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Abstract. A constitutive equation with a dilatation dependent reduced time is used to model the
mechanical response of solid amorphous polymers such as polycarbonate. Such constitutive equa-
tions have the property that stress relaxation occurs faster with increasing dilatation. In previous
work, it has been shown that this constitutive equation can account for yield in materials undergoing
uniaxial strain or stress control histories. In the present work, yield is discussed when materials
described by this constitutive equation undergo homogeneous biaxial and triaxial strain histories.
Four sets of conditions are considered: in-plane biaxial constant strain rate histories and in-plane
biaxial constant stress rate histories, for both plane stress and plane strain states. Yield is defined in
a manner analogous to that in the corresponding strain and stress control conditions in the uniaxial
case.
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1. Introduction

There has been a great deal of interest in a particular class of constitutive equa-
tions for the non-linear viscoelastic response of amorphous polymers, such as
polycarbonate. The dominant feature of this class of constitutive equations is a
reduced time variable by means of which stress relaxation occurs faster with in-

creasing strain. This variable defines a relation between a material time scale and
the laboratory time scale, and is often referred to as a strain ‘clock’.

Substantial experimental and theoretical effort is being directed at the evaluation
of constitutive equations based on the clock concept. Shay and Caruthers (1986)
and Knauss and Emri (1981, 1987) investigated forms of the constitutive equation
in which stress relaxation is accelerated by volumetric strain. McKenna and Zapas
(1979) obtained results which suggest that shear deformations also cause stress
relaxation to be accelerated.

There has been a parallel analytical effort in which the constitutive equation
is used to study the interaction of the acceleration of stress relaxation with strain
and the spatial variation of strain. This effort has been motivated by experiments
involving non-homogeneous deformations as well as by structural applications in
which polymeric materials may operate near yield. Most of the analytical work is
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restricted to conditions in which the strains and rotations are small while the mater-
ial response is non-linear. Moran and Knauss (1992) studied the stresses near crack
tips. Wineman and Waldron (1993) considered circumferential shear of a hollow
cylinder. Wineman and Kolberg (1995, 1997) provided an extensive discussion of
pure bending, Min (1995) extended the study to cantilever and simply supported
beams under time dependent concentrated forces and Wineman and Min (19964,
1996b) discussed spherical and cylindrical containers under internal pressure.

An important consequence of the ‘strain clock’ is that there may not be a
monotonic increase in stress under constant strain rate conditions. Instead, the
stress can reach a local maximum, decrease to a local minimum and then increase.
In addition, under constant stress rate conditions, the strain will increase slowly
at first, and then at a finite time, approach a very rapid rate of increase. In both
cases, there is a time when the strain can begin to increase rapidly with respect to
the stress. In the context of the response of polymers, this is referred to as yield.
Shay and Caruthers (1986) and Knauss and Emri (1981, 1987) provided numerical
simulations which showed that their constitutive equation can simulate yield in
uniaxial constant strain rate tests. Wineman and Waldron (1993) presented a math-
ematical analysis which showed that a ‘strain clock’ based constitutive equation
can describe yield under both uniaxial strain control and stress control histories.

Most of the studies with ‘strain clock’ based constitutive equations have been
concerned with yield during uniaxial response. Shay and Caruthers (1987) used a
‘clock’ model to predict yield under multiaxial deformations, but presented very
few details of either their calculations or definition of yield. Moreover, their work
only discussed deformation control conditions. In the present work, the constitutive
equation with a ‘strain clock’ used by Knauss and Emri (1981, 1987), Wineman
and Waldron (1993), Wineman and Kolberg (1995, 1997) and Wineman and Min
(19964, 1996b) is used to study yield under a variety of homogeneous deformations
involving triaxial extensional strain histories. In particular, yield is considered for
four sets of conditions: in-plane biaxial strain control and in-plane biaxial stress
control for both plane stress and plane strain states. Definitions of yield are given
which are generalizations of those used in uniaxial strain control and uniaxial stress
control tests. In each case, a mathematical analysis of the constitutive equations is
presented which indicates the expected yield behavior, which is then illustrated
with numerical simulations. The results show that yield strongly depends on which
of the four sets of conditions is applied. The constitutive equation is outlined in
Section 2. Section 3 contains a discussion of yield under biaxial strain control
conditions for plane strain and plane stress states. Stress based yield criteria are
discussed in Section 4. Section 5 contains a discussion of yield under biaxial
stress control conditions for plane strain and plane stress states. Conclusions are
presented in Section 6.
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2. Constitutive Equation, Triaxial Deformations

The deformation is assumed to be sufficiently small that the linearized strain mea-
sure is valid. Lets;; ande;; denote components of the stress and strain tensor,
respectively, with respect to a Cartesian coordinate system. The deviatoric part of
the stress tensor is denoted &y = o;; — (o1 /3)3;j, 6;; is the Kronecker delta,
andoy, /3 denotes the hydrostatic part of the stress tensor. The deviatoric part of
the strain tensor is denoted By = ¢;; — (ex/3)8;;, andey, = 6 is the volumetric
strain or dilatation. It is assumed that = o;; = 0 for times less than zero.

The material is assumed to be isotropict) is the shear relaxation function and
K (¢) is the bulk relaxation function for linear viscoelastic response. As in Knauss
and Emri (1981, 1987), the constitutive equation used here has the form

t

o,
Gij =2 f pIEW — 56 2 s, 2.1)
J
’ @
0w = 3 / KIED — &1 3 s (2.2)
J

&(t) is defined in terms of the dilatation histafyx), 0 < x < ¢, by

t

dx
— , 2.3
£(1) f 2@ (2.3)

0

&(t) is a new variable which introduces non-linear dependence on strain into the
constitutive equation. The functian(®) has properties similar to those of the time-
temperature shift function, namely, it is a monotonically decreasing functién of
anda(0) = 1.

The variables(z) is called a material time (also referred to as pseudo, intrinsic,
or reduced time) and is related by Equation (2.3) to the physical or laboratory
time ¢. £(¢) is often described as the time according to a material clock, in this
case a ‘strain clock’. The material clock can run at different speeds relative to
the physical or laboratory clock in a manner which depends on the volumetric
strain history. In deformation histories for whieh(s) = e (s) increases with
time, £(¢) increases faster than physical time. This results in an acceleration of
stress relaxation. Wineman and Waldron (1993) have shown that if the function
a(0) can become sufficiently small, the constitutive equation can describe yield
phenomena observed in polymers in uniaxial response.

In this study, attention is restricted to strain histories in which there are
only extensional strains along the coordinate axes. Two sets of conditions are
considered:
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(1) Biaxial strain control in which strain histories; (), e22(¢),t > 0 are
specified and stress histories,(r), 022(¢), t > 0 are studied;

(2) Biaxial stress control in which stress historieg(r), o22(¢), t > 0 are
specified and strain histories,(¢), 22(¢), t > 0 are studied.

In each casesss(r) andoss(r), + > 0 are determined by specifying either plane
strain or plane stress. There are no jump discontinuities in the stress or strain
histories at = 0.

For such deformation histories, the constitutive equation in (2.1) and (2.2) can
be restated as

t t 2 .
o =2 / WIE) — E)Jéu(s) ds + / (K -3 u) [£() — E))0(s) ds. (2.4)
0 0

in which there is no summation over repeated indicesiang 11, 22, 33. The
notation for the coefficient af(s) is defined by K —2u/3)[x] = K[x]—2u[x]/3.

The discussion of yield in later sections will make use of an expression for the
time derivative of the stress. This expression, obtained by applying Leibniz’ rule
Kaplan (1962)

t 1

%fg(t, u) du = g(t, t)+f fet 1) g, (2.5)

at
0 0

to Equations (2.3) and (2.4), for = 11, 22, 33, is given by

ol = ZM(O)éii(Z)+a(92(t)) 0/#[5(1)—5(5)]?51'1'(5) ds
k- 2.) 060+ —* (¢-2,
+< _5“)()()+a<9<t>>/< _5“)
0
x [E(t) — £(5)]10(s) Os. (2.6)

It is convenient for later use to rewrite Equation (2.6) in the form

2 .
o;i = 2u(0)é; () + [K(O) 3 M(O)] 0(1)

1 . .
+ a(d(1)) IZfM[E(I) — &(s)]éij(s) ds

0

; . 2 .
+ / (K -3 u) [£(r) — E()6(s) ds} . 2.7)

0
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3. Yield Under Biaxial Strain Control

For uniaxial extension carried out under strain control at a constant strain rate,
yield is associated with the occurrence of a local maximum in the stress-time
plot, or equivalently, a local maximum in the stress-strain plot. In this section, we
consider yield under biaxial strain control, for histories of the fa(r) = at
andeyy (1) = aot, With @y > 0, ap > 0. A corresponding definition of yield would

be to associate it with local maxima in both thg — r ando,, — ¢ plots.

3.1. R.ANE STRAIN

For biaxial strain control under plane straigg(r) = 0 andd (¢r) = (a1 + a)t. By
Equation (2.4), the in-plane stresses are given by

i 4
011 = 011/ (K+§M> [E(r) —&(s)] ds
0

t

2
ta f (K - u) [£(t) — £(s)] ds (3.2)

0

and

i 4
02 = 062/ (K+— )[S(I)—S(S)] ds
0

w

t
2
rar [ (K= Z0) 0 - o0 (3.2
0
in which the notationk + 4/3 is defined by

4 4
(K + 5/1) [E(1) —&()] = K[E1) —&(s)] + gu[é(t) — &) (3.3)

The stress required to maintain the constraiatr) = 0, r > 0 is given by

\ 2
o33(f) = (a1 +0l2)/ <K 3 M) [£(t) — &(s) ds. (3.4)
0

By Equation (2.7), the time derivatives of the in-plane stresses are

4 2
011 = 11 [K(O) t3 M(O):| +az [K(O) 3 M(O)]
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a(@(r)) |a1 (K+ M)[E(t)—E(S)]dS

, 2
+ a2 < —éu)[é(t)—E(S) } (3.5)

2
022 = o [K(O) + = /L(O):| + o [[((o) -3 M(O)]
a(@(t)) I (K + 3 M) [£(t) — &(s)] ds

’ 2
+a1f(K—— )[5(1)—5(5)] dS]‘ (3.6)

0

Consider first the case of equal biaxial strain histories, for whick «5. Then,
according to Equations (3.1) and (3.2),

t 1
011 =022 = 2061/ (K + 3 M) [£(t) —&(s)] ds, (3.7
0

and by Equations (3.5) and (3.6),

1 t .1
a(@(t)) f (K T3 M) [5(1) —&(s)] ds} .(3.8)
0

In Equation (3.8), the first two terms in the square brackets are positive. The in-
tegrand is negative singé(r) < 0 andK (1) < O due to shear and bulk stress
relaxation. Moreover, a&(¢) increasesq (0 (r)) decreases. Expressions fap (1))
used in ‘clock’ models (e.g. see (Knauss and Emri, 1981, 1997; Wineman and
Waldron, 1993)) can decrease by several orders of magnitude. Consequently, it is
possible that there is a tim& such thatr,1(¢*) = 0. As in uniaxial extension, this
indicates the occurrence of yield in equal biaxial extension.

Next, consider unequal biaxial extension. let = «; + & and rewrite
Equations (3.1) and (3.2) as

011 = 022

= 20 |:K(0) - %M(O) +

t

1
o1 = 2a1/<1<+ u) [£(r) — £(s)] d

0
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’ 2
+&f (K _ < )[s(z) _£(s)] ds (3.9)
0

and

t

1
02 = 2061[ <K+ M) (@) —&(s)] d

0

\ 4
v [ (k+gu)iE0 -0 (3.10)
0
Also, rewrite Equation (3.5) and (3.6) as

1 2
o1 = 21 [K(O) t3 M(O)i| +a [K(O) 3 M(O)]

1 i 1
e {2a10f<1<+ u) [E() — £(s)]
(. 2.
va f (K—éu) [£() — £(s)] ds] (3.11)

0

1 4
022 = 2u1 [K(O) t3 /1«(0)} +a [K(O) t3 M(O)]

1 clo1
2o |2“1/ (K + §M> [6(t) —&(s)] ds
0
t 4
e f(K "3 M) £ ~5w1d ] (3.12)

0

Although K + /1/3 < 0 andK + 45/3 < 0, the sign ofK — 2/1/3 is uncer-
tain. However, if|&| is sufficiently small, a discussion similar to that applied to
Equation (3.8) suggests that there are timjeandz; such thats11(f) = 0 and
o22(t5) = 0.

From Equations (3.11) and (3.12), it can be seen that

O22(t) — 011(1) = |:M( ) + /M[é( ) —&()] ds:| . (3.13)

(9 Q)
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According to the above discussion the quantity in square brackets may equal zero
at some time. It is clear from Equations (3.11) and (3.12) that this time will be
different from the times; andz; when the individual stress rates vanish. It then
follows thatcs, — 011 # O at eitherzs; or 5 and hence thad,,(77) # 0 and
c11(t3) # 0. In other words, a local maximum in tha; — ¢ plot occurs at a
different time than a local maximum in tle, — ¢ plot.

An exception to this result can arise in the special case when the bulk relaxation
function is proportional to the shear relaxation function, Két) = Cou(t) for
some constanty. Thend1(¢) anddy,(¢) are each proportional to the expression

1(0) + / ALE) — E()] . (3.14)

1
a(6(1))
0

If this expression vanishes at some timéhend,,(7) = 611(f) = 0

3.2. RBLANE STRESS

Now o33(t) = 0 andf(r) = (a1 + ao)t + £33(¢). The expressions for the in-plane
stresses become

t

1
o = 2, / <K+ u) [£(r) — £(s)] d

. 2
+af (K _Z u) [£(r) — £(s)] ds

f (K -3 M) [6(r) — &(s)]é3s(s) ds (3.15)

0

and
: 1
— f (K+ u) [£(r) — £(s)] d
0

t

4
iy f (1<+ M)[g)z)—sm]ds

0

/(

) () — £(5)]ésss) ds. (3.16)

oo||\>
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An equation forezz is obtained from Equation (2.4) witth = 33 andos3(r) = 0

t

0=2 / WIE() — E(5)Tésals) ds
0
t 2
+ / (K ~ 3 M) [E(®) — &E(s)I(ar + a2 + &33(5)) ds (3.17)
0
or

0= f(K+ M) [6(1) — &§(5)]é3(s) ds
0

t 2
+ (o1 +012)/ (K 3 M) [E(r) — &(s)] ds. (3.18)
0

It can be shown thaK (s) — 2u(s)/3 > 0 fors = 0 and in the limit ag — oo.
Let it be assumed that this inequality holds for alkOs. Sincea; + o > 0,
Equation (3.18) implies thats(s) < 0,0 < s, which is consistent with physical
intuition. It then follows from Equation (3.17) théts) = a1+as+é33(s) > 0,0 <
s. This argument shows that the dilatation under plane stress increases slower than
the dilatation under plane strain.

The expressions for the time derivatives of the in-plane stresses become

1 2
611 = 21 [K(O) t3 M(O)} + (@ + &33(1)) [K(O) 3 M(O)}

1 i 1
o |2a10f <K+ u) [£(r) — £(s)] d

’ 2
+ f (K -3 M) [E(t) — E()](@ + €33(5)) dsl (3.19)
0

1
022 = 20 [K(O) + 3 M(O)i|

4 2
+ & [K(O) t3 M(O)i| + €33(0) [K(O) 3 M(O)]

1 cl1
NPT) {2“1/ <K + gu) [6(t) — &(s)] ds
0
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. 4.
+af (K +3 u) [£(t) — £(s)] ds

0
rr. 2 .
+ / (K — 5“) [E(t) — &(s)]éaa(s) ds ¢ . (3.20)
0

Supposéa| and|33(s)| are sufficiently small. A discussion similar to that applied
in the case of plane strain suggests that there are again gjraesi;, such that
d11(t7) = 0 andoza(t5) = 0. Moreover, Equation (3.13) holds for plane stress and
it may again be concluded that a local maximum in ¢he— ¢ plot occurs at a
different time than a local maximum in the, — ¢.

Numerical simulations were carried out to illustrate these qualitative conclu-
sions using the following forms for the material properties:
Shear Relaxation Function

(1) = po+ (oo — o) (L — e7"/%), (3.21)
Bulk Relaxation Function

K(t) = Ko+ (Koo — Ko) (1 — &™), (3.22)
Shift Function

b 11
_ Y 3.23
094 = 5303 ( To+ 0 f0> (3.23)

The values of the parameters in Equations (3.21), (3.22) and (3.23) were taken
from Knauss and Emri (1981, 1987). For the shear and bulk relaxation functions,
Ko = 33500 MPa,K,, = 13400 MPa, g = 6350 MPa, s = 0.2 MPa and
ar/a, = 20. For the shift functiorb = 0.16, ¢ = 1.0 and f, = 0.01. Note

that settingc = 0 givesa = 1 and the constitutive equations reduce to those
for linear viscoelasticity. Non-dimensional quantities are defined as follows:
oii/ o, T = t/a,, oy = a1a,, oy = aza,. The constant strain rate histories then
becomesi; = ojt andezy = a5t.

It is useful to briefly comment on the numerical method which was used to ob-
tain the results presented below. For plane strain conditions, the stress components
are directly evaluated using Equations (3.1) and (3.2). In the case of planestsess,
is obtained by solving the non-linear Volterra integral equation (3.17) and the stress
components are evaluated using Equations (3.1) and (3.2). The integrals in Equa-
tions (2.3), (3.1), (3.2) and (3.17) were approximated on a set of equally spaced
times using the trapezoidal rule and the derivatives were approximated with simple
finite differences. Equations (2.3), (3.1), (3.2) and (3.17) provided equations for the
stresses aneks at each new time in terms of their values determined at previous
times. The use of equal time increments and material properties with exponentials
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Figure 1. Histories ofa11 andoo2 corresponding to the biaxial strain histary; = 0.57,
g22 = 0.2t under plane stress conditions. Comparison for linea&=(0.0) and non-linear
(c = 1.0) viscoelastic response.
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Figure 2. Dilatation histories corresponding to various biaxial constant strain rate histories,
under plane stress conditions.
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Figure 3. Histories ofé11 corresponding to various biaxial constant strain rate histories, under
plane stress conditions.
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Figure 4. Histories ofg2, corresponding to various biaxial constant strain rate histories, under
plane stress conditions.
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enabled recurrence relations to be established which facilitated the calculation of
the integrals at each new time. Calculations were carried out with a time increment
At = 0.00001, which corresponded to a relative error of less than 0.5% in the
stresses o#33 at the largest solution time.

Figures 1, 2, 3 and 4 show results for plane stress conditions. Figure 1 compares
stress historieg;1 and 6, for both linear viscoelastice(= 0) and non-linear
viscoelastic response (= 1.0) whene;; = 0.5t¢ andey, = 0.21. The stress
histories coincide for very small times when the dilatation is so smalktftgt~ 1
and&(r) ~ t. As the dilatation increases with time, the material time increases
faster than physical time. The stresses continue to increase for linear viscoelastic
reponse, while for non-linear viscoelastic response each component reaches a local
maximum and then begins to decrease. Note dathas a maximum at about
ty/a, = 0.03 andoy, has a maximum at abou}/a, = 0.035. Figure 2 shows
the dilatation history for several values of strain rateand«, = 0.2. After an
initial rapid rise, the dilatation remains nearly constant at a value which depends
onaj andas. This occurs becausk /1o is very large and the material becomes
nearly incompressible. Figures 3 and 4 show the histérieandas,, for the same
combinations ofx; and ), as in Figure 2. Note that the history of each stress
component has a local maximum, and that its value and time of occurrence depend
on the choice ofr; andw,. The responses under plane strain and plane stress are
compared in Figures 5, 6 and 7 for; = 0.5t andey, = 0.2r. Figure 5 shows
that while the dilatation history in plane strain increases linearly according to the
imposed relatio® = («; + o3)7, the dilatation history in plane stress is bounded.
Figures 6 and 7 show that this difference in the dilatation histories for plane strain
and plane stress has a pronounced effect on the corresponding histories of stresses
011 anday,. Local maxima occur for both plane strain and plane stress, however
the peak occurs earlier and is more distinct for plane strain. Moreover, the stress
histories for plane strain reach minima and then approach a linear increase for
t > 0.03. This latter increase occurs because, as the dilatation increases linearly
with time, the reduced time becomes very large compared to the characteristic
shear or bulk relaxation time. Stress relaxation then occurs very rapidly, and for
7 > 0.03 the material responds as if it were elastic with constant madyliand

Moo

4. Stress Based Yield Criteria

As mentioned in Section 1, Shay and Caruthers (1986) considered a constitutive
equation similar to that presented in Equations (2.1) and (2.2), but with a different
definition of the functioru(0) in Equation (2.3). In (1987), they compared predic-
tions of stress at yield in biaxial extension using their constitutive equation with the
von Mises yield criterion. A definition of yield under biaxial deformations was not
presented. In this section, we discuss some issues concerning such comparisons.



50

A. WINEMAN AND J. H. MIN

0.02 r T T T r
0.015 —
0.01 | .
6 A J
0.005 —~

0 T ] : ] . i X L .

0 0.02 0.04 0.06 0.08 0.1

T

Figure 5. Dilatation histories corresponding to the biaxial strain histefy =

0.57,

£22 = 0.2t. Comparison for plane strain and plane stress conditions.
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Figure 6. Histories ofg11 corresponding to the biaxial strain histary = 0.5t, e22 = 0.27.
Comparison for plane strain and plane stress conditions.
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Figure 7. Histories ofgp, corresponding to the biaxial strain histary = 0.5t, g2 = 0.27.
Comparison for plane strain and plane stress conditions.

The von Mises vyield criterion is defined in terms of an equivalent sifesg

T = [012 — 0102 + 022]1/2. (4.2)
Consider also a generalized equivalent sti&sdefined by

T = [aal2 + booy + cazz]l/z, 4.2)
in whicha, b, ¢ are constants. Note that

T' T' = ac161 + b(6102 + 6162) + co267. (4.3)

It was shown in Section 3 that = 0 at some time; ands, = 0 at a different

time 7. Accordingly, T = 0 at some timeg; which is such that, # tf and

tr # t3. Thus, if yield is defined to occur when the von Mises equivalent stress
has a local maximum, then this time will be different from the times when the
individual stress components have their local maxima. Furthermore, it can be seen
that a local maximum in the generalized equivalent stfésgcurs at a time which
depends on the choice of constami$, c. Thus, if a stress based yield criterion is

to be associated with the current constitutive equation, there is no unique definition
of yield.

5. Yield Under Biaxial Stress Control

For uniaxial extension carried out under stress control at a constant stress rate,
yield is associated with a strain-time plot which rapidly approaches a nearly vertical
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slope at a finite time. This corresponds to a stress-strain plot which rapidly becomes
nearly horizontal at a finite stress. In this section, we consider yield under biaxial
stress control, for in-plane stress histories of the fefirir) = Bit, 022(t) = Bot

with 8, > 0, 8> > 0. A corresponding definition of yield would be to associate it
with 11 — ¢t ande,, — ¢ plots which rapidly approach nearly vertical slopes at finite
times.

5.1. R.ANE STRESS

In this casepss(t) = 0 andoy (r) = (B1 + B2)t. Consider first the response in
dilatation determined by Equation (2.2):

(Br+ o)t = 3[ K[£(t) — £(5)16(s) ds. (5.1)
0

Taking the derivative of Equation (5.1) with respect to time, and rearranging terms,
gives

1

K(0)0() = (B + p2)/3— a(t))

f KIE®) — )0 (s) ds. (5.2)
0

It is seen from Equation (5.2) that0) > 0. Henced(r) > 0 in some neigh-
borhood ofr = 0. SinceK < 1 because of bulk stress relaxation, the integral
is negative. It follows tha8(r) > 6(0) nearr = 0. As 6(¢) increasesa(6(r))
decreases and can become very small, as mentioned earlier. In this ntanner,
can grow rapidly and become very large in a finite time interval.

Now, according to Equation (2.1):

t

(261 — B2)1/3 = 2[ ulE@) — E()]léna(s) — 6(s)/3] ds, (5.3)
&

(262 — BV)1/3 = 2[ uIE () — £(5)][€22(5) — O(s)/3] ds. (5.4)

o-

Taking the derivatives of Equations (5.3) and (5.4) with respect to time, and
rearranging terms, gives

2ul0][é11(7) — 6(2) /3]

2

= (2B1— B2)/3 - a(e(t))d_/ fulE (1) — £(5)][é11(s) — O(s)/3] ds, (5.5)
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2ul0][é22(t) — 6(2) /3]

2
a(0(1))

= (282 — p1)/3 - f/l[é(t) — £(5)][522(s) — 6(s)/3] ds.  (5.6)
&

Consider biaxial stress control tests for whigh 2- 8, > 0 and 28, — 81 > 0. An
argument similar to that following Equation (5.2) shows thatr) — 6(t)/3 > 0
andé,,(1)—6(r)/3 > 0 and can grow rapidly and become very large in a finite time
interval. In other terms, the;; — ¢ andey, — ¢ plots can rapidly approach nearly
vertical slopes at finite times. The rapid increase in slope corresponds to the rapid
decrease im(0(t)). As the factor 1a(6(¢)) appears in both Equations (5.5) and
(5.6), thee1; — t ande;,, — ¢ plots become nearly vertical at about the same finite
time. In this case, yield is associated with a specific time. If eithiiar28, < 0

or 28, — B1 < 0, a similar argument shows thag (1) — 6(r)/3 < 0 or éxn(t) —
6(t)/3 < 0, and the magnitude can grow rapidly and become very large in a finite
time interval.

This strain response was observed by Carapellucci and Yee (1986) in experi-
ments on yield in thin walled tubes of polycarbonate which were subjected to axial
and circumferential constant stress rate histories. The stress state was equivalent
to that considered here. The axial and circumferential strain versus time plots
exhibited the features described above, namely, a slow increase followed by a
rapid steepening so that the plots became nearly vertical at about the same time.
Carapellucci and Yee observed that there is no well defined yield point on these
strain-time or, equivalently, stress-strain curves. They defined yield for one of the
strain-time curves by locating the intersection of the two lines drawn tangential to
the initial and final slopes. This defined a time, and the stresses corresponding to
this time were defined as the yield stresses.

5.2. BLANE STRAIN

In this casegss3(t) = 0, 8(r) = e11(t) + 22(t) andozz(t) # 0. The in-plane
response is given by the relations
1
o1 = Z/M[E(t) — &(s)]é11(s) ds
0

t

2 )
+ / (K -3 u) [£(r) — E()16(s) s (5.7)

0

t

— / WIE) — E()Jézals) ds

0
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t

2 .
+ f (K - §M> [6(1) — &(5)]6(s) ds, (5.8)
0

andos3(?) is given by
t

2 .
o33(t) = f (K 3 M) [§(r) — £(s)]0(s) ds. (5.9)
0

It follows from Equations (5.7) and (5.8) that

t

1 .
011(1) + 022(t) = (B1 + B2)t = 2[ (K +3 M) [6(1) — &()]0(s) ds.  (5.10)
0

Equation (5.10) is similar in structure to Equation (5.1). By differentiating Equa-

tion (5.10) with respect to time, and recalling théit < 0 and;z < 0, the same

arguments used in conjunction with Equation (5.2) lead to the conclusiof @hat

is positive and can grow rapidly and become very large in a finite time interval.
By subtracting Equations (5.7) and (5.8), it is seen that

t

011(t) — 022(1) = (B — B2)t = 2/ &) — E(s)](é12(s) — é22(s)) ds.  (5.11)

0

It can be assumed thagt > B, without any loss in generality. Equation (5.11) is

similar in structure to Equations (5.1) and (5.10). Sijice 0, it can be concluded

that£,, — &0 is positive and can grow rapidly and become very large in a finite

time interval. It follows that the same conclusion appliegtgo Finally, if 8, is

sufficiently close tg;, thené,, will behave in a manner similar tq . In summary,

thee1; —t andey, — ¢ plots in plane strain have the same qualitative behavior as in

plane stress and can rapidly approach vertical slopes at about the same finite time.
Numerical simulations were carried out to illustrate these qualitative conclu-

sions using the same material properties and parameter values as in Section 3.

Figure 8 shows the histories ef; ande,, for both linear viscoelastice(= 0) and

non-linear viscoelastic response=t 1.0) under plane stress with; = 300r and

022 = 200r. The strain histories for linear and non-linear response are very close

for short times whei§ () ~ . When the response is non-linear, a rapid steepening

in the strain-time plots begins at about= 0.8. Calculations were terminated at

7 = 1.0 when the maximum strain reached a value of abd6%® Note that these

stress histories are such tha#;2- 8, > 0 and 8, — 81 > 0 and, as shown

by the analysis, the corresponding strain histories have rapidly increasing positive

slopes. Figures 9, 10 and 11 show results for non-linear viscoelastic response under

plane strain and plane stress conditions when= 300r ando,, = 100r . The

dilatation for plane strain increases faster than for plane stress. This leads to a
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Figure 8. Histories ofg11 andeo2 corresponding to the biaxial stress histéry = 300r,

092 = 200r under plane stress conditions. Comparison for lineaz(0.0) and non-linear
(c = 1.0) viscoelastic response.
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Figure 9. Dilatation histories corresponding to the biaxial stress his®ry = 300,
092 = 200r. Comparison for plane strain and plane stress conditions.
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Figure 11. Histories of 655 corresponding to the biaxial stress histo¥y; = 300,

022 = 100r. Comparison for plane strain and plane stress conditions.



BIAXIAL YIELD FOR NONLINEARLY VISCOELASTIC MATERIALS 57

significant difference in the histories of; ande,, for plane strain and plane stress
which is shown in Figures 10 and 11. There is a rapid steepening in the strain-time
plots for plane strain at about= 0.6 while that for plane stress appears to occur
much later. Finally, note that these stress histories are suchghat 2, > 0 and

28, — B1 < 0. As indicated by the analysis, the, versustime plot has a positive
slope and the,, versustime plot has a negative slope, and the magnitudes of the
slopes increase with time.

Figures 8 and 10 show that the calculated strain increases to 10% which is
certainly at the limit of the linearized strain approximation. These results suggest
that, in a further study of strain growth under stress control conditions, the present
constitutive equation should be replaced by one which is properly frame invariant
and can therefore account for finite strains.

6. Concluding Comments

The analysis and numerical results show that yield under biaxial constant strain rate
conditions differs in several ways from yield under biaxial constant stress rate con-
ditions. At yield under biaxial constant strain rate conditions, the in-plane normal
stress-time plots have local maxima, but at different times. At yield under biaxial
constant stress rate conditions, the in-plane extensional strain-time plots approach
nearly vertical asymptotes at about the same time. In addition, these plots depend
on whether plane stress or plane strain conditions apply. This dependence arises
because the dilatation grows faster under plane strain conditions. In summary, yield
depends on which of the four combinations of conditions is present.

The results presented here are based on specific definitions of yield. It is pos-
sible that there are other definitions of yield which should be considered. It is
also possible that the above definition of yield could be satisfied for one stress
or strain component, but not the other. For example, under biaxial constant strain
rate conditions, a local maximum may occur in the stress-time plot for one stress
component but not the other. The question then arises as to whether this should be
regarded as yield. A discussion of this point is beyond the intended scope of this
study.

References

Carapellucci, L.M. and Yee, A.F., ‘The biaxial deformation and yield behavior of bisphenol-A
polycarbonate: Effect of anisotropyPolymer Engineering and Scien2é, 1986, 920—930.

Kaplan, W.,Operational Methods for Linear Systendgldison-Wesley, Reading, MA, 1962.

Knauss, W.G. and Emri, 1.J., ‘Non-linear viscoelasticity based on free volume considerations’,
Computers and Structurds3, 1981, 123-128.

Knauss, W.G. and Emri, 1.J., “‘Volume change and the non-linear thermo-viscoelastic constitution of
polymers’,Polymer Engineering and Scien2@, 1987, 86—100.

McKenna, G.B. and Zapas, L.J., ‘Nonlinear viscoelastic behavior of poly(methylmethacrylate) in
torsion’, Journal of Rheologg3, 1979, 151-166.



58 A. WINEMAN AND J. H. MIN

Min, J.-H., ‘Dilatation enhanced stress relaxation effects in the nonlinear viscoelastic solid polymeric
structures’, Ph.D. Thesis, The University of Michigan, Ann Arbor, Ml, 1995.

Moran, B. and Knauss, W.G., ‘Crack-tip stress and deformation fields in strain-softening nonlinearly
viscoelastic materialsJournal of Applied Mechanics9, 1992, 95-101.

Shay, R.M., Jr. and Caruthers, J.M., ‘A new non-linear viscoelastic constitutive equation for
predicting yield in amorphous solid polymerdgurnal of Rheolog0, 1986, 781-827.

Shay, R.M., Jr. and Caruthers, J.M., ‘A non-linear viscoelastic constitutive equation: Yield predic-
tions in multiaxial deformations’, iDevelopments in Mechanicgol. 14(b), Proceedings of the
20th Midwestern Mechanics Conference, Purdue University, 1987, 493-498.

Wineman, A.S. and Kolberg, R.F., ‘Mechanical response of beams of a nonlinear viscoelastic
material’, Polymer Engineering and Scien8g, 1995, 345-350.

Wineman, A.S. and Kolberg, R.F., ‘Response of beams of non-linear viscoelastic materials exhibiting
strain dependent stress relaxatiolmternational Journal of Non-Linear Mechani@2, 1997,
863-883.

Wineman, A.S. and Min, Je-Hong, ‘The pressurized cylinder problem for nonlinear viscoelastic
materials with a strain clockMathematics and Mechanics of Solids1996a, 393—410.

Wineman, A.S. and Min, Je-Hong, ‘The pressurized sphere problem for nonlinear viscoelastic mate-
rials with a strain clock’Transactions of the Canadian Society for Mechanical Enginee2ihg
1996b, 217-232.

Wineman, A.S. and Waldron, W.K., Jr., ‘Interaction of nonhomogeneous shear, non-linear viscoelas-
ticity and yield of a polymer’Polymer Engineering and Scien88, 1993, 1217-1228.



