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Global Solutions to Maxwell Equations
in a Ferromagnetic Medium *

J.L. Joly, G. Métivier and J. Rauch

Abstract. We study the Cauchy problem for the Landau-Lifschitz model in ferro-
magnetism without exchange energy. Once existence of global finite energy solu-
tions is obtained, we study additional uniqueness and regularity properties of these
solutions.

I Introduction

Recently the Cauchy problem for some nonlinear models in electromagnetism have
been shown to possess large finite energy solutions, by which is meant solutions
satisfying the fundamental physical energy estimates, such as the electromagnetic
energy and some additional conservative or dissipative estimates on new compo-
nents of the electromagnetic field such as the polarization P or the magnetization
M of the medium.

The physical estimates hinted at are 0O-order with respect to derivatives.
Hence, from a mathematical point of view, the above mentioned problems should
be called weak Cauchy problems if one recalls the general Cauchy nonlinear prob-
lem is well-posed under stronger regularity assumptions on data, including L2-
control on derivatives up to an order that depends on the space dimension and is
always greater than 0. Instead, due to special structure of the nonlinearities, the
problems we mention obey strong continuity properties that mix the properties
of the nonlinearities and some geometric properties of the differential operator. It
allows a mathematical analysis of the solutions leading to existence, uniqueness
and regularity properties, which recalls what identifies the so-called strong Cauchy
problem. This is the reason why ”weak solution” is not to be found in the title of
these papers.

The papers mentioned above deal with nonlinear optics in nonmagnetic medi-
ums where the relation D = E + P involves the polarization P of the electric
medium modeling the interaction between medium and light which, due to large
intensity of the electric field F, is nonlinear. The anharmonic oscillator model is
examined in [JMR 1], [DR] being addressed to the Maxwell-Bloch quantic model
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and OD-G-N0014-92-J-1245 NSF-INT-9314095 respectively, and the CNRS through the Groupe
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which introduces a larger set of components, involving the density of exited elec-
trons.

In contrast the present work concerns magnetic mediums where, in a suitable
system of units, D = E and the magnetic induction B = H + M involves the
magnetization M which satisfies a differential equation with a source term which
is nonlinear in M and H. The so-called Landau-Lifschitz model (see [LL 1] [LL 2])
for the propagation of the electromagnetic field in a ferromagnetic medium uses
the nonlinear interaction term

5
F(m,h) = T a2 (

m A b+ ﬁ (mA(mAR)), hmeRS, (L)
where v, the gyromagnetic constant, and «, the damping factor, are positive con-
stants. In (1.1) the variables m and h need to be replaced by, respectively, the
polarization M and the magnetic field H.

The aim of this paper is to prove the existence of global finite energy solutions
to the corresponding Maxwell system

OF —curl H = 0
OH +curl E = —-0:M (1.2)
oM = F(M,H)

with the usual divergence free conditions for £ and B
divE =div(H + M) = 0. (1.3)

Note that the divergence free condition (1.3) is satisfied as soon as it is satisfied
at t = 0, since (1.2) immediately implies that

B (divE(t)) = d,(div(H () + M(t))) = 0.

Functions F, H and M denote R3-valued functions of the time-space variables
(t,z) € RT3, The electromagnetic field is (E, H) and M is the magnetization of
the ferromagnetic medium. F' is given by (1.1) or can be a more general interaction,
see §2 below.

We also study the uniqueness and regularity properties of the energy so-
lutions. With suitable assumptions on the nonlinearity F', we show that if the
Cauchy data are smooth, then the solution remains smooth for all time. Unique-
ness is proved for solutions with (curlE,curlH) in L2. The uniqueness of energy
solutions remains an open problem. The precise results are presented in the next
section.

Before stating the main results let us say more about the model (see [JMR3]
for more complete discussion and bibliography). The nonlinearity we have chosen in
(1.1) is far from complete. A more complete version consists in replacing F (M, H)
in the third equation of (1.2) by F(M,H + H.sy) with

Heff :Hs +Ha+Hea



Vol. 1, 2000 Global Solutions to Maxwell Equations in a Ferromagnetic Medium 309

where Hy = Hg(x) is given independent of t, H, = —k (p- M) p, k > 0, p a given
unit vector in R3 and H, = —k'lq A M, k¥’ > 0 where Q is an open subset of
R? such that Q = supportM. The case H, # 0 is completely different [V], [CF].
In particular, the equations are no longer hyperbolic. In this paper we consider
only the hyperbolic case, and for simplicity we assume that Heyy = 0. The terms
H, and H, can be treated with minor modifications. Also note that the Cauchy
problem for (1.2) is solved in space dimension one, in [JV1], [JV2].

II Statement of the main results

First, we detail the properties required for the function F' which appears in (1.2).
Assumption 2.1 F is a C* function on R? x R3 with values in R® , such that

h s F(m,h) is linear, m € R3 (IL.1)
F(m,h)-m=0, m,h €R3 (I11.2)
F(m,h)-h<0, meR? (11.3)

If F satisfies Assumption 2.1 there exists a function C'(R) such that for all
R >0,

C(R)|m" —ml|[h], [m| <R, |m'|<R

(F (', h) — F(m, b)| <
{ C(R) |1, m| < R. (IL4)

<
[F(m, )| <

Assumption 2.2 F € C(R?\ {0} x R?;R?) satisfies (2.1) (2.2) (2.3) and the
inequalities (2.4) hold for m,m’ # 0.
The function given by (1.1) with a = 0 or the function

F(m,h) = 7 (mAh+

0 3
=t az (mA(mAR)), hmeR? §>0

6% + |m|?

satisfy Assumption 2.1 whereas the function (1.1) with a > 0, which is homoge-
neous of degree one in m, is not C! at m = 0 but satisfies Assumption 2.2.
Let us now state what we mean by finite energy solution.

Definition 2.3 We say that U = (E,H, M) is a finite energy solution in Qr =
[0,T] x R3 if all components E, H, M belong to C’O([O,T];LQ(R?’)), M is in
L*°([0,T] x R3) and if U is a distributional solution to (1.2) (1.3).

Proposition 2.4 Any finite energy solution satisfies

/ (E(t,2)|* + |H(t,2)|*) dz S/ (1B(0,2)* +|H(0,2)[*) dz (IL5)
R3 R3
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and
|M(t,z)| = |M(0,z)| a.e. (IL.6)

Proof. Replacing ;M by F(M, H) in the second equation in (1.2) shows that
a finite energy solution (F, H) is the solution of a linear first order symmetric
hyperbolic system with source term in L'([0,7]; L*(R?)) hence it satisfies the
usual energy identities. With (2.3) this implies that

/ (B 2) + [H(t2)) de, 0<t<T
]RS

decreases in time. Similarly, &, M = F(M, H) € L*([0, T}; L>(R?)) and 9, M-M =0
by (2.2). Therefore
|M(t,z)], 0<t<T

is time-invariant. Summing up, the quantity

no(t) = \/HE(t)Hi +IHONZ + 1M @) L2 (IL7)

satisfies
no(t) <mng(0), 0<t<T (11.8)

Remark. Condition (2.3) is not necessary for the validity of the theorems to be
stated below. It only simplifies some of the estimates. It insures dissipativity as
observed in (2.5). If (2.3) is suppressed in Assumptions 2.1 and 2.2, one has in
place of (2.5)

/ (Bt 2) + |H(t,2)?) de < / (B, 2)? + | H(0,2)) de
R3 R3
with some constant C' depending only on || Mp||co-

Notation. Lo denotes the space of Cauchy data Uy = (Ey, Ho, Mo) € L?(R?) such
that div By = div (Ho + M) = 0 and My € L= (R?).

Theorem 2.5 Suppose that F satisfies Assumption 2.2. Then the Cauchy prob-
lem for (1.2) with initial data Uy € Lo has a finite energy solution on Qs =
[0, +00[xR3.

Moreover, suppose that Ug is a bounded subset of Lo which is compact in
(L%2(R3)). Then the set U of finite energy solutions on Qu., with Cauchy data in
Uy is compact in (C°([0,T]; L*(R3)))? for all T > 0.
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The solutions are constructed as limits of solutions of reguralized equations.
For all A > 1 define
SA = o(A\7'D,) (IL.9)

where ¢ € C§° is a cut-off function supported by [£| < 2, equal to 1 on || =1
and such that 0 < ¢ < 1. Consider the following approximation of the Cauchy
problem for (1.2).

OE* —curtlH* = 0
O H* + curlE* = —S*F(M* H?) (I11.10)
oM>» = F(M* HY)

with initial conditions

E} = S*Ey, HY = S* Hy, Mg = M. (IL.11)

Theorem 2.6 Let F' satisfy Assumption 2.2 and Uy € Lqg. Then, for each A > 1,
the Cauchy problem (2.10), (2.11) has a unique global solution U» which belongs
to C*([0, +ool; H® x H® x L) for all s. Moreover U* has a subsequence which
converges in CO([0,T); L? x L?> x L™) for all T > 0 to a global finite energy solution
U of (1.2) with initial data Up.

The regularized system (2.10) has been chosen so that the two conservations
laws (2.5) and (2.6) hold. This explains why there is no S* in front of F in the right
hand side of the third equation. Other regularizations having this property could be
considered. Thus the family of solutions U* is bounded in C°([0, oo[; L2(R?)) and
M? is bounded in L. Therefore there are subsequences which converge weakly.
The difficulty is to pass to the limit in the nonlinear term F(M*, H*). The main
point in the proof is to show that if a subsequence U converges weakly, then it
converges strongly, and therefore the limit is a finite energy solution. This argu-
ment also accounts for the compactness result stated in Theorem 2.5. Note that
Theorems 2.5 and 2.6 do not depend specifically on the space dimension 3. Analo-
gous results could be proved in higher dimension. The proofs are given in sections
3 and 4.

Next we study the smoothness and uniqueness of the finite energy solutions.

The components of U do not behave all the same : some are propagated at speed

1, some are propagated at speed 0. Introduce the orthogonal decomposition of
L2(R?)

L*(R?) = L{(R’) ® L1 (R?). (I11.12)

Functions in Lﬁ satisfy curl = 0 whereas those in L? are such that div = 0.

The corresponding projectors are denoted by Py : L? — Lﬁ and P, : L? — L%,
the same notation being used in LP,1 < p < 4o00. They are Fourier multipliers
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with symbols ﬁf (&, )€ and fﬁz EA(EN -) respectively. If U = (E, H, M) is
a finite energy solution on Qr (Definition 2.3), it follows from div E(¢) = 0 and

div (H(t) + M(t)) = 0 that Ey(t) = 0 and (H(t) + M(t)); = 0. Thus, £ and H
have the orthogonal decomposition

E(t)=EL(t), H(t)=H.(t)— My(t). (I1.13)

The fields M and H| are propagated at speed 0, while £, = E and H satisfy
a wave equation. More precisely one can extract from (1.2) a linear system for
(E.,H,) with source term and coefficients of the zero-th order term depending
on M and M. This point of view is developed in section 5. A remarkable fact is
that, for p < 1, H* regularity for (E, H, ) is propagated from the initial data,
without assuming the same regularity for M. This is partly due to the fact that
OyM € L? while 9, is not characteristic for the system satisfied by (E,, H).
The actual proof relies on the use of Strichartz inequalities, for which the space
dimension 3 is critical.

Theorem 2.7 Let F' satisfy Assumption 2.2. Let Uy € Lg be such that Ey and Hy
belong to H*(R3), where p €]0,1]. Consider on Qs a finite energy solution U
with initial data Uy. Then E and H belong to C°([0, +oo[; H*(R?)).

The next theorem completes Theorem 2.7 when p = 1. It is proved in sec-
tion 6.

Theorem 2.8 Let F' satisfy Assumption 2.2. Let Uy € Lo be such that curlEy and
curlHy belong to L*(R3). Then there exists a unique finite energy solution on Qoo

satisfying the Cauchy condition Uj;—q = Uy. Furthermore curlE et curlH belong
to C°([0, +oo[; L2(R?)).

The propagation of the L? regularity of curlE and curlH follows from Theo-
rem 2.7. The uniqueness is a consequence of a stronger result about the L? stability
of such solutions. When H € L, uniqueness and L? stability are trivial. For gen-
eral finite energy solution, it seems difficult to get such an L*° bound. First, the
projector P does not act in L°°, and all we can insure is that H| € L? for all
finite p. Second, H satisfies a wave equation, for which L* bounds are not an
easy matter. However, when (E,H ) € H', one has OH, € L'([0,7T]; L?), and
estimating the L?(L°°) norm of H, by the L'(L?) norm of OH is just the for-
bidden limit case of Strichartz estimates in space dimension 3. Proposition 6.3 is
a substitute for these estimates. It is proved in section 8. Finally, the conclusion
is that H is “almost” L* and this is the key for Theorem 2.8.

In section 7, we study the higher order regularity of solutions.

Theorem 2.9 Let F satisfy Assumption 2.1 and let s > 2. If Uy € LoNH*(R3) then
the unique finite energy solution with initial data Uybelongs to C°([0,4-00[;H*(R?)).
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For the nonlinear function F to act in H?2, it must be smooth enough. This
explains why Assumption 2.1 is required there.

IIT Existence of energy solutions

This section is devoted to the proof of Theorems 2.5 and 2.6. First we prove the
existence and uniqueness of solutions to the approximate equations (2.10).

Proposition 3.1 Let F' satisfy Assumption 2.2 and Cauchy data Uy belong to Lg.
Then, for all A > 1, the Cauchy problem (2.10) (2.11) has a unique global solution
U which belongs to C*([0,+oo[; H® x H® x L) for all s. Moreover there erist
C > 0 independent of A such that, for all A > 1, the following estimates hold

M t,z)| = |Mo(z)|, ae. (I11.1)
IB O + 1 @7 < (1B + 15 3.)  (1L2)
div EXt) = 0 (IT1.3)
div (H*(t) + S* M (1)) (I11.4)
Proof. For U := (E, H, M) define

GMNU) := (curl H, —curl E — S*F(M, H), F(M, H)), (IT1.5)

so that the Cauchy problem (2.10), (2.11) reads
SN = GPUN), U0) = (B, ), My), (I1L.6)

Let L3 denote the closed linear subspace of L? of functions u satisfying supp @ C
{1€] < 2A}. One has L3 C H* for all s. The space L3 is equipped with the scalar
product of L? and satisfies L3 C L* with a continuous injection

lullpee < (2N)32 |Jul2 , w e L3. (I11.7)

1) We first show that G* maps L3 x L3 x L™ into itself and is locally lipschitzean. It
is true for the first component since curl maps L?\ linearly into itself with norm less
than 2\. The second component U +— —curl E — S*F(M, H) maps L3 x L2 x L>®
into L3 since

[1F(M, H)|| 2 < C(||M]| o) H]l 2

and S* maps L? into L3. Moreover, writing F(M, H) — F(M',H') = F(M,H) —
F(M' H)+ F(M',H — H') and using (2.4) and the fact that S* is norm one in
L2, we get

IS*F(M, H) = S*F(M',H')|| 2 < C(R)|M — M'|| L= + C(R)||H — H'|| 2



314 J.L. Joly, G. Métivier and J. Rauch Ann. Henri Poincaré

if |[M||pe < R, |M'||z= < R, ||H||z2 < R. The third component belongs to L>
since inequalities (2.4) and (3.7) imply that

|F(M, H)||zoe < C(|M||L)|H|l L < (202 C(|M || )| H]| 2.
Moreover

|F(M, H) = F(M', Bl < C(R)(IM = Moo | Hl| o + |[H — H'|[ 1)

< (202 (RC(R)|M = M| + C(R)|H = H'|12).
(I11.8)
for |M||p~ < R, ||M'||p~ < R, |H||z2 < R.

2) The usual theorem for ordinary differential equations in Banach spaces
applies to (3.6). There exist T' > 0 and U* € C1([0,T[; L3 x L3 x L°°) such that
U? is the unique maximal solution of (3.6).

3) The identity (3.1) follows from (2.2), like (2.6). Let R be such that
| Mo||r~ < R. Multiplying the first and second equations in (2.10) by E* and
H?, we get, using (3.1) and (2.4),

OB DT + | HX D72 < C(R) [H* D)7,

from which the second estimate (3.2) follows, with C' = C(R). This proves that
T = oo as claimed.

4) The first equation in (2.10) implies that d;div E* = 0. The right hand
side of the second equation is —9;S*M* and therefore 9;(div H* + S*M?) = 0.
Since the initial conditions satisfy div Ey = div (Ho + M) = 0, one has div E} =
div (H + S M) = 0 and (3.3) (3.4) follow. This ends the proof of Proposition
3.1.

We proceed now with the proof of Theorem 2.6. Because of (3.1), (3.2)
the set (U*)y is weakly relatively compact in L2 ([0, +oo[; L2(R?)). Extracting
a subsequence, we may suppose that the family (U*), converges weakly to U in
L2 ([0, +00[; L2(R?)) thus in L2([0,77]; L?*(R3)), for every T > 0. The proof aims
at showing that U is a global finite energy solution. This involves getting con-
tinuity properties of the nonlinear term. A key step in this process is a weighted
L? estimate on differences M* — M* with a weight that depends on the solution

U=. Plugging

F(M* H*) — F(M",H") = F(M* H>®) — F(M", H®)
+F(M* H» — H®) — F(M*, H* — H*®),

into the difference of the equations for M* and M* in (2.10) and using (2.4) and
(3.1) yields the pointwise estimate
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%3t|M)\ _]\/[#‘2 < C(R)|H°°HM/\ —M"|2
+(F(M>\,H>\ — H®) — F(M*, H" — Hoo)) (M — MY, (I11.9)

for some R such that |My(z)| < R. The weight e~2%(:®) absorbs the first term in
the right hand side of (3.9) if d:a(t,z) = C(R)|H®>(t,z)|. The precise choice

alt, ) = | + /0 C(R)|H*(s,2)|ds (II1.10)

provides a positive and almost everywhere finite function such that e=2¢() ¢
LP(R3) for all 1 < p < oo which will be used later. With a defined by (3.10),
(3.9) yields

1

SO MA—MI2) < e (F(MA,H’\—H‘X’)—F(M“,H”—HOO))-(MA—M”).
(IIL.11)

Proposition 3.2 There is a constant C(R,T) such that for all § > 0 there exist

N(8) such that for all X > N(6) and p > N(6) and all t € [0,T],

e~ OO = M) < € (54 [ e M) = M= () ds)
0
(IIL.12)

We postpone the proof of Proposition 3.2 until next section and finish the
proof of Theorem 2.6. We fix T' > 0 and prove that U is a finite energy solution
on QT.

1) We first show that for all ¢t € [0,T], M*(t) converges weakly in L? to
M®°(t). This result being independent of Proposition 3.2 can be used for its proof.

The family M?* is bounded in L™ and (E*, H) is bounded in C°([0, T]; L?),
as a consequence of (3.1) (3.2). Therefore, the third equation in (2.10) and the
estimate (2.4) imply that there is a constant K such that for all p and ¢t < ¢/ in
0,7]

[H(t) = MU L2 < K |t = 1],

Thus {M*},, is equicontinuous in time with value in L2. Ascoli’s Theorem implies
that for all test function ¢, the family of functions ¢ — [ M*(t,z)p(z) dx, which
is bounded and equicontinuous, has subsequences which converge in C°([0,77).
Since U — U weakly, it follows that [ (t)o(z)M*(t,z)dtdx converges to
[ (t)p(x) M (¢, ) dt dz. This shows that [ M*(t,z)p(z)dx converges to [ ¢(z)
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M®°(t,xz) dx uniformly in ¢. Therefore, for all ¢t € [0,T], M*(t) converges weakly
in L? to M°°(t).
As a consequence, for all ¢t € [0,T], we have

e (M — M=)(B)|2: < C liminf "0 — M#)(E)s
o
Letting p tends to infinity in (3.12) implies that that for all A > N(6)
¢
le= O (M> — M>®)(®)||2. < C (5+ / e (M — M>=)(s)12% ds). (I11.13)
0

Gronwall’s Lemma and (3.13) imply that M?* converge to M in L*(Qr, e %)
dtdz)). Since a is finite almost everywhere, e~ # 0 almost everywhere. Thus,
from any subsequence of M* we can extract a subsequence converging pointwise
almost everywhere and thus in L?(Qr,dtdz) thanks to the pointwise estimate
(3.1) and Lebesgue’s Dominated Convergence Theorem. The limit is M*°, and the
convergence holds for the full sequence. Thus ¢ + ||[M*(t) — M*(t)||z> converges
to 0 in L2(]0,T7]). Since the sequence M?> is equicontinuous in ¢ with value in L2
the above convergence holds in C°([0, T]). Thus M* — M in C°([0,T]; L?).

2) We show that S*(F(M?*, H*)) converges in L'([0,T]; L?) to F(M®°, H*>)
and (E*, H*) converges to (E>, H>) in C°([0,T]; L? x L?). The Maxwell sys-
tem for the difference (E* — E>, H* — H™) involves the source term 6F =
SMNF(M*, H*)) — F(M®>, H*) which we write

5F = SMAN) + SMBY) + (I — s*)(F(MW,HOO)). (I11.14)

with
AN = F(M*,H* — H*®), B*=F(M* H®)— F(M>,H>).

The L? estimate for the Maxwell system implies that
t
IOE), 6H(®) 122 < € (I(6E(0), 6H(0)) |22 + /O |8F(s)llz2,ds) . (ITL15)

We need to estimate the L([0,T7]; L?) norm of the 3 terms of the decomposition
(3.14). The uniform estimate of M* and (2.4) yield

/ 1S (AY)(8)|| 2 ds < c/ |6H (s)|| 2 ds. (I11.16)
0 0

Using (2.4), one has the pointwise estimate

|BM(s, )| < C(R)|M* (s, ) — M™(s,2)| [H®(s,2)| < 2RC(R)|H>(s, )],
(I11.17)
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which proves that B* is dominated by a function that belongs to L([0,T7]; L?).
Moreover, since M* converges to M> in L%(Qr), (3.17) also implies that
B*(s,x) — 0in LY(Qr). Lebesgue’s Theorem implies that B*(s,z) — 0in L?(7)
thus in L([0,7]; L?). The same result holds for the third term since S* — I
pointwise in L2. Since (§E(0),§H(0)) converges to 0 in L?, estimate (3.15) and
Gronwall’s Lemma imply that (§E(t), 6H(t)) converges to 0 in L2, uniformly for
te€0,T7.

3) We have proved that U* converges to U™ in C°([0,T]; L?) for all T >
0. Thus F(M*, H*) and S F(M*, H*) converge to F(M>, H*®) and U® =
(E*°, H>, M) is a solution to (1.2) in the distribution sense satisfying U>°(0) =
Uy. The estimates (3.1) imply that M € L*° (). Equalities

div E® = div (H® + M*>) =0

follow from (3.3), (3.4) letting A — oo. This achieves the proof that U™ is a finite
energy solution of with initial data Uj.

The proof of Theorem 2.6 is now complete. It implies the first part of Theorem
2.5. To end the proof of Theorem 2.5, consider a bounded sequence in Lg of Cauchy
data UJ, such that UJ converges to US® in L?. Denote by U™ a finite energy
solution such that Uﬁ:o = U§. We need to show there exists a subsequence, still
denoted by U™, which converges strongly to a finite energy solution U with initial
data Uﬁozo = U§°. The proof is quite parallel to the proof of Theorem 2.6. The
a-priori estimates (2.5) (2.6) show that U™ is bounded in C°([0, +-o0[; L?) and M™
is bounded in L™ (). Therefore, extracting a subsequence, one can assume that
U™ converges weakly to U in L?(Qr) for all T > 0. With a given by (3.10), the
inequality (3.11) holds for U™ and U™ and (3.12) is to be replaced by

le= @ (t) — M™ (0)|[3. < =@ (Mg — Mg)|3s
t
+o(s+ / &= (M7 (s) — M (5)) 3 ds) (IIL.18)
0

Using this estimate and the equicontinuity of M"™(t), one deduces the strong con-
vergence M™ — M® in C°([0,T]; L?) for all T > 0 as before. The strong con-
vergence (E™, H™) — (E*, H*) follows from the energy estimate (3.15), with
the simplification that there is no S* in the analogues of (3.14-16). The strong
convergence imply that F(M"™, H") — F(M®, H*>) which proves that U is a
finite energy solution with initial data Uy.

IV Proof of Proposition 3.2.

Note that M* and M* have the same initial data M. Integrating (3.11) in ¢,z
yields
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le=*® (M (t) — MM ()72 <

2 /O 7 ¢~ 2a(s) (F(M’\(s), HMs) — HOO(S))) (MM (s) — M*(s))ds da
9 /O / o2 (F(MP(s), HH(s) — H(5)) ) - (MA(5) — M¥(s)) dsdfIV 1)

We then write each term F(M?, H? — H*) in the right hand side of (4.1),
where p stands for A or p as the sum of two terms, using the linearity of F' with

respect to H and the decomposition (2.12), H? = H' —|—Hﬁ’ and H* = HY + Hp°.
The equation (3.4) implies that HH = —SPP MP". Taking weak limits in (3.4)
implies that div (H* 4+ M) = 0 and thus Hp° = —P M. Accordingly, the two
terms in the right hand side of (4.1) are equal to

| e (Fr). 1L 6) ~ HE () - (M)~ MF () dods (IV-2)

0

=[] O (P G). PP 5) = M (51) ) - (W (5) = M (5)) ds
’ (IV.3)
/0 / e—2a(s) (F(Mp(s), (I—S°)P (MOO(S)))) (M (s) — M¥(s)) dzds. (IV.4)

The linearity of F' with respect to H implies that (4.3) is the sum of

/ / ), S P (e~ (MP() = M()))) ) -o ™" (M (5) ~ M (s) dds
(IV.5)
/ [ (R 96,179, 52 B1002(5)-A(6)) ) (U ()~ 1% (5) s
(IV.6)

where [A, B] = AB — BA. The main step in the proof of Proposition 3.2 is to
show that (4.2) and (4.6) are small when A and p are large as asserted by the
following two propositions to be proved later.

Proposition 4.1 For all § > 0 there exists N(6) > 0 such that for all A, u > N()
and for all 0 <t < T,

| /O t / e2) (F(MP(s), HY (s) — HE(5)) - (MA(s) — M¥(s)) dsde | < 6. (IV.1)
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Proposition 4.2 For all 6 > 0 there exists N(T,6) such that for all \,;x > N and
all0<t<T,

\ /O t / F(MP(t),[e™*®, 8PPy (M (t) — MP(t))) - (M (t) — M¥(t)) dwdt| < 6.
(IV.8)

Since P M € L*(Qr), (I — SP)Py M converges to 0 in L?. Together with
the uniform bounds for M?, this implies that

‘ /0 7 e~ 2a(s) (F(M”(s), SP(I — Sﬂ)a,MOO(s)))) (M) — M*(s)) dwds| < 6

(IV.9)
when A and p are large enough.
Using (2.4) and that S”P} is bounded in L?, the term in (4.5) is estimated
by

0(23)(/0 le=*) (MP(s) = M>(s))||72 ds+/0 e (M (s) — M¥(s))]13 ds).

(IV.10)
When p = u, we substitute (M* — M?*) + (M* — M®°) in place of M? — M.
Therefore, the sum of the two terms (4.10) is less than or equal to

20(R)( [ OO 6 == () dst [ e O Mﬂ(s»n% le)l)

The estimates above show that for all § > 0, there is N(6,T) such that for
all A\ > N(6,T), up > N(6,T) and ¢ € [0,T], the right hand side of (4.1) is less than
or equal to 8 plus twice the term in (4.11). Using Gronwall’s Lemma, the estimate
(3.12) follows

Proof of Proposition 4.1. The linearity of F' yields

F(M?,HY = HY?) - (M* = M") = G(M*, M") - (Hf — HY),

where G is lipschitzean so that the function AM(s,z) to be integrated in (4.7)
reads AN = e 22G(M*, M*)- (H? — HS°) and is the product of e 2G(M*, M+)
by H, —HS®. We now study the regularity properties of each factor of this product.
The Lipschitz property of G, (3.1), My € L? N L> and (3.10) imply that

||G(M/\aMN)HCO([O,T];L2) <C, |0 G(M)‘7M“)||L2(QT) <C. (IV.12)

Here we have used that the Lipschitz regularity of G is sufficient to differentiate
G(M*, M*) with respect to t. From (2.10), we get

OH, = —0iM? = -9, P, SPF(M*,H").
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Thus OH" is bounded in H~'(Qr) and OHS® € H~' (7). Moreover,
[Hy = HY[|cogo,ryirzy < C 5 IB((HL = HY)) 5100y < C- (IV.13)

In (4.12), (4.13), C is a constant which only depends on the Cauchy data and .
The a-priori estimates (4.13) implies that the microlocal defect measures of H? —
H*®® is contained in the characteristic variety of O, that is Cq = {72 = [£|?}\{0}.
Similarly, the microlocal defect measures of G(M?, M*) is contained in Cp, = {7 =
0}\{0}. Since 0 ¢ Cq+ Cs,, this implies that the product G(M?*, G*)(H? — H*®)
tends to 0 in L}, .(Qr), see [Ta], [G¢]. This result can also be obtained as a conse-
quence of theorems of multiplications of distributions with microlocal additional
smoothness.

In addition, (4.12) and (4.13) show that G(M*, G*)(HP — H*) is bounded
in C°([0, T, L'). Since the weight e~2? tends to zero as |x| — oo, we conclude that
G(M*,G*)(HP — H>®) tends to 0 in L'(€27) and Proposition 4.1 is proved.

The proof of Proposition 4.2 relies on the following lemma.

Lemma 4.3 For all0 <t <T,

Jim e, 57 P] (M™(1) = MP (1)) 2 = 0 (IV.14)

Proof. Fix t € [0,T]. Write [e=*"), 5P P|] = [e=®") — b, SPP|] + [b, S?P}], where
b € C§°. Since S” P define a bonded family of continuous operators on L* and L2,
there exists a constant C' such that

[fe=*® — b, S P (M>(t) — M?(t))||2 < Clle™ " — ]| La | M (t) — M (¢)]| 4.
(IV.15)

Fix 6§ > 0. Estimate (3.1) implies that the sequence M (t)—M?(t) is bounded
in L and L? hence in L*. We choose b € C§°(R?) such that [|e=*®) —b| 1 is so
small that the left hand side of (4.15) is less than /3 for p > 1.

Choose now 7 and v, in C§° such that by = b and Y192 = ;1. The
commutators [b, S”Py] form a bounded family of pseudodifferential operators of
degree —1. Since (M? — M*°)(t) converges weakly to zero in L?, as remarked in the
first step of the proof of Theorem 2.6, this implies that 12[b, S” P|](M*(t) — M (t)
converges strongly to 0 in L2. On the other hand b(MP?(t) — M (t) converge
strongly to 0 in H~* and (1 — ¢2)[b, S*Pj] = (1 — 1p2)SPPyapr1b(MP(t) — M (t)
converge strongly to 0 in L? since (1 —19)S P Pj11 is a bounded family of operators
of degree -1.

Remark. Consider m(z) € L* and p(D) of order 0. Then [m,p(D)] is not, in
general, a compact operator on L. What Lemma 4.3 shows is that this commutator
is compact when restricted to bounded subsets of LP N L? and when m belongs to
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L? with 1/p+1/q = 1/2, p > 2. This is the main reason why we introduced the
term |z|? in the definition (3. 10) of the weight a.

Proof of Proposition 4.2. From (3.1), (2.4) and Cauchy-Schwarz inequality, it fol-
lows that the family t — F(MP(t),[e=*®), SPP](M>(t) — MP(t))) - (M (t) —
M*(t)) is bounded in L°([0,T]; L'). From Lemma 4.3 it also follows that ¢
| F(MP(t), [e~o®, SPP|| (M®(t) — MP(t))) - (M*(t) — M*(t))||x converges point-
wise to 0. Lebesgue’s Dominated Convergence Theorem implies that

T
| 1o e 50 (=(0) = 2re(0) - (VA e) = M0 dade — 0

as A, 4 — 0o, thus achieving the proof of Proposition 4.3.

V  Curl estimates for the electromagnetic field

In this section we prove Theorem 2.7. We first consider the case ¢ < 1 and next
use the H'/2 estimate to prove the H' regularity. Consider a finite energy solution
U= (E,H,M) on Q. We show that if the initial data Ey and Hy have curl in
the Sobolev space H*~! then the same property holds for all time. We use the
projectors P and Py introduced in (2.12). Apply P, to the first two equations in
(1.2). Using (2.13) and the identity E = E, curlH = curlH , yields

OE| —curlH, =0
OH, + curlE, = P, (AH,)+ Py

where A is such that F'(M,H) = —AH and g := AM). We consider (5.1) as a
linear system for u = (£, H, ),

Lu = dyu+ A@,)u = Plau) + Py, (V-2)

with a given coefficient a and a given source term Pg. P = P(D,) is a Fourier
multiplier with P(¢) a projector in C® which is C* and homogeneous of degree
0. A(§) commutes to P(£) and A(€)P(€) has eigenvalues of constant multiplicity
+le].

We know that M € L>®(Q2s) and M and H are continuous and bounded in
time with values in L2 Therefore ;M = F(M,H) € L>([0,00[;L?) N
C([0, +oo[; LP) for all p < co. The same regularity holds for any Lipschitz function
of M and thus a and g satisfy

a € L) NCY([0, +00[; L?), dra € L=([0,+o0[; L?), (V.3)

(V.1)

g €C%0,+00[; L) for all 0 < o0,

Og € L™([0,+oo[; L) forall ¢ < 2.

Note that L is symmetric hyperbolic. Therefore the Cauchy problem for (5.2),

with initial data in wg € L? such that Puy = up has a unique solution u €

C°([0, +o0[; L?) which satisfies Pu = u . When p < 1, Theorem 2.7 follows from
the next proposition.

(V.4)
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Proposition 5.1 Suppose that a and g satisfy (5.3) (5.4), u €]0,1[ and uwy € H*
satisfies Pug = ug. Then the unique solution u to (5.2) with initial data uy belongs
to CY([0, +oo; HH).

For T" > 0, introduce the space
YH(T) = C%([0,T], H*) N CH([0, T} H* 1) N L™([0, T} Bpo)  (V.5)

where 2/p = 1 — p, 2/r = p and By, denotes the scale of Besov spaces in R3
(the definition is recalled below). Introduce next Z#(T'), the space of functions f
on Qp which admits the decomposition f = f; + fo with

f1 € L*([0,T], H*) N C°([0, T); L?), (V.6)

and

{ f2€C([0,T]; L*) N L"([0,T]; B, 3) » V.7)

ath € Ll([oa T]a H'uil) + LS([(), T]; BS,Q)
with 2/¢ = 2 — g and 2/s = 1 + p. These spaces are equipped with the obvious

norms. The main step in the proof of Proposition 5.1 is to prove a local existence
theorem in Y#(T'), with a control on T'. This relies on two estimates.

Lemma 5.2 For T €]0,1], f € Z*(T) and ug € H" such that Pug = ug, the
solution u of
Lu=Pf, wu=—o=uo (V.8)

belongs to Y*(T') and satisfies

lullcoo,m;zzy < luollzz + 2T fllcogo,m;z2) » (V.9)

lullveery < € (ol + I1flzecry) (V.10)

where C' only depends on .

Lemma 5.3 There is a constant C which only depends on |||z, ||0¢a| po(r2) and
, such, that for all T €]0,1] and u € Y*(T), the product au belongs to Z" and

laul| zury < CT*?|ugllzn + C |lullcogo,r ) - (V.11)

Let K denote the mapping w +— wu, where u solves (5.8) with f = au and
ug = 0. The estimates in the two lemmas above show that there is 77, which only
depends on the norms of a, such that K? is a contraction in Y*#(T) if T < Tj.
The estimates (5.4) for g and the embedding LP C B;é and L7 C BS,Q for g <2

(see [Tr]), show that g € C°(L?), g € L"(B,;) and dyg € L*(BY,). Therefore
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g € Z*(T) for all T. Thus, the problem (5.2) with initial data ug € H* such that
Pugy = ug has a solution u € Y#(T1), which satisfies Pu = u and

[w(T) || ze < C([luollme + gl zu(y)) - (V.12)

Since T only depends on the norms of a, the solution can be continued to 273
and, by induction, to all time. So, to finish the proof of Proposition 5.1, it remains
to prove the two lemmas above.

Proof of Lemma 5.2. The linear problem (5.8) has a unique solution which is
smooth when the data are smooth. Thus it is sufficient to prove the estimates
(5.9) and (5.10) for smooth solutions. The first one is the standard energy estimate
in L? for symmetric hyperbolic systems. The main ingredient to prove (5.10) are
Strichartz estimates.

1) First we recall the definition of Besov spaces. Introduce ¢ € C§°(R3),
0 < ¢ <1, supported in {|¢| < 2} and equal to 1 on {|{| < 1}. Introduce next

(&) == p(27F¢) for k>0
{wk(g) ik‘p@_kg — 27k for ke Z. (V.13)

Denote by Sy [resp A ] the Fourier multipliers with symbols ¢y, [resp ]
Recall that B 5 is the space of temperate distributions u such that

—+oo
ISoull2, + 37 27| Apull?, < oo. (V.14)
k=1

Also recall that H" = Bj, ([Tr]). The homogeneous spaces B;,Q have a similar

definition with
+oo

Z 2_2ks|\A;€u||2Lp < 0.
k=—o00

in place of (5.14).

2) Introduce the groups of operators G (t) of Fourier multipliers e**ll.
Since the eigenvalues of A(§)P(§) are £|¢| and have constant multiplicity, the

fundamental solution of L, for data in the kernel of I — P, is
Gi(t)Py + G_(t) P, (V.15)

where Py are Fourier multipliers with smooth symbols Py (§) which are orthogonal
projectors, with P = P, + P_. The operators Py act in L7 and in B , for all s
and all o €]1, +o0[. For G4, we use the Strichartz estimates proved in [GV] (see
also [LS]). For vy € H* and f € le([O,T],BfI’hQ), v(t) = GL(t)vy and w(t) =

+(t—t")f(t")dt" belong to L™ O,T,. an
.G ") f(t')dt' bel L B ,) and

(V.16)

||UHLT1([0,T],B;112) < Cllvoll gru
[[w]

riomyig, ) S Ol qom,eg,
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provided that

p=p+1=2/p1 =0+1-2/q,
1/ri4+1/p1=1/2, 2<p1<o0, 1/s1+1/¢1=3/2, 1<q <2.

In the case p = u, p1 = 2, r1 = 00, v and w belong C°([0,T7, HM).

3) To prove (5.10), we use the linearity of (5.8) and split u and the data into
several pieces. First, we note that the low frequencies of u are controlled by the
L? norm. Thus the estimate (5.10) for Sou immediately follows from (5.9).

4) Consider the solution of (5.8) with f = 0 and initial data (1 — Sp)ue = 0.
Then, thanks to the form (5.13) of the fundamental solution, the estimates (5.16)
imply that

l[ullcoqo,riimny + lullprqoryse,) < Clluollms -
We have replaced the homogeneous spaces by the inhomogeneous ones, using that

the spectrum of u is contained in |§| > 1. The same remark holds below when we
use again (5.16). Moreover, since Lu = 0, one has

0cullcoqo,ry;mi-1) < C llullcoo, )0 »

and (5.10) is satisfied.

5) Split f into f1+ f2 such that (5.6) (5.7) hold. Consider the solution of (5.8)
with right hand side (1—Sp)f1 and vanishing initial data. Then (5.16) implies that

lullcoqo,ryimmy + lullprqoype ) < Cllfillrorymm

To estimate J;u one uses the equation and the inequality || f1llco(o,r)mr-1) <
| fillco(fo,r;z2)- This implies (5.10).

6) With f; satisfying (5.7), consider the solution u of (5.8) with right hand
side (1 — Sp)f2 and vanishing initial data. Using the fundamental solution (5.15),
one gets that u = uy + u_, whose spatial Fourier transforms are given by

fa (L) = /O = Ty (s,€)ds,  fa = (1— So)Pufo.

Integrating by parts shows that u; = v + w with

1

|€| atf:l:(svg)

t .
W@:Aﬂmm%@@,%@:

and .
mw:fGAmm»+Mw,ﬁm@:7§ﬁ@@y
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The assumption (5.7) implies that d;fe is a sum of two terms f§ + fY with the
indicated regularity. Accordingly, one has fy = fi +f!, g = ¢'+¢" and v = v 4+-0".
The estimates (5.16) imply that

10" llcoqo, sy oime ) < Clg oy < CT I 2l o,ryma—1)

and

V" llcoqo,rymmnLro.miss ) < Cl"Izeoryn:y < C I omi89,):

For the boundary term w, we have

lwll oo,y m) L (10,1152 ,) 2|kl oo, ry;reyn L (0,11:82.,)

<
< CHf2||co([o,T];Lz)nLr([o,T];B;;)~

Adding up the different estimates above and using the equation to estimate Oyu
yields

lusllyuery < Cllfllzucr)-
The estimate for u_ is similar and thus (5.10) is satisfied. This finishes the proof
of Lemma 5.2.

Proof of Lemma 5.3. To simplify notations, we assume that a and w are scalar
functions. For smooth functions, the product au can be split into two pieces (see

[Bol)

+oo +oo
au = I(a,u) 4+ (u,a) := ZS’}C+20/A]CU + Z Sk—sulga. (V.17)
k=0 k=3

Here the notations are slightly different from those used in (5.13). From now on, by
definition, Ag = Sy. We prove that ﬁ(a, u) and II(u, a) extend as bilinear operators
acting on functions a which satisfy (5.3) and u € Y*, so that they satisfy (5.6)
and (5.7) respectively.

1) For fixed t and o > 0, let us prove that
[T a, w) ()| ae < Clla()]zee [[ut)] g (V.18)
For o > 0, (5.18) follows from the estimate
[Sk+2a Aull 2 < [[Skr2a]| e~ [|Axul L2
and the fact that the spectrum of Si2a Aju is contained in the ball {|¢| < 2F+4}.

For 0 = 0 the proof is much more delicate. It is a classical result in harmonic
analysis which can be found for instance in [CM].
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For all p < oo, (5.3) implies that a € C°([0,T], L?). This implies that for
all u € C°([0,T], H"), the series Y, Sk+2a Agu converges in C°([0,T], H?) for
all ¢ < p and the partial sums are bounded in C°([0, 7], H*). Therefore the sum
belongs to CO([0,T], L?) N L>([0, T], H*). This shows that II(a,u) extends to the
a’s which satisfy (5.3) and u € C°([0,T], H*). Moreover, I(a,u) € C°([0,T], L2)N
LY([0,T], H*) and (5.18) implies that

”ﬁ(avu)”CO([O,T},LZ)F]Ll([O,T],H/‘) < Clla|p= (THUHCO([O,T];H“) + Hu||00([0,T(];L2)))-
V.19

2) For fixed ¢t and o < 0, let us show that
M (u, @) ()| < Clla()]| = [Ju(®)]m-- (V.20)

The proof for ¢ < 0 is easy, using that [[Sk—sulyallrz < > 5 [[Ajullr2
|Agallr and the fact that the spectrum of Ski2a Agu is contained in the an-
nulus {2%72 < [¢] < 282}, The result for o = 0 is proved in [CM]. It is equivalent
to (5.18) with o = 0 since the product au has an obvious estimate in L?. In addi-
tion, since a € C°([0, T], L”) for all p < oo and u € C°([0,T], H*) ¢ C°([0,T], L*")
for some p’ > 2, it follows that au € C°([0,T], L2). Thus I1(u, a) = au—1II(a, u) ex-
tends to a satisfying (5.3) and u € C°([0, 7], H*) so that II(u,a) € C°([0,T], L?).

Moreover, (5.20) implies that
1w, a)llcogo,ry,z2) < C llallLe= ullcoo,m),r2)- (V.21)
For p > 2, one has || Ajulr» < C239(/271/P)||Aju||zs. Thus 1 —2/p = p yields

ISk—sulpalr < D [Ajuller |Akallz~ < Cllallze > 29#% | Ajul o
i<k—3 i<k—3

Since the spectrum of Syyoa Agu is contained in {2F72 < |¢| < 2F+21 it follows
that
I, @) (Ol gz < Cllal®llze [u®)re-

Therefore 1/r = p1/2 yields

T (u, @)

L7([0,T};B; 3) < CTH? lallze [lullcoo,r);m)- (V.22)

This estimate also holds for the extended definition of II(u, a), since the space in the
left hand side is a dual and (5.22) provides uniform estimates for approximations
of a and w.

3) So far, we have proved that II(u,a) € C°([0,T]; L?) N L™ ([0, T7; B;;). We
now study 9;I1(u, a). For smooth a and u, one has

OWl(aw) = (O, a) + I(u,da) . (V.23)
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The estimate (5.20) shows that
ITX(Oeu, a) [l Loe (o, 73,70 -1) < C'llallLee |O¢ullcoo, ;01 (V.24)
For the second term, use the relation 1/p +1/2 =1/q to find
[Sk—su ArdralLa < ||Sk—sull e | Ardrall L2

Since p > 2, B), C LP (see eg. [Tr]). Thus [|Spu(t)][zr < Cllu(t)|re

IA A

C'llu(t)||po - Since the spectrum of Sy_3uAya is contained in {2k-2 < |¢
P,
2F+21 this shows that

ITI(w, Qea) (@)l po,, < CllOra(t)llz> [lut)] 5o,
and, with 1/s — 1/r = 1/2, that
ITI(w, D)l s o,mm0 ) < CT'?||0al| L (jo,7),22) lullro,rysme ). (V-25)
The spaces in the left hand sides of (5.24) and (5.25) are dual spaces. Thus the
bilinear operators II(d;u, a) and II(u, d:a) extend to the spaces which occur in the
right hand sides. This shows that for a satisfying (5.3) and u € Y#(T'), one gets
that 9,I1(u,a) € L*([0,T], H*~) + L*([0,T], BY ;) and

||atH(uva)||L1([O,T],H*Fl)JrLS([O,T];Bg,z) < OT allze [[9eullcoqo,ry; mre-1) (V.26)
+CTY2 | 8al| Lo ((0,77,22) lullzro,7:8.,)- '

Together with (5.19), (5.21) and (5.22), this finishes the proof of Lemma 5.3.

Proof of Theorem 2.7, when p = 1. Consider a solution U of (1.2) (1.3) with
Cauchy data Eq € H! and Hy, € H'. Theorem 2.7 with u = 1/2 implies that
H, € C°(]0, +00[; H'/?). The Sobolev embedding H'/? ¢ L? implies that

M = F(M,H) = F(M,H ) — F(M, M) € L%,([0, +oo[; L?) . (V.27)

Therefore, the coefficient a and the source term g in (5.1) or (5.2) satistfy, in
addition to (5.3) (5.4),

Ora € L=([0,T]; L?), 0Oyg € L>=([0,T]; L?) (V.28)
for all T > 0. Again, we consider v = (E,, H ) as the unique solution to the

linear problem (5.2) and prove that if the initial data belong to H!, then there is
a solution in C°([0, T, H') for all T > 0.
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1) For f € L'([0,T], L?), the solution to (5.8) satisfies

lu®)llz> < [lu(0)]z2 + 2/0 1£(s)]lz2 ds-

If f € C°0,T),L?) and 0, f € L'([0,T], L?), then, using the fundamental solution
(5.13) and integrating by parts as in the proof of Lemma 5.2, one obtains

1Ozu(®)llz2 < |102u(0)] L2 + C(/O 10 f (s)llz2 ds + [1F(O)llz2 + [If(®)llz2)-

Moreover
[0vu(t)]|z2 < Cllozut)|r2 + [Jut)| L.

2) One has
la(®)u®)llze < llallze [[u@)]]z2 -

Using the Sobolev inequality ||u||rs < C||0zul|r2, one gets
10 (au)(@)l[z2 < llallL<10wu®)]|z2 + [|0callL2 |0zu(t)|L> -

3) Let K denote the operator v — u, where u is the solution of (5.8) with
source term f = av and vanishing initial data. The estimates above show that K
maps C°([0,T); HY) N C1([0,T], L?) into itself and

IKv(t)L2 < C [y llv(s)] 2 ds,
10ra Ko@)l < C (J 100av()lz2 ds + (0@ + ()12 )-

where C' only depends on a.

(V.29)

4) The first two steps imply that the solution to (5.8), with source term g and
initial data ug, belongs to C°([0,T]; H') N C([0,T], L?). The third step implies
that Picard’s iterates converge in C°([0,T]; H') N C1([0,T], L?), proving that the
unique solution to (5.2) also belongs to C°([0,T]; H') N C*([0,T7], L?). The proof
of Theorem 2.7 is now complete.

VI Uniqueness and L?-stability of the H.,, solution

In this section we prove Theorem 2.8. It follows from a stronger result on the stabil-
ity of finite energy solutions U such that curl E and curl H belong to C° ([0, +00l;
L*(R?)). Before stating the result, we make a few remarks.
Consider two finite energy solutions U and U on Qp. Then 6U = U — U
satisfies
0
LU = | —0F (VL1)
OF
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where L denotes the first-order system in (1.2) and 6F = F(M,H) — F(M, H) =
F(M,H — H)+ F(M, H) — F(M, H). Suppose that || M(0)||z~ < R and
|M(0)||L~ < R. Then, || M|~ < R and ||[M|~ < R. Suppose in addition
that

| H| Lo () < 00. (VI1.2)

Then [6F'| < C|6U|, where C depends on R and || H ||z (q,). The standard energy
estimate for (6.1) implies that

16U @)Lz < e [6U(0)]]z2 (VL3)

proving that U is the unique finite energy solution with initial data U(0). The
uniqueness of bounded solutions of semilinear equations is well known. Here, we
have a-priori bounds of the L> norms of M and M. The interesting point is that
(6.2) involves only H.

The main goal of this section is to weaken condition (6.2). The price is the
lost of the Lipschitz dependence of U(t) on U(0).

Theorem 6.1 Let U be a finite energy solution on Qr such that || M(0)|| L
< R, curlE and curl H belong to C°([0,T]; L*(R?)). Then there exist constants
C >0,c>0 and p > 0, such that for all finite energy solution U on Qp which
satisfies ||M(0)||L~ < R and ||[U(0) — U(0)||r2 < ¢, one has for all t € [0,T]

10() = U@ < CIUO) - TOIF, (VI4)
with y(t) := et
The main ingredient is a substitute to the L estimate (6.2).

Lemma 6.2 There is a constant C' such that for all X\ > e, there is H» e L>(Qr)
and functions ay € L*([0,T]), B € L>([0,T]) such that for all t € [0,T)

|LHA ()] < ax(t)+Bat), |(H — HM(B)ll2 < C/A, (VL5)
Ha/\HLZ([O,T]) < CvVn, HO{)\||LOC([O7T]) < ClnA. (VL6)

Proof. Using (2.13) we write H = H | — M and study each term separately.
1) The operator P maps L in LP for all finite p, with norm less or equal to
Cop, with Cj independent of p (see [St] for instance). Therefore, for all p € [2, +o0],

1My ()lp < CopllM(#)][2nL < Cop || M) 2npe-

Define Mﬁ‘(t, x) = M,(t,x) when | M, (t,r)| < C'lnAand Mﬂ\(tw) = 0 otherwise.
Then

(ML —Mﬁ)(t)niz < W MO < (C(ICI:/]\D));Q

with C1 = Co || M(0)|| p2nL . Choose C = 2eCy and p = 2In A > 2. Then the right
hand side is less than

(Cln)\)?e™ = (ClnA)*A72 < A7,
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2) Applying P, 0; to the second equation in (1.2) yields
OH, = P 0,F(M, H). (VLT)

Since F is Lipschitzean and (0; M,0; H) € L?, one can differentiate F'(M, H)
with respect to t. Using (2.4), one obtains that

0 F (M, H)| < C(10.H| + |H|[o,M]) < C(|0.H| + |H).

We know that 0 H = —cwlE — F(M, H) € L'([0,T]; L?). Moreover, M, (t)
is bounded in L* and H  (t) is bounded in H' thus in L*. Therefore H(t) =
H (t) — M (t) is bounded in L* and the right hands side of (6.7) belongs to
LY([0,T]; L?). In addition, the initial values of H | satisfy

H,(0)e H*, 0, H,(0)= —curl E(0) — F(M(0), H(0)) € L.

One would like to use the Stichartz estimates to control the L?(L>°) norm of H |
by the L'(L?) norm of OH | . This corresponds to the forbidden limit case p; = oo
in (5.16) for which the inequality is known to be false (see [L] , [KM]). Nevertheless
we persist in following this idea. The Strichartz inequality in the limit case p; = oo
holds for functions whose Fourier transform is supported in a ball and it is possible
to give a sharp estimate of the constant involved in term of the radius of the ball.
Precisely, recalling the definition of S* in (2.9), we have

Proposition 6.3 There exists a constant ¢ such that for all A > 0, all T > 0 and
alluw € C°([0, 00[; H*(R?)),

15| 22 0,19 Lo~ (re)) < ev/log(1 + AT) (Hat,mu(o)HH(Ri") + HDU||L1([O,T];L2(R3))>-

The proof is delayed until section 8. A similar idea would be to estimate the
constant C' in (5.16) as p; — oo. It would lead to similar results.

This proposition applies to H,. Therefore the function ay(t) :=
|S* H | ()|~ belongs to L%([0,T]) and

||aA||L2([O,T]) < Cv/In(1+MT) < C'VIn A (VL)

for In A > 1. Next, we note that H |, — S* H | satisfies
1
I = SHHLDllrz < 5 IHL @l < C/A.

3) The Lemma 6.2 follows, with H* = S* H | — M{, ax(t) = [|S* H ()]~
and Bx(t) := || M} (8)] -
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Proof of Theorem 6.1. Using the inequalities (2.4) for the function F' and the L™
bounds (2.6) for M and M, one obtains that the right hand side 6 F = F(M,6H )+
F(M,H)— F(M, H) in (6.1) satisfies

0F| < C(R) (|6H]| + | H||6M]). (VL9)
For all A > e, choose H™ as indicated in Lemma 6.2. Then, (6.9) implies that

1
6F@)l2 < C(IBH®1 + (03(8) + Bu0) MWDl + + 1M1
With the obvious estimate |§M| < |M| + |.M| < 2R, this implies that

1
[8E @12 < C((1+ax(®) + B0) 18U 22 + 5 ). (VL10)
for some C that depends only on || .M (0)||2qr~, R and chrlﬂHCO([O,T];Hl(R3))'
Introduce
6(t) = 18U @)]] -
The energy estimate for (6.1) together with (6.10) yields
¢
1
5(t) < 5(0) + 20/ ((1+ax(s) + 5a(5)) 8(s) + ) ds.
0
Gronwall’s Lemma implies that for all A > e and all ¢ € [0, T
5(t) < (8(0) + %)e“” (VL11)
where .
Ax(t) = 20/ (1 + ax(s) + Ba(s)) ds.
0
Lemma 6.2 implies that forall A\ > eand 0 <t < T,
Ax(t) < C(tlnA+VtlnX) < Ci(1+tn)) (VI1.12)
Suppose that A > 1/6(0). Then (6.11) and (6.12) imply
8(t) < 6(0)(1 + Ct) Cr(FtmA), (VL13)

Suppose that §(0) < 1/e. For t < Ty :=1/2C4, one can let A — 1/6(0) to find
8(t) < e“1(1+CTy)6(0) .
Introduce p = CqIn4. Then 1 —tCy > ~(t) := e for t < 1/2C;. Summing up,
we have shown that there are constant 77 > 0, Cy and p such that, if §(0) < 1/e,
then for t <Tj :
8(t) < C6(0)7®, (VL14)
If C56(0)7(T1) < 1/e, one can apply (6.14) to the Cauchy problem with initial time

Ty and prove that (6.14) with another constant Cs holds on [T7, 271]. By induction
this implies that for §(0) small enough, the estimate (6.4) follows.
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VII Global smooth solutions

In this section, we prove Theorem 2.9. We therefore assume that F' satisfies As-
sumption 2.1 and in particular is infinitely smooth. Classical results for the semi-
linear Cauchy problem in R'*3 with initial data Uy in H®, s > 2, say that there
exists a unique maximal solution U € C°([0, T'[; H*) of (1.2) satisfying U(0) = Up.
Moreover, if T' < oo, then |[|[U(t)||p~ — oo, and hence ||U(t)||gz — cc ast — T.
Therefore, Theorem 2.9 is a consequence of the following a priori estimate.

Proposition 7.1 Let F satisfy Assumption 2.1. For oll T > 0, any finite energy
solution U in Qr belonging to C°([0, T[; H?(R?)), satisfies

sup [|U(t)||g2rs) < C
0<t<T

where C' depends only on T and ||U(0)| g2 (rs)-

Let OU denote any z-derivative of U. Differentiating twice the equations for
U leads to a system for U, OU and 0?U which reads

LU = fo, LOU = fi, LU = fo. (VIL1)

The nonlinear part of f;,7 = 1,2 involve the first and second order derivatives
of F' with respect to m. Assumption 2.1, the chain rule and the uniform bound
(2.6) for M immediately yield the following pointwise estimates which hold almost
everywhere on Qp :

fol <CIH,  |fi] < C(1oH] + |H| [oM]), —_
|fol < C(102H| + |0H| [0M] + [H| 0 M| + |H||0M]?),
where C' is some constant that depends on ||M(0)||. = R. Introduce
na(t) = sup ||U(s)||g2- (VIL3)

0<s<t

In order to apply the energy estimate for the large system (7.1) we need to bound
from above the L?-norms of the f;(t) by some functions of ny(t). The linear terms
in (7.2) are trivially bounded by ns(t). Thus it remains to control the quadratic and
cubic terms. The key is to obtain bounds for the L> norm of H. For H| = —M|,
we use a Judovic-type inequality.

Lemma 7.2 There exists C depending only on ||M(0)|p2nr~ such that for all
te€0,T]
1My ()]loo < C (1 + W™ (M (B)]12)). (VIL4)

where In* denotes the positive part of In.
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Proof. Introduce a Littlewood-Paley decomposition 1 = ¢(§) + Y 7o, 1 (27F¢) as
in (5.13) and use the notations Sy := ¢(D,), Ag := ¥r(D,). We first prove that
forall £ > 1,

kMl < 23 [[M]|1s + e k|| M]| (VILS)
where ¢ only depends on . One has
1SoMy ||z < 22 |SoM 2 < 2% ||M]| 2. (VILG)

since P is an orthogonal projector on L? and ¢ is supported in |¢| < 2. Denote by
p|(§) = # (€, )€ the symbol of Py. Since pjv1 € CF°, its Fourier transform ()
belongs to the Schwartz class S. Since p|| is homogeneous of degree 0, it follows
that, for all k > 1, Py o ¢1(27%D,) is the convolution operator with 2%y (2"z),
whose L'-norm is independent of k. Thus, for all & > 1,

[AeMyl[ee < lIxllLr |M]| Lo (VILT)
Since Sy = So + > <, Aj, (7.6) and (7.7) imply (7.5). To end the proof of the
lemma, note that in R3
(I = Sk)(u) || o < c27%/2(|0%u]| 2 (VIL8)
Since P is orthogonal and commute with 02, this implies
1My = SpMy [z < 2752 | M| 2. (VIL9)

Let A := || M (t)||zr2/|| M (t)| £ , noticing that A > /8. Choose k such that 2¢/2 <
A < 204172 Then (7.5), (7.9) and the inequality || M (t)||penzz < [|M(0)||zeonr2
imply (7.4).

Lemma 7.3 There are a universal constant ¢ and a constant Cy which depends
only on [|M(0)||pecnrz, ||curl(E, H)(0)||z2 and T, such that for all X > e, there is
a function ay € L2([0,T)) such that llaxllzz(o,r) < C1vVIn A and for all t € [0,T7,

[HL ()] < an(t) + \% ([ (E)]] 2 (VIL10)

Proof. By Theorems 2.7 and 2.8, we know that U extends as a finite energy
solution on Qu,, with (E,H,) € C°([0,00[; H'). Thus the norm of (E,H,) in
C°([0,T); H') is bounded by a constant C; which depends only on ||M(0)||zenrz,
|lcurl(E, H)(0)|| 2 and T. As in the proof of Lemma 6.2, this implies that OH; €
LY([0,T]); L?), H (0) € H! and 9;H, (0) € L?, with norms less than a similar con-
stant C;. Therefore Proposition 6.3 implies that the function ¢ — ||S*(H L (¢))| L=
belongs to L2([0,T]) with norm less than C;v/In X. To prove (7.10) write

L ()l < 1S*HLO) [z + 11 = S*)(HL(s))l|
and recall (7.8), which implies that
(7 = SYHLE)p> < clHLOllaz < c|[HE)|
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Proof of Proposition 7.1. Let U € C°([0,T[; H*(R?)) be a finite energy solution
in Q7. We estimate the L? norms of the f;(t), using (7.2). Recall the Cagliardo-
Nirenberg inequality

H0ul?[[ L2 < 4 JullLe 0%l e

It implies that
I OH @) OM )| |2 < 4| HE)2IMEN2 U @) a2

and
IH@OM (@) (|2 < 4| H @)oo [|M ()|l M ()] 122 -

Therefore, (7.2) implies that
1fi@) I < C A+ [HB)l[L2) [U@)] 12 -

where C' only depends on || Mo || 2z . Next write H = H, — M) and use Lemmas
7.2 and 7.3 to find

1U@)] 22
VA

Therefore, the energy estimates for the large system (7.1) implies that

10 e < € (1 an(e) + + W (U )) 10 @ 2. (VILL)

U@ 2 < 1T(O) |22+
t s
C fy (L an(s) + 1w ([U(s)12) ) U (5) 1= s,
(VIL.12)
2
Since the function n +— n + ayn + nln™(n) + "~ is positive and increasing in n

the same inequality is true for na(t) = supg<,<; [|U(t)| m2, that is

na(t) < ng(0) + C/Ot (1 + ax(s) + n%/(;) + ln+(n2(s))) na(s)ds.  (VIL13)

This family of inequalities hold for all ¢ € [0, 7] and A > e. The constant C only
depends on || My||2n1~ and the family of functions a satisfy

llaxllzz(o,ry < CivIn A, (VII.14)

where Cy only depends on ||[M(0)||penrz2, ||curl(E, H)(0)||z2 and T

To complete the proof of Proposition 7.1 consider T3 < T and choose A such
that v/A = ny(T}) so that inequality (7.14) implies that, for 0 < ¢ < T,

na(t) < v(t) :==n2(0) + C/o ((2 + ax(s))na(s) + na(s)Int ng(s)) ds. (VIL.15)
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The function v(t) is absolutely continuous on [0, 7] and its derivative is
V(t) = C (24 ax(t) + InT na(t))na(t) < C (24 an(t) + In* w(t))v(t). (VIL16)

In (7.13) and (7.15) one can increase ns(0) and therefore assume that n2(0) > 1,
so that v(¢) > 1. Then the function In v is absolutely continuous and its derivative
is

(Inv)'(t) = 0 <C2+ar(t)+Inv(t). (VIL17)
124
Therefore, for ¢ < 77, one gets
t
Inv(t) < e Inv(0) + / e (2 + ax(s))ds. (VIL.18)
0

Take ¢t = T} in this estimate. Using (7.14) and recalling the choice A = ng(T7)?,
(7.15) and (7.17) imply

Inna(Th) <lnv(Ty) < T Inny(0) + eCT C1+/2T Inny(Th). (VIL.19)

Therefore
Inny(T1) < 2e“TInng(0) + 2Te*CT COF (VII.20)

and Proposition 7.1 follows.

VIII Limit Strichartz-type estimates

In this section we prove Proposition 6.3. Recall that the space dimension is equal
to 3. The proof follows the methods in [GV] or [LS], but we give the details to

obtain the sharp bound \/In(1 + AT).
Consider v € C*(R; S(R?)) such that

Ov =g, v=0=0, Owp=0=0, (VIIL1)

Lemma 8.1 Suppose that the support of the spatial Fourier transform §(t,&) of g
is contained in the ball {|¢] < A\}. Then for allt > 0,

2 < 5 t 2
{ lv(@) 172 < 5z M1+ X8 fy llg(s)lI7: dt, (VIIL2)

t
100 (@)1, -1 < 5p2 M1+ AE) fy lg(s)IIZ dt.

Proof. We consider first the case A = 1. The general case follows using dilations.
1) Suppose that

support §(t,&) C {|¢| < 1}. (VIIL.3)
The solution to (8.1) satisfies
¢ d
o0, = [ sn (¢ = 9l 85.6) 5.
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and

%o(t,€) _ tcos -5 G(s ds

Thus
t ot
| v(t) ||2L2 = /// K_(r,0,2—vy) g(o,9)g(7,x) dvdydrdo  (VII.4)
0JOJR3xR3

where, taking the support condition (8.3) into account,

2n)} K_(1,0,2) := / sin ((t — 0)[¢]) sin ((t — 7)[€]) e **¢ d—i . (VIIL5)
g1<1 <l

Similarly,

o(t) o o K
|| |§‘ ”L2 = 0JoJ R xR + (T7 0, T — y) g(a, y)g(Ta ‘T) dx dy dr do (VIII6)
3% R3

with

—izg 4€

2m)3 Ky (1,0,2) = /£|<1 cos ((t —o)|]) cos ((t —7)[¢]) e €2 (VIIL.T)
Introduce de
_ —izg 05
M), 2) /551 cos(Ml) ¢ (VIILS)
It follows that
(2r)3 Ki(1,0,2) = % (M(T —0,2) M2t —0o —T, z)) (VIIL.9)

In order to apply Schur’s Lemma to (8.4) and (8.6), we need sharp bounds for
sup, |Ki(r,0,%)|, hence, in view of (8.9), of sup, |M (A, z)|. From (8.8) one gets
first that, for all A, z,

|[M(A, 2)| < 4. (VIIL.10)

Note that M is real and rotation invariant in z. Taking polar coordinates for &,
one obtains that

1,1 1 . B
M\ z) = 27T/ / cos(Ar)e! *I™ drdw = 7r/ sin(lzlw + A) + sinlelw = 3) dw.
0J-1

1 lzlw+ A |z|w — A
(VIIL11)
Writing
/1 sin(|z|w + /\) diw — i /Z:EA sin(a) da,
21 |RlwEA |2| —|z|l£x @
it follows that inSi 5
M, 2)| < ST 87 (VIIL12)

2| 2]
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since the function Si(z) = [ sina) gq satisfies [Si(x)| < Si(r) < 2, x € R. From
(8.11) one also gets

8
sup [M(M,2)| < o (VIIL13)
a1 Al
|z|<'5
which, with (8.12) and (8.10), yields
20m
M(X < . VIII.14
sup M) < T (VIIL14)
To estimate (8.4) and (8.6) we note that
‘ Jofofs xms K= (7, o, —y) g(o,y)g(7,x) dedydr do| < (VIIL15)
(sup, Jy sup, [Ka (7,0, 2)ldo) fy llg(s) 3 ds.
Using (8.9) and (8.14), one has
107 107
2m)? K < :
(2m) Sgpl £(r o 2)| < 1+ |7 —o0| + 1+ 2t —7—o0]
Hence
t
(2m)3 / sup |Ky(r,0,2)] < 107r(1n(1 +7)+In(1+2t— 7'))
0 =z
and
‘ 5
sup/ sup |K4(7,0,2)|do < S~ log(1+1).
T 0o =z 27
Substituting this estimate in (8.15), equalities (8.4) and (8.6) yield
2 5 ' 2
o). < 52 W1+ [ lla(s) 3 s (VIIL16)
and
5 t
o < 55 W10 [ o) ds (VIIL17)
0

2) Suppose next that §(¢,&) is supported in {|¢| < A}. Introduce

1 t x t x
g (t,x) '_FQ(X’X)’ ua(t,x) = U(X’X)

Then
Ovx = gx, Uri=0=0, 0Owr=0=0,

and ga(t,&) = Ag(t/A, AE) is supported in {|¢| < 1}. Thus (8.16) (8.17) apply to
vy and gy and (8.2) follows.
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Proof of Proposition 6.5. Consider f € C®(R;S(R?)), up € S(R?) and u; €
S(R3?). Let u € LS, (RT; L2(R?) denote the solution to

loc

Ou =f, up=o=uo, Orujr=o=1u1. (VIIL.18)

Recall from (2.9) that S* = p(A~1D,) where p € C5°(R?)) is real, equal to 1 on
|€] <1 and is supported in |¢] < 2. We show now there is a constant C, depending
on ¢ but not on 7" and u, such that

T T
¢ | 1520l < 0 Viogli 23D (Juoll s+l + [ 150 t).

(VIIL19)

Note that the left hand side of (8.20) is well defined. One has

1MW Ol 2oazey = sup S (u) g dudt, (VIIL20)

llgll 2 (0,77,21) <1/ Qr

where Qr = [0, 7] x R? and the functions g are supposed smooth. To any such g
corresponds a unique v solution on {t < T} x R? to

Ov =g, V= =0, Ovp=r=0. (VIIL.21)

Since ¢ is real, we get

S’\(u)gdxdt:/ u S (g) dadt.
Qr

Qr
Commuting S* and O yields
0S* = Stg, S)‘v‘t:T =0, 8tS’\v|t:T =0.
Thus, integrating by part, one obtains
‘fQT S*Mu) gdadt | < || fllLr o) 1S (W) Lo 0,77 12) +
o]l 71 10:S* () (O) ] 71 + [|ua |22 ]10:5* () (0) | -

Using (8.2) for S*(v) whose spectrum belongs to |¢| < 2), it follows that

(VIIL.22)

‘fQT S (u) g dwdt ‘ <

||S’\(9)HL2([0,T];L1)\/% log(1 + 2>\T)(HUO||H1 + [Jurllz2 + ||f||L1([o,T];L2))-
(VIIL.23)

To conclude note that the operators S* are uniformly bounded from L!(R?)
to LY(R?). Thus [|S*(9) || 20, 73:01) < Cll(9)|| 20, 77;01) < C for some C that only
depends on ¢. With (8.21), (8.24) implies (8.20) and Proposition 6.3.
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