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Abstract

Similarity solutions of the viscous transonic equation describing source and
source vortex flows have been found. These solutions contain shock-like
transitions from the supersonic to the subsonic branch of the corresponding
inviscid solutions, while the singularity near the sonic point of the inviscid
solutions is shifted to a smaller radius. It is shown that this similarity
solution is identical to the transonic viscous compressible source and sink
flow solutions of Wu (1955) and Sakurai (1958).

§ 1. Introduction

Exact solutions of the equations of two-dimensional inviscid com-
pressible flow for source and source vortex or spiral flow contain
limiting circles at or near the sonic point where the velocity gradient
becomes infinite [1, 2, 3]. No solutions exist inside these limiting
circles. The transonic flow near these limiting circles, where velocity
gradients are large, clearly can no longer be described by an inviscid
theory. Application of a viscous transonic theory [4, 5, 6, 7] to the
flow in the neighborhood of these limiting circles forms the subject
of the present paper.

Two- and three-dimensional source and sink flows of a viscous
compressible fluid have previously been investigated by Wu [8],
Sakurai [9], and Levey [10, 11]. Wu and Sakurai found closed
form solutions of the one-dimensional Navier-Stokes equations
valid in the region of transonic flow. In the present paper the
connection between the general viscous transonic theory and the
special solutions of Wu and Sakurai is shown.

§ 2. The viscous transonic equation
It has been shown [5] that in two-dimensional viscous transonic
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flow the perturbations to the sonic velocity taken in the % direction
satisfy the equation

Uxx —2UUx +-Vy =0 (1)
Uy = Vx, (2)

which has been called the viscous-transonic or V-T equation. The
dimensionless quantities in (1) and (2) are related to the dimensional
coordinates (%, 7) and corresponding velocity components (4%, §) by

X = Ax[n #la* = 1+ eU
Y =AJ@) G + 1) 9y 3)
dlar =eN@ly ~ 1)V

where

A=+ Dt + @ — /Pt

The characteristic dimension % is taken as wp*"/(ea’p*) which is of
the order of the thickness of a weak shock wave, where u*”’, a*,
and p* are the longitudinal or compressive viscosity, the speed of
sound, and the density, all evaluated where the speed is sonic or
critical; ¢ is a small parameter proportional to the deviation of
@fa*, i.e. M*, from the sonic value of unity. Except for the choice
of the characteristic length # and the use of the full Navier-Stokes
equations the derivation of (1) and (2) is identical to the derivation
of the inviscid transonic equation. In fact, as noted previously [5],
Eq. (1) reduces to the inviscid transonic equations if the term Uxx
is deleted.

In the present case it is more convenient to use a dimensionless
stream function y and potential ¢ as independent variables with w,
the speed, and 6, the streamline angle, as the dependent variables.
With ¢ and ¢ (barred quantities are dimensional) defined by

& U= ¢y (4)

f_’ﬁ:‘/—‘.g; po = —; (%)
it can be shown that

$ = ($Ana*) = X+o<>
p = AV B + Df(p*a*n) = Y + O() )

to the same order of approximation as ( 1) and (2). Defining 0 as
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the streamline angle with respect to the undisturbed sonic velocity
a* along the #-axis we have from (3)

9 = tan~1(3fii) ~ e L)y + 1) V. (7)
At the same time since # = @ cos 0 it follows that

w==oa*=1+eW =14 U
so that W = U. :

Upon eliminating V' from (1) and (2) and introducing ¢ and
as independent variables the V-T equation can be written in the

form
W¢¢¢ - (W2)¢¢ + W«/zw = 0. (8)

If a dimensionless angle @ is defined by

6=Vl +1)6
the irrotationality relation (2) becomes
w,=0, %)

In the inviscid case, that is without the term W ,,, Eq. (8) reduces
to the equation considered by Tomotika and Tamada [12] in their
study of inviscid transonic nozzle and spiral flow.

§ 3. Similarity solution for spiral flow

The transformation
W=fS); S=¢+ (10)

introduced in [12] leads to an exact solution of the inviscid transonic
equation which may be interpreted as a spiral flow. The arbitrary
parameter A determines the circulation of the source vortex or
spiral flow while S is a coordinate in the direction of the radius
from the source center. The transformation (10) is also successful
in the viscous case and reduces the partial differential equation (8)
for W to the ordinary differential equation

]u// _ (]ez)” + 12]“' =0 (1 1)

for the function /. Equation (11) is readily integrated twice yielding
the Riccati equation

f =4 2% = —C1S + Cs, (12)

where C; and Cgz are constants of integration, and the minus sign
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ahead of C; is chosen for later convenience. Combination of (9),
(10), and (12) yields the expression

@ = if(S) + Cip + Cs (13)

for the angle @, which is valid for both the viscous and inviscid
cases; Cg is again a constant of integration.

The interpretation of the solution (10) as spiral flow requires
further discussion. From the definition of S in (10) and (3) and (6)
it follows that the angle between streamlines, v = const, and the
S-axis is constant and equal to — Ae¥{}(y + 1)}}. With S taken as
a radial coordinate the streamlines then will be logarithmic spirals
described by the equation

In (7/7*) = — (2 — Q) /0eN By -+ 1)). (14)

The polar angle £ is measured with respect to a fixed axis while
0% and 7 are the particular values of 7 and £ at the sonic point
of the streamline of interest. With a given streamline chosen for
reference the angle 6, on the other hand, is measured with respect
to the velocity vector at the sonic point. Fig. 1 shows the distinction
between 6 and £. It should be mentioned that the solution of (8)
presented here describes a family of similar solutions in the same
sense as discussed by [13] in connection with viscous transonic
nozzle flow. In this latter case § ~ &=* for corresponding stream-
lines while d§//d%, the streamline slope, is O(e?). Rather similarly,
in the present case while the angle between the streamline and the
radius is O(et) the deviation angle 6 is only O(ef).
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Fig. 1. The geometry for spiral flow. Angles exaggerated for clarity.




360 M. SICHEL AND Y. K. YIN

- -
N Y
N

# \

b3 \ - Sonic Point

¥=0

_]__‘__,/

Fig. 2. Radial flow; X is taken in the direction of the = 0 streamline
at the sonic reference point.

Purely radial flow corresponds to 4 = 0. Then choosing » = 0
when @ = 0 we have that the constant C3 in (13) will be zero so
that with X taken in the direction of the ¢ = O streamline at the
sonic point as shown in Fig. 2, the deviation angle 6 will be

0 = et/ (D)y + 1) 0 = /(1) (y + 1) C1Y. (15)
Since 6 < 1 it follows that in the neighborhood of the sonic reference
point, shown in Fig. 2, § ~ §/7. Assuming ¥ ~ O(1), C1 ~ O(l)
it then follows from ( 15) that for the present theory to be valid
the radius 7, or distance from the source point, must be O(y/e2).

Essentially the spiral flow solution describes the flow in the
neighborhood of the sonic point on any streamline ¢ = const in
terms of perturbations to the sonic conditions. With ¢ and ¢ as
coordinates the solution may be interpreted as describing the flow
for any arbitrary ¢ in a two-dimensional radially symmetric flow.
With X and Y as independent variables the solution describes the
flow only near that particular streamline with the X-axis tangent
at the sonic point.

In the case of radial flow it is instructive to develop (12) directly
from the Navier-Stokes equations. Then it will be seen that the
integration constant C; is related to the source strength. The
continuity, momentum, and energy equations for purely radial
flow, with # the radial velocity, are

pif = p*a*r* (16)

i d a dia
ﬁﬂl+ ? —[ u+(/~t”—2u)><

d7 dr# d#
da % 2a (da i
X <5+ ?ﬂ*‘ 7(5“?) )
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[0S

e N P mal Pl Ly

da % \2 i1 \2 di \2
R o e — é . . . 8
><[(d77 77)—}—(’7)}—1—(# 3M)<d’,+f) (18)
To develop approximate equations valid in the transonic regime

%, p, and 7' are expanded in the form

L=L*(14eL® L 2L® 4 ) (19)

dr _dp d(-dT) _
k 4+ i X

while % is expanded as

_ 1

P =pa’? (— + eph) 4 £2pQ@) - || ) (20)
4

Cy, @, A", and % are assumed constant. If a balance between con-

vection and dissipation is the basic mechanism involved in the
flow, it appears reasonable to stretch the 7-coordinate according to

d7 = 7 dy. (21)

As the region of interest lies near the sonic radius #* it is expedient
to express the radial coordinate in the form

=

P =14 g 22)
7 7

Derivation of an equation for #( parallels the original derivations
of the V-T equation [5] in that substitution of the expansions
(19) and (20) and equations (21) and (22) in the conservation
equations (16)—(18) yields a set of redundant first order equations
and second order equations from which p®, 4@, p®, and T can
be eliminated, leading to an equation for #®. The expansion
scheme above will be consistent only if #* ~ O(y/e2), otherwise
unbalanced terms occur in the first order equations. This result
agrees with the conclusion reached above that 7 ~ O(/e?). Letting
7* = fnfe? with § ~ O(1), algebraic reduction leads to the following
equation for #(:

—1 d2g @ d . 1

Letting S = Ay, u® = f(S), we find that one integration reduces
(23) to
=P =—=SKE + 1) 4} + Ca. (24)
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Comparing equations (12) and (24) and using the definition of f
it can now be seen that

C1=2nf{(y + 1) r*e?4}, (25)

so that C; is inversely proportional to #* which in turn is pro-
portional to the source strength. The failure of the present theory
when #* < 5/e? implies that in this case the balance between
convection and dissipation may not be the dominant mechanism
so that # is no longer the proper characteristic length.

§ 4. Closed form solution for f(5)

To actually describe the spiral flow, equation (12) for / must be
solved. For later comparison, the inviscid solution for spiral and
radial flow will be obtained firstly. Without the viscous term (12)
reduces to the algebraic equation

— 2+ 2% = —C1S + C. (26)

The constant Cz sets the origin of the S coordinate system and is
chosen as zero for convenience. Then the inviscid solution, which

/(Spirol Flow
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>\4
— <__.
4C, \\\\
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Fig. 3. The inviscid solution (eq. (27)) for spiral flow and radial flow.
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is shown in Fig. 3, becomes

24 1 Az \2
(+ae)-al-2)- 0

The inviscid solution has two branches. Starting at S = —14/4C,,
J = 422, the velocity either continues to accelerate with increasing
S or decelerates, reaching the sonic value f = 0 at S = 0 and being
subsonic for S > 0. The velocity gradient is infinite at S = — 14/4C,
while no solution exists for S < —A4/4C;. Thus, S = —24/4C;
represents a limiting circle in the sense discussed in Section 1
above. In the case of radial flow 2 = 0 and the sonic and limiting
circles coincide so that the solution consists of a subsonic and a
supersonic branch. It can be shown that in the transonic regime
the inviscid solution (27) is identical to that of [1].

In the viscous case it is convenient to introduce the new variables
A2 A4

f=1=% aC,

for then (12), with Cy taken equal to zero, becomes
—— —fr=—Cu. (29)

The Riccati equation (29) is independent of the parameter A so
that solutions of (29), upon transforming back to f and S, describe
both spiral and radial flow.

The additional transformation

fo— (30)

followed by the transformation ¢ = C3& changes (29) to the linear
second order equation
T" — T =20 (31)

which is Airy’s equation, and has the solution [14]
T = C44,(C) + CsBi(D), (32)

where A4; and B; are Airy functions of the first and second kind
while C4q and Cy are constants of integration. From (30) and (32)
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it follows that

, B4i(C1e) + Bi(Ck)

" EA(C1) + Bi(Cle)
where the arbitrary constant K has been substituted for the ratio
C4/Cs, while the primes indicate differentiation. It is thus possible
to find the solution for spiral and radial viscous transonic flow in

closed form. From the asymptotic behavior of the Airy functions
[14], it is readily shown that as & — oo

. 22 ieh . 14 \¢
f:(f———?)r\z——(hf :“61<S+ 4C1)‘ (34)

f=—c

(33)

Inviscid solution for
2-D radial flow

I—n>

(2]

'4-0_/“ 'Viscous-Transonic solutions'

“ / for 2-D radial flow
! -5.0/ +

Fig. 4. The function f of the viscous case, for various values of K.
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A comparison of (27) and (34) shows the interesting result that as
S —> co the viscous solutions all approach the subsonic branch of
the inviscid solution.

The behavior of [ for several values of K is shown in Fig. 4. For
large values of K the solution { firstly approaches the supersonic
branch of the inviscid solution, then after passing through a shock-
like compression f approaches the subsonic branch of the inviscid
solution, as also indicated by the asymptotic solution derived above.
From Fig. 4 it is evident that inclusion of the viscous term in the
equations for radial flow has eliminated the singular behavior near
the sonic point; however, the solution still diverges at some point
inside the sonic circle. This can also be seen from the fact that as
£ — — oo, | has the asymptotic behavior

o crep LT E) + (1 — K) tan {(3(— Ci8)* + 4w}
f=—CH—C}) (1 — K) + (1 4 K) tan {3(— C}&)* + i~}

(35)

so that f has numerous singularities for large negative values of &.

Fig. 4 also represents the function f({) for radial flow. From (28)
it follows that the behavior of f({) for spiral flow (i.e. A # 0) can
be ascertained from Fig. 4 by simply shifting the origin a distance
22/2 in the minus { direction and a distance 44/4C} in the positive £
direction.

§ 5. Discussion

The solution developed above provides another indication that a
viscous transonic theory can resolve the singular behavior some-
times encountered in the inviscid theory. As in the case of nozzle
flow [13, 15] the viscous transonic solutions contain shock-like
transitions between the supersonic and subsonic branches of the
inviscid solutions. The inviscid singularity at the sonic radius
disappears; however, a new singularity occurs at a somewhat
smaller radius.

As mentioned above, the present paper is not the first analysis
of viscous spiral and source flow. Both Wu [8] and Sakurai [9] used
an approximate form of the Navier-Stokes equation to find source
and sink solutions in the transonic flow regime. This approximate
equation was developed by using the expansion
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i |
with ,
7 1, 7
In = o len[l -+ (7—* — 1)] (37)

where Re is a Reynolds number defined as p*a*7*/u*. It has already
been shown that the V-T solution developed above will be con-
sistent only if

I YT (38)

7 pra*re

Since generally u*"[u* ~ O(1) equation (38) implies that e ~ O(Re—?);
then if 7/#* — 1 < 1, it follows that the expansion and stretching
of (19) and (22) and (36) and (37) are equivalent.

The approximate equation obtained by [8, 9] is essentially the
same as (29) above, and, of course, Wu and Sakurai also found
closed form solutions in the transonic case. The significance of the
present paper thus lies not in the development of new cylindrical
shock solutions, but in showing the connection between the viscous
transonic equation (1), which applies to a broad class of two-
dimensional flows, and the earlier one-dimensional transonic radial
flow solutions of [8, 9].

A viscous transonic radial flow solution was also obtained by
Axford and Newman [16] for the spherically symmetrical radial
flow of an ideal gas in a gravitational field. Their interest was to
establish the nature of shock transition in solar wind and stellar
accretion problems. Axford and Newman’s analysis also leads to a
Riccati equation for which solutions are obtained in closed form.
It is perhaps worth remarking that many problems involving the
structure of weak shock waves lead to the solution of a Riccati type
equation. The classic example is, of course, the Taylor structure of
a weak normal shock wave which is the solution of the equation
(Hayes [17])

uz
u — 72::constant. (39)
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