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Abstract. In this paper we will characterize products of balls—especially
the ball and the polydisc—inCn by properties of the isotropy group of a
single point. It will be shown that such a characterization is possible in the
class of Siegel domains of the second kind, a class that extends the class of
bounded homogeneous domains, and that such a characterization is no longer
possible in the class of bounded domains with noncompact automorphism
groups. The main result is that a Siegel domain of the second kindG ⊂ Cn

is biholomorphically equivalent to a product of balls, iff there is a point
p ∈ G such that the isotropy group ofp contains a torus of dimensionn.
As an application it will be proved that the only domains biholomorphically
equivalent to a Siegel domain of the second kind and to a Reinhardt domain
are exactly the domains biholomorphically equivalent to a product of balls.

Mathematics Subject Classification (1991):32A07, 32M05, 32M15

1 Notation and definitions

The unit ball inCn will be denoted byBn, the unit polydisc byPn. In this
paper we will give characterizations of products of balls up to biholomor-
phism. So we can assume without loss of generality that all the balls in the
paper are actually unit balls.

LetG be a domain inCn. The automorphism group ofGwill be denoted
byAutG, the isotropy group of a pointp ∈ G byAutpG. As usual, these
groups will be equipped with the compact open topology (see [Nar71] for an
introduction to automorphism groups). Both groups are topological groups
with respect to this topology. IfG is bounded, they are even real Lie groups,
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with AutpG being compact. LetAut′G respectivelyAut′pG denote the
connected components of the identity of the groups above.

The class of all domains inCn biholomorphically equivalent to a

– bounded symmetric domain will be denoted byBSDn,
– bounded homogeneous domain will be denoted byBHDn,
– Siegel domain of the first kind will be denoted bySD1n,
– Siegel domain of the second kind will be denoted bySD2n,
– bounded domain with a noncompact automorphism group will be de-

noted byBNCn.

If the dimension of the domain is not of importance, the index will be
suppressed. The following inclusions are well known:

SD1

⊂

BSD ⊂ BHD ⊂ SD2 ⊂ BNC

Furthermore,BSDn 6= BHDn for everyn > 3 (a well known result of
I.I. Pyatetskii-Shapiro),BHDn 6= SD2n for n > 2, SD1n 6= SD2n
for n > 1, andSD2n 6= BNCn for all n. As an application of the main
theorem it will be shown in this paper that there are even topological balls
in BNCn \ SD2n for all n > 1.

For an introduction to bounded symmetric domains see [Hel78], for an
introduction to Siegel domains see for example [Mur72]. For the conve-
nience of the reader we will recapitulate the definition of Siegel domains:

Definition A setC ⊂ Rn is a cone, if x ∈ C ⇔ λx ∈ C holds for all
λ ∈ R+. A cone is calledregular, if it is nonempty, open, convex and
does not contain an entire line (Note that it follows from convexity that
x, y ∈ C ⇒ x+ y ∈ C holds for regular cones). Let from now onC denote
a regular cone inRn.
TheSiegel domain of the first kindoverC ⊂ Rn is the tube domain{z ∈
Cn : Im z ∈ C}.
A C–hermitian formis a mappingH : Ck × Ck → Cn with the following
properties:

(i) H is C-linear in the first argument
(ii) H(z, w) = H(w, z)
(iii) H(z, z) ∈ C
(iv) H(z, z) = 0 ⇔ z = 0

Note that this definition coincides with the usual definition of a hermitian
form if C = R+.
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TheSiegel domain of the second kind overC withC–hermitian formH
is now defined to be{(z, w) ∈ Cn+k : Im z − H(w,w) ∈ C}. The pair
(n, k) is called thetypeof the Siegel domain. It has been shown in [KMO70]
that the type is a biholomorphic invariant; therefore it makes sense to speak
of the type of a domain inSD2 as well.

Finally, note thatAutG andAutpG are real Lie groups even ifG ∈
SD2, since every Siegel domain of the second kind is biholomorphically
equivalent to a bounded domain.

2 Introduction

In this paper we will study characterizations of the ball and the polydisc, as
well as arbitrary products of balls, by the structure of an isotropy group of
a single point.

Characterizations of the ball are known for quite a while. B. Wong for
example proved in [Won77] that a strongly pseudoconvex domain withC2-
boundary inCn is biholomorphically equivalent to a ball, iff its automor-
phism group is noncompact. This result has been generalized by several
authors. The proofs of these results are of a differential geometrical nature
and make use of smoothness properties of the boundary of the domain. These
methods are thus not suitable for a characterization of the polydisc. Instead
we will use the Lie group structure of automorphism and isotropy groups.

The starting point is the geometrical observation that the high amount of
symmetry of the ball and the polydisc is reflected in the size of the isotropy
groups of the origin (for proofs see [Nar71]):

Aut0Bn = {z 7→ Az : A ∈ U(n)}
Aut′0 Pn =

{
diag(eiϕ1 , . . . , eiϕn) · z : ϕj ∈ R ∀j} ∼= (S1)n

Aut0 Pn =
{
z 7→ P · diag(eiϕ1 , . . . , eiϕn) · z : ϕj ∈ R ∀j

andP is a permutation matrix}

LetBk1 × · · · × Bkm be a product of balls. A theorem of H. Cartan states
thatAut′(p1,p2)G1 ×G2 ∼= Aut′p1 G1 ×Aut′p2 G2 for bounded domainsG1

andG2. Thus

Aut′0 (Bk1 × · · · ×Bkm) = U(k1) × · · · × U(km)

In all these cases the isotropy groups contain then-dimensional torus of
mappings

{
z 7→ diag(eiϕ1 , . . . , eiϕn) · z : ϕj ∈ R ∀j}
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Since products of balls are homogeneous, we have that

Aut′p (Bk1 ×. . .×Bkm) ∼= U(k1) ×. . .× U(km) ∀p ∈ Bk1 ×. . .×Bkm

so these groups contain a torus of dimensionnas well. ThusAutpG contains
a torus of dimensionn for all p ∈ G, if G is biholomorphically equivalent
to a product of balls.

We will use this property for our characterization. To be more precise:
we will investigate if it is possible to characterize products of balls by the
property that at least a single isotropy group contains a torus of dimension
n.

Since we only have conditions on the structure of a single isotropy group,
it is natural to presume that such a characterization will be possible in the
class of bounded homogeneous domains at most (the isotropy groups of a
homogeneous domain are conjugated and thus isomorphic). Surprisingly,
the characterization holds as desired not only inBHD, but in the much
larger classSD2, a class of domains that lies betweenBHD andBNC.
Our main result is:

Theorem A domainG ∈ SD2n is biholomorphically equivalent to a prod-
uct of balls, iff there is a pointp ∈ G such thatAutpG contains a torus of
dimensionn.

Since we will work in the classSD2, we will give realizations of products
of balls as Siegel domains of the second kind. It is straightforward to prove
that the map

f : Ck+1 → Ck+1 :

(z, w1, . . . , wk) 7→ (z1, . . . , zk+1) :=
(
z − i

z + i
,

2w1

z + i
, . . . ,

2wk
z + i

)

maps the Siegel domain of the second kind{
(z, w1, . . . , wn) : Im z − |w1|2 − · · · − |wk|2 > 0

}
biholomorphically ontoBk+1. More general,G := Bk1+1×· · ·×Bkm+1 ⊂
Cm+k is biholomorphically equivalent to the following Siegel domain of the
second kind of type(m, k):

G̃ :=




(z, w) :

Im z1 − |w1|2 − . . . −|wk1 |2 > 0

Im z2 − |wk1+1|2 − . . . −|wk1+k2 |2 > 0
...

Im zm − |wk1+···+km−1+1|2 − . . . −|wk|2 > 0




(1)
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3 Preliminaries

Before we can prove the main theorem of this paper, we will first have to
deal with some special cases and other preliminaries. We begin by exploring
some of the consequences of the condition of the main theorem.

Lemma 3.1 Let G ⊂ Cn be a bounded domain. Assume that there is a
p ∈ G such thatAutpG contains a torusT of dimensionn. ThenT is a
maximal torus inAutpG.

Proof. Let H := {Dψ(p) : ψ ∈ AutpG}. A theorem of H. Cartan states
that

J : AutpG → H, ψ 7→ Dψ(p)

is an isomorphism of Lie groups. Therefore,H is a compact subgroup of
GL(n,C). Let T̃ := J(T ). Since the maximal tori inGL(n,C) are exactly
the tori of dimensionn, T̃ is a maximal torus inH; thusT is a maximal
torus inAutpG. ut
Corollary 3.2 Let Cn ⊃ G = G1 × · · · × Gk, Gj ⊂ Cnj be a bounded
domain, and letp = (p1, . . . , pk), pj ∈ Cnj , be a point inG. If AutpG
contains a torus of dimensionn, thenAutpj Gj contains a torus of dimension
nj for all j.

Proof. Let mj be the dimension of a maximal torus inAutpj Gj . Then
m1 + · · ·+mk ≥ n. It follows now from lemma 3.1 that in factm1 + · · ·+
mk = n, and that furthermoremj = nj for all j. ut
Lemma 3.3 Let G ⊂ Cn be a bounded domain. Assume that there is a
p ∈ G such thatAutpG contains a torus of dimensionn. Then there is an
involution inAut′pG with an isolated fixed point inp.

Proof. Again we will identifyAutpG with the compact subgroupH :=
{Dψ(p) : ψ ∈ AutpG} of GL(n,C). It is well known that for every
compact subgroupS ≤ GL(n,C) there exists a hermitian product<,> on
Cn such thatS ≤ U(n,<,>). Especially it follows that every member of
H is diagonalizable with eigenvalues of absolute value1. Let T̃ be a torus
of dimensionn in H and letM ∈ T̃ such that{Mk}k∈N = T̃ (the set of
all suchM is dense inT̃ ). We can assume after a suitable linear change of
coordinates thatM is a diagonal matrix. Consequently,T̃ consists solely of
diagonal matrices with diagonal elements of absolute value1. SinceT̃ is a
torus of dimensionn, it follows that

T̃ =
{
diag(eiα1 , . . . , eiαn) : α1, . . . , αn ∈ R

}
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Especially,−I ∈ T̃ . There is aφ ∈ Aut′pGwithDφ(p) = −I, and since
−I is an involution inGL(n,C), φ is an involution inAut′pG. It follows
from the inverse function theorem thatφ − id has an isolated zero inp. In
other words,φ has an isolated fixed point inp. ut

We now prove some special cases of the main theorem.

Proposition 3.4 A domainG in BSDn is biholomorphically equivalent to
a product of balls, iff there is a pointp ∈ G such thatAutpG contains a
torus of dimensionn.

This proposition is an immediate consequence of the classification of
bounded symmetric domains by E. Cartan (see [Hel78]). We include the
details for the convenience of the reader.

Proof. We assume first thatG is an irreducible bounded symmetric do-
main. There are 4 classes of these domains with members in infinitely many
dimensions—called the classical domains of type I–IV—and 2 exceptional
domains inC16 respectivelyC27. Descriptions of the classical domains can
be found in [Hel78], descriptions of the two exceptional domains can be
found in [Koe62]. We will include the definitions of the classical domains
here, since we will need some of the details.

Type I : domains of this type exist in every dimension. Letn = pq with
p ≥ q > 0. Identify Cn with the set of allp× q matrices with complex
entries. LetZ denote a matrix of this type and letIq denote theq × q
identity matrix. Then the domain of type I with parametersp andq is

RI := {Z : Iq − Z∗Z is positive definite}
The isotropy groups are isomorphic toS(U(p) × U(q)).

Type II : a domain of this type exists only in dimensionsn of the form
n = p(p + 1)/2, p ∈ N. For such ann we can identifyCn with the set
of all symmetricp× p matrices and the domain of type II is defined as

RII := {Z : Ip − ZZ̄ is positive definite}
The isotropy groups are isomorphic toU(p).

Type III : a domain of this type exists only in dimensionsn of the form
n = p(p + 1)/2, p ∈ N. For such ann we can identifyCn with the set
of all skew–symmetric(p + 1) × (p + 1) matrices (a skew–symmetric
matrix has zeroes on its diagonal). The domain of type III is defined as

RIII := {Z : Ip+1 + ZZ̄ is positive definite}
The isotropy groups are isomorphic toU(p).
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Type IV : a domain of this type exists in every dimensionn > 2; it is defined
by

RIV :=
{
z : |zzt| − 2z̄zt + 1 > 0, |zzt| < 1

}
The isotropy groups are isomorphic toSO(n) × SO(2).

Classical domains of different types may coincide in low dimensions; for
example, the domains of type I withp = q = 1, type II with p = 1, and
type III with p = 1 are all just the unit disc inC.

Finally, the Lie algebras of the isotropy groups of the exceptional do-
mains inC16 respectivelyC27 areso(10) + R respectivelye6 + R.

The isotropy groups ofG can thus only contain a torus of dimensionn if
G is of type I withq = 1 (or of type II or III with p = 1, but these cases are
redundant by the remark above). But the type I domain withq = 1, p = n
is just the unit ball inCn.

Now let G = G1 × · · · × Gk be a bounded symmetric domain with
irreducible factorsGj . It follows immediately from corollary 3.2 and the
considerations above thatG is biholomorphically equivalent to a product of
balls. ut

Note that it follows immediately from lemma 3.3 that proposition 3.4
holds as well in the larger classBHD. We will not use this result in the rest
of the paper, and it will be superseded by the main theorem 4.1.

In conjunction with a theorem by O.S. Rothaus, 3.3 and 3.4 can also be
used to characterize the polydisc inSD1:

Proposition 3.5

(i) A domainG in SD1 is biholomorphically equivalent to a product of
balls, iff it is biholomorphically equivalent to a polydisc.

(ii) A domainG in SD1n is biholomorphically equivalent to a polydisc, iff
there is a pointp ∈ G such thatAutpG contains a torus of dimension
n.

(iii) A domainG in SD1n is biholomorphically equivalent to a polydisc,
iff there is a pointp ∈ G such thatAut′pG is a torus of dimensionn.

Proof. Let Pn be the (unit) polydisc inCn. It has already been mentioned
in the introduction thatAut′0 Pn is a torus of dimensionn (as is every
other groupAut′p Pn, p ∈ Pn). The condition of (iii) is thus fulfilled for
the polydisc. Furthermore,Pn is biholomorphically equivalent to the Siegel
domain of the first kind(H+)n, whereH+ is the upper half plane inC.

LetG be a domain inSD1n, which is biholomorphically equivalent to
a product of balls. Then the type ofG is (n, 0). It has been shown in the
introduction that the type of the product of ballsBk1+1 × · · · × Bkm+1 ⊂
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Cm+k, k = k1 + · · · + km, is (m, k). Thusk1 = · · · = km = 0, andG is
biholomorphically equivalent to a polydisc. This proves ((i)).

Now letG be inSD1. A theorem of O.S. Rothaus ([Rot71], introduction
respectively theorem 18) states that a Siegel domain of the first kind is already
biholomorphically equivalent to a bounded symmetric domain, if there is
an involution inAutG with an isolated fixed point inG. It follows from
lemma 3.3 and proposition 3.4 thatG is biholomorphically equivalent to a
product of balls. Now (i) shows thatG is biholomorphically equivalent to a
polydisc, which proves (ii) and (iii). ut

4 A characterization of products of balls in the classSD2

We will prove our main theorem about a characterization of products of balls
in the class of Siegel domains of the second kind in this section. Additionally
we will give characterizations of the two most important special cases of
products of balls: the ball and the polydisc.

Theorem 4.1 A domainG ∈ SD2n is biholomorphically equivalent to a
product of balls, iff there is a pointp ∈ G such thatAutpG contains a torus
of dimensionn.

Proof. Let n = m + k, z ∈ Cm, w ∈ Ck andG := {(z, w) ∈ Cm+k :
Im z − H(w,w) ∈ C} with a regular coneC ⊆ Rm and aC-hermitian
form H : Ck × Ck → Cm. Since the theorem has already been proved in
SD1, we can assumek > 0. In several steps we will use information about
AutG to receive information aboutG and vice versa.

Step 1: Let p = (u, v), u ∈ Cm, v ∈ Ck. It is well known that the affine
mappings

Φa,b :
(
z

w

)
7→

(
z + a+ 2iH(w, b) + iH(b, b)

w + b

)
, a ∈ Rm, b ∈ Ck

are automorphisms ofG (see [Mur72]). ObviouslyΦ0,−v(u, v) = (ũ, 0)
with a ũ ∈ Cm. ThereforeAut′(u,v)G andAut′(ũ,0)G are isomorphic. We
will assume without loss of generality thatp = (u, 0).

Let U be a torus of dimensionn in Aut′pG. It follows from lemma 3.1
thatU is a maximal torus in the compact and connected Lie groupAut′pG.
A well known theorem in Lie group theory states that all maximal tori in a
compact and connected Lie group are conjugated by inner automorphisms,
and that every torus in the Lie group is contained in a maximal torus.

Sincep = (u, 0), the mappingsϕ(z, w) := (z, eiψw), ψ ∈ R, form a
one dimensional torus inAut′pG. There is a maximal torusUϕ ⊆ Aut′pG
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that contains all these mappings. SinceU andUϕ are conjugated, we may
assumeU = Uϕ.

Step 2: Let F (z, w) := (f(z, w), g(z, w)), with

f = (f1, . . . , fm), g = (g1, . . . , gk)

be an arbitrary automorphism inU , and letϕ(z, w) := (z, eiψw). SinceU
is abelian, we have

F ◦ ϕ(z, w) =
(
f(z, eiψw), g(z, eiψw)

)
=

ϕ ◦ F (z, w) =
(
f(z, w), eiψg(z, w)

)
⇔f(z, w) = f

(
z, eiψw

)
∧ eiψg(z, w) = g

(
z, eiψw

)
for all (z, w) ∈ G and allψ ∈ R.

Let the power series expansion ofF at0 ∈ Ck with fixedz be

fj(z, w) =
∑
ν∈Nk

0

ajν(z)w
ν , gj(z, w) =

∑
ν∈Nk

0

bjν(z)w
ν

Therefore

fj(z, w) =
∑
ν∈Nk

0

ajν(z)w
ν1
1 · . . . · wνk

k

=
∑
ν∈Nk

0

ajν(z)
(
eiψν1 · wν11

)
· . . . ·

(
eiψν1 · wνk

k

)

=
∑
ν∈Nk

0

ajν(z)e
iψ·|ν|wν

and

eiψgj(z, w) = eiψ
∑
ν∈Nk

0

bjν(z)w
ν1
1 · . . . · wνk

k

=
∑
ν∈Nk

0

bjν(z)
(
eiψν1 · wν11

)
· . . . ·

(
eiψν1 · wνk

k

)

=
∑
ν∈Nk

0

bjν(z)e
iψ·|ν|wν

Comparing the coefficients yieldsajν(z) = 0, if |ν| > 0, andbjν(z) =
0, if |ν| 6= 1. It follows that f is independent ofw, and thatg is of the
form g(z, w) := A(z) · w, whereA(z) is a matrix whose components
are holomorphic functions inz. The domain of definition off andA is
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the setG̃ := {z ∈ Cm : ∃w ∈ Ck with Im z − H(w,w) ∈ C}. Since
H(w,w) ∈ C, and sinceC is an open convex cone we have

Im z −H(w,w) ∈ C ⇒ (Im z −H(w,w)) +H(w,w) ∈ C

ConsequentlỹG = {z ∈ Cm : Im z ∈ C} = {z ∈ Cm : (z, 0) ∈ G}. Thus
G̃ is a Siegel domain of the first kind inCm.

Summarizing, we have that every automorphism inU is of the form
F (z, w) = (f(z),A(z) · w) with holomorphic mapsf : G̃ → Cm and
A : G̃ → Mat(k × k,C). If we want to emphasize that these maps depend
onF , we will denote them byfF respectivelyAF .

Step 3: LetF be arbitrary inU . We will prove thatA(z) is invertible for all
z ∈ G̃, and thatf is an automorphism of̃G that fixesu.

DF (z, w) =


Df(z) 0

∗ A(z)


 ⇒

detDF (z, w) = detDf(z) · detA(z) 6= 0

ThusA is invertible.
z ∈ G̃ ⇒ F (z, 0) = (f(z, 0), 0) ∈ G ⇒ f(z) ∈ G̃ ⇒ f(G̃) ⊆ G̃.
f(z) = f(z′) ⇒ F (z, 0) = (f(z), 0) = (f(z′), 0) = F (z′, 0) ⇒ z = z′.
Thusf is injective.
z′ ∈ G̃ ⇒ (z′, 0) ∈ G ⇒ there is(z, w) ∈ Gwith F (z, w) = (f(z),A(z) ·
w) = (z′, 0). SinceA(z) is invertible, it follows thatw = 0. Thusz ∈ G̃
andf(z) = z′. Furthermore(u, 0) = F (u, 0) = (f(u), 0) ⇒ f(u) = u,
and it follows thatf ∈ Autu G̃. Obviously we can even conclude that
f ∈ Aut′u G̃.

Step 4: We will prove in this step that

Ũ := {f : ∃F ∈ U such thatF (z, w) = (f(z),A(z) · w)} ⊆ Aut′u G̃

is a torus of dimensionm. We will use this fact to simplify the shape ofG
by a linear change of coordinates.

Then-dimensional torusU can be identified as a Lie group withT :=
{DF (p) : F ∈ U} according to a theorem of H. Cartan. A calculation
shows

DF (z, w) =


 Df(z) 0

B(z, w) A(z)


 with

Bij(z, w) =
∂ai1
∂zj

(z) · w1 + · · · + ∂aik
∂zj

(z) · wk
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whereA(z) = (aij(z)). Consequently,

DF (p) = DF (u, 0) =


Df(u) 0

0 A(u)




Define

T1 := {Df(u) : f ∈ Ũ} and

T2 := {A(u) : ∃F ∈ U with F (z, w) = (f(z),A(z) · w),

f ∈ Ũ arbitrary}

The projectionsp1 : T → T1, DF (p) 7→ Df(u) and p2 : T → T2,
DF (p) 7→ A(u) are morphisms of Lie groups, thereforeT1 ⊆ GL(m,C)
andT2 ⊆ GL(k,C) are tori. We haven = m + k = dimT ≤ dimT1 +
dimT2 ≤ m + k. ThusdimT1 = m, dimT2 = k, andT ∼= T1 × T2.
SinceŨ ∼= T1, we have that̃U is a torus of dimensionm. Furthermore we
have for allf ∈ Ũ that the setT f2 := {A(u) : ∃F ∈ U with F (z, w) =
(f(z),A(z) · w)} = T2 ∼= {DF (p) : F ∈ U andfF = f} ∼= {F ∈ U :
fF = f} is a torus of dimensionk.

We will use this to simplify the shape ofG. We just showed thatAutu G̃
contains a torus of dimensionm, whereG̃ is a Siegel domain of the first kind
in Cm. It follows from theorem 3.5 that̃G is biholomorphically equivalent
to a polydisc, and thus to the Siegel domain of the first kindT ((R+)m)
over the cone(R+)m. It follows from a theorem by Kaup, Matsushima and
Ochiai ([KMO70]) thatG̃ is linearly equivalent toT ((R+)m), and thus that
G is linearly equivalent to a Siegel domain of the second kind over the cone
(R+)m. We may assume without loss of generality that(R+)m is the cone
of G.

Then G̃ = T ((R+)m) = (H+)m, and f ∈ Aut′u (H+)m, where
H+ denotes the upper half plane inC. A theorem of H. Cartan states
thatAut′(p1,p2)G1 × G2 ∼= Aut′p1 G1 × Aut′p2 G2 for bounded domains

G1, G2. Thusf(z) = (f1(z1), . . . , fm(zm)) with fj ∈ Aut′uj
H+, u =

(u1, . . . , um) andz = (z1, . . . , zm). Consequently,

fj(zj) =
ajzj + bj
cjzj + dj

, aj , bj , cj , dj ∈ R, and det


aj bj
cj dj


 = 1

It follows from the definition that the(R+)m-hermitian formH is of the form
H = (H1, . . . ,Hm), with positive semi–definite hermitiank × k-matrices
H1, . . . ,Hm.
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Step 5: Let z0 = (z1
0 , . . . , z

m
0 ) ∈ G̃ be arbitrary. Define

G(z0) : = {w ∈ Ck : (z0, w) ∈ G}

=



w ∈ Ck :

Im z1
0 − w∗H1w > 0

...

Im zm0 − w∗Hmw > 0




Obviously,G(z0) is a bounded circular domain that contains the origin. It
will be shown in this step thatG(z0) is even linearly equivalent to a Reinhardt
domain.

LetU1 := {F ∈ U : fF = id} = {F ∈ U : F (z, w) = (z,A(z) · w)}.
It has been shown in the fourth step thatU1 is a torus of dimensionk.
EveryF ∈ U1 fixes every point of the form(z0, 0) with z0 ∈ G̃. We have
U1 ∼= {DF (z0, 0) : F ∈ U1} ∼= {AF (z0) : F ∈ U1} for all z0 ∈ G̃. Define
for all F ∈ U1 the mapping

Fz0 : G(z0) → G(z0), w 7→ F (z0, w)

and defineU(z0) := {Fz0 : F ∈ U1}. ThenU(z0) is a Lie group of
automorphisms ofG(z0) for all z0 ∈ G̃, andU1 ∼= U(z0).

This means thatU(z0) is for all z0 ∈ G̃ a k–dimensional torus of au-
tomorphisms of the bounded circular domainG(z0) 3 0 fixing the origin.
Consequently,U(z0) consists solely of linear maps. It follows now like in
the proof of lemma 3.3 that

U(z0) =
{
diag(eiα1 , . . . , eiαk) : α1, . . . , αn ∈ R

}
up to a linear change of coordinates.U(z0) is thus linearly equivalent to a
bounded Reinhardt domain that contains the origin.

Step 6: We will show in this step that the matricesHj are simultaneously
diagonalizable. It will be concluded that after a suitable linear change of
coordinates inw everyHj is a diagonal matrix.

We will begin by proving that each two of the matricesHj are simultane-
ously diagonalizable. Letp, q with 1 ≤ p, q ≤ m, be arbitrary. IfHp = Hq,
there is nothing to prove. Assume thereforeHp 6= Hq. We will distinguish
two cases.

1. Case: Hj 6= 0 for all j.

In this caseWj := {w ∈ Ck : w∗Hjw = 0} is a subspace ofCk with
a codimension of at least1 for all j. W :=

⋃m
j=1Wj is thus a closed set of

Lebesgue measure zero inCk. Letw0 ∈ Ck\W arbitrary, and let

zp0 := iw∗
0Hpw0, z

q
0 := iw∗

0Hqw0, Im zj0 > w∗
0Hjw0 ∀j 6= p, q
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With z0 :=
(
z1
0 , . . . , z

m
0

)
we havez0 ∈ G̃ = T (Rm

+ ), and

Im zj0 − w∗
0Hjw0



> 0 for j 6= p, q

= 0 for j = p, q

Thus (z0, w0) ∈ ∂G andw0 ∈ ∂G(z0). With Gj(z0) := {w ∈ Ck :
Im z0

j −w∗Hjw > 0} we haveG(z0) =
⋂m
j=1Gj(z0). By the definition of

z0 it follows that in a neighborhoodV of w0 every boundary point ofG(z0)
is in in the boundary ofGp(z0) orGq(z0) . SinceHp 6= Hq, we can choose
w0 ∈ Ck\W in such a way thatGp(z0) andGq(z0) intersect transversally
in w0. Thus there are boundary points ofGp(z0) as well as boundary points
of Gq(z0) in V , which are boundary points ofG(z0). It has been shown in
the 5th step thatG(z0) is linearly equivalent to a bounded Reinhardt domain
that contains the origin. We may assume after a linear change of coordinates
thatG(z0) is such a domain. It will now be proved that bothGp(z0) and
Gq(z0) are Reinhardt domains.

Claim Gp(z0) andGq(z0) are bounded Reinhardt domains containing the
origin. BothHp andHq are diagonal matrices.

Proof. As has been shown above, there are pointsvp, vq ∈ V and neigh-
borhoodsVp, Vq of vp respectivelyvq in V , such that all boundary points
of G(z0) in Vp are boundary points ofGp(z0), and that all boundary points
of G(z0) in Vq are boundary points ofGq(z0). SinceG(z0) is a Reinhardt
domain, there is for eachw ∈ ∂Gj(z0) ∩ Vj , j ∈ {p, q}, anε > 0 such that
even(eiϕ1w1, . . . , e

iϕkwk) ∈ ∂Gj(z0) for all ϕ1, . . . , ϕk ∈] − ε, ε[. Thus,
the function

(ϕ1, . . . , ϕk) 7→ (e−iϕ1w̄1, . . . , e
−iϕkw̄k)Hj



eiϕ1w1

...

eiϕkwk




is constantly equal toIm zj0 on ] − ε, ε[. Expanding yields at once that all
the coefficients ofHj , which are not on the main diagonal, have to be zero.
Consequently,Hj is a diagonal matrix, andGj(z0) is a bounded Reinhardt
domain containing the origin forj ∈ {p, q}. ut

Summarizing, we have shown that the matricesHp andHq are simulta-
neously diagonalizable for arbitrary1 ≤ p, q ≤ m. Thus all the matricesHj

are simultaneously diagonalizable. We may assume after a linear change of
coordinates inw that everyHj is diagonal. LetHj = diag(hj1, . . . , h1k).
ThenG has the form
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G =




(z, w) ∈ Cm+k : Im z −




w∗



h11

...

h1k


w

...

w∗



hk1

...

hkk


w




> 0




=




(z, w) ∈ Cm+k : Im z −



h11 . . . h1k

...
...

hk1 . . . hkk







|w1|2
...

|wk|2


 > 0




DefineH :=



h11 . . . h1k

...
...

hk1 . . . hkk


, andH|w|2 := H




|w1|2
...

|wk|2


. ThenG takes

the form

G = {(z, w) ∈ Cm+k : Im z −H|w|2 > 0}
Since the matricesHj are positive semi–definite, the coefficients ofH are
non–negative real numbers.
2. Case: Hj = 0 for at least onej.

AssumeH1, . . . Hr 6= 0, andHr+1, . . . ,Hm = 0. In this case,G is the
product of the Siegel domain of the second kind

G′ :=




(z1, . . . , zr, w) ∈ Cr+k :

Im z1 − w∗H1w > 0
...

Im zr − w∗Hrw > 0




and the Siegel domain of the first kind(H+)m−r. It has been shown in
the first case that the matricesH1, . . . ,Hr, and thus of course the matrices
H1, . . . ,Hm are simultaneously diagonalizable. ThereforeG takes the same
simplified form as in the first case, after a linear change of coordinates inw.

Step 7: We will use the simplified shape ofG to gain further information
about the automorphismsF ∈ U .

G = {(z, w) ∈ Cn : Im z > H|w|2} ⇒ (z, w) 7→ (z, eiψ1w1, . . . , e
iψkwk)
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is an automorphism ofG for arbitraryψ1, . . . , ψk ∈ R. The set of all these
mappings forms a torus̃U of dimensionk. There is a maximal torus in
Aut′pG that contains̃U . Since all the maximal tori inAut′pGare conjugated,

we can assume without loss of generality thatŨ ⊂ U . LetF ∈ U ,F (z, w) =
(f(z),A(z) · w) andϕ(z, w) := (z, eiψ1w1, . . . , e

iψkwk) with arbitrary
ψ1, . . . , ψk ∈ R. SinceU is abelian, we haveF ◦ϕ = ϕ◦F . Consequently,
f(z),A(z)



eiψ1

...

eiψk


 · w


 =


f(z),



eiψ1

...

eiψk


A(z) · w




With A(z) := (ajl(z))1≤j≤k
1≤l≤k

, this is equivalent to

ajl(z)eiψl = eiψjajl(z) ∀j, l
Thusajl(z) ≡ 0 for j 6= l. It follows that the matrixAF (z) is diagonal for
all F ∈ U and allz ∈ G̃. Summarizing, we have that everyF ∈ U is of the
form

F (z, w) = (f1(z1), . . . , fm(zm), a1(z)w1, . . . , ak(z)wk)

with fj ∈ Aut′uj
H+.

Step 8: It has been shown in the 6th step that the components of the matrix
H = (hjl)1≤j≤m

1≤l≤k
are non-negative real numbers. It will be shown addition-

ally in this step that exactly one element in each column ofH is different
from 0.

Assume without loss of generality that in thel-th column the elements
h1l, . . . , hrl are positive, and the elementshr+1,l, . . . , hml are zero.

Let z0 := i · (h1l, . . . , hrl, 1, . . . , 1), letw0 denote thel-th member of
the standard basis ofCk, and letλ ∈ R+ be arbitrary.

(z, w) ∈ G ⇐⇒
Im z1 − h11|w1|2 − · · · − h1k|wk|2 > 0
...
Im zm − hm1|w1|2 − · · · − hmk|wk|2 > 0

For (λ2z0, λw0) we have:

Imλ2ih1l − h1l|λ|2 = 0
...
Imλ2ihrl − hrl|λ|2 = 0
Imλ2i− hr+1,l|λ|2 = λ2 > 0
...
Imλ2i− hml|λ|2 = λ2 > 0
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⇒ (λ2z0, λw0) ∈ ∂G. Since everyF ∈ U is defined onT (Rm
+ ) × Ck 3

(λ2z0, λw0), we haveF (λ2z0, λw0) ∈ ∂G ∀F ∈ U . Let

F (z, w) = (f1(z1), . . . , fm(zm), a1(z)w1, . . . , ak(z)wk)

with fj ∈ Autuj H
+. Then

F (λ2z0, λw0) = (f1(λ2ih1l), . . . , fr(λ2ihrl), fr+1(λ2i), . . . , fm(λ2i),

0, . . . , 0, al(λ2z0)λ, 0, . . . , 0) ∈ ∂G

⇒
Im f1(λ2ih1l) − λ2h1l|al(λ2z0)|2 ≥ 0
...
Im fr(λ2ihrl) − λ2hrl|al(λ2z0)|2 ≥ 0

(2)

(as well asIm fr+1(λ2i) > 0, . . . , Im fm(λ2i) > 0). At least one of these
inequalities has to be an equality.

The automorphismsf1, . . . , fr will now be given specific values. It has
been shown in the 4th step that for eachf ∈ Aut′u G̃ = Aut′u T (Rm

+ )
there is a torus of dimensionk of automorphismsF ∈ U with fF = f .
Sincek > 0, there is at least oneF ∈ U with fF = f for every choice of
f ∈ Aut′u G̃. Let f2, . . . , fr = id, and let

f1(z)=
az + b

cz + d
with a :=

2Reu1

|u1| , b :=−|u1| < 0, c :=
1

|u1| , andd := 0

Thenf1 ∈ AutH+, sincea, b, c, d ∈ R with det
(
a b
c d

)
= 1. A trivial

calculation showsf1(u1) = u1. Thusid 6= f1 ∈ Autu1 H
+ = Aut′u1

H+.
ChooseF ∈ U with fF = f . It follows from (2) that

Im f1(λ2ih1l) − λ2h1l|al(λ2z0)|2 ≥ 0
h2lλ

2(1 − |al(λ2z0)|2) ≥ 0
...
hrlλ

2(1 − |al(λ2z0)|2) ≥ 0

(3)

We will distinguish 2 cases, depending on the behavior of the function
λ 7→ |al(λ2z0)|.
1. Case: |al(λ2z0)| ≡ 1

In this case we haveIm f1(λ2ih1l) ≥ λ2h1l ∀λ > 0. Sincec 6= 0, this
is in contradiction to part (i) of the following lemma:

Lemma 4.2 Let u ∈ H+, and letf ∈ AutH+ with associated matrix(
a b
c d

)
, wherec 6= 0. Then
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(i) there is ax ∈ R+ with Im f(ix) < x.
(ii) if |d| < 1, there is ax ∈ R+ with Im f(ix) > x.

Proof. A simple calculation showsIm f(ix) = x
c2x2+d2 for all x ∈ R+.

ThusIm f(ix) < x ⇔ c2x2 + d2 > 1 ⇔ x2 > 1−d2
c2

. A corresponding
result holds if the inequality signs are reversed. This proves both parts of
the assertion. ut

Therefore the first case cannot occur.
2. Case: |al(λ2z0)| 6≡ 1

In this case,|al(λ2z0)| 6= 1 Lebesgue almost everywhere. We will as-
sume from now on thatr > 1, or in other words that at least 2 elements
are different from 0 in thel-th column ofH. It follows from (3) that
|al(λ2z0)| < 1 Lebesgue almost everywhere. Since equality has to hold
in at least one of the inequalities (3), it follows that

Im f1(λ2ih1l) = λ2h1l|al(λ2z0)|2

for all λ outside a set of measure 0. Consequently,

Im f1(λ2ih1l) = λ2h1l|al(λ2z0)|2 ≤ λ2h1l

for all λ ∈ R+. This is in contradiction to part (ii) of the lemma above. In the
l-th and thus in every column ofH there is therefore at most one element
different from 0. Since no Siegel domain of the second kind contains an
entire complex line, we have that in every column ofH there is exactly one
element different from 0.

After a suitable permutation of the coordinates, we have

(z, w) ∈ G ⇐⇒
Im z1 − h11|w1|2 − · · · − h1l1 |wl1 |2 > 0
Im z2 − h2,l1+1|wl1+1|2 − · · · − h2l2 |wl2 |2 > 0
...
Im zm − hm,lm−1+1|wlm−1+1|2 −. . .− hmlm |wlm |2 >0

with 1 ≤ l1 < · · · < lm := k.
After the linear change of coordinates

w′
1 :=

√
h11w1, . . . , w

′
l1 :=

√
h1l1wl1 , w

′
l1+1 :=

√
h2,l1+1wl1+1, . . . ,

w′
k = w′

lm :=
√
hmlmwlm

G has the form

(z, w) ∈ G ⇐⇒
Im z1 − |w1|2 − · · · − |wl1 |2 > 0
Im z2 − |wl1+1|2 − · · · − |wl2 |2 > 0
...
Im zm − |wlm−1+1|2 − · · · − |wlm |2 > 0
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(we usewj instead ofw′
j for simplicity). It has been shown in the introduction

that this domain is biholomorphically equivalent to the product of balls
Bl1+1 ×Bl2−l1+1 × · · · ×Blm−lm−1+1. This proves the theorem.ut

LetG be a domain that fulfills the conditions of theorem 4.1. It will be
shown next that the number of factors of the product of ballsG is biholo-
morphically equivalent to can be computed in terms of global geometrical
invariants ofG, as well as by properties of the isotropy groups. This will
be used to find characterizations of the two most important special cases of
products of balls, namely the ball and the polydisc.

Corollary 4.3 Let G ∈ SD2n be a domain with a pointp ∈ G such
that AutpG contains a torus of dimensionn. Let (m, k) be the type of
G and letCp denote the center ofAut′pG. Thenm = dimCp, andG is
biholomorphically equivalent to a product of balls ofm factors.

Proof. It follows from theorem 4.1 thatG is biholomorphically equivalent to
a product of ballsBk1+1 ×· · ·×Bkm̃+1 of m̃ factors for somẽm ∈ N. It has
been shown in the introduction that the type of this product is(m̃, n− m̃).
Since the type is a biholomorphic invariant, we havem̃ = m as desired.

The isotropy groups of a ballBn are isomorphic toU(n), and the center of
U(n) is given by{eiαI : α ∈ R}. Consequently, the connected components
of the identity of the isotropy groups ofBk1+1×· · ·×Bkm+1 are isomorphic
toU(k1 + 1) × · · · ×U(km + 1), where the center of this group is given by

{diag(eiα1 , . . . , eiα1︸ ︷︷ ︸
k1+1

, . . . , eiαm , . . . , eiαm︸ ︷︷ ︸
km+1

) : α1, . . . , αm ∈ R}

ThusdimCp = m. ut
We will use this corollary to give a series of characterizations of the ball

and the polydisc.

Corollary 4.4 (A characterization of the ball and the polydisc)A domain
G ∈ SD2n is biholomorphically equivalent to a

(i) ball, iff there is a pointp ∈ G such thatAutpG contains a torus of
dimensionn, anddim centerAut′pG = 1.

(ii) polydisc, iff there is a pointp ∈ G such thatdim centerAut′pG = n.

Proof. Part (i) is an immediate consequence of corollary 4.3. Now (ii) will
be proved: sinceAut′pG is compact, the conditiondim centerAut′pG = n
implies thatAut′pG contains a torus of dimensionn. Now corollary 4.3
shows thatG ⊂ Cn is biholomorphically equivalent to a product of balls of
n factors. ut
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An immediate consequence of part (ii) of the corollary above is the
following:

Corollary 4.5 (A characterization of the polydisc)A domainG ∈ SD2n
is biholomorphically equivalent to a polydisc, iff there is a pointp ∈ G such
thatAut′pG is a torus of dimensionn.
Proof. ut

Now the type will be used to characterize the ball and the polydisc in a
unified way:

Corollary 4.6 (A characterization of the ball and the polydisc)A domain
G ∈ SD2n of the type(m, k) is biholomorphically equivalent to a

(i) ball, iff m = 1, and there is a pointp ∈ G such thatAutpG contains
a torus of dimensionn.

(ii) polydisc, iffm = n, and there is a pointp ∈ G such thatAutpG
contains a torus of dimensionn.

Proof. ut

5 A counterexample and applications

LetG ⊂ Cn be a Reinhardt domain with0 ∈ G. ThenAut0G contains the
mappings

(z1, . . . , zn) 7→ (eiα1z1, . . . , e
iαnzn), α1, . . . αn ∈ R

These mappings obviously form a torus of dimensionn in Aut0G (but
note thatAut0G is not necessarily a Lie group ifG is not bounded). The
characterization of theorem 4.1 can therefore be no longer valid in any class
of domains that contains a bounded Reinhardt domainG 3 0 that is not
biholomorphically equivalent to a product of balls. It will be shown by an
example that already the classBNC ⊃ SD2 of domains biholomorphically
equivalent to a bounded domain with a noncompact automorphism group
contains such a Reinhardt domain. Thus theorem 4.1 cannot be extended to
BNC. As an immediate consequence we get thatBNCn \SD2n contains
topological balls for alln > 1.

The example is the following well knownThullen domain:

Theorem 5.1 LetG := {(z, w) ∈ C2 : |z|2 + |w|4 < 1}. Then

(i) the mapsfa(z, w) :=
(

z−a
1−āz ,

w 4
√

1−|a|2√
1−āz

)
, with |a| < 1, are automor-

phisms ofG,
(ii) G ∈ BNC,
(iii) Aut0G contains a torus of dimension2,
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butG is not biholomorphically equivalent to a product of balls (in this case
the ball or the polydisc).

Proof. (i) |z − a|2 = |1 − āz|2 − (
1 − |z|2) (

1 − |a|2); therefore

∣∣∣∣ z − a

1 − āz

∣∣∣∣
2

+

∣∣∣∣∣w
4
√

1 − |a|2√
1 − āz

∣∣∣∣∣
4

= 1 −
(
1 − |z|2) (

1 − |a|2)
|1 − āz|2 +

+
|w|4 (

1 − |a|2)
|1 − āz|2

= 1 −
(
1 − |z|2 − |w|4) (

1 − |a|2)
|1 − āz|2 < 1

for (z, w) ∈ G. Thusfa(G) ⊆ G. A simple calculation shows that
fa ◦ f−a = id = f−a ◦ fa. Consequently,fa is an automorphism ofG.

(ii) If AutG would be compact, the orbit of(0, 0) underAutG would
be compact as well. But the image of(0, 0) under the mappingsfa is
exactly{(a, 0) : |a| < 1}, which is a contradiction. ThusAutG is
noncompact.

(iii) SinceG is a bounded Reinhardt domain that contains the origin, the
discussion above shows thatAut0G contains a torus of dimension2.

To prove thatG is not biholomorphically equivalent to the ball or the
polydisc, we need the following theorem of T. Sunada ([Sun78]):

Theorem 5.2 (Sunada)Two bounded Reinhardt domainsG1,G2 in Cn are
biholomorphically equivalent, iff there is a linear mapφ : Cn → Cn of the
form zj 7→ rjzσ(j) for all j, rj ∈ R+, σ a permutation of(1, . . . , n), with
φ(G1) = G2.

Obviously,G is not equivalent to the ball or the polydisc under a linear map
of this form. This completes the proof.ut
Corollary 5.3 SD2 $ BNC. Furthermore,BNCn \ SD2n contains
topological balls for alln > 1.

RemarkSince the only bounded simply connected domain inC1 up to
biholomorphism is the unit disc,BNC1 \ SD21 can of course not contain
a (topological) disc.

Proof. (of corollary 5.3.)Let G := {(z, w) : Im z − H(w,w) ∈ C}
be a Siegel domain of the second kind. Then(z, w) 7→ (λz,

√
λw) is an

automorphism ofG for all λ ∈ R+. Let (z0, w0) be inG. If AutG would
be compact, then the orbitAutG · (z0, w0) would be compact as well. But
this is in contradiction to{(λz0,

√
λw0) : λ ∈ R+} ⊂ AutG · (z0, w0).

ThusAutG is noncompact.
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An example of a non simply connected bounded domainG in C1 with
noncompact automorphism group can be found in [Kra83]. ThusSD21 6=
BNC1. Now let n ≥ 2, and letG := {(z, w) ∈ C2 : |z|2 + |w|4 <
1} × Bn−2. It follows from theorem 5.1 and theorem 4.1 thatG /∈ SD2;
nevertheless,AutG is noncompact. And sinceG is a complete Reinhardt
domain that contains the origin,G is a topological ball. ThusBNCn\SD2n
contains topological balls for alln > 1. ut

It follows immediately from the discussion at the beginning of this sec-
tion and theorem 4.1 that a bounded Reinhardt domain that contains the
origin is biholomorphically equivalent to a Siegel domain of the second
kind, iff it is biholomorphically equivalent to a product of balls. Thus we
have computed the intersection ofSD2 with the class of all domains bi-
holomorphically equivalent to a bounded Reinhardt domain that contains
the origin. This result will now be extended to the classRD of all domains
biholomorphically equivalent to any Reinhardt domain. LetPB denote the
class of all domains biholomorphically equivalent to a product of balls.

Theorem 5.4 SD2 ∩ RD = PB

Proof. Let G ⊂ Cn be a Reinhardt domain with0 /∈ G. It will be shown
thatG cannot be biholomorphically equivalent to a Siegel domain of the
second kind. We will use the fact that Siegel domains of the second kind are
convex.
1. Case: Assume that for allj with 1 ≤ j ≤ n there is a pointz =
(z1, . . . , zn) ∈ G with zj = 0.

It is well known that in this case every holomorphic function onG can
be extended to the complete hull

G̃ := {(r1z1, r2z2, . . . , rnzn) : (z1, . . . , zn) ∈ G, 0 ≤ rj ≤ 1}
of G. Since0 /∈ G we haveG̃ % G, andG is not a domain of holomorphy.
Thus it cannot be biholomorphically equivalent to a convex domain.
2. Case: Assume that there is aj such thatzj 6= 0 for all z ∈ G.

Let prj denote the projection ofCn onto thej-th coordinate. Letz =
(z1, . . . , zn) be inG, and letγ : [0, 1] → Cn, t 7→ (

e2πitz1, . . . , e
2πitzn

)
.

SinceG is a Reinhardt domain, we have thatγ ⊂ G. The projectionprj(γ)
of this curve is a circle around the origin. Since0 /∈ prj(G), [prj(γ)] ∈
π1(prj(G)) is nontrivial. Therefore[γ] ∈ π1(G) is nontrivial as well, and
G cannot be biholomorphically equivalent to a convex domain.

Let nowG be a Reinhardt domain that is biholomorphically equivalent
to a Siegel domain of the second kind. It has been shown above that0 ∈ G.
Therefore then-dimensional torus of linear mappings

(z1, . . . , zn) 7→ (eiα1z1, . . . , e
iαnzn), α1, . . . αn ∈ R
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is inAut0G. It now follows from theorem 4.1 thatG is biholomorphically
equivalent to a product of balls.ut

Using the theorem of Sunada, we can now give a complete description
of all Reinhardt domains that are biholomorphically equivalent to a Siegel
domain of the second kind.

Corollary 5.5 A Reinhardt domainG in Cn is biholomorphically equivalent
to a Siegel domain of the second kind, iff it is a product of ellipsoids of the
form

G =



z ∈ Cn :

∣∣∣∣zσ(1)

s1

∣∣∣∣
2

+ · · · +
∣∣∣∣zσ(n1)

sn1

∣∣∣∣
2

< 1

...∣∣∣∣zσ(n1+···+nk−1+1)

sn1+···+nk−1+1

∣∣∣∣
2

+ · · · +
∣∣∣∣zσ(n1+···+nk)

sn1+···+nk

∣∣∣∣
2

< 1




wheren1 + · · · + nk = n, s1, . . . , sn ∈ R+, and σ a permutation of
(1, . . . , n).

Proof. This follows immediately from theorem 5.4 and theorem 5.2 of
Sunada. ut

Finally, theorem 5.4 can be reformulated to give another characterization
of products of balls.

Corollary 5.6 A domain is biholomorphically equivalent to a product of
balls, iff it is biholomorphically equivalent to a Siegel domain of the second
kind and to a Reinhardt domain.
Proof. ut
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