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Abstract 

Solutions to the Boussinesq problem for the circular punch without axial symmetry can be obtained from 
corresponding axisymmetric solutions by parametric differentiation. The method is applied to the problem of 
the tilted fiat punch, originally solved by Green, and to the indentation of a cylindrical surface by a flat 
circular punch. 

Introduction 

A solution for the indentation of the semi-infinite elastic solid by a rigid circular punch 
of arbitrary profile was given by Green [1]. The profile of the punch is expressed as a 
Fourier series in polar co-ordinates centred on the axis of the punch, and use is made of 
a series of potential functions due to Copson [2]. 

A corresponding series of solutions to the non-axisymmetric problem can be 
obtained by differentiating axisymmetric solutions with respect to a space variable. The 
method is particularly straightforward where the punch profile can be expressed as a 
polynomial in rectangular co-ordinates. 

The tilted punch 

It is well known that the axisymmetric normal contact stress distribution 

( 2c~E 1 r ~< 
°zz = , r ( 1 - v 2 )  a 2] ' (1) 

= 0 ,  r >  

produces a parabolic depression within the contact area, defined by the displacement 

u z = c l a  1 -  , r < ~ a ,  (2) 

where E, v and Young's modulus and Poisson's ratio respectively for the material of the 
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semi-infinite solid, a is the radius of  the contact  circle and c 1 is an arbitrary constant  
(see, for example, Timoshenko and Goodier  [3], Art. 139). 

If  we now define a cartesian co-ordinate system on the surface of  the solid by the 
t ransformat ion x = r cos 0; y = r sin 9; it follows that the distribution 

Ozz=a x - a 2 /  ] 

2qEx  
= rr(1 - v2) (a2-r2)  1/2' r<~a (3) 

= 0 ,  r > a  

will produce a depression 

= - c l x ,  r < ~ a  (4) 
and corresponds to a moment  

M 4c1Ea3 
3(1 - v 2) (5) 

applied about  the y axis. In both  the above solutions, the half-space is free of  tangential 
tractions (ox~ = Oy~ = 0 on z = 0). 

Equat ion (4) defines a plane surface, tilted through an angle - c  I about  the y axis, 
which is the case considered by  Green [1]. 

By superposing the solution for axisymmetric indentat ion by a flat circular punch  

h-r l 
ozz = ~ r ( f - - ; 2  ) ~ a2 / , r<~a, (6) 

u~ = Coa, r <~ a, (7) 

p =  2Co Ea2 
(a - (8) 

where P is the total load applied to the punch,  we can obtain the contact  stress 
distr ibution and the tilt p roduced when a rigid circular flat punch  is pressed into a 
semi-infinite elastic solid by  a force P which is displaced from the axis of  the punch  by 
a distance b in the x direction. In  this case, 

- P  ( 3bXa 2 ~' 
o~-21ra(a2_r2) , /2  1 -  r < a ,  (9) 

/ uz = 2E-a 1 - --2a 2 , r ~< a. (10) 

Since tensile contact  stresses are not  normally possible, it follows f rom equation (9) 
that  contact  will only be maintained over the entire punch  face if the indenting force is 
applied within a circle of  radius a/3. 
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Higher order polynomials 

A more general form of the axisymmetric solution (equations (1, 2; 6, 7)) is 

22"nln, c.E ( r 2 )  n-l~2, r~a (11) 
°z~ (2n)! ~r( i -~ ,  2) 1 - 

which produces a displacement 
uz = c.aI., r <~ a, (12) 

where I .  is a polynomial of degree n in (r2/a 2) defined by 

~r Jo t a-2" sin2q~ d*. (13) 

This result is easily verified by integrating the point load solution, as in Timoshenko 
and Goodier [3], Art. 124. 

The first few polynomials are 

I 0 = 1 ,  
r 2 

11 = 1 2a 2 , 

(r_~2) 1.3 r 4 

12 = 1 - 2 + 2.--4 a - ~ '  

( r2 ) ( 1"3r4 ) 
I 3 = 1 - 3  ~ + 3  ~ ' ~ - ~  

etc. 

1.3.5 r 6 

2.4.6 a 6 

(14) 

Other representations of these polynomial solutions are given by Gladwell, England 
and Shail [4,5,6]. 

If we differentiate these solutions with respect to x and /o r  y, we shall develop a 
corresponding series of non-axisymmetric solutions. Suppose we have a circular punch 
whose profile is a known polynomial in x and y, the highest order term of which is xiyL 
We first take the solution of the form ai+J(3~/3xi)(3J/3yJ)I~+j which will give such a 
term and which when subtracted out will leave a lower order residual polynomial. The 
procedure can then be repeated with the latter until a complete solution is obtained. 

Indentation of a cylindrical surface 

As an example, we find the pressure distribution over r ~< a required to cause a 
displacement 

u ~  = u - c x  2 (15) 
in the same region. This solution corresponds to the indentation of a plane surface by a 
punch of parabolic cross section in the xz plane, but, if c is small, it also gives the 
solution for the impression of a flat circular punch into the curved surface of a cylinder 
whose radius is 

1 
R -  2c (16) 

and is large compared with that of the punch (a). 
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From Eqn. (14) we have 

0212 3r__~ 2 X 2 a 2 = - 2  + + 3~-~ ,  (17)  ~x 2 2a 2 

and hence 

4 0212 
U - -  ¢ X  2 ~ __ - -  - c a  211 

c a  ~ x  2 

c a  2 

+ -T-Io+ UIo. 

The contact stress distribution required to produce this depression is 

- E  ( 2 . 4 c a  4 ~2 ( r213/2 ( r 2 )  1/2 
= - - - -  1 - 2ca 2 1 - 

°u ~r(1 - vE)a 1.3 3 0X 2 a 2 ] a-~ 
_ r2 -1/2) 

+ c a - - - 3 ( 1 - ~ 2 ) - l / 2 + u (  1 - ~ )  

- E  
- 3~r(1 - v2)(a 2 -  r2) '/2 ( ( 3 a 2 -  8 x 2 -  2 r2 )c  + 3u},  

corresponding to a total load 

2Ea 
P = {3u - ca 2 }. 

3(1 - v 2) 

T o  prevent tensile stresses, we must have 

7ca 2 
U > - -  

3 ' 

i.e., 

(18) 

(19) 

(20) 

(21) 

(22) 

4Eca 3 
P > )p2----~ " ( 1  - (23) 

At lower loads, the punch will not make contact over its entire base. 

Internal s tresses  and displacements  

The same method can be used to write down the displacement within the body in terms 
of derivatives of the corresponding axisymmetric solutions. Since solutions to several 
axisymmetric problems have been studied in detail, this procedure could be more 
economical than treating the non-axisymmetric case from first principles. Internal 
stresses are readily expressed in terms of displacements. 
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