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Abstract

Simple mathematical models are formulated to describe density independent and density dependent
dispersal. These models clarify hypotheses of density dependence and may be manipulated easily to suit
particular applications. The models demonstrate that the initial composition of a species aggregate must be
controlled before valid conclusions can be drawn about the density dependency of the aggregate's dispersal.
Stochastic models of emigration are derived to assess the power of particular experimental designs and
statistical techniques to discriminate a known form of density dependent emigration.

Introduction

The density dependence of animal dispersal has
drawn considerable attention in the ecological li-
terature. There are two implications of density de-
pendent population attributes: 1) biologically im-
portant interactions between individuals in the
population influence the attribute, and 2) patterns
of population dynamics may be recognized and in
some way generalized to other populations. For
stream benthic invertebrates, a distinctive mode of
migration is drift (Waters, 1972), but movement on
or within the substrate is also important (Hughes,
1970; Hultin, 1971; Williams& Hynes, 1976; Willi-
ams, 1977). Many studies have attempted to assess
the relationship between benthic density and dis-
persal rates (Bovbjerg, 1964; Waters, 1965; Di-
mond, 1967; Pearson & Franklin, 1968; Hughes,
1970; Lehmkuhl & Anderson, 1972; Pearson &
Kramer, 1972; Reisen & Prins, 1972; Madsen, 1976;
Walton et al., 1977). To further determine if migra-
tion rates for a particular species or group of species
are dependent on density, a few studies have been
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conducted with known initial populations in exper-
imental pools (Corkum, 1978), in artificial streams
(Hildebrand, 1974) or in natural waters (Peckarsky,
1979). Studies that have gone beyond descriptive
treatments to perform tests have done so on the
basis of several well stated hypotheses of density
dependence (Reisen & Prins, 1972; Hildebrand,
1974; Walton et al., 1977; Corkum, 1978). Howev-
er, shortcomings in 'verbal' models of density de-
pendence have led to vague or inappropriate ana-
lyses (Sell, 1981).

In this paper, we present mathematical models
for density dependent and independent migration,
and examine criteria needed for establishing the
role of density in experimental populations. These
models complement and extend Sheldon's (1977)
mathematical formulations for colonization. We
also use stochastic simulations for evaluating ex-
perimental designs and consider practical aspects in
the application of these models.

Density independent emigration and immigration

A model which illustrates conditions required for
density independent emigration and immigration
is:
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N(t)=N(t- 1)(1 -a)+ B (1)

where N(t) is the density of a species on a site at time
t, measured in discrete intervals, a is the proportion
of invertebrates that leave the site in the interval
(t- 1) to t, and B is the number of immigrants
moving onto the site in the same interval. The net
change (NC) in density over the interval is:

NC = B - a N(t- 1) (2)

where NC = N(t) - N(t-l). For a time interval,
NC will be a linear function of N(t- ) having a
slope of -a and intercept B, given that B and a
remain constant. NC is plotted against a range of
initial densities for selected values of B and a in Fig.
1. The same model would apply if B and a were
characteristics of an entire fauna rather than a par-
ticular species as long as inter- and intraspecific
interactions do not occur. Note that dispersal is
density independent because the tendencies of
animals to immigrate and emigrate, B and a respec-
tively, are not dependent upon treatment values of
density N(t- 1). The distinction between density
independent immigration and emigration processes
is important. We do not adopt Peckarsky's (1981)
formulation of density independent immigration,
in which immigration is assumed to be a constant
proportion of animals already on the site.

Sheldon (1977) describes a continuous time
model for density independent immigration and
emigration that is analogous to the discrete time
model presented above. Ulfstrand (1968) and Cor-
kum (1978) both appear to use continuous time

models to describe density independent processes
but neither author specifies a model in detail. The
purpose of using discrete time models here is to
allow simple stochastic simulations to be perform-
ed.

Density dependent emigration

Although the concept of density independent
immigration allows a biologically meaningful in-
terpretation, the notion of density dependent im-
migration may not be appropriate in describing
invertebrate colonization in streams. Density de-
pendent immigration implies that an individual can
sense the density of animals already on the site
before it moves onto the site. Because there is little
evidence at present, other than Peckarsky (1980),
that stream invertebrates can sense the presence of
neighbors at much of a distance, immigration will
not be considered to be density dependent in subse-
quent models.

Models with density dependent emigration can
be obtained by allowing a to vary with density
N(t - 1). A simple form of density dependence can
be specified by high tendencies to leave a site under
crowded conditions and low tendencies to leave
under uncrowded conditions. One such formula-
tion is

a=N(t- )A l for0•N(t-l)•A (3)

where A is a positive constant. NC may then be
described:

NC=B-{N(t- )}2 A- (4)

INITIAL DENSITY N(I- ))

Fig. 1. Net change in numbers versus initial density for density
independent emigration and immigration. Parameter values for
a and B are shown.

Figure 2 depicts the shapes and positions of the
curves to be expected by varying parameters A and
B. Even though this formulation is a particular case
of density dependence, any type of density depend-
ent emigration would produce some form of curva-
ture in the NC versus initial density response line.

Model application

An example using data from a hypothetical drift
experiment is included to show a practical applica-
tion of these models. The experiment used four
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Fig. 2. Net change in numbers versus initial density for density
dependent emigration. Parameter values for A and B are shown.

density treatments, each with three replicates. The
initial numbers of animals present in a replicate
under the four density conditions were 10, 20, 40
and 80. Net change (NC) for each level of initial
density was measured and is shown in Table 1. No
immigration (B = 0) was present during the exper-
iment.

The steps for applying the proposed model are: 1)
fit data with a 2nd order polynomial regression
using NC as dependent variable and the initial den-

Table . An example is shown using data from a hypothetical
drift experiment to show a practical use of the models presented.
The experiment used four density treatments, each with three
replicates. Net change (NC) in number of animals for each level
of initial density is shown, followed by a polynomial regression
analysis of the data. No immigration (B = 0) was noted during
the experiment. B is the number of immigrants moving onto the
site, a is the proportion of invertebrates that leave the site, and A
is the maximum population that the system is able to support.
ns not significantly different from zero. *** significant at
0.001.

Initial Density (# animals unit I area)
Replicate 10 20 40 80

I 0 -4 -12 50
2 1 6 -10 46
3 2 5 -9 55

Polynomial Regression Analysis
Adjusted

Coefficient Signif. Coefficient Signif.

B 1.188 (ns) 0.0
a -0.055 (ns) 0.0
A I 0.0078 (***) 0.0073 (***)

sity as the independent variable; 2) select those
coefficients that are not significantly different from
zero and set them equal to zero; and 3) rerun the
statistical analysis. Following these steps, the result
of the application can be obtained as shown in the
column of the adjusted coefficients (Table 1), which
are the estimates for the parameters of the models
presented. Using these coefficients, we have deter-
mined that the emigration in this experiment is a
form of density dependence (as shown in equation
4), and confirmed that immigration onto the site is
negligible. The maximum population that the sys-
tem is able to support can be estimated by inverting
the coefficients for the 2nd order term of the equa-
tion; the result in this case is 137.

Statistical methods for distinguishing density de-
pendent and density independent emigration

The criterion to separate density independence
from density dependence of emigration in these
simple models may be stated in either of two ways:
1) whether NC versus initial density is a linear re-
sponse, or 2) whether the proportion of animals
leaving the site remains constant at all densities.
Several statistical techniques have been used to ex-
amine these criteria, but the use of correlation
analyses to make inferences about the density de-
pendence of population regulation has been sound-
ly criticized by Eberhardt (1970). Because correla-
tions do not provide a means to distinguish linear
and non-linear models, simple correlations of
number emigrating or drifting versus density do not
allow an interpretation of density responses (Mad-
sen, 1976).

Regression techniques have also been used to
examine statistically the density dependence of em-
igration or drift (Reisen & Prins, 1972; Hildebrand,
1974; Walton et al., 1977; Sheldon, 1977; Corkum,
1978). Typically, the number emigrating or drifting
has been regressed against initial density. In this
analysis, a good fit for a linear regression provides
evidence for density independence while good fits
for non-linear models indicate responses are densi-
ty dependent. A problem arises, however, when
both linear and non-linear models acceptably fit a
data set. This is exemplified by the work of Walton
et al.. (1977), who show a good fit between linear,
exponential, and power functions and drift versus
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initial density data. Thus, further analysis was re-
quired to choose between the models.

A meaningful criterion for choosing between lin-
ear and non-linear regression models is to employ a
stepwise polynomial regression analysis. If higher
order terms do not show a significant additional
fraction of the variation, then the null hypothesis of
a linear (density independent) model is accepted.

A second approach allows a more general test of
whether animals have different tendencies to emi-
grate under different density conditions. Fleiss
(1973) describes a chi square analysis for differences
in proportions among quantitatively ordered sam-
ples. This three step procedure tests the null hypo-
theses: I) the proportions are the same for all sam-
ples, 2) the proportions show no overall trend to
increase or decrease among the quantitatively or-
dered samples, and 3) the tendency of proportions
to increase or decrease among the quantitatively
ordered samples is linear. If proportions of animals
emigrating do not differ significantly between sam-
ples then the null hypothesis of density independent
emigration is accepted.

Models for species aggregates

Species have been found to differ in tendencies to
immigrate and emigrate (Williams & Hynes, 1976;
Corkum, 1978; Peckarsky, 1979) or to appear in the
drift (Waters, 1972). Even within a species, particu-
lar life stages may be more inclined or susceptible to
drift. Nevertheless, recent studies (Hildebrand,
1974; Peckarsky, 1979) have examined species ag-
gregates because of constraints of field work, for
taxonomic considerations, or because an overall
description of a benthic community was desired.

To examine the possible response of NC to
N(t - 1) for a species aggregate, consider an aggre-
gate composed of the three species described by
density independent relations in Fig. 1. If the as-
sumption is made that species in an aggregate act
independently of one another, the aggregate NC
response to density can be calculated as the sum of
the individual species NC responses to their own
densities. At a zero initial density, the predicted
aggregate NC is 45 for this set of species. In general,
the aggregate Y-axis intercept will equal the sum of
the Y-axis intercepts of the individual species lines.
At all other initial aggregate densities NC may vary

depending upon the initial composition of the ag-
gregate. If the initial composition of the aggregate is
taken to be entirely individuals of Species 1, then
the aggregate NC response would correspond to the
Species I response in Fig. 1 translated vertically
(Fig. 3, line A). Likewise, if the initial composition
of the aggregate is taken to be only individuals of
Species 3, then the aggregate NC response would be
translated as line D in Fig. 3. Because Species I and
Species 3 have the extreme tendencies to emigrate
(extreme values of a), all possible aggregate NC
responses to N(t- 1) will be bounded by these two
lines. If the initial relative abundances of the three
species vary at different initial aggregate densities,
then non-linear NC responses for the aggregate
may be obtained (Fig. 3, line C), even though each
species acts in a density independent fashion and all
species act independently of one another. The rela-
tive abundance of all species in the experimental
treatments must be held constant at all initial densi-
ties before a linear response of the aggregate NC to
N(t - I) will be obtained (Fig. 3, lines A, B & D). In
general, the greater the difference between the ex-
treme values of a for a set of species, the wider the
bounds become for the aggregate response. Also, as
initial density increases, larger variations in the
magnitude of NC are possible.
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Fig. 3. Net change in numbers versus initial density for an aggre-
gate of three species, each of which acts with density independent
emigration and immigration. Parameter values of a and B for
the three species are: Species 1,0.05 and 10; Species 2, 0.1 and 15;
Species 3, 0.2 and 20. Lines A and D represent the bounds for the
NC response line of the aggregate. For line C, the initial relative
abundances of the three species varied at five experimental
densities. For line B, the proportions of the three species remain
constant (0.2, 0.5, and 0.3 respectively for Species 1, 2 and 3) at
all initial densities.



53

Stochastic models of emigration

The above models are deterministic in that varia-
tions in the predicted response have not been consi-
dered. In this section we will consider simulations
of random emigration, which are made by consider-
ing the probability that each animal on the site will
stay or leave in each discrete time interval, with
each animal having an a probability of leaving. The
probability that X of the N(t - 1) animals will re-
main on the site in the interval (t - 1) to t may then
be described by the binomial probabilities:

Pr[N(t) = X N(t - l),a} =

{N(tX- l)}(l -a)X aN(t 1) X (5)

The assumption of this model is that for any density
treatment all animals have identical tendencies
(probabilities) to emigrate.

Although use of binomial probabilities allows an
intuitive interpretation of emigration, use of other
probability functions may be justified on empirical
grounds. For example, the number of animals re-
maining on the site may be described by Poisson
probabilities:

PrtN(t) X I N(t 1),a} = (XX e )/X! (6)

where A = N(t - 1) a.
Stochastic simulations yield NC versus N(t- 1)

responses which may be described as a probability
envelope around a deterministic response line. Note
that these stochastic formulations are applied to
either the density independent or density dependent
models with discrete time formulations.

The power of statistical analyses to distinguish
density dependent or independent emigration is
evaluated using stochastic simulations. The exam-
ple below shows the results of an evaluation for the
same experimental design used in the example of
Table 1. Ten experimental runs were made for each
of 3 parameter values of A (maximum animal den-
sity). The results of each experimental run were
analyzed by stepwise polynomial regression and by
the chi square analyses for differences in propor-
tions.

The results of simulations using binomial and
Poisson probabilities are shown in Table 2. The
parameter value A = 1000 provides the least sensi-

tive response to density over the initial density
range of 10-80 animals unit- area, and A =250
provides the most dramatic response. The propor-
tion of experimental runs which correctly distin-
guished (at the 0.05 confidence level) the underlying
density dependent model is given for the first two
tests of the chi square analysis and for the polynom-
ial regression analysis. All three statistical tests per-
formed well in simulations employing the most
dramatic density response. The greater variability
introduced by Poisson probabilities masks the un-
derlying model more effectively than do binomial
probabilities.

Discussion

Two essential conditions are suggested in this
study for testing hypotheses regarding the effects of
density on emigration and immigration of stream
invertebrates in in situ experiments. First, the rela-
tive abundances of species must not vary with initial
density. Second, non-linear and linear responses of
NC or number versus initial density must be distin-
guishable. If these conditions are met, then non-li-
near changes in NC would indicate that dispersal is
density dependent, the probability of immigration
or emigration varying with initial treatment densi-
ty. Because the calculation of immigration or emi-
gration rates for a standardized set of species with
particular relative abundances has little intuitive
meaning, migration measures of aggregates have
limited usefulness. This conclusion reinforces the
importance of investigations at the species level.

Field studies of density dependence should also
consider the fact that in natural populations, densi-
ty must reach a level where interactions can occur
before density dependent emigration is possible.
Below this lower critical density, immigration and
emigration are density independent. On the other
hand, all animals may be expected to sense and
react to others under crowded conditions. Even if a
taxon's tendency to emigrate and immigrate is in-
dependent of density at low densities, density de-
pendent responses may be expected above an upper
critical density. Besides the range of densities exam-
ined, other factors such as sediment type and cur-
rent velocity may also complicate the analysis (Wal-
ton et al., 1977).

Immigration of benthic invertebrates to a site
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Table 2. Results of statistical analyses of emigration data generated from stochastic simulations. Significance levels are given. ns = not
significant at p = 0.10. The parameter A specifies the degree of density dependence. The fraction of runs (FR) for which the underlying
density dependent model was distinguished at p = 0.05 is given. POLY denotes stepwise polynomial regression, CHI I the first test of the
chi square analysis, and CHI 2 the second test.

Binomial stochastic model
A = 1000 A = 500 A = 250

Run POLY CHI I CHI 2 POLY CHI I CHI 2 POLY CHI I CHI 2

I ns ns .10 .05 .05 .01 .0005 .0005 .0005
2 .01 .05 .005 .025 .005 .0005 .0005 .0005 .0005
3 .005 .01 .005 .001 .0005 .0005 .001 .0005 .0005
4 ns ns .10 .005 .0005 .0005 .001 .0005 .0005
5 .05 .005 .0005 .001 .0005 .0005 .0005 .0005 .0005
6 .005 ns .05 .005 .025 .005 .001 .0005 .0005
7 .005 .10 .025 .005 .005 .0005 .001 .0005 .0005
8 .0005 .0005 .0005 .10 .01 .005 .0005 .0005 .0005
9 .001 .10 .10 .01 .005 .0005 .0005 .0005 .0005

10 .025 ns ns .05 .10 .01 .0005 .0005 .0005

FR 8/10 4/10 6/10 9/10 9/10 10/10 10/10 10/10 10/10

Poisson stochastic model
A = 1000 A = 500 A = 250

Run POLY CHI I CHI 2 POLY CHI I CHI 2 POLY CHI I CHI 2

I ns .10 .05 .005 .10 .01 .025 .0005 .0005
2 .10 ns .05 ns ns .10 .01 .0005 .0005
3 .10 ns ns .05 .005 .0005 .0005 .0005 .0005
4 .025 .005 .0005 ns ns .025 .0005 .0005 .0005
5 .10 ns .10 .10 .01 .0005 .0005 .0005 .0005
6 .01 .01 .005 .001 .005 .0005 .0005 .0005 .0005
7 .0005 .005 .0005 .10 .10 .01 .005 .0005 .0005
8 ns ns .05 .0005 .05 .01 .005 .0005 .0005
9 .005 ns .05 .01 .005 .0005 .0005 .0005 .0005

10 .005 .025 .005 .005 .0005 .0005 .025 .0005 .0005

FR 5/10 4/10 8/10 6/10 6/10 9/10 10/10 10/10 10/10

may be independent of the number of individuals
already existing at that site. This should hold for
unidirectional flowing systems such as streams and
rivers, and assumes that those immigrating cannot
foretell the existing density. However, immigration
processes which result in a selective number of or-
ganisms colonizing a site may be conceptualized
differently. Walton (1978) describes substrate at-
tachment from drift as a two step process - settling
onto a site in an apparently unselective manner and
a selective step involving rapid reentry into the
drift. A density dependent analogue to Walton's
(1978) 'trial' attachment process could be modeled
by density independent immigration and a rapid
density dependent emigration.

The chief requirement for more detailed and

meaningful analyses of immigration and emigra-
tion within streams is the ability to monitor the
movements of individuals. As marking methods or
photographic techniques develop to track individ-
uals (Wiley & Kohler, 1981), immigration and emi-
gration rates may be independently estimated. Di-
rect observation of invertebrate behavior (Peckar-
sky, 1980) may allow mechanisms of biological
interactions to be more clearly defined.
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