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SUMMARY

Time series analysis of population abundance is not based on assumptions about the dynamics of
populations, but sometimes the results can be interpreted biologically. At other times the results are di�cult
to interpret. To better understand the results of a time series analysis of a walleye ®sh population, as it
related to the walleye's life history, I compared a time series analysis of walleye ®eld data with a time series
analysis of simulated data from a population dynamics model. In the simulations, the nature of the time
lags could be identi®ed by changing model parameters. The simulations indicated that a partial auto-
correlation coe�cient (PAC) at lag 1 would result from density dependence, that a PAC at lag 5 would
result from the time required for maturation, and that a negative sign at lag 5 would result from high larval
survival. The simulation results help in the interpretation of the PACs obtained in the time series analysis of
®eld data. Copyright # 1999 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Autoregressive models are time series models in which future values of a variable are expressed in
terms of past values of the variable. Autoregressive models are useful for analysis of population
data because future population abundances often are related to past abundances and time lags
identi®ed in autoregressive models often are biologically meaningful (e.g. Moran 1953; Jensen
1976, 1985; Liu and Jensen 1992). However, autoregressive models are empirical statistical
models that are not based on assumptions about the dynamics of animal populations, and
sometimes autoregressive models have been di�cult to interpret biologically (e.g. Moran 1953;
Jensen 1985; Tong 1990). Simulation studies have been applied to study the source of observed
time lags in autoregressive models (e.g. Tong 1990).

In this paper, I used a simulated walleye population to investigate the results of a time series
analysis of the Red Lakes, Minnesota, walleye population for which there was a negative partial
autocorrelation coe�cient (PAC), perhaps corresponding to age at maturity. Time lags in data
generated with the simulation model were manipulated by changing model parameters, and time
lags similar to those observed in the Red Lakes walleye population were generated. Further
analyses of the simulation results identi®ed the ecological process that may have produced the
observed time lags in the Red Lakes walleye data.
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2. RED LAKES WALLEYE POPULATION

The walleye data were catch (in 1000 kg) for the upper and lower Red Lakes ®shery in Minnesota
from 1930 to 1975 (Smith and Pycha 1961; Smith 1977). The walleye data exhibit ¯uctuations
typical of many ®sh populations (Figure 1(A)), where occasional large age classes pass through
the population and produce high abundances for several years followed by lower abundances
(Smith 1977). In the partial autocorrelation function (PACF) for the Red Lakes walleye there is a
large partial autocorrelation coe�cient of 0.55 at lag 1 that is statistically signi®cant and a
smaller PAC of ÿ0.25 at lag 5 that is not quite statistically signi®cant (Figure 1(B)). This same
pattern occurs with other walleye populations and other ®sh species (e.g. Jensen 1985; Liu and
Jensen 1992; Carlander and Payne 1977).

A ®rst order autoregressive model was ®tted to the walleye data giving

Yt�1 � 132�35 � 0�57 Yt �1�

Figure 1. (A) Observed walleye catch (1000 kg) for the Red Lakes, Minnesota, ®shery and values predicted with the
AR(1) forecasting equation. (B) Partial autocorrelation function for the Red Lakes walleye ®shery
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with R2 � 0.31, where Yt is catch (in 1000 kg) at time t. Equation (1) accounts for a fair amount
of the variation in walleye yield and provides reasonable one-year ahead forecasts (Figure 1(A)).
The PAC at lag 5 was not statistically signi®cant (Figure 1(B)), but the length of the data series
was short (n � 45), and the PAC at lag 5 might represent a biologically meaningful reproductive
time lag because the age at maturity of female walleye in the Red Lakes was age 5 (Smith and
Pycha 1961). Walleye data reported by Carlander and Payne (1977) for Clear Lake, Iowa,
indicate a nearly signi®cant negative PAC at lag 4 and walleye matured at age 4 in Clear Lake.
The reason for the negative PACs is not clear.

3. METHODS

A simulation model for walleye populations was used to verify the biological signi®cance of the
PACs identi®ed in the analysis of the Red Lakes data. The simulation model was discussed in
detail by Jensen (1989, 1991). The model combines results from Larkin's (1966) predator±prey
model, Ursin's (1967) bioenergetic growth model, Ivlev's (1961) feeding model, the exponential
mortality model, and the relation between mortality and size proposed by Peterson and
Wroblewski (1984). The model tracks the number of individuals (N) and the mean weight of an
individual in the larval, YOY, and juvenile lifestages, and in 14 age classes of adults. Based on
Winberg's (1956) energy balance equation, Ursin (1967) proposed modelling growth as

dW=dx � Cf1 ÿ exp�ÿsf�Ki ÿ giN2��gWm ÿ kW
n �2�

where C, k, n and m are metabolic parameters, Ki is prey carrying capacity (i � 1; 2; 3; 4 for
larvae, YOY, juveniles and adults), gi measures the impact of the predator on prey abundance
(i ÿ 1; 2; 3; 4 for larvae, YOY, juveniles and adults), N2 is walleye abundance, and sf is a feeding
parameter (Ursin 1967). Reproduction occurs annually, with the number of eggs produced
given by

E�t� � H
Xxv
x�xm

N�x; t�W�x; t�=2 �3�

where H is the average number of eggs per gram of female, xm is age at maturity, xv is the oldest
age attainable,N�x; t� is abundance of age x individuals in the population at time t, andW(x, t) is
the mass of age x individuals at time t. After reproduction the sizes of all reproducing adults were
reduced by the amounts H W(0) W(x, t), where W(0) was egg mass.

The number of larvae hatching after the egg incubation period was s� E(t), where s was the
egg survival rate. Mortality after hatching was modeled with the exponential model

dN�x; t�=dt � ÿZN�x; t� �4�

where N(x, t) was abundance of age x at time t and Z was the instantaneous mortality coe�cient
for ages 5xr. Z consisted of ®shing F and natural mortality M. Natural mortality was related to
®sh size using the equation of Peterson and Wroblewski (1984)

M � aW�x; t�ÿb; �5�
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where a and b were parameters. Observed mortality of larvae was considerably higher than that
calculated with the Peterson and Wroblewski (1984) equation. McGurk (1986) hypothesized that
the higher larval mortality was related to spatial patchiness of larvae, and he obtained reasonable
values for mortality when Peterson andWroblewski (1984) estimates were multiplied with Loyd's
index of patchiness. I applied an approach similar to that of McGurk (1986) and multiplied
Peterson and Wroblewski (1984) estimates with a parameter p. Random variation in abundance
was obtained by adding to p a normally distributed variable with mean zero and standard
deviation 0.20.

Duration of the larval and YOY life stages were relatively short at 0.0822 and 0.75 years, so for
these life stages the model was solved by replacing the di�erential equations with di�erence
equations. For juveniles and adults the equations were solved using Euler's method with a time
interval of 0.1 years. The model was applied using data for the walleye population of the western
basin of Lake Erie, and the parameter estimates are the same as in earlier studies where the
sources of the estimates are given (Jensen 1989, 1991). Estimates of the model parameters are
summarised in Table I.

Simulations of 500 years were done with two di�erent levels of larval survival and ages at
maturity of 4 and 5 years. Larval survival was manipulated by changing the coe�cient of
patchiness p; a high level of survival was obtained with p � 5.50 and a low level of survival was
obtained with p � 6.75. The ®rst 50 years for each simulation were discarded to minimize the
e�ects of initial conditions, and the PACFs were calculated using data for years 51±500.

Table I. Summary of simulation model parameter estimates

Parameter Identi®cation Value

W0 Initial weight (g) 0.0025
h Number of eggs per gram of female 74
xm Age at maturity (years) 4
xv Oldest age attainable (years) 18
xc Age at entry into ®shery (years) 4
F Instantaneous ®shing mortality (yearÿ1) 0.25
p Coe�cient of patchiness 6.50
K1 Carrying capacity of larval food (mg/mÿ3) 200
Ki Carrying capacity of YOY, juvenile, and adult food (mg/m3); i � 2, 3, 4 2000
g1 E�ect of larval on their food 1� 10ÿ6
g2 E�ect of YOY on their food 3� 10ÿ3
g3 E�ect of juveniles on their food 4� 10ÿ2
g4 E�ect of adults on their food 9� 10ÿ2
C Metabolic coe�cient 15
k Metabolic coe�cient 0.60
m Metabolic exponent 0.66
n Metabolic exponent 1
sf Coe�cient in food relation 0.004
s Egg survival (yearÿ1) 0.50
a Coe�cient in Peterson±Wroblewski equation 1.92
b Exponent in Peterson±Wroblewski equation 0.25
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4. RESULTS AND DISCUSSION

Changing age at maturity in the simulations changed the lag at which a signi®cant reproductive
PAC occurred in the yield data, and changing the coe�cient of patchiness p, which changed
survival of larvae, changed the sign of the reproductive PAC. If age at maturity was 4, a
signi®cant PAC occurred at lag 4 (Figures 2(B) and 3(B)) and if age at maturity was 5, a
signi®cant PAC occurred at lag 5 (Figures 4(B) and 5(B)). If larval survival was high (p � 5.5),
the reproductive PAC was negative (Figures 2(B) and 4(B)), and if larval survival was low
(p � 6.75), the reproductive PAC was positive (Figures 3(B) and 5(B)). Hence, the PAC at lag 5
in the Red Lakes walleye data could be a reproductive time lag, and the negative sign would
indicate that larval survival in the Red Lakes was high.

To identify the process that led to the positive or negative sign of the PAC at the reproductive
lag in the simulations, I examined the state variables of the model at year 200 (Table II). The state
variables indicate that when larval survival was high (p � 5.5, Cases 1 and 3), the number of

Figure 2. (A) Simulated walleye yield (1000 kg) with high larval survival and maturity at age 4. (B) Partial autocorrelation
function with high larval survival and maturity at age 4
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recruits to maturity was high, adult biomass was large, the number of eggs produced was large,
the growth coe�cient was low, the asymptotic weight was high, the in¯ection point in the growth
curve occurred at an older age, and food concentrations available to YOY and juveniles were
lower. The above results indicated that when larval survival was high, population densities were
high and food resources were limiting for YOY and juveniles, which led to slow growth of YOY
and juveniles (Table II). Thus, when there was a large population of spawners which produced
many eggs, the high abundance of young resulted in even slower growth and higher mortality for
YOY and juveniles and a lower recruitment to mature adults 4 or 5 years later. This resulted in a
negative reproductive PAC. On the other hand, when larval survival was low, population
densities were low, food resources were not limiting, and YOY and juveniles grew quickly. If a
large population of spawners produced a large number of eggs, the eggs that survived the larval
stage had a high growth and survival as YOY and juveniles, which resulted in a relatively large
recruitment and thus a positive reproductive PAC.

Figure 3. (A) Simulated walleye yield (1000 kg) with low larval survival and maturity at age 4. (B) Partial autocorrelation
function with low larval survival and maturity age 4
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The large PAC at age 1 in the Red Lakes data and in all of the simulations, indicated density
dependent population growth, which can be interpreted in terms of logistic growth about a
carrying capacity. If the logistic equation is linearized near its carrying capacity using a Taylor
series expansion, the di�erence equation form of the resulting equation for population growth is

Nt�1 � rK � �1 ÿ r�Nt; �6�

where r is the intrinsic rate of increase and K is the carrying capacity. Equation (6) is the same as
the ®rst order autoregressive model

Nt�1 � �1 ÿ f�m � fNt � mt �7�

with K � m and r � 1ÿ f where m is the mean of the series, f is the PAC for lag 1, and mt is a
random shock. Thus, data that can be described with a ®rst order autoregressive model also can
be described with the logistic equation. In the simulations, population growth was logistic

Figure 4. (A) Simulated walleye yield (1000 kg) with high larval survival and maturity at age 5. (B) Partial autocorrelation
function with high larval survival and maturity at age 5
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because there were 14 adult age groups in the simulated walleye population which averaged out
variation in recruitment from year to year so that abundance of the population in one year was
related mainly to abundance in the past year; population size changed gradually from year to
year and the best predictor of abundance at year t was abundance at year t±1.

In summary, time lags similar to those observed in the Red Lakes walleye catch data were
generated with the simulation model. Although the simulation results cannot con®rm the source
of the time lags in the Red Lakes walleye, the simulations indicated that a PAC at lag 1 would
result from density dependence, a PAC at lag 5 would result from the time required for
maturation, and a negative sign at lag 5 would result from a high larval survival.

ACKNOWLEDGEMENTS

I thank Kenneth Rose for many helpful editorial comments.

Figure 5. (A) Simulated walleye yield (1000 kg) with low larval survival and maturity at age 5. (B) Partial autocorrelation
function with low larval survival and maturity at age 5
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Table II. State variables at year 200. For case 1, xm � 4 and p � 5.5; for case 2, xm � 4 and p � 6.75; for
case 3, xm � 5 and p � 5.5; and for case 4, xm � 5 and p � 6.75

Variable Case 1 Case 2 Case 3 Case 4

Recruits 883 228 967 100
Biomass (kg) 2513 918 1236 336
Eggs 7.71� 107 3.09� 107 5.08� 107 1.18� 107

K (yearÿ1) 0.21 0.29 0.15 0.30
Winf (g) 6189 5648 7774 5787

In¯ectiona 5.30 3.78 7.33 3.69
M (yearÿ1) 0.43 0.43 0.37 0.39
Larvalb 161 184 174 194
YOYb 422 936 387 978
Juvenileb 415 889 224 938
Adultsb 874 968 938 991

aAge in years at in¯ection of the growth curve.
bFood concentrations in mg mÿ3 for Larval, YOY, juvenile and adults.
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