zpn (B + [))<Zﬁ(,3, Dzp(B+h, 1) Z;Z,(,Bat))h
1 1
h, - :
Furthermore,

1 1
28(B.0zp(B+h. 1) Z2(B.1)

1 1 1
B <z,s<ﬂ, N Zh(ﬁ,t)>z,s<ﬁ +h,1)
n 1 ( 1 3 1 )_ hzpn(B, 1)
B \zpB+h 1) wmB+h1)) 2B, 0Oz(B+h, 1)

_( L2 > 1
2B, wB. ) (B0 2p(B+h, 1)

1 1 2 1
T (Zﬂ(ﬂ R N B s ey Y r))

1 1 1
" (zzz(ﬂ, n zn(B, t))z,g(ﬁ +h, 1)
n 1 ( 1 _ 1 ) B hznn (B, 1)
B \aB+ht)  zn(B+h0)) (B OB +h 1)
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Therefore an application of Lemmas 3.4 and 4.3, a similar calculation as in (3.70),
and an application of Theorem 2.6, (4.16), and Propositions 2.7 and 2.8 give that

4
;lVlzl S/In(ot)Zzhh(ot, NI* da

2
+ c1ollln zg ”BMO(a,h),So

1 h
( / e nPda+ [ 5 [ zte, r)|2dadk)
20

428
(4.28) +011||1n2a||BM0<u,b>,80

2 1 h 2 2
~(/|zahh<a, Dl da+/h—5/ 1 2t (s )| dadk)
20 20 0

+cn f |z (e, 1)|* da,
30

where cjg, c11, and ¢y are constants that depend on m and M. For VI;, we have

n(e)n(p) 2gn(B, t))
4.29 , dad
29 // a—p ehi( l)<z,21(ﬁ,t) h o dp

n(a)n(B) 28hn (B, 1) 1
=// - Zzhh(%ﬂ( 2.1 +2gn(B +h. 1) % h(ﬁ,z) dadp

// n(a)n(ﬂ) Zthh (o, ) Zgpn (B, 1) dordp
zp(a, Dzp(B, 1)

n(a)n(ﬂ) L1 Nzgm(B,D)
+// «—B th(“’”(zmﬂ,r) zm,r)) o 1P

I
+// 1)) e, r)(z,gh(,3+h,z)—z;m(ﬁ+h,f)><—2> (B, de dp
o — ﬁ Zh h

1
+/‘/ n(a)n(ﬁ)zmh(% t)zhh(ﬂ+h’f)(—2) (B.)da dp,
a—p S/ h

where for the term

// 77(05)77(/3) Zenn (0, D) Zgnn (B, 1)

dadp,
zn(a, )zp(B, 1)

we follow our calculation by decomposing

(4.30) 2@ 1) (Zhh(a, f)) AL )

Zh(a’ t) Zh(a’ t) Z%(av t)
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and
2pnn (B, 1) _ 3 (Zhh(ﬁ» t))
@i wB.0 P\
4 Zon(Bs ) (zpn(B, 1) — 2pn(B, 1)) n 2 (B, f).
2 (B. 1) Z(B. 1)

We further decompose the term
Znn (@, Dz (2, 1)
22 (e, 1)
in (4.30) or, more precisely, the term z,(«, t) through the following consideration.
From (1.6) we have

_ 1 1 1

Zn (o, 1) = 2rih _/ (z(oz +ht)y—z(B+ht) z(at)—z(B, t)>/0(/3)d,3
1 —zn(a, 1) + 23 (B, 1)

" 2ri ) (@ +h,1) —z2(B+ h, D)z, 1) — 2(B, 1)) (1= p(B))dp.

where it is clear that for o € % 0,

L/‘ _Zh(aa f)‘i‘Zh(,B, t)
2mi (zla+h,t) —z(B+h, 1) (z(a, t) — z(B, 1))

for some constant C’.

(4.32)

/
<< —

4.33
@39 ~ 10l

(I —p(B)dp

On the other hand,
l/ ( : B : ) (B)dp
h Za+h, 1) —z(B+h,t) z(e, 1) — z2(B, 1) Y
_ zg(B+h, 1) (i)
= / 2@ +h,t) —z(B+h,t) \zp h(ﬂ, Hp(B)dp

1 25(B+h, 1) B ) 1

T f (Z(ot +ht)—z(B+h 1) zlat)—z(B.1)) 2B, t)p(ﬁ)dﬂ

_ _/ 2p(B+h.1) (B0 =2 (B0 + B0
Za+h,t)—z(B+h,t) 25(B. Dzp(B+ h. 1)

—l—l/( 28(B+h,t) B zp(B, 1) )
h zZ@+h,t)y—z(B+h,t) z(a,t)—z(B,1)

1 2 1
. <_ 4 —)(ﬂ, 1)o(B)dp

2B Zh <2h
+1/( z2g(B+h, 1) B zg(B. 1) )
h 2a+h,t)y—z(B+h,t) z(a,t)—z(B,1)
1 1
: - d
<zh<ﬁ, 0 B, t>>p (Pp

1 h Za(a‘f’% t)_zﬂ(ﬁ+yv t) { 10(13) }
Z 0 dBdy,
+h~/0/ Z(Ol—f-)/»t)—z(ﬂ—f—%t) P Zh(let) ﬁ 4
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where in the last term we used integration by parts.
Furthermore,

a{ p(B) }_ PB )

= (zgn(B, 1) — zmn(B, 1))
NaBol " uBn 260" "
p(B)
— Zhh(/8 t)
22 (B, 1)
Now
// n(a)n(ﬂ) Zehh (@, DZghn (B, 1) dodp
AR
// n(a)n(ﬂ) (zhh(a, f)>aﬁ<1hh(ﬂ,l‘))dadﬁ
zp(a, t) zp(B, 1)
(4.34) / / n(a)n(ﬁ) NCHENCHP (Zhh(/s,f)> dads
Zh(a [) Zh(ﬁ t)
// n(oe)n(ﬂ) Zonn(e 1) 2B DG (B0 = 2B 0) + Gy B D)
da dp.
zp(a, 1) 2(B.1)

We further calculate
/'/ 71(01)77(,3) (Zhh(a, f)>aﬁ<2hh(,3, t))dcxdﬂ
zn(a, 1) zr(B, 1)
77(0!) Zhn(a, 1) zhh (B, 1) Zhh(a, 1)
// (Zh(a ) )aﬁ<’7(’3) w0 " @ )dadﬁ

n(a)n (/3) (e 1)\ 2nn (B, 1)
dad
@35 // (zh(a t))Zh(ﬂ,t) o dp

Zhn (@, t) (B0
Y // (@— ﬂ>2< @ @ "D e > docdp
Zhn (e, 1) n'(B) znn (B, 1)
_/”(“)af<z;1(a, ) )fa—ﬁ wpn P
Summing up the calculation from (4.26) to (4.35), we obtain that for any € > 0,

/f U(a)ﬂ(ﬂ)zthh(a £)(1/zg)nn (B, f)
- B

Znn (e, 2 (B D\
=g //( ﬁ)z( @@ r) (ﬁ)zhw,o) dadf

+3/In(a)zthh(a, | da+6/|n(0¢)zahh(a, H)* da

4. 36) adp

2
+ci13 ||ln Za ||BM0(a,b),80

hq
( / e (e, ) dex + / / AT r)|2dkda)
20 20 0
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12
+ ci3lllnzy ”BMO(a,b),ﬁo

h
'(/|Zahh(06, t)|2da+f/ %m?zakk(a, t)|2dkdoe)
20 0
1
+Cl4<z+1)(|Q|2/|2aa(a I doz-l—/lp(oz)Zhh(a 3] da)

where c3 and ¢4 are constants 1ndependent of € and A.
Now from (4.7), we know that

1
/2i77(06)21h11(06,f)— <77(—) )
hh
——/ (n, H { < ) }+77(06)G2(06,f)

Let p; € C°(R) be such that p(x) = 1 fora € (% + ﬁ)Q, p1(a) = 0 for
a ¢ 20, and |pj(a)] < C/|Q| for some constant C. Summing up the estimates
(4.22), (4.23), and (4.36), we conclude that there exist constants c;s, ¢, €17, and
c1g such that for any 0 < || < 21—4|Q| and € > 0,

2
fm(a)z,hh(a 0| da+f‘n(a)< ) (e, 1)
hh
Znn (a, ) (B, 1)
——I dad
="z //( (() Jn TP )) P

te / 17(0) Zan @, r>|2da dh

2
do

2

2
+ c1s51n ze |l 5pmoa.p) .5

4.37) '(/lZahh(Ol 1) dadh+—// k* Zar (et )| dkda)
20

12
+ ci6lllnz, ||BMO(a,b),5o

1 h
'(/lzahh(% f)lzdozdh—kE// Ikzzakk(oz, t)|2dkdo¢)
20 0
1
+c17(g+1)(|Q|2f|zw(a Dl da+/|p1<a)zhh<a 3] da)



72 S. WU

On the other hand, using (4.32) and (4.33), it is clear that there exists a constant
C}, such that for all [a| > |0|,

2 1 ? C2
(4.38) /|U(“)Zthh(a» | dOH—/ ne)| —| (1| da = —=.
2a /) hn |Q]

Therefore with a constant different from c,g, estimate (4.37) holds for all 4 £ 0.
We also know that for any set S and function f(«, h),

1 3
(4.39) f // —k4 fla, k)dkdadh = - f/kf(a,k)(l—%)dadk.
A ‘
S

Multiply both sides of (4.37) by h; then integrate with respect to 4 from O to /.
Using (4.25) and (4.39), we conclude that there exist constants v > 0, ¢/, ¢}, and
¢y such that for any [ # 0, € > 0,

1 (! 1 !
—2/ hfm(a)zmm r>|2dadh+v—2f h/|zahh<a, n*da dh
1~ Jo 1= Jo

[¢)

Zpp(a, t) (B, 0\
—_ﬁ dt/ //( ﬁ)2< @ )zh(a,n kAL zm,r)) docdfp dh

+el—2/0 h/|zahh(a,z)|2dadh
20

(4.40)
+¢1(In 2ol Emo b, 50+||IHZ“”BMO((1 b, 50)12/ /|erhh(“ DI dadh

+c§<§+1>(ﬁ [ uate r)|2da+li2/0 h/|p1(a>Zhh(oe, r>|4doedh>
20

/
3

+ .
|03

4.1 Interior H? Regularity of z,

In the following, we take 0 < |/| < iSl. Therefore for any @ € 2Q C [¢,d] C
(a,b)and |h| < |I] < 381, wehavea+h, a+2h € [c+181,d—181] C (a, b). Let
[T;, T>] C (0, T) be an arbitrary interval, §(t) = (t — T))*(t — T»)* for t € [Ty, T»],
and §(t) = Ofor ¢ ¢ [Ty, T»]. From (4.40), using integration by parts, we get

1 1
(4.41) lizf h//a(z)m(a)z,hh(a,z)|2dadzdh+ulizf h/S(t)/\zahh(a, 0% da dt dh
0 0
0

Zpp (@, 1) 2 (B 1) \?
=Ie Im/ h/‘w)//( —p)2 ("( Dy P zh(ﬂ,t)> docdpdr ah

+ —2/ h/S(l)/lzahh(a, D12 da dt dh
= Jo
20
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Y 2 12
+ ¢} (10 2allgmoa,b).50 T 1M e IBMO@, 5. 5)

1
lz/ h/s(t)f zani (o, )% dor dt dh
= Jo
20
1 1 N
+h( = s lQ‘zfé(t)/lzaa(a,t)l dodt
20

+ /<1+1)l/lhfa(z)/| (@ zpp (e, )* S fa(z)dt

@\ 2 Jo p1(@)zpp (@, o .

Since |8'(¢)|> < 4Ty — T»|>8(¢) for all £, we have from integration by parts that for
any 0 <€ < 1,

Zhh(ot t) Zhn (B, 1) o ‘
1) - dadBdtdh
(z)/f( il ) L dada

< 2/ /5 (t )// n(@)n’ (ﬁ) Zhh(a t) zhh(ﬁ 1) d()ldﬁdtdh‘
ml zp(a, 1) zp(B, 1)
f /5 (t)// "(a)”(ﬂ) 6@ D, {Zhh(ﬂ’t)}dadﬁdtdh’
e n) Pl
= n12/ //S(t)ln(a)zhh(a 0*dadt dh
d—1s )
+ aa (@, dad
cl9<|Q| )/ /C+ L, |Zaa (at, 1)|” doe dt
+£/ h/fs(f)/ |zgnn (e, )|* da dt dh,
2 Jo
20

where cy9 is a constant depending on M, m, T}, and T,. We now apply Lemma 4.2
to (4.41) and (4.42). We obtain that for any 0 < |/| < %81, 0<e<l,

1! |l
(4.43) 1—2/ h/5(t)/|Zthh(0t,t)|2dadtdh+vl—2/ h/(s(f)/lzahh(a, 012 da dt dh
0 0
© Q
2¢ [! 5
= 1_2/ h/5(f)/ |zahn(a, )" dacdt dh
0
20

!
1241
+¢ [f)“;’](lllnzezlli,ao + IIIHZaII*,/ao)l—z/O h/3(t) / |zqhn (@, DI* da dt dh

d——51
+c4< +1)(/ / |Zaa(a,t)|2dotdt)
c+53 51
g / i / 5(1) / e, 02 doc dt dh
12 Jo
20

(4.42)
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T d**51
+C4< + 1)(/ / |Zaa (@, t)|2d(¥dl)
T +5 51
—/ h/w)f lzenn (o, D)) dedt dh
2 Jo
20

, 1 T d**é] 5
ool =+ f / |zaw (a, 1)|” da dt
5<<€ )IQI2 |Q|> T Jetls o
T pd—18 5 2
+c ( +1>(/ / |zZawa (a, 1) dadt) + .
6 n Jerls lof?

where v > 0, ¢}, and ¢ are constants depending on m and M only, and C/S, c/6, and
c; are constants depending on M, m, T}, and T,. We want to apply the following
result to (4.43):

LEMMA 4.5 Let I C R be a finite-length interval. Assume that f,g € L'(I),
f, g = 0, satisfy that for any interval 2Q C I,

/f(a)da+v/g(a)doz
0
C, Cs Cy
doc + o do+C 4 — 4+ — 4
—36/f(°‘) « g@dat+Cit o110 Tiop

2Q
where Cy, C,, C3, and Cy4 are constants. Then
fdist4(a,al)f(a)da+vfdist“(a, g (a)do

1 1
< 32C |1 4+ 32C,| 11> 4+ 32C5 1> + 32C4|1].

Here dist(«, 01) is the distance from « to the boundary 01 of 1.

The proof of Lemma 4.5 is a small modification of that of Proposition 3.2 and
SO we omit it.

We first fix € = v/288. From Proposition 3.3, we know z, 10c((a b) x
(0, T)). Therefore, for small enough 7, — T, we have that

T d——3| v 1
4.44) c4< + 1)(/ /+ " |Zaa (0, 1)] dotdt) <m1n{m, %}

We take the interval [T7, T>] small enough so that (4.44) holds. We now take

2 172
V V

4.45 M) = mi M

(4.45) c1(m, M) mm{c(m’ )’<144c/1>’<144c/1> }
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where c(m, M) is as defined in (3.34). Therefore for supjg 7| [Inze (-, )5 <
ci1(m, M), we have

1 1
1_2_/ h/fs(l)/IZzhh(a, NI dedt dh
0
o
1 ! s
+”l_z h | 6(t) [ lzann(a, )" dadt dh
0
= 3612/ /a(t)/kthh(ol l)| dodtdh
2
+@/0 h/S(t)/|Zahh(a,t)| do dt dh
20

((288 1 T =38 )
+ ¢ +1> )/ / |Zaa (¢, 1)|” da dt
S\ v or " Tra) )y 1y
288 L pd=3h o
+c6<—+1)</ / |Zao (, t)|2dadt> + 73.
T "+ 51 |Q|

Notice that (4.46) holds for any interval 2Q C [c, d], with |2Q]| < %81.

Now let I C [c,d] C (a, b) be any closed interval that satisfies |/| < %81.
Notice that from Proposition 3.3 and a simply application of the Fourier transform
and Plancherel’s theorem, we have for any 0 < |/| < %8 1

/ /8(t)/|zthh(a N?dadt dh
—/ /S(Z)/|zahh(a t)| dadtdh < oo.

We apply Lemma 4.5 to (4.46). We get that for any 0 < || < %81,

(4.46)

1 1
(4.47) 1—2/ h/é(t)/dist“(a,31)|zmh(a, N|*dadt dh
0

—I—v—/ f(S(t)/dlSt (o, 31)|zamn (o, ) > da dt dh < K,

where K is a constant depending on m, M, Ty, T, |I|, and

T, pd-1s
/ / |Zaa(aa t)|2da dtv
+5 51
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and most importantly, K is independent of /. Let [ — 0. Since [c,d] C (a, b) is
arbitrary and (71, T») C (0, T) is an arbitrary small enough interval, we conclude
that

Zua € Hyo((a, b) x (0, T)).

The fact that z, € C((a, b) x (0, T)) directly follows from a simple calculation
involving Sobolev embedding. We obtain z, € H;.((a, b) x (0, T)) by taking the
derivative 9,9, of both sides of (1.6).

loc

4.2 H?3/?> Compatibility of the Initial Data

We now prove the second part of Proposition 4.1. We assume in addition that
Im((14+i)lnzy)(-,0) € le/z (a, b) throughout the rest of this section. Take ¢ (¥) =
(T, —t)> fort € [0, Ty] and ¢(t) = O for ¢ ¢ [0, T1]. Instead of §(¢), we multiply
(4.40) by ¢(¢), integrate with respect to ¢, and go through similar calculations to
those in (4.41) through (4.46). We have for 77 > 0 small enough, and for the same
c1(m, M) defined in (4.45), that

1
iz/ h/f(l)/\zthh(ot, Z)IZdocdtdh
1= Jo
+v—f /C(t)/mhh(a 0% dodt dh

Zpp (e, 0) Zhh (B, 0) 2
=72 Im/ // (@ — ﬂ)2< @ @o 1P Zh(ﬁ,(») daap dh

(4.48) 3612/ /{(l)/ |z¢ehn (o, Z)I dadtdh

+ 3612/ ff(’)/ |zgnn (&, )|* da dt dh
288 | =i 2
- 1(( v +1>|Q|2 v |Q|)/ er s, |zZoe (ct, )| do dt

/!

288 T d——51 2 ¢
<—+1)</ /. |zaa(a,t)|2dadz) 8
18 0F

where c{, ¢4, and ¢} are constants depending on m, M, and 7.

From here we want to use arguments similar to that in Lemma 4.5 or Proposition
3.2. The only difference between (4.48) and the assumption of Lemma 4.5 is that
(4.48) contains an extra term involving the initial data. We explain how to handle
this term while going through the argument as that in Lemma 4.5 (which is similar
to the argument of Proposition 3.2).
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Letli4,i = 1,2,k =1,2,...,be the subintervals of I = [p, ¢g] as defined in
the proof of Proposition 3.2:

|1 | = dist(p, I} x) = %UL | k| = dist(q, L) = |11,

fork=1,2,...

Dk+1

and let n; ; be the function 5 corresponding to the intervals /; ; as defined in (4.6)
such that [1; ¢|[|7; ;lc < C and I x)? 7 llc < C for some constant C indepen-

dent of i and k. Define

(4.49) 92@) = Y il 07 (@)
i,k

and 9 (a) > 0. We have 9 € C"!(R), supp® C I, and fora € I,

1
—dist* (e, 01) < Y Ll xsy < 07(@) < | Lial*xar,,
(4.50) 16 " i

< 18dist*(«, 31).

Moreover, 20 [0| = 2| 3, Ll *niun) ;| < 2C1 3, ¢ ikl ni k. so there is a con-
stant C’ such that

4.51) |9 (e)] < C'VO ().

We note that for any function f € C*(R),

_ 2
Z'Il | // (n,k(a)f(ot) mk(ﬁ)f(ﬂ)) docdp

— B)?
(4.52) :/ (P () f () —15‘(,3)f(,19’))2 do dp
(@ —p)?
Lix*n: i
f/ Ha)?(B) — (Ollk_l ,3’;'2 n,k(a)n,k(ﬂ)f(a)f(ﬂ)dadﬂ'

Furthermore,
2Z| 1 BED) s 55 B < 9@ + 9 B)

ST B
Zl |(n,k(a) n,%k(ﬁ))
T @ e )
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Therefore there is a constant C; such that

2‘ / / P @) (B) — > i Uik ik (@)nik (B)
(@ — B)?

1 i i 2
<3 il f f = ﬂ)z("”‘(‘” P )) | £ @)V9 (@) £ (B)VD B)|da dp
ik

Vo@ PP
Z ) , , 1/2 AN , 1/2
< Yl (/n,, @) f (@) da) ( L ) </ﬁ(ﬂ)|f(ﬂ)| dﬁ) :
" k Vi) o

fla) f(B)da dﬂ‘

Since )
<77i,k(0l)> ‘ | mix(e) _ Nik(@)? () . G (@)
S@) | @ 207 @ | T
for some constant C,, we have
S @)PB) — X ik ni i
> // Sl Z(;k_' 5'2“(“)“('3 )f(oz)f(ﬂ)dadﬂ’

1/2

1/2
< clczZ|1i,k|2(/nik<a)|f<a>|2da) (/l?(ﬁ)lf(ﬂ)lzdﬁ)
ik
1/2 1/2
(4.53) <G Cz( / > |1i,k|2nik<a>|f(a>|2da) (Z |Ii,k|2)
ik ik

12
: (/ﬂ(ﬂﬂf(ﬁ)ﬁdﬂ)

< C3|I|/ﬁ(a)lf(a)|2doz-

Let I C [c,d] C (a, b) be any closed interval satisfying || < %51, and let 7; 4
be the subintervals of I as above. We now apply (4.48) to Q = [; ; and multiply
|01* = |I,<’k|4 on both sides of (4.48); then sum up with respect to i = 1, 2,
k=1,2,.... While going through similar arguments as in the proof of Proposition
3.2, we apply the calculations of (4.49) through (4.53). We get

!
36%/0 h/{(t)/ﬂz(“)kthh(a, 0% da dt dh

+il/lh/ (t)/z?z( Vzann (@ )2 da dt dh
36 l2 0 ; o Zahh @, o

T} ! 1 2 (@, 0) 2 (B, 0)\2
I hh(a,0) nh (B, )
= mfo h// (@—p)? (ﬁ("‘) a0 TP 0 ) e

4.54)

T2 (! )
+C—— / h/l?(“)khh(a,o)l dadh+ K,
wl= Jo

where Cj is a constant depending on m and M, and K depends on

Ty pd—36
/ / |Zaa(aa t)|2da dt,
0 Jet+is
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m, M, Ty, and |I|. As in the proof of the H'/?> compatibility of the initial data, we
rewrite (4.54) as

1 i
@/ hfw)/z?z(a)lzlhh(a, n|?dadtdh

*%72/ f;m/ﬁ @z (@, 02 da dt dh

ﬂlz/ //( ﬁ)2|ﬁ(a)([1nza]h)h(a 0) — #(B)(Inzglp)n (B, 0)| dodp dh
Zpp (e, 0) zpn (B, 0)
=22 Im/ f/( —ﬁ)2< @@ P zh(ﬂ,0)> docdp dh

_ 71
Lim / //( V@ zeli@ 0

— 9(B)(Unzgl) (B. 0)* dard dh

(4.55)

+— / // " ﬂz(ﬁ(ﬂl)([w]h)h(a) DB (wln)n(B)? dot df dh

T2
C4J‘/ /ﬁ(a)lzhh(a O)\ dadh+ K,

where w(a) = Im((1 4 i)In z, (e, 0)). From the assumption that w € Hliéz(a, b),
we know

ﬂﬂ/ // (« ﬂ)z(ﬁw)([w]h)h(a) (B (wli)n(B))? dee dB dh
=< K] < X0

for some constant K; independent of /, 0 < |I| < %81.

Our main effort from now on is to show that the quantity

Znn (e, 0) (B, 0)
doadBdh
o / //( —mz(() e (ﬁ)zh(ﬂo)) 5
ﬂP / // o M@z, 0

— 3(B)([In 2511 (B, 0))” da dB dn

can be dominated by the left-hand side of (4.55) as long as ||[Inz, (-, 0)|lBMO(@.b).5
is small. We would also need [/| small, but I C [c, d] is otherwise arbitrary.
We will give an estimate for f ¥ ()| zpn (o, 0)|?> de, since so far we only have

z¢(+,0) € Hll/z(a, b) from Proposition 3.3.
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Consider

Zhh(Ol, 0 z2n (B, 0) 5
dad
ff( ﬂ)2 a0 VP G0 b

[ & ﬁ)2<z9<a><[1nza]h)h<a 0) — #(B)([In 241 (. 0))* der dp.

We have

i (@.0) 2 (B, 0) )2
'// (a—/sﬂ( @0 TP 0>> dov dp

//( 5 (@ zalp)n (e, 0) — 3 (B)([Inzg1n)n(B, 0)) dadﬂ‘

wo ol

Zhh

O (e )(— - ([lnza]h)h>(0t 0)

2
do dp

- ﬁ(ﬂ)(—h - ([1nz;a]h>h)(ﬂ, 0)

/ f o PO ) @,0) = 2B W< 1104 (8.0 e dp.

We only need to estimate

1
// @—pr|" @

- 13‘(,3)(

(Zhh (a, 0)

(@, 0) (nzgJn)n (e, 0))

2

Zhh(ﬂ? O) da d,B

zr(B, 0)

— (Inzglw)n (B, 0))

Now

[l &
Zhh

P @ >(Z’—h” —([ana]h)h>(Ot 0) - 0(5)(— - ([lnz,s]mh)(ﬁ 0

[ i 0
—2// @ (ﬁ)<z’“h(“’ )—<[1nza]h)h(a,0)>

zp(a, 0)
zhn (B, 0)
’ — ([0
(zh(ﬁ 0) ([nzﬂ]h)h(ﬂ,O))do{dﬂ

+2[/ ?(a)V(B) (Zhh(Ot,O) — ([ ze I (et 0)>
zp(a, 0)

9 (Zhh(ﬂ,O)
721 (B, 0)

2
dadp

4.57)

— ([Inzglp)n (B, 0))da dag,
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where

2’[/ 19(a)19’(ﬂ)(2hh(oz, 0 N O))

a—p zn(a, 0)
458 _ (B, 0) ) '
4.58) (z,, o — (a6 0)) dad

< C5|1|< / & (a)|znn (e, 0)|* da + f 9 ()| ([In zg 1) (@, 0)|2da)

for some constant Cs depending on m and M.
We estimate the second term on the right-hand side of (4.57). We write

Zhh (137 0)
3;5 (m — ([In Zﬁ]h)h(,g’ 0))

459  _ <Zhh(ﬂ70))_<2ﬁh(,3,0)) (Zﬁh(ﬁ,0)> e 5.0
60 ) Geo ), T Geo ), @O

= VII; 4+ VI,

VI = 3 (Zhh(ﬁ,0)> B (Zﬁh(ﬂ, 0))
'O\ 0) 2B.0) ),

| 21 (B, 0z (B 0)
= s 0 — —_
2pin (P )(zh(ﬂ, 0 (B 0)) 25,0)
20 (B, 0)zpn(B + h, 0)
z28(B,0)zg(B + h,0)

2 1 !
= Zﬁhh(ﬁvo)(zh(ﬂ’o) N zp(B,0) a ZZh(:B?O))

1 1
B Zﬁhh(ﬁ’o)(Zh(ﬁ,O) T 0))
(B0 = 2 (B. 0z (B.0) 7, (B.0)
Z;(B,0) z:(B, 0)
+ (zgn(B,0) — zun (B, 0))(zpn(B + h,0) — zpn(B + 1, 0))
z28(B, 0)zg(B + h,0)
Zhn (B, 0)zpn(B + 1, 0)
28(B, 0)zg(B + h,0)
2n (B, 0) — zun (B, 0)
+ zu(B+h,0) 25 (B.0)25(B + 1. 0)
2gn(B+h,0) — zp (B + h, 0)
z28(B, 0)zg(B + 1, 0)

where

(4.60)

+ Znn (139 O)
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and

Vil I(Zﬁ(ﬂ+h 0)_1_1“ (B+h,0)+1Inzg(B 0)>
AT T

r(lnzﬂ(ﬂ+h,0)—ln 2B gr — 1)(In 28)n (B, 0))
h

T

( / Sz nB0) g 1>(1nz,s>hh 8,0)

" (/ e nzp)n(B.0) 4, _ 1) (Inzg)p (B +h,0)
h

1
4.61) — (In2g) (8. 0) / ("I zp)n(B.0) _ jrh(lnzsl)n(B.0)) g,
0

1
+ (Inzg)pn (B, 0>( / ¢ MnzplnB.0) g 1)
0

1
+ ﬁ((anﬂ)h — (nzglp)n)(B +h, 0)

1
. / ("M zp)n(B+h.0) _ jrh(nzp)n(B.0)) g,
0

1
+ %([lnzﬁ]h)h(ﬂ +h.0) / ("M nzpn(BEh0) _ grhlinp)n(B.00) gy
0

On the other hand,
Zpn (@, 0)
(@, 0) ([Inzg 1p)p (2, 0)
= Zpp (e, 0) _ [Z“_’l] (o, 0) + [— - (lnza)h] (a, 0)
zp(at, 0) 2 1y -

1/h @t 0)( 1 1 )d
=— a+r, - r
nJy ‘o 2@ 0)  zg@+710)

1
n [(/ oI 20 @ +h.0)~In24(@.0)) gy _ 1>(ln2a)h(a, 0)]
0 h

1 (h 1 1
= E./o (Zah(a-f‘r,o)—Zhh(Ol+V,0))(Zh(avo) - za(a—|—r,0)>dr

(4.62)

h 2 1 1
+ - +r0 - - d
h./o 2w (@ + 7 )<zh(a+r,0> Zal@+r1,0) m(a+r,0>) '
+1/h @+ 0)( 1 2 N 1 )d
- o+, — r
h Jo “hh Zp(e,0)  zpla+1,0)  zp(a+1,0)

1
+ | (anzg)p (@, 0) — [(nzg)p1n (@, 0>)< fo erhinzan(@0) g, 1)]

h
r 1

+ [(ana)h]h(Ota 0)/ (erh(lnza)h((x,O) _ erh[(]“Za)h]h(%O))dr}
L 0

- 1
+ [(1nza)h]h(a,0)</ et ze)nln(@.0) gy 1>] :
0 h

h
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Let the interval I = [p, g]. Let 0 € Cg°(R) be such that
o(@ =1 foraelp—18i,q+ 18]
o(@) =0 fora ¢[p—38i,q+ 58]

and 0 < p(x¢) < 1 for all « € R. We note that for any function f, @ € R,
0 < |h] < 561,

(4.64) O (@) fun(@) = (O flan(@) — 205 (a) (@ )n (e + h) — Opp(@) (@ f ) (@ + 2h).

From the definition of ¥, it is clear that ||#'|lcc < C|I| and ||#"||sc < C for some
constant C < oo. Therefore for ¢, y € R,

(4.65) [0+ y) =2 ()] < 1# ]yl

We apply an argument such as that in (3.70) to (4.57), using the new forms of the
involved terms in (4.59) through (4.62), and Lemma 4.3, (4.16), (4.64), and (4.65).
We get, for 0 < |/| < i(Sl,

o Y Err T
Zh

- 0p (ZL: — ([In Zﬂ]h)h) (B,0)dadB dh

(4.63) {

1 1
< c6||1nza<-,0)||*,sol—2f hfm(ﬁza)hh(a, 0P da dh
0

1 !
+C6||1HZa(',0)||*,aol—2/ h/h|(ﬁlnza)hh(av 0)* da dh
(4.66) 0

1 l
+Cor3 f h f 92(0) (| (e, O) P + |([In 24 1) (et 0)P)dx d
0
+ C7(1 4 Inzg (-, 0) L) 19115

' / (IID1'2(0z4) (@, 0)” + [| D" (0ln 24) (@, 0)*) dax

q+§51
G B [zl O + inz @ 0 e
7,81

where C¢, C7, and Cg are constants depending on m and M. We further need to
estimate the terms

1 [
5 / " / 92(0) (12 e, O + [([In 2 1) (@, 0))dex
0
in (4.66) and

1
| '/ /ﬂ(aﬂzhh(a 0) da+fﬂ(oe>|([1nza]h>h<a 0P da dh
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in (4.58) and (4.55).
Before we proceed, we prove the following lemma:
LEMMA 4.6 Let f : R — C be periodic of period A and f € lef(R). Let

o € CPR) such that 0 < o(a) < 1, o(a) = 1 for a € [0, A}, o(a) = O for
a ¢ [—A,24A) and |0’ ()| < 2/A. Then there exist constants ¢, and ¢, such that

.67) f/o 0 @I ()P dh de
A
< C1/||D|1/2(o~f)|2doz+%2/ |f1?da < oo,
0

and

(4.68) / f e @P i@ dh da
0

A
SQ/“Dll/z(Uf)’del-i-%z/ | f1? da < o0.
0

PROOF OF (4.67): We know
o () ([f1n)n(@)

1

h
= [@fnln — —/ (c@+h+r)—o(@)fla+h+r)dr
0

(4.69) h?

h
+%/ (oc(x+r)—o(@)f(a+r)dr.
0

Now from the Schwarz inequality, in particular, | foh f)dx|> <h foh | (X)) dx,

s

9] h
5// %f o (e +r) — o @I f (@ +r)dr dh de
0 0

h 2
%/ (c(x+r)—o(@)f(a+r)dr| dhda
0

4 o
= ﬁf/ F/ P\ X—asa)(@ + 1) f(e + ) dr dh de
0 0

oo h
”// %/ (o (e + 1) + o @) f e + ) dr dh da
A 0

<16/A (@) d +12/A @Pd
_3_Ao|fa)| o X0|f01| a.
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Similarly, we have

/]
A
< 9;2/0 f (@) de

On the other hand, using Fourier analysis and Plancherel’s theorem, we obtain

//0 /)l dh de

) 00 |eih$ _ 1|4 . , § " )
=Cf fo s dh )|GNE)PdE =c /||D| (0f)@)| da.

2
dhda

1 h
ﬁ/ (cla+h+r)—o(@)f(a+h+r)dr
0

h*& 2
where ¢’ and ¢” are constants. This proves (4.67). Inequality (4.68) can be proved
similarly. We omit the details. U

Let Z : R — C be the reflective periodic extension of z( -, 0) from [¢c — %51,
d + 18,1 to R. Notice that for @ € Rand 0 < || < L4,

D (e)znn (e, 0) = V(@) Zpn ()
and
P (e)[(Anzo)pln(er, 0) = F () [(An Zg)p 1 ().
Moreover, from Proposition 3.3, Z,,In Z, € H]I/ 2(]R).

ocC

We now estimate fﬁz(a)l[fh]h(a)Pda for f = Z, or f = InZ,. We know
fe Hll/ 2(R) and f is periodic with period

oc

4.70) A =2d —2c + 2.

Without loss of generality, we assume 0 < h < %8 1- We have
[ @it @r do

< 3//}1 2@ file @)

00 1/2 0
< 3(// 92 (@) fiele (@)|* dic da) (// 9% ()
h h

0 12
(4.71) sé(// |[fK]K(a)|2dxda>
h
1

f/ ﬁz(d)(lfm(a)lz + ‘d—[f,c]x(a) )d:« da
h K

+C|1|(//, I fele (@) dxda)(//h 22(@)
1

Here we used Lemma 4.2. C is a universal constant.

1 e (@|dic da
dk

2 172
dx doe)

d
E[.fk]l{ ()

2 172
di dOl) .

d
E[f/c]x(a)
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We know
d 2
4.72) d—[fk]x(a) = —(fila + 1) = [file(@)).
K K

We compute further the term [, 92() (| fix () 1> + 1= [ fi ] (@)|?) di dar. Notice
that

D (@) few (@) = (D fex (@) = 20 (@) fie (@ + k) — Dy (@) f (o0 + 2k).
Let o () be as defined in Lemma 4.6. We have

//hoo 02(a)| fe (o + k) |* dic da
< /fo” 2(@)| fe (o + k)|* dic da
+ 2//100 %(Il‘/‘(a + O + 9@ )] fe (o + 1) dic da
< //0” 1971121 x31 (o + 1) fie (@ + 1) > dic dex

//w 19112, 2
+4 o (@) f (@) [* dic da
|1

K2

< cuf//oo|o(a)fk(a>|2dxda.
0

Similarly,

o0
// D) f e + 260) P dic dex < C 1| / o/ (@) f (@) da.
h
Here C is some universal constant. Therefore

//m 92()] fer (@) > dic da < 3 /foo |1 )i (@) dic da
h h
+3C|1|2ff°° 10(@) £, (o) dk der
0

+3C|I| f lo (@) f(a)|* da.
Using (4.72) and a similar calculation, we get

I[ o
h

2
dix da

d 2 | d
e [fele(o)| deda < 3// ‘—[(ﬁf)x]x(oz)
K h dx

+ 3C’|1|2/foo 10 (@) f. (@) dic dx
0

+3C'|1| / lo (@) f(a)|* da
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for some universal constant C’. We further apply Lemma 4.6 to

/foo 10:(@) (@) dic d
0

We get
/ 92(@)|[fuln (@) da
00 1/2
< 20(// el (@) dic da)
0
4.73) 1

o0 d 2
- / f (|<z9f)KK<oz>|2+‘d—[wfmk(a) )dxda
h K
) 3/2 A 3/2
+63III2</|ID|”2(0f)(oe)| doe) +c4|1|1/2</ |f(a>|2da) ,
0

where ¢; and ¢4 are universal constants.

We estimate |/ | fl?(a)|[fh]h(oz)|2doz for f = Z, or f = InZ, similarly. We
have

|1|/ﬁ<a>|[fh1h(a)|2da

52|I|//h 9 (@) fele (@)
00 1/2
52|1|(// |[fK1K(a>|2dxda)
0
1

00 2 1/2
(f/ 9%(a) d/cda)
h
o) 1/2 00
5(// |[fK]K(a>|2dxda> (f/ 2 ()
4.74) y 0 h

00 1/2
+|1|2(f/ |[fK]K<a>|2dxda)
10
00 1/2 00| 4
53(// |[fK1K<a>|2dxda) /f ‘d—[(zsfmk(a)
0 h K
1

A 3/2
+c5|1|2</ ||D|1/2(of>(a)|2da>3/2+c6|1|1/2(f0 If(a)|2da>

1/2 A 172
+c7|1|2<f\|D|1/2(of>(a>12da> +c8|1|3/2</0 |f(a>|2da) .

i[fK]K(Ot) di da
dk

d
E[fx]x(a)

2
dea)

d
a[fk]/((a)

2
dr do
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Let’s sum up our estimates so far. We note that for 0 < |/| < %51,
1! 1
1—2/ h// WW(O!)([lnza]h)h(a, 0) — ﬁ(ﬂ)([an5]h)h(ﬁ,0)|2da dpdh
0 _

I
= 21—721/ h/ 1D (@) ([In 24 1) (. )| der dr < 0.
0

This is an easy consequence of Lemma 4.7 given a little later.
From (4.55), using the estimates in (4.56) through (4.74), the Fourier transform,
and Plancherel’s theorem, we obtain, for 0 < |/| < %8 1s

1 I
367/0 h/(;(t)/ﬂz(“)kmh(a, 2 do dt dh
l
+ ﬁfo hfl(t)/ﬂz(a)lzahh(a, n|* dadt dh
T2 [l ,
+ T%/O h/ D129 (@) ([In za11)n (@, )| der dh

2
< Ko + Collnzg(-,0 T lh DIY2 (9 0 da dh
< Ky 4 Colllnza -, O)llegy 5 | [IDI2 1@ ze)nIn (@, 0)|” dex

00 5 1/2
c v/ dhd
(4.75) - 10( Iffo |Zhn (@) a>
le ! 1/2 2
'1—2/0 h/\IDI PO za)nln (e 0)[ dadh
2

e ! 12 2
+Citlnza (. Ollgy 7y | 4 | IDIVA(@Inzada)nter, 00)[" decdh

00 12
+C12<//0 I([ana]h)h(a)|2dhda>
T

TZ [l
,—5/0 hf\|D|”2(([mnza]h)h(a,0))|2dadh,

where Cy, Cjg, C11, and Cj, are constants depending on m and M only, and K, <
oo is independent of /.

We now handle the left-hand side of inequality (4.75). First, we have

T} / 1D (@ @)z (@0, )| da

1 ) 5
= —U(/C(f)fl‘/‘ @) |zipn (o, )" da dt

+v / ¢(t) f 92 (00) | Zann (@, r)|2dadt)

Ty pd+36
+69/ / |Zga (@, 1)|> dot dt.
0 Je-1s

(4.76)
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This can be obtained as in (3.47). Here ¢ is a constant depending on |/|, T;, m
and M. The following lemma gives an estimate for the commutator [ f, ], (o) —

(@ fnln(e):

LEMMA 4.7 Assume that ¥ € CY'(R), supp® C I = [p,q], and 0 = o(a) is
defined in (4.63). Then there exist constants cyo and cyy such that for any f €
H7(R),0 < |h| < L

loc

/ 1D @ (@) filn (@) — [@F)uli) @) da
< c1||ﬂ’||§o/ ||D|”2(Qf)(a)|2da

+c2(||z9”||§o(|l|+281)+ 19113 >/|Q(Ol)f(01)| da.

1] + 26,

Lemma 4.7 is an easy consequence of (4.69); we omit the proof. We apply
(4.76) and Lemma 4.7 to the left-hand side of (4.75) and obtain, for 0 < || < %8 1

YN
7212

[
/ h[|ID|”2[(ﬁza)h]h(a, 0> da dh
212/ /||D|l/z([ﬁ1nZa]h)h(a O)| dadh

< cg||1nza(-,0)||*,aol—§/0 h/||D|1/2[(ﬁza>h]h<a, 0|7 der dh

oo 1/2
+C10<// |zhh(a>|2dhda)
0
1

4.77) i

T l 5

T / h/|lDl”2[(19za)h]h(a,0)| da dh
0

T]2 I 12 2
+C11||1nZoe("0)||*,éol_2/0 h/||D| (([91n Zo1p)n (e, 0)|" dor dh

00 1/2
+ Cu( f /0 |([In Zg 1n)n (@) |* dh da)
1

T (!
,—éf hf [ID1V2([91n za ) (@, )| det dh + K.
0

1/2

Here K3 < oo is independent of . Since Z, € H,/>(R) and In Z, € H'/*(R), we

have, from Lemma 4.6, that for any € > 0, there is an ¢ such that whenever || <
and I C [c, d],

// | Zpp ()] dhdoz—l—// ([In Z,Jn(@) > dhda < e.
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Now take I C [c, d] small enough such that

ClO(// | Zn (@0)]| dhdoz) < 2£
o0 1/2 1
Cu( / / |([n Zo1w)n ()| dh da) <3
0
1

‘We have, whenever

and

ﬁl},

478 1 o ”t a S i sM Y Ao o~
(4.78) sup [lInzo (-, ) lBMO(,b).80 mln{Cl(m ) 288C;” 8C1,

[0,7]
where c;(m, M) is as in (4.45),

(4.79) f / [IDI"1(0 ze)n 1 (s 0)| dadh

144l2

412/ /||D|1/2([mn2a]h)h(ot 0)| dadh < Kj.

Let [ — 0. Since the small interval I C [c,d] C (a, b) is arbitrary, we get
2a(-,0) € H?(a,b) and Inz,(-,0) € H.'*(a, b). The fact that z,, € H'(K)
for K compact in (a, b) x [0, T7) follows from (4.75) and (4.79) by taking [ — 0.
The fact that z, € C((a, b) x [0, T)) follows from Sobolev embedding, and z, €
10C((a b) x [0, T)) follows from taking derivatives 9,9, of equation (1.6). This

completes the proof of Proposition 4.1.

5 C* Regularity of z, and C*° Compatibility of the Initial Data

From now on we can assume in addition to the assumptions in Theorem 1.2,
in particular assumption (i), that z,, Zye € lOC((a b) x (0, T)). We show in this
section that a solution z = z(«, t) of the Birkhoff-Rott equation (1.6), under the
assumptions of Theorem 1.2, is in C*(a, b) for each fixed r € (0, T). In fact,
z € C®((a,b) x (0,T)). We will also prove the C* compatibility of the initial
data.

PROPOSITION 5.1

(i) Assume z € H'([0, T], LIOC(R)) N L%([0, T, 1OC(]R)) is a solution of the
Birkhoff-Rott equation (1.6) for 0 < t < T, satisfying assumption (i) of Theorem
1.2. Assume that zy, 04,24 € 10C((a b) x (0, T)). Then sza € HILC((a,b) X
0, T)) forall j = 2.

(i) Let j = 2 be fixed. If, in addition,
Zar Oazo € HY ((a,b) x [0, T)) and Im((1 +i)nze(-,0)) € HIT'*(a, b),

loc
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then

Re((1 +i)lnz,(-,0) € H @, b), z,(-,0) € H @, b),

loc loc
and 3!z, € H! ((a,b) x [0, T)).

loc

Remark. Although we don’t state it explicitly in Proposition 5.1, it is not difficult
to see that we can obtain z, € H/’ i+ ((a, b) x (0, T)) by taking derivatives on both

loc

sides of (1.6) with respect to « and ¢.

A corollary of Proposition 5.1 is that for each fixed t € (0,T), z4(-,1) €
C*(a, b).

We will prove Proposition 5.1 by induction. Before we proceed, we need some
lemmas.

Let (9p0(B)) f(B) = dpo - - dpof (B) and (0(@)dy)’ f (@) = 08y - - - 03 f (@),
that is, dgo(B) is applied to f(B) j times and o(«)d, is applied to f(«) j times.

LEMMA 5.2 Assume that K € C®(R?\ A), where A = {(a,a) : a € R},
K (o, B) = —K (B, a), and for each j > 0, there exist constants C; such that for
all (o, B) e R\ A, |0/ K (@, B)| < Let o, f € C*®(R), and let ¢ or f be
compactly supported. Then

la— ;‘3|f+1

GJ)QWW{/KWJﬁﬂmw

= /(Q(a)aa +0(B)dp) K (a, B) f(B)dp +/K(a, Bop(ef)(B)dp

and

QD(MM%V/KmﬁVWMﬁ

J
= Z( )/(.Q(Ot)8 +0(B)3p)' K (o, B)(@p0(B)) ™' f (BB
1=

Here (l) lv(]]'[)!

In (5.1) and (5.2), the integrals are in the sense of principal value. Equality (5.1)
is an easy consequence of integration by parts and distribution theory, while (5.2)
directly follows from (5.1) by induction.

We are mainly interested in applying Lemma 5.2 to
1
z(ee, 1) — z(B, 1)

for fixed t € (0, T'), where z = z(«, t) is a solution of the Birkhoff-Rott equation
(1.6).

K(a, B) =
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LEMMA 5.3 Let 0, z € C*(R). Assume that z(o) — z(B) # 0 for o # B. Then for
J=1

1 . 1
53) — O 95)y ———
(5.3) j!(Q(Ol) +0(B)dp) 2@ —28)
J 1 7.17 aa ki _ P ki
_ Z(_l)n _ Z [1i=((o(@) )kz'(ot)k '(Q(,B) 8) z(,B)).
o (z(a) — z(B)) =) k!

=

Equality (5.3) is inspired by the fact that

11\ a .1 ¢®0(0) - .. g% (0)
F(é) (O)=Z(—1) g(0)nt+l Z k! k! ’

n=1 ky4--Akn=j

ki>1

which in turn can be proved using Taylor expansion. Equality (5.3) can be proved
directly by induction. We omit the proof.

LEMMA 5.4 Assume that f € H' (1), where I C R is a bounded, closed interval.
Then

(5.4) I f ooy < 120 Flzay + 20 2y
If in addition f(x9) = 0 for some xy € I, then
(5.5) Iy < Y20 N 2y

Lemma 5.4 is just a special case of the Sobolev embedding theorem. We define
ey = 2 2y + P 20

The following is a generalization of Corollary 2.5. It is a consequence of the
Tb theorem (see [10, 19] for a statement of the Tb theorem).
Let z : R — C be a complex-valued function satisfying

(5.6) mla — B < |z(a) — z(B)| < Mla — B| foralle, B € R

for some constants m, M > 0. Let

.7 Bir(Ay, ..., Ar o)

(Ai(@) = A1(B)) - - - (Ax(@) — Ar(B))
= dp.
/ (z() — z(B)*H! TP

LEMMA 5.5 There exists a constant C > 0 such that for all A;, with A; € L*(R),
f € L*(R), and nonnegative integer k,

(5.8)  I1Be(Ar, ..., Ak, Dllzeey < CIA e -+ 1AL o@ 1 F 12y

For the multilinear operator Bx(Ay, ..., Ak, f) we will also need the following
estimate:

LEMMA 5.6 Let I C R be a bounded interval. Assume that z : R — C satisfies
(5.6), zo € H'(I), and f € H}(I), supp f C I.
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(i) Assume A; € H'(I) and A; € H*(I) for 2 < i < k. Then there exists a
constant Cy > 0, depending on m, M, and |1|, such that
(5.9) I1Be(Ar, ..., A, PDll2an
< Co(1 + lzaall2a) WA ) 1 A2l g2y -+ AR 2y L 22y
(i) Assume that A, € HO1 (I)and A; € HOZ(I)forZ <i <k, andsuppA; C I
for1 < j <k. Then
(5.10) [|Bk(Ay, ..y Ay 2wy
= C’5(1 + ”Zozot”Lz(I))k”A/l ||L2(I)||A/2/”L2(I) t ”A;(/”LZ(I)”f/”LZ(I)-

Remark 5.77. Under the assumption of Lemma 5.6(ii), we have

(5.11) [[Be(Aq, ..oy Ay D2y

< C5 (1 + llzaall 2 HA I 2 1A N 2ty - - - 1A 2201y
Inequality (5.11) can be proved by taking a function p € C§°(R) such that p(«a) =
1 for @ € 21 and decomposing

Bi(Ay, ..., A, 1) = Bir(Ay, ..., A, p) + Br(Ay, ..., A, 1 — p).

Remark 5.8. In the proof, a more careful account of the role of |/| leads to the
following inequality under the assumptions of Lemma 5.6(i):

| B (A1, ..., Ak, Dl

k
'k 1/2 ki Ay AT
< A+ 11" Nzaell2a) TAMmay [ T1AG 1 1 220
j=2

where C;, depends on m and M only.

PROOF: The following proof applies to both (5.9) and (5.10). However, we
will write only in terms of (5.9). We will use Lemma 5.5. Notice that Lemma 5.5
is given on the whole line R, while (5.9) is an inequality on an interval /. In order
to apply (5.8) to prove (5.9), we need to reflect and then periodically extend the
functions A; to R, and extend f to R by taking f = O outside the interval I.

We use integration by parts and induction. For k = 1,

(Ai1(@) — Ai(B)
Bi(Ay, f) = d,
(AL f) TR

A(w) — A1(B) 1
= | 2R T AP —)d
/ 2(@) — 2(B) ﬂ(f(ﬂ)zﬁ(ﬁ)) P

1 1
E— —— dB.
+/Z(a)_z(ﬂ) BB 48
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Applying (5.8) with k = 0, we get, for f € Hy(I) and supp f C I,
I1B1(Ar, Hlizzay = I1Bi(A1, Hllrzw)
;1 1
=C||AS— | f—
Zp zp
Therefore it follows from Lemma 5.4 and assumption (5.6) that

IBi(Ar, Ollrzay < Co(l + Nzaall 2D A g1y f Il 20y

for some constant Cy depending on C, m, and |I|.

Assume that (5.9) holds for k = [ —1; we now prove for k = [. From integration
by parts, we have

Bi(Ay, ..., A, f)
:/ (Ai(@) = A1(B) - - - (Ai(@) — Ai(B))
(z() — z(B)H!

1 [ T (A (@) — A;(B)) 1
— A —d
1/ @) —z @y BB gy db

1 n [ Tl (A @) — A4;(8))
+7 2/

+ 2[| Al
L2(I)

L2(1))

f(B)dp

1
Ai(B)f(B)——-dp

(z(a) — z(B)) 28(B)

1 [ (Al(@) — A1(B) - (Ai(@) — A/(B)) 1
- — 0 — )dB.
z/ (@) — 2(B))! g <f ¥ )Zﬁ(ﬁ)> P

We apply Lemma 5.5 to the first and third terms and the induction hypothesis
to the second term. We get

|Bi(Ay, ..., Al f)”LZ([)

A/fi
1

1 l / /
< =C A ILoecry - - 1Ayl ooy
l Za

L2(I)

I
1 _ B 1
+7 2. Co U lzaallzg) Ay [ ||A,-||Hz(,)||aa(A;f Z—)an(,)
i=2 j#i,j£1 o

1
Do (f ;)

From here and Lemma 5.4 we get (5.9) for k = [. Il

2
+ 7C1||A1||L°°(I)||A/2||L°°(I) <N A N Leo .
L2(I)

LEMMA 5.9 Assume that A, € H'?>(R), A; € H*?(R) for2 < i < k, and Aj,
1 < j <k, are compactly supported. Then there exists a constant C; such that

(5.12) [IDI"*(A; -+ Al 2w
< CYUNDI AL 2w NI DI AS 2wy - - - D2 AL 2wy -
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For k = 2, (5.12) can be proved using some easy Fourier analysis and Poincare’s
inequality. For k > 2, (5.12) can be obtained by induction. We omit the details.

We are now ready to prove Proposition 5.1. We will treat the case j = 2 first,
then give a unified proof for all j > 3. We will again use the difference quotient
argument. However, the proof will be easier from now on because we have some
better regularity zy, Zpo € HILC((a, b) x (0, T)) to begin with.

5.1 H! Regularity of 32z, and H5/2 Compatibility of the Initial Data

Let Q and 7 be compact intervals, and 3Q C (a,b) and 7 C (0, T). Take
n, p € C5°(R) such that

3
(5.13) suppn C 0, p(x) =1 on EQ’ supp p C 20,

and 0 < n(a), p(a) < 1, |7 (@) + |p'(@)] < C,/|Q|, for some constant C, > 0.
Taking derivatives 802[ on both sides of (1.6), we have from Lemmas 5.2 and 5.3,
distribution theory, and the assumption z,, Zyo € Hlloc((a, b) x (0, T)) that for any

a e Q,

= 1 —Zaa (0, 1) + , 1
) = s [ @ DT BD g
(5.14) 2 (z(a, 1) = 2(B, 1))
' 1 [ Galent) = 25(B. 1)
T @ 1) —z2(B. ) p(BYdB + fi(e, 1),
where
Sile, 1)
_ b —zale,t) +28(B,D) BN / o,
615wl Gan—zpor " PP i | dan w0’ PP
1 —Zaa (@, 1) 225(6{, t)
% ((Z(C(, 1) —z(8, l))2 (z(a, 1) — z(B, [))3)(1 — P(ﬁ))dﬁ
Let
(5.16) 0= za

We take the difference quotient with respect to « on both sides of (5.14) and then
multiply both sides by 1 (). We get
n(@)usp (e, 1)

n(a) / —up (o, t) +up(B,t)
_ 1@ d
2mi ] Gatho —zp+n o PP

1 —u(a, t) +u(B,t) —u(a,t) +u(B, 1)
- - d,
t in f ((z(a Fh—z2B+h0)2 (e -8, z))2)(n(a) n(BNp(B)dp
1 —u(e, 1) +u(B, 1) —u(a, 1) + u(B, 1)
- d
2mih [ <(Z(Ol +h, [) —_ Z(,B +h, t))Z (Z(O(, t) _ Z(B, t))z)n(ﬂ) /3

+$[(Za(a‘i‘hst)+Za(01af)—Zﬂ(ﬁ+hs[)—Zﬁ(/sat))(ﬂ(a)zah(asf)—W(,B)Zﬂh(,ﬂaf))p(ﬂ)dﬂ

(@ +h, 1) —z(B+h,1)3
" 1 [ Gale+h,0)+za(@, 1) —zp(B+h, 1) —25(B, D) (B) — n@))zpn (B, 1)
i @l +h,0) =28+ h, 1)

p(B)dp
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1 wla, ) —z28(B,1)? wla, 1) —z5(B,1))?
( Goles D =2p o) Gale ) = 2pF. 1) >(n(a)—n(ﬁ))p(ﬁ)dﬂ

min ] \Ga+hn—zB8+h0)3 G —z80)3
1 Ga(@. ) =288, (Galo1) —zp(B.1))* >
mih ((z(a Tho—Brny | Gan—zgo )1 O
_ 2
n(@ [ —ul@+ht)+u(B+h, z; on(B)d + n@) [ @ala+h,t)—zg(B+h,1) on(B)dp

2ni ) (e +h, 1) —z(B+h, 1) i (z(@+h,t) —z(B +h, 1))3

+ n(a) fip (e, 1).

Let

n(x) —u(@+h,t)+u(B+h,t) o (B)dB
i ) Gt —zB+ 2"
77(0!) (zo(a + N, 1) —Z;;(ﬂ-i—h,t))z
dp,
Cathn—z@+mny MOW
—u(a, t) +u(B, t) —u(o, t) +u(B, t)

- — d s
= 2nih / <(z(ot Tho—zB+h0)? (@) —z(8, t))2>(77(0l) n(BNp (BB
_ l/( —u(a, t) +u(B, t) _ —ule, ) +u(B, 1)

@a+h)—z(B+h )2 (2o 1) — (B, 1))?

f=

)T/(ﬂ)dﬂ,

mo L [ Gel@thntia@n) = zp(B+ho) =255, t))(’l((;)zah @0 =B B0) e
i (z(a +h,t) —z(B+ h, 1))
V= i @al+h, 1) +za(a, 1) —28(B+h, 1) — 2p(B, t)3)(n(ﬁ) —n(@)zpn(B, t)p(ﬁ)dﬁ,
i (z(w+h,t) —z(B+ h, 1))
1 (za(@. 1) — zp(B. 1))? (oo ) — zp(B. t>>2>
_— _ — dg,
= ih ((z(a Thn B h0) | Gan—zg. )@ TR EE
1 (za(a. 1) — 2p(B. 1)) (o (o, 1) — 2p(B. ,))2)
V= - — dp.
/<<z(a+h,z>—z<ﬂ+h,r)>3 e —zp.op )PP
Therefore
n(a)uu (o, t)
n(a)/ —up(a, t) +up(B, 1) 2(B)dp
(5.17) (z(x +h,t) —z(B + h, t))2

1
+ XQ(a)(I—l- — M+ IM+IV+V+ —VI+ L+ r]f1h).
2mi i

We may multiply x, in (5.17) because suppn C Q. For fixed ¢t € [0, T], we want
to estimate fQ [l + ﬁll +II+1IV+V+ %VI + f> + nfinl> da. We rewrite 1
and V as

/ (u(a, t) —u(B, t))(n(a)—n(ﬂ))(za(a+r3)—Zﬁ(ﬂ+r, t))p(,B)d,Bdr
~ ik Z(a+r,t)—z(B+r1))
and

Vo 3 [ Gelan 2B 0P — BN Gal@ n D) =g Bt

wih Jo (2l +r, 1) —z(B+r )4

We also need to work on II and VI by rewriting them into expressions that we
can estimate using existing results such as Lemmas 5.5 and 5.6. We plan to use
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integration by parts. We have

(zule, ) +u(B, D)zg(B+h, 1)

97

n(B)

-3

l —M(Ol,t)-‘ru(ﬂ,t)

(z(a 4+ h, 1) —z2(B + h, 1))?

(—ula, 1) +u(B. 1)zp(B, t))

(z(a, 1) = 2(B,1))? z2g(B, 1)

(zla 4+ h, 1) —z(B + h, 1))?

(1 _zpB+hD

dg =11} + 1I,.
5B )n(ﬂ)ﬂ 1 +1z

Using integration by parts on the first term II;, we rewrite it as

I/l(a, t) - M(ﬂ, l)

1 :l/<
h zZ(@+h,t) —z(B+h,t)

z(e, 1) —z(B, 1) zg(B. 1)

n(B)

e

Iy =

1 1 1
_E/(z(a+h,r)—z(ﬁ+h,t) Bl z(a,t)—z(ﬂ,t)) up(P.1) 28(B. 1) b
_l/( u(a, 1) —u(B, 1) _u(a,t)—u(ﬂ,t)>( B s P n(B) )dﬁ
h Zla+ht)—z(B+h 1)  z(et)—z(B.1) J\zp(B. 1) 123(5 )
_/( u(a, 1) —u(B, 1) (e, t)—u(ﬂ,t)>(2ﬁﬁ—2ﬂh)(ﬂ,t) n(B)
a+h,t)y—z(B+h,t)  z(at)—z(B, 1) h 2/23(5, )
_/( 1 B 1 >(uﬁ—uh)(ﬂ, N n(p) dp
a+ht)y—z(B+ht) z(at)—2z(8,1) h z8(B, 1)
1 1 1 n(B)
h / (z(ot—}—h,t)—z(ﬁ-i—h,t) z(ot,t)—z(ﬂ,t)) n(B. 1) z(B, 1) ap
=11y + o + 103 + 14
We further rewrite the terms II;4, I3, and II4:
u(a,t) —u(B, 1) u(a,t)—u(ﬂ,t)>( "B s P n(B) )dﬂ
(¢+h,t)y—z(B+h,1) (a,t) —z(B, 1) J\zp(B, 1) %(,3 )
1/ (zala+r, 1) —zg(B+r, 0)(ule, 1) —u(B, 1))
h Jo @+r1)—z(B+r.1)?
n'(B) n(B) )
. dgdr,
<Zﬂ(ﬁs n D) P
1 1 (up —up)(B, 1) n(B)
sz—/ - dp
a+ht)y—z(B+ht) z(at)—2z(8,1) h z8(B, 1)
(zla+h, 1) —z(o, 1) —z(B+h, 1) + 2(B, 1)) (ug —up)(B, 1) n(B)
(zla+h, 1) —z(B + h, 1) (z(a, 1) — 2(B, 1)) h z8(B, 1)
1 1 1 n(B)
_Z/ (z(a—l—h,t)—z(ﬂ-f—h,t) B z(a,t)—z(ﬂ,t)) n(B.1) z6(B, 1) ap
1 (I za@+r0)—zg(B+r.1) n(B)
_ R dpdr.
h /(;/ (z(oz—l—r,t)—z(ﬁ—l—r,t))zuh(ﬁ t)zls(ﬁ, 1) pdr
Similarly, for VI we have
VI l/ ((Za(ot,t) —2p(B. 1) 2B+ h. 1) (e, t)—z,a(ﬂ,t))zz/s(ﬂ,t)) n(B) dp
h (@ +h, 1) —z(B+h,1))3 (z(a, 1) — z(B, 1))3 z8(B. 1)

(zalet, 1) — 28(B, 1)?

n(B)

dp = VI + VI,.

_/((Z(Oé+h,t)—z(ﬁ+h,t))3> nh. 1)

zg(B. 1)
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Using integration by parts on the first term, VI;, we get

Vi _/( zala, 1) —zg(B, 1) e, f)—Zﬂ(ﬁ,t))(Z,sﬁ—Zﬁh)(ﬁJ) n(B)
I\ Gathn—zB+ 02 @0 —28,0)? h 2B 1)
1 zo(a, 1) —z5(B, 1) za(a, 1) —z(B, l)) n(B)
_ — R d
+h/<(z(a+h,r>—z(ﬂ+h,r»2 can—z6.02 )PP 50 P

1 ( (za (e 1) = 2(B. 1) _(Za(a,t)—z,s(ﬂ,zw)
@a+h ) —z(B+h 0 (e —z2(B,0)?

2h
() 1(B)
. _ , d
<Zﬂ(ﬁ, RG] r)> !

L1 /( (za(@ 1) —zp(B.0)*  (ale.t) —z5(B, t>>2>
2J \Ga+hn—zB+h0)? (1) — 2B, 1))
(zpp —zpn)(B. D) n(B)
h Z5(B.1)
= VI + VIjp + VI3 4+ VIjg.

We further rewrite VI, and VI3 as

n(B)

1 Zale ) —zg(BD)  zale1) —zp(B, z))
Vie =7 / ((z(ot +ht)—zB+h )2 (2l t) —z2(B, 1))2 2 (B ’)z,g(ﬂ, 1 af
_g/h (za (o, ) — 28 (B, ) zala + 1, 1) — 28(B+ 1, 1))
h Jo (la+rt)—z(B+r11)3
n(B)
280 (B, t)Z/S D dp dr
and

Viae L < (za (@ 1) = 2(B. 1) _(za<a,r)—z,s<ﬁ,z))2>
o Clath)—2B+h? (e —2(B.0)?

2h
V) )
. — , d
(zﬁ(ﬁ, =T r)) ’

zlfh ol 1) = 2(B, )2 (zale + 1, 1) — 28(B +1,1))
0

h @ +r0) = z(B+r.0)
V) n(8)

. 3 dp dr.

(Zﬁ(ﬂ,t) w02 z)) par

We can now estimate the L>(Q) norm of terms I through VI using their new
expressions. We apply Lemma 5.6 to I, V, III, IV, II,, II;;, VI, VIj;, and VIi3.
For II;,, II14, VI, and VI, we apply Lemmas 5.4 and 5.5. For II;3 and fixed
t € [0, T'], we first replace the curve z = z(«, t) by its reflective periodic extension
(extend z, (v, t) in @) from o € 20 to R and then apply the Tb theorem. Notice that
the new curve is a chord-arc when | Q| is small enough, and the reflective periodic

extension doesn’t change I3 for o € Q.
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Let
(5.18) @ (2g, h) = sup |zg(B, 1) — za(e, 1)].
a,B€20
teT
le—pBI=<Ih|

Notice that

(5.19) ”Zaazahn”Lz(I) = ”Zaa”LZ(I)||Zahn||L°°(I)
N 1/2
< 1T N zaall 22 190 Gan) L2

for any interval Z D supp n. We get, for 0 < |h| < %|Q|, that there exist constants
co (depending on m and M) and ¢; (depending on m, M, and |Q|) such that for

tel[0,T],
2 1/2
da)

492
<o+ [[zaa (5 Dll2230)) 110520 (5 Ol 2oy Inun (-, Ol 20

1
(/)I+—II+III+IV+V+ —VI
2l

(5.20) N
+ ol Q12119224 (-, Dl 230y it (- D)l 1230

+ o (2o, W IMlan (-, Dl 1230)

+c1(1+ lzaa (-, Dl 2300 Nza (-, Dl 120)-

For f> and 114, we notice that for 0 < |h| < §1Q], B € ¥ 0, ps(B) = 0, and

p'(B) =0for f € 30.
Recall suppn C Q. We directly estimate the integrals in the expressions of f,
and d, f; and use

1 h
Sfin(a, 1) = Z/ O f1(la +1,1)dr
0
to estimate f7;, through 9, f;. We get

12
(5.21) ( Ifz(a,t)+77(06)f1h(0t,l)|2d0€) < 2llzaa (- Do) + 2

where ¢, depends on m, M, and | Q] only.
We now consider the term

n(ot)/ —up(a, t) +up(B, 1)
2mi (z(a 4+ h,t) — z(B + h, 1))?
in (5.17). We note that if we replace in (5.22) the curve z(«, t) by its reflective
periodic extension (extend z, (e, t) in &) from o € 3Q to R, the quantity in (5.22)
remains unchanged. For |Q| small enough (independent of ¢t € [0, T']), the new
curve is still chord-arc. From here on we replace the curve z = z(«, t) in (5.22)

(5.22) p(B)dp



100 S. WU

by its reflective periodical extension, and we use the same notation z = z(«, t) to
indicate the new curve.

We rewrite the quantity

—up(a, t) +up(B, 1)
”("”/ Cathn—zB+hny PP

[ (=n(@up(e, 1) +n(Bun(B, h))p(B)

N (z(a +h, 1) —z(B + h, 1))?
(@) —n(B)un(B, h)p(B) dp
(e +h,t) —z(B+h,1)?

dp

Let

A:/(—n(a)uh(a, 1) +n(Bun(B, h))p(B) dp,

(z(e+h,t) —z(B+ h,1))?

and
B— () = n(B)un(B, h)p(B)
(z(a+h,t) —z(B+ h,1))?

dp.

We further rewrite A:

- B +h.1) pB) pl@)
A= "(“)””(“’”f(z(a+h,r>—z<ﬂ+h,r>>2<z,s(ﬂ+h,r> za(a+h,r))d’3

N 1 /( ald+h, 0zg(B+h.1) 1 )n(ﬂ)uh(ﬂ,t) dp
Zoq(@ + h,t) (zla+h,t) —z(B+h,1)> (@—p)?) zp(B+h,1)
1 f 1 (n(ﬂ)uh(ﬂ,t) n(a)uh(a,t)>
+ 5 - dp
2ol +n,t) ) (@—=pB)*\zg(B+h,t) zola+h,t)
Let
Fla.f) = 2p(B+h.1) ( pB)  pl) )dﬁ
(zl+h,t) —z(B+h, 1)) \zg(B+h,t) zo(+h,t)
:—f 1 8,5< p(B) )d,B.
2+ h,t) —z(B+h,t) (B +h, 1)
Notice that
(@ +h,t) —zp(B+h,1) ( p(B) >
0 F(a,t) = d d
(@0 (la+h 0 —zB+h 1) "\zs(B+h. 1) p
1 p(B)
— 2 dp.
/z(a+h,t)—z(,3+h,t) ﬁ(zﬂ(ﬁm,z)) p
Let
. 1 /( (@ +h Dzg(B+ht) 1 >n(ﬁ)uh(ﬁ,t) dp
o zelat+ i) ) \G@@+h ) —z(B+h, )2 (@—p)2) zg(B+ht)
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Therefore

n(a) / —up(a, t) +up(B, 1)
(z(@ +h,t) —z(B+ h,1))?

p(B)dp

_ / (n(ﬁ)uh(ﬂ,t) ICOICE t)>d,3
2rizg(@+h,t) ) (@—PB)?\zg(B+h,t)  zo(x+h,1)
1 1 1

- %n(a)uh(a, HF(a, 1) + %Az + %B.

We apply Lemma 5.5 to B and F(a, t), the T1 theorem (see David and Journe
[18]) to Ay, Lemma 5.6 to d, F (, t), and Lemma 5.4; we get

(5.23)

| L N2
(/ ‘ - —U(Ol)uh(a DF@. D+ 5—Ar+5—B doz)
i
< cllnun(-, Dol FC, DllLeao)
(5.24) + 3llzaa (- Dlleaoylmun (-, D2 + csllpun(-, Dli2ag)

< a1 + lzae (-, Dl 230 10220 Dl 2oy I L Dl 2o

+ (1 + ||zga (- f)||L2(3Q))3||Ma( “ Dll2ao)

where c¢3 and ¢4 depend on m, M, and | Q].
Summing up the above calculation, we have

(5.25) n(a)uy,
_ / (Tl(ﬁ)uh(ﬂ, t) _ n(a)uy(a,t)
C 2mizg(a+h,t) ) (a— B)? 26(B+h,t)  zo(a+h,t)

where

) dp + G(a, 1)

G(a,t) = —zin(a)uh(oe HF(a,t) + LAz + %B

1 1
+ xQ(oz)<I+ — MO+ +IV+V+ —VI+ fo + nm)
27Tl T

and
12
(/ |G («, t)|2da>
< ¢+ llzaa (- Dl 2300 10220 (. DIl 230y IMun (- Dl 12
(5.26) +c0l Q110520 (-, Dl 230y IMiin (-, Dl 123

+ cow (2o, W) INttan (-, Dl 1230y

+c1(1 + llzaa (- t)||L2(3Q))5||Za( D23 T 2llzaa (-, DlliH130)
+
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where ¢y depends on m and M only, and ¢, ¢}, and ¢, depend on m, M, and |Q|.

We now consider

/ ‘n(a)ﬁm (a,1)

2

nBun(B, 1) n(@up(a, t)>dﬂ Ja

1 1
B Zniza(aJrh,t)/(a—ﬁ)2<z,3(ﬁ+h,t) Zo(oe +h,t)
_ 1 n(@un(, )\ |*
5.7 _ . n(@un(a, 1)
(527) /”(“)”’h(“’t”2iza(oz+h,t)H<“(za(a+h,r>>>

B B ) I n@un(@. 1)
—/Irl(a)urh(d,t)l da+/ 2zg(c +h, 1) <a<2a(o‘+h’t)>>

+Im/ n(e)um(a, t)H(8a<n(a)uh(a, t)>>dot
oo+ h,t) oo+ h,t)

2

where
/ n(e)uy, (e, t)H(aa(n(a)uh(a, t))>da
Za(a‘i‘h’t) Za(O[+h,t)
:/8t<77(0!)uh(06, t)>H(aa(n(a)”h(a’ t))>da
Zo( + h,t) Zola 4+ h,t)
_|_/ ﬂ(Ol)Mh(ZOl, I)Zm(a+h,l)H(aa(77(0l)uh(a, f)))da
zo(a+h,t) Zo(a+h,t)
_ 14 // 1 <n(a)uh(a, n nBuaB, t))zd
== — adp
A dt (@ —B)2\zo(@+h,t) zg(B+h,t)

+/ CIACH I)Zm(a+h,f)H<3a<ﬁ(Ol)Mh(0h t>>>do¢
z22(a + h, 1) Zo(a+h,t)

and

‘/ U(a)uh(za, t)Zm(Ol+h,t)H(aa<77(Oé)uh(a, t)))da‘
zz(a+h,t) Zo(a +h,t)

1 " (n(-)uh(-,t)>
¢ Z(x(' +l’l, t)

< ﬁ”rluh( SO llze (-, DllLea)
3 <77(')uh(' ; l))
* Za(+h, t)
2

— 2
2
+ W”rl”h( S D220 Dl g1 0)-

L2(30)

1 2

<
~ 16M?

L2(30)
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Therefore from (5.25) and (5.27) we get
3

; (n(a)uhm, r)) rd“
16M2 “Nzgla +h,1)
(528 < _L / / (n(a)uh(a D n(Bu(B, t))2 dads
n (@ — B \zo(@+h,t)  zg(B+h,t)

4M?>
o (LD g a1 Do) + / G, 1) da.

/ In(e)usm (o, 1)* do +

We note that (5.23) with estimate (5.24) holds for any function u, and (5.28)
holds for any function u satisfying (5.25).

H' Regularity of 92z,

Assume that 7 = [T, T»]. Let8(¢) = (t —T))> (T, —1)* fort € T,and §(¢t) = 0
fort ¢ 7. From the fact that

sup [g()] < —/|g<r>|dr+f g Ol d1,
teT |T|

we have

2
2 2 2
(529) Sup ”Zaa( ) t)||L2(3Q) S |T| ”ZO‘O‘”LZ(:%QXT) + |T|”Zta(¥”L2(3QX7')7

teT

and for any € > 0,

teT
4
|71

< [[ s m@ue 0P dadi + (3|T| + —)nuanizaw).

Since for any function g
1 h 1 h
n(e)gn(a) = ﬁ,/ n(a)(g(e) — gl +5))ds = _ﬁf sn(a)gs(a) ds,
0 0
we have

. I
(531) ||77”ah(',l‘)||iz(3Q) = ﬁ/ SZ”’?”as(',f)”iz@Q) dS,
0

and for any € > 0,

3 e ("
supd Ol D, = 35 [ 5 [[ S0 Mm@ (e dadrds
(5.32) teT 0

+ 3|T|3+—'T'4 Nt 113 .
€ L23B0OxT)
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Furthermore, using the fact that |8'(¢)|> < 4|7 )?8(¢) fort € T,
2
‘—_1/ ()_// (n(a)uh«x,t) ~ n(ﬂ)um,r)) dadpdr
™ (@—PB)2\zala+h,t) zg(B+ht)
|y n@up(e ) n(BupB, 0\

- /5(’)//( ﬂ>2<za(a+h,r) z,g(ﬂ+h,t)> docdf dt
50 / n@up(e ) . (3a<n(a)uh(a, t))) ot di
Za(@+h,t) zo( +h,t)
(T}(a)uh(a z)) 6M2|T|2

ol +h,t)

We now multlply both sides of (5.28) by §(¢) and integrate with respect to ¢.
Using the estimates from (5.26) through (5.33), we have, for any € > 0,

/ / 8@ In(@um(a, 1)|* da dt

8M2 //S(I) (n(a)uh(a t))‘ dacl

Za( +h t)
(5.34) <e f f 5(1) n(@)uugn (e, 1) der dt

h
+EL3/ s? //5(l)|77(a)uzs(a, N> dodt ds
h> Jo

1 h
2wy 8 [ [ s0n@uste.nP dadrds + &,
0

(5.33)

dadt +

”Ma”L2(3Q><T)

where K| < oo is a constant depending on m, M, 1/€, |Q|, |T|, lzall a1 3oxT)»
and ||Zaa [l 1 30x7)> 10 particular, K is independent of 4. Multiplying (5.34) by
h3/? and then integrating with respect to i from 0 to [, we get

ls/zf n? [fé(t)ln(a)u,h(a N|*da dt dh

M215/2/ B2 //8(1‘) (U(Ol)uh(a 1)

Zo(la +h,t)
= 15/2/ h3/2//5(f)|77(01)um(0t > dadt dh

+4c(2)w2(za,l)ls7/ n3? //S(I)In(a)uah(a, ND*dadtdh + K.
0

‘We further note that
(n(a)uh(a, t)) _ n@ugn(a,t)  n'(@up(a, 1)
wa+ht))  zo@+ht)  zula+h,t)
n(oup(e, 1)zaa (e + h, 1)
a 2(a+h,1)

o

and
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(5.35) / / SOI@ (e, Dzl + b, 1) derdi
2 —_ 2
=< tsélg 8(t)||77uh( ) t)||L2(3Q) / ”Zozot( ) t)||H1(3Q) dt;
T
therefore for any € > 0,
1 ! 3/2 2
157/0 n3/ //8(t)|n(a)u,h(a, N dadt dh

TR . lh” 8(t) 1 (0)ugn (e, 1) der dt dh
SM415/2 n ah (&,
15/2/ W/ //5(f)|n(06)uzh(tx 01> da dt dh

+4cgw2(za,l)ls7/ 32 //S(I)M(a)uah(a, NP dadtdh + K,
0

(5.36)

where K, < oo is a constant depending on m, M, 1/€, |Q|, |T|, lzall a1 oxT)»
and || Zaa |l 1 30x7)> @and K3 is independent of /. Notice further that

@ (2o, 1) < 111" sup |zaa (-, D 20
teT

Take € small enough and let / — 0. Since Q, 3Q C (a, b), is an arbitrarily small
interval and 7 C (0, T) is arbitrary, we get

32z, € H. ((a,b) x (0, T)).

loc

H5/* Compatibility of the Initial Data

We now prove the H>/? compatibility of the initial data. Take 7 = [0, T}] C
[0,T). Let £(t) = (T} —t)*> fort € T,and ¢(¢t) = O fort ¢ T. Instead of 8(¢),
we multiply (5.28) by ¢(¢) and integrate with respect to . Going through similar
calculations as in (5.29) through (5.36), we arrive at

1 ey 2
57 J, h* / S@In(e)um(a, t)|” dadt dh

+¥ lh3/2 (O (@) (e, 1)) da dt dh
16M415/2 7’] Ot/l E)

C(O) f 32 // (n(ot)uh(a, 0)
_47T15/2 (@ — B)?\ zo(a + h,0)
1 (B.0))°
-~ %) dadBdh + K,

where K3 depends on m, M, |Q|, |71, |zl m1 3oxT)» and [|Zaa |l 41 3o x> and K3
is independent of /. Inequality (5.37) holds for 0 < |I| < ly, where [y > O is a
small enough constant.

(5.37)
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Recall u = z,,. Notice that
Zaah (@, 0)  zgo (@, 0)zan (e, 0)
Zold+h,0)  zo(a,0)z4(ax + R, 0)
_up(@0) zea(@, 0)zan (e, 0)
C Za(@+ 1,00 ze(e, 0)zg(a +h,0)
Let v(a) = Re((1 4+ i)Inz, (e, 0)) and w(«) = Im((1 + i)In z,(c, 0)). Therefore

com [[ <”(°‘)”h(°"0)_n(ﬂ)uh(ﬂ,0)>2dadﬁ
(@=p)* \zal@+h,0)  zp(B+h0)

(0aIn zo (a, 0))y =
(5.38)

1
< <O [ 1@ @uln a0 = 0(8) 0y 2 (5.0 s d

+@f/ L 0@ @aln za (@, 04 — 1(8)@p In 25 (B, 0))) > der dp
2 )] w-p2 o e

1
3¢(0
* {()//(a—ﬂ)z

() zaa (o, 0)zgp (at, 0)
Zo{(a, O)Za (a + h, 0)

 n(B)zpp(B. 0zpn (B, 0) |
2p(B.0)z5(B +h.,0)

32(0) 1
T // (@—B)? (@) wan (@) — n(BYwpgn(B)? da dp

(5.39)

da dp

¢(0) 1 2

- // @ — ) M(@)vgp (@) —n(B)vgn(B))” da dp
1 n()zaa (o, 0)zgp (2, 0)

+3¢0) .// (@ —B)?| za(a,0)zq(a+h,0)

_ 1B)zpp (B, 0)zpn (B, 0)

28(B,0)z5(B + h, 0)

2
do dp.

We estimate
(0 /:/ 1 () zga (@, 0)zgn (o, 0) B 77(,3)1/35(/3, O)Zﬂh(ﬂ, 0) 2
(@ — B2 zglo, 0)zg (e + h, 0) 25(B.0)z5(B + 1, 0)

_ 2;(0)/ 0 () Zga (0, 0)zan (e, O)H(8a<n(a)zw(a, 0)zan (at, 0))) oo,
Za(a, 0)zg(a + 1, 0) Za(a, 0)zg(a + £, 0)

dadp

We have

C(O)/ n(@)zaa (e, 0)zgn (a, 0)H<aa<n(a)zaa(a, 0)zgn (@, 0)>>da
2o (0, 0)zq (a + 1, 0) za(t, 0)zg (@ + 1, 0)

_ —/i(é(t)/ n(a)Zaa (@, D) Zgp (@, t)H<3a<n(0t)Zaa(0t, 1zan (@, t)>>dozdt
dt Zo (o, )zg (o + h, 1) o (o, )z (0t + D, 1)

(5.40) — _ff/(t)/ 1(@)Zaa (2 ) Zah (@ Z)H<aa(n(a)zaa(a, Dzah (@ t)))dadt

Zo (o, Dzg (ot + h, 1) Za (o, zg (ot +h, 1)
_ZRC/ C([)/8t<n(a)2aa(a, t)Zah(a’ [))
zo(a, Dzg(a +h,t)

.H<aa<n(a)zaa(a, Dzan (@, Z))>da ir.
Za (o, Dza(a + 1, 1)
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Now
3, (n(a)zotot (a, 1) zgn(c, t))
Zo(a, )z (0 + h, t)
. (@) Zraa (@, ) Zan (e, 1) (@) Zaa (0, 1) Zian (e, 1)
T ze(, Dzg(a + By 1) 2o (0, Dzg (@ + b, 1)
_ U(W)Zaa(a, t)Zah(“: t) <Zta(av t) + Zta(a + h, t))
Zo(o, )zg (@ + N, 1) \ zo(a, 1) Zo( + h,t)
and

9 (n(a)zaa(ot, D) zZan(at, t)>
Za(ot, )z ( + R, 1)
. N (o) Zaaa (@, 1) Zan (o, 1)
T zo(, Dzl + R, 1)
U’(Ol)Zaa(Oly B)zan (e, 1) (@) Zaa (0, 1) Zaan (@, 1)
Zo(ot, )z + R, 1) Zo(a, )zg( + R, t)
~ 1(@)Zaa (@, D)Zan (@, 1) (zaa(a, 1) | Zaalo+h, t))
Zo(o, )z (@ + R, t) \ zo(a,t) Zo(a+h,t)
Using the estimates in (5.19), (5.29), and (5.30), the fact that

/C(t)ln(a)zaa(a, DZian(@, 1))’ da dt

S <f “Zaa(a’ ’)”ioo(’]') dOl) Sup (/ §(1)|77(01)th(“, l‘)lzdt>,
30 aeQ

and Lemma 5.4, we have that for any € > 0,

‘C(O)/ () Zge (t, 0)zan (a2, 0) H(B (n(a)zaa(a, 0)zan (e, 0))>do{‘
(541) Zo(a, O)Za(Ol +l’l,0) * Zo (t, O)Z(x(a +h,0)

=< 6/ E(0)11(@)zaar (@, DI* da di + Ky

where K4 < oo is independent of %, and K4 depends on 1/¢, m, M, |Q|, |71,

||Zot||H1(3Qx’T)a and ||Zaa||H1(3Q><T)-
From (5.37), (5.39), and (5.41) and with € > 0 small enough, we conclude that

1 !
W/o W/ [/ c®n(@ugy (. 1)) da dt dh

PN lh3/2 ¢ (@) ugn (e, D1 do dt dh
(5.42)

2 1
7] f #3/? f f L @ van(e) — n(BYogn(B)? dardf dh
1615/ Jo (@ — B)2
2 l
< AT f 132 f / L (@ wan(@) — n(Bywpn(B)? dadp dh + K
16715/ Jo (@ — B)2

where K5 < oodependsonm, M, |Q|, |7, |zall g1 30x7)> a0d || Za |l 41 3o x 7> and
K5 is independent of /. From the assumption that w = Im((1 + i)Inz,(-,0)) €
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112 (a, b), we know the right-hand side of (5.42) is bounded by a constant inde-

pendent of /. Let [ — 0. This proves that v = Re((1 4+ i)Inz,(-, 0)) € Hli/cz(a, b)
and 92z, € H ((a,b) x [0, T)). The fact that z,(-,0) € H15/ *(a, b) directly

follows from Bsza e H! ((a,b) x [0, T)).

loc

5.2 H! Regularity of 80{ Ze and HJ11/2 Compatibility
of the Initial Data, j > 3

We prove by induction. Let j > 3. Assume that z,, . .., 3] 'z, € H,. .((a, b) X
(0, T)) and that assumption (i) of Theorem 1.2 holds; we want to show 8/ Za
loc((a b) x (0, T)). We also show that if, in addition, Im((1 + 7)In z, (- 0)) €

HT'?((a, b)) and z,, ..., 8] 'z, € H].((a, b) x [0, T)), then

loc loc

Re((1 +i)lnzy(-,0)) € H 7' ?((a, b)) and )z, € H

loc loc

((a, b) x [0, T7)).

The proof is very much the same as that for the case j = 2 except that for j > 3
the proof is simpler because of the better regularity on z, to begin with. We only
sketch the proof, pointing out the differences.

Let Q and 7 be compact intervals, 3Q C (a,b) and 7 C (0, T). Let n and p
be as in (5.13). Taking derivatives 80{ on both sides of (1.6), using Lemmas 5.2 and
5.3, and distribution theory, we have, for o € Q,

643w = [CH@DHGIED e e
o ’ 2mi (z(a, t) — z(B, 1))? T
where
f3(a, 1)
FIEA 1 [T/ (3 2(e) = 9'2(B)
= 2—2 =D f—(z(a) (B k1+-;cn=j kil k! p(B)dp
ki>1
L/ 1 (3 + 8 )’; d
T £ 0( )/ ot 08) e — 2P “p(B)dp
SR PV R S— 7V )
27§ z(a, 1) — z(B, 1)
Let
(5.44) u(a, t) = dJz.

Taking the difference quotient with respect to o on both sides of (5.43) and then
multiplying by n(«), we get

n(a) / —up(a, t) +up(B, t)
(z(

(5:45) n(e)ig (o, 1) = 5— a+ht)—z(B+h,1))?

p(BYdB + f(a,1)
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where

(@) [Mf @) —uB,0)zala+rt)—z5(8+r1)
wih Jo (Z(@+r1) —z(B+r1))3

n(a) —u(e+h,t)+u(B+h,t)

i | Gath) -2 i t))zph(ﬁ)dﬂ"‘n(a)f%(“ 1.

We note that the same discussion for (5.22), equality (5.23), and estimate (5.24)
hold for u = 9/ z; therefore

flo, 1) = o (B)dB dr

_I_

(@) = / (U(ﬂ)uh(ﬂ,f) _ nl@up(@, t)>dﬂ
546) T aiza@ i ) @—BR\Zp(B+hD)  zala + 1)
+ Gi(a,t)

where

1 1 1
Gi(o,t) = ——n(@up(a, ) Fa, 1) + —Ar + —B + f(a,1).
27 21 27

1 . J
H, . Regularity of 9, z,

Assume 7 = [T}, T»] € (0, T). Let 8(t) = (t — T}))>(T, — t)> fort € T and
8(t) =0fort ¢ 7. We estimate f3;, through 9, f3, the fact that

h
f3h(a7t):%/\ aolf3(a+r7t)dra
0

suppn C Q. p'(B) = 0for B € 30, ps(B) =0for p € FQand 0 < || < §|Q,
1—p(B)=0forB e 2Q and Lemmas 5.2, 5.3, 5.4, 5.5, and 5.6. We estimate the
remaining terms in G («, t) by Lemma 5.6 and (5.24). We obtain, for 0 < |h| <

5101,
(5.47) // §)|G(a, 1)|>dadt < K¢ < 00,

where K¢ depends on m, M, |Q|, |7, and ||8§za||H1(3QX7), k=0,...,j—1;in
particular, K¢ is independent of /4. Notice that (5.28) holds for any u satisfying
(5.25), and (5.33) holds for any u. Moreover, by taking the derivative with respect
to ¢ of equation (5.14) and using Lemma 5.6, we have

Ziwa € L* 30 x T),

and z;,, € L?(3Q x T) can be obtained by taking the derivatives 9,9, of (1.6) and
Lemma 5.6. We get from (5.28), (5.33), and (5.47) that for 0 < |h| < %|Q|,

n(eu,(a, 1)
/[S(I)ln(a)”zh(a t)| dadt + —//5(0 (za(a-i-h l))

< K7 < o0,
where K7 depends onm, M, |Q|, |7, ||8§ZO,IIH1(3QX7), k=0,...,j—1,

doa dt

zirealli2zoxys  and  |ZiaallL2GoxT)-
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The constant K7 is independent of 4. Let &~ — 0. We conclude

374 € HY ((a, b) x (0, T)).

H/+1/2 Compatibility of the Initial Data, j > 3
Assume that Im((1 + i)Inz, (-, 0)) € H'™/*(a, b) and

loc

Za(-,0) € HIT?(a,b),  z4n....8]7"

o

20 € H..((a,b) x [0, T)).

We take 7 = [0, T1] C [0, T). Let ¢(¢t) = (T — t)*> fort € T, and ¢(¢) = O for
t ¢ 7. Similarly to the case j = 2, we have
(n(a)uh(a t))‘ dodi

2
//g(t)m(a)u,h(a, N*dadt + —— WE //;(t) @t hD)

¢(0) 1 n(up(e,0)  n(Buy(B,0)
S Y m // (a—ﬂ)z(za(a+h,0) B zﬂ(,B—i-h,O)) dodp + Ky

where Kg < oo depends on m, M, |Q|, |71, ||8§Za||H1(3QX7—), k=20,...,j—1,
1Zitaall L230xT)> a0 (| Zsae | 1230 xT)» @nd 1s independent of /.
Notice that

i—1 _ Mh(Ot, 0)
(0 'Inzy(a, 0)), = @ hO) + R(w).

The fact that R € H,” with |[D|'>(/R)|l ;2@ < Ko, where Ko < oo is inde-
pendent of £, can be obtained directly from the inductive assumption z, (-, 0) €

Hlf)c Y 2(a, b) and Lemma 5.9. Following through the same argument as in the

case j = 2, we conclude that Re(1 + i)Ilnz,(-,0) € H’+1/2(a,b), agza €

loc

((a, b) x [0, T)), and zo (-, 0) € H T (a, b) for j > 3.

loc loc

6 Analyticity

In this section, we prove the analyticity of z,(-,¢) on (a, b) for fixed ¢t €
(0, T) under the assumptions of Theorem 1.2. We have so far obtained 3; 2
1OC((a b) x (0, T)) for all j > 0. We also show that if, in addition, Im((l
i)Inz, (-, 0)) is analytic on (a, b), then Re((1 +i)Inz, (-, 0)) is analytic on (a, b).
We first consider the analyticity of z, (-, t) for fixed r € (0, T'). Let Q and 7
be compact intervals, 3Q C (a,b), 7 C (0,T). Letn € C*(Q) N CS(R) and
p € Cy°(R) such that suppn C Q, suppp C 30, p(a) = 1for o € 20, and
n(a), p(a) > 0 for @ € R. We will later give a specific construction of 1 when it
becomes clear what is required of it.
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Let j > 1. Taking derivatives (1(a)d)’ on both sides of (1.6) and using Lem-
mas 5.2 and 5.3, we get

o 1 (n(@)e)! z(at, 1) — (N(B)Ip) z(B, 1)
J -
6.1) ((@)0y)zi(ax, 1) + 5 @D —2B.0) dp
_ gt gt
- ZniA + ZniB’

where

J
n 1
A= D [

[T ((n(@)da) " z(e, 1) — ((B)Ip) '2(B, 1))
2 - Kl - k! - dp

K+t
ki>1

(when j =1and A = 0) and

Jj—1
1
B=Y ——— /(n(a)aa +n(B)dp)

j—1
DT @s1(B))' "1 dp.

1
2(e. 1) —2(B.1)

We take further derivatives (o («)d,)? of (6.1). Notice that (p(cr)dy) (17(at)dg)* =
8(;(17(0()80{)]‘ for k > 1. We may calculate (p()dy)*A and (p(x)dy)’B using
formula (5.2). On the other hand, taking (p(«)d,)> on the left-hand side of (6.1)
and using (5.2), we get

2 - L/ (n(e)3a)’z(et, 1) — (n(B)3p) 2(B. 1)
(p(a)da) <(n(01)3a)JZz(Ot, N+ G@.n —2B.0) dﬂ)

) - L/ 3 (n(@)ds) z(at, 1) — 35(n(B)p) z(B, 1)
= 0, ((0)0e)’ Zy (0, 1) + 77 G@.n—2B.0) ap

Jj!
—D
+ 2mi

where

iD= _4/ (3 (n(e)3e) 2(r, 1) — Bg((B)3B) 2(B. ) (p(@)za(er, ) — p(B)zp(B. 1)) a8
(z(a, 1) —z(B, 1)3
_2 / (n(@)da) 2(e, 1) — ((B)3) 2(B, 1)) ((p(@)da)*2(er, 1) — (p(B)dB)*2(B. 1))
(o, 1) — 2(B. 1))3
e f (@) z(a. 1) — ((B)B) 2(B. 1)) (p(@)za (e, 1) — p(B)zp(B. 1))
(z(a, ) — z(B, 1))*
s / o (N(@) ) z(at, 1) — dp((B)Ip) 2(B. 1)
(z(a, 1) — 2(B, 1))?

dap

ap

o' (B)dp
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. / ((n(@)da) z(er, 1) = (1(B)3p)! 2(B. D) (p(@)za (. 1) = p(B)zp(B. 1))
(Z(Ol, [) - Z(ﬂ’ t))3
((@)de)’ z(e, 1) — (N(B)dp) (B, 1)

o' (B)dp

1) —2B.1)2 a (0B (B))dB.
Therefore
32(n()ds) Zi(a, 1)
L 92(n(@)ds) 2, 1) — 03(n(B)p) (B, 1)
(6.2) i (o, 1) — (B, z))2

il
— 2] D+ —(p(a)a )2 At (p(oz)a )*B.
7Tl

Assume T = [T}, T»]. Leto (t) = (T, — t)(t — T}) fort € T and o (¢t) = O for
t ¢ 7. We want to obtain estimates for

1/2
07 (03)* All 2Ry = < / / o2 (1)|(p3)* Al* da dr) ,

||a~/(p8a)2B||Lz(RXT), and ||cer||Lz(RX7). Notice that from o (7,) = 0, we have,
fork > 1,

sup [|lo* ()95 (18) 2( -, D132,
teT

< / 18 (0" ()35 (18a) 2 (-, D172 d1

©3) <2k f/ o N () o' ()] 182 (ndy) 2 (. 1) da dt

- 2// o2 (1)192 (18a) 2(er, D] 192 (186) 2 (o, 1)] dx dit
< QTP+ 1T o920
+ [ 0*92 (n0a)

GoxT)
2
2t ||L2(3Q><T)'

Here we used the fact that |o ()| < |7 |> and |6”(¢)| < |T|. Furthermore, for k > 1,

(6.4) 1923 ' 2(+, Dl 1230) < 1lld; M) 2(-, Dl 1230)s
where ¢ = [[1"[loc] Q17 + 211 lloo] Q1 + 1]l co-
Let

= 10%82 (13)*zll 2307
(6.5) b = 6% (3 2l 20T
dy = |T|2k ||802,(80¢77)k 1 ||L2(3Q),

fork > 1and ap = ||3§(U2a)||L2(3QxT)-
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We now estimate ||o/ (paa)zAlle(RX7). Using (5.2), we have

(p(@)d5)* A
J
=y =nt Y /(p<a>3a+p<ﬂ>aﬁ>2
n=2 ky 4k, =j

= iy (@)1 2@. 1) = (B3 12(8.1)

(z(a, 1) — 2(B, ) lkq ! k!

B

J
+2y =D Y /(p(a)aa +0(B)3p)

n=2 ki+-+kn=j
ki>1

[T/ (@) da)k z(e, 1) — (B)ap)1z(B. 1)),
: d
@ — 2By kgl gy P PP

J n k k
n [T/=1 (((@)0e)™ z(at, 1) — (n(B)Ip)™' 2(B, 1))
-1
+2.D 2 (e, 1) = 2(B, )" Tk L - k!
-9p(p(B)p(B))dB,
Further expanding the derivatives
[To (((@)3a) 12(et, 1) — (n(B)3p) 1 2(B, 1))
(z(, ) —z(B, )"y - - k! ’

t = 1,2, we then apply Lemma 5.6(ii), Remark 5.7, Lemma 5.5, (6.3), and (6.4).
We obtain the following estimate:

n=2 ki+tk,=j
ki>1

(p()do + p(B)Ip)'

2 iz @i+ by + vhag—1)

J
©6.6) o7 (pd) Al =y D R ’

n=2 ki-+-tka=j

k>1
where ¢, v > 0 are constants, ¢y depending on [|z4 [l g130x7)> 1Zaall 1 GoxT)>
m, M, |Q|, |7T], and p, and v depending on ¢; and |7|. Similarly, expanding
the terms in (p()d,)?B according to Lemmas 5.3 and 5.2 and applying Lemma
5.6(i1), Remark 5.7, Lemma 5.5, (6.3), and (6.4), we have, for the same constants
co and v as in (6.6) (we can make them the same by choosing the bigger of the
two), that

o/ (p3e)* Bll 2R T

J=1 1 n
ntl 2 [lizi (ak, + i, + vkag, 1) dj—i
6.7) = Z Z o (41 kil kn! G —D!
1=1 n=1k+-+k,= ’ n ’
k>1
d.
+C()TJ‘.

Furthermore, applying Lemmas 5.6 and 5.5 and then (6.4) to D, we get
1

. 1 . .
(6.8) lo' Dl 2rsry < CZF”O-]aj(naa)jZHLzﬁQxT) = Céma/’—l,
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where ¢, and ¢} depend on IzallH1 GoxTys ZaallH GoxT)> ZawallH1GOXxT)s 19,
|7|, m, M, and p.

We now consider the left-hand side of (6.2). Let
(6.9) u = 85(n(e)de)’ z (e, 1).

We may handle the term

1 M(“? t)_l’t(/g’ t) d,B
27i ) (z(a, 1) — z(B, 1))?
in the same way as in Section 5 by rewriting it as

1 u(e, t) —u(B, t) _ 1 u(a,t) J_‘
(6.10) 27i (z(a, t) — z(B, 1))? dp = 2iz4 (e, t)H<8a(za(a, t))>+27riE’

where

. 25(B. 1) (p(ﬁ) B p(a))
JE ”(“’”/ @D —2B8.0°\ 580 zm@n)?

u(o, t)
1— d
+/ (= (B

1 /( (B, Do) 1 )u(ﬁ, 2P
Za (o, 1) zla,t) —z(B, 0> (@ —PB)*) zp(B. 1)
Similarly to (5.24), we apply Lemma 5.6 to the first term and the T1 theorem to

the third term in £ while estimating the second term in E straightforwardly using
the fact p(B8) = 1 on 2Q. We get

(6.11) lo/ Ell 2rx) < C3F||Uj8§(naa)jz||L2(3QxT) < Cémaj—lv

where ¢;3 and c§ depend on ||za|l g1 3oxT)> ZaallntGoxT)> ZaaallHiGoxT) 121,
|7|, m, M, and p. Let

_ # u(e, t)
(6.12) M=o+ o r)H(a“<za<a, f>))'

From a similar argument to that in (5.27), (5.28), and (5.33), we obtain

. 1 .
2 2
(613) Nl el g + gz o7 tallFarr
-2 i—1q2 i 112 j 2
S C4.] ”01 8a(naa)JZ”L2(3QX7') + ||GJM||L2(RXT)5

where ¢4 depends on ||Za||Hl(3Q><’T)a ||Zaa||H1(3Q><T)7 ||Zta||H2(3Q><T)a 10I, |1, m,
M, and p. We know from (6.2), (6.10), and (6.12) that

(6.14) M = %(—E — D+ (p(@)3s)*A + (p(@)3,)*B);
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using estimates (6.6), (6.7), (6.8), (6.11), and (6.13), we arrive at

1 aj bj
a2 T
a;_ d; J " _(ar, + by + vk,ag —
<o Y 1 +60fj+2 Z cgnzn‘_l( , + bx, Q1)
(= D! J! kil kn!
(6.15) n=2 kj+-+ky=j

l_

’ (! o [Ty (ax, + bkt +vkag,—1) dj—i
1
+ E E (n+1) PR T
k=1

Let
F(x) = Zc"“(n +1)%x"

Multiplying (6.15) by x/ and then addlng up from j = 1 to p, we obtain

4M2]' !

j=1
p—1
< cyaox + cox Z —x’ + co Z —x’
(6.16) =17 =
= ax by ag—1 e
(o a—n)  t 2w
k=1 k=1
"\ lay b a
k k k-1 k
. F Zk ’
(;(k' T 1>!>" )

where C6 and ¢o depend on ||zyll g1 30x7)> Zaalla1GoxT)> 1ZaaallH1GoxT)> Q15
|7, m, M, and p. It is clear that if the radius of convergence of the series
di i . . . .
Z;; T’!xf is nonzero, then from an induction argument we have that the series
Z;il (% + T’!)xJ has a nonzero radius of convergence. This in turn gives the ana-
Iyticity of z, (-, ¢) on the interval (a, b) for each fixed ¢ € (0, T)). We now construct

: . . di i -
a function 5 for which the series 2711 T’,xf is convergent for some x = ry > 0.

6.1 The Construction of »

We construct an 7 such that

92 9,m)7 1
6.17) ZH ( 77) ||L2(R) < o0

for some ry > 0. Moreover, this function # satisfies that n € C*°(Q) N CS (R),
suppn C Q, and n(«e) > Ofor @ € R.



116 S. WU

For any one-variable functions f and g, we denote f o g(x) = f(g(x)). From
the chain rule, we know for any differentiable functions f and g, g strictly increas-

ing, (f og)(x) = g ) f ogx) = (g 0g ' f)ogk) and (fog)(x) =
(8'0g™'0:) fog(x)forj > 1.

Let
3
5’
and g(B) = ffoo g (x)dx for B € R. We know g : R — (0, g) is a homeomor-
phism, where g = ffooo(l + B%) 77 dB < oo. We define n by

(6.18) gB)=10+p)7 forfeR, % <y <

g/ og_l(cx) = m fora € (O,q)

6.19 -
(6.19) 1@ =1y fora ¢ (0, q)

where g is as given in (6.18). We claim that the function 7, defined by (6.19) and
(6.18), satisfies all the properties required for Q = [0, g]. For a general interval
0, we can modify the definition by some rescaling and translation.

The main properties that need to be checked are € C*(R) and (6.17). We may
verify that n € C3(R) by the fact nog(B8) = g'(B) for B € R and application of the
chain rule. We leave the details to the reader. We note that (7)) nog = (nog)"¥.
A direct calculation gives that

) 77// 77/2 ) 77/ ) 1 ]
0y (3m)’ 1 = (——2 + 2—3)(n8a)’n — 3= M3 ' + =3y
n n 1 n
on (0, g).

Therefore

2
(6.20) 192 (B 172y < €Y f (148" (o ) (B dp

=0

for some constant ¢ > (. Estimate (6.20) is obtained from a change of variable
o = g(B) in the integral. We may verify that (6.17) holds from estimating the right-
hand side integral in (6.20); this can be done either directly or by using Fourier
analysis. We note that the Fourier transform of n o g = g’ = (1 + %)~ can be
found in Stein [46, chap. V, sec. 3, p. 132]. We leave the precise verification of
(6.17) to the reader.

6.2 Analytic Compatibility of the Initial Data

Let w = Im((1 +i)Inz,(-,0)) and v = Re((1 4 i)Inz,(-,0)), and assume
in addition that w is analytic on (a, b). We now show that v is also analytic on
(a, b). So far we know under this further assumption that we have v € C*(a, b),
74(+,0) € C®(a, b), and 8)z, € H, ((a, b) x [0, T)).

Let O, n, and p be defined as at the beginning of Section 6, and by (6.19) and
(6.18), up to some rescaling and translation. Take 7 = [0, T;] C [0, T). Let
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c@) =Ty —tfort € T,c(t) = 0fort ¢ 7. We note that ¢(0) = T} = |7].
Define
ar = 1605 (10a)* zll 12307
b = 11602 (130 2l 2307
= [T*[I1DI"?3a(n8a) In 26 (-, 0) | 12y
ve = [TIID1"0, (0am) 1 r2®)»

(6.21)

for k > 1 and do = [18; (12a) | 231> 1o = IIDIV* ()N za (-, Ol 2 g)-

We prove the analytic compatibility of the initial data by basically following
the same procedure as in the proof of H/*!/? compatibility in Section 5. Before
we proceed, we record the following identities:

LEMMA 6.1 We have

J
07 () z =) <l>3 (3’ 1(130)'za

— \J
6.22) "OJ
+Z( )(aan)f 13, (79)' 2
1=
and
[T (79)"1In 2,
6.23 — o = Za .
(6.23) (178 )20 =2 Z > T
k1+ki—k,,_l

L_

The proof of (6.22) is straightforward, and we leave it to the reader. Equality
(6.23) is inspired by

®D(Q) - . . f )
(ef)(l)(o)_ef(O)Z 3 PO 0

Kol k!
n=1 k1+ =l 1 n

L7

which in turn is obtained from Taylor expansion. It can also be proved directly by
induction.

From (6.22) and (6.23), we obtain

L
624y LOWZED _y 0)d,)nz, (. 0) + jIR(@. 0
Zq (0, 0)
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j—1

I 0 (0™ (190)'20 A (Ban) 1 85 (100) 24

R = +
L (=Dl e = G-DU Dz
[T (18.)"Inz4
0y (In z =
+ <HZ>Z Y
kl+kilfn J

+ Z Z 8&(1_[7:1(n8a)klln Za) .

kil kyl
k1+ t+kp=j ! "
>1

1=

Further expanding the terms

Za ZC{

(n0y)'z ’ (n0a)'z . and aa(l_[(naa)k‘lﬂza>,
=1

in R and applying Lemma 5.9, we obtain the following estimate for R(«, 0):

1T INDI"*RC-, Ol 2w

J n
nKO Mkl... 1
=2 2 W”@jl‘v !

(6.25) R
k,>1
j-b 1 n+1
(n+ D)k Wiy = My, Vit 1
+ Z nl ° Z kl k ’ ( j_l)' KOij’
I=1 n=1 : ki+--tky=l 1 J

k>1

where « is a constant depending on | Q| and |[Inz, (-, 0)[| y52¢30)-

We are now ready to prove the analytic compatibility of the initial data. Work-
ing through a similar argument to that in Section 5 and using (6.24), we arrive
at

(6.26) / / gzj(t)|8§(n8a)jzt (a, 1)|*da dt

8M4 // cH ()82 (1dy) z(a, 1)|* da dt

T/
+

/ 1D (B0 () In 24 (@, O)) | dx
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< csj? // s V33 (18,) " z(at, 1) > dex dt
|’]'|2j . 2
+ - [ID1"* (8 (n32) w(@))|” da

T% :
i '!2/}|D|“2R<a,0>|2da+// s (OIMP dadt,

T
where the constant cs depends on ||ze |l g1 ox7)> |Zaell a1 GoxT)> |ZaaellH1GoXT)>
|Q1,|7],m, M, and p. Here the terms involving the initial data are as usual coming
from the fact that ¢(0) = |7| # 0 and from integration by parts.
Notice that
J!
M= 5—(—E =D+ (p()3:)’A + (p(@)3)*B),

while the terms ||¢7/(p3.)*All 2rx7)s 1157 (P3)* Bll 2kt 167 Ell2(rcT)> and
s/ Dll12rxT) can be estimated very much the same as in (6.6), (6.7), (6.8), and
(6.11). We obtain, from (6.26), that

1 [ 3 1
a0 R

MDD 30 (3e) wll 2 1 1
<27V T E® s =+ )
it it

=1
j—1 n+1
(n + Dk, Vi o
(627) +3 Z 7'0 Z /’]L{kly ;:k'n i J_ ;)' +C()( — 1)'llj_1
=1 n=1 n: ky4-- k=l 1 kns UJ : J !

k,>1

d; [T (G, + by, + Dk,dg 1)
~ J ~n. 2 =1 L L L%k,
+CO_+Z Z Co" kil k!

j-1 1 noo = -~
1 2 [Ti=1 @x, + by, +Vkag—1) dj—
20 2 &hetD k- k! G —D!
I1=1 n=1ky+-+kp=I
=1

where the constant ¢y depends on (| ze |l g1 30 x7)s ZaallH1 GoxT)s Zawe |1 3OxT)>
|Q|, |T|, m, M, and p. From our assumption and the construction of 1, we know
there exists ry > 0 such that

o0 1/2 0 J
ND 0 n w ]
Z |,]-|] ”l | a( .‘a) ||L2(R) é < 00,

J=1

o o0 d
Vi j d j
— Ty <00, an -y < 0.
J! J!

j=1 =
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Multiplying (6.27) by x/ and adding up from j = 1 to p, we then conclude from
an inductive argument that the series

=1/ 1 . - 1 ;
ZF maj—f—bj—f—i,uj X’
j=17"

has a nonzero radius of convergence. The analyticity of In z, (-, 0) on (a, ) there-
fore follows.

7 Existence

We now prove Theorem 1.4. That is, we show that for any given real-valued
function wy € H3?(R), there exists a T = T (||lwg|ly32) > O such that the
Birkhoff-Rott equation (1.6) has a solution z = z(«, t) for 0 < ¢ < T satisfy-
inglnz, € C([0, T], H¥*(R))NC'([0, T], H'/>(R)) and Im((1 +i)In zo (e, 0) =
wo (o). Moreover, this solution satisfies

(1.1) mla =Bl < lz(a,t) —z(B, )| = Mo — B| fore, BeR, 0=t =T,

for some constants m, M > 0.

We first rewrite equation (1.6). Taking the derivative with respect to o on both
sides of (1.6) and then dividing both sides by z,,, we get

0, (1 = — DIl DIl
;(In zo) 2i|Zo¢|2| |nza+2i|Z¢x|2| |nZot
(7.2)
I 1 _Za(a’ I)J’_Zﬂ(ﬁ’ t) d,B
2mizy(a, 1) (z(a, 1) —z(B,1))>
Let
V=00+4i)nz,, v=ReV, w=ImV,
1 1
— . —(v+w)
T T2
73 Fen=-" T Dz
. o, = nzqlo,
73) 271 \lala D2 D1
1 —zo(a, t) +z5(B, t
. (o, 1) + zp(B 2) dﬂ)
Zo(a, 1) (z(a, 1) — z(B, 1))

fila,t) =Re F(a, 1), faola,t) =ImF(e,t).
Equation (7.2) becomes
(7.4) V,=a|D|V + F,

or equivalently

@5 {w—MDw=h

w; + a|D|jw = —¥,.
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Our goal is to solve (7.5)—(7.3) for some finite time period [0, 7] for any given
w(e, 0) = wo(a) € H3?(R). Let’s first record some basic estimates.

LEMMA 7.1
(i) Forany f € H'/*(R),
If sy < DIV fll 2y
(i) Forany f € H'2(R),
Il fllsMo®) < V27T|||D|1/2f”L2(]R)-
(iii) Let f € H'(R) and g € H'>(R). Then fg € H'/*(R), and
I felmrnw <cllflmmlglmrw-

Here c is a universal constant.

PROOF:
(i) This proof can be found in Stein [46, chap. V, sec. 1].

(i1) This statement is a direct consequence of definitions:
172
I f IBmMo®) = sup (|1|2 // |f(e) — f(B) da dﬂ)

(/ If(a) fBr dﬂ)‘/z
@-p?r
(iii) The proof of (iii) is also stralghtforward: notice that

lfgllzwy < If Il llgll 2@

and

2 1/2
(/ | f(e)g(a) — f(B)g(B)I Ja dﬁ)
(@ —p)?

2 2 1/2
(/ | f (@) — f(B)I|g ()] doed,B)
(a — pB)?

_ 2 1/2
+ ||f||L°°(R)(/ —|8(Z3 — /&;gf)l da dﬁ)

12
< ﬂ(/ lg (@) ?|Lf, H]fa<a)|da) + V27| fll 1D gl 2wy

1/2 1/2
< cliglzs@ (L fllsmom |l fall L2@) ' + el fll g @ 11 D1 gl 2wy -

A further application of (i) and (ii) gives (iii). 0
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We present and prove the result in Lemma 7.2(ii). A much stronger and deeper
result on the analytic dependence of the Cauchy integral in BMO(R) is available
in [8, 12, 13] (see also Theorem 2.3 and Corollary 2.4). Lemma 7.2(i) and its proof
are modifications of similar results in [15].

Let
Zo ()
7.6 C =] — dp.
(7.6) S = [ S B
LEMMA 7.2

(i) Let z' = z'() be chord-arc,
mla — Bl < [z (@) — ' (B) < Mla — BI. @, BeR.

for some constants m, M > 0. Let b = b(«) be a_complex-valued function in
BMO(R) such that Re ~b € L®°, M~ < eRebl@) < pp for some constant M, and
Ibllemo®) < m/(2MM?). Then z, = zle® defines a chord-arc curve 7 = z(a),
with

(1.7) 2n;~4|06—/3|§|2(01)—2(/3)|§(%-FMM)W—,M fora, g e R.

(i) Let 7' = 7' () and 7> = 7*(a) be given, and Inz, (e, ) = lnzé(a) +
0(In z> (o) —In zo ' (@) for 0 < @ < 1. Assume that there exist constants m, M > 0
such that

mla — Bl < |z(a,0) —2(B,0)| < Mla — B| fora,peR, 0<6 =<1

Then there exists a constant ¢ depending on m and M such that

(7.8) I(Ci — C2) fll 2w < clIDI"2(nze' — Inze) [l 2@l £ 1l 2w
forall f € L*(R).

PROOF:
(1) Letm;b = ﬁ f ; b(@)da for any interval /. We know
|2(e) = 2(B) — "’ (2} (@) — 2 (B))]

= ‘ / 2, (V)" — ") dy dy|
B

< MM’ f () — Mg pib
B

< MM |\bo|lsmole — BI.

On the other hand, mM~'|a — B| < |e"=#P(z! () — 2" (B))| < MM |« — B]. This
proves (7.7).
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(i) We know from assumption that z, (e, 0) = z; (@) and z4(a, 1) = zft (o).
Now

C.if@ —Caf(@)

Zot(
/./ ¥ 2@, 6) — 2(B.0) z(ﬂ o) FB)dp ab
/ / 2a(@,6) [ 2y (7, 0)(In 25 () — In 2}, (y) — In 25 (@) + Inzg (@) dy

(z(a, 0) — z(B, 0))?

f(B)dp do.

Therefore

(7.9) |C.if(a) — Caf()]?
(f Inz; () — Inz} (@) — Inz5(B)
<c

2
2
— a8)( [1roras)

for some constant ¢ depending on m and M. Estimate (7.8) follows from integrat-
ing with respect to o on both sides of (7.9).

g

LEMMA 7.3 Let T > 0, a, and F be defined by (7.3). Assume that V € C ([0, T],
H3?(R)) and there exist constants m, M > 0 such that

mla — B < |z(a,t) — z(B, )| < M|lae — B| fora,B eR, t €]0,T].

Thena —1 € C([0, T], H¥*(R)) and F € C([0, T1, H'/?(R)), and there exists a
constant ¢ depending on m and M only such that for any t € [0, T'],

(7.10) la(-, 1) — Ulgspg < cd+ 1V Ola@)V L Ol
IFC, Oll2m < cllda VL Dll2m,
IFC Ollgerg < c+ 1V D) IV, Dl grg)-

Ifin addition V € L*([0, T, H*(R)), then 3,F € L*(R x [0, T), and there exists
a constant ¢ depending only on m and M such that for a.e. t € [0, T] and any
e >0,

(7.11)

1
13 F (s D72 < c<1 + g|||D|1/zv<-,r)niz@nvo, ipn e

+ el Vaa (-, Dl 72

(7.12)

PROOF: That a — 1 € C([0, T], H*?*(R)) and (7.10) directly follow from
Lemma 7.1. The first estimate in (7.11) is straightforward. Notice that from in-
tegration by parts,

—zq(0r, 1) +28(B, 1)

7.13
719 (z(a. 1) — z(B. 1))

dp = —

/ Za(a, t) 0gInzg(B, 1) dp

(. t) —z(B, 1) zp(B, 1)
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Lett € [0, T] be fixed, and

B 1
Y dg.
& fiet) /Z(a, S [P

We know C is bounded from L2(R) — L%(R), with

ICFC-, Dllm < cllfll2m

for some constant ¢ depending on m and M (see Section 1, Theorem 1.1, [17, 5,
11, 13]). Moreover, we know from integration by parts that

W . ()
2 t) —z2(B. 1) P zp(Bi 1)

Therefore C is bounded from H'(R) to H'(R) with
ICFC D@ < cA+ 1V Olm@)lfllm

here ¢ is a constant depending on m and M. Using interpolation, we have C :
H'2(R) — H'*(R) bounded and

||éf('at)||H1/2(R) <c+ IV, DIm@)Iflare

for some constant ¢ depending on m and M. The second estimate in (7.11) there-
fore follows directly from the definition of F and an application of Lemma 7.1(iii).
The fact that F € C([0, T], H'/>(R)) can be proved similarly using Lemma 7.1
and interpolation; we omit the details.

We now prove (7.12). We know
1 ) _Za{(a9 t)+Zﬂ(le t)
Zo(, 1) (z(a, 1) — z(B,1))?

b4
+ 0y <m>|l)llnza(% 1)

2 (—zo(a, 1) + z5(B, 1))?
* Zo(a, 1) (z(a, 1) —z(B, 1))? ap

¥ - 1 /_Zaa(aa t)—f-Zﬂﬁ(,th) dp
zo(@, 1)
1

8,C f (@) = /

2mwi

dp

0o F = 8a<

—1

(z(a, 1) — z(B, 1)?
/ OuInzy(a, ) — dglnzg(B, 1) 4
|za (e, DI (@ —B)?

B

From integration by parts, we have
(_Za(a’ t) + Zﬁ(IB’ t))z d,B
(Z((X, t) - Z(IB’ t))3
. Zi(a’t)_zé(lg’t) 1
) Gl ) —z(B. 1)) zp(B. 1)

dglnzg(B, t)dp
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2@ -6 1
(Z(a’ t) - Z(le t))z Zﬁ(lB’ t)

Zi(ot, t) —leg(ﬂ’ t) 1
051 o 9
+ 9gIn 74 (c t)f (z(o, 1) — 2(B, 1)? 25 (B, t)d

(0gInzg(B, 1) — duInzy (e, 1))dB

Furthermore,

/ _Zaa(a, t)+Z/Sﬂ(ﬁ! [) dﬂ
(z(e, 1) — 2(B, )2
1 /‘Balnza(a 1) —dglnzg(B, 1) dp
Za(o, 1) (o — B)?
_/(—zaaalnza(a 1) +zg0gInzg(B, 1)
(z(a, 1) — 2(B, 1))?
1 Bglnzg(a, 1) —0gInzg(B, l))
T a@n (@—p)? @
—za(a, 1) +zp(B, 1)
= 3,1
alnza (e, ”/ (e 1) — 2(B. 1))?

duIn ze (o, 1) — dg Inzg (B, 1) ((z(a, 1 —z(B. t))2 B )
/ zar(en, ) (a(en 1) — 2B 1))2 «—p (e Dzp(B.D) ) dP-

Therefore for fixed ¢t € [0, T],

ap

/|aaf(a,z)|2da

< / 100 V (a, £)[* dot
Vala, 1) — Vg(B, 1) |?

o (J[em (P

sq/wavw, z)|4da+<2n>2c1f|[v, H1Vy|[Va, HlVga|da

dﬁ)dﬂ

(7.14)

< a2llda V(- Dl

+ 2DV Ol 2y I Ve (L Dl 2wy
DIV (Dl 2y | Ve Dl 2R
<c<1+f|||D|”2V< z>||L2(R>)||V< Oy Tl Vaa (- D72 g

for any ¢ > 0. Here cj, ¢y, and ¢ are constants independent of ¢ € [0, T] but
depending on m and M. This proves (7.12). U

LEMMA 7.4 Let 7 = Z%(a, 1), k = 1,2, be given, V, = (1 + i)lnz’;, and
Inze (e, 1;0) = Inzy' (0, 1) + O(Inze (e, 1) — Inzg (e, 1)) for 0 < 6 < 1. Also,
let ap = a(Vy) and F, = F(Vi) be defined as in (7.3). Assume that V, €
L>®([0, T, H¥*(R)) for k = 1,2, and that there exist constants m, M > 0 such



126 S. WU

that

(7.15) mla — B| < |z(a, t;0) — z(B, 1;0)| < M|a — B
fora,BeR, te[0,T], 0<6<1.

Then there exists a constant ¢, depending on m and M only, such that for a.e.
t € [0, T] and any ¢ > 0,

(7.16)  lai (-, 1) — a2 (-, Dl 12wy
scd+ Vit Dllm@)IVic 1) = Vol Dllgag)

IF1CL 0 = P2 Dl

< el (Vi = V) (. D32 g
7.17 !
(.17 +c<1 + ;|||D|1/2v1<~,z)niz(R))nvlc,r)n%,m(R) 1OV = VD12

ve(1+ Lo v o1z, Yivac-L ol (Vi = Vo) (-, D)2 :
e N L2(R) > E3/2(R) sl g2(R)

PROOF: The proof of (7.16) is similar to that for Lemma 7.1(iii) and straight-
forward; we omit the details. We have

127_n'i Fi—
i Iz%wmn Ze! —Inzg?) + % ((Z_zfi/j;lg j j(/f,))z)% dp
Ziz( (zl(;fg;)/ Z—}g ; <1/8),Z %))2 *- / (zz(;f% Z—é ;(I/S),Z ;29))2 @ )
Now

(=24 (@, /24 (B, 1) + Dz (B, 1)
d
/ @ 1) =21 (B, 1)?
(=24 (@, /2 (B.1) + D25 (B.1)
— d
/ @2 (a, 1) = 22(B. 1)?

ACR)) 1 zh@. 1) 1
= e dp — @ d
/zl(a, TEEIT AT .[22(06, n—26.0 " Len "

1 2, 1) = 22 (a, 1) ( 1 )
=(C,  —-C 0, I s e C Og———— ),
€ ZZ)( “ om)) 2, 1) 2\ @)




MATHEMATICAL ANALYSIS OF VORTEX SHEETS 127

and
(—Z(I),/Z}S +z§/z%)z%
(22(a, 1) — 22(B, 1))?
_ / (- za/zﬂ +za/zﬂ +ln(za/zﬂ) —ln(za/zﬂ))zﬂ a8
(22(a, 1) — 22(B, 1))?
Inz 1—lnz —lnz —|—1nz 2 2 2
o o B B 2 2 (o, 1) z(ﬁ,t)))

(@0 — 2B, D22 1) ( ¢ ’t)z"‘(“’t”( «—f >

Therefore for fixed ¢ € [0, T'],

/ (Fi = F) (e ) dat

172 1/2
< c(/ (Vi = Va)(a, t)|4doe> (/ 19 V1 (a, f)|4d0‘>

b/
—2|D|(lnza1 —Inze?) +

e (/’(W— Vi) (e, r)—l(gw VD (B. 1) dﬁ></’v2(a H— Zz(ﬂ») zdﬂ>da
+C </‘(V2_V1)(0l D~ (V2= V)(B.1) dﬂ)(/ Vi(e. 1) = Vi(B.1) zdﬂ>da
- B oa—p
+elIDIV2(Va = VDG DI gy 180 VI DI -
From here (7.17) follows similarly as in (7.14). O

7.1 Linear Equation

Some versions of Lemmas 7.5 through 7.7 are classical results in linear PDEs
and may be found in [6].
Consider first the linear equation

u,+a|lDlu —ediu=f
u(~,0)=u0
inR x [0, T], where |D| = Hd, = |0y], € > 0.

Lets > 0. We use the notation that |u|gs®) = (||u||L2(R)
u € H*(R) and |u|gog) = llull 2®). We have the following:

(7.18)

+ D ul /2 for

LZ(R))

LEMMA 7.5 Let e > 0, T > 0, and uy € H?*(R). Assume that a — 1 €
L>([0, T], H¥*(R)) and f € L*([0, T], H'(R)). Then the initial value problem
(7.18) has a unique solution u € C([0, T], H*(R)) N L*([0, T, H3(R)).

PROOF: Let € > 0. We know that for any given f € Lz([O, T1], HI(R)) and
ug € H?(R), the initial value problem
u, —€dlu=f
u(a, 0) = uo(a)

has a unique solution u € C([0, T], H*(R))NL?([0, T], H*(R)) such that for each
t €0, T],
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t
2 — 2
(719) |u(7t)|H2(R)+6/ et t|8au('vt)|H2(R)dT
0
t
2 - 2
S €I|MQ|H2(R) +C/ et r|f(',‘[)|H1(]R) dT
0

where ¢ = max(1, 1/€). We solve the initial value problem (7.18) using the fixed
point theorem. Let u’(a, t) = uo(e) for t € [0, T]; we construct a sequence u’
through

ultt = €2u/t = f —a|D|u/
u(a, 0) = up(e).

Therefore u/ € C([0, T], H*(R)) N L2([0, T, H*(R)) and

@t —ul), — 0™ —ul) = —a| D! —u’™)
@/t —ul)(-,0) =0.

Applying (7.19), we get
t
@ = u) (- D g, + 6/0 ¢ TN0, Wt —w) (-, D, dT
t
< c/ ¢~ lalDIw! — (-, D)1 dT
0
t
< / I(uj - uj_l)( T T)|§‘12(R) dr.
0

Here in the last step we applied Lemma 7.1(i). The constant ¢; depends on
la — 1l Lo 0. 77, m3/2r)) and c. This shows that u/ is a Cauchy sequence in

C([0, T1, H*(R)) N L*([0, T1, H>(R)).
Therefore, there is a function
u e C([0,T], H*(R)) N L*([0, T, H*(R))

such that u/ — wu in C([0, T, H*(R)) N L?([0, T], H*(R)). The uniqueness can
be obtained similarly; we omit it. This proves Lemma 7.5. O

LEMMA 7.6 Let e > 0, T > 0, and ug € H3/2(]R). Assume that a — 1 €
L>®([0,T1, H¥*(R)), f € L*([0,T], H'(R)), and a > cy for some constant
co > 0. If for some real number s,

ue L=(0,T], H*R) nC'(0, T1, H (R)) N L*([0, T, H*(R))
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and €|DPu € LR x [0, T)) is a solution for (1.18), then u € C([0, T],
H32(R)), and foreveryt € [0,T], j =0, 1,

t
2 — i+1 2
Dy + o [ B DI
0

t
(720) + 26 / eK(Z_T)Iaau( ) T)|§—[./+I/2(R) d‘[
0

2 t
2 - 2
S eKt|uO|Hj+1/2(R) + (1 + c ) f eK([ T)If( ) T)|Hf(]R) dt
0 0

2

where k = c(|la — 1||L°°([O,T],H3/2(]R))

+ 1) and c is a constant depending on cy.

PROOF:

Step 1. Assume that the solution u € C!([0, T], H'°(R)). From equation
(7.18), we have

%f\wﬂ/z(aau(a, )|’ de
(7.21) =2/ | D|9gu (e, 1) (gu(e, 1)), der
= 2[(683,” — a|D|3qu)| D|dgu do +2f(8af — 34a|D|u)|D|dgu da.
Therefore
%/||D|1/2(8au(a, )|’ da

+26/ IDPu(a, t)|2da+2fa|a§u(a, 1* da

< Co/ 102u (e, 1)|* dot

o) ) 1/2 12
+—f|8af|2da+—(f|8aa|4da> (/|ao,u|4da)
€o Co

< CO/ 102u(a, t)|* da

(7.22)

2
2 2 2
+ c [ |30lf| dO{ + C] ||a||L°°([0,T],H3/2(R))Iu( ) l)|H3/2(]R)'
0

Here in the last step, we applied Lemma 7.1(i). The constant ¢; is universal. We
also have from (7.18) that

d
E/“DP/ZM(O[, 0| da =2/|D|u(oz, Du, (o, t)da

=2/(ea§u—a|D|u)|D|uda+2/f|D|uda;
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therefore
d 12 2 3/2 2
T [IDI"u(e, t)|” do + 2¢ [ |IDI?u(e, 1) do
(7.23) +2/a|8au(oz, N do
Co 2 2 2
=3 |0g (e, )| da + o | f (o, )|" dex
and

d
Ef|u(a, t)|2doz+26/|8au(oc, NH*da

(7.24) = 2/ u(a, t)(u, (o, t) — eagu(a, ))da = 2/u(—a|D|u + fda

2llallje
< (l—l-w)flulzda—l—/Iflzda—l—%oflaaulzdoz.
€o

Summing up (7.22) and (7.24) and then (7.23) and (7.24), we get, for j =0, 1,

d .
Z G D gy + 260010 D1y + coll (Dl
(7.25)

2
< «lul, D + (1 + C—)If( D hig)
0

where k = C2(”a||i°°([0,T],H3/2(]R)) + 1) and ¢; is a constant depending on c¢y. In-

equality (7.20) follows from (7.25) through a standard ODE procedure.

Step 2. Assume that u satisfies the assumption of Lemma 7.6. We claim that
u(-,t) € H>(R) for each t € [0,T]. From u € L*([0, T], H*?*(R)), we
know that u(-,t) € H¥*(R) for a.e. t € [0, T]. On the other hand, from u €
C'([0, T, H*(R)) for some s € R, we have u(-,1) — u(-, ty) weakly in H*(R)
ast — toin [0, T']. For any given ty € [0, T, take a sequence ¢; € [0, T'] such that
u( -, t;) forms a bounded sequence in H 3/2(R) and t; = tyas j — o0o. The weak
limit u( -, fp) of the sequence u( -, t;) is also in H 3/2(R). This proves our claim.

Let ¢ € C°(R) and ¢’ (a) = (1/8)¢(a/8). We have u x ¢° € C'([0, T],
H'9(R)) and u * ¢° satisfies

(7.26) (u*¢®),+alD|(ux¢®)—€d;(ux¢®) = fx¢°+a|D|(ux¢®)—(a|D|u)x¢’.

Notice that a|D|u, a|D|d4u, d,a|D|u € L*(R x [0, T]), so

T
| V1Dl £ ') = alDluC 0 e~ 0
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as § — 0. On the other hand,

T
8 2
/0 aIDI(u @ (- 1) — alDlu(- , )
T
(727) S 2”“”%°°(R><[O,T])/(; |(l/£ * ¢6( ) t) - l/l( ) t))|%.]2(R) dt

+ 2/ |0ga|D|(u * ¢°(-, 1) —u(-, )| dadt.

Apply Holder’s inequality and Lemma 7.1(i) to the last term in inequality (7.27),
we get

T
/0 || D% ¢*(-. 1)) — al Dlu(- . 1) 2 g, di — 0

as § — 0; therefore

T
(7.28) / |(@|Dlu) % ¢°(-, 1) —alD|(u % ¢° (-, )71 5 dt = 0
0

as§ — 0.
Let f = f % ¢° +a|D|(u * ¢*) — (a|D|u) * ¢°. Applying the result in Step 1
to u * ¢°, we get

t
u* (- D@ + 0 f TN Uk (-, DT dT
0
t
(129 +2e /O 0k (-, D1y A7

2 r
< €'fug * ¢5|12L[j+1/2(R) + (1 + C_) / e ¢ T)|f( S T)l%{f(R) dt.
0 0

Let 5§ — 0 on both sides of (7.29); we get (7.20) for every ¢ € [0, T'].
We now prove that u € C([0, T], H**(R)). Applying (7.21) and (7.24) to
u * ¢° and (7.26), we get

Llx g 0P
di u Pl gsie )

8 2
(730) = 26|8Olu*¢ ('7t)|H3/2(]R)

+ Qllall e rxio.r + Dogu + ¢° (- Dl 2y + clu % ¢° D5,

12
+ |f|H1(R)’

where c is a constant depending on [la — 1| L0, 77, m3/2(r))- Integrate both sides of
(7.30) with respect to ¢ from #j to ¢, and then let § — 0. We obtain

/ g(t)dt

2 2
||u(',t)|H3/z(R) — lu(-, t0)|H3/2(R)| =
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for some g € L'[0, T]. This proves that |u(-,t)|§13/2(R) — |u(-,t0)|i,3/2(R) as

t = toin [0, T']. Since u(-,t) — u(-, to) weakly, therefore

lu(-, 1) —u(-, t0)|?.13/2(R) -0
ast — tpin [0, T']. O
LEMMA 7.7 Assume that a > cq for some constant co > 0, a — 1 € C([0, T],
H32(R)), and f € L*([0, T], H'(R)) N C([0, T1, H'/>(R)). Let uy € H*?*(R).
Then the initial value problem
u, +a|Dlu=f

(7.31) {u(-,O):uo

has a unique solution u € C([0, T, H*(R)) N C'([0, T, H'/>(R)) N L*([0, T1,
H*(R)).

PROOF: Notice that (7.31) is the same as (7.18) with ¢ = 0. Let ¢ > 0,
u¢ € C([0, T], H*(R)) N L2([0, T, H*(R)) be the unique solution of
ué +a|Dlu¢ — €du¢ = f

(7.32) {u€(~,0) —p

From equation (7.32), we know u¢ € C'([0, T], L*>(R)). From (7.20), j = 1, we
have that {u€ : € > 0} is a bounded setin C ([0, T'], H*/>(R))NL*([0, T], H*(R)).
Now

u€ —ud); + a|D|(€ — u®) — €32 — u®) = (€ — 8)02u®

W —u®)(-,0) = ug * ¢ — ug * ¢°.

Applying (7.20), j = 0, to u — u®, we have

t
8 2 - 8 2
|(M6 —u )('at)lHl/Z(R) +Cof eK(t T)”aa(uf —u )(7 T)”LZ(R) dt
0

t
< elug * (¢ — )31, + cl€ —8)° // 10;u’ (o, D) da dT.
0

Therefore u¢ is a Cauchy sequence in C([0, T], H'/>(R)) N L2([0, T], H'(R)),
and there is a u € C([0, T1, H/*>(R)) N L?([0, T1, H'(R)) such that u¢ — u in
C([0, T], H2(R)) N L*([0, T], H'(R)) as € — 0.

Letting ¢ — 0 in (7.32), we get u is a solution of (7.31). Moreover, from
(7.31), we get u € C'([0, T], H~'(R)) (because a|D|u = d,(aHu) — d,aHu).
On the other hand, since {u€ : € > 0} is a bounded set in C ([0, T], H**(R)) N
L*([0, T], H*(R)) and u is the weak limit of u€, we have

u € L%([0, T1, H2(R)) N L*([0, T], H*(R)).
From Lemma 7.6 and equation (7.31), we obtain

u e C(0,T], H*(®R)) nC([0, T1, H'*(R)).
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This proves the existence of solutions of (7.31). The uniqueness follows from
(7.20). O

7.2 The Quasi-Linear System (7.5)—(7.3)

We now prove that the quasi-linear system is solvable for a finite time period
[0, T for any given w(x, 0) = wo(er) € H>?(R). We will use the iteration method
and the fixed point theorm.

THEOREM 7.8 Assume that wy € H¥*(R). Then thereisa T = T(lwll g3rm) >
0 such that the quasi-linear system (7.5)—(7.3) has a solution

V e C(0,T], H¥*(R)nc' (o, T], H/*(R)) N L*([0, T1, H*(R))

satisfying w(-,0) = wo(-). Moreover, Inz, = V /(1 +i) defines a chord-arc
curve 7 = z(a, t) for each fixed t € [0, T], and there are constants m, M > 0
independent of t such that

mla — B| < |z(a,t) —z(B, )| < Mo — B| fora,B eR, t €][0,T].

We prove by iteration. Notice that system (7.5) consists of two evolutionary
equations, a forward equation for w and a backward equation for v, while only the
data w(-,0) = wy is given. Therefore we are allowed to prescribe data for v at
some later time t = T (T to be determined) and solve for v backwards.

Let vy € H*?(R) be such that
vr +iwy

Ing, =
ng 1+

defines a chord-arc curve & = & (), with

(7.33) molee — Bl < |§(a) — E(B)| = Mola — Bl, o, B €R,

for some constants mg, My > 0. There are many choices of vy, one of which is
vy = wy. In this case, we have In&, = wy; that is, In&, is a real-valued function
in H*?(R) c L*®(R). So & = &(a) is a straight line satisfying (7.33). We want to
solve system (7.5)—(7.3) with

(7.34) w(a,0) =wo(a), v, T)=vr(@), ack,
where T > 0 is to be determined. Assume
(7.35) lwoll w3zwy < N, llvrllgsrw < N.

Let

be the Poisson kernel. Take

(7.36) Vo= +iw’ = PT " xvr +iP xwy forte[0,T].
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We have V° € C([0, T1, H**(R)) N L*([0, T], H*(R)) and

t
1
A/wﬁ”wJdehsEmDW%ﬁ;®+MDW%m@®QfN%
|V0( i t)|H3/2(R) < |vT|H3/2(R) + |w0|H3/2(R) < 2N fort e [0, T]

Let 2% = z%a, 1) be defined by (1 + i)Inz,’(a, 1) = VO(a, 1) for (a,1) €
R x [0, T]. Notice that we need one more bit of information such as z°(0, #) to
completely determine z°(c, t). We have

Inz,%(ex, t) = In&, () + b(a, 1)
where b (a, 1) = [(1 — i) /2](0°(a, t) — v7 () +i(w'(a, 1) — wo(@)). Notice that
(7.37) | fllze® < 2|f1m3rm)

for any function f defined on R. Therefore from well-known properties of the
Poisson kernel, we have for ¢ € [0, T'],

0 Lo 0
IReb™ (-, D)o = E(IIU —vrllze + |lw” — woll L)
< llvrllLee + llwollL= < 4N,
and from Lemma 7.1(ii) and Plancherel’s theorem,

15°C-, 1) lBMoGR)

<Jm (
L2(R)

t
= ﬁ(HwW{/ aPT 5 % vp ds)
T L2(R)

t
+ H|D|1/2<f 9, P* wods> )
0 L2(R)

< VT (vrlgsrg + lwolgsrg) < 24/TNT.

In the above we used Plancherel’s theorem and the Fourier transform to estimate
V0 and »°.
If

(7.38) 0<T<T =

|D|'2(°(-, 1) — vr)

+mmmWMwﬂ—me®>

mg
4NM0€8Nﬁ’
we have ||p°( -, Dllsmom®) < mo/(2MyedV) for t € [0, T]. From Lemma 7.2(i), we
know z° = z%(e, ) is a chord-arc curve with

lm()
3N +6’4NM0)|05 — Bl

564_N|°‘ — Bl < 12%a, 1) —2°B, )| < (
fora, B e R, t € [0, T].

From now on, we assume T satisfies (7.38).
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We construct a sequence of functions
V/i=v/ +iw/ € C(0, T], H*®R)) N L*([0, T], H*(R))

by solving

v/t — ol | DIt = ]
(7.39) w/ ! + o/ | Djw/ ! = —f]

U'i+1('a T) == vT(')v wj+1('70) — wO(')»
where o/ = a(V/) and F/ = f{ +i fé = F(V/) are as defined in (7.3). We want
to show that there is 0 < T = T (N) < T; such that for all j > 0,

j 2 2
sup |VJ("I)|H3/2(]R) §8N )
te[0,T]

(7.40) T
//|a§vf(a, N> dadt < 16N?eV,
0

and (1+i)lnz,’ (o, 1) = VI (e, t) defines a chord-arc curve z/ = z/ («, 1) for fixed
t € [0, T] (with the freedom of choosing z/ (0, ¢)) such that

m . . m
(741 gple =Bl <12/ @) = (B.0)] < (26—6°N +e6NMo)|a — Bl

fora, B e R, t € [0, T].

We know VO satisfies (7.40)—(7.41). Assume that (7.40)—(7.41) holds for V/. From
(7.37) and (7.40),

. 1 S 1
(7.42) a/ = 56_(vj+w]) = Ee_SN = 9.

So from Lemmas 7.3 and 7.7, V/*! exists in
C([0, T1, H¥*(R)) N C'([0, T1, H'*(R)) N L*([0, T1, H*(R)).

We want to show that (7.40)—(7.41) also holds for V/*! forsome0 < T = T(N) <
T;. From Lemma 7.6, we have

t
|wf+1(-,t)|§,3/z(R)+co/0/|a§wf+1(a, )| dadrt

2 t .
. ) e 2
< e".ff|w0|H3/2(1R<) + (1 + C_o) fo et T)h(é(" Dl w dt

and

T
j+1 2 2. j+1 2
|U]+ (7t)|H3/2(]R) +C0/ / |aavj+ (Ot, T)| dOld‘L'
t

(- 2 Lot
< eKj(T t)|vT|%—]3/2(R) =+ <1 + C—) / eKj(T l‘)|f{( , T)ﬁl](R) dt
0 t
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where k; = c(|la/ — 1||im([0 TLE®) + 1), and from (7.10) and (7.40), x; < k(N)

for some constant « (N) depending on N. Therefore,

T
2v7j+1 2 N)T 2 2
o [ [ 12074 e decdt = O Qs + o ey
0

2 ro
+ (1 + —)e“””/o /(D) )

€o
Let
(7.43) L= 02
Kk(N)
Applying (7.11), (7.12), (7.40), and (7.42) to |F/(-,t)|? and taking ¢ =

H(R)’
c(% /[8(co + 2)] in (7.12), there is a constant c;(N) depending on N such that for
0 < T <min{T, T»},

2 T ,
(1 + —)ek(N)T/ |f"(',t)|12qn(R) dt
co 0

1 r .
< (N)T + Zcof / 102V (a, t)|* da dt.
0
Let
2N?
ci(N)
We obtain that for 0 < T < min{T, T, T3},

T
CO//|8§Vj+l(a, N*dadt < 8N2.
0

(7.44) T; =

Moreover,
i+1 2 i+1 2
sup |wj ( s t)|H3/2(R) + sup |wj ( 5 t)|H3/2(R)
0<t<T 0<t<T

N)T 2 2
S eK( ) (|w0|H3/2(R) + |vT|H3/2(R))

2 k(N)T ! j 2 2
+(1+C—O)e<> /0 |F7 (D)l dt < 8N

This proves that for 0 < T < min{T, T», T3}, V i+l satisfies (7.40).
We now consider (7.41). We have

Inz/t! = T’(UHI Fiwthy = Ing, + b,

where
1—1i

= (@ —vp) +i (@ —wp))

1—i o ro
= (—/ vg+1(.,r)dr+i/ w;“(-,r)dr).
2 t 0

pitl
(7.45)
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Therefore for 0 < t < T < min{Ty, T», Ts},

||Rebj+l('st)||L°°(]R)

o1 Dl + llorllzes + w1 ) + lwoll )

IA

1
(7.46) . i+1 i+1
ST D psee) + vrlmem) + 1w (L Dl psem) + 1 wol parw)

< O6N.

On the other hand, we know from (7.39) that there is a constant c(N) depending
on N such thatfor0 <t < T < min{T\, T», T3},

0/ D e < 1FCL D e + 101D G D e < eV,
and

! G Dlmegy < 1F L 0lmee + 16 [DIw ™ ¢ Dlgieg < e(N).
Here we used Lemma 7.3 and Lemma 7.1(iii). Therefore
(747) 167 Dllsmoa < V2 IDIZH7 (-, D)l 2wy < 20T Te(N).
Let
— mo

4 /mwc(N)Moe'2N”

From Lemma 7.2(i), we have for fixed t € [0, T], 0 < T < min{Ty, T», T3, T4},
that z/*! = z/+!(w, 1) is a chord-arc curve, with

(7.48) Ty

Seov | = Bl = 1M @, — (B, D)

m
< <2e—6(jv +e6NM0)|a —B| fora, B eR.

This proves that z/*! satisfies (7.41). Therefore (7.40) and (7.41) hold uniformly
for {V/ : j > 0}.
We now consider the convergence of the sequence V7. From

W =), — o/ ID|@ o) = — ] + (@] — o/ DD = f]
(/! —w), + o/ D/ —wl) = —f + 7 = (@) —a/ DDl =
(vj+1 —U])(,T) =Oa (wj+l _w])(’o) :()7

we apply Lemma 7.6. We have for 0 < ¢ < min{T}, T3, T3, 14},

t
@ = w))( D +C0// 10 (W' — w/) (@, D) da dr
0

52<1+3) //|fzj(a,t)|2dozdr,
o 0
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and

T
I@HJ—U”V»Q@m@f+%/:/WAW4“—WerN%Mdf
t

2 L
52(1+—>//|f{(a, )|*dadr.
Co t

Therefore for 0 < T < min{Ty, 1>, T3, T4},

sup |0/ = 0)) (-, Dy + sUp 1@ =)L D,
[0.7] [0.7]
T . .
+COf/|8a(VJ+1 — Vi) (a, 1) dadt
0

2 T . . . ) .
< 4<1 + —) [ / (FI = FI' + (@ — o/ YDV (@, 1)) da dT
o 0

T
58<1+3)//|(ff—ff—‘)(a, 0)|? da dt
[&0] 0
2 T S 1/2
+8<1+—><[/|(a! —a1_1)|4dozdr)
(&0} 0
T . 1/2
.</f}|D|VJ}4dadr> .
0

In order to apply Lemma 7.4, we need to check that assumption (7.15) of
Lemma 7.4 is satisfied. Let

(7.49)

Inzl (e, t;0) =Inzl(a, 1) +0(nzt —Inz)) (e, 1)
=In& (o) + (1 —0)b/ (a, 1) +0b T (a, 1)
where b/ is as in (7.45). From (7.46) and (7.47) we know that
IRe((1 — 0)b7 (-, 1) + 067 (-, )l 1y < 6N
and
(1= 0)b/ (-, 1) + 06/ (-, Dllpmow) < 24/TTc(N).
Therefore from Lemma 7.2(i), we know for 0 < ¢ < min{Ti, T», T3, T4}, assump-
tion (7.15) is satisfied, with m = mo/(2¢®™) and M = m/(2e%V) + N M,
We now apply Lemma 7.4 to (7.49), taking ¢ = cg/(16(c0 4+ 2)) in (7.17). We
get, for some constant ¢(N) depending on N,

sup [/ T =) DR+ sup [T — w02,
[0.T] H/2(R) [0.T] HU/2(R)

T . .
+CO/ f|3o¢(V]Jrl — Ve, 1) dadr
0

1 T - . ; i
< Ecofo f|aoc(v1+l — V)@ 0P dadt + e (N)T sup 1(V/ = v DD
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Let
7.50 Ts = d T =min{T, D, Tz, T4, Ts}.
(7.50) 5= 20 an min{Ty, 1>, T3, Ty, Ts}
We obtain
T
sup |(V/T — Vi)(.,t)ﬁ{l,z(R) —1—00/ / 10, (VI — Vi, T) > da dT
[0,T] 0

1 r ) )
< 5a f f 9 (VI = Vi) (e, 1) da d
0

+ % sup [(V/ = VIO (L D g-
[0,T]
Therefore V/ is a Cauchy sequence in C ([0, T'], H'/>(R)) N L*([0, T], H'(R))
and converges to a limit V e C([0, T], H'/?(R)) N L?([0, T], H'(R)) as j — oo.
Since V/ is a bounded sequence in C([0, T], H¥*(R)) N L?([0, T], H*(R)), and
V is also the weak limit of V/, we have

V e L¥([0, T1, H¥*(R)) N L*([0, T1, H*(R)).

Furthermore, 7/ (a, t) — z/(0, t) is a Cauchy sequence in C([0, T], Hfo/cz(R)) and

converges to a limit z(a, 1) — z(0, t) in C([0, T1, H.*(R)). From (7.41), we know

loc

z = z(a, t) is chord-arc for each fixed ¢ € [0, T'] and satisfies

Sl = Bl = Iz 1) = 2(.1)

E(ﬂ+36NMO>|O[—ﬂ| fOl‘Ot,ﬂER, tE[O,T]
26N

Moreover, (1 +i)lnz, = V.

From (7.39) we let j — oo and apply Lemma 7.4. We conclude that V =

v + iw is a solution of the quasi-linear system (7.5)—(7.3) satisfying data (7.34).
Therefore V, = a|D|V + F, or equivalently,

1 —Zo(a, 1) +2zp(B, 1)

2mi Zo (0, 1) (z(a, 1) — z(B, 1))?

(7.51) olnz, = dp

Notice that

~Ka ’ t ) t 1
Za(a, 1) + z5(B 2)dﬁ:a‘x/ J
(z(a, 1) — z(B, 1)) z(a, 1) — z(B, 1)
Since Inz, € C([0, T], H'/>(R)), using Lemma 7.2(ii), one may easily verify that

/ 1 dﬂzf zg(B, 1) ( 1 —1)d,3
z(a, 1) — z(B, 1) z(a, 1) —z(B, 1) \zp(B, 1)

is in C([0, T, L>(R)). Therefore V = (1 + i)Inz, € C!([0, T], H~'(R)). Using
Lemma 7.6, we conclude that the solution

vV e C(0,T], H*®R) nclqo, T1, H/*(R)) N L% ([0, T1, H*(R)).

8.
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This proves Theorem 7.8.

Notice that (7.51) is equivalent to (1.6), since we may obtain (1.6) by multi-
plying z, on both sides of (7.51) and then integrating with respect to . Therefore
a solution of the quasi-linear system (7.3)—(7.5) is also a solution of (1.6). This
proves Theorem 1.4.

Acknowledgments. Financial support provided in part by National Science
Foundation grants DMS-0100204 and DMS-0400643 and the Radcliffe fellowship.

Theorems 1.2, 1.4, and 1.5 were announced in [50]. I would like to thank the
referee for going through this long paper and the many very helpful suggestions on
improving the writing.

Bibliography

[1] Bergh, J.; Lofstrom, J. Interpolation spaces: an introduction. Grundlehren der Mathematischen
Wissenschaften, 223. Springer, Berlin-New York, 1976.
[2] Birkhoff, G. Helmholtz and Taylor instability. Proc. Sympos. Appl. Math., Vol. XIII, 55-76.
American Mathematical Society, Providence, R.I., 1962.
[3] Caflisch, R. E.; Orellana, O. F. Long time existence for a slightly perturbed vortex sheet. Comm.
Pure Appl. Math. 39 (1986), no. 6, 807-838.
[4] Caflisch, R. E.; Orellana, O. F. Singular solutions and ill-posedness for the evolution of vortex
sheets. SIAM J. Math. Anal. 20 (1989), no. 2, 293-307.
[5] Calderén, A.-P. Cauchy integrals on Lipschitz curves and related operators. Proc. Nat. Acad.
Sci. U.S.A. 74 (1977), no. 4, 1324-1327.
[6] Chazarain, J.; Piriou, A. Introduction to the theory of linear partial differential equations. Stud-
ies in Mathematics and Its Applications, 14. North-Holland, Amsterdam-New York, 1982.
[7] Christ, M. Lectures on singular integral operators. CBMS Regional Conference Series in Math-
ematics, 77. American Mathematical Society, Providence, R.I., 1990.
[8] Coifman, R. R. Topics in nonlinear analysis. Lecture notes by M. Murray. Yale University, New
Haven, Conn., 1982.
[9] Coifman, R. R.; Fefferman, C. Weighted norm inequalities for maximal functions and singular
integrals. Studia Math. 51 (1974), 241-250.
[10] Coifman, R. R.; Jones, P. W.; Semmes, S. Two elementary proofs of the L? boundedness of
Cauchy integrals on Lipschitz curves. J. Amer. Math. Soc. 2 (1989), no. 3, 553-564.
[11] Coifman, R. R.; McIntosh, A.; Meyer, Y. L’intégrale de Cauchy définit un opérateur borné sur
L? pour les courbes lipschitziennes. Ann. of Math. (2) 116 (1982), no. 2, 361-387.
[12] Coifman, R.; Meyer, Y. Lavrentiev’s curves and conformal mappings. Report no. 5. Institut
Mittag-Leffler, Djursholm, Sweden, 1983.
[13] Coifman, R. R.; Meyer, Y. Nonlinear harmonic analysis, operator theory and P.D.E. Beijing lec-
tures in harmonic analysis (Beijing, 1984), 3—45. Annals of Mathematics Studies, 112. Prince-
ton University Press, Princeton, N.J., 1986.
[14] Coifman, R. R.; Rochberg, R.; Weiss, G. Factorization theorems for Hardy spaces in several
variables. Ann. of Math. (2) 103 (1976), no. 3, 611-635.
[15] David, G. Thése de troisiéme cycle. Methématique. Doctoral dissertation, Université de Paris
XI, 1981.

[16] David, G. Courbes corde-arc et espaces de Hardy généralisés. Ann. Inst. Fourier (Grenoble) 32
(1982), no. 3, xi, 227-239.



MATHEMATICAL ANALYSIS OF VORTEX SHEETS 141

[17] David, G. Opérateurs intégraux singuliers sur certaines courbes du plan complexe. Ann. Sci.
Ecole Norm. Sup. (4) 17 (1984), no. 1, 157-189.

[18] David, G.; Journé, J.-L. A boundedness criterion for generalized Calder6n-Zygmund operators.
Ann. of Math. (2) 120 (1984), no. 2, 371-397.

[19] David, G.; Journé, J.-L.; Semmes, S. Opérateurs de Calderén-Zygmund, fonctions para-
accrétives et interpolation. Rev. Mat. Iberoamericana 1 (1985), no. 4, 1-56.

[20] Delort, J.-M. Existence de nappes de tourbillon en dimension deux. J. Amer. Math. Soc. 4
(1991), no. 3, 553-586.

[21] DiPerna, R. J.; Majda, A. J. Concentrations in regularizations for 2-D incompressible flow.
Comm. Pure Appl. Math. 40 (1987), no. 3, 301-345.

[22] Duchon, J.; Robert, R. Global vortex sheet solutions of Euler equations in the plane. J. Differ-
ential Equations 73 (1988), no. 2, 215-224.

[23] Ebin, D. G. Ill-posedness of the Rayleigh-Taylor and Helmholtz problems for incompressible
fluids. Comm. Partial Differential Equations 13 (1988), no. 10, 1265-1295.

[24] Evans, L. C. Partial differential equations. Graduate Studies in Mathematics, 19. American
Mathematical Society, Providence, R.I., 1998.

[25] Journé, J.-L. Calderon-Zygmund operators, pseudodifferential operators and the Cauchy inte-
gral of Calderon. Lecture Notes in Mathematics, 994. Springer, Berlin, 1983.

[26] Kambe, T. Spiral vortex solution of Birkhoff-Rott equation. Advances in fluid turbulence (Los
Alamos, NM, 1988). Phys. D 37 (1989), no. 1-3, 463—473.

[27] Krasny, R. Desingularization of periodic vortex sheet roll-up. J. Comput. Phys. 65 (1986), 292—
313.

[28] Krasny, R. A study of singularity formation in a vortex sheet by the point-vortex approximation.
J. Fluid Mech. 167 (1986), 65-93.

[29] Krasny, R. Computing vortex sheet motion. Proceedings of the International Congress of Math-
ematicians, Vol. 1, 1I (Kyoto, 1990), 1573—-1583. Mathematical Society of Japan, Tokyo, 1991.

[30] Ladyzhenskaya, O. A. Solution “in the large” of the nonstationary boundary value problem
for the Navier-Stokes System with two space variables. Comm. Pure Appl. Math. 12 (1959),
427-433.

[31] Lebeau, G. Régularité du probleme de Kelvin-Helmholtz pour 1’équation d’Euler 2d. Sémi-
naire: Equations aux Dérivées Partielles, 2000-2001, Exp. No. 11, 12 pp. Séminaire: Equations
aux Dérivées Partielles. Ecole Polytechnique, Palaiseau, France, 2001.

[32] Liu, J.-G.; Xin, Z. P. Convergence of vortex methods for weak solutions to the 2-D Euler equa-
tions with vortex sheet data. Comm. Pure Appl. Math. 48 (1995), no. 6, 611-628.

[33] Lopes, M. C.; Lowengrub, J.; Nussenzveig Lopes, H. J.; Zheng, Y. X. Numerical evidence for
nonuniqueness evolution for the 2D incompressible Euler equations: a vortex sheet example.
Preprint, 2000.

[34] Lopes, M. C.; Nussenzveig Lopes, H. J.; Schochet, S. A criterion for the equivalence of the
Birkhoff-Rott and Euler descriptions of vortex sheet evolution. arXiv: math.AP/0502215.
Preprint, 2005.

[35] Marchioro, C.; Pulvirenti, M. Mathematical theory of incompressible nonviscous fluids. Ap-
plied Mathematical Sciences, 96. Springer, New York, 1994.

[36] Meiron, D. I.; Baker, G. R.; Orszag, S. A. Analytic structure of vortex sheet dynamics. I. Kelvin-
Helmholtz instability. J. Fluid Mech. 114 (1982), 283-298.

[37] Moore, D. W. The spontaneous appearance of a singularity in the shape of an evolving vortex
sheet. Proc. Roy. Soc. London Ser. A 365 (1979), no. 1720, 105-119.

[38] Moore, D. W. Numerical and analytical aspects of Helmholtz instability. Theoretical and ap-
plied mechanics (Lyngby, 1984), 263-274. North-Holland, Amsterdam, 1985.



142

[39]

[40]

[41]

[42]
[43]

[44]
[45]
[46]
[47]

[48]
[49]

[50]

[51]

[52]

S. WU

Pullin, D. I. The large-scale structure of unsteady self-similar rolled-up vortex sheets. J. Fluid
Mech. 88 (1978), no. 3, 401-430.

Pullin, D. I. On similarity flows containing two-branched vortex sheets. Mathematical aspects
of vortex dynamics (Leesburg, VA, 1988), 97-106. SIAM, Philadelphia, 1989.

Pullin, D. L; Phillips, W. R. C. On a generalization of Kaden’s problem. J. Fluid Mech. 104
(1981), 45-53.

Rott, N. Diffraction of a weak shock with vortex generation. J. Fluid Mech. 1 (1956), 111-128.
Saftman, P. G. Vortex dynamics. Cambridge Monographs on Mechanics and Applied Mathe-
matics. Cambridge University Press, New York, 1992.

Scheffer, V. An inviscid flow with compact support in space-time. J. Geom. Anal. 3 (1993),
no. 4, 343-401.

Shnirelman, A. On the nonuniqueness of weak solution of the Euler equation. Comm. Pure
Appl. Math. 50 (1997), no. 12, 1261-1286.

Stein, E. M. Singular integrals and differentiability properties of functions. Princeton Mathe-
matical Series, 30. Princeton University Press, Princeton, N.J., 1970.

Sulem, C.; Sulem, P-L.; Bardos, C.; Frisch, U. Finite time analyticity for the two- and three-
dimensional Kelvin-Helmholtz instability. Comm. Math. Phys. 80 (1981), no. 4, 485-516.

Van Dyke, M. An album of fluid motion. Parabolic Press, Stanford, Calif., 1982.

Vishik, M. Incompressible flows of an ideal fluid with vorticity in borderline spaces of Besov
type. Ann. Sci. Ecole Norm. Sup. (4) 32 (1999), no. 6, 769-812.

Wau, S. Recent progress in mathematical analysis of vortex sheets. Proceedings of the Interna-
tional Congress of Mathematicians, Vol. IlI (Beijing, 2002), 233-242. Higher Education Press,
Beijing, 2002.

Yudovich, V. Non-stationary flow of an ideal incompressible liquid. Comp. Math. Math. Phys.
3 (1963), 1407-1457.

Yudovich, V. I. Uniqueness theorem for the basic nonstationary problem in the dynamics of an
ideal incompressible fluid. Math. Res. Lett. 2 (1995), no. 1, 27-38.

SUUUE WU

Department of Mathematics
University of Michigan

2844 East Hall

530 Church Street

Ann Arbor, MI 48109

Email: sijue@umich.edu

Received December 2004.



